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A priori estimates and existence for elliptic equations
with gradient dependent terms

NATHALIE GRENON, FRANCOIS MURAT AND ALESSIO PORRETTA

Abstract. We consider, in a bounded domain € c R, a class of nonlinear
elliptic equations in divergence form as

agu —div(a(x, u, Du)) = H(x,u, Du) in <,
u=20 on 02

where oy > 0, the second order part is a coercive, pseudomonotone operator of
Leray-Lions type in the Sobolev space Wé’p(Q), p > 1, and the function H
grows at most like | Du|? + f(x), with p—1 < g < p. Assuming f (x) to belong
to an (optimal) Lebesgue class L™, with m < N we prove a priori estimates
and existence of solutions, discussing several ranges of the exponents m, g and
p which include cases of singular data (L1 data or measures). The obtention
of a priori estimates is not straightforward because of the “superlinear”character
of the first order terms. To this purpose we use a new approach, generalizing

the method introduced in our note [29]. We complete the results known in the

previous literature where eitherg < p — 1 orm > %.

Mathematics Subject Classification (2010): 35J60 (primary); 35J25, 35R05,
35Dxx (secondary).

1. Introduction

Let Q be a bounded domain in RN, N > 1. In this paper we will deal with the
following class of nonlinear elliptic equations in divergence form

—div(a(x, u, Du)) + ap(x,u) = H(x,u, Du) in £,

1.1
u=~0 on 082, (I.1)

where the operator —div(a(x, u, Du)) is a bounded, coercive and pseudomonotone
operator of Leray-Lions type in the Sobolev space Wol’p (), p > 1, ag satisfies
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ag(x, u)u > 0, H(x, u, Du) is a lower order term which satisfies |H (x, u, Du)| <
y|Dul? + f(x), where p — 1 < g < p, and the function f belongs to some
Lebesgue space L™ (£2) to be specified later.

The simplest model that we have in mind is the following example

—Ap(u) +aou =y |Dul? + f(x)in Q, (12)
u=00nod, ’
where —A, (1) = —div(|Du|P~2Du) is the p-Laplace operator and o9 > 0. If

p = 2, problem (1.2) is also referred to as a viscous Hamilton-Jacobi equation.
Let us now discuss the restrictions p — 1 < g < p on the growth of the right-
hand side with respect to | Du|. We confine now our discussion to the case p < N,
even if we also deal with the case p > N in the present paper.
The case where 0 < g < p — 1 is well known. Indeed, in this case an a

priori estimate for every solution of (1.1) with u € WO1 "P(Q) is easily obtained
using u as test function, and existence follows; this is part of the general theory of
pseudomonotone operators of J. Leray and J.-L. Lions, see e.g. [33]. In contrast,
the limit case ¢ = p — 1 presents important difficulties when y is large. Indeed,
while for small y the operator —div(a(x, u, Du)) — H(x, u, Du) is coercive, this
is no more the case for large y; nevertheless this problem has been solved first by
G. Bottaro and M. E. Marina [19] in the linear case, and then by various authors in
the nonlinear case, see e.g. [8] and [23].

On the other hand, we confine here ourselves to the case ¢ < p in order for the
growth of H (x, u, Du) not to exceed the natural energy | Du|? of the principal part
of the operator, which in particular allows us to define H(x, u, Du) as a function
of L'(), and thus as a distribution, whenever u € Wol’p(Q). The case ¢ > p
is completely different and largely open; some results can be found in [4,20,34]
and [35].

The limit case ¢ = p has been considered in many papers, first in the case
where f € L™(Q2) withm > %, allowing one to prove a priori estimates for (and
existence of) solutions of (1.1) in Wol’p(Q) N L%°(R), see e.g. [15-17] and [37].
The case where ¢ = p and m = % was then studied in [25,26] (if g = 0)
and [21] (if wp > 0). In those papers the authors prove a priori estimates for (and

existence of) solutions in WO1 "P(Q) which are not bounded in general but satisfy

exp <% |u|) —-1¢€ WO1 "P(Q). The latter regularity comes, roughly speaking,

from the underlying change of unknown function w = [exp (ﬁ |u|> — 1] signu

which allows one to cancel the term y|Du|” in the case of equation (1.2) with
q = p (see [25] and [26]). Let us also mention, without further comments, the case
where the right-hand side H (x, u, Du) has a good sign, namely H (x, u, Du) =
f(x) — g(x,u, Du) with g(x, s, £)s > 0, see e.g. [7].

N
Thus, we deal here with the range p — 1 < ¢ < p. Of course, if f € L7 (),
the results known in the case ¢ = p apply immediately to ¢ < p. Therefore,
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we consider the case of f € L™(Q2) with m < %, and we obtain results for the

“optimal” exponent m, which depends on ¢. We provide here both existence results
and, what is actually more important, a priori estimates for solutions.

The results of the present paper generalize and develop our note [29]. Similar
results were obtained in [24] and very recently in [2] using symmetrization methods
(see also [3] for the case p = 2). We finally refer to [18] for results on some
equation close to (1.2) under different assumptions.

1.1. The model problem: statement of the results in the case
of solutions of finite energy

When dealing with the problem of existence of solutions for problems like (1.2),
some necessary conditions are required on the data. Such necessary conditions are
derived in a sharp way in [1] and [30] for p = 2 and o9 = 0: when specialized

to the class of Lebesgue spaces, they correspond to f € L™ (2) with m > w

(assuming g > % in order to have m > 1), and || f||z» () sufficiently small. In
the case of arbitrary p, similar necessary conditions may be derived and lead to

feLl™Q), withm > M=L=D), (1.3)

(assuming g > L__ll) in order to have m > 1), and in addition, if g = 0, to
| fllLm () sufficiently small.

The reader may try to convince himself that condition (1.3) is natural by look-
ing at the linear case (i.e. p = 2)

—Au =y |Dul? + f(x). (1.4
By standard elliptic regularity!, Au € L™(Q) irgplies u € W2™(Q), which in
turn, by Sobolev embedding, implies |Du| € L™ (), m* = A’,\/Tmm Thus when

f € L™(S2) one can expect that |Du|? belongs both to L™ (£2) and to LmT(Q),
which leads to take m = ’”7*. When p = 2 this is the equality in condition (1.3).

Henceforth, we assume condition (1.3), and more precisely, when we deal with

existence results, m = W (which is the weakest condition in bounded

domains). Note that when ¢ = p one recovers f € L%(Q), as in the above
cited literature; however, if ¢ < p, this choice allows us to take data f in a larger
Lebesgue space, suitably depending on ¢, which was not considered previously.
Moreover, when ag = 0 (no zero-th order term in the left-hand side), we will
assume a size condition on || f|/zm (o) (as mentioned before, this is necessary) but
such a condition will not be required whenever o > 0.

1 n this paper, dealing with operators with only measurable bounded coefficients, we will never
make use of the W2 regularity. We only use it for similar short examples like this one where
we consider the Laplace operator in order to clarify some necessary condition on the data.
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Let us now give the statement of our main results in the case of the model
problem (1.2). For any s > 1, we denote by s’ = =7 the conjugate exponent of

s,and,if | < s < N,bys* = NN _SS the Sobolev embedding exponent. In this

subsection we restrict ourselves to the case p < N and to the range p — 1 + % <gq.

This range is equivalent to m = W > (p*)’, which implies L™(Q2) C
W*I’P/(Q), so that the data under consideration belong to the space W*Lp,(Q)

and solutions are in WOl "P(Q). If p = 2, these results have been proved in our
note [29].

Theorem 1.1. Assume that p — 1 + % <gq < pandthat f € L"™(Q) withm =
NG=w=D) tfoither

q

() ap > 0,
or

(i1) ag = 0 and

N=p v
vy fllpmgy <C*, (1.5)
where C* is a given constant depending only on p,q and N, then every solution
u € WyP(R) of (1.2) such that

o Lp _ WN=—p)g—=(p-1)

satisfies the estimate
o
[l 1.y + 1117 1 gy < M. (17)

where M is a constant that depends on p, q, N, ag, v, |2| and f.

When o9 = 0, the constant M in (1.7) depends only on p, g, N, y and
I fllzm). When ag > O, the constant M does not depend only on || f||Lm (@)
but it remains bounded when f varies in a set which is bounded and equi-integrable
in L™($2).

We also observe that, using Sobolev embedding, estimate (1.7) implies an es-
timate for |#|° in L?"(S2), which means an estimate of u in L{P=D")"(Q) since
op*=((p—1Hm"*.

The a priori estimate (1.7) also holds for nonnegative subsolutions of (1.2)
satisfying (1.6); in this case hypothesis (1.5) can be made upon f* instead of f
(see Remark 3.4 below).

As usual, the a priori estimate (1.7) is a crucial step in the proof of the following
existence result.

Theorem 1.2. Assume that the hypotheses of Theorem 1.1 hold true. Then there
exists at least one solution u € WO1 P(Q) of (1.2) which also satisfies (1.6).
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As far as (1.6) is concerned, in the range p — 1 + % < g < p, we have

1 < o < 00, hence (1.6) is stronger than simply requiring u € WO1 "P(Q). Let us
emphasize that the regularity class (1.6) is natural for such problems, as shown by
the following well-known example.

Example 1.3. Let Q2 = B1(0) be the unit ball of RY . The function

u(x) = Cy (x| 70D — 1) (1.8)

satisfies, forg > p — 1 + % and for a suitable constant C,,

ue W, (Q),
—Apu=|Dulf inD(Q),

but
lul”~u e Wol’p(Q) ifand only if p < 0.

This example (where f = 0) proves that uniqueness does not hold for solutions

of (1.2) in W(;’p (£2), whereas the uniqueness of solutions in Wol’p (2) which also
belong to the class (1.6) has been proved in [S5] when p = 2 and in [40] when
p > 2.

Moreover, this example proves that no bootstrap regularity holds for solutions
which do not satisfy (1.6). In contrast, the following result proves that bootstrap
regularity holds when starting in the class (1.6).

Theorem 1.4. Assume that the hypotheses of Theorem 1.1 hold and, in addition,
that f € LS(Q) with s > m = M4=L=D) [ety e W, " (Q) be a solution of (1.2)
which satisfies (1.6). Then

) i fel Q),s> T thenuecL™9),
() iffelL%(Q),s= %, thenu € L'(Q) for any t < oo,

(i) if f € L5 (Q),s < &, thenu e LE"P=D7 (),
with corresponding estimates depending on || f s ().

Note that in the above result the source f is taken in a Lebesgue space L*(£2)

with s bigger than the limiting value m = w. In this case, the result fol-

lows from an estimate of |u|"~'u in WOl ‘P (Q) for some T bigger than the exponent
o in (1.6) (see Theorem 3.8 below).

Finally, let us point out that Theorems 1.1, 1.2 and 1.4 are nothing but the
results, specialized to the model case of equation (1.2), which we prove later in
more generality (Theorems 3.1, 3.7, 3.8).
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1.2. Main ideas of the method

Let us spend a few words on the method of proof of Theorem 1.1. The main novelty
of our work relies on the proof of this a priori estimate, which is not obvious due
to the superlinear growth of the right-hand side. Our proof, based on a continuity
argument, is new with respect to previous results which were concerned with the
case ¢ = p where a change of unknown can get rid of the “superlinear” term.

In order to explain the difficulties related to obtaining a priori estimates, let
us consider example (1.4) where the principal part is the Laplace operator without
zero-th order term. In this very special case, one is allowed to use the Calderon-
Zygmund regularity, i.e. the W™ regularity of the solution (in our general context,
we will never use this regularity later). This leads to the estimate

|Dull o gy = Crllullyamgy = CallAulna)
< Cy [y IDulllLmy + I fllm]
= Ca [7 DUl gy + 1 ni]

For p = 2, the necessary condition (1.3) is nothing but gm < m*, hence we end up
with
1Dull e @y = € [¥ 1DuI e g + 1 lmian ] (19)

but unfortunately, since ¢ > 1, this inequality does not provide any a priori bound
for ||Du||Lm*(Q).

Notice also another consequence of the superlinear character ¢ > 1, namely
that a size condition on || f|zn(g) is needed in order for (1.9) to be not trivial.

Indeed, since (1.9) is equivalent to ﬁ(|Du||Ln,*(Q)) < I fllm (@), where ﬁ(t) =
C%t — yt9, we need that || fllrm@) < (rélax) 13(1) for (1.9) to be significant. As
,00

mentioned before, the necessity of a size condition is a natural feature of the prob-
lem (1.2) when o9 = 0 [1,30].

In order to overcome the difficulties to derive an estimate from (1.9), our idea
is the following. First of all (this is a natural idea for general operators with measur-
able coefficients and especially for nonlinear ones, since then Calderon-Zygmund
theory is not available), instead of working with || Du/|| L (@) We will use energy
estimates on |u|? as in (1.6). In that context, in place of (1.9) we will be able to
prove an estimate of the form

1 1 q
oo oo
IWW%QSQD<WH%®>+WMWJ- (1.10)

A crucial observation now is that the estimate (1.10) remains true even for nonneg-
ative subsolutions of the equation. This allows us to obtain the estimate (1.10) for
the family of functions Gy () = (|u| — k)™, where k > 0, namely

1 1 q
Wmmwkmsab(wmww%@)+meﬂ Vk = 0.
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This inequality can be rewritten as

1
v 1
F(Yi) = 1 fllemy, where Yy = |||Gk(u)|”||H&(Q), and F(t) = gt — y1.
Now, if f satisfies the size condition || f|| zm (@) < max,oc) F, the equation F(Y) =
I fllLm(2) has two positive solutions Y,” < Y, +, and the inequality implies that
either Yy < Y, or ¥} > YO+. However, since |u|® € HOI(Q) (i.e. since u belongs
1
to the class (1.6)), when k is large we have Y; = |||Gx(u)|° ”;11(9) close to 0 and
0
therefore Yy < Y for k large. By continuity, we get that Yy < Y~ for every k > 0.
This gives the desired estimate |||u|” ||H01(Q) <Y,.
In the case where g > 0, we use the same method with a slight refinement,
which allows us to remove the size condition on the data. Here the idea is that,
replacing f by f — aou and localizing on the set where u > k, we have

(f — aou) x(usky < (f — QW) X{u>k}) X{f >0 u}
<(f- O‘Ol/l))({f>otok}X{u>k}
< fX{f>ot0k} .

Hence Gy (u) will be a subsolution for a problem with a right-hand side which is
suitably small as soon as k is large enough. A similar difference between the case
a9 = 0 (no zero-th order term, size condition required on the data) and the case
ap > 0 (no size condition required on the data) already appeared for the case of the
natural growth ¢ = p studied in [21] and [25,26]. Note also that in these papers the
class (1.6) is replaced by the requirement that (exp(d|u|) — 1) € WO1 P (Q) for some
8 > 0: consistently, the exponent o in (1.6) tends to infinity as ¢ tends to p.

The method described above will be used throughout the whole paper, although
it will be slightly modified according to the different ranges of the growth g (as
explained in the next subsection). In particular, the cases when the solutions do not
have finite energy, corresponding to the case ¢ < p — 1 + £, will need some more
technicalities and a few additional arguments.

1.3. The full range of growth. Plan of the paper

Theorems 1.1, 1.2 and 1.4, which have been stated above for the model problem
(1.2), are the prototype results that we prove in this paper for the more general class
of problems (1.1).

In Section 2 we give the precise assumptions satisfied by (1.1). These as-
sumptions include in particular the case where the equation contains source terms
in the form div(F(x)) (allowed by (2.2) below) as well as transport terms of the
type B(x)Du |Du|P~2 with |B| € LN (Q) (allowed by (2.6)-(2.7) below, as a con-
sequence of the Young inequality).

In Section 3 we state and prove the analogue of Theorems 1.1-1.4 in this more
general framework, still in the range of growth p — 1 + % < g < p. Here the
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solutions have finite energy (i.e. they are usual weak solutions) and satisfy the
regularity (1.6) (note that o > 1 in this range).

The purpose of Sections 4 and 5 is to extend these results to the range? p — 1 <
g <p-—1+ % In this range we still take data f in L™ (S2) with the optimal
exponent m = W; however in this range we have m < (p*)’, so that f

does not necessarily belong to w1r'(Q). This implies that solutions do not in

general belong to the energy space WO1 "P(Q) and that a generalized formulation of
(1.2) is needed. We will use the notion of renormalized solution to give a meaning
to (1.1) in this case.

Moreover, in this range another critical exponent naturally appears, which is
q = % Indeed, the exponent m given by the equality in (1.3) satisfies m > 1
if and only if ¢ > %:11). This is the reason why we will distinguish between the

NI(\,”__II) <qg<p—1+4+% (Section4)and p—1<gq < %__11) (Section

two cases
5).

In Section 4 we consider the growth 1(\,‘7:11) <q < p—1+ £ so that the
optimal exponent m varies in the interval 1 < m < (p*)’, and we prove a priori
estimates, existence of solutions and bootstrap regularity for renormalized solutions
which, as in Section 1.1, satisfy condition (1.6), rephrased now (since ¢ < 1 in this
range) as

o—1 Lp _ (N—=p)(g—(p—1))
(1 + |u)) ue Wy (), o= o (p=q) .

N(p—1)
N-1

allowed in this case to take general data f € L' () as we point out in Example 4.10

below. The optimal space in this case is possibly some Orlicz space (see Remark

4.12 below), but our results are only given for f € L™ (2) with any m > 1.

N(p-1)
N—1

The borderline value g = corresponds to m = 1; however, one is not

In Section 5 we deal with the range p — 1 < g < and we take f in

L'(2) or more generally in the space of bounded Radon measures, and we obtain
similar results for (standard) renormalized solutions. Actually, when og > O (in the
model problem (1.2)) the case where f is a measure which charges a set of zero
capacity is delicate since our method relies on some equi-integrability arguments.
In this case we give two types of results: the first one concerns the case where the
singular measure is small, and the second one for any singular measure but only for
p=>2.

The differences in the range of exponents of ¢ and m, which distinguish Sec-
tions 3, 4 and 5, are summarized by the relations (2.7) and (2.8) below.

A few more words will be said in Section 7 concerning the case of Neumann
or Robin boundary condition and the case where f belongs to some Lorentz space
(and no more to a Lebesgue space).

2 As said at the beginning of the Introduction, the case ¢ < p — 1 is standard and already well-
known.
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To conclude, in view of the above comments, the paper will be organized as
follows:
2. Assumptions and notation;

3.Thecase p— 14+ & < ¢ < p;
4.Thecase%§q<p—l+%;

N(p=D.
N-T >

6. The case p > N;

7. Further remarks.

5. The case g <

ACKNOWLEDGEMENTS. The third author wishes to thank the Laboratoire Jacques-
Louis Lions de I’Université Pierre et Marie Curie for its invitation and the warm
hospitality in July 2008, when this work was mostly completed.

2. Assumptions and notation

Let Q2 be a bounded domain in RY, N > 1, and let p be given with 1 < p < oo.
We consider the following non linear elliptic equation:

—div(a(x, u, Du)) + ao(x,u) = H(x,u, Du) in £,

2.1

u=0 on 082, @D
wherea : QxRxRY > RN g0 : QxR —> RandH : QxR xRN — Rare
Carathéodory functions (i.e. measurable with respect to x, continuous with respect
to (s, £)) which satisfy, for almost every x € €2, for every s € R and for every
£, £ € RY the following assumptions:

a(x,s, §)§ = a |57 — g(x),

2.2)
a>0, g€l (Q), r>1,

la(x,s, &) < B [I%“pll”*1 +IsIP7h 001, (23)
B >0, nx) e Lr-1(Q), '

(a(x,s, &) —a(x,s,E)E &) >0if& #£¢&, (2.4)
ao(x, s) sign(s) > ap h(|s|),
ap > 0,h € C(RT, RT) nondecreasing with _l)irllooh(s) = +00, (25)
H(x,s, &)sign(s) <y |§7 + f(x) 2.6)
y>0, p—1l<g<p, fel™Q, m=1. ’
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Observe that latest assumption allows H(x, u, Du) to be the sum of two terms
Hi(x,u, Du) and Hp(x,u, Du) where H, has a good sign (this means that
Hy(x, u, Du)sign(u) < 0) and H; has g-growth. Indeed, as far as a priori esti-
mates are concerned, the difficult part lies only on the part of H(x, u, Du) which
has a bad sign. On the other hand, as far as the existence of solutions is concerned, a
stronger hypothesis will be needed in order to control the growth of |H (x, u, Du)],
see (3.35) below. Similarly, assumption (2.5) is what is needed for a priori esti-
mates, whereas some further growth condition (with respect to x) will be assumed
to obtain the existence of solutions, see (3.34) below.

As said in the introduction, the exponent m appearing in (2.6) must satisfy
condition (1.3). A similar bound is necessary as far as the exponent r appearing in
(2.2) is concerned, which reads as r > Na=p=1) " Of course both exponents are
required to be larger than one, so we will always assume that

m = max (_N(q _;‘D _ 1)), 1> , I =max (1, —N(q _I(?p _ 1))) . 2.7

As a consequence of (2.7), for 1 < p < N we will distinguish between the
following three situations depending on the g-growth (2.6) of the Hamiltonian

He,u,Duy: p—1+%2 <qg<p, M0 <g < p—1+Landg < X251,
and we observe that in view of (2.7):

p=lt+fsqa<p = Y =m<J 1<r<i,

Mol cgap—14L = 1<m<p?,r=1, (2.8)

g <Y > m=1,r=1

where, for any s > 1, we denote by s’ = 5%1 the conjugate exponent of s, and, if

1 <s<N,bys*= NN_SS the Sobolev embedding exponent.

Finally, we often use the truncation function at level k defined as follows:

Ty (s) = max(—k, min(s, k)) for every s € R,

and we set
Gi(s) = s — T (s) = (Is] — k)™ sign(s) . (2.9)

3. Thecase p—1+ £ <qg<p

In this section we consider the range of g (and, correspondingly, the range of m) in
the growth of the Hamiltonian (2.6) which leads to solutions of (2.1) belonging to

WOI’p(Q). Indeed, when p — 1 + % < g we have, from (2.6)-(2.8), that f € L™ (Q2)
withm = W > (p*)’, hence data belong to W_l’p/(Q).
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In this case we consider solutions of (2.1) in the usual weak sense:
ue W, (Q), aox,u)e L' (Q), H(x,u, Du)e L (Q),

/ a(x,u, Du)De dx +/ ap(x,u)pdx = f H(x,u, Du)pdx (3.1
Q Q Q

for every ¢ € W,” () N L®(Q).
Note that in (3.1) we asked that H (x, u, Du) belongs to L'(€2) because the formu-
lation of the growth condition (2.6) does not prescribe any bound from below on

the growth of H(x, u, Du)sign(u). The same reason explains the requirement on
the lower order term ag(x, u).

Our main result is the following a priori estimate.

Theorem 3.1. Assume (2.2), (2.3), (2.5), (2.6), (2.7), with p — 1 + % <g<p

(hence (2.7) reads as m = N(‘F;p*l)) 7= N(qfﬁ)p*l))). Assume further that either

Dag >0
or
(i1) ag = 0 and

pm * pr’ N—g

Tl — % F *O[pq
o pm -r ||f||Lm(Q) +a ”g“Lr(Q) <C s (3.2)

T N—p
y P

where C* is the constant depending only on p, N, q defined in formula (3.20) below.
Let u satisfy (3.1) and the regularity condition

o Lp — W=p)g=(p=D)
u]” € Wy (), o =" =05 (3.3)
Then we have
el gy + Ml yton ) < M. (34)

where M depends on p,q, N, ag, o, v, |S2| and the data [ and g. When ag = 0, the
constant M does not depend on |S2|; it depends on f and g only through || f || Lm (@)
and ||g||Lr @) (in particular through the gap in (3.2)). When oy > 0, the constant
M does not depend only on || fllim@) and ||g L () but remains bounded when f
and g vary in sets which are bounded and equi-integrable, respectively, in L™ (£2)
andin L" (2).

Let us recall that, if «p = 0, some size condition of the type of (3.2) is neces-
sary (see [1,30]).

In the range of values p — 1 + % < qg < pwehave 1 < o < oo. Using
Sobolev embedding theorem and the values of o and m (which imply that o p* =
(m*(p — 1))*), the regularity (3.3) implies that u € L™ (=) ().
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Remark 3.2. Assumption (2.3) will not be used in the proof below but for ensuring
that the term a(x, u, Du) belongs to LP,(Q)N whenever u € Wol‘p (2). Therefore
Theorem 3.1 remains true if one removes assumption (2.3) and consider solutions
u such that a(x, u, Du) € L? (Q)V.

Remark 3.3. The case where assumption (2.5) is relaxed into

AL >0: a(x,s)sign(s) > aph(|s]) Vi|s| > L,
ap > 0,h € C(RT, RT) nondecreasing with lir}rq h(s) = 400,
S—>1+00

can be reduced to the previous one, by defining o (x, s) = (ao(x, s)sign(s)) Tsign(s)
and replacing f with f = f + |ao(x, s) — ao(x, s)|. Assuming, for instance, that
SUp|s|<, 40 (x, s) belongs to L°°(£2) makes this correction harmless, since we only
add a bounded term to f. In this case, nothing changes if o9 > 0, while if g = 0
the condition (3.2) has to be modified replacing f with f .

Remark 3.4. The conclusion of Theorem 3.1 remains true for nonnegative subso-
lutions of the problem

—div(a(x, z, Dz)) +ao h(z) = y |Dz|? + f in Q,
z=0 ondg2,

namely for z satisfying

1, 1, . Vg —(p—
2eW (@), 220, 7 eWy P (@) with o =T=L0E=0=D) jz)eL'(Q),

/a(x,z, Dz)D<pdx+a0/h(z)godx§y/|Dz|qg0dx+/ f(x)edx
Q Q Q Q

for every ¢ € Wol’p(Q) NL*®(R), ¢ >0.
Indeed, we will see that using assumptions (2.5) and (2.6), the proof of the a priori
estimate reduces to this case, starting from (3.8) below (or from (3.28) when ¢ =
p—14+£).
Let us stress that in some situations it is interesting to use the result for subso-

lutions. In particular, this allows one to separate estimates on u™ and u~, whenever
u is a solution. As an example, consider the model problem (1.2), i.e.

{—Ap(u)+aou:y|Du|q+f(x) in Q, 55

u=0 on d%2.

It is well-known that if 4 € WOl "P(Q) is a solution of (3.5), then u™ satisfies
—Apw) +aou™ <y |Dut|T 4 f(x)xuz0.
while u~ satisfies

_Ap(ui) +oou = -y |Du~ |7 — S X)) xu<o -
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Now, in the equation for ™~ , the Hamiltonian has a good sign and in particular u ™
satisfies

—Apu ) +oapu” < —f(X)xu<o -

Therefore an estimate for u#~ follows from standard results, without any extra con-
dition (in particular, no size condition at all). On the other hand, u™ satisfies

_Ap(u+) + oo ut =y |Du+|q + f+(x)XuZO

and an estimate for u™ follows by applying the present variant of Theorem 3.1 for
subsolutions, with f * as source term. In that case, one concludes that for problem
(3.5) the necessary conditions (in particular, the size condition when 9 = 0) only
concern f.

In the proof of Theorem 3.1 we need to distinguish the case p—1+ % <qg<p
from the limiting value g = p — 1 + %.

Proof of Theorem 3.1 in the case p — 1 + % < g < p. Let Gi(s) be defined from
(2.9). We wish to take |G (u)|* ' Gy (u) as test function in (3.1), where

_ (p—DNm—-1) _ Nig—-(p—-1)—gq
N —mp (r—q) ‘

A

(3.6)

Observe that since p — 1 + % < g < pwehave | < A < 4o00. However,
this test function is not allowed, a priori, in (3.1): so we actually multiply by
|T;,(Gx ()|~ T;,(Gx (1)) and then we let n tend to infinity. To this purpose, we
first apply (2.2), (2.5) and (2.6) to obtain

om/ |DTn<u>|P|Tn<Gk<u>>|*—‘dx+ao/ h(|uD)| T (G ()| dx
Q Q
<y /Q | Dul?| T, (Gy (u))|*dx + /Q | F 1T (G (u)) [*dx (3.7)

+>»/Q el | Ta(Gr) " dx,

and then we let n tend to infinity, using Fatou’s lemma in the left-hand side and
Lebesgue theorem in the right-hand side. Indeed, since u belongs to (3.3), we
have |u|°~Y|Du| € L*(Q) and |u|® € Lz*(Q); hence a standard application of
Holder inequality ensures that | Du|?|Gy (u)|* € L' (), and since f € L™ () and
g € L"(Q) with the values of m and r given by (2.7), we have f |Gy (u)|* and
g 1Gk w)|*~! € L1(Q) as well. Therefore we obtain

aA/ |Du|p|Gk(u)|)L_1dx+050/ h(Ju) |Gy ()| dx
Q Q
sy/g|Du|q|Gk(u>|*dx+/Q|f||Gk<u)|*dx (3.8)

+x/ gl 1G ()| dx .
Q
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We have
ak/ |Du|? |G (u)*dx :aCf |D(IGrw)|”)|"dx 3.9)
Q Q
where L N :
O’:;—I-l:( —p)g—(p— ))’ (3.10)
p p(p—q)

and C denote constants only depending on p, N, g (recall that A is also defined in
terms of p, N, q).
Similarly, by Holder’s inequality and the definition of o

4 1—
y/ |DulGr(uw)dx <y </ |Du|ka(u>k—‘dx>” (/ |Gk(u)|“ﬁdx)
Q Q Q
% q 1-
=yC (/Q|D(|Gk(u)l”)|”dx) (fQ|Gk(u)|“ﬂdx)

But the definition of A and o imply that

)\-+L=O’p*’
pP—9q

hence by Sobolev’s embedding theorem we obtain

<

S

41—y
+1-DHE

yf |Dul?Gr()* dx < yC </ |D<|Gk(u>|“)|pdx)" SENERIY
Q Q

Concerning the second term of the right-hand side of (3.8) we have

/Q|f||Gk(u)|*dx= /|f||Gk(U)|)\dx+ /|f||Gk<u>|*dx

Iflf O h(lul)} |f|> O h(jul)}
(3.12)
0
< 7/ h(|u)) |Gy (u)|*dx + /|f||Gk<u>|kdx.
Q
(11> h(k)}

The first term of the right-hand side of (3.12) is absorbed by the second term of the

left-hand side of (3.8). Using Holder’s inequality, and since
—1)N
)\m/zi(p ) m:ap*,
N —mp

we estimate the second term by

/ |f||Gk(u)|Adx = ||fX{|f|>“0h(k)}||L’"(Q)|||Gk(u)| ||Lm )
{1f 1> hk) 3.13)

*

=< C||fX{|f‘>°‘70h(k)}”L’”(Q)||D(|Gk(u)|g)”£(g)-
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Similarly, we have

/ gl |G (u)* " dx
Q

= / 1gl|Gr(u)* " dx + / gl|Gr(u)* " dx
{\g\s O h(ju)) |G (u)|) {\g\> O h(luD|Gr )}
@0 A a—1
<= Qh(|u|)|Gk<u>| dx + g||Gr(u)*dx.

{lgl>Fh(uDIGr )]}

The latest term can be furtherly split as
/ 1gl|Grw)[*dx = / 211Gk )™ X161 w)1<8)dx
{lg1> 2 h(lu)|Gr )]} {lg1> 2 h(luh|Gr )]}
N O e
{lgl>Z2h(|uDIGx )]}

<8 gl + / ellGrw) " dx
(181> 2 h(k)8}

Let us choose for instance §; = \/%: with this choice we emphasize that §; can

be taken to be zero if og = 0, since in that case we do not need this technicality. We
obtain

f gl 1Ge )T dx < %/ h(ju)) |G (w)|*dx
Q Q

A—1
o - (3.14)
—_— G dx.
+< h(k)> I8l + /|g|| L) dx
|g|> vh(k}

Moreover by Holder inequality we get

-1
/|g||Gk(u)|*—1dxs||ng llr ) (/ |G ()|~ ”’dx) ,
(1¢1= 8 Vi)
{lgl> ‘Wh(k}

and since (A — 1)r’ = W = o p*, Sobolev inequality implies

*

/|g||Gk<u>|k—‘dxs||gx @) 1DAGK@I° Wiry - 315)

o2
{lg|> 7 VR{K))

{lgl> Ov
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Set

Y = ID(Gr(w)|”) |l Lr () -
From (3.8), (3.9), (3.11), (3.13), (3.14) and (3.15), we now deduce that there exist
positive constants C; and C» such that

*

q+(1— o
aCq Yk <y Yk + ||fX{\f|>°‘70h(k)}||L"‘(Q)Ykm
r—1 *
+( i ) Ilei@ + lgx I @Y
L'(Q r
NAG) “ (1g1> B /im) ¢

Then, using that % and ’;—T are both less than p, Young’s inequality implies

o Cl qg+(1— )p p* mpm
— Yk yCr Y, +C3a P I1f x, (110 h(k)}||£M(Q)
A—1 . E
+ ( @0 ) lgloiq + c4a’pr/pj llgx IIff/(}f)*.
Vhik) {Ig\> «/h(k )}

Thus we finally obtain, for positive constants Cs, Ce:
/

p+1=1)(p*~p) o
Vk >0, CSWY —yCeYy <a pm - ||fX‘f|> h(k)}”me(sf)

/ (3.16)

el . e
0 __pr
+< ) gL +a 7= llgx Iz
NaG) @ (g1- 3 iy @
Define the function F : R — R by

F(Y)=CsaYP —y CeyPH1=p"=p (3.17)

Then (3.16) is equivalent to

Vk > 0, F(Yr) < My, (3.18)
where
p* pm o A—1
My ==a =" ||fX{|f‘> Oh(k)}”Lm(Q) + (%) ||g||L1(Q)
e pr/ 3.19)
Fa gy e I
1> 2 vamy - @

Since ¢ < p, F is a concave function with a unique maximizer Z* = C ( ) =
and maximum value

N=p
pP—q

N—
*— F(Z*) = Crariy r (3.20)
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Inequality (3.18) is non trivial only if its right-hand side is strictly smaller than F*.
Indeed, for any M such that 0 < M < F*, the equation

FY) =
has two roots that we denote by Z~ (M) and Z* (M), with
0<Z (M)<Z"<Zt(M).

Here we split the proof into two cases.
(1) If g = 0, note that My, defined in (3.19) does not depend on k and inequality
(3.18) becomes F(Yy) < My where

p* pm * pr’

e
My =a =" ||f||Lm(Q) +a ”g”Lr(Q) .

Here we use assumption (3.2), which is nothing but
My < F*. (3.21)
Therefore, inequality (3.18) is equivalent to
Yk >0, either Yy <Z (My) or Yi>Z"(Mp). (322

But since |u|° " 'u € W(}’f’(sz), the function k — Y = [|D(IGx(w)|) ||l Lr(g) is
continuous and tends to zero when k tends to infinity. Then, by continuity, the
alternative (3.22) implies that Yz < Z~ (My) for every k; in particular, one has

Yo = ID(lu|)lr@@ < Z7(Mo) < Z*. (3.23)
(i) If g > 0, we define k* as
K* =inf{k > 0 : My < F*}, (3.24)

where M|, is defined in (3.18).

Since M} is nonincreasing with respect to k, this means that for every k > k*
we have My < F™*, hence the equation F(Y) = My has two roots Z~ (My) and
ZT(My),with0 < Z~(My) < Z* < ZT(My,). Therefore inequality (3.18) implies
that either Yy < Z~ (M) or Yy > ZT (M), which means in particular that Y}
belongs either to (0, Z*) orto (Z*, co) for every k > k*. Since the function k — Yy
is continuous and tends to zero when k tends to infinity, we deduce by continuity
that Yy < Z* for every k > k™, and therefore we have

Y < Z7(My) Vk > k*. (3.25)
In both cases, we deduce from either (3.23) or (3.25) that

IDUGk W) r() < Z* (3.26)
where k* = 0 when «g = 0, and where £* is defined by (3.24) when «g > 0.



154 NATHALIE GRENON, FRANCOIS MURAT AND ALESSIO PORRETTA

Note that the constant Z* depends only on N, g, @ and y, but that £* depends
also on the functions f and g.

Clearly, estimate (3.26) provides an estimate of ||DGk;‘ @) Lr() for k7 =
k* 4+ 1. We then use v = Ty () in (2.1) and we get

Ot/ IDTk;‘(u)Ipdx5/(V|Dulq+f)lTk;<(u)|dx
Q Q

< vkt [ DT @itax + vkt [ DGkl
Q Q
+ KIS Nl )

from which we deduce, using ¢ < p and the estimate on ||DGkis @l r(e), an
estimate on ||DTk>lk (u)|lLr(q), With a constant which depends on k*. This yields
an estimate for ||DTkT(|u|")|| Lr(e) and this concludes the proof of the estimate
(3.4). O

Remark 3.5. Inthe case oy > 0, estimate (3.25), together with the definition (3.19)
of My, implies that
lim [[D(IGx@)|”)lLr@) =0
k——+00

uniformly when f and g vary in sets that are bounded and equi-integrable in L (£2)
and L (R2), respectively.

Then, when f and g vary in such sets, Sobolev inequality implies that, uni-
formly,

lim Gr(u)|;op =0
Jim G )

which is the equi-integrability of u in L% 7" ().

Remark 3.6. A variant of the above proof consists in keeping from the beginning
the information that all integrals are restricted where |u| > k. Then (3.18) is re-
placed by

Vk >0, F(Yy) < My

where (compare with (3.19))

% m’ A—1
~ —% o — pF (o70)
My :=a pr'-r HfX{|f|>a70h(k), |u|>k}’ Zm(Qp) + <—h(k)> ”g”Ll(Q)
o -
+a " gx 2 77 o -
(81> 0 VA lul>k) =

In particular, if g = 0, we have

/
pm * !

Y - a pm’—p* - ,p ¥ rl’)f*
My = o 7 | f x| f) +o 7 exsnl g - G2
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Then, if we define
k* =inf{k >0 : My < F*},

proceeding like in the above proof we obtain estimate (3.25) with Mk instead of
My, and for every k > k*. Note that now k* depends on the level sets of u, the
measure of which is controlled by [lu| ;1 (g)-

Therefore, in this variant we obtain estimate (3.4) with a constant M depending
also on lull1(q)- This constant remains bounded when |[u||11(q) is bounded and
when f and g vary in sets which are bounded and equi-integrable in L"(£2) and
L" (S2) respectively.

Moreover, as in the previous Remark, we also obtain that

lim Gr(u)| ;o p =0
ks to0 || k( )”L P*(Q)

uniformly whenever |u|l;1(q is bounded and f and g vary in sets which are
bounded and equi-integrable in L (£2) and L” ($2), respectively.

This variant may have some interest if ®g = 0 when the size condition (3.21)
does not hold, and we will use it in this spirit in the regularity result of Theorem 3.8.

Proof of Theorem 3.1 in the caseq = p — 1 + %. This case corresponds to f €
L™(Q),m = (p*),g € L"(RQ),r = 1 and A = o = 1; this means that solutions
are expected to belong precisely to the energy space WO1 "P(Q). The above proof
remains unchanged in the case op = 0. However, if ap > 0, it needs to be slightly
modified, because of the term g(x) which appears in (2.2). In fact, in the previous
situation we used A > 1 to deduce, from (3.19), that My, is small enough for large
k. Since now A = 1, we refine a bit the previous proof, by slightly changing our
test function near u = k. So, we choose now

|G ()]

V=G G

as test function, where ¢ will be chosen later. Actually, as in the proof of the previ-
ous case, we need to start with bounded test functions in (3.1). So we take in (3.1)

o = T,(Gi(u)) % and we use assumptions (2.2), (2.5), (2.6) to obtain

2 2
Olf IDTn(u)IpT"(Gk(u)) Jr28|T"(Gk(u))|dx+ aO/ hpr N
(e + |Tu(Gk (D e+ T, (Gr(w)

- /| _LGw)® / pTn(Gr)®
PR &+ |Tu(Ge(w)|

2
+/| |Tn(Gk(u)) + 2¢| T, (G ()| dx.

(e + |T(Gr())?
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2 2¢t| < 2l .

Then we pass to the limit in , and we get, after using <

e+ = Ge)? = s+l
|G (u)] / Gi(u)?
7 dx h(lu|) ———d
/' e 1Gran] T J D T G
<y/| _Grw?” /f Giw? (3.28)
s+|Gk(u)| 8+|Gk(u)l
/I O |Gr(u)]
e+ |Gy (u)l
‘We have
|Gr(u)l »
p__ VI _
a/Q|Du| 8+|Gk(u)|dx_a/Q|D(%(Gk(u))| dx , (3.29)
where

EERY:
%(S)_/o (e+|§|> @

We have, using that ﬁ =p*sinceq=p—1+%,

Gr(u)? / ( Gy ()] >“
—  dx = Do (G G _—
/| = [ 100G G ( AT

: -
< (/ |D¢8(Gk(u>)|l’dx) (/ Gr(w)lP dx)
Q Q

Since we have s < c(¢:(s) + €), we deduce

<R

SR

q

/ | Dujt S ’ dx<C( f Dy (Gk<u)>|f’dx)% ( / (¢ (Gk(u>>+ef:)f’*2bc)1 !
s+|Gk< )T \Ja T Q" h30)

We deal with the term containing f exactly as in (3.13), obtaining, since now m =
(P,

Gr(u)® _/ Gr(u)®

fo g™ < 3 J M0 G
1
Gi(w)’ )” e

+C : " / &+ G|
1% =gl | f (8+|Gk(”)|

Now observe that

£2 ! & % 52
— =< c/ (—) dé¢ — —— <cop:s),
0 E+s
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so that we conclude

Gr(u)? Gr(u)®
/fik(”) < —/ ()2
o &+ |Gi(u) &+ |Gy (u )I (3.31)

+C ||fX{f> h(k))} ||Lm(S2)||(P£(Gk(u))||L17*(Q)

The term containing g is also dealt with as we did in (3.14)-(3.15); we obtain

/| G _/ h(luly _CE”
e+ 1Ge] e 1Ge]
+ 28+ gl +2 / lgldx,

{lgl> L n (k)5 )

and choosing §; = \/%’ we get

/| |_Grw) _f h(lup) SR
e+ 1G] = e+ 1G]

+ +2
h(k) gl |||g|X{|g|> e L) -
(3.32)

‘We have obtained, from (3.28)-(3.32),

e (GrDllinp o

< Clige (G}, (u%(Gk(u))n A )

ARA(®) P (Q)

+C||fX{f> h(k)}”Lm(Q)”(Ps(Gk(u))“ IP(Q)

2
+ - gl +2018lx Iz
vh(k) L {Igl> Jh(k} L

which yields, using Young’s inequality,

Slge (Gl W)

v (=5 | pa-
<Y Clloe(Gr(u ))|| @ (ll%(Gk( ))”Wol s +e€ )

1 ’
~ 51 4
+Ca P71 fx f>‘L0h(k)}||Lm(Q)

2
+ - llgllziqy + 21l1glx o I
«/h(k) L@ Ugl>0 vy —
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Set now
Vi = llge (Gl 1 g -

Then, the previous inequality implies, for some constants Cy, Ca > 0,

p (- ) *(1—4 ,L
ClolY —yCqu< P el ( ")> =< -1 |fX 1> nk) ||Lm(Q)

L2 (333)

Qo
e VR ||g||L1(Q)

+2|I|glx ”L' Q) -
{1g]> Ov )

Note that if either g = 0 or 9 = 0 we could have taken ¢ = 0 and in that case
(3.33) is nothing but the inequality (3.16) with m = (p*)’ and r = 1, namely this
is the proof given in the previous case. Otherwise, (3.33) should be seen as an
e-perturbation of (3.16). In particular, using Young’s inequality we get

g+p*(1- ) g+p*(1—

Cra¥l —yCsY, fyC € P taT ‘Ilfx (f>% 2rin o)

(07}
+ — gl + Illglx o2 21 @) -
«/h(k) € lgl>-2Vh(E)} )

Here we take ¢ small, and then choose k large enough, so that the right-hand side

is smaller than F* = max Cja¥? —y C3y9tP (- ). Then, we conclude
Ye€(0,00)
following the previous proof.
Note that both Remarks 3.5 and 3.6 remain true as well. 0

As a consequence of the previous estimates, we can obtain an existence result
for problem (2.1). However, to this purpose we need to make some extra assump-
tions to control the growth of the lower order terms. We will assume that

VL >0 3Fyp € LI(Q) T ag(x, s)| < yr(x) Vs i |s| <L, (3.34)

and we strengthen hypothesis (2.6) assuming that

|H(x,s,8)| <yI&l7+ f(x) (3.35)
y>0, p—-l<g<p, fel™Q), m=>1,

where the exponents g and m still satisfy (2.7).

Let us point out that (3.35) is not the most general assumption we could choose.
Indeed, the previous a priori estimate only requires (2.6), which can be comple-
mented by assuming that H (x, u, Du)sign(u) has natural growth from below (e.g.
H(x,u, Du)sign(u) > —Bu)|Dul? — f(x) for some continuous function S(s)).
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However, such generality would require some more (technical though nowadays
well known) compactness arguments in the proof below, which is beyond the goals
of this paper. The interested reader is referred to [7] and to its subsequent extensions
for what concerns lower order terms with natural growth and “good sign”.

Theorem 3.7. Assume (2.2)—(2.7) and (3.34), (3.35), with p — 1 + % <gq < p,
and that either

() ao >0,
or

(i1) ag = 0 and (3.2) holds true.

Then there exists u € WO]’p (), satisfying (3.3), which is a weak solution of (2.1)
in the sense of (3.1).

Proof. We consider a suitable approximate problem, replacing H (x, s, £) with its
truncation 7,,(H (x, s, £)). By classical results (e.g. [33]), there exists a solution

1, € Wy'? () of the problem

(3.36)

—div(a(x, un, Duy)) + ao(x, u,) = T,(H(x, u,, Duy)) in 2,
U, =0onoaf2.

First of all, at n fixed we show that u,, satisfies (3.3). Note that the only case to be
considered is thatg > p — 1 + %, where o0 > 1 and (3.3) is a stronger condition

than u,, € WO1 "7 (Q). The proof that (3.3) is satisfied by any solution u,, € WO1 P(Q)
follows the lines of the classical regularity results by Stampacchia ( [41]); for the
sake of clarity, we prove this claim here. Let us take | Tk () |* ' Tie(uy) as test
function in (3.36), where A is the same exponent given by (3.6). Using assumptions
(2.2) and (2.5) we get

oex/ DTy ()P | T ()~ dx
Q

< [ Bt Do) P T+ [ el TGP
@ Q

which yields

/ DT Cun)? T ()" dx
Q

r

= Cn/ T (un)*dx + Cligllr (/ |Ti (i) | 4D dx)
@ Q

Using that % + 1 = o (see (3.10)), we have

/ | DTy (un)|P | Tk () [~ dx =C/ |D|Tic(un)|” 1P dx
Q Q
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and due to Sobolev embedding we obtain

P
(/uuwwfwj’fc/ﬁmnwawwm
Q Q

scn/|nwwmu
Q

+Cligller @ </ |Tk(un)|()"_1)r/dx> ,
Q

hence

L
3

</|nwmwfd0”
Q

sc/|mnwwwww
Q

<Cn (/ |Tk(u,,)|“!’*dx> o (3.37)
Q

+Cligler </ |Ti ()| 4D dx)
Q

One can check that the values of » and A imply (as already used in Theorem 3.1)

that (. — 1)r’ = op* and, moreover, we have 02* < % (because 0 = % +1)

and % < # (because r < %). Therefore, (3.37) implies an estimate on | Ty (u,,)|”

in WO1 "7 () which is uniform in k; letting k tend to infinity we deduce that |u,|° €
WO1 "P(Q). Thus, we have proved that u, satisfies (3.3) and now Theorem 3.1
applies, giving an estimate, which is uniform in n, both for u, and for |u,|° in
W, P (Q).

In particular, | Du,|? is bounded in L§ (€2), hence, thanks to the growth con-
dition (3.35), we deduce that T,,(H (x, u,,, Du,)) is bounded in L™ (2) with 7 =
min(g, m). Since u, is bounded in Wol’p (€2) and the right-hand side is bounded
in L'(€2), well-known compactness results (see [14]) imply that, up to extracting
a subsequence, u, converges weakly to some u € WO1 "7 (Q) with Du,, which con-
verges to Du almost everywhere in 2. In turn this implies that a(x, u,, Du,) con-
verges weakly to a(x, u, Du) in LP/(Q)N, and that T,,(H (x, u,, Duy)) converges
to H(x, u, Du) strongly in L’/(Q) for every t/ < min(g, m).

In particular, the term 7, (H (x, u,, Du,)) strongly converges in LY(Q), which
together with assumption (3.34) yields the compactness in LY(Q) of ap(x, uy,). We

can therefore pass to the limit in the approximate equation. This proves the exis-
tence of a solution of (3.1) which also lies in the class (3.3). O

In the Introduction we already pointed out, on account of Example 1.3, that
condition (3.3) is a threshold for a bootstrap argument to work. Indeed, we prove
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now that, when the solutions satisfy (3.3), then the classical regularity results known
in the “sublinear” case ¢ < p — 1 can be recovered. Namely, if the data f in (2.6)
have more summability, then the solutions of (3.1) satisfying (3.3) have also better
summability.

Theorem 3.8. Assume (2.2), (2.3), (2.5), (2.6), 2.7) with p — 1 + % <gq < p.
Assume in addition that f belongs to L*(2), with s > W and g belongs to
LY(Q), with t > MI=P=D),

Letu € Wol’p(Q) be a solution of (3.1) which satisfies (3.3). Then we have

) Ifs > % andt > %, thenu € L*(Q2) and
lullo@) = M . (3.38)

) Ifs=t= %, then u € L4(Q) for any d < oo and

”u”Ld(Q) <M. (3.39)
(iii) Ifs < & and t > B5=0. then Ju|" Wy P(Q), u € L& 0= (Q) and
_ s(N=p)(p—1)
|||”|T||W(},p(g) + ||M||L(s*(p71))*(g) =M, 1= P N—sp) " (3.40)

In (3.38)-(3.40), the constant M depends on p, q, s, t, N, ag, o, v, |2|, d (in case
(3.39) and on | f s () and ||| L1 () and, in the case ag = 0, on ||lul| 1 () as well.

Remark 3.9. The statement of the a priori estimates (3.38)-(3.40) differs from the
estimate in Theorem 3.1 in two points.

Firstly, here the constant M depends on f, g only through || f| s« and
llgllz:(q)- This is due to the fact that the exponents s and ¢ are strictly bigger than

Ng=(p=D) Ng=(p=1)
p

the limiting values (m = andr = respectively) considered

in Theorem 3.1, hence a bounded set in L*(2) is also equi-integrable in L™ (£2),
and the same for L' (€2) with respect to L" ().

Secondly, when 9 = 0, the constant M depends also on ||u||,1(q). This is
due to the fact that we did not require condition (3.2), and we stated the result
in the viewpoint of a bootstrap regularity. Of course, if we require in addition
the size condition (3.2) (concerning the norm of f in L™(2) and of g in L"(R2)
respectively) then ||u| ;1) can be estimated from Theorem 3.1 and the constant M
will be estimated in terms of f and g only.

Proof. 1If we choose ¢ = Gy (u) as test function in (3.1), and using (2.2), (2.5), (2.6)
we obtain

oc/ |IDG(w)|P dx 5)// | Du|? Gk(u)dx—i—/ f Gr(u)dx + /gdx. (3.41)
Q Q Q
{lul>k}
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Let us remark again that the choice ¢ = Gy (u) is not admissible a priori in (3.1) and
that the previous inequality is justified using similar arguments as in the beginning
of the proof of Theorem 3.1. Using Holder’s inequality we have

_4
/ [Dul? Gi(u)dx < </ IDGk(u)lpdx) (/ |G (w)| - qu) ’ . (342
Q Q

Now observe that since p — 1 + < g < p we have p* < £~ < 5 p*, where o

P
is the exponent in (3.3). More premsely, one can check that - p— 7= =(1- %) p*+

% (o p*). By the interpolation inequality, and then by Sobolev embedding, we get
P—q

)4 -3 pp_*q « N
(Luhwdeo (/Khwwﬂh> (/KAWWWdQ
.sC(/muxhwn%u)”(/|Gumwv¢u>’“.
Q

Together with (3.42) we obtain then from (3.41):

P—q

Ot/ |IDG(w)|”dx < yC </ IDGk(u)I”dX> (/ IGk(u)I"p*dX>N
Q Q Q

+/ka(u)dx+ / gdx,
Q
{lul>k}

; : ; p—q _ g—(p—1)
which yields, since N =T

(oz —yC ||Gk(u)||q:f,€_l)) IDG(w)|Pdx < | fGr(u)dx + gdx.
Lrr@/ Jo Q
{lu|>k}

Let kg be such that

1
yCIGWIL Iy =5 Y= k. (343)

Then we get

%leGk(u)|pdx§/ka(u)dx+ f gdx  Yk>ko. (344
Q Q

{lu|>k}

N
Now, if f,g € Lt (2) for some § > 0, we obtain from (3.44) that u € L°°(Q2)
by applying the method of G. Stampacchia (see [41]).
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If f € L*(Q) with (p*) <'s < &, g € L'(Q) with ¢ = ’(va<fs‘);>,we take as

test function (after the usual approximation) ¥ (G («)), where

V(s) = / 1) Drag
0

where T > 1 will be chosen later. Let us stress that the truncation 7,, is used here
because we give a regularity result and not only a priori estimates.
Using (2.2), (2.5), (2.6), we obtain:

o / |DGy(u)|P T,(Gr ()" VPdx < y f |Dul? (G () dx
Q Q

+/Qf1,0(Gk(u))dx (3.45)

+ / g T(Gr ()" DPdx .
{|lu|>k}

Since we have

#s) = /s Tn(g)(T_l)pdS < Tn(s)(r—l)q /S Tn(g)(f—l)(p—q)d%.
0

0
K P—q
< Ty(s)19 (/ Tn<s)f—1ds) 4= (=)
0

we get

/Q |Dul|? ¢ (Gi(u)) dx

Gi(u) P—q
< / |Dulf T, (Gr(u))“~ 4 ( / Tn@)f—ldg) Gy dx .
2 0

Using Holder inequality with the three exponents g, we obtain

p* _N
pP—q’ p—q
q

/ |Dul? ¥ (Gi(u)) dx < ( / |Du|f’Tn(Gk(u)><’—“f’dx);
Q Q

. 2 (P=q)

G (u) P N(g—(p—1)) bt
x / / T.(&)"'ds | dx (/ Ge(u)™ 74 dx) ,
Q 0 Q
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and we conclude, using Sobolev embedding and recalling (see (3.3)) the value of
N=p)lg=(p=D).

o= r(p—q)

/ |Dul? Y (Gr(w)) dx < C ( / |Du|PTn(Gk<u>><’—‘>de) Gk,
Q Q Q)

We obtain then from (3.45)

(o — VCIIGk(u)llj;f,f(‘S;)/ DG ()P To(Gr(u)) = DPdx
Q

E/fw(G"(”))dxﬂL / g T (G (u) " PPdx.
Q
{lu|>k}

Choosing kg as in (3.43) yields
a p (r—Dp
5 IDP(Gr)|"dx < | fy(Gr(u))dx + 8 Th(Gr(u)) dx,
Q Q
{lul>k}

where ®(s) = [ T, (£)*~'d&. Now, since ®(s) > %Tn(u)f_lu, we have

@=bp

To(s)T~ VP < T, (s)T—DP (T z ))

and in a similar way we get

(= 1)P+l

Y(s) = / T,(&) T VPdE < Cd(s) ©
0
Therefore we have

Z / |D®(Gy(u))|” dx

’

/ 1S (Gr)] /

{lu|>k}

and using Holder and Sobolev inequality we obtain
2

(/ |P(Gr(u))|” dX> = —/ ID®(Gr(u))|” dx

NIQ

(T— 1)[7+1

< I fllLs @) ( / |D(Gr ()|t Is /dx)s (3.46)

1

) 1 dx)’/ ’

+ gl @) (/Q |P(Gr(u)) =
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Ns(p=1)
(N=s)p

check that the values of ¢ and 7 also imply [@]t’ = p*. Therefore we obtain an

estimate on CIi (Gr(u)) in LY (£2), which means, by definition of ®, an estimate on
T,(u) in L*? (R2). Finally letting n tend to infinity one obtains that u € L7 (Q2)

and actually, from (3.46), that u® € WO1 P(Q).

where t = . We choose now 7 such that [%]s’ = p*. The reader can

Note that, since (s*(p — 1))* = % tends to infinity as s tends to %, we

—ps
can deduce case (ii) from case (iii).

Moreover, in all cases (i)-(iii), we also obtain from the above proof correspond-
ing estimates on u depending on || f||.s(@), llgllL:(e) and on the value ko given by
3.43).
( ())n the other hand, if a9 > 0, Remark 3.5 implies that kyp only depends on
the bound and on the equi-integrability of f in L™(2) and of g in L"(£2), where
m= N(q_;p_l)), N@==1) gince s > m and t > r, we deduce that ko can
be estimated in terms of || f||zs(q) and || gzt (@) only.

If o9 = 0, using Remark 3.6 we have that ko can be estimated in terms of
I f s ), gl @) and [lull 1 (q) as well. U

r =

N(p-1
4. Thecasel(vp—_l)sq<p—1+%

In this section we consider the range of values % <g<p-—-1+ % In that
case, it follows from (2.6)-(2.8) that it is possible to take data f € L™ () with

m < (p*)’, so that they may not belong to w-Lr (£2). Therefore, we expect to find

solutions which are not in W& "7 (). In this case, the usual energy formulation (3.1)
can not be used, and, on the other hand, the simple distributional setting is usually
not strong enough to obtain estimates (or uniqueness, if ever). We will adopt a so-
called renormalized formulation (see [11,22]), which relies on the requirement that

the truncations 7 (1) belong to WO1 "P(Q) for every k > 0. More precisely, we call
u a renormalized solution if it satisfies the following definition.

Definition 4.1. A function u : @ — R which is finite almost everywhere is a
renormalized solution of (2.1) if it satisfies’

Tk(u)eWOl’p(Q) Vk >0, ao(x,u)eLl(Q), H(x,u,Du)eLl(Q),

/ a(x,u,Du)D(S(u)e) dx—{—/ao(x, u)Sw)pdx =/H(x,u,Du)S(u)¢) dx
Q Q Q
for any Lipschitz function S : R — R having compact support

and for any ¢ € WhP(Q) N L®(R) such that S(u)p € Wol’p(Q).
“4.1)

3 By Du we denote here the generalized gradient of u (see [6,22]) which is defined, roughly
speaking, as Du = DTy (1) X{ju| <k}, for any k > 0.
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Remark 4.2. We warn the reader that in the notion of renormalized solution which
is currently used in case of L!-data (see e.g. [22]) (4.1) is usually complemented
with some requirement concerning the behaviour of the energy in the set where
|u| = 400, for example by requiring that

1
lim — /a(x,u,Du)Dudx:O. 4.2)

n—oo n
{n<|u|<2n}

However, in the range of the present section we deal with data f in L™ (2),m > 1,
and with solutions satisfying the regularity condition (4.4) below. Since condition
(4.2) is an obvious consequence of (4.4), we do not need here to add such a con-
dition in our definition of renormalized solution. This is the same spirit adopted
in [11], where the notion of renormalized solution was introduced for elliptic prob-
lems requiring only (4.1) (and not also (4.2)) to hold.

Up to this change of setting due to the fact that solutions can possibly have
infinite energy, our result concerning a priori estimates sounds like Theorem 3.1 in
the previous section.

Theorem 4.3. Assume (2.2),(2.3),(2.5),(2.6), 2.7), with X221 < ¢ < p 142
(hence in (2.7) we have m = w, r = 1). Assume further that either
(1) ao > 0,

or
(i1) ag = 0 and

pm’

7’/77** pml—p* 1—6 0 % N-—q _N-p
o pmerp ”f”Lm(Q) +KO ||g||LI(Q) y S C o P V L (43)
where 6 = L_]U) > 0, and ko, C* are constants depending only on p, N, q which

will be defined in (4.14), (4.13) below.

Let u be a renormalized solution, in the sense of Definition 4.1, which satisfies
the regularity condition

— 1, _ —(p—
I+ 1D ue WyP(@), o=P=0E==D) (4.4)
Then we have
I+ (D) el 1 ) + NDUP M vty <M, (4.5)
) LTEER o

where M depends on p,q, N, ag, o, v, |2| and the data f and g. When og = O the
constant M does not depend on |S2|; it depends on f and g only through || f || Lm (@)
and |18l 11 @) (in particular through the gap in (4.3)). When ag > 0, the constant
M does not depend only on | f ||Lm() and |||l 1 (q) but remains bounded when f
and g vary in sets which are bounded and equi-integrable, respectively, in L™ (2)
and in L' ().
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Remark 4.4. Recall that since assumption (2.7) implies that m =

has W = m*. Thus (4.5) gives an estimate for | Du|?~' in L ().
Remark 4.5. Remarks 3.2 and 3.3 remain valid as far as Theorem 4.3 is concerned.
The same holds for Remark 3.4 if one considers nonnegative renormalized subso-

lutions.

Ng=(p=1) o
q b

Note that the energy requirement (4.4) implies, by itself, that the truncations

Ty (1) belong to WO1 "7 (), which is needed to give sense to the renormalized formu-
lation. We also stress that uniqueness results for solutions in the previous setting,
i.e. satisfying (4.1) and (4.4), have been proved in [5,40].

Proof of Theorem 4.3. Using standard arguments in the renormalized setting and
the regularity (4.4), one can justify the choice in (4.1) of the test functions §,, ¢
given by

T (Gr () |]
Sn (1) =/ (e+1ehPe ) ———dr and ¢=1,
0 o + |7

even if S, has not compact support. Note that we have stressed the difference
between the case og > 0 and g = 0, since in this latter case S, has a simpler form.
We obtain, using (2.2), (2.5) and (2.6),

| T0 (Gi ()]
age + | T (Gi ()]

+a0/ h(luD|Sa(u)ldx < 1// | Du|?]Sp () |dx
Q Q

o / IDT, ()|” (& + | T (Gi (u)) PV
Q

1T (G ()|
aog + [T (Gi(u))]

+/§2|f||5n(u)|dx+/;2g(8+|T,,(Gk(u))|)p(cr—1)

Then we let n tend to infinity, which is allowed thanks to (4.4) and since f €
L™ (2), with m given by (2.7). We end up with

|G ()]

a | |Dul? (e +|Gru))P D ———2
/g aoe + |G (u)|

dx +ao/ h(lul)|Sw)|dx
Q

<y /Q |Dul?|S(w)ldx + /Q 1S G)ldx “6)

|G ()]

G plo=1)
+/Qg(8+| k@)]) 0 + [Ge )]

’

G (u) "
_ plo—1) Il
where S(u) = (e + |t]) —————dt. Now we have
0 o€ + |1

|G ()]

a [ 1Dul? (e -HGr )P ————2
/g @0 +|Gr ()|

dx =a/ |D(¢: (G (w))|"dx , (4.7)
Q
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where

G o El N
¢8<s>—/o<e+|s|) (reﬂg') dt .

Using that ¢ < p, we have

_q
/|Du|q|S(u)|dx= |D%(Gk(”))|q|5(“)|< |G (u)] )P
Q

o (e+I1Gr@)7e=D \aoe + |Gi ()|

q

< ( fQ |D¢E<Gk(u))|”dx> ’

/ [ 1S (u)| }ﬁ ( G ()] )—pq—q -
X dx
oL+ IGrw))ae—b ape + |G (u)|

Now we observe that we have, for some number c,

<R

9

S@)l Fa (G \ T o
[<s+|Gk<u)|>q<ff—l>] <a08+|Gk(u)|) = cle(Gru)” +&77).

=

Indeed, scaling ¢, and using that p(o — 1) + ﬁ = o p*, the previous inequality
reduces to

£ t P—q £ =
! q(l—o)/ |+ PE=D 4 } ( )
[( +§) 0( +1) P t P

§ N
<c /(1+z)"—‘< )dz +1% VvE>O0,
0 o+t

which is clearly true (again since p(oc — 1) + ﬁ = o p*) for some ¢ > O.
Therefore we obtain

q

’ s\
/IDuI" |Sw)ldx < C (/ ID%(Gk(M))I”dx) (/ 9e (G (W)Y +8‘”’)
Q Q Q

q pri-4)
< CII%(Gk(u))IIWS,p(Q) <||<pe(Gk(u))||

k14
L g7 =)
o ()

(4.8)
We split the term containing f as in (3.13), obtaining

/ If1IS@)ldx < %/ h(luD|S(w)ldx + / |f11Sw)ldx .
Q Q

{Lf1>Lhk))
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Here we use the inequality

N *
_ |t] s
S S Z/ 8+ t p(O’ 1) C §)m s
(s) 0( I7]) +|tI e (s)
which, rescaling ¢ and using that p(c — 1) +1 = , ~ s equivalent to

¥

¢ ] ¢ N
(14 [P ——dr < ¢ /<1+|z|>“—‘ (—) de |
/0 ao + |1 0 ao + 1]

which holds because (1 + %)f% <1+ % <2and p(c —D+1=72F

Therefore, using the Holder and Sobolev inequalities, we have

/ |fIIS)]dx < %/ h(luD)|S (u)| dx
Q Q

+C / £l e (Gi(u)) " dx
{1f1>Fhk)} (4.9)
< @/ h(lu)|S ()| dx
2 Jo

17

+ C||fX{|f‘> Oh(k)}”L’”(Q)”(Ps(Gk( w)|| " p(Q)

The term containing g is dealt with similarly as in (3.14)-(3.15); since

(e + [GrayPe—h 19Kl _, 15w

aoe + |Gr)| ~ T |Gr(w)|’
we have
_ Gir(u) Qo
plo—1)
/ngl(8+|Gk(u)|) %0 + Gr) dx < /Qh(lul)lS(u)ldx
_ G (u)
p(o—1)
+ / lgl (e + |Gr(u)]) %0t + Grn)

{lg1= 2L h(uDIGr )]}

Ok 1
<—/h(|u|)|S<u)|dx+W||g||L1<Q)+ —— / |gldx .

{lgl> S h(k)8)
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2
. . _ Ol) .
Choosing, for instance, §; = _\/ﬁ we obtain
_ Gr(u) Qg
/ 18l (e + |G )P~V —————dx < —f h(lul) S(ul)dx
Q aoe + Gi(u) Q

4.10
1 (4.10)

1
+ + — .
ep(—o) 1 h(k) gl + o “gx{|g| p—_——lC
We have obtained, from (4.6)-(4.10),

oll@e (G (u)) ||p

AR(®)

pr(1=%) “(1_4
4 o p*1-1%)
=y Cllge(Gr)|| W@ <||(pg(Gk(u))||WO1p(Q) +e g )

*

+ CILf Xu1f1=an | om @) l@s (Gr@) || ™ Wi @)

_l’_

1
op(—o) 1 h(k) gl e + m||gX{|g|>bk}||L1(Q) ,

3
where both a; = %Oh(k) and by = %0«/ h(k) tend to infinity as k tends to infinity.

Then we use Young’s inequality to obtain

o ) g+p (1-%)
II%(Gk( I 1p(9)— Vcll%(Gk(u))IIWl,p(Q)
o (q+p (1-2)) A
+Cy ) LT | ) W Emcy

1 1
+ (=) h(k) gL+ —q— (=) g xtgl=batll L1 ()-

If we set now
Yie = lloe(Gr@))ll 1. 1P 4.11)

we obtain, for some constants C;, Cy > 0,

pm

g+p*(1-1 ») +p*(1-4 ——
aCrY) —y oY <y D) L £ fiai | ey

1 o

+ = Jh o lgllz1 )

1
+ ep(1—0) g Xtig1>be} L1 () -
which we can rewrite, as in Theorem 3.1, as

F(Yi) = Mgk, (4.12)
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where I
F(Y)=aC YP —y Cy? P 0=5)

and

pm

—{—O[ pm p* ||fX{\f|>ak “Lm(g)

Mep =y olatp =1

1 o0 1
+ gp(170)+1 h(k) ||g||Ll(Q) + m”g)({lgbbk}”Ll(Q) )

being ay = 3 h(k) and by = T h(k).

Note that, as in Theorem 3.1, the function F is concave and has a maximum
F* which can be computed, obtaining, for a constant C* which only depends on p,
q,N:

]

N—
F* = max F(Y) = C*ard y ri . (4.13)

Again we distinguish between two cases:
() if wp = 0, then M, ; does not depend on k and becomes

pm

+ * 1_1 IS -y m 1
Mgzysa(q p*( p))—|-01 pm -p ”f“Zm(Q) 4 T gl -

We choose now ¢ = gp as the minimum point of M,. After some computations that

. . . gl 1
we skip and using the value of o, it turns out that g9 =~ <%) ! and

¥ pm

My = Mé‘O = mein M, = o pm'—p* ”f”Z’:l(g;) + ko ”g“Ll(Q) ’)/ s (414)
being 6 = % > 0 and k9 > 0 a number depending only on p, g, N. Inequality

(4.12) then becomes
F(Yy) < Mo,

where Yy is defined in (4.11) with & = g9. We use now assumption (4.3) which is
nothing but

My < F*¥ =max F(Y). (4.15)
Then, with the same continuity argument used in Theorem 3.1, we end up with
the estimate Yy < Z~(Mp) for every k > 0, where Z~ (Mp) is the first root of
F(Y) = My. For k = 0 this gives the desired estimate for ¢, () in WO1 P(Q), ie.
for fou (e0+|€])° ~1d&, where &g is the minimum point of M. Since &g only depends

on [|gll11(q). We deduce an estimate on (1 + lu)® u in W(;’p(Q) depending on
I fllm ), lgllL (@) and of course on p, N, q.
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(1) if g > 0, we write € = €1 + &> and we have
’

* pm

__p T %
Meg < o P |Lf X 1m0 | Do)

e O'(CH‘P 1-1 ) 1 ap <l
ve = 8liLiq
8{7(1 o)+1 hk) (€2)
o(g+p*(1-2)) 1
+CV‘92 " Ep(l_a) ||gX{|g|>bk}”L1(Q)

2

Now we choose ¢ as the value which minimizes the second line and &5 as the one
which minimizes the third line. In that way we find

* pm/

-t =%
Mg 4o,k < pm’—p* ||fX{\f|>ak}||£’;z(g§)

1-6;
+oy” (—
1Y ( 0 ||g||L1(Q))

i 1-0:
+ a2y 18 xus1=bull L1 gy

where c1, ¢y are constants depending only on p, g, N and 0 < 61, 0, < 1 (the
computations show that §; = % and §) = £ 2 1> )
01 and 6, are inessential in the following).

Note that €1, &> depend on &, and actually we have

1 1
. ~< 0 IIgIIu(sz))q+2 . ~<||8X{|g|>bk}||u<sz>)q“
1_ e 9 2_
JhR) v y

We fix henceforth the value of & and we denote it by e = &; + &;. In particular,
observe that & tends to 0 as k tends to co. After such a choice, inequality (4.12)
only depends on k and becomes

but the precise values of

F(Yy) < My,

where
¥ pm’
pm’ —p*

M=o = || f Xt p=a) | P e

1-6;
+ ey
cy ( e ||g||L1(Q)>

1-6
+e2y” gl xugi=ball gy
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Using that a; and by tend to infinity as & tends to infinity, Mk will be smaller than
F* for k sufficiently large. Since we also have that & tends to zero when k goes to
infinity, we are allowed to define

K*=inflk >0 : e <1, My < F*},

and we can apply the same argument as in Theorem 3.1 for k > k*. We obtain in

this way an estimate for ||¢g, (G ()|l whe @) for every k > k*. Since the choice of
0

k* implies that e, < 1, and since by definition of ¢, we have ||@. (G (u)) || Wi @) >
0
o1 (Gr(u)) ||W1,p(m for any ¢ < 1, we have obtained an estimate for ¢ (G («)) in
0

WO1 "P(Q) for every k > k*. In particular, since

g1 (Gr@)|? = /Q IDG(uw)|P(1 + |Gx(u)])PD (

W, (Q)

|G ()l ) J
_— X
ag + |G (u)]

>
T oag+1

we deduce an estimate on || (1 + |Gk(u)|)“*1Gk(u)||W|,p
0

/ |DGii1 )P 2 + |G (w))P D dx,
Q

*
@ fork > k* + 1, more

precisely we get

I +1Gk @)™ Gl 1) < C 27 (M), (4.16)

where Z~ (Mk) is the first root of the equation F(Y) = Mk.
Finally, using the truncation function, we complete the estimate when |u| is
small as in Theorem 3.1, obtaining the first estimate in (4.5).

The estimate on (1 + |u)° ' in WOI”’(Q), with 0 < 1, yields in turn the
estimate for | Du|”~! in some space L*($2) with s depending on o': this is a classical
result proved by L. Boccardo and T. Gallouét in [12] (at least when p > 2 — % ,but
the proof can be adapted for all p > 1). Indeed, when specialized to our case (i.e.
for the precise value of o), one has

NGg—(p—1) o—1  Ng—(p—1)) e
V T =< B * ’
/Q| ul dx = 11+l L TN+ D7
4.17)
] ] ) . Ne—eon)
which gives an estimate for |[Du|P~"'in L r-T (). O

Remark 4.6. When oy > 0, thanks to estimate (4.16), we deduce, as in Remark
3.5, that [||Gr(w)|° |, () tends to zero when k tends to infinity, uniformly when

f and g vary in sets that are bounded and equi-integrable in L™($2) and L'(Q)
respectively. Then (4.17) (used with G (u)) implies that

lim ([DG@I"™"| vg-p-1y =0

k— 00 L~ p-1 Q)
uniformly when f and g vary in such sets.
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When o9 = 0, a similar equi-integrability result can be proved if |[u| ;1 g,
remains bounded. This can be obtained by using a variant of the above proof in the
same way as explained in Remark 3.6.

We apply Theorem 4.3 to extend the existence result of Theorem 3.7 to this
range of ¢ and m.

Theorem 4.7. Assume (2.2)~(2.7) and (3.34), (3.35), with YP=1 < g < p — 1+
£, and that either

(D) a0 >0,
or
(i1) ag = 0 and (4.3) holds true.

Then there exists u satisfying (4.4) which is a renormalized solution of (2.1) in the
Ng=(p=1))
sense of Definition 4.1. Moreover, |DulP~' € L = (2).

Proof. As in the proof of Theorem 3.7, we consider the sequence of approximating
solutions u, € W,” (%) of problem (3.36). Since u, € W, " (), weak solutions
are also renormalized solution in the sense of Definition 4.1. Applying Theorem
4.3 we have that (1 + |u,)°'u, is bounded in W, (), which implies that, for

fixed k > 0, the truncation Ty (u,) is bounded in Wol’p(Q). Moreover |Du,|? is

Ng=(p=1) N(p—1)

bounded in L ¢ (€2) (note that since ¢ > —y—, we have

Therefore, using (3.35), we deduce that T;,(H (x, u,, Duy)) is bounded in LT (£2)
with 7 = min(*4=2=1 m). Since the right-hand side of (3.36) is bounded in
L'(Q), again we can use compactness results in the literature (firstly due to [12],
see also the proofs in [9,39]) to deduce that, up to extracting a subsequence, i,

Ng—(p—1) > 1)

converges almost everywhere to some # such that (1 + lu)’u e W(}’p (2), and
Ng—(p=1)
Du,, converges to Du almost everywhere in 2 with |DulP~' e L™ 7T (Q). As

a consequence, the term 7, (H (x, u,, Duy,)) strongly converges in LY(). Together
with (3.34), this yields the compactness of ag(x, uy) in L(Q). Moreover, since the
lower order terms are compact in L' (), we deduce the compactness of Ty (uy) in
WO1 P (Q) for any k > 0 (see [32], [38]). Thanks to this latter fact, it is possible to
pass to the limit in the renormalized formulation, proving that u satisfies (4.1). [

Ng=(p=1))

q
Remark 4.8. Since |Du|P~' € L™ 7T (Q), then |Dul?~P~D e LN(Q). Asa
consequence, Wwe can write

|Dul? = B(x)|Du|P~"  with B(x) € LN(Q).

In this case one can look at problem (2.1) as a problem where the Hamiltonian term
has “linear” growth (or rather, p — 1-growth, referring to the p-Laplace operator)
weighted with a LV potential. This sort of “linearization” approach is very useful
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for further results (see e.g. the uniqueness results in [5,40], or the bootstrap result
of the next Theorem 4.9).

Thanks to Remark 4.8, it is easier in this case to prove the analogue of the
bootstrap regularity result of Theorem 3.8.

Theorem 4.9. Assume (2.2),(2.3),(2.5),(2.6), 2.7 with Y= < g < p—14+ 2.
Assume in addition that f belongs to L*(Q2), with s > W and g belongs to

LY(Q), witht > 1.
Let u satisfy (4.1) and (4.4). Then we have

Q) Ifs > %andt > %,thenu € L®(Q) and
lullpoeo@) < M . (4.18)

) Ifs=t= %, then u € LY(Q) for any d < oo and

||”||Ld(gz) <M. (4.19)
(i) If (p*) < s < % andt > %, then |u|® € WOI”’(Q), ue L= (Q)
and
s(N—p)(p—1
”|u|r”Wol’p(Q) + ”u”L(s*(p—l))*(Q) <M, 1= % . (4.20)

(iv)b‘w <s < (p*) andt > 1, then (1 + [u))* € WyP(Q), |DulP~" €
L () and

_ — N— —1
N+ 1D ull 1 g + NDUP e < M. 7= *EERERD . (421)

In (4.18)-(4.21), the constant M depends on p, q, s, t, N, ag, o, v, ||, d (in case
(4.19)) and on || f || s () and ||g || L1 (@), in the sole case (iv), M depends also on the
equi-integrability of g in L' (). Moreover, when ag = 0, M depends on lullpr )
as well.

Proof. We only sketch the main arguments. Using (2.2), (2.5) and (2.6), one obtains
from the renormalized equation (4.1):

Ot/QIDGk(M)I" D' (Gru))dx <y QIDGk(u)Iq @ (Gr(u))dx

+ / 119G ) dx 422)
Q

+/Q|g| | (G ()| dx .
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However, in order that the function @ be justified in (4.22), one needs, in virtue of
(4.4), that
0<®d'(s) <L(1+s)br (4.23)

for some constant L, where o is defined in (4.4). We also require that

P (s)

- =c [ eeiae. (4.24)
(D/(S)p/ 0

and so we have

AIDGk(u)Iq O (Gi(u))dx

1 [ Ge !
<C / IDG@)|"~ "~V | DGr)|P ! (G ()7 ( / cb’@)ﬁds) dx .
Q 0
From Holder inequality with exponents N, p’, p*, and Sobolev inequality, we get

/Q|DGk(”)|q @ (Gi(u))dx

< CIIDGr@)|*~ P Vv g ( / |DGk(u>|f’<I>’(Gk(u)>dx) :
Q
Choose now kg such that

yCIIDG @)~ PVl n g < % Vk > ko . (4.25)

Note that this makes sense by means of Remark 4.8. Then (4.22) implies

%/Q|DGk(u)|”q>/<Gk<u>>dxs/Q|f||¢(Gk(u>)|dx+/g|g||<1>/<Gk<u)>|dx.

(4.26)
In order to obtain the regularity and the estimates in the statement we only need to
choose a suitable ® here. For instance, (4.20) (and then (4.19)) follow by choosing

d)(s) = / (1 + |§|)P(U—1) |Tn(€)|p(‘[—0) ds
0

where T > o is chosen so that T p* = ((t — 1)p + 1)s’ (as in Theorem 3.8). One
can easily verify that @ satisfies (4.23)-(4.24). Then, from (4.26), one can conclude
reasoning as in Theorem 3.8.

Finally, the estimates found will depend on || flzs(@), llgllL:(e) and on the
number kg defined in (4.25). Thanks to Remark 4.6, the number ky depends on
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N(g=(p=1))

the bound and the equi-integrability of f and g in L~ ¢ () and in L'(Q),
respectively, and, only when ag = 0, on [lu| 1) as well. As in Theorem 3.8, this
explains the statement concerning the dependence of the constant M in estimates
(4.18)-(4.21). Observe that in cases (i)-(iii) one has s > W andt > 1,and

soaboundon f and g in L5(2) and L’ (£2) is enough to imply both a bound and the
equi-integrability of f and g required to estimate ko; on the other hand, in case (iv)
we may possibly have t = 1 and we need to require explicitly the equi-integrability
of gin L1(Q). O

Let us conclude this section by looking briefly at the case g = % . Observe
that this limiting value of ¢ corresponds, through (2.7), tom = 1 and r = 1.
Nevertheless, it is not possible to consider general data in L' () for this situation,

as explained by the following example.

Example 4.10. Assume that f € L'(Q), f > 0, and that there exists a renormal-
ized solution u of the problem

N(p=1) .
—Apu =|Du| 8T + f in Q, 427)
u=20 on 0.
Np—D . . .
~N=T" () (for simplicity let assume here that
N(p=1)

p =2— %, sothat XP=1 > 1), Then, by Sobolev embedding, u € L V-7 ().
By comparison, the (unique renormalized) solution of

In particular, we have that |Du| € L

—Apy=f in Q,
v=20 on 082,
N(p=D L.
N-r (Q2). However, it is well-known

satisfies 0 < v < u, hence v also belongs to L
that this is not true if one takes a general function f € LY(Q).

In view of the above example, the assumption f € L!() is not enough to have

existence of solutions when g = % On the other hand, using our previous
results, we can prove estimates assuming that

fe L™(Q) for some m > 1.

Indeed, if H(x,s, &) satisfies the growth condition (3.35), we have, thanks to
Young’s inequality,

Hx,s,6)] <y 5V 1 £ <7 167 + fo)

N(p—-1 -
~—1~ and m >

for any ¢ such that g >

w. In this way we can apply

the results in Theorem 4.3 and Theorem 4.9; since any bounded sequence in L7(Q)
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NG=(p=1)
is equi-integrable in L ¢ (£2), we obtain an a priori bound for # depending

only on || f|| L) This allows us to get estimates and the existence of a solution.
Of course, in case &9 = 0 some size condition on || f|lm () and |Igll 1) are
still needed; in this approach it would sound as in (4.3) for the g used above. For
simplicity, in the next statement with ¢p = 0 we only give a vague form of this
condition by saying that || || L» () and [ g|| 1) should be taken sufficiently small.

Theorem 4.11. Assume (2.2)-(2.6), with g = %_—11)’ m > 1, r = 1, and that
either

() ao >0,
or

(i) xo = 0 and || f|lLm () and |8l 1 (q) are small enough.

Let u be a renormalized solution of (2.1), in the sense of Definition 4.1, which
satisfies the regularity condition

1+ |u|)"_lu € W&’p(Q) for some o > pT_l (4.28)
_ m(N=p)(p—1)
Then we have, for T = SN =mp)
1 1™l g + 1D ey < M (429)

where M depends on p, q, N, ap, «, v, |2| and remains bounded when f and
g vary in sets which are, respectively, bounded in L™ (2) and equi-integrable in
LY (). Moreover, under the above assumptions together with (3.34) and (3.35),
there exists at least one renormalized solution u of (2.1) (in the sense of Definition
4.1) satisfying (4.29).

Remark 4.12. As already mentioned, the result in Theorem 4.11 is not optimal:
indeed, a sharp assumption on f should consider some interpolation space between
L' and L™ () for any m > 1. By looking a bit at the radial case, it seems possible
to conjecture that an optimal assumption could be the Orlicz space

fell ((LogL)N—‘) .

However, a priori estimates and eventually existence of solutions under this con-
dition is, to our knowledge, an open problem, and certainly this borderline case
should deserve further investigation.

N(p-1

N(p—1)
N-1 *

In this range the growth of the Hamiltonian allows us to consider data in L' (), and

In this section we assume (2.2)—(2.6) withr =1, m=landp—1<g <
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even more generally, source terms which are bounded Radon measures. Therefore,
we consider the problem

—div(a(x, u, Du)) + ap(x,u) = H(x,u, Du) + n in 2,

5.1
u=20 on 02, -1

where p is a bounded Radon measure on 2.

We recall (see [13,28]) that any bounded Radon measure p admits a unique
decomposition as 4 = o + s, where wg is concentrated on a set of null p-

capacity (the p-capacity is the usual notion of capacity defined in Wol’p (€2)) and

no € LY(Q) + W_l’p/(Q). By saying that g is concentrated on a set of null
capacity we mean, precisely, that there exists a set E which has p-capacity zero and
such that

us(B) = ps(B N E)
for any Borelian set B.

Remark 5.1. Observe that, writing o = h + div(H), with h € L'(Q) and H €
Ll’/(Q)N ,in (5.1) we can reduce p to its singular part ps up to replacing f with
f 4+ || in assumption (2.6) and g with g + |H|p’ in (2.2).

In order to study problem (5.1), we still adopt the framework of renormal-
ized solutions, following the definition developed in [22] for the case of general
measures as data. For more details concerning the origin and motivation of such
definition, the role of capacity and fine properties of solutions and other related top-
ics, we refer the reader to [22]. Here, without much more explanation, we make use
of this setting in order to have proper statements of existence and a priori estimates
similar to those given in the previous sections.

We define ’]E)l’p () as the set of all measurable functions u : 2 — R almost
everywhere finite and such that the truncations Ty (u#) belong to W(;’p (2) for all

k > 0. For functions in ,](-)1,;; (£2), a notion of generalized gradient can be defined
(see [6], [22]).

Definition 5.2. A function u € ’261’[’ (€2) is a renormalized solution of (5.1) if it
satisfies

/a(x,u,Du)D(S(u)(p)dx—{—/ao(x,u)S(u)(pdx
Q Q
52
= [ Hecw Dwsweds + [ swydu.
Q Q

for any Lipschitz function S having compact support and for any ¢ € W7 (Q) N
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L*(Q) such that S(u)p € W,'? (%), and moreover

n—oo n

1
lim - /a(x,u,Du)Du(pdx:/ god,uj,
Q

{n<u<2n}

1
lim - / a(x,u,Du)Duwdx:/(pdus_,
Q

n—oo n

(5.3)

{—2n<u<-—n}

for every ¢ € Cp(£2),i.e. ¢ continuous and bounded in €2.

If r > 1, we also denote by M" (£2) the Marcinkiewicz space of order r (also
called in the literature weak Lebesgue space), with the norm given by

lulypr @y = sup [ K" meas{x € Q : |u(x)| > k}] .
k>0

Theorem 5.3. Assume (2.2),(23),(2.5),(2.6), withr = 1,m = 1 and g < =1
Assume further that either

(i) ag =0 and

q+1 p—1

1
1 o —q___  __pl
o’ (”f”L'(Q) + ||/L||Mb(9)) + ||g||£|(9) < C*a@p=000 3~ =D 64

where C* is a constant depending only on p, q, N which will be defined in (5.12),

or
(i1) ag > 0 and

p—1

_4q _
sl my @) < C*aa=0=D y =01 (5.5)

Let u be a renormalized solution of (5.1). Then we have

M”11 v lDulP <M (5.6)

MY=F (@) MV-T(@)
where M depends on p,q, N, og, «, y, |2 and f, g, . When ag = O the constant
M dependson f, g, wonly through | f || .1, 181l L1(@) and |1l My, (2) - When oo >
0, the constant M does not depend only on | fll11(q). 18l @) I1llMy), but
remains bounded when f and g vary in sets which are bounded and equi-integrable

in LY (Q) and o varies in a compact set of L' (Q) + W_I’P,(Q).

Remark 5.4. The content of Remarks 3.2 and 3.3 is also valid as far as Theorem 5.3
is concerned. The same holds for Remark 3.4 up to considering now nonnegative
renormalized subsolutions.
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Proof. By standard renormalization arguments (see [22]), it is possible to consider
in (5.2) test functions S(«) such that §’ has compact support and S(0) = 0. With
an approximation argument with compactly supported functions, and taking ¢ = 1,
one obtains the inequality

/a(x,u,Du)DuS’(u)dx—l—/ao(x,u)S(u)dx
Q Q

< /Q H e, u, Du)S(u) dx + 1Sllso 1l atycs-

We take here IT;(Gr(w))|
(Gr(u
Su) = Tj(Gy(w)) Wk@(wn

and then we get, thanks to (2.2), (2.5) and (2.6),

Ti(G T;(Gr(u)?
[ 107 Gran SO ag [ I

+|T; (G ()] e+ 1T, (Gk(u))l
< y/ D | TiGe)? f T Grw)? T; (G (u))? _TiGw)? (5.7)
8+IT](Gk( ))I e+ T (Gg(u))]
IT;(Gr(u))l )
2 dx .
+ / lg |8+|T(Gk( ] x + jllllm,
> SOlE \?
L (s) = dk .
s /0 (e+|§|> :

Then we have
T:(G
/sz|DTj(Gk(u))|” 17, (G w))

————————dx = [ |D(g:(T} p
e+ IT;(Geln] /Q| (e (Tj(Gr(u)))|"dx

(5.8)
=/§Z|DTE<j)<<pg(Gk<u)>|”dx,

where we used that ¢, is an odd increasing function.
|G )] 7 (G ()]

. . 2
Moreover, using that W] = €+|Tj(Gk(u))|,and since m < |s|,we
have
/ Dt G [ 1Des(Gral?  T;(Gr(w))®
e +|Tj(Gr(u))] o ¢.(Grw)? &+ |Tj(Gi(u))l
. 2
D (G (u))|? T] (Gr(u)) dx (5.9

@ ¢ (Tj(Gru))? & + |Tj(Gi(u))]

Sj/52|D(ps(Gk(u))|qu.
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As we estimated in previous sections, we have

/m Ti(Gr(u))>? /|| IT; (G ()|
o+ 1T, G e+ 1T;(Gra]
T;(Gi(u))? / T;(Gi(u))?
h B At aa— _—
5“0/9 M mGan ™t ) MG ™
{lf1> Uh(k)}
IT; (G ()] (5.10)
2 —2 7 d
* / 8 G ™

{lgl> L h(uDIT; (Grw))]}

T;(Gr(u))?
faofgh(|u|)m T I X 11> 20y @)

+ 2_||g||L1(Q) + 2018 X (11> 0 npysy 1@ -

so that, choosing for instance §;y =
(5.10),

h (k , we get, collecting (5.7), (5.8), (5.9) and

“/ | DTy, () (@e (Gr(w))|Pdx
Q
=J <V/ |D@e (G ()T dx + || f X1 f1>ant L1 (@) + ||M||Mb(9))

2 a0
-I— — +2 )
h(k)”g”Ll(Q) 118 X11g1>bi} ||L1(Q)

2
where aqy = %Lh(k) and by = <2 /h(k).

Set [ = ¢¢(j): since ¢; is an increasing one-to-one bijection, and since ¢ I(s) <
c(s + ¢), we deduce that

@ [ [DTg:Grw|dx
Q
< 1+ 0) (V11D (GL@) N ey + 1 X010 1y + el aty@)

2o
+7 +2 - , Vi>0.
,—h(k)”g”Ll(Q) 118 X11g1>bi} ||L1(Q)

We apply now the well-known regularity lemma in Marcinkiewicz spaces due to [6]
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(see also the precised form in [8]), which gives

Dy, (G p-l
IDee (Gl e o

<Ca™! (y|||D¢g<Gk<u>>|quL1<m + I X f1ma @ + Il vy @)
_L

1
ta VeV (Y 11D@e(Gr@)I Nl 1@y + 1 Xq1f1=at 1) + Illmy @) 7

1 7

=

_ 2
to V| —— +2 .
|: h(k)Hg”Ll(Q) [18 X{1g]>bi} ||L1(Q):|

Since g < % we have that L%(Q) cM N1 (€2), therefore we conclude,
using also Young’s inequality in the right-hand side,

p—1

11D (G, g,

< Ca™' (Y IIDge(Gr)|¥ N 1y + I f Xt r15an i@ + Il mp@)

_ 1 2 p’
+CeP p oV [— +2 } .
A% ||g”L1(Q) 118 X(1g1> b} ||L1(Q)
The last inequality still implies, for some constants Cy, Ca:

-1 —
CiaYl  —Cry Yl < (||fX{|f|>ak}||L1(Q) + el my () + e 1

=

]pl (5.11)
+o R

+
|: h(k)“g”Ll(Q) ||gX{|g|>bk}”L1(Q)

where 1

Yi = 1 Dg: (Gr)I I} g -
The conclusion follows as in the previous sections: we define the function
F(Y)=CiaYP ' —CryY9,

and we note that, since ¢ > p — 1, the function F is concave with a maximum
-1
F*=max F(Y)=C*ae 0D = Dy a=0=T) T D, (5.12)
for a constant C* which only depends on p, g, N. Then we distinguish between the
two cases.

(1) If g = 0 we have a; = by = 0. Taking ¢ = 0 the inequality (5.11) has the
simpler form

1
—1 1 o
Cra Y™ = Coy Y <l + Il vy +a?ligl) g, -
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where now Yy = |||DG(u)|?]]
which is nothing but

Zl @ since ¢p(s) = s. Here we use condition (5.4)

1
1 -
IF L) + lllmy ) +0t”||g||£1(9) < F* =max F(Y).

Then, with the usual continuity argument, we deduce an estimate for Yy, i.e. for
11 Dul?]l 1 g depending only on [ 1|1 ay- llgll 1) 14laty (e

(ii) If p > O we use the Remark 5.1, i.e. we replace p with its singular part
Ws up to changing f and g. Then inequality (5.11) takes the form

1 1o
CraYy™ = Coy Vi < IUF 1+ DX f1n=a 1 @+ s g (2) + P P!

~ -

o0

1
e [whu«)

llg + 1HI” 10y + (g + | HIP )x{lg+H|p/>bk}||Ll<Q>} ,

(5.13)

where we wrote the regular part of w as uo = h + div(H) € LY(Q) + W_l’p,(Q).
Here we use (5.5), which is nothing but
s vy @) < F*.

Then we fix, successively, a small ¢ and a large k* so that the right-hand side in
(5.13) is still smaller than F*. The continuity argument implies an estimate on
DGk )| 11 (q) for any k > k*. An estimate on Ty (u) in Wol’p(Q) is then ob-

tained as usual, and finally, once the term H (x, u, Du) is estimated in LY(Q), all
the standard estimates for equations with measure data follow. O

In case ap > 0, the previous result is not optimal, since we expect the size
condition (5.5) required on |15l A, () to be not necessary.

In this spirit, we give the following improved result in case a(x, s, £) does not
depend on s and replacing assumptions (2.2)-(2.4) with the stronger conditions:

(@, &) —a.ENE —E) > a (ER+EP T —EP2. a>0, (5.14)

1
la(x, &)] < BLIEIP + g(x)7],
B >0, g(x) e L'(Q),

(5.15)

for almost every x €  and for every &, & € RV,
Note that (5.15) is the same as (2.3) when a(x, s, §) does not depend on s; the
1

function n has now been called g(x)»" because in this way (5.14)-(5.15) imply
o
a(x,§&) &> alg|” +a(x,0)-&§ > EISII’ —Cg),

hence we recover (2.2) with a consistent notation.
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Actually, (5.14)-(5.15) are not the most general assumptions under which the
following result can be proved, but they allow us for a few simplifications in some
technical details.

Theorem 5.5. Assume (5.14), (5.15) with p > 2, and (2.5), (2.6), withm = 1 and

p—1<gq< %, and with ap > 0. Let u be a renormalized solution of

N
N—-1

—div(a(x, Du)) + ag(x,u) = H(x,u, Du) + p in 2, (5.16)
u=00n0o2, ’
where 1 € My(Q) and belongs to L' (Q) + W‘l'p/(Q). Then we have
P~ + [1DulP~ | <M (5.17)
Q) M

N
MN=P( (£2)

where M depends on p, q, N, ap, |2|, o, v, B and f, g, |l My ). The constant
M remains bounded when f and g vary in sets F, G which are bounded and equi-
integrable in L' (Q).

Remark 5.6. In the above statement, the measure w is assumed to belong to

LY(Q)+ W_I’P,(Q); however, the estimate only depends on || t]| A1, (@) . Therefore,
the previous result can be used as an a priori estimate in case of approximating data
converging to singular measures.

Proof.
Step 1: using the auxiliary function v.
Consider the (unique) renormalized solution v of

{—div(a(x, Dv) —a(x,0) =ut  inQ, (5.18)

v=~0 on 0f2.

Since (5.14) implies (a(x, £) —a(x,0))-& > «|&|”, one can easily prove that v > 0.
Let now ¥ (¢) be a nondecreasing Lipschitz function such that 1/ (0) = 0 and v/ has
compact support. Then we have

/ (a(x, Du) —a(x, Dv))D[Y (G (u — v)+)]dx
Q

+/@mwwmw—wﬂw
“ (5.19)
:/ H(x,u, Du)y (Gr(u — v)"dx
Q

—/ a(x,0) D[y (Gr(u —v)")]dx.
Q
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Actually, it is not obvious that ¥ (Gx(u — v)*) can be taken as test function in
(both) the equations of u# and v. However, since ¥ is bounded and since u €
LY(Q) + W_l’p,(SZ), this can be justified by some truncation arguments.

Observe that (since ¥ (0) = 0) all the integrals in (5.19) are restricted where
u > v + k, in particular where u is positive. This implies, thanks to (2.5),

/an(x, WY (Gr(u —v)T)dx > (xo-/gh(lul)l//(Gk(u —v)H)dx.
For the same reason we can use (2.6) to get
/QH(x,u, Du)y (Gr(u—v)")dx < /Q [vI1Dul? + f(x)] ¥ (Gk(u — v)")dx
<Cy /Q IDG(u — v)T17 Y (Gr(u — v)F)dx
+Cy fQ |Dv|? Y (Gr(u — v) 1) dx

+/ FY(Gr(u—v)Hdx .
Q

Moreover, (5.15) and Young’s inequality imply

‘/ a(x,0) D[y (Gr(u—v) )] dx
Q

< ﬁ/glglf’l/ IDG(u—v) )Y (Gru—v)*) dx

=C /Q g1V (Gi(u — v)¥) dx
+ 8/ IDGr(u — v) D)"Y (Gru—v)T) dx,
Q

where § is a small number to be fixed later.
Therefore, if we set w := (u — v)™, we obtain from (5.19), using also (5.14)
in the first term,

a /Q<|Du|2 + 1DV T | D(Gr(w)) 2 ¥ (Gi (w)) dx + ao/Qhum)w(Gk(w)) dx

=Cy /Q IDGr(w)|? Y (Gr(w))dx
+CJ//Q|Dv|q W(Gk(w))dx-i-/ng(Gk(w))dx

+CfQIgIW(Gk(w))dX-i-rS/QIDGk(w)Ipl/f/(Gk(w))dX~
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We choose here as in the previous theorem

|T;(1)]
V@) =T —L
T e 1T ()]
and we obtain, after obvious simplifications,
Ti(Gr(w))

o / (1Dul? + 1DV = | DT (Gr(w))?
Q

. 2
Q

— Y _ax
e+ T;j(Gr(w))

1 T,(Ge(w))
T;(Gi(w))?
C DG g IRV gy
< VfQI r(w)| o+ T, (Gr(w)
TG T;(Gr(w))?
d
+CV/' et T, (Gra) /'f'e+T<Gk(w>> !

T(Gi(w) | , Tj(Gr(w)
+2C/| |8—|—T(Gk( ))d +25L|DTJ(Gk(w))| 5+ T;(Grw) dx

Since v > 0, we have {w > k} C {u > k}, hence we split the term with f as usual

f|f| Ti(Grw)* / h(u) — k)" Tj(Gr(w))? "
8+T(Gk(w)) s e+ Tj(Gr(w))

T)(Gr(w))?

—d
* /'f' e+ 1, (Geon ™
|f|> M)

T (Gr(w))? .
205 J dx / dx,
< / D Gy +JE \fldx

where Ey = {|f| > ‘Z—Oh(k)}. Similarly we deal with the term |Dv|9, obtaining

2 2
Cy/l Ti(Gr(w))” < _/ Rl —2 LG D" Tj(Gr(w)) _LiGew)™
e+ T, (Gk(w)) e+ Tj(Gi(w))
+Cyj/|Dv|qu,
Fi

where Fy = {Cy|Dv|? > Qh(k)}.
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The term with g can also be dealt with as in the previous theorem, hence we get

/| _Ti(Grw)) _/h(| 5 _Li(Grwn?
e T3 (Getwy) 5 &+ T;(Gr(w)

(011}
+C +C/ dx,
0 gl . 14

2
where G = {|g| > %"«/h(k)}. We then deduce the inequality

Tj(Gr(w))

) 9. P2 ) 2 TJNTRAHFI

Tj(Gr(w))?

C DG T~
< V/QI k(w)] o+ T, (Gr(w)

+CjJ ( | fldx + | |Dv|4 dx) (5.20)
Ex

Fi

-I-Ci +C d
o lslui fk|g| x

Tj(Gr(w))

28 DT (G p__J T T
+ /Q| Gl s

Step 2: Marcinkiewicz estimate for | DGy (u —v)7T.
p—2

Since p > 2, we have (€% + n)? ) |$ —n? > (z)T |& — n|” hence we
obtain from (5.20), choosing a suitable small &,

Tj(Gr(w))
&+ Tj(Gr(w))

Tj (G (w))*

DT, r e+ T;(Gr(w))
/QI (G (w))] e+ T;(Gr(w))

dx < C/ IDG(w)l
Q

+Cj< |f|dx+/ |Dv|qu>
Ey Fy

(74}
+C gl —f—C/ lgldx .
10 R Ge

We proceed henceforth as in the previous proof to obtain an estimate on | DGy (w)]
in LY(Q2) for k > k*, where k* depends on (the equi-integrability of) f, g and
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|Dv|?. On the other hand, the norm of | Dv|?~! in the Marcinkiewicz space M N1
only depends on ||| pm,(0), and so is the equi-integrability of |[Dv|?, since ¢ <
M__l). We deduce from that an estimate on |DGr(w)| = |DGr(u — v)T| in
L1(2) for k > k*, where k* depends on ||| pm, (). and on the equi-integrability
of fand g.

Step 3: estimate when 0 < u < v.
Now we multiply the equation of u by 1 — (1 + u)~* obtaining

A/ a(x, Du)Du™ (1 +ut)*ldx +/ ao(x, w)[1 = (1 +ut)dx
Q Q

= /QH(x, u, Du)[1 — (1 4+u™) " dx + |1l my ) -

Observe that this test function only charges where u > 0, hence we get, using
(5.14)-(5.15),

ax/ |IDut|P (1 +ut)?ldx < y/ |Dut|dx
Q Q
+ 1 f L) + Tl my @)
1
+ﬂ/ g7 [Dut (1 +ut) 1,
Q
which yields
A
“—/ IDutP (14 ut) ™ dx
2 Ja

<c / |Du+|qu+C/ DG — v)*|7dx
{u<v+k} .

+C/Q|Dv|qczx+<||f||m)+||m|Mb<m>+cfQ|g|dx.

Since
+1q ok + +y—h—1
C |Du™| deT |[Du™|? (1 4+u™) dx
Q

{u<v+k}

+C / (1 +uH) M0 g

{0<u<v+k}
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and since in the last integral we can use that # < v 4 k we obtain

Y
“T IDut 1P (1 +ut)y > dx

5c/(1+v+k)(“”p—q dx+C/ |DGy(u — v)"|9dx
Q Q
+c/Q|Dv|‘Idx+<||f||L1<m+||u||Mb(m)+c/Q|g|dx.

Since ¢ < % we have (A + l)quq < %:;) for any positive A close to
zero. Therefore the first integral in the right-hand side is bounded because of the
estimates on v. Taking & = k™ the second integral is also bounded by the pre-
vious step, and so all the right-hand side is bounded by constants only depending
on ||l My 1fILiq)» 1€1lL1(q) and on the equi-integrability of f and g. We

conclude an estimate for
/ IDut|?P (1 4+ut) > ldx
Q

for any positive A close to zero; which implies (this is the classical argument in [12])
an estimate of [Dut|P~! in L7 () for any r < % In particular we conclude that

|Du™ |9 is estimated in L' ().

Step 4: conclusion.

Reasoning on 1~ in the same way we obtain an estimate for | Du~|7, hence we
conclude that |Du|? satisfies an estimate in L!($2). Thanks to (2.6), we conclude
by the usual theory with measure data all the desired estimates. O

In consequence of the previous estimates, we can prove the existence of so-
lutions to problem (5.1). To this purpose, we need to take care of the growth of
ao(x, u) in case p contains a singular part ug # 0, by requiring, for some constant
C >0:

lao(x, w)] < C(ao(x) + |ul*) withs < X2=D ” Lao(x) € L1Y(Q). (5.21)

Corollary 5.7. Assume (22)-2.6), withr = 1, m = 1 and ¢ < Y=V and

(3.34), (3.35). Moreover assume that one of the following assumptions is satisfied:

(1) ag = 0 and (5.4) holds true.
(i1) ag > 0 and (5.5) holds true.
(1) ap > 0 and (5.14)-(5.15) hold true, with p > 2.

Furthermore, in case that g # 0, let (5.21) hold true. Then there exists a renor-
malized solution u of (5.1).
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Proof. Take a sequence of approximating solutions u, € W(; "P(Q) of the problem

—div(a(x, un, Dun)) + ao(x, un) = H(x, un, Duy) + pp in 2,
(5.22)
u, =00n 02,
where i, is a suitable approximation of y constructed by convolution, as in [22].
Applying Theorem 5.3 or Theorem 5.5, we deduce the estimates on u, and
|Du,| in Marcinkiewicz spaces, hence (3.35) implies that 7,,(H (x, u,, Duy)) is
bounded in L!(€2). Using the compactness and stability results of the theory of
elliptic equations with measure data (see [12,22] and references therein) we obtain

that, up to extracting a subsequence, u, converges a.e. to some u € 761”’ (),
and Du, converges to Du almost everywhere in Q2. As a consequence of (3.35),

since g < N(p 1) , the term T,,(H (x, uy, Duy)) strongly converges in LY(Q) to

H(x,u, Du). If ws =0, since the right-hand side is compact in L (Q)+ W~ Lp' (),
we also deduce that ag(x, u,) converges in LY() to ag(x, u) using (3.34); if us #
0, we use the growth condition (5.21) to deduce such a convergence. Still using the
results in [22], we have that the truncations Ty (u,) strongly converge to Ty (u) in

WOI’I7 (2) for any £ > 0 and we conclude that passing to the limit u satisfies (5.2)
and (5.3), i.e. it is a renormalized solution. ]

We conclude this section with the statement of a regularity result as in Theorem
4.9. Indeed, the same regularity as in this latter theorem can be proved to hold when
q < il (p 1) ; the only difference is that now we do not ask more regularity on the
solutlons than what is needed in the definition of renormalized solutions. Actually,
when g < N 1(\,":11) , the bootstrap argument works as if the equation does not contain
the term H (x, u, Du). We omit the details of the proof, which follows the steps of
Theorem 4.9.

Theorem 5.8. Assume (2.2), (2.3), (2.5), (2.6) with g < YX2=D Assume in addi-

tion that f belongs to L*(2), with s > 1 and g belongs to Lt(Q), witht > 1. Letu
be a renormalized solution of (5.1). Then the conclusion of Theorem 4.9 holds true.

6. The case p> N

Let us consider here the case that p > N. First of all, we observe that the case
p = N can be dealt with as in the previous section. Indeed, when p = N we have
NI(\,” Dop-1D+2 £ = p.hence assuming ¢ < p implies that ¢ < N(p 1)

obtam then the following

, We

Theorem 6.1. Let p = N. Assume (2.2),(2.3),(2.5),(2.6), withr = 1,m = 1 and
p — 1 < q < p. Assume further that one of the following assumptions is satisfied

(1) agp = 0 and (5.4) holds true.
(i1) ag > 0 and (5.5) holds true.
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(i1) ag > 0 and (5.14)-(5.15) hold true.

Let u be a renormalized solution of (5.1). Then, given any s < oo andt < N we
have

lullms @) + 1 Dulllpe @) < M (6.1)
where M depends on s, t, p, q, g, «, ¥, B, |2| and f, g, u. When g = O the
constant M depends on f, g, i only through || f || 1), 181lL1(@) and | 1llmy,@)-
When ag > 0, the constant M does not depend only on || fl1(q), 18l )
| Ll My (), but remains bounded when f and g vary in sets which are bounded and

equi-integrable in LY (Q) and o varies in a compact set ole(Q) + W_I’P,(Q).
Moreover, assume in addition (3.34)-(3.35) and, if us # 0, also that

lao(x, u)| < C(ao(x) + |u|*) for some s < oo, dy(x) € L' (Q).
Then there exists a renormalized solution u of (5.1).

We are left with the case p > N. Note that this implies that Mp(Q2) C

W*I’P/(Q), hence data in Lebesgue spaces, or even measure data, always yield
finite energy solutions, in the sense of (3.1). Moreover, in this situation solutions in

WO1 "P(Q) are bounded as well, and the case ¢ < p does not really differ from the
case g = p.
Theorem 6.2. Assume (2.2), (2.3),(2.5), 2Q6)withp —1 <q < p,m = 1 and
r = 1. Assume further that either

(1) oo >0,

or
(i1) g = 0 and

L P o —afl_ P
a "L g T8l g < CT ey =h 62)

where C* is a constant depending only on p, q, N which will be defined in (6.6).
Letu € Wol’p(Q) be a solution of (2.1). Then

Il 10 gy < M (63)
where M depends on p, q, N, oo, «, v, 2 and the data f, g. When ag = 0
the constant M depends on f and g only through || f|| LY(Q) and ||l 1 (q). When
oo > 0, the constant M does not depend only on | f |1 (q) and gl 1 (q) but re-
mains bounded when f and g vary in sets which are bounded and equi-integrable
in LY(Q).

Proof. We proceed as in the proof of Theorem 3.1 for the case ¢ = p — 1 + %. It
ap = 0 it would be enough to choose as test function v = Gy (u) in (2.1). In order
to treat the case ag > 0, we choose the test function

|Gk ()]

V=G Gl
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We obtain, using (2.6), (2.2) and (2.5),

Gr(u)l / Gr(u)?
RN e h(u)—222 4
/' s—i—le( yx Feo | R —m e T
2 2
< y/ D ~ Gr(w)” / Gk G (u) 6.4)
8+|G (u )I 8+|Gk(u)|

G (u)
4—2/Q |g|7s+|8k(u)| dx.

Then, splitting the terms with f and g as usual we get

2
a/wulp Ge)| _y/| G
P G o 1G]
G 2
+ f S

&+ |Gy (u)l
{1f1>Lhk))

20
r 2 / dx.
0 gl 181

{Ig> -2 VAT

We introduce the function

N EERY
‘”8“)_/0 <e+|s|> %

hence we obtain

ST

|Gy (u)| )“
£+ |Gr(w)l

Gr(u)? 200
+ / P N e N PY
NG ™ ™ e vnm 1$hve
{If1> zoh(k)

+2 / lgldx .

{lgl> 0 VA®))

o fQ|D(<ps(Gk(u))|pdx = V/QID%(Gk(M))Iqu(u)<

Recall that )

S
s <clpe(s)+e), —— <ce(s),
E+s
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so that we get

o /g |D(¢e(Gr(w))|Pdx <y C/Q |D@e (Gr(u)|? (1s (Gr ()] + &)dx

e f | f1 192 (Gr(u)dx
{|f|> 0 h(k)}

20
- +2 / dx
e llgllrio 8]

{lgl>-2 4 Vh(k)}

< Cy D@ (G} () (19 (G () | L) + €)

+ CILE Xy 1 2 oy 1 0 10 (G )

+

204 ||
gxX Q) -
& /h(k) {Igl>-2 8 iy - @
Recalling that Wol’p(Q) C L*(2), we end up with

o @e (G (u ))||" <Cy ||§05(Gk(”))||q (”‘/’a(Gk(”))“ @) +8)

W, (@) ~ W, ()

+C ||fX{\f|>ak}||L1(§z)”(ps(Gk(u))”WOLP(Q)

2
+ +2 o ’
h(k) lgllri e I8l Xt1g1=be} 1 L1 ()

where ap = Sh(k) and by = ofTO«/ h(k). Using Young’s inequality we obtain, for
some constants Cgp, Cy:

o Co |9 (G (u ))Ilp — v C1 e (Gr(u ))Ilq

W, (Q) 2(Q)

<yeit! ‘f‘a_”*l ||fX{|f\>ak}||€1(Q) «/W ”g”Ll(Q) + llglxqel=ball L) -

Set now
Yie = lge (Gr) i g -

Then, the inequality takes the form

__1
T

F(Yy) < ye‘”“ra P X0 ma 11 g
6.5)

1
+ + > ’
h(k) gl + I8l xtg=t} I L1 (@)
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where
F(t) =aCot? —y Cy 197!,

Note that p — 1 < g, so that F is a concave function with a unique maximum
q+1 _ 14
F*=max F(Y) =C*aqi=0=D y == , (6.6)

(1) If g = 0 we can take ¢ = 0 and (since we also have a; = b, = 0) we obtain
the simpler inequality

p g+1 —L P
aColle(M)HWOl,p(Q)—V Ci IIGk(u)Ilw(:,,,(Q) sa LI g gl - (6.7)

We use (6.2) which is nothing but

1 /
o PIfI g F I8l < F*

Then the usual continuity argument implies the estimate for |G (u) || whp g Up to
0

()

k =0,i.e. for ||u||W(:,p(Q).

(i) If wp > 0 we fix € = g as the minimum point of the right-hand side in (6.5),
which gives
F(Yr) < My,

where

g+1

L rapligliz g+2 _ 1 /
My = Cya+? (7\/%,()(9)) +o PN fXU a1 T g 18 Xs1=bi L1 @ -

Then we define k* so that My < F* for every k > k™. Now either we have
l#]loo < k*, which means an estimate of u in L°°(£2); in that case we obtain soon

from the equation an estimate on u in WO1 "7 () and we conclude. Otherwise we
have k* < ||u||L(q) and the inequality

F(Yy) < My Yk e (K, lullLo)) »

implies, with the continuity argument, an estimate on Y+, hence we estimate
|G i1 (u)||W1,p(Q). We deduce then an estimate for |||~ (@), and then from the
0

equation we easily complete the estimate on u in WOl P(Q). O
Remark 6.3. Note that the above result includes the case of measure data y as

right-hand side in the equation. Since p > N, we have u € W*I’P/(Q) and this
term can be included in the operator div(a(x, s, §)).
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7. Further remarks

7.1. Other boundary conditions

The same method introduced above also applies to problems with different bound-
ary conditions. Here, we assume that €2 is a smooth bounded set, and we consider
the equation

{ —div(a(x, u, Du)) + ap(x,u) = H(x, u, Du) in 2, a1

a(x,u,Du) - v+ uu=wonoi2,

where v(x) is the outward unit normal at d€2, u is a nonnegative constant, and
1 .
w € W!=w ™ (3). This means that

TweWhQ) 1 w=yew), (712)

where y;q is the trace operator in the Sobolev space. Problem (7.1) includes both
Neumann boundary conditions (when u = 0) and mixed (otherwise called Robin)
boundary conditions (if u # 0).

For the sake of simplicity, we only consider the case of finite energy solutions,
so we restrict to the range p — 1 + % < g < p. The weak formulation of (7.1) is
the following:

e W'P(Q), alr,uw) € L'Q), H(x,u,Du) € L),

/,L/ ugodx—i—/ a(x,u,Du)Dgodx—l—/ aop(x, u)p dx
aQ Q Q (7.3)

:/ H(x,u,Du)wdx—}—/ wedx forevery pe WhHP(Q) N L®(RQ),
Q R

where, with a slight abuse of notation, we still denote by ¢ the trace of the test
function on 9€2.
Besides the assumptions (2.2)-(2.7), we assume that (7.2) holds with m =

w. Then, the conclusion of Theorem 3.1 remains true if og > 0, namely

Theorem 7.1. Assume (2.2),(2.3),(2.5),(2.6), 2.7)withp — 1 + % <qg < pand
that (7.2) holds with m = W. Assume further that either

D ag >0
or

(D)oo =0, >0and | fllLm), lIgllLr (@) are sufficiently small.

Let u be a solution of (7.1), in the sense of (7.3), such that |u|° € W'P(Q), o =
W. Then we have
p(p—q

lullwre) + 1l lwirg) < M



ELLIPTIC EQUATIONS WITH GRADIENT DEPENDENT TERMS 197

where M depends on p, q, N, ag, «, v, |2| and the data f, g, w and remains
bounded when f, g, w vary in sets which are bounded and equi-integrable, respec-

tively, in L™ (R2), L" () and Wl_%’m(aﬁ). In the case that og = 0 and u > 0, M
depends on f and g only through their norms in L™ (2) and L" (Q2).

Proof. We follow the proof of Theorem 3.1 with the following variations. We use
the test function |T,,(Gx(u))|*~'T,,(Gx (1)) and we let n go to infinity, obtaining
now, instead of (3.8), that

u/ |u||Gk<u)|*da+axf |Dul? |G (u)|*dx
+ao o h(lul)|Gr () *dx

< V/Q|Du|q|Gk(u)|AdX+/Q|f||Gk(u)|Adx (7.4)

+)~f F4 |Gk(u)|’\_ldx+/ |l|Gr(w)|*do .
Q 1o}

Since fasz |zldo < C fQ(Izl + |Dz|) dx for any z € W1 1(2), we obtain, using also
Young’s inequality,

/ lo||Gr ()| do < C/(|Dw| + [w]) |G () |* dx
0 Q
+cx/ lw|? |G @) dx (7.5)
Q
1
—|——ak/ |Dul? |Gr(u)|*'dx .
2 Q
Therefore, we deduce from (7 .4)
1
5“/ | Dul? |Gk(u>|*—1dx+ao/ h(Ju))|Gr () dx
Q Q
5)// |Du|q|Gk<u>|Adx+C/ f|Gk<u>|Adx+CA/ g1Gr) | dx,
Q Q Q

where

fF=I1fl+UDw|+w),  &=Igl+wl”.

Assumption (7.2) implies that f e L"™(R2) and g € L"(2) (indeed, |w|1’/ e L"(Q)
since mp—f = W = r). Therefore, we proceed henceforth as in Theorem 3.1
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to obtain

aC/ |D(|Gk(u)|")|"dx+@/ h(|ul)|Gy ()| dx
Q 2 Ja

q

» .\ 7h
<yC (fQ|D<|Gk<u>|“>|”> (/Qlck(u)r’f’ dx)

7

(7.6)
+ ”fX{f>°jTOh(k)}”Lm(Q) (/Q |Gk(”)|gp*dx)

1
7

a1
(o 44] -
/ r G Up d
+ < h(k)) gl 1) + ||gX OF lLr ) (/ |Gr(u)] x)

If, for some L > 0, we have h(s) > s”~! for every s > L, then we can easily
conclude following Theorem 3.1. Indeed, since A + p — 1 = po, up to taking
k > L we deduce in this case

oo
aC/ ID(G@)|")|"dx + 7/ h(luD|Gr@)*dx = C 1G5 -
Q Q

Using the Sobolev inequality in the right-hand side we are reduced to the proof of

Theorem 3.1 up to defining now Yy = |||Gg(u)|° ||€V1<,p(sz)'

If we have a general function A (s), we deduce from (7.6), by Young’s inequal-
ity, that

C/ |D(|Gk(u>|°>|"dx+%/ h(ul) G o) dx
Q Q

1
<c f G| dx 4+ 179 7@ ( / G )| dx)

A—1
(011} Y

Now we use the Poincaré-Wirtinger inequality, which implies

NGk @Il r () < NGk 1) + CIDUGK@IDlLry, (7.7

12l

so that

p
/|D<|Gk(u>| )| dx = CHGH@IIL e ) — (/Q|Gk<u>|”dx> .
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‘We then obtain

o\ P Ot_() A
CHGR@II g + 5 /Qh(lul)le(u)l dx

)4
sc(/ |Gk<u>|“dx> +C/ G |? dx
Q Q

*

+||fX f> h(k)}”L”‘(Q)C”le(u)l |L/’*(S2)

=1 o
ap
+(%> Il + 18X, g ol @IIGHI [

which implies, after using Young’s inequality,

ao
CIGL I ]y )+ 5 [ MGl dx

sc(/Q|Gk<u>|°dx) + CNGKEI 1Y e ) + M

where

pm

Mk = C”f)({lﬂ> Oh(k)}”L'"(Q)

r/

r—1
) . s
+ ( ) &l 1 +Cllgx IIL (Q) .

Vh(k) {1g1>2 8 /i)
Since A > o we deduce
CIIIGk(M)I"IIi,, @ + Rhk) [o |Grw)|*dx
e (7.8)
<C (/Q |Gk<u>|*dx> + CNGKEI I e g + Mi

Here we set

Yi = G117 .

A
L T MGkl

and the above inequality implies

P

po
C1Yr < CQYk)‘ +C3Ykp + M .

. o 2
Since po > A, the function F(Y) = CY — CZYPT — C3Y r is concave with
maximum F* = F(Z*); the continuity argument allows us to conclude that
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Yy < Z**. With this information in hand, going back we deduce the estimate on

I DGk (u)|?)llLr (), hence, thanks to (7.7), the estimate of |G (1)|° in whr(Q);
then we can proceed as in Theorem 3.1 to conclude.

Let us now assume that «p = 0 and p > 0. In this case, first we split v =
Ti(w) + Gp(w) so that

/ || |Grw)|*do < / G (@)]|Gk(w)*do +/2/ 1Gr(u)*do .
02 02 Q2
and choosing k= % wk we have

/ |w||Gk(u)|kdas/ |G/§(0))||Gk(u)|}“d0+%/ 4l |G () do
I aIQ Q2

Therefore (7.4) implies

ﬁf lul|Gr ()| do +a,\f |Du|? |Gr(u)|*'dx
2 Joa Q

<y Jo |Dul? |G dx + [ | fIIGr@)|*dx

+)»/ gl 1G> dx+/ G (@)|Gr(w)|*do .
Q Bl

Using now (7.5) with G (w) instead of w, we obtain

o
ﬁ/ |u||Gk<u>|kda+—x/ | Dul? |G ()| dx
2 s 2 Ja

EV/ lDuquka”dH/ |JF||Gk(M)|'\dX+C)»/ 811Gk @)*" dx,
Q Q Q

where now

f=1f1+UDG(w)| + |G (w)]), g=lgl+I1G )"
Then, we proceed as before and we get

%/ |u||Gk(u>|*do+Cf ID(IGkw)|”)|"dx
0 Q

m

<c /Q GraOI" dx + || Fll ey ( /Q |Gk<u>|”*dx> (79)

1
gl @ ( /Q |Gk(u)|op*dx> .

4 In particular, this implies that |Gy (u))‘||L1 @ = Z*. Hence, using the fact that h(k) — oo
as k — oo, we could now get rid of the first term in the right-hand side of (7.8) and recover our
usual inequality

CilG @I 1? < G3lIG I 1P

LP* () Lty T M
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We can now use another Poincaré-type inequality, namely that

lzllzs@ < C (I1Dulls@) + llullLsoo) - (7.10)

Using (7.10) with s = 1 and combined with the Poincaré-Wirtinger inequality this
implies

Izllir@) < C (I1Dzllzr@) + Izl i) < C (IPzlliLr@ + lIzliipe)) -
Applied to z = |G (u)|°, and together with the Sobolev inequality, it gives
NG | L (@) < CNGk@)” Il 19y + CIDIGK@)I lLr () »
so that

p
/ IDUGk@)|)["dx = CINGK @I » g —C(/ |Gk(u)|"dy) :
Q Q2

Therefore, (7.9) implies

E A o\pP
> k/aQIGk(u)l do + CllIGk@I" I » g

P
§C</ |Gk(u>|"dy> +C/|Gk(u>|“""dx
Q2 Q

1
+1 £l (/QIGk(u)I"”*dx) + 181z @ </Q|Gk(u)|"p*dX) :

Henceforth, we conclude as in the previous case, using that A > o, and defining
now

_ A onP
Vo= [ 16k o+ 1G] .

Observe that | f|| L and ||g|l - (@) are sufficiently small provided || f || (q) and
llgllrr @) are sufficiently small and k is large enough, i.e. k is large enough. In
this way no smallness condition is assumed on w. Then, we conclude the a priori
estimate in the usual way.

Let us notice that, as in Section 3, the proof should be slightly modified if
oo > 0 and i > 0 in order to deal with the limiting case g = p — 1 + %; however
the boundary term can be dealt with in a similar way as above and this case is also
reduced to the proof given for Theorem 3.1. O

Remark 7.2. With the same arguments, it is possible to deal with the case where
the boundary condition is in the form

a(x,u,Du) - v+ upx,u)=w on 082,

where S(x, s) is nondecreasing with respect to s and tends to infinity as |s| — oo.
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Finally, once we have established an a priori estimate, we can also deduce an
existence result as in Theorem 3.7. Namely, assuming (2.2)-(2.7) and (3.34), (3.35),
with p — 1 + % < g < p,and in addition that (7.2) holds true, then there exists a

solution  of (7.1) in the sense of (7.3) satisfying the condition |u|° € W17 (Q) if
either g > 0,0r o0 =0, > O and || |l (@), gL (@) are sufficiently small.
7.2. Data in Lorentz spaces

Without significant changes, one can extend Theorem 3.1 to the case that f and
g belong to suitable Lorentz spaces L?'9(€2). Recall that v € LP9(Q) if (see
e.g.[31])

o
1 d
/(v*(s)s;)”—s<oo,
0 N

where v* is the decreasing rearrangement of v.
In the case when p — 1 + % < g < p,one can take

fer™ (@) withm === and s = WAL, o

ge L@  withr = M= and s = Z3=0)

The only change in the proof is that we use the improved Sobolev inequality
1,
”v”LP*-P(Q) < CslIDvllLrg), Yv e W() p(Q)

Therefore we estimate

/Q | FIIGk@)Mdx < || fllems @1 Gk @) ] s g

= ||f||Lms(Q)|| |Gk(u)| ||LAm’,Ax’(Q)
< 11l @1 Gr(w)*

|W(;-P(Q)a

as soon as Am’ = p* and As’ = p. This gives the link m =

w already

. / * . .
known, and, since % = %, the value for s. Similarly one has

/ngnGk(u)P—‘dx < I8l 11Gr@) >~ ||L,,,,,(m

= gl @ lIGr@* 117, b, o,

P

()

>

—1

S0

< r, G l/t)L s
= 18l @llGr)™ 1l 7 Wi @)

as soon as
above.

@r’ = p* and @t’ = p. This gives the values of r, ¢ in (7.11)
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Note that, as expected, wheng = p — 1 + £, ie. m = (p*) and r = 1, we find
s=p (feLP) P Q)andr =1 (g € LY(Q)).

In the case that op > 0, the inequalities above are used with f and g replaced,
as usual, by fx{ f|>q) and gxj¢|>p;) for some ax, by — oo. Since all the expo-
nents are finite, the Lorentz norm of v x{y|>x} becomes small as &k — 00, and we
can still follow the steps of Theorem 3.1.

In the case when % <qg<p-1+ %, the term g should always be
taken in L'(£2), and one cannot improve this regularity in Lorentz spaces, while f

could be taken again in L™ (2) withm = W and s = ”;\(,If—ljn‘;). Note that

both exponents are still strictly larger than 1. However, let us recall that solutions
have not finite energy in this range of growth and one should suitably modify the
statements and the proofs as we did in Section 4.
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