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Deformation openness and closedness of various classes
of compact complex manifolds; examples

DAN PopPoOVICI

Abstract. We review the relations between compact complex manifolds carry-
ing various types of Hermitian metrics (Kéhler, balanced, or strongly Gauduchon)
and those satisfying topological properties such as the dd-lemma, or the degener-
ation at E of the Frolicher spectral sequence. We also review the behaviour of
these properties under holomorphic deformations. The emphasis will be placed
on the notion of strongly Gauduchon (sG) manifold that we introduced recently in
the study of deformation limits of projective and Moishezon manifolds. Besides
its expository aspect, the paper presents new results such as exhibiting various
examples of sG and non-sG manifolds. These are then used to review and rein-
terpret from this new standpoint a range of constructions already known in the
literature.
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1. Introduction

The main theme of this text is the interaction between metric and ropological prop-
erties satisfied by compact complex manifolds.

1.1. Metric properties: smooth metrics

A Hermitian metric on a given compact complex manifold X (dimcX := n) will
be identified with the associated positive-definite C*° (1, 1)-form w > 0 on X. The
metric w is said to be:

o Kihlerif dw = 0;

e Balanced' (or semi-Kihler®or co-Kiihler) if do" 1 = 0;

e Strongly Gauduchon®(or sG) if 90"~ ! is 3-exact;

e Gauduchon if 3"~ is 9-closed or, equivalently, if ddw" ! = 0.

I Terminology of [35].

2 Terminology of [19], unrelated to the balanced condition used by Donaldson, Luo and others in
the context of cscK metrics.

3 Notion introduced in [41].
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Although Hermitian metrics always exist, the stronger Kihler, balanced and
sG metrics need not exist on an arbitrary X. A compact complex manifold carry-
ing one of the first three types of metrics described above is said to be a compact
Kdhler, balanced on, respectively, strongly Gauduchon (or sG) manifold. By con-
trast, Gauduchon metrics exist on any compact complex manifold (cf. [18]). Ac-
tually, Gauduchon’s main result in [18] asserts far more: there exists a Gauduchon
metric (unique up to normalisation) in the conformal class of any Hermitian metric
on X. At the level of Hermitian metrics w on X, the following obvious implications
hold:

w is Kihler = w is balanced — w is sG = w is Gauduchon.

In the case of complex surfaces X (i.e. n = 2), it is obvious that w is a Kdhler metric
if and only if w is a balanced metric. An sG metric @ need not be Kihler even when
n = 2, but compact complex surfaces X carrying sG metrics also carry Kahler
metrics (see [41, Section 3]). Thus, at the level of compact complex manifolds, we
have the following equivalences:

X is a Kihler surface <= X is a balanced surface «<——= X is an sG surface.

However, if compact complex surfaces are replaced by compact complex manifolds
of complex dimension n > 3, the above equivalences break down, and only strict
implications from left to right hold.

1.2. Metric properties: currents and birational transformations

Recall that the so-called Kdhler currents provide a singular (thus weaker) substitute
for Kahler metrics. A d-closed positive (1, 1)-current 7 on X is said to be a Kdahler
current* if it satisfies the strong positivity condition

T >¢ew onlX,

for some constant ¢ > 0 and some Hermitian metric @ > 0. Kahler currents
need not exist on an arbitrary X, but they may exist when Kéhler metrics do not.
Recall that X is said to be a Fujiki class-C manifold if X is bimeromorphic to
a compact Kiahler manifold, or equivalently, if there exists a proper holomorphic
bimeromorphic map (i.e. a modification)

,u:)N(—>X

from a compact Kihler manifold X. Fujiki introduced class-C manifolds X as
meromorphic images of compact Kéhler manifolds in [17], while Varouchas gave
them the above nice characterisation in [47]. It is a result of Demailly and Paun that
class-C manifolds are characterised by the existence of a Kihler current.

4 Terminology introduced in [27].
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Theorem 1.1 (Demailly-Paun [15]). A compact complex manifold X is of class C
if and only if there exists a Kdhler current T on X .

Recall that a Moishezon manifold is, by definition, a compact complex mani-
fold that is bimeromorphic to a projective manifold. Equivalently, X is Moishezon
if and only if there exists a modification

,u:)~(—>X

from a projective manifold X . Thus Moishezon manifolds are to projective mani-
folds what class-C manifolds are to compact Kéhler manifolds.

The special case of integral cohomology classes is relevant in characterisations
of some of the above classes of manifolds. Recall that the De Rham 2-cohomology
class {w} € HIZJR(X, R) (respectively, {T'} € le)R(X, R)) defined by a C* d-
closed real (1, 1)-form w (respectively, by a d-closed real (1, 1)-current T') is said
to be integral if it is the first Chern class of a holomorphic line bundle L — X
or, equivalently, if w (respectively, T') is the curvature form (respectively, curvature
current) ~®p(L) of a holomorphic line bundle (L, 7) — X endowed with a C*
(respectively, singular) Hermitian fibre metric /.

There are neat characterisations of projective and Moishezon manifolds mir-
roring the general case of arbitrary (i.e. possibly transcendental) classes that occur
on Kihler and class-C manifolds.

Theorem 1.2 (Kodaira’s embedding theorem). A compact complex manifold X
is projective if and only if there exists a Kdhler metric w on X whose De Rham
cohomology class {w} € Hg (X, R) is integral.

Thus projective manifolds are integral-class special cases of compact Kéhler
manifolds. Likewise, Moishezon manifolds are integral-class special cases of class-
C manifolds, as the following characterisation shows:

Theorem 1.3 (Ji-Shiffman [27]). A compact complex manifold X is Moishezon if
and only if there exists a Kdhler current T on X whose De Rham cohomology class
(T} e H%R(X, R) is integral.

An interesting result of Alessandrini and Bassanelli (see [4-6]) asserts that ev-
ery class-C manifold is balanced (i.e. carries a balanced metric). They actually
accomplished rather more proving that balanced manifolds are stable under modi-
fications:

Theorem 1.4 (Alessandrini-Bassanelli [6]). Let 1 : X—>X be a modification of
compact complex manifolds. Then X is balanced if and only if X is balanced.

_Now if X is a class-C manifold, then by [47] there exists a modification u :
X — X where X is a compact K#hler manifold. Then X is also balanced and, by
Theorem 1.4, X must be balanced as well.

It is worth mentioning that the sG condition enjoys the same modification sta-
bility property.
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Theorem 1.5 (Theorem 1.3. in [43]). Let 1: X— X bea modification of compact
complex manifolds. Then X is strongly Gauduchon if and only if X is strongly
Gauduchon.

Once again, the picture is known to be much simpler in the case of compact
complex surfaces (i.e. when n = 2): all class-C surfaces are actually Kahler, while
all Moishezon surfaces are actually projective. However, in dimension n > 3,
there exist Moishezon manifolds that are not projective and class-C manifolds that
are not Kdhler (see e.g. the examples of Hironaka and Moishezon described in
[21, Appendix B, Example 3.4.2.], from which the only known class of class-C
manifolds that are neither Kéhler nor Moishezon can be obtained). A host of other
examples are provided by Lebrun’s twistor spaces in [33]: these are all Moishezon
(hence class-C) 3-dimensional compact complex manifolds that are not Kéhler.

1.3. Topological properties

First recall the following standard piece of terminology.

Definition 1.6. A compact complex manifold X is said to satisfy the 99-lemma
if, for any d-closed pure-type form u on X, the following exactness properties are
equivalent:

u is d-exact <= u is 9-exact <=> u is 9-exact <= u is dd-exact

If the pure-type assumption on u is dropped, then u must be assumed to be both
d-closed and d¢-closed (or, equivalently, both d-closed and d-closed) before the
above exactness properties are required to be equivalent (cf. [14]). For a pure-type
form u, the sole d-closedness is equivalent to u being both 9-closed and d-closed.
However, if u is not of pure-type, du = 0 does not imply du = 0 and du = 0.

It is a standard fact in Hodge theory that any compact Kahler manifold satis-
fies the d3-lemma. Moreover, if  : X — X is a_modification between compact
complex manifolds and if the 39-lemma holds for X, then the 93-lemma also holds
for X (see e.g. [14, Theorem 5.22.]). In particular, class-C manifolds (hence also
Moishezon manifolds) satisfy the dd-lemma.

Now recall that on any compact complex manifold X, we always have

br(X) < Z h?4(X), k=0,1,...,2n =dimgX, (1.1)
p+q=k

where by (X) := dimc Hf (X, C) is the k-th Betti number of X and hP9(X) :=
dimcH?4(X, C) is the Hodge number of type (p,q) of X. The Dolbeault
cohomology group associated with (p, g)-forms on X is denoted, as usual, by
H?4(X, C). Recall that the Frolicher spectral sequence of X degenerates at E
(a property that will be denoted by E1(X) = Ex (X)) if and only if equality
is achieved in all of the above inequalities (1.1). Indeed, we always have
HE,(X,C) = @ ) E&?(X) for all k and EV?(X) = HP(X,C), as well as
p+q=

dim ER?(X) < dim E{"?(X), for all p, g. Frolicher degeneration at £ means that
E{”q(X) = EX9(X) for all P, q. Hence we have:
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Proposition 1.7 (Standard). On any compact complex manifold X (dimc X =: n),
the property E1(X) = Ex(X) is equivalent to the existence of a Hodge decompo-
sition on X, possibly without Hodge symmetry, in the form:

Hfp(X.C)~ @ HP(X.C), k=0.1,....2n,
ptq=k

where the isomorphism need not be canonical.

On the other hand, recall that the 3-lemma implies both the Hodge decomposi-
tion and the Hodge symmetry. In particular, the Frolicher spectral sequence of any
compact complex manifold X that satisfies the dd-lemma degenerates at E.

Indeed, it is easily verified that the d9-lemma implies that every Dolbeault co-
homology class of type (p, g) can be represented by a d-closed (p, ¢)-form. This
allows one to define, for every (p, ¢), a linear map H?4(X,C) —> H{;Jlgq X,0)
by sending every Dolbeault class to the De Rham class of any of its d-closed rep-
resentatives. This De Rham class is independent of the choice of the d-closed rep-
resentative of the initial Dolbeault class. Furthermore, the d9-lemma also implies
that the map defined in this way for every (p, q) is injective. Consequently, when
the 99-lemma holds on X, there is, for every k, a canonical injection

P HP(X.C) = Hpp(X,C)
ptq=k
which must be an isomorphism thanks to the reverse-way dimension inequality (1.1)

which always holds on X.
The dd-lemma is also known to imply the Hodge symmetry because:

— On any X, there are well-defined linear maps from the Bott-Chern cohomology
to the Dolbeault cohomology

HEA (X, C) — HP9(X,C), p,g=0,1,...,n=dimcX, (1.2)

mapping the Bott-Chern cohomology class [u]pc of any d-closed (p, g)-form u to
the Dolbeault cohomology class [u] of the same form u;

— On any X, the map Hy?(X,C) 5 [ulgc + lilgc € HEY(X,C) is well-
defined, C-anti-linear and bijective, so the Hodge symmetry analogue for the Bott-
Chern cohomology always holds in a trivial way;

— If the 39-lemma holds on X, the maps (1.2) are easily seen to be isomorphisms.

The conclusion is summed up in the following:

Proposition 1.8 (Standard). If the 33-lemma holds on a compact complex mani-
fold X (dimc X := n), then there are canonical isomorphisms:

Hpp(X,.C)~ @ H?(X,C) and H"(X,C)~H4P(X,C)
p+q=k

forallk =0,1,...,2nandall p,qg =0,1,...,n.
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As usual, the situation is much simpler on surfaces than in higher dimension:
every compact complex surface X satisfies the property E1(X) = Eo(X) (see
e.g. [8]), while the only compact complex surfaces satisfying the d0-lemma are
the Kéhler ones. The latter statement can either be verified directly or seen using
sG surfaces: the dd-lemma always implies the sG property (see next subsection),
while for compact complex surfaces the sG property and the Kéhler property are
equivalent (see Subsection 1.1).

1.4. Metric-topological interplay

The 99-lemma property and the balanced property are unrelated (see e.g. examples
below), but they are both implied by the class-C property and, in turn, they both
imply the sG property.

Let us recall the argument given in [41] proving that on every compact complex
manifold X which satisfies the 33-lemma, the notions of Gauduchon and sG metrics
are equivalent, hence every such X is an sG manifold. If @ is a Gauduchon metric
on X, then the pure-type (n,n — 1)-form dw" ™! is d-closed by definition. Since
daw" ! is also 9-closed, it must be d-closed. Thus, if the dd-lemma holds on X, the
d-closed and d-exact pure-type form dw”"~! must also be d-exact. Hence w is an
sG metric on X.

While the sG property of X and the degeneration at E of the spectral sequence
of X are unrelated (see Theorem 1.11 below), we have seen above that they are both
implied by the d0-lemma.

The relations among these properties for a compact complex manifold X are
summed up in the following diagram:

(%)
X Kahler X balanced
7 Vi
N\ N\
X projective X class-C X sG
a a
Ny N\

X Moishezon A satisfies the

J0 — lemma

N

The above diagram simplifies dramatically, with many implications becoming
equivalences, when dim¢c X = 2:

X projective <= X Moishezon == X Kihler <= X class-C <= X balanced
<= X satisfies the 00-lemma <= X sG;

and we always have E|(X) = Ey(X) for surfaces.
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1.5. Examples

One of the purposes of this work is to explain how the new notion of strongly
Gauduchon manifold fits into the context of the well-known earlier other notions
featuring in diagram (%) above. On one hand, we shall provide examples of compact
complex manifolds that are not sG (c¢f. Section 2) in order to stress that the sG
condition is not automatically satisfied:

Theorem 1.9. The Calabi-Eckmann manifolds [12], the Hopf manifolds [26] and
Tsuji’s manifolds [46] are not strongly Gauduchon.

On the other hand, we shall provide examples of compact complex manifolds
that drive home the peculiarity of the sG condition distinguishing it from the two
stronger notions that immediately precede it in diagram (%) (cf. also Theorem 3.15
in Section 3).

Theorem 1.10. There exist compact complex manifolds that are strongly Gaudu-
chon but are not balanced and on which the 99-lemma does not hold.

We also point out that the last two notions in diagram (x) are unrelated:

Theorem 1.11.
(a) There exist strongly Gauduchon compact complex manifolds whose Frolicher
spectral sequence does not degenerate at E| (e.g. the Iwasawa manifold, which is
even balanced).

(b) There exist compact complex manifolds whose Frolicher spectral sequence de-
generates at E1 but which are not strongly Gauduchon (e.g. any compact non-
Kdhler complex surface).

This observation seems to indicate the existence of two disjoint realms in dia-
gram (%): the metric notions (i.e. balanced and sG) branching off upwards from the
class-C notion; the ropological notions (i.e. 39-lemma and E| = E) branching
off downwards. The overall idea underlying the proof of our main result in [41]
was based on switching from the latter to the former realm after observing that the
topological condition of non-jumping at # = 0 of the Hodge number 4% !(¢) is suf-
ficient for our purposes but next to impossible to guarantee on an a priori basis,
we replaced it with the metric sG condition on the central fibre that we managed to
guarantee.

1.6. Holomorphic deformation behaviour

Another purpose of this work is to review known results and open questions about
the behaviour of these properties under holomorphic deformations, with a special
emphasis on the new notion of strongly Gauduchon (or sG) manifolds. We adopt
the Kodaira-Spencer terminology (cf. e.g. [28]):

A complex analytic (or holomorphic) family of compact complex manifods is a
proper holomorphic submersion w : X — A from an arbitrary complex analytic
manifold X to some open ball A C C™ centered at the origin 0 € C™.
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Thus the fibres X; := 7~ !(¢z) fort € A, are all (smooth) compact complex
manifolds of the same dimension varying holomorphically with the parameter ¢ €
A. Tt is well-known that any such family is differentiably trivial, i.e. there exists a
C®° manifold X independent of # € A such that the fibre X; is C*°-diffeomorphic
to X for all # € A. Only the complex structure J; of X; varies with t € A. Thus
the holomorphic family (X;);ca can be identified with a fixed C° manifold X
endowed with a holomorphic family of complex structures (J;);ea (cf. [28]).

It will be sufficient to restrict our attention to the case where the base A is an
open disc centered at the origin in C, i.e. m = 1. We shall be concerned with
stability properties of the notions featuring in diagram (x) when they appear in
holomorphic families as above. Two points of view will be adopted:

Definition 1.12. (i) A given property (P) of a compact complex manifold is said to
be open under holomorphic deformations if for every holomorphic family of com-
pact complex manifolds (X;);ca and for every #p € A, the following implication
holds:

X, has property (P) = X, has property (P) for all € A sufficiently close to #y.

(i1)A given property (P) of a compact complex manifold is said to be closed under
holomorphic deformations if for every holomorphic family of compact complex
manifolds (X;);ca and for every 79 € A, the following implication holds:

X, has property (P) forallt € A\ {tor} = X, has property (P).

It is obvious that if a property (P) is both open and closed, then all the fibres of a
family satisfy (P) whenever one of them satisfies (P).

The interest in deformation stability questions was sparked by the following
celebrated result of Kodaira and Spencer:

Theorem 1.13 (Kodaira-Spencer [29]). The Kihler property of compact complex
manifolds is open under holomorphic deformations.

However, when Hironaka constructed an example in 1962, the following fact
came as a bit of a surprise.

Theorem 1.14 (Hironaka [23]). The Kihler property of compact complex mani-
folds of complex dimension > 3 is not closed under holomorphic deformations.

Our main result of [41] states that the degeneration of the projective property of
compact complex manifolds in the deformation limit is relatively mild, i.e. projec-
tive manifolds degenerate to Moishezon manifolds. In view of Hironoka’s example
that proved Theorem 1.14, the following result is optimal:

Theorem 1.15 (Theorem 1.1.in [41]). Let w7 : X — A be a complex analytic
family of compact complex manifolds. If the fibre X, is projective for everyt € A*,
then Xg is Moishezon.
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Hironaka’s example does not cover the case of holomorphic families of com-
pact complex surfaces, which turned out to behave very differently from manifolds
of higher dimensions. Indeed, Kodaira’s classification of surfaces, Miyaoka’s re-
sult [36] asserting that an elliptic surface is Kahler if and only if its first Betti num-
ber is even, and Siu’s result [45] asserting that every K3 surface is Kahler showed
that the Kéhlerness of compact complex surfaces is a topological property:

Theorem 1.16 (Kodaira, Miyaoka, Siu). A compact complex surface X is Kdhler
if and only if its first Betti number by (X) is even.

Direct proofs of this theorem that do not invoke Kodaira’s classification of
compact complex surfaces were subsequently given by Buchdahl [9] and Lamari
[31], independently. The reader will find further details on the history of the result
in these references.

Since all the fibres X; in a holomorphic family of compact complex manifolds
(Xt)ren are differentiably diffeomorphic, they have the same Betti numbers. In
particular, we have the following:

Corollary 1.17. The Kahler property of compact complex surfaces is both open and
closed under holomorphic deformations. In particular, if in a holomorphic family
of compact complex surfaces some fibre is Kdihler, then all the fibres are Kihler.

Let us also recall that the deformation behaviour of the class-C property is the
opposite of that of the Kahler property:

Theorem 1.18 (Campana [10], Lebrun-Poon [34]). The class C property of com-
pact complex manifolds is not open under holomorphic deformations.

The examples proving this statement use families of twistor spaces and will
be alluded to in section 4. Since it is known by a result of Campana [11] that the
Moishezon and class-C properties are equivalent for twistor spaces, the Moishezon
property is also seen not to be open under deformations. This latter fact is hardly
surprising since a property associated with integral classes is not naturally expected
to be deformation open. However, the following long-standing conjecture is still
unsettled:

Conjecture 1.19. The class C property of compact complex manifolds is closed
under holomorphic deformations.

Our main result in [42] amounts to a confirmation of this conjecture in the
integral-class case, since Moishezon manifolds can be seen as integral-class ver-
sions of class-C manifolds (thanks to Theorems 1.1 and 1.3):

Theorem 1.20 ([42, Theorem 1.1.]). The Moishezon property ofcompact complex
manifolds is closed under holomorphic deformations.

We have shown in [42] (see also Theorem 3.1 below) that the sG property is
deformation open. We hope that the following also holds:



264 DAN PopovICI

Conjecture 1.21. > The sG property of compact complex manifolds is closed under
holomorphic deformations.

The proof is still elusive, but if this turns out to be the case, the sG property
would be the only known property of compact complex manifolds to be stable under
all known operations (i.e. both open and closed under deformations, as well as
stable under modifications as shown in cf. [43, Theorem 1.5 above]). In particular,
it would suffice for just one fibre X;, to be sG in order to guarantee that all the
fibres X; are sG. We have proved the conclusion of Conjecture 1.21 under a stronger
assumption on the generic fibres and this has played a major part in our proofs of
the main results of [41] and [42]:

Proposition 1.22 ( [41, Proposition 4.1.]). Let v : X' — A be a complex analytic
Jamily of compact complex manifolds. If the d0-lemma holds on X, for every t €
A*, then Xy is a strongly Gauduchon manifold.

When it comes to balanced manifolds, Alessandrini and Bassanelli showed
in [2] (see Theorem 3.3 below) that the balanced property of compact complex
manifolds is not deformation open. This difference in deformation behaviour be-
tween sG and balanced manifolds will be exploited in Section 3. However, we hope
that the balanced analogue of Conjecture 1.21 holds:

Conjecture 1.23. The balanced property of compact complex manifolds is closed
under holomorphic deformations.

If this turns out to be the case, Conjecture 1.23 might be used to tackle the
standard Conjecture 1.19. Indeed, by the Alessandrini-Bassanelli Theorem 1.4,
proving that the limit fibre X is balanced when X; has been supposed to be class
C (hence also balanced) for all r # 0, is necessary to proving the stronger class C
property of Xo.

As for the property of Frolicher degeneration at £, we have the following:

Theorem 1.24. (a) [29, Kodaira-Spencer] For compact complex manifolds, the
property of the Frolicher spectral sequence degenerating at £ is open under holo-
morphic deformations.

(b) (Eastwood-Singer [16, Theorem 5.4.]) For compact complex manifolds, the
property of the Frolicher spectral sequence degenerating at E1 is not closed under
holomorphic deformations.

Part (a) is by now a classical statement that follows immediately from the in-
equality (1.1) satisfied by every fibre X, (in which equality is equivalent to E1(X;) =
Es (X)), from the Betti numbers b (X;) of the fibres being independent of ¢
(thanks to the C*° triviality of the family) and from the upper-semicontinuity of
every Hodge number h”-9(X;) with respect to r € A (which is another classical

5 This conjecture was a posteriori suggested to the author by Jean-Pierre Demailly as a reinforce-
ment of our earlier Proposition 1.22.
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result of Kodaira and Spencer). An overview of the Eastwood-Singer proof of part
(b) will be given in Section 4.

Turning now to the 9-lemma, we have the following:

Theorem 1.25 ([49, C.-C. Wul). ¢ For compact complex manifolds, the 39-lemma
property is open under holomorphic deformations.

We give a brief account of Wu’s strategy of proof in Subsection4.3 of the last
section.

We are at a loss to know anything about the deformation limits of compact
complex manifolds satisfying the d9-lemma. It might well be the case that this
property is not deformation-closed although the current evidence is tenuous. We
will outline a possible approach to this question via twistor spaces in Subsection 4.4
of the last Section 4.

ACKNOWLEDGEMENTS. The author is extremely grateful to Professor Akira Fujiki
for kindly inviting him to Osaka University, for patiently explaining to him exciting
titbits about various notions in mathematics and for indicating a host of bibliograph-
ical references that have broadened his understanding of a wider picture. Thanks
are also due to Professor Hajime Tsuji over a similar invitation to Tokyo and for
kindly pointing out the reference [46].

2. Examples of non-sG compact complex manifolds

In this section we prove Theorem 1.9 by pointing out three well-known classes of
compact complex manifolds as not being sG: the Calabi-Eckmann manifolds, the
Hopf manifolds and Tsuji’s manifolds constructed in [46]. The underlying space of
all these manifolds is a product X := §2PT! x §24+1 of two real odd-dimensional
spheres, so they all share the property HIZ) (X, R) = 0 for the second De Rham
cohomology group. This implies that any d-closed positive current 7' of type (1, 1)
on X, should it exist, must be d-exact since the associated De Rham cohomology 2-
class {T} € le) & (X, R) must vanish. The existence of a non-trivial (1, 1)-current T
on X that is both positive and d-exact amounts to X being non-sG as the following
intrinsic characterisation of sG manifolds obtained in [41] shows:

Proposition 2.1 ([41, Proposition 3.3.]). Let X be a compact complex manifold.
Then X carries a strongly Gauduchon metric if and only if there exists no non-zero
current T of type (1, 1) such that T > 0 and T is d-exact on X.

We shall briefly review the three classes of compact complex manifolds men-
tioned above and notice that every such manifold X possesses complex hypersur-
faces Y C X. Thus, since le) r(X,R) = 0, the current of integration on any of

6 The author is grateful to Professor Jixiang Fu for pointing out to him this work of Wu of which
he was unfortunately unaware when writing the first version of the present paper.
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these complex hypersurfaces Y is a current as in Proposition 2.1, ruling out the
possibility that any manifold X in one of these classes be sG.

(a) Calabi-Eckmann manifolds. For all p,gq € N, Calabi and Eckmann [12]
constructed a complex structure on the Cartesian product S2P*! x §24+! of odd-
dimensional spheres. The case p = g = 0 being equivalent to a closed Riemann
surface of genus 1 and periods 1, 7, they assume p > 0. In the case ¢ = 0,
the Calabi-Eckmann complex structure on S27+! x S!, although constructed by a
different method, coincides with the complex structure constructed earlier by Hopf
in [26] starting from the universal covering space of $?7*! x §! equipped with the
complex structure of CP*1 \ {0}. The simply connected manifolds §2PF! x §2¢+1
(p,q > 0) are given in [12] complex structures making them into compact, simply
connected, non-Kahler complex manifolds M”79 of complex dimension p + g + 1
enjoying, among other things, the following properties (for all p, ¢, including ¢ =
0):

(i) There exists a complex analytic fibring o : MP9 — PP x P4 over the product
of complex projective spaces IP? and P whose fibres are tori of real dimension
2 (or algebraic curves of genus 1) (¢f. [12, Theorem II]);

(i) Every compact complex subvariety of M”49 is the set of all points that are
mapped by o onto an algebraic subvariety of PP x PY; it is therefore also
fibred by tori (cf. [12, Theorem IV]).

It is clear that the inverse image under o of any complex hypersurface of PP x P4
defines a complex hypersurface of the Calabi-Eckmann manifold M”-9. Thus no
Calabi-Eckmann manifold M”49 (p > 0) can be an sG manifold.’”

(b) Hopf manifolds. As mentioned above (and proved in [12, Section 3]), the Hopf
manifolds S27+! x S! (p > 0) endowed with the complex structure constructed in
[Hop48] can be seen in retrospect as special cases for ¢ = 0 of Calabi-Eckmann
manifolds. Thus they contain complex hypersurfaces and are not sG manifolds by
the above arguments.

(c) Tsuji’s manifolds. Generalising the Calabi-Eckmann complex structures, Tsuji
constructed in [46] complex structures on S x S° in the following way. Starting
from an arbitrary (a;, a2, a3) € C satisfying

0< o] <laal <1 and O < |az| <1,
the author of [46] considers the primary Hopf manifold

H(a) := C*\ {0}/(h)

7 This same argument was invoked in [35, page 263], to show that Calabi-Eckmann manifolds
are not balanced.
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of complex dimension 3, where the automorphism # : C> — C3 is defined by
h(z1,22,23) = (@121, @222, @3 23) for all (21, 22,23) € C’ and (h) C Aut(CY)
denotes the automorphism group generated by 4. He then goes on to consider

C:={lz1,22, 31 € H@) ; z1 =22 =0} C H(w),
an elliptic curve contained in H () and
So :={lz1, 22,231 € H(@) ; z3 =0} C H(a),

a primary Hopf surface which is a complex hypersurface of H («¢). For every

A= (Z (lz)’) € SLQ2,7Z) and m = (m,my) € Zz,ml,m2 > 1,

he shows the existence of B = (81, B2, B3) € C3 defining biholomorphisms

fiE=
L*(B) > L*(a),

where L*(«) and L*(B) are obtained from L(w) and L(B) by removing the re-
spective zero section, while L(«) and L(B) are holomorphic line bundles over the
respective primary Hopf surfaces

Sar.a,0 = C?\ {0}/{ga) and  Sp, 50 := C*\ {0}/(gp)
associated with automorphisms of C?

8a(z1,22) == (a1 21,222) and  gp(z1,22) := (B1 21, B222)

defined by
L(a) := C*\ {0} x C/{hy)

L(p) = C*\ {0} x C/(hp),
where the automorphisms 4, and hg of C? are defined by

he(z1,22,23) = (@1 21, ¥2 22, ®3 23)
hp(z1, 22, 23) == (B1 21, B2 22, B3 23).

Considering a compactification of L(8) as a P!-bundle P(8) — S 81,50, the infin-
ity section of P(8) is denoted S, While U (S~) denotes a tubular neighbourhood
of Seo in IP(B). The author defines compact complex manifolds

M*(a, A, m)

by identifying
L*(B) Cc P(B) \ (zero section)
with
L*(@) ~ H(a) \ (So UC) C H(x)
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using ®*. These compact complex manifolds are seen to arise as
M*(a, A,m) = (H(a) \ C) UU(Sw0), 2.1)

or equivalently, M*(a, A, m) are obtained from H () by a surgery which replaces
C with U(Sso).-

Theorem 2.2 ( [46, Theorem 1.13]). M*(«, A, m) is diffeomorphic to S x S° if

o a b
andonlylfAtsoftheformA—<:Hd .

Consequently, if A has the above shape, M*(«, A, m) is diffeomorphic to an
S3-bundle over a lens space, hence M*(a, A, m) has a complex structure.

With this outline of Tsuji’s construction understood, we see that the complex
hypersurface So C H(«) satisfies So N C = @. Thus, in view of the description
(2.1) of M*(a, A, m), we get a complex hypersurface

So C M*(a, A, m)

whose existence, along with the property H12) R(M * (o, A,m), R) = 0, shows that
Tsuji’s compact complex manifolds M* («, A, m) are not sG for any o € C3, A €
SL(2,7Z), m = (my, my) € Z?* as above.

3. Examples of sG manifolds

As pointed out in the Introduction, all balanced manifolds and all compact complex
manifolds on which the 33-lemma holds provide examples of sG manifolds (cf. im-
plication diagram (x)). In this section we shall exhibit compact complex manifolds
that are sG but neither are they balanced nor do they satisfy the d9-lemma. These
examples are thus meant to emphasise the difference between sG manifolds and
stronger earlier types of possibly non-Kéhler compact complex manifolds.

3.1. Deformation stability

The examples we shall exhibit will be provided by holomorphic families of compact
complex manifolds. The starting point is the following stability property of sG
manifolds under small deformations:

Theorem 3.1 ([42, Conclusion 2.4.]). The sG property of compact complex mani-
folds is open under holomorphic deformations.

We now recall the proof of this small deformation stability result. The main
argument is provided by the following characterisation of sG manifolds:

Lemma 3.2 ([41, Lemma 3.2]). Let X be a compact complex manifold of complex
dimension n. Then X carries an sG metric if and only if there exists a C*° (2n —2)-
form Q2 on X satisfying the following three conditions:

(@) Q=Q(.e. Qisreal);
(b) d2 =0;
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(c) Q"= 5 00n X (ie. the component of type (n—1, n— 1) of L with respect
to the complex structure of X is positive-definite).

Note that conditions (a) and (b) are independent of the complex structure of X,
while a change of complex structure changes the (n — 1, n — 1)-component of a
given (2n — 2)-form 2. Thus condition (c) is the only one to be dependent on the
complex structure of X.

Proof of Lemma 3.2 (cf. [41]). The vanishing of the (2n — 1)-form d<2 (c¢f. (b))
amounts to the simultaneous vanishing of its components 9"~ 1"—1 4 §Qmn—2
(of type (n,n — 1)) and 3Q"~2" 4 3Q"~1"~1 (of type (n — 1, n)). These two
components are conjugate to each other if 2 satisfies (a). Thus, if (a) holds, (b) is
equivalent to Q"= 4 Q"2 = 0,

Suppose there exists an sG metric @ on X . This means that w is a C* positive-
definite (1, 1)-form on X such that the (n, n — 1)-form dw”~! is 9-exact. Then the
(n —1,n — 1)-form Q"~1"~1 .= "~ is positive-definite on X and there exists a
C%® (n,n —2)-form Q"2 on X satisfying 9Q"~1""~1 = —§Q""~2. Considering
the (n — 2, n)-form Q"2 := Q"2 we see that the C>®° (2n — 2)-form

Q= Qn,n—Z + Qn—l,n—l + Qn—Z,n

satisfies conditions (a), (b), (c).

Conversely, suppose there exists a C*° (2n — 2)-form 2 on X satisfying con-
ditions (a), (b), (¢). According to an observation in linear algebra due to Michel-
sohn [35], every C* positive-definite (n — 1, n — 1)-form admits a unique (n — 1)*'
root. Applying this to Q*~1"~1 > 0, we get a unique C* positive-definite (1, 1)-
form w > 0 on X such that

wnfl — anl,nfl .

By condition (b) satisfied by €2, we see that dw" ! is d-exact, which means that the
Hermitian metric w of X is strongly Gauduchon. O

Proof of Theorem 3.1. If we are given a holomorphic family of compact complex
manifolds (X;);ca with dimc X; = n, we denote by X the C*° manifold underlying
the fibres X, and by J; the complex structure of X, for all # € A. The family
(Xt)ren is thus equivalent to the holomorphic family of complex structures (J;);ea
on X. If we have a C™ (2n — 2)-form £ on X, its components """~ of type
(n—1, n—1) with respect to the complex structures J; vary ina C*> way withr € A.
Consequently, if Qg_l’"_l > 0then Q"' > 0 forr € A sufficiently close to
0 € A. Thus condition (c¢) of Lemma 3.2 is preserved under small deformations by
mere continuity. Since conditions (a) and (b) of Lemma 3.2 are independent of the
complex structure of X, it follows that any C* (2n — 2)-form Q on X satisfying
conditions (a), (b) and (c) of Lemma 3.2 with respect to Jy also satisfies these
conditions with respect to J; for all ¢ sufficiently near 0. The proof of Theorem 3.1
is complete. O
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One fundamental difference between balanced and sG manifolds that we shall
exploit is that, unlike sG manifolds, balanced manifolds are not stable under small
deformations. This result was first observed by Alessandrini and Bassanelli [2] and
refutes Michelsohn’s claim of the contrary made in the introduction to [35]:

Theorem 3.3 (Alessandrini-Bassanelli [2]). The balanced property of compact
complex manifolds is not open under holomorphic deformations.

3.2. The Iwasawa manifold

Alessandrini and Bassanelli use the explicit description of the Kuranishi family of
the Iwasawa manifold (known to be balanced) calculated by Nakamura in [37] and
observe that one particular direction among the six dimensions of the base space
yields the example that proves Theorem 3.3. We now review a few basic facts
about compact complex parallelisable manifolds to the class of which the Iwasawa
manifold belongs, before surveying the arguments and results of [2,37] and [3] that
are necessary to the understanding of the observation of Alessandrini and Bassanelli
(cf. Proposition 3.13) which proves Theorem 3.3.

Let X be a compact complex manifold, dim¢ X = n. Recall the following:

Fact. If X is Kdhler, then for every p = 0,1, ...,n and for every form u €
C>®(X, AP’OT*X) such that ou = 0, we have du = 0. In other words, every
holomorphic p-form is d-closed on a compact Kihler manifold.

To see this, fix any Kahler metric ® on X and recall that the as_sociated d-
Laplacian A, := dd* + d*d, 9-Laplacian Al = 90" + 0"9 and 9-Laplacian
AV = 90* 4+ 9*0 (where the formal adjoints d*, 3*, 8* are calculated with respect

to w) are related by
1

Al =Al = EA“)' (3.1)
This property is peculiar to Kéhler metrics; it fails dramatically for arbitrary, non-
Kéhler metrics. Now, given any smooth (p, 0)-form « on X, we clearly have *u =
0 for trivial bidegree reasons. If u is holomorphic (i.e. du = 0), then AJu = 0
because ker A’ = kerd N kerd*. (This last identity of kernels is valid for any
Hermitian metric w on a compact manifold.) It then follows from (3.1) that A ,u =
0. Since ker A, = kerd Nkerd*, we see that du = 0. O
Let us now recall that this standard fact enables one to see that the Iwasawa
manifold is not Kéhler. The Iwasawa manifold is, by definition, the compact com-
plex manifold of complex dimension 3 defined as the quotient

X:=G/T
of the simply connected, connected complex Lie group (the Heisenberg group)

1z1 23
G:=31012z22]; z1,22,23€ C}; C GI3(C)
00 1
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by the discrete subgroup I' C G of matrices with entries z1, z2,z3 € Z[i]. The
complex manifold structure on G is defined by the complex structure of C? via the
obvious diffeomorphism G ~ C3, while the group structure on G is defined by the
multiplication of matrices

12123 1 wy ws 1z14+w; 23+ w3
01 z 01 w|=10 1 22+ wy
00 1 00 1 0 0 1

Since the holomorphic 1-form on G
G>M— M 'dM

is invariant under the action of I, it descends to a holomorphic 1-form on X. An
elementary calculation shows that

1 z1 23 0dzi dzz —z1d2
if M=|012z ]| then M 'dM=[0 0 dz,
00 1 0 0 0

Thus we get holomorphic 1-forms on the Iwasawa manifold X induced by the fol-
lowing forms on C3:

g1 :=dz1, @2:=dz, ¢3:=dz3—21d2. (3.2
Denoting the induced forms by the same symbols ¢1, ¢, ¢3, it is obvious that
doi =dp; =0 butdes =—¢p; Agy #0 on X. 3.3)

Since the holomorphic 1-form ¢3; on X is not d-closed, X is not Kéhler.

Finally recall that the forms defined in (3.2), which are linearly independent
at every point of X, can be used to completely calculate the De Rham, Dolbeault
and Bott-Chern cohomologies of the Iwasawa manifold (see e.g. [44, page 4-6] for
details). For example, ¢1, ¢2, @1, @2 are all d-closed, but not d-exact, 1-forms on
X and any two of them are not d-cohomologous. For instance, if we had ¢; =
df = df + 3 f for a smooth function f on X, then 3 f = 0 since ¢, is of type
(1,0). Thus f would be holomorphic, hence constant, on the compact X, which is
impossible since ¢ is not zero. It is readily seen that H Ll) r X, C) is the C-vector
space generated as follows:

Hpr(X,C) = (@1}, {g2}, @1}, {@2}),  hence bi(X) =4, (3.4)

where { } denotes a De Rham cohomology class. Using (3.3), we can easily see
that @1 A @3 and @2 A @3 (both of type (2, 0)) are d-closed but not d-exact on X,
hence they and their conjugates (the latter being of type (0, 2)) induce non-zero
elements in le) r(X, C), while g1 A ¢, is d-exact on X hence it induces the zero
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class. On the other hand, the (1, 1)-forms @1 A @1, 2 A@2, 1 A and @ A @y are
all d-closed but not d-exact. We easily get that le) r(X, C) is the C-vector space
generated as follows:

H2o(X,C) = ({¢1 A3}, {2 A @3))
D {1 A1), {e2 A @2}, {1 A @2}, {2 Apr)) (3.5)
&1 A 73}, (@2 A B3}, hence by(X) =8.

We have recalled (3.4) and (3.5) since they will be used further on.

We now review the argument showing that the Iwasawa manifold is balanced.

Actually every compact complex parallelisable manifold will be seen to be bal-
anced. The point of view presented here is that of [3].
Observation 34 (cf. e.g. [37, Lemma 1.2.] or [3, Remark 3.1.]). Let X be any
compact complex (possibly non-Kihler) manifold, dimcX = n. Then for every
form u € C°(X, A" 197*X) such that du = 0, we have du = 0. In other words,
every holomorphic (n — 1)-form is d-closed on any compact complex manifold of
dimension 7.

Proof. Letu € C_OO(Xi\"_l'OT*X) such that du = 0. Then du = du is of type
(n,0) and du = du = du is of type (0, n). We get

i"du Adii >0 asan (n,n) —formon X (3.6)
and
/i"zdu Adii = i" /d(u Adii) =0 by Stokes. (3.7)
X X

Thus (3.6) and (3.7) yield i "du A dii =0 everywhere on X, hence du = 0 every-
where on X . This proves the contention. To justify (3.6), write in local holomorphic
coordinates zy, ..., Zu:

du=fdzi A...dz,, hence i"dundi=|f*idz; AdZ;...idzy AdZp > 0.

It is clear that i du A dii = 0 iff f=0iffdu =0. O

Corollary 3.5. Let X be a compact complex manifold, dimc X = n. Suppose we
have a formu € C*(X, A" LOT* X)) such that du = 0.

Then the (n — 1, n — 1)-form =Dy A satisfies
N >0 and d <i(”_1)2u A 12) =0 on X.
Proof. The first inequality is checked to hold for any (n — 1, 0)-form u by a trivial

calculation. If du = 0, then du = 0 by Observation 3.4. Then we also have dit = 0
and the second part follows. O
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Now recall the following standard notion introduced by Wang [Wan54]. A
compact complex manifold X is said to be complex parallelisable if its holomor-
phic tangent bundle 7'-9X is trivial. This condition is, of course, equivalent to
the sheaf of germs of holomorphic 1-forms 52%( being trivial. If n = dimcX,
the complex parallelisable condition is equivalent to the existence of n holomor-
phic vector fields 6y, ...,60, € H 0(x, T'9X) that are linearly independent at ev-
ery point of X. It is again equivalent to the existence of n holomorphic 1-forms
@1, ..., o0 € H'(X, Q %) that are linearly independent at every point of X.

By aresult of Wang [48], every compact complex parallelisable manifold is the
compact quotient X = G/ I" of a simply connected, connected complex Lie group
G by a discrete subgroup I' C G. Conversely, it is obvious that any such quotient is
complex parallelisable. In particular, for any compact complex parallelisable man-
ifold X, HO(X, T'9X) ~ g where g is the Lie algebra of G. A compact complex
parallelisable manifold X is said to be nilpotent (respectively solvable)? if the cor-
responding complex Lie group G is nilpotent (respectively solvable). The Heisen-
berg group defining the Iwasawa manifold being nilpotent, the Iwasawa manifold is
a nilpotent compact complex parallelisable manifold.

Corollary 3.6 (¢f. e.g. [3,Remark 3.1.]). Every compact complex parallelisable
manifold is balanced.
In particular, the Iwasawa manifold is balanced.

Proof. Let X be an arbitrary compact complex parallelisable manifold, dimcX =
n.Letor,...,0, € H(X, Q ﬁ() be n holomorphic 1-forms that are linearly inde-
pendent at every point of X. Consider the (n — 1, n — 1)-form on X:

n n

.(n—1)2 ~ - = - .(n—1)2 -

Qi=i"" N QA AGA NG AGIAAGI A AG = Y i Ay,
i=1 i=1

where u; := @i A+ AG A Ay € COX, A"1OT*X) and ~ indicates a
missing factor. Since dgr = O forall k = 1, ..., n, we see that du; = O for all
i = 1,...,n. Then Observation 3.4 gives du; = 0 foralli = 1,...,n, while

Corollary 3.5 gives
Q>0 and dQ2=0 on X.

Furthermore, since ¢y, . .., ¢, are linearly independent at every point of X, we must
even have 2 > 0. Thus Qisa C*® (n — 1, n — 1)-form on X satisfying

Q>0 and dQ2=0 on X.

Applying Michelsohn’s procedure [35] for extracting the (n — 1)’ root of a smooth
positive-definite (n — 1, n — 1)-form, there exists a unique C* positive-definite
(1, I)-form w > 0 on X such that 0"~ = Q. Since d(0"~!) = d2 = 0, we see
that w is a balanced metric on X . The proof is complete. O

8 Orto be a compact complex parallelisable nilmanifold (respectively solvmanifold).
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Note, however, that very few compact complex parallelisable manifolds are
Kihler, thanks to a result of Wang:

Remark 3.7 ([48, Corollary 2, page 776]). Let X = G/ T be a compact complex
parallelisable manifold. Then

X isKdhler <<=  GisAbelian <<= X is acomplex torus.

3.3. The Kuranishi family of the Iwasawa manifold (after Nakamura [37])

(a) Let X be a compact complex manifold, with dim¢X = n. Since there are no
non-zero d-exact (1, 0)-forms on X (for obvious bidegree reasons), we have

H'"(X,C) = {u e C®X, A" °T*X); du =0},
ie. H"O(X,C) consists of holomorphic 1-forms on X. Denoting hOX) =

dimc H'0(X, C) we have the following trivial:
Observation 3.8. If X is complex parallelisabilisable, then 1-0(X) = n.
Proof. By the complex parallelisability hypothesis on X, the rank-n analytic sheaf

Q}( is trivial, hence it is generated by n holomorphic 1-forms ¢y, ..., p,€ H 1 ’O(X ,©)
that are linearly independent at every point of X . In particular, {¢, ..., ¢,} is a basis

of H'0(X, C) >~ HO(X, Q}). O

Suppose now that X is compact complex parallelisable. Let 61,...,0, €
HO(X, T"%X) be n holomorphic vector fields that are linearly independent at ev-
ery point of X, chosen to be dual to the holomorphic (1, 0)-forms ¢y, ..., ¢, €

H'0(X, C) considered in the above proof. For every smooth function g : X — C,

we have
n n

8= Or9)p. 3= (:8)P;. (3.8)
r=1 r=l1
i.e. the familiar formalism induced by local holomorphic coordinates finds a global
analogue on a compact complex parallelisable manifold in a formalism where 6,
replaces d/9z) and ¢; replaces dz,. Thus any (0, 1)-form ¢ on X has a unique
decomposition

n
9=>_ fits
=

with f1,..., fu : X — C functions on X. Thus there is an implicit L? inner

product on C*°(X, A%1T*X) defined as follows (no Hermitian metric is needed on
n n

X):forany o = Y. £i0,. ¥ = Y. g9, € CO(X, A®IT*X), set
A=l r=1

R 1=[(fo§x)i"2<p1/\-~-/\§0n/\¢1/\"'/\¢n~ (3.9)
X r=l1
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It is clear that dV := i”zgol AN ANop AP A -+ AN@, > 0is a global volume
form on X and that the above L? inner product is independent of the choices made.
We can define the formal adjoint 8* of 9 with respect to this L? inner product in
the usual way: for any smooth (0, 1)-form ¢, define d*¢ to be the unique smooth
function on X satisfying

((3*@, g)) = ({g, 3g))

for any smooth function g on X. A trivial calculation using Stokes’ theorem gives

n
0p=— 0. (3.10)
A=l
n
for any smooth (0, 1)-form ¢ = >~ f,9; on X. Thus we see that
r=1
0, =0, v=1,...,n, (3.11)

n
because @, = Y_ 8,,¢, and 6,8, = O (since the 3, are constants).

A=1
Now denote by r € {0, 1, ..., n} the number of d-closed forms among ¢1, ..., @, .
After a possible reordering, we can suppose that ¢, ..., ¢ are d-closed and
©r+1, -+, @n are not d-closed. Then we have

dp1 =---=0d¢, =0 orequivalently 8¢, =--- = dg, =0. (3.12)

Thus the d-closed (0, 1)-forms @, ..., @, define Dolbeault (0, 1)-cohomology
classes in H%1 (X, C). )
We can define the d-Laplacian on forms of X in the usual way:

A = 33* + 8*9.
The corresponding harmonic space of (0, 1)-forms H% (X,C) :=ker A” = kerdn

ker 3* satisfies the Hodge isomorphism H%,l, (X,C) ~ H%1(X,C). Notice that
(3.11) and (3.12) give

A'g, =0, v=1,...,r, (3.13)

i.e. the forms @y, ..., @, are A”-harmonic. On the other hand, @, {, ..., @, are

not A”-harmonic. Thus the number r of linearly independent d-closed holomorphic
1-forms of X (independent of the choice of ¢y, ..., ¢,) satisfies:

r <h%(X). (3.14)

Suppose now that the compact complex parallelisable X is nilpotent.
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Fact 3.9 (see e.g. [37] or [13, page 5405-5406]). If X is a compact complex par-
allelisable nilmanifold, then the holomorphic 1-forms ¢y, ..., ¢, that form a basis
of H%(X, C) can be chosen such that

d(pu = Z Cuiv Pr N @y, Il <wp=n, (3.15)

1<i<v=n
with constant coefficients ¢, € C satisfying
cusw =0 whenever p <A or p <v.

Taking this standard fact (which in [37] follows from the existence of a Chevalley
decomposition of the nilpotent Lie algebra g) for granted, we now spell out the de-
tails of the proof of the following result of Kodaira along the lines of [37, Theorem
3, page 100]:

Theorem 3.10 (Kodaira). If X is a compact complex parallelisable nilmanifold
then h%'(X) = r. Moreover, the A"-harmonic (0, 1)-forms @1, ..., 9, forma basis

of the harmonic space H%/l, (X, C). Equivalently, the Dolbeault (0, 1)-cohomology
classes (@1}, . .., {@,} form a basis of H>' (X, C).

Proof. The only thing that needs proving is that the linearly independent forms
@1y, @ € H%,], (X, C) generate H%,l, (X, ©). Pick an arbitrary C*° (0, 1)-form
¢ on X and write

n
¢ = Z VX7
A=l
with C* functions f1, ..., f, on X. Using formula (3.8) for 9 and the obvious

identities E_)@k =do,,.=1,...,n,due to ¢, being holomorphic, we get:

n n
dp= > Ouf)P AT+ Y fud?y,
n=1

A, v=1

= D> OGAGAY fu D, Gmd, AT (3.16)

A,v=1 n=1 1<v<i<n

_ _ n
= > (e)vfx—9m+Z—cme)¢vA@,
1<v<i<n u=1

where the second line above follows from the conjugate of (3.15).
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Now ¢ is A”-harmonic if and only if
n

(i) dp=0<=0fi =0 fu+ Y. Coon fu=0 forl <v <A <n(cf (3.16));
n=1

and

(i) 9% =0 <= f 6, =0 (cf (3.10)).
=1

Suppose that ¢ is A”-harmonic. Then the above (i) reads:

n
Oufo =2 Cun fut+0ufr, 1<v<izn
n=1

Summing over A = 1, ..., n and using formula (3.8) for 3, we get

n n n
0fv=2 G:f)@= D Cur [ur+ ) Gf)@, v=1,....n,
A=1 A=1

Ay u=1

with the understanding that ¢, = 0 if v > A. Now A” f, = 8*3 f, since f, is a
function. Taking 0* on either side above and using formula (3.10) for 9*, we get

AN'fy== 3" 6@ fu) —;m ()

A, n=1
3.17)

n
= — Z Cuva O fu, forall v=1,...,n,
A, nu=1

n
because 6, (Civi fu) = Cuva 01 fu due to ¢,y being constant, while ) 6; f, =0
r=1
due to @ being A”-harmonic (cf. (ii) or (3.10)).
Taking now v = n in (3.18), we get A” f, = 0 since ¢ p = 0 for all u, A by
Fact 3.9 and the obvious inequality . < v = n. Thus the compactness of X and the
ellipticity of A” yield

fu isconstanton X if A”¢p =0. (3.18)

Taking now v = n — 1 in (3.18) and using the fact that 6, f,, = O for all A (since f,
is constant by (3.18)), we get

n n—1
A faor == (Z—c,m_u em) =0 on X,

=1 \p=1

since cyp—1p =0forallp =1,...,n—1and A = 1,..., n by Fact 3.9 and the
obvious inequality 4 < v = n — 1. Hence we get

fu_1 isconstanton X if A”¢p =0. (3.19)
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We can now continue by decreasing induction on v. Taking v = n — 2 in (3.18) and
using the fact that 6, f;, = 0, f,—1 = 0 for all A (since f;, is constant by (3.18) and
Jfn—1 is constant by (3.19)), we get

n n—2
Aﬂfn_z = — Z <Zcun—2k 9Afu> =0 on X,

r=1 Mu=l1

since ¢yp—2p =O0forallpy =1,...,n—2and A = 1, ..., n by Fact 3.9 and the
obvious inequality u < v = n — 2. Hence we get

fa_> isconstanton X if A" =0. (3.20)
Running a decreasing induction on v, we get
fy:=C, isconstanton X forall v=1,...,n if A”¢ =0. (321)

We conclude that whenever A”¢ = 0 we have

n
Q= ZC” @, with C, constantforall v=1,...,n.

v=1

On the other hand, since A”¢ = 0, we must have 5(0 = 0 which amounts to

n —_ —_
Z C,dp, = 0. However, we know that dp, = O forall v € {1,...,r} (c¢f.

v=1

n -
(3.12)),hence Y C, dp, = 0. Now the forms
v=r+1

5¢v:d¢vzzcvk,u¢}h/\¢ﬂ, v=1,...,n,
A

are linearly independent because @, . .., @, are linearly independent at every point
of X.Hence C, =0forallv=r+1,...,n. We get

,
¢ = ZCU @, with C, constantforall v=1,...,r.

v=1

Since ¢ has been chosen arbitrary in H%,l, (X, C), we have proved that the linearly

independent forms @, ..., 9, € H%/l, (X, C) generate H% (X, C). The proof of
Kodaira’s theorem 3.10 is complete. O

When applying Observation 3.8 and Kodaira’s Theorem 3.10 to the Iwasawa
manifold (a compact complex parallelisable nilmanifold of dimension n = 3 having
r = 2), we get the following classical fact:
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Observation 3.11. For the Iwasawa manifold, we have
R'0=3 and K%' =2

Since, on the other hand, the first Betti number is b; = 4 (see e.g. (3.4)), we
see that by < K10 4+ 1!, Thus the Frolicher spectral sequence of the Iwasawa
manifold does not degenerate at E;°. In particular, the 33-lemma does not hold on
the Iwasawa manifold.

On the other hand, we have seen in Corollary 3.6 that the Iwasawa manifold is
balanced, hence sG. Combined with Observation 3.11, this fact proves part (a) of
Theorem 1.11. The same statement will be proved again in section 4 (see comments
after Gauduchon’s Theorem 4.9) by a twistor space featuring as the central fibre in
the Eastwood-Singer family [16].

(b) Now suppose that X is the Iwasawa manifold. In particular, X is a compact
complex parallelisable nilmanifold of complex dimension 3. Let ¢ = dz1, ¢2 =
dz, 93 = dz3 — z71dzp be the holomrophic 1-forms on X defined in (3.2); they
are linearly independent at every point of X. Since ¢; and ¢, are d-closed while
@3 is not d-closed, r = 2 for the Iwasawa manifold. By Kodaira’s Theorem 3.10,
the C-vector space H*!(X, C) has complex dimension 2 and is spanned by the
Dolbeault cohomology classes {¢;} and {p,}. Let 61, 6,,65 € HY(X, Q}() be the
holomorphic vector fields dual to ¢y, ¢2, ¢3. They are given by

0 0 0 0 + 0 0 i (3.22)
= —, = — 21—, = — .
"7 %z 1 2 022 1823 ’ 073
and satisfy the relations
[01,02] = —[62, 611 =63, [61,63] =[62,03] =0, (323)

i.e.[0;,0;] =0 whenever {i, j} # {1, 2}.

Since the holomorphic tangent bundle 719X is trivial and spanned by 0;,6,63,
the cohomology group H%' (X, T'9X) of T'9X-valued (0, 1)-forms on X is a C-
vector space of dimension 6 spanned by the classes of 6; @, :

H'x, 7)) = @ Cloig). dimcH"' (X, T'°X)=6. (3.24)
1<i<3,1<x<2

This will be seen to imply that the Kuranishi family of the Iwasawa manifold is a
6 -parameter family.

(c) We now briefly recall a few basic facts in the deformation theory of compact
complex manifolds in order to fix the notation. The standard reference is Kodaira’s

9 Historically, the Iwasawa manifold was the first example exhibited of a compact complex man-
ifold with this property. It is even known to have E; # E, = Eoo in its Frolicher spectral
sequence.
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book [28]. Given a compact complex manifold X of complex dimension 7, let d be
the Cauchy-Riemann operator representing the complex structure J = Jp of X and
let z1, ..., z, be local holomorphic coordinates about an arbitrary point on X. A
deformation X; of the complex structure of X is represented by a vector (0, 1)-form

v(t) e C¥X, A T*X @ T X)

in the following sense: the Cauchy-Riemann operator 9, representing the (almost)
complex structure J; of X, is defined by

8 =9 — Y (1).
Equivalently, a locally defined C°° function f on X satisfies the equivalence:
f is J;—holomorphic if and only if (3 — ¥ (r)) f = 0.

The integrability condition reads:

J; is integrable  if and only if éw(t):%[lﬂt),w(t)] (3.25)

if and only if the system of n PDE’s 8, f =0 has
n linearly independent C* solutions in
a neighbourhood of any point of X. (3.26)

Recall furthermore that the Kodaira-Spencer map of a holomorphic family 7 :
X —> B ¢ C™ att = 0 (having supposed that 0 € B) is

0 oY (¢ 0X
00:ToB — HY"'(X, T''X), — 1 — v =t
at at  |t=0 at |r=0
Thus %I =0 denotes the infinitesimal deformation of X at + = 0. Recall now the

fundamental Kuranishi Theorem of Existence:

Theorem 3.12 (Kuranishi [30]). Given any compact complex manifold X, there
exists a complete holomorphic family

7: X —>BCA, ={teC"; |t| <e¢}

such that Xo = X, for some small ¢ > 0 and some analytic subset B of the ball A,
where m = dimcH* (X, T10X).

Complete means that the Kodaira-Spencer map pg : ToB — H 0.1x, 71.0x)
is surjective. This family is called the Kuranishi family of X. The base B of the
family may have singularities and arises as

B={teA:;; fit)=---= fit) =0},
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where [ := dimcH%?(X, T"%X) and fi, ..., fi : A — C are holomorphic func-
tions. In the special case of a manifold X satisfying H%2(X, T19X) = 0, the base
B is smooth and Kuranishi’s theorem reduces to the earlier Kodaira-Nirenberg-
Spencer theorem of existence.

The construction of the Kuranishi family of a given X amounts to the construc-
tion of a family of vector (0, 1)-forms ¥ () € C*°(X, A T*X®T10X) satisfying

the integrability condition (3.25) for t = (71, ..., t,) in the largest possible subset
of some A, C C™. Given an arbitrary basis {81, ..., B} of HOY (X, T10X), set
Ui(t) =181+ ... tymPBm € HO (X, T'0X). (3.27)

Identifying H*!(X, T1:0X) with H%:! (X, T1:0X) by the Hodge isomorphism, we
see that A"y () = 0 (i.e. Y1 (t) is A”-harmonic).

Since v need not satisfy the integrability condition (3.25), we search for a
power series

+00
YO =10+ )Y (0), (3.28)
v=2
where ¥, (t) = > Yuwat) ...ty" is a homogeneous polynomial of de-

Vit-tvy=v
gree vin 1, ..., t,; whose coefficients ¥, _,, € C®(X, A®!'T*X ® T10X) will
be determined such that the following two conditions are fulfilled:
e The power series defining v (¢) converges and its sum is C® on X x A, for some
small ¢ > O;
Kuranishi’s proof achieves convergence in a Holder norm | | o forall k > 2
and all ¥ € A, provided that ¢ > 0 is small enough.

e The integrability condition 8y (1) = L[y (1), ¥ (1)] holds (¢f. (3.25)).

To fulfill the integrability condition (3.25), it suffices to ensure that the vector
(0, 2)-form [y (1), ¥(1)] € C®(X, A*2T*X ® T1:0X) is d-exact and that v () —
V1 (1) is the minimal L2-norm solution of equation du = %[1// (1), ¥ (¢)] (recall that
V(1) = 0). Minimality of the solution’s L?-norm translates to

1— 1
YO =)+ 59°A Ty @), v,

a formula that is easily seen to be equivalent to

re=t_
Yy (t) = 3 E *A _l[xpﬂ(t), Yo—u ()] forall v > 2. (3.29)
n=l1

This means that v, (¢) is the minimal L?-norm solution of the equation ou = vy,
where v, is the projection of 1/2 Zlfufv_l [V, (®), Yv—p(t)] onto Im 9. In partic-
ular, ¥, (¢) € Im 3* for all v > 2.
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Identities (3.29) allow one to construct ¥, (¢), v > 2, inductively from v (¢)
defined in (3.27). Convergence in Holder norm | [, o of the resulting series (3.28)
follows from a priori estimates on the Laplacian A", ", while the integrability condi-
tion (3.25) for the sum v (¢) of this series is seen to be equivalent to

H[y @), ()] =0, (3.30)

where H : C®(X, A?T*X @ T'0X) — H 2(X T19X) is the harmonic projec-
tor. Condition (3.30) requires [ (¢), ¥ (¢)] to have no harmonic component which,
for a d-closed form, is equivalent to d-exactness (prec1sely what is needed in view

of (3.25)). If {y1, ..., y1} is any orthonormal basis of HA,, (X, T'9X), then

/

HIy (), ¥ O] =) AW @O, ¥ OL vi) i, 1 € A,

k=1

and we see that the vanishing condition (3.30) is equivalent to fi(¢) = --- =

fi(t) = 0, where fi(t) = ([ (), v@)], y) forallk = 1,...,/ and t € A,.
Thus the integrability condition (3.25) is satisfied for t € B, where

B:={teA;; fi)=---= fi(t) =0} C A, (3.31)

is analytic.

(d) Nakamura’s calculation of the Kuranishi family of the Iwasawa manifold
Given a compact complex manifold X of dimension n, for any vector (0, 1)-
forms ¥, T € C®(X, A% T*X ® T19X) written locally as

n 9 L 9
- o« T =N ", @ b ecc®x, T0X),
ym L R ey

Kuranishi defines in general

2 (a itk awﬂ) 9
[V, 7] = VEAN—+ YA —
dzp

o, =1 024 024

Now fix X = C3/T to be the Iwasawa manifold. Then n = 3 and we get:
[ela)mekav] = [givek]akAaua i» k,)\.,]) == 1a27 37 (332)

with [0;, 6] given in (3.23).

We have seen in (3.24) that the classes {#; ¢}, with 1 <i <3, 1 <A <2,
form a basis of H%!(X, T1.X). Consequently the Kuranishi family of X can be
described by 6 parameters ¢t = (#;3)1<i<3, 1<a<2. By (3.13), the 710X valued
(0, 1)-forms 6; @, are A”-harmonic when 1 < A < 2. In order to construct the
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vector (0, 1)-forms ¥ (1) € C®(X, A®'T*X ® T1.0X) that describe the Kuranishi
family of X = C?/ T, formula (3.27) prescribes to start off by setting

32
Vi) =D > i@y, t= (tia)i=i<s, 1212, (3.33)
i=1 2=1

for which we see that

N | =

1
SO Ol=5 > Y 1l 019 A B,

i j=1,231u=1,2

By (3.23), this translates to

1 1 _ _
E[l/fl(t), Y1) = §(t11t2293 QL ANQy + 1120210307 A @y

— 011120391 A @y — 12201103 99 A Q1)

Since | A @y, = —@, A @y, We get
1
E[wl(t), V1(0)] = (t11t22 — ti2t21) 0391 A @3- (3.34)
On the other hand, for the choice (3.33) we see that
_ 2
W1 (1) =dyn(t) =Y Y 1i20:dp; =0 (335)
i=1 r=1

since dg; = dg, = 0. Now setting

Yo(t) = —(tntn — tizt21) 0393, (3.36)
and using (3.3) and (3.34), we find

(1) = dyn(t) = (tiita — tiat) 03 (—d @3)
(3.37)

1
= (titr —t12021) 0391 APy = 2 (Y1), Y1 (D)].

In particular, [v1(¢), ¥1(¢)] is seen to be d-exact here (although it need not be so in
the case of an arbitrary manifold, see comments after (3.29)), but the solution v, (¢)
of equation (3.37) need not be of minimal L2-norm (unlike the Yo () defined in the
case of a general manifold by formula (3.29) for v = 2). In other words, in the
special case of the Iwasawa manifold, a solution ¥ (¢) of (3.37) is easily observed
and we are spared the application of the general formulae (3.29). This readily yields
the desired ¥/ (¢) by setting

3

2
V@) =10 + Yo =) Y 168, — (i — a0 6393, (3.38)

i=1 A=l
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for which we find

2

1 _ [ 1 339
E[wm,w)]— Z 5[%(1),%(!)]— E[Wl(t),%(t)]- (3.39)

Josk=1

Indeed, [y (¢), ¥« ()] = O for all (i, j) # (1, 1) since these terms involve only
brackets of the shape [63, 6;] = 0 and [6;, 3] = 0 which vanish by (3.23).
On the other hand, combining (3.35) and (3.37), we get

- - - - 1
0P (1) = 9 (1) + Y1) = 892 (1) = S (1), Y1 (D], (3.40)

Then (3.39) and (3.40) yield

- 1
Y (1) = Ewm, V()] (3.41)

showing that ¥/ (¢) defined in (3.38) satisfies the integrability condition (3.25).

By Kuranishi’s Theorem 3.12, this 710X valued (0, 1)-form Y (t) defines a
locally complete complex analytic family of deformations X; of X depending on 6
fibre X, is defined by 9 = 0— Y(t)and Xg = X = Cc3 / I is the Iwasawa manifold.
It is noteworthy that in the special case of the Iwasawa manifold, the power series
(3.28) can be built with only two terms (¥1(¢) and ¥»(¢)) and the above simple
calculations show ¥ (¢) = 11 (¢) + 12 (¢) to satisfy the integrability condition (3.25)
for all = (#;3)1<i<3, 1<a<2 € Ag C C% if ¢ > 0 is small. With the notation of
(3.31), this means that B = A,.

Nakamura goes on to calculate holomorphic coordinates ¢; = ¢1(¢), & =
& (t), &3 = &3(t) on X; such that ¢,(0) = z,, for v = 1,2, 3 starting from arbi-
trary holomorphic coordinates z1, 72, z3 given beforehand on the Iwasawa manifold
Xo = X = C’/T. Here is the way he proceeds.

We are looking for C* functions ¢, (¢), v = 1, 2, 3, on X satisfying the holo-
morphicity condition

36 =0 < 3,0)— v o) =0, v=1273. (3.42)

Given the definition (3.38) of ¥ (¢) and the formulae (3.22) for 61, 6,, 03, condition
(3.42) reads forv =1, 2, 3:

2
0 9
Zm— dz) — Zm(ﬁ + 218—2)510
(3.43)

2
0 _ 0 _ o
- Zmﬁdm + (titn — f12t2])i(d23 —z1dz2) = 0.
= 023 073
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For v=1, we arrange to have 2 3 = 1 (in order to get {1 (t) = z1+ (terms depending
only on z,)) and gg = g—gi = 0. With these choices, condition (3.43) forv = 1
becomes: ‘

2 2
9t1 —me_)ZAZO — 5(1(¢)=5<Zt115x>-
=1

=1
Thus we can take

2
G =2+t (3.44)
r=1

For v = 2, we similarly require 3 342 = 1 and 852 = g% = 0 and condition (3.43)
for v = 2 similarly yields: )

2
o) =2+ . (3.45)

r=1
3 3 3 2
For v = 3, we require 96 = 1,9 = (and ! “ = Y 1,7). With these choices,

023 > 3z
(3.43) for v = 3 reads

2 2 2

983 — (Ztlxdh)(Z’%Zl) — 2 Zmdix
=1 A=1 A=l
2

— Zmdix + (t11t22 — ti2121)(dz3 — 21dZ2) = 0.
r=l1

We thus get

2
() =23+ Z(m +0321)75 + A(t, 2) — D(1)z3, (3.46)
P

where we have denoted A(z, 7) := %(mzzlzf + 21112272122 + rlzng) and D(¢) :=
(t11t22 — t12t21). We clearly have

doy(t) Ndo(t) ANdes(t) = C(t)dzy Adzo Adz3

for a constant C(¢) depending in a C*° way on ¢ such that C(0) = 1. Hence
£1(2), &2(t), ¢3(t) define holomorphic coordinates on X; forall t = (#3)1<i<3,1<r<2

such that > |t;5] < ¢ if € > 0 is small enough.
i=1,2,3;A=1,2
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3.4. The example of Alessandrini and Bassanelli proving Theorem 3.3

Iwasawa manifold Xg = X = C3 / I, Alessandrini and Bassanelli [2] single out the
direction corresponding to parameters ¢ such that

tp #0, ;=0 forall (i, j) # (1, 2). 347
With this choice of ¢, they have
A(t,z7) =0 and D(t) =0.

Thus, setting ¢t := t12, the holomorphic coordinates of X; calculated in (3.44),
(3.45) and (3.46) reduce to

0@ =z1+1tz2, Q) =22, &3()=2z3. (3.48)
Implicitly z; = ¢1(¢) — tZz (t), which yields
@3(t) : = dzz — z1dzo = di3(t) + (1L, (1) — §1(1)) d & (1),
(3.49)
p1): =dzp=do(), 1) =dzy =d{i(t) —tdl,(1).
Set
@1(t) :==dgi(@). (3.50)

The above 1-forms ¢1(¢), ¢2(¢), @3(t) are all of J;-type (1, 0) since &1(¢), {2(2),
£3(t) are holomorphic coordinates for the complex structure J; of X;.

Proposition 3.13 (Alessandrini-Bassanelli [2, page 1062]). Ler (X;); be the Ku-
ranishi family of the Iwasawa manifold X = Xo, t = (t;3)1<i<3.1<:<2. Then, for
parameters such that t;; = 0 for all (i, )) # (1,2), X, is not balanced for any
t 1= t12 # 0 satisfying |t12| < € if & > 0 is small enough.

Proof. For the forms defined in (3.49) and (3.50), an immediate calculation shows

de3 (1) = (tdba(1) —dgi (1) AdQa (1) = —1 @2(t) A (1) — @1 (1) Aga(t). (3.51)

Thus the 2-form d¢3(t) has two components: —t @2(¢) A @,(¢) is of J;-type (1, 1),
while —@1 () A@a(2) is of J;-type (2, 0). Recall that dimc X; = 3 for all ¢. Suppose

that X; were balanced for some ¢ = 115 # 0 satisfying |f12| < € with ¢ > 0 small.

Then there would exist a balanced metric w; > 0 on X,. Thus ; := a),2 would be

a C® (2,2)-form on X, satisfying
Q >0, dQ,=0. (3.52)
In this case we would have:

O=/thAif<p3(t) - —/Q,Aiz‘d<p3(z) - |z|2/Q,Ai<pz(z)A¢2(t). (3.53)
X X X;
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Indeed, the first identity above follows from d<2; = 0 (cf. (3.52)), the second one
follows from Stokes’s theorem, while the third one follows from formula (3.51) for
dp3(t) and the fact that the (2, 0)-component —¢;(¢) A ¢(¢) is annihilated when
wedged with the (2, 2)-form ;.

Now ©; > 0and ip2(¢) A m > 0,hence Q; Aiga(t) A m > 0 at every
point of X;. It follows that the right-hand term in (3.53) is non-negative. However,
since it must vanish by the first identity in (3.53), the (3, 3)-form 2; Aig> (1) A2 (t)
must vanish identically on X;, hence so must the (1, 1)-form i, (#) A@2(¢). This can
only happen if ¢;(¢) vanishes identically on X;, which is impossible since ¢;(¢) =
dgo(t) and &p(¢) is a holomorphic coordinate on X, if ¢ is small enough. This
provides the desired contradiction.

Therefore X; cannot be balanced for any t = t1, # 0if t;; = O forall (i, A) #
(1,2) and ¢ > 0 is small. The proof is complete. O

It is by means of this Proposition 3.13 that Alessandrini and Bassanelli proved
Theorem 3.3: they observed that the fibres along one particular direction among
the 6 directions available in the base space of the Kuranishi family of the Iwasawa
manifold prove the non-openness of the balanced property under holomorphic de-
formations.

We now make the following:

Observation 3.14. (Implicit in [37]) In the Kuranishi family of the Iwasawa mani-
fold, the Frolicher spectral sequence does not degenerate at £ (hence the 39-lemma
does not hold) on any fibre X; corresponding to parameters such that #;; = O for all
(i, X) # (1,2) and ¢ := 17 satisfies |#1| < & with & > 0 small enough.

Proof. We have seen in (3.5) that the second Betti number of the Iwasawa manifold
is b, = 8. By the C*-triviality of the family, all the fibres have the same Betti
numbers. On the other hand, Nakamura concludes from his calculations reproduced
above (via standard reasoning like that exemplified above between formulae (3.3)
and (3.5)) that the Hodge numbers of weight 2 of any fibre X; corresponding to
parameters such that #;; = O for all (i,A) # (1,2) and ¢ := #;p # O are (see
[37, table on page 96] for the case (ii) when D(¢) = 0 and (#11, t12, t21, t22) #
(0,0,0,0)D

w0t = (1) =2, W@ =5.
Thus we see that for any such fibre X; with ¢ := #15 7# 0, we have:
by =8 < h*°(t) + W' (1) + %% (1) = 9.
Hence the conclusion follows. Notice that for fibres as above with ¢t := #;, # 0,

Nakamura’s table gives by =4 =242 = h10) + O 1(¢), while we have seen in
Observation 3.11 that for X we have b; = 4 < 3 +2 = h'-90) + 1%1(0). O
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3.5. The desired examples of sG manifolds

We can now conclude this section by exhibiting the desired examples of sG man-
ifolds showing the difference between, on one hand, the sG property and, on the
other hand, the (combined) balanced and dd-lemma properties. It suffices to bring
together Theorem 3.1, Theorem 3.3 and Observation 3.14:

Theorem 3.15. Let (X;); be the Kuranishi family of the Iwasawa manifold X = Xy,
t = (tia)1<i<3.1<a<2. Then, for parameters such that t;; = 0 for all (i, ) # (1, 2),
X, is a strongly Gauduchon manifold that is not balanced and whose Frolicher
spectral sequence does not degenerate at E| (hence the 33-lemma does not hold)

for any t = t13 # 0 satisfying |t12| < € if & > 0 is small enough.

Proof. Since the Iwasawa manifold is balanced (cf. Corollary 3.6), it is also an sG
manifold. Since the sG property is open under holomorphic deformations (cf. The-
orem 3.1), all sufficiently nearby fibres X, in the Kuranishi family of the Iwasawa
manifold X are again sG manifolds. However, by the observation of Alessandrini
and Bassanelli (cf. Proposition 3.13), the fibres X; corresponding to parameters for
which #;; = 0 for all (i, A) # (1,2) are not balanced if t := #12 # O is suffi-
ciently close to 0. By Observation 3.14, the Frolicher spectral sequence does not
degenerate at £, hence the d9-lemma does not hold, on any of these fibres. ]

4. The Eastwood-Singer construction

In Subsection 4.2 of this section we give an outline of the Eastwood-Singer proof
[16] of part (b) of Theorem 1.24 asserting the non-closedness of the Frolicher de-
generation at £; under holomorphic deformations. All the fibres of the holomor-
phic family they construct in their example are twistor spaces (hence in particular
compact complex 3-folds). We also outline in 4.3 the proof given in [49, Theorem
1.25]. We conclude by raising a few natural questions in 4.4 about other deforma-
tional stability properties of manifolds satisfying the d3-lemma to which twistor
spaces might hold the key.

4.1. Background on twistor spaces

We briefly recall the barest essentials of Penrose’s twistor space theory [40] for
which the standard mathematical reference is [1]. Given a compact oriented Rie-
mannian manifold (M, g) of real dimension 4, for every point x € M one defines
Ly to be the set of all complex structures Jy on the tangent space 7, M such that
Jy is orthogonal with respect to g, and J, induces the negative (i.e. opposite to
the given one) orientation on 7y M. Orthogonality with respect to g, for a complex
structure J, : Ty M — T, M means, as usual, that

gx(Jxu, Jyv) = gx(u,v), forall u,ve T M,
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i.e. Jy is required to be a g,-isometry of 7y M. When x varies in M, the union Z
(which depends only on the conformal class [g] of Riemannian metrics on M but
not on the actual representative g) of all twistor lines Ly has a natural structure as
a C* manifold of real dimension 6 and a natural almost complex structure. The
almost complex structure is integrable if and only if the conformal structure [g]
of M is self-dual. Recall that for an arbitrary-dimensional Riemannian manifold
(M, g), the curvature tensor R decomposes as

R=W+p,

where W is the Weyl tensor depending only on the conformal class [g]. Peculiar to
the case when M has real dimension 4 is a further decomposition of the Weyl tensor
as

W=W,+W._,

where W, is the self-dual component and W_ is the anti-self-dual component. Re-
versing the orientation of M permutes W, and W_. The conformal structure [g]
of M is said to be self-dual if the associated Weyl tensor reduces to its self-dual
component W (i.e. W_ =0).

One thus gets the Penrose correspondence between self-dual compact con-
nected oriented C* real 4-manifolds M and the associated twistor spaces Z (which
are compact complex 3-manifolds). The natural projection v : Z — M can be
identified with the unit sphere subbundle of the rank-three real vector bundle of
anti-self-dual 2-forms on M. Every twistor line v=!(x) = L, is isomorphic to the
complex projective line P'.

For every r, denote by A" := C°(M, C) the space of C*° complex-valued
r-forms on M. Recall that the Hodge star operator of the Riemannian metric g of
M acting on 2-forms

*: A2 > A?
satisfies > = 1. Hence it induces a direct-sum splitting
2 2 2
A =A] DA,

into its =1-eigenspaces. The 2-forms u € A%r (i.e. xu = u) are termed self-dual,

while the 2-forms u € A2 (i.e. xu = —u) are termed anti-self-dual. If the Weyl
curvature tensor W is viewed as a bundle-valued 2-form, its components satisfy
* W, = W, and respectively x W_ = —W_. One gets a corresponding splitting of

the differential operator d acting on 1-forms of M:

d=di+d_
AV A A2 g A2

that induces cohomology groups H}_(M ,C)and H2(M, C).
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4.2. The results of Eastwood and Singer

For a fixed compact connected oriented C* manifold M of real dimension 4 en-
dowed with a self-dual Riemannian metric g, Eastwood and Singer establish the
following general facts about the associated twistor space Z; the details may be
found in [16, Section 2, 3,4.]:

Fact 1. Given that the sheaves Q!, Q% and Q? of germs of holomorphic 1, 2 and
respectively 3-forms on Z are explicitly given, on every twistor line L = L, = P!,
by the formulae

Q) = 0(=2)®O(=1) & O(-1),

Qf ~ O(=3)® O(-3) ® O(-2),
Q) ~ O(—4),
we see that the restricted bundles Q‘IL, Q‘ZL, QfL have no non-trivial sections over

L. Since Z is fibred by projectives lines L = L, = P!, it follows that the vector
bundles !, 2, Q3 have no non-trivial global holomorphic sections over Z, hence

H'YZz,C)=0, H*°(z,C)=0, H*Z, C) =0. (4.1)
By Serre’s duality, one also gets
H>3z,C)=0, H'“3z C) =0, H*3Z C) =o0. (4.2)
Since Z and M are compact, one infers that
H*%z,C)=H°M,C)=C and H>3(Z,C)=H*M,C)=C, (43)

where the latter set of identities follows from the former by Serre duality on Z and
Poincaré duality on M.

Fact 2. The Penrose transform relating analytic cohomology on the twistor space
Z to solutions of differential equations on the base manifold M is used to see the
following:
eForallg =0,1,2,3,H 0.q (Z, C) is canonically isomorphic to the q’h cohomol-
ogy of the complex

A AT S A2
eForallg =0,1,2,3,H 3"I(Z , C) is canonically isomorphic to the q’h cohomol-
ogy of the complex

0— A2 -4 A3 5 A%
It follows as a corollary that

H*'(z,C)= H'(M, ©), H%%(Z,C) = H>(M, C)

44
H>Y(Z,C) = H>(M, ©), H>*(Z,C) = H3(M, C). 4
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Fact 3. The Penrose transform of the vector bundles associated with Q' and 2
yields a commutative diagram with exact rows (cf. [16, Proposition 3.3]) from
which it follows that:

e H'1(Z, C) can be identified with the set of pairs (f, p) € A? ® A%r satisfying
the equation

Ddf —dp =0 on M, (4.5)

where the operator D : A! — A3 is defined by
axgb ab 2 ab
wp — [ VEVP + 2R — gRg wp, 4.6)

while V denotes the Levi-Civita connection, R,; denotes the Ricci curvature and R
denotes the scalar curvature of (M, g);

e For E;’l featuring in the Frolicher spectral sequence of Z at E» level, we always
have the canonical isomorphism of C-vector spaces:

Ey':=ker (d] =9:H"(z,C)— H*!(Z, (C)) ~H(M,C) ® H2(M,C), (4.7)

hence dimcEy’' = 1 + b (M), where by (M):= dimc H} (M, C).
(Clearly dimc H oM, C)=1 by compactness and connectedness of M.)

Fact 4. By [24], there exists a (1, 1)-form & on Z such that dh = 0 and k|
generates H 2(L, C) for every twistor line L = L, = v l(x) c Z. Using the
Leray-Hirsch theorem, we get isomorphisms

H2M,C)® H (M,C)~H' (Z,C), 0<r<6,

induced by A" 2@® A" 3 (a, B) = h Av'a +v*B € CX(Z,C).

The conclusion of these four facts is that for any twistor space Z we always
have E>(Z) = Ex(Z) (i.e. the Frolicher spectral sequence degenerates at the
latest at E; level), while the degeneration at E level depends exclusively on one
arrow. Recall that for any complex manifold, the E level of the Frolicher spectral
sequence is given by the Dolbeault cohomology groups (i.e. E f 1 = HP for all
P, q) and the dj arrows are induced by 9:

dj=0
Ef’q == Ef“’q for all p, q.

When Z is a twistor space, it follows from the above facts (1) — (4) that all arrows
dy=0: E{”O — E{’H’O are zero when g = 0 (hence also when g = 3 by duality),
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while the part of the E; level of the Frolicher spectral sequence corresponding to
q = 1 reads:

0— H'(z,C) 2% miviz, ) 4 2z, 0) L= H31(Z,C) - 0
[ [
H'(M,C) H*(M,C) .

Since the part corresponding to ¢ = 2 at E; level is dual to that for ¢ = 1, we see
that E1(Z) = Ex(Z) if and only if the middle arrow above, i.e.

dy=9:H"(z,C) — H*'(z,0), (4.8)

vanishes. It is clear that the kernel of the arrow (4.8) equals E2]’1 (cf. (4.7)) since
the arrow preceding it in the last complex vanishes. We get the following:

Conclusion 4.1 (¢f. [16, page 653-662]). For any twistor space v : Z — M,
H'M,C)® Hi(M, C) injects canonically into H'(Z, C).

Moreover, the Frolicher spectral sequence of Z degenerates at E if and only
if H1(Z, C) is isomorphic to H*(M, C) & H? (M, C) iff h11(Z) = 1 + b .(M).

To construct the actual examples that prove part (b) of Theorem 1.24, East-
wood and Singer [16, Section 5] go on to choose M to be a compact complex
surface endowed with a Kahler metric w of zero scalar curvature. By [32], any such
M that has been given the conjugate orientation is self-dual, hence M possesses a
twistor space Z.

On the other hand, for any compact Kihler manifold (X, w), the Lichnerowicz
operator (cf. e.g.[7]) is defined on functions by

L:C®X,C) — C®°(X,C), L(f):=A>f+ ({dd°f,Ricw)),  (4.9)

where A is the Laplacian and Ric w is the Ricci form of w. A result of Lichnerowicz
(cf. e.g. [7, Proposition 2.151]]) guarantees that when the scalar curvature of (X, w)
is constant, there is an isomorphism

u(X)/ug(X) = (ker £)/C,

where u(X) denotes the complex Lie algebra of holomorphic vector fields on X,
while uo(X) denotes the Abelian Lie algebra of parallel such vector fields.

It turns out that when (X, w) = (M, w) is a compact Kihler complex surface
of zero scalar curvature, the operator D of (4.6) (defining equation (4.5) on M
which characterises the Dolbeault cohomology group H'1(Z, C)) relates to the
Lichnerowicz operator as follows (cf. [16, page 662]):

dDd = L,

after identification of 4-forms with functions on M via the volume form.
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This leads to the following consequence of the main theorem of [16]:

Theorem 4.2 ([16, Theorem 5.3.]). Let (M, w) be a compact Kdihler complex
surface of zero scalar curvature. If Z is the twistor space of M, then

{holomorphic vector fields on M}

A" (z,C)=HM,C)® H}(M, C
( ) ( ) & H )® {parallel vector fields on M}

Since we always have Eé’l ~ HOM,C) @ H_%(M, C =Co H_%(M, C) (cf.
(4.7)), we see by Conclusion 4.1 that the Frolicher spectral sequence of Z degener-
ates at E if and only if all holomorphic vector fields on M are parallel.

The simplest case to which Eastwood and Singer apply their results is that of
M=%, x P!, where © ¢ is any compact complex curve of genus g > 2 endowed
with the Poincaré metric wp (which is of constant curvature —1) and the complex
projective line P! is endowed with the metric wp! = 2wrs (which is of constant
curvature +1 if wpg denotes the Fubini-Study metric). The metric w induced on the
product compact complex surface M = ¥, x P! is a Kéhler metric of zero scalar
curvature.

Proposition 4.3 ([16, page 663]). If M = ¥, x P! has been given the Kihler
metric of zero scalar curvature w = wp @ wp1, the Frolicher spectral sequence of
the twistor space Z of M does not degenerate at E| .

Proof. We have seen in (4.5) that
EP' =H"WZ,C) = {(f,p) e A>® A2 ; Ddf =dp on M). (4.10)
OnM = X, x P!, we have
Ddf = (VVP 4+ 2RV, f

because the scalar curvature R = 0. If a C* function f : ¥, x P! — C depends
only on the P! variable, we get:

Ddf = (VIV/ + 20V, f =VI(VIV,f) + 207V, f
= Vi(=A+2)f,

where V is the Chern connection and A = —Viv ; is the Laplacian on P!, while
o = (w;);, j locally on P! and the identity RV = w'/ holds because Ric w = w on
P!, Using now the well-known fact that 2 is an eigenvalue of the Laplacian on P!
with eigenspace Ea(2) of complex dimension 3, we get

{C™ functions f : M — C ; Ddf =0} D {Constants} ® EA(2) = C® EA(2),
hence dimc{C® functions f : M — C ; Ddf = 0} > 4. Thus (4.10) yields
h'1(Z) = dimcH"'(Z,C) > 4 + dimc{p € A ; dp =0} =4+ b (M).

As dimCEé’1 =14 b (M) by (4.7), the claim follows from Conclusion 4.1. [J
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It is obvious that M = X, x P! is the ruled surface IP(E) associated with the
trivial rank-two vector bundle Ep := X, x C?> - X, . This suggests a natural way
of constructing a holomorphic family of compact complex surfaces (M;);ca such
that Mo = M = X, x P! for which we can hope to ensure that E1(Z;) = Ex(Z;)
for all + € A* in the associated family of twistor spaces (Z;);ea: take M; := P(E;)
when we have found a suitable family of rank-two holomorphic vector bundles
(Et)ten over X, with the trivial bundle Ey := X, x C? corresponding to t = 0.
The authors make clear the meaning of suitable in the following form:

Proposition 4.4 ([16, page 663-664]). If E — X, is a stable rank-two holomor-
phic vector bundle with trivial determinant over a compact complex curve of genus
g > 2, then the corresponding ruled surface P(E) satisfies:

(1) P(E) admits a Kihler metric of zero scalar curvature;
(ii) P(E) has no non-zero holomorphic vector fields.

Proof. Eastwood and Singer deduce the above statements from classical results of
Narasimhan-Seshadri [39] and Narasimhan-Ramanan [38].

By [39], any stable rank-two holomorphic vector bundle on X, (with g > 2)
arises from a representation of 71(Xg) into SU>, hence the corresponding ruled
surface is a quotient P(E) = (P' x H) /71 where H is the upper half-plane and
acts by isometries of the natural metric on P! x H. This natural metric, obtained as
the Riemannian product of the metric of curvatute +1 on P! with that of curvature
—1 on H,is Kihler and of zero scalar curvature, hence (i) follows.

It follows from [39] that any vector bundle as in the statement satisfies
H O(Eg, S?E*) = 0. Indeed, for any rank-two vector bundle E there is an iso-
morphism of bundles (see e.g. the proof in [25, Proposition 3.3.]:

EndoE ~ S?E* ® A’E = S’E* @ det E 4.11)

induced by the map T which associates with every A € End E the quadratic map
E 5 v+ AvAv € A?E. The kernel of T consists of the scalar endomor-
phisms (identified with C), while Endg E denotes the traceless endomorphisms. It
obviously satisfies End E = EndgE @ C. On the other hand, if E is stable then
E is simple (cf. [39, Corollary to Proposition 4.3.]), i.e. dimcH O(Eg, End E) =
1, which means that the only endomorphisms of E are the scalar ones. Hence
H O(Eg, Endg E) = 0 when E is stable. Thus, if E is stable and det FE is trivial, we
see by (4.11) that HO(Z,, S?E*) = 0.

Now, an easy argument explained in [16] shows that H O(P(E), T'"OP(E)) ~
H O(Eg, S? E*) for any rank-two holomorphic vector bundle E — X ¢ When g > 2.
This is because any holomorphic vector field ¢ € HO(P(E), T'°P(E)) must be
vertical. Indeed, the normal bundle of any fibre of P(E) — X, being trivial,
the component of £ normal to any such fibre is constant along the fibre, hence it
projects to a holomorphic vector field on X,. Now any holomorphic vector field on
X, must vanish because, since g > 2, X, embeds into a g-dimensional complex
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torus C8/A whose flat metric induces a metric of negative curvature on 7'-0% g
viewed as a holomorphic line subbundle of the tangent bundle of C8/A. Thus
any ¢ € HO(P(E), T'"OP(E)) is indeed vertical, hence the restriction of & to any
fibre of P(E) — X, defines a holomorphic vector field on the fibre P(E;) ~ P!
Meanwhile, the holomorphic vector fields of P! are the holomorphic sections of
—Kp1 = Opi(2). Thus (ii) follows. O

We now get an immediate corollary of Theorem 4.2 and Proposition 4.4. In
view of Theorem 4.2, a weaker version of conclusion (ii) of Proposition 4.4 (with
non-parallel in place of non-zero) would have sufficed.

Corollary 4.5 ([16, page 664]). Let E — X, be a stable rank-two holomorphic
vector bundle with trivial determinant over a compact complex curve of genus
g > 2. Let Z be the twistor space associated with the ruled surface P(E). Then the
Frolicher spectral sequence of Z degenerates at E.

Putting together Proposition 4.3 and Corollary 4.5, we see that it suffices to
show that the trivial rank-two vector bundle £y = X, x C? —» X, deforms to
stable rank-two holomorphic vector bundles E; — X, with trivial determinant,
t € A*. As explained before the statement of Proposition 4.4, associated with the
family of bundles (E;);ca will be the family of ruled surfaces (M, := P(E;))seca
whose corresponding family of twistor spaces (Z;);ca Will provide the example
proving the Eastwood-Singer part (b) of Theorem 1.24: E|(Z;) = Ex(Z;) for all
t # 0 by Corollary 4.5, but E1(Zy) # Ex(Zo) by Proposition 4.3.

Theorem 4.6 ([16, page 664-665])Given any compact complex curve Xg of genus
g = 2, the trivial rank-two vector bundle Ey = 4 X C? > X, deforms to stable
rank-two holomorphic vector bundles with trivial determinant on L.

Proof. We give an outline of the proof found in [16] which, as mentioned there,
is a modification of an argument from [38]. Fix an arbitrary point x € X, and
denote by L, the holomorphic line bundle on X, defined by x (viewed as a divisor
on the curve X,). If L;l denotes the line bundle dual to L, , consider the rank-two
holomorphic vector bundles £ — X, that are non-trivial extensions of Ly by L7h
Equivalently, one considers short exact sequences of vector bundles on X:

0>L'5>E—>L,—0 (4.12)

that do not split holomorphically. There is a one-to-one correspondence between
the equivalence classes of such non-trivial extensions and the non-zero classes
{B*} € HO*I(Zg, Hom(L,, L;l)) ~ Hl(Eg, (’)(L;z)), where 8* denotes the sec-
ond fundamental form of extension (4.12). Any such E has trivial determinant
(sincedet E = L;l ® L) and degree zero since L, has degree +1, L;l has degree
—1 and the degree is additive in exact sequences. By [38, Lemma 5.1], any such
E can have no holomorphic line subbundles of positive degree, hence any such E
is at least semi-stable. To find stable vector bundles E arising as extensions (4.12),
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it remains to rule out the existence of holomorphic line subbundles of degree zero
in E.

Suppose that a rank-two holomorphic vector bundle E given by an extension
(4.12) contains a degree-zero holomorphic line subbundle L C E. By the proof of
[38,Lemma 5.2], any such L mustbe of the form L = L, ® Ly_1 for some point y €
X, and [38, Lemma 5.2] asserts that the class {8*} of extension (4.12) maps to the
zero class in the cohomology group H?! (Xg, Hom(L, L;l)) =H' (g, (9(L;2 ®
Ly)) under the map

H' (S, O(LT?) — H' (T, O(L7? ® Ly)). (4.13)

Since (4.13) is a surjective linear mapping of complex vector spaces of dimensions
g+ 1 and respectively g thanks to Riemann-Roch, the kernel of (4.13) is a complex
line /, in the (g + 1)-dimensional vector space H I(z o> O(L;2)). We conclude that

L=L,® Ly_1 is a holomorphic subbundle of E iff

{B*} € ker (H‘(zg, O(L;%) — H' (Z,, O(L;* ® Ly))> \ {0} =1, \ {0}.

By [38, Lemma 3.3], proportional extension classes {8*} and A{8*}, with A € C*,
give rise to isomorphic bundles E and Ej . Now the punctured line /, \ {0} defines a
point in the complex projective space PH!(Z,, O(L;?)) ~ P8 and, when y varies
in ¥4, we get an analytic mapping

e 3y I\ {0} e PH (S, O(L?)) =~ P5. (4.14)

The conclusion is that an extension class {*} € H' (Xg, (Q(L;z)) \ {0} defines a
holomorphic rank-two vector bundle £ — X, with trivial determinant that contains
no degree-zero holomorphic line subbundles L C E (hence E is stable) if and
only if the image of {8*} in the projective space PH 1(Eg, O(L;Z)) ~ IP$ under
the natural projection Hl(Eg, C’)(L;z)) \ {0} — ]P’Hl(Eg, (’)(L;z)) lies in the
complement of the curve which is the image of the map (4.14). Since g > 2, the
complement of a complex curve in the g-dimensional complex projective space P8
provides plenty of room for choice of deformations E = E;, t # 0, of the trivial
rank-two vector bundle Eq. Of course, Eq corresponds to the trivial extension (4.12)
or, equivalently, to the zero class {8*} € Hl(Eg, (’)(L;Q)). O

As explained before the statement of Theorem 4.6, this result provides the final
argument to the proof of the Eastwood-Singer part (b) of Theorem 1.24. We have
chosen to reproduce the approach of [16] in some detail because it throws up new
stimulating questions of which we now mention just a few.

4.3. Wu’s deformation openness of the 99-lemma property

In this subsection we outline the main ideas in the proof given by C.-C. Wu in [49]
to the fact that the d9-lemma for compact complex manifolds is a deformation-open
property (cf. Theorem 1.25).
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The proof in [49] makes crucial use of a characterisation of the 99-lemma that
was given in [14] (c¢f. Proposition 4.8 below). It is cast in terms of the relations
between the Bott-Chern and the Aeppli cohomology groups of a compact complex

manifold X (dimcX = n) whose definitions (for all p,g = 0,...,n) we now
recall:
ker d Nkerd ker(9d
HES(x,C) = ORIy gra(x, €)= 10D (4.15)

Im (39) Imd +Ima

(The operators 9, d and 99 featuring in the numerators act on (p, g)-forms, while
those in the denominators arrive in the subspace of (p, g)-forms.)
In a similar way, one also standardly defines

ker o ker d
p.q o P.q .
Hy " (X, C) = ™7 and Ha X,0): m3 (4.16)

(Of course, H; (X, C) is the Dolbeault cohomology group of type (p, ¢) that was
earlier denoted by H?4(X, C).)
For all p,q =0, ..., n,there is always a natural (canonical) linear map

HL (X, C) — HY(X,C)
[ulpc > [ula

mapping the Bott-Chern class of any d-closed (p, g)-form u to the Aeppli class of
u (which makes sense since 39u = 0 whenever du = 0 and du = 0). This map is
always well defined but it need not be either injective or surjective on an arbitrary
X. However, it is an isomorphism when X satisfies the d0-lemma. The converse
also holds as Proposition 4.8 will implicitly show.

Before stating the 99-lemma characterisation of [14], we introduce some ad
hoc terminology:

Definition 4.7. For a given k = 0, 1, ..., 2n, a given compact complex manifold
X (with dim¢ X = n) is said to satisfy property:

(Ay) if the natural map Hp (X, C) — HY9(X, C) is injective for all p, g such
that p + g = k.
This property is clearly equivalent to property

(A}) kerd Nkerd N (Imd +Imd) =Im (33), forall p,q st. p+q =k.

(By) if the natural map Hg’cq X,C) — HX’q (X, C) is surjective for all p, g such
that p + g = k.
This property is clearly equivalent to property

(By) Imd + Imd + (kerd Nkerd) = ker(3d), forall p,q st. p+q =k.

(Cy) if the natural maps Hg’cq X,C) — H(rf”q(X, C) and
H}A(X,C) — H{f’q(X, C) are injective for all p, g such that p + g = k.
This property is clearly equivalent to the simultaneous occurence of
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(C}) () ImdNkerd =Im(3d) and (C})(ii) Imd Nkerd = Im (39),
for all p, g such that p + ¢ = k. _ B
(D,/() if (1) Im0 + kerd = ker(dd) and (ii) Im9d + kerd = ker(99)
for all p, g such that p + g = k.
(Ly) if the 89-lemma holds on every space of forms Clch (X, C) with p +¢q = k.

It is obvious that (Lj) implies each of the other properties listed above and that
(L) is implied by the simultaneous occurence of these other properties. As already
pointed out, the following equivalences are obvious

(A <= (A)), (B <= (By), (Cp) <= (Cp.

The inclusions D in (A}), C in (B}), D in (C})(1), (ii) and C in (D)), (ii) are
obvious. The following statement is implicit in [14] and provides a key ingredient
for the proof of Theorem 1.25 obtained in [49].

Proposition 4.8 (Contained in [14, Lemma 5.15]). Let X be a compact complex
manifold, dimc X = n. For everyk = 1, ..., 2n, the following equivalences hold:

(Li) < (Ax) < (Cr) < (D}_;) < (Br—1).

Proof. Fix an arbitrary k € {1, ..., 2n}. In view of what we have already noticed,
it suffices to prove the equivalences

(A}) < (C}) < (D;_)) < (B,_))-

Proof of (A},) = (C}). Letu € Co, (X, C) (where p + g = k) such that du=0
and u = dv for some (p — 1, g)-form v. Thenu = dv+0 € ker o Nkerd N (Imd +
Im d). Then (A}) forces u € Im (99). This proves (i) of (C;). The proof of (ii) of
(C}) is similar with 8 and 9 reversed.

Proof of (C;) = (A)). Letu € €%, (X, C) (where p + g = k) such that du = 0,
du = 0 and u = dv + dw for some (p — 1, g)-form v and some (p, g — 1)-form
w. Then we have:

e Imd > dv =u—3dw € kerd, hence Jv € ImdNkerd = Im (39), the last identity
of subspaces being given by the hypothesis (C,’C)(i ). Thus dv € Im (90).

e Imd 2 dw = u — dv € kerd, hence dw € Imd Nkerd = Irp(aé), the last
identity of subspaces being given by the hypothesis (C,’C)(i i). Thus dw € Im (99).

It is now clear that u = v + dw € Im (99). This proves (A;c).

Proof of (C}) = (D,_,). Letu € C(X,C) (where r +s = k — 1) such that
99u = 0. Then:
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e Ju is a k-form of type (r + 1,s) and du € kerd NImd = Im(39), the last
identity of subspaces being given by the hypothesis (C;)(i). Hence du = 99¢ for

some (r, s — 1)-form ¢ . This amounts to o (u — 5{) = 0 or again to u — 5; € kerd.
We getu = 5{ + (u — 5{) € Imd + ker d. This proves (D,’(_l)(i).

e Ju is a k-form of type (r, s +1) and du € kerdNImd = Im (38) the last identity
of subspaces being given by the hypothesis (C;)(ii). Hence du = ddw for some

(r — 1, s)-form w. This amounts to 8 (u + dw) = 0 or again to u + dw € ker 9.

We get u = —dw + (u + dw) € Imd + ker . This proves (Dy_y) ().

Proofof(D )= (Ck) Letu € C (X C) (where p+¢g = k) such that u =0

and u = dv for some (k — 1)-form v of type (p —1,9). Then 0 = du = —ddv,
hence v € ker(3d). Since ker(3d) = Im d + ker d for (k — 1)-forms by (D, 1) (@),
wecanfinda (p —1,¢ — 1)-form w and a (p — 1, g)-form ¢ such that

v=0w+¢ and 3z =0.

Applying 9, we get: u = dv = ddw. Thus u € Im (33). This proves (C})(i).
Reversing the roles of 3 and 9, we get (Cp) (i) in a similar way from (D;_,)(ii).
Proof of (D;,_,) = (B;_,). Letu € C(X, C) (where r + s = k — 1) such that
99u = 0. Thanks to (D,’C_l)(ii), we can find an (r — 1, s)-form v and an (r, s)-form

w such that
u=0v+w and w € kerd.

Now since dw = 0, we also have 3dw = 0. Hence by (D,/(_l)(i) we can write
w=29z+p with p ckerd
for some (r, s — 1)-form ¢ and some (r, s)-form p. We get: p = w — d¢ and since
w, 3¢ € kerd, we finally get p € kerd. Given the choice of p, this implies that
p € kerd Nkerd.
Putting the bits together, we have

u=8v+5§+p € Imd + Ima + (kerd Nker d).

This proves (B;_,).

Proof of (B;,_,) => (D;_,). This implication is trivial because Im 3 + (kerd N
kerd) C kerd and Im d + (ker d Nkerd) C kerd.
The Proposition is proved. O
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Outline of proof of Wu’s Theorem 1.25 (according to [49]). The main idea is
to exploit the one-unit discrepancy between k and (k — 1) in the Deligne-Griffiths-
Morgan-Sullivan characterisations given to the dd-lemma in Proposition 4.8,
namely the equivalences

(L) &= (Ar) &= (Br-1).

This enables an argument by induction on the degree k of forms. Note that the 39-
lemma always holds in a trivial way for k = 0 (i.e. on functions). Fix an arbitrary
holomorphic family of compact complex n-dimensional manifolds (X;);ca. The
proof falls into two steps.

Step 1. Assuming the 33-lemma on X, Wu shows that the dimensions of the Bott-
Chern and Aeppli cohomology spaces remain constant in a small neighbourhood of
0e A, i.e.

dimcHp (X;, C) = dimcHp (X0, C) forall r € A sufficiently close to 0
dimcHY? (X, C) = dimc HY? (X, C) forall 1 € A sufficiently close to 0.

This parallels the analogous results for the Dolbeault cohomology that are classical
and known to hold under the weaker assumption that the Frolicher spectral sequence
of X degenerates at E.

Step 2. Suppose the 9-lemma holds on Xo. Wu shows that the same thing holds
on every sufficiently close fibre X; by induction on k = 0, 1, ..., 2n. Suppose the
99-lemma holds for the k-forms of X,. We have to show that it then also holds for
the (k + 1)-forms of X;.

The induction hypothesis is that (L) holds on X; which, by Proposition 4.8, is
equivalent to (Ax) holding on X;. This means that the natural map H g ’Cq X:;,C)—
HY % (X,, C) is injective for all p, g such that p + g = k.

On the other hand, dim¢ Hg’cq (Xp, C) = dim¢ Hf’q (Xo, C) forall p, g thanks
to the d9-lemma assumption on X (see explanation above Definition 4.7). Since,
by Step 1, the dimensions of these spaces do not change when ¢ remains close to 0,
we still have

dimcHp 4 (X;, C) = dimcHY ¥ (X,,C), forall p,q and all t near 0.

Thus, for all ¢ near 0, H g,cq (X;,C) and H g “4(X,, C) are finite-dimensional vector
spaces of equal dimensions and the natural linear map between them is injective
whenever p + g = k by the induction hypothesis (Ax). Then it must also be
surjective, which means that property (By) holds on X; for all 7 close to 0. By
Proposition 4.8, this is equivalent to property (Li+1), i.e. to the 33-lemma for the
(k + 1)-forms of X,.
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4.4. Twistor spaces and the d9-lemma

The limiting behaviour under holomorphic deformations of compact complex man-
ifolds satisfying the dd-lemma seems to be shrouded in mystery. A likely guess is
that this property may not be deformation-closed. Our expectation is that deforma-
tions of twistor spaces may hold the key. We take this opportunity to raise a few
natural questions.

We start by recalling the following result of Gauduchon.

Theorem 4.9 ([20, Proposition 11.b, page 618]).  Every twistor space is bal-
anced'’. Moreover, this is the case for any self-dual metric on the correspond-
ing four-manifold (i.e. a balanced metric is obtained on the twistor space from any
self-dual metric in a given conformal class of the base four-manifold).

Combined with [ES93], this readily (re-)proves part (a) of Theorem 1.11. In-
deed, by Gauduchon’s Theorem 4.9, the central fibre Zj in the Eastwood-Singer
family is an sG manifold since, as a twistor space, it even has the stronger balanced
property. However, E1(Zg) # E~(Zg) as has been seen in Proposition 4.3. Recall
that the Iwasawa manifold had provided another example proving (a) of Theorem
1.11 (¢f. comments after Observation 3.11).

On the other hand, Hitchin’s main result in [24] states that there exist only two
Kihler twistor spaces: P> and the space of flags in C3. Together with Gauduchon’s
Theorem 4.9 and Campana’s result in [11] stating that a twistor space is Moishezon
if and only if it is of class-C, this fact will point to a relative lack of variation in the
properties of twistor spaces.

However, combining Wu’s Theorem 1.25 with the examples of Campana [10]
and Lebrun-Poon [34] that proved the deformation non-openness of the class-C
property (cf. Theorem 1.18), we notice the first piece of evidence against the above
mock “principle”.

Observation 4.10. There exist twistor spaces satisfying the 33-lemma that are not
of class C.

Indeed, in [10] and [34] families of twistor spaces (Z;);ea are constructed
in which the central fibre Zg is a Moishezon (= class-C) twistor space (hence its
algebraic dimension is maximal: a(Zy) = dimcZp = 3), while all the nearby fibres
can be chosen to be decidedly non-Moishezon (= non-class-C) twistor spaces, i.e.
to have minimal algebraic dimension a(Z;) = 0 for z # 0. Now, the Moishezon
central fibre Zy must satisfy the E_ia—lemma, hence by Wu’s Theorem 1.25 all the
nearby fibres Z; also satisfy the d0-lemma if # € A* is sufficiently close to 0. Thus
any of these nearby fibres is an example of a twistor space that is not in the class-C
but satisfies the d3-lemma.

In a similar vein, one may ask whether there exist twistor spaces whose
Frolicher spectral sequence degenerates at £ but on which the dd-lemma does

10 The term semi-Kihler is used in [20] to mean balanced.
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not hold. As pointed out in the introduction (cf. Proposition 1.8), the 39-lemma
implies the Hodge symmetry. On the other hand, the Dolbeault cohomology of any
twistor space Z can be calculated in terms of the De Rham cohomology of the base
four-manifold M (see (4.1), (4.2), (4.4) taken from [16]). Hence the following are
necessary conditions on the Betti numbers of M for its twistor space Z to satisfy
the 99-lemma:

by(M) =b3(M) =0 and b_(M) =0, 4.17)

where b_ (M):= dimc H2 (M, C). Now the twistor spaces (Z;):ea in the Eastwood-
Singer family have (M; := P(E;));ca as respective underlying four-manifolds,
where each E; — X is a rank-two holomorphic vector bundle over a complex
curve of genus g > 2. Thus each M; is a non-rational ruled surface having b1 (M;) =
2g > 4. In particular, b1 (M;) # 0, showing that M, does not satisfy conditions
(4.17). Hence no fibre in the Eastwood-Singer family of twistor spaces (Z;);ea can
satisfy the dd-lemma. Since E{(Z;) = Ex(Z;) forall t € A \ {0}, we obtain the
following:

Observation 4.11. There exist twistor spaces whose Frolicher spectral sequence
degenerates at £ but which do not satisfy the dd-lemma. Any fibre Z; with ¢ # 0
in the Eastwood-Singer family is such an example.

Another consequence of the Eastwood-Singer main theorem was that the Frolicher
spectral sequence of the twistor space of any K3 surface degenerates at E; (cf.
Corollary 5.2. in [16]). Now it is well-known that any K3 surface M satisfies

bi(M)=b3(M) =0 and b_(M) =19,

meaning that the last of the conditions (4.17) is not satisfied by K 3 surfaces. Hence
we have yet another class of examples illustrating Observation 4.11.

Observation 4.12. On the twistor space of any K 3 surface, the 9-lemma does not
hold although E| = E in the Frolicher spectral sequence.

It is thus natural to ask the following:

Question 4.13. Can one characterise the twistor spaces on which the 99-lemma
holds? Is there a dd-lemma analogue of the Eastwood-Singer description of the
Frolicher degeneration property for twistor spaces?

In other words, it would be interesting to know whether there exists an equation
similar to (4.5) or any other condition on M that can be an indicator of the dd-lemma
property on Z.

We conclude by briefly mentioning another class of compact complex mani-
folds that usually provide a host of examples of various sorts: nilmanifolds. Re-
call that a connected, simply connected real Lie group G possessing a discrete
co-compact subgroup I" and a left-invariant complex structure J defines a quotient
compact complex manifold X := I'\G (inheriting its complex structure from J by
passing to the quotient) that is said to be a nilmanifold if the group G is nilpotent.
In the special case of a complex Lie group G, the quotient X is a compact com-
plex parallelisable nilmanifold (e.g. the Iwasawa manifold) of the class introduced
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by Wang in [48], but G need not be a complex Lie group in general. Putting the
following two pieces of information together:

— By [14], any compact complex manifold on which the 33-lemma holds is for-
mal.

— By [22], the only formal nilmanifolds are the complex tori (i.e. those defined
by an Abelian Lie group G),

and since complex tori are clearly Kihler, we see that Kihlerness and the 99-lemma
property are equivalent conditions on nilmanifolds. So we can ask whether one can
construct a holomorphic family of nilmanifolds in which all the fibres, except one,
are Kihler.

Added in proof. Conjectures 1.21 and 1.23 have been disproved in the paper
Classification of complex structure on 6-dimensional nilpotent Lie algebras (arXiv
e-print math.DG/1111.5873v4) by M. Ceballos, A. Otal, L. Ugarte and R. Villa-
campa.
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