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Semigroups generated by elliptic operators
in non-divergence form on Cy(£2)

WOLFGANG ARENDT AND REINER MICHAEL SCHATZLE

Abstract.Let @ C R” be a bounded open set satisfying the uniform exterior cone
condition. Let A be a uniformly elliptic operator given by

n n
Au = Z a,-jaiju —+ ijaju —+ cu
i,j=1 j=1

where ~
aji = ajj € C(R2) and bj,c e L®(Q),c<0.

We show that the realization Ag of A in
Co(Q) :={u € C(Q) : up,, =0}
given by

D(Ag) = {u € Co(Q) NWE(Q) : Au € Co(R))
Agu = Au

generates a bounded holomorphic Cq-semigroup on Cp(€2). The result is in par-
ticular true if Q2 is a Lipschitz domain. So far the best known result seems to be

the case where €2 has C2—boundary [12, Section 3.1.5]. We also study the elliptic
problem

-Au = f
Upo = 8-

Mathematics Subject Classification (2010): 35K20 (primary); 35125, 47D06
(secondary).

1. Introduction
The aim of this paper is to study elliptic and parabolic problems for operators in
non-divergence form with continuous second order coefficients and to prove exis-

tence (and uniqueness) of solutions which are continuous up to the boundary of the
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domain. Such parabolic equations are a classical subject in pde. The considera-
tion of operators in non-divergence form occurs naturally in many situations, for
example in the context of stochastic differential equations, where the correspond-
ing parabolic equation is frequently called Kolmogorov’s equation [8, page 4], or in
the non-linear theory, where regularity results play an important role. Here we are
interested in continuity up to the boundary. More precisely, we want to investigate
when an elliptic operator generates an analytic semigroup on

Co(Q) :={u € C(Q) : up,, =0}

where 2 C R” is a bounded, open set. We refer to Lunardi’s monograph [12] for a
systematic theory of holomorphic semigroups generated by elliptic operators. Also
in this monograph such semigroups are studied on spaces of continuous functions.

Throughout this paper Q2 is a bounded open set in R”, n > 2, with boundary
9€2. We consider the operator A given by

i,j=1 J

n n
Au = Z a;ja,-ju +ij8ju +cu
=1

with real-valued coefficients a;;, b, c satisfying

bjGLOO(Q), j=1,...,n,ceL®Q), c=<0
a;j € C(QNL®(Q), ajj =aji,
n

Y aij(0)&E; > NHE (xeQ,&eR)
i,j=1

where A > 0 is a fixed constant.

Only for part of the results we need that the a;; are continuous up to the bound-
ary (as is assumed in the Abstract). Of course, the assumption that a;; = aj; is no
restriction of generality (replacing a;; by a’ﬁ% otherwise).

Our best results are obtained under the hypothesis that €2 satisfies the uniform
exterior cone condition (and thus in particular if €2 has Lipschitz boundary). Then
we show that for each f € L"(R2), g € C(9L2) there exists a unique u € c(Q) N
W2 (82) such that
—Au = f

Upo = 8-

(Corollary 3.4). This result is proved with the help of Alexandrov’s maximum
principle (which is responsible for the choice of p = n) and other standard results
for elliptic second order differential operators (put together in the appendix). Our
main concern is the parabolic problem

(E){

u,=.Au
(P){§ u©,-) =uo
u(t,x) =0 x€od,tr>0.
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with Dirichlet boundary conditions. Under the uniform exterior cone condition, we
show that the realization Ag of A in Co(£2) given by

D(Ag) = {v € Co(2) N W) : Av € Co())
Agv := Av

generates a bounded, Cp-semigroup on Co(£2), which is holomorphic, if in addition
aij € C (). This improves the known results, which are presented in the mono-
graphe of Lunardi [12, Corollary 3.1.21] for Q of class C? (and b j» ¢ uniformly
continuous).

We would like to mention one particular reason why continuity at the bound-
ary is important. If one considers semilinear equations the semilinear term f'(u)
is usually treated by a fixed point argument. For this it is useful that the composi-
tion mapping u +— f (u) is locally Lipschitz continuous on the underlying function
space X, where f : R — R defines the semilinear term. If X = LP, then this is
merely the case if f is already globally Lipschitz continuous, a condition which is
too strong for many applications. However, on Co(£2) local Lipschitz continuity of
f implies the same property of the composition operator. We refer to the mono-
graph [7] of Cazenave-Haraux where the space Co(£2) is used for this purpose.

For applications, the improvement from C? to Lipschitz boundary is certainly
the most important case of our results. But it is natural to ask for the minimal hy-
potheses on coefficients and boundary. It is interesting that one may relax the condi-
tion at the boundary if more regularity of the coefficients is assumed and vice versa.
Three regularity properties at the boundary are considered in this paper: Lipschitz
boundary (as the strongest concerning our results), the uniform exterior cone con-
dition and Wiener regularity as the weakest property. Concerning the coefficients
a;j we assume global Lipschitz-continuity as the strongest, Dini continuity, Holder
continuity, continuity up to the boundary, and just continuity in the interior as the
weakest possible assumption, formulated as our standing hypothesis above. The
interplay among these properties seems interesting to us and we devote some par-
ticular attention to it. For example, our weakest condition at the boundary, namely
Wiener regularity, suffices for the generation of a holomorphic semigroup on Co(£2)
and for well-posedness of (E) if the second order coefficients are globally Lipschitz
continuous. On the other hand if merely a;; € C () then we need that € fulfills
the exterior cone condition.

In order to show the existence of a semigroup, we have to study the elliptic
problem (E) before (to verify the range condition in the Hille-Yosida theorem). At
first we consider the Poisson equation with homogeneous boundary data g = 0
(Section 1). This is done merely on the basis of the standard elliptic theory, as
presented in the monograph of Gilbarg-Trudinger [9], and leads in relatively ele-
mentary way to two important cases (a;; Lipschitz,  Wiener-regular in Theorem
1.1 and uniform exterior cone condition for 2 and a;; merely bounded and contin-
uous in the interior in Theorem 1.4).

In Section 2 we show that the Poisson problem is equivalent to the Dirichlet
problem (i.e., f = 0). This is of independent interest. But it also allows us to
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use results of Krylov [10] to obtain a further case for the Generation Theorem 3.1
(namely a;; Dini-continuous and €2 merely Wiener regular). The main results on
the parabolic equations are obtained in Section 3.

We conclude the introduction by mentioning which results are known if an
elliptic operator in divergence form with measurable bounded coefficients is con-
sidered (instead of our operator in non-divergence form). Such operator defines
a mapping A : H! (Q) — D(Q)’ . If Q is Wiener regular, then for each f €
LP(Q2), p > %,and each g € C(9€2) there exists a unique u € C(Q)DHIIOC(Q) such
that Au = f, u),, = g (see [9, Theorem 8.31]). However, in general the solution is
no longer in Wli’cn (£2) as in the case considered in the present paper. Concerning the
generation theorem, one knows that the part Ag of A in Cy(£2), defined on the do-
main D(Ag) := {u € HILC(Q) NCo(R) : Au € Co(2)} generates holomorphic Cy-
semigroup on Co(£2), see [1], again on the sole hypothesis that €2 is Wiener regular.
The same remains true for operators in non-divergence form of the type m - A; i.e.
in the very special case of isotropic coefficients (a;j(x) = m(x),i, j = 1,...,n).
This remains even true in the case where m (x) degenerates at the boundary (see [3]).

2. The Poisson problem

We consider the bounded open set 2 C R” and the elliptic operator A from the
introduction. At first we consider the case where the second order coefficients are
Lipschitz continuous. Then we merely need a very mild regularity condition on
Q. We say that 2 is Wiener regular if for each g € C(9€2) there exists a solution
u € C*() N C () of the Dirichlet problem

Au =0
Upg = 8 -

The name comes from Wiener’s characterization via capacity [9, (2.37)]. If Q sat-
isfies the exterior cone condition, then €2 is Wiener regular.

Theorem 2.1. Assume that the second order coefficients a;; are globally Lipschitz
continuous. If Q is Wiener regular, then for each f € L"(S2), there exists a unique

u € W2"(Q) N Co(Q) such that

loc
—Au=7f.

The point is that for Lipschitz continuous a;; the operator A may be written in
divergence form. This is due to the following lemma.

Lemma 22. Let h : Q@ — R be Lipschitz continuous. Then h € W°(Q). In
particular, hu € WI’Z(Q)for allu e Wh2(Q) and 0j(hu) = (0jh)u + hoju.

Proof. One can extend & to a Lipschitz function on R” (without increasing the
Lipschitz constant, see [15]). Now the result follows from [8, 5.8 Theorem 4]. [
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Proof of Theorem 2.1. We assume that €2 is Dirichlet regular. Uniqueness follows
from Aleksandrov’s maximum principle Theorem A.1. In order to solve the prob-
lem we replace A by an operator in divergence form in the following way. Let

~ n ~

bj = bj— Y dajj,j =1,...,n. Then b; € L*(2). Consider the elliptic
i=1

operator A, in divergence form given by

n n
Agu = Z Bi(a,-jaju) + ijaju +cu.
i, j=1 j=1
Let f € L"(2). By [9, Theorem 8.31] or [1, Corollary 4.6] there exists a unique

ue Cop(2)N WIL’Cz(Q) such that — A u = f weakly, i.e.,

d d
Z /aijajuaiU—Z/l;jajuv—/CuU:/fv
Q =g Q Q

i j=1

for all v € D(R) (the space of all test functions). We mention in passing that u €
W01’2(S2) by [1, Lemma 4.2]. For our purposes, it is important that u € WI%’CZ(Q) by
Friedrich’s theorem [9, Theorem 8.8]. Here we use again that the g;; are uniformly
Lipschitz continuous but do not need any further hypothesis on b; and c. It follows

from Lemma 2.2 that a;;d;u € Wb2 () and 3; (a;jdju) = (8;a;;)d;u + a;jd;ju.
Thus Ayu = Au. Now it follows from [9, Lemma 9.16] that u € w2 (2). O

loc

Remark 2.3. Theorem 1.1 is formulated as it is needed for the main result in Sec-

tion 4. Actually, more is true. Let f € LP(Q2) where p > % Then there ex-

ists a unique u € Wl%)’cp (2) N Co(2) such that —Au = f. Uniqueness follows

from [9, Lemma 9.16]: If Au = O then u € Wlf)’cq(Q) for all ¢ > p. So we can
apply Alexandrov’s maximum principle. In order to prove existence, we choose
Jfx € L"(2) converging to f in LP(2) as k — 00. By the proof of Theorem 2.1 we

find ug € Co(2) N W>"() such that —Ayuy = —Auy = fx. Choose ©,, CC Q

loc

such that Q,, C Qp+1, U Qm = Q. Then clearly uy € W22(Q,) € WH2(Q,).
Thus [9, Theorem 8.16]n;lelliws that
luk — uelleo,) < luk —uellc@n,) + Cllfic — fellLr,)
for all m € N. Letting m — oo it follows that
luk —uellLe) < Cllifc — fellr) -
Thus u := kli)rgo uy converges in C(€2). By the Calderon-Zygmund estimate The-
orem A.2
lur = wellwzr s,y < co(P)(lur — uellLr(syy) + Ifi = fellLr(B,,))

whenever BZQ C Q. Thusu € Wli’cp (2) and klim Uy = uin le
— 00

that —Au = lim —Aug = f.
k— 00

P (Q). It follows

ocC



422 WOLFGANG ARENDT AND REINER MICHAEL SCHATZLE

Now we return to the general assumption g;; € C(2) N L°°(2) and do no
longer assume that the a;; are Lipschitz continuous. The following result is stated
in [9, Theorem 9.30] with a sketchy proof referring to the Perron method. We
include a direct proof based on our Theorem 2.1, for the convenience of the reader.

Theorem 2.4. Assume that Q2 satisfies the uniform exterior cone condition. Then
forall f € L™(Q) there exists a unique u € Co(2) N WI%)’C" (2) such that —Au = f.

Proof. As for Theorem 2.1 we merely have to prove existence of a solution. We
extend a;; by §;; outside 2 and mollify to obtain af‘j € C®(R") C Lip(£2) uni-
formly elliptic and bounded, converging to a;; locally uniformly in €. Let Ay
be the elliptic operator with the second order coefficients a;; of A replaced by
af‘j. Let f € L"(2). By Theorem 2.1, for each k € N there exists a unique
up € W]%)’C"(Q) N Co(2) such that —Azu; = f. By Holder regularity (Theorem
A.3) there exists a constant ¢ which does not depend on k € N such that

lurllce@) < cll fllin + lluklling)) -

By Aleksandrov’s maximum principle |uk|re@) < cillfllzr) for all k € N
and some constant ¢;. Thus (ug)ren is bounded in C%(€2). By the Arzela-Ascoli
theorem we may assume that u; converges uniformly to u € Cp(€2) as k — o0
(passing to a subsequence if necessary). Let B_zg C 2 where By, is a ball of radius
20. Since the modulus of continuity of the af‘j is locally bounded in €2, by the

interior Calderon-Zygmund estimate Theorem A.2
lurllwanip,) < c2lllurllLn(Byy) + I1f 127 (Byy))

for all k € N and some constant ¢, which depends on ¢ and the position of B,. It
follows from reflexivity that u € Wz'"(BQ) and upy — uin Wz'”(BQ) ask — oo
after extraction of a subsequence. Since —Azuy; = f, it follows that —Au = f. In
fact, since uy — u weakly in Wz’”(BQ), it follows that 0;jux — 9;ju in L"(B,) as
k — o0. Thus s1;p 10;jukllLr(B,) < oo. It follows that

(af; — aij)d;jux — 0 in L"(By) as k — oo

and consequently afj Ojjux — a;jo;juin L"(By). O

3. The Dirichlet problem

In this section we show the equivalence between well-posedness of the Poisson
problem

—Au = f

(P) — 4

Uy
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and the Dirichlet problem

Au =0
(D) _

Upe = 8
where f € L"(Q2) and g € C(9%) are given. We consider the operator A defined
in the previous section and define its realization A in L"(2) (recall that 2 C R")

by

D(A) = {u € Co() N WE(Q) : Au € L"(Q))
Au = Au .

Thus the Poisson problem can be formulated in a more precise way by asking under
which conditions A is invertible (i.e. bijective from D(A) to L"(2) with bounded
inverse A”! 1 L"(Q) — L*(Q)). By Aleksandrov’s maximum principle, A is
always injective. Note that for u > 0, the operator A — u := A — u/ has the same
form as A (the order-0-coefficient ¢ being just replaced by ¢ — w).

Proposition 3.1. The operator A is closed, injective and has closed range. If A is
invertible, then the operator A obtained by replacing the coefficient of order 0 by
another coefficient 0 > ¢ € L°°(R2) is also invertible. In particular, if A — o has
dense range in L (2) for some o > 0, then A — w is invertible for all u > 0,

Proof. By the Aleksandrov maximum principle (Theorem A.1) there exists a con-
stant ¢; > 0 such that

lulloo < c1linu — AullLr (o) (3.1)

forallu € D(A), u > 0. In order to show that A is closed, let uy € D(A) such that
ur — uin L"(2) and Auy — f in L"(2). It follows from (3.1) that u € Cy(2)
and hm ur = u in Co(2). Let By, be a ball of radius 2o such that B2Q C 2. By

the Calderon -Zygmund estimate (Theorem A.2)
g — wuellwan(p,) = colllux —uellLn(Byy) + 1Ak — ue)llLn(B,,)) -

It follows that (uy)ren converges to u in Wz’”(BQ). Consequently Aup — Au in
L"(B,). Thus Au = f on B,. Since the ball is arbitrary, it follows that u € D(A)
and Au = f. We have thus shown that A is closed. Now it follows from (3.1)
that the range of A is closed. Next we show that invertibility is independent of
the choice of the coefficient of order 0. Assume that A is invertible. Consider
A(t) = A+ t(¢c — c), which corresponds to replacing ¢ by ¢ + #(¢ — ¢), which is
still <0 for ¢t € [0, 1]. Moreover, D(A(t)) = D(A). We want to show that A(1) is
invertible. The set

M :={t €]0,1]: A(t) is invertible}
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contains ¢ = 0 by hypothesis. Since u > (¢ — c)u is a bounded operator on L"(2),
the set M is open. In fact, assume that A(fp) is invertible. If

It — tolllc — Ell L@ I AG) ey < 1,
then S := I — (t — to)(c — &)A(to)~! is invertible in L(L"(S2)) by the Neumann

series. It follows that A(r) = SA(1p) is invertible.
It remains to show that M is closed. Let t; € M such that klim tr = to. Let

—00
f € L"(2). There exist uy € D(A) such that A(fx)ur = f. By Aleksandrov’s
maximum principle we have

lurlloo < cill flln@y (k€N).

Moreover,

A(ty) (ug —ug) = (A(te) — A((t))ue
= (tg — ) (C —ug .

From Aleksandrov’s maximum principle we conclude now that

2 ~
luk — uelloo < cilte — tl I = cllooll fllzn () -

It follows that lim u; = u exists in Co(£2). Observe that

k—o00
Aup = At )uy — t (¢ — c)uy
= f—1t(C—Juk

converges to f — f9(¢ — ¢)u in Co(2) and hence in L"(2). Since A is closed, it
follows that u € D(A) and Au = f —to(¢ — c)u; i.e., A(to)u = f. We have shown
that A(#p) is surjective. As noted before, A(fy) is injective. Hence g € M. O

We call a function u on Q A-harmonic if u € Wli’cp (2) for some p > 1 and
Au = 0. By [9, Theorem 9.16] each .A-harmonic function « is in () Wli’cq(Q).
g>1

Given g € C(3%2), the Dirichlet problem consists in finding an .A-harmonic func-
tion u € C(2) such that u),, = g. We say that Q is A-regular if for each
g € C(022) there is a solution of the Dirichlet problem. Uniqueness follows from
the maximum principle [9, Theorem 9.6]

—llup,, llcoey < u(x) < lluflcoo (3.2)

for all x € Q, which holds for each A-harmonic function u € C (). In particular,

lulle@) = lullcwoo) - (3.3)
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Theorem 3.2. If the operator A is invertible then Q is A-regular. Conversely, if
a;j € C(RQ) and Q is A-regular, then A is invertible.

Thus for a;; € C(Q) well-posedness of the problems (P) and (D) are equiva-
lent.

For the proof we need the following lemma which we learnt from H. Amann.
We are grateful to him for the permission to include it. Recall from the Introduction
that we assume throughout that a;; = a;;.

Lemma 3.3. a) There exist a;; € CP(R™) such that ajj = aji, a;j(x) = a;j(x) if
x € Qand
n A )
D @i > lE]
ij=1
forall¢ e R", x € Q.

- n
b) There exist all‘i € C®(Q) such that afj = a]/‘.i, > af‘j(x)Eir;&j > %|§|2 and
| T j=1

lim a%.(x) = a;j(x) uniformly on Q.
k—oo Y

Proof. a) Let b;; : R" — R be a bounded, continuous extension of a;; to R".
Replacing b;; by w, we may assume that b;; = bj;. Since the function ¢ :
n
R" x S — R given by p(x,£) := > bij(x)&;&; is continuous and Sli=1(t e
i,j=1
R"™ : |&] = 1} is compact, the set Q2 := {x € R" : ¢p(x,&) > % forall € € S}
is open and contains Q. Let 0 < ¢1, 9o € C(R") such that ¢ (x) + @a(x) = 1

forall x € R" and go(x) = 1 forx € R" \ Qp,¢1(x) = 1 for x € Q. Then
ajj = 1bij + %(pz& ; fulfills the requirements.

b) Let (ox)ren be a mollifier satisfying suppor C By/x(0). Then a{‘/. = a;j *
or € C*(R") and klim af‘j(x) = G;j(x) = a;j(x) uniformly in x € Q. If { <
—00
dist(0€21, ), then forx € 2, & € R”
n n
Z azkj(x)“?iéj = / Z ajj(x — y)é&i&jor(y) dy
L= y<i/k =
> () dy ==
=9 Qk\y)ay = 5 B
Iyl<1/k

Proof of Theorem 3.2. a) Assume that A is invertible.

First step. Let g € C(0L2) be of the form g = G, where G € C%(Q). Then
AG € L"(Q). Let v = A~'(AG), then u := G — v solves the Dirichlet problem
for g.
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Second step. Let g € C(9R2) be arbitrary. Extending g continuously and mollifying
we find gx € C(92) of the kind considered in the first step such that g = klim 8k
—00

in C(092). Let uy € C(S_Z) be A-harmonic satisfying ux|pe = gk. By (3.3) u =
lim uy existsin C(). In particular, ulso = g. Let By, C 2. Then by the

k—00
Calderon-Zygmund estimate Theorem A .2

||Mk||W2,p(BQ) = CQ””kHLP(Bzg) =< CQC””k”c(Q)

(remember that Auy = 0). Thus (uy)ren is bounded in W7 (By). Passing to a
subsequence, we can assume that u; — u in W27 (By). This implies that Au = 0
in B,. Since the ball is arbitrary, it follows that u is A-harmonic. Thus u is a
solution of the Dirichlet problem (D).

b) Conversely, assume that Q is A-regular. Let f € L"(€2). We want to find
u € D(A) such that Au = f. Let B be a ball contalmg Q and extend f by 0 to B.
Then by Theorem 2.4 we find v € Co(B) N Wloc (B) such that Av = f. Here A is
an extension of A to the ball B according to Lemma 3.3a). Let ¢ = v|,,. Then by
our assumption there exists an .A-harmonic function w € C(L) such that w|,, = g.
Letu = v —w. Thenu € Co(Q)ﬁW1 "(Q)and Au = Av = f;ie. u € D(A)
and Au = f. We have shown that A is surjective, which implies invertibility by
Proposition 3.1. O

Corollary 3.4. Assume that one of the following two conditions is satisfied:

a) 2 is Wiener regular and the coefficients a;; are globally Lipschitz continuous,
or B
b) the a;j are in C(82) and 2 satisfies the exterior cone condition.

Then Q is A-regular. More generally, for all f € L"(2), g € C(02) there exists a
unique u € C($) N Wli’C"(Q) satisfying

—Au = f
Uje = § -
Proof. Since A is closed by Proposition 3.1 it follows from Theorem 2.1 (in the case
a)) and from Theorem 2.4 (in the case b)) that A is invertible. Thus Q2 is A regular
by Theorem 3.2. Let f € L"(£2), g € C(32). Since Q2 is A-regular, there exists an
A-harmonic function u; € C(£2) such that ut,, = 8- Since A is invertible, there
exists a function ug € CO(SZ) N W120’C" (R2) such that —Aug = f. Letu := up + u;.

Then u € C(Q) N W1 "(Q), u,, = g and —Au = f. Uniqueness follows from
Theorem A.1. O

For the Laplacian A = A, A-regularity is Wiener regularity as defined in the
beginning of Section 1. It is a most interesting question how .4-regularity and A-
regularity are related. In general it is not true that A-regularity implies Wiener
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regularity. In fact, K. Miller [14] gives an example of an elliptic operator .4 with
ajj € C(Q) and bj = ¢ = 0 such that the pointed unit disc {x € R2:0 < |x| < 1}
is A-regular even though it is not A-regular. The other implication seems to be
open (it is known to be false for non-continuous measurable coefficients, see [13]).
The fact that the uniform exterior cone property (which is much stronger than A-
regularity) implies A-regularity (Corollary 3.4) had been proved before by Krylov
[10, Theorem 5] with the help of partially probabilistic methods. If 2 is merely
A-regular, then it seems not to be known whether € is A-regular. Known results
concerning this question are based on further restrictive conditions on the coeffi-
cients a;;. By Theorem 2.1 in connection with Theorem 2.2 we obtain a positive
answer for globally Lipschitz continuous a; ;. The best result seems to be [10, The-
orem 4] which goes in both directions: If the a;; are Dini-continuous (in particular,
if they are Holder-continuous), then 2 is A-regular if and only if 2 is A-regular.

Things are different in the isotropic case (i.e. if a;; is independent of i, j €
1, ..., n): In that case, for merely measurable a;; the operator A is invertible if and
only if 2 is Wiener regular, see [3].

4. Generation results

An operator B on a complex Banach space X is said to generate a bounded holo-
morphic semigroup if (A — B) is invertible for Re > > 0 and

sup [|A(X — B)_1 | <oo.
Re >0
Then there exist 6 € (0, 7/2) and a holomorphic bounded function 7 : ¥y —
L(X) satisfying T'(z1 + z2) = T (z1)T (z2) such that
lim '8 = T(r) in L(X) (4.1)

n—oo

for all + > 0, where B, = nB(n — B)™! € L£(X). Here % is the sector Xy :=
{rei® . r >0, |a| < 6}.

If B is an operator on a real Banach space X we say that B generates a bounded
holomorphic semigroup if its linear extension B¢ to the complexification X¢ of X
generates a bounded holomorphic semigroup 7¢ on Xc. In that case Tc(1) X € X
(see [12, Corollary 2.1.3]); in particular 7 (¢) := Tc(t);x € £(X). Wecall T =
(T (t))+=0 the semigroup generated by B. It satisfies 138 T(t)x =xforallx € X

(i.e., it is a Co-semigroup) if and only if D(B) = X. We refer to [12, Chapter 2]
and [2, Sec. 3.7] for these facts and further information. ~
In this section we consider the parts A. and Ag of A in C(2) and Co(R2) as
follows:
D(A.) = {u € Co(R) N W2 (Q) : Au € C(Q))
Acu = Au and
D(Ap) := {u € Co(R2) N W]%’C”(Q) : Au € Cy(Q)}
Aou = Au .
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Thus A, is the part of A in C(Q) and A the part of A, in Co(£2). Note that

D(Ao) € D(Ac) € N Wli’cq by [9, Lemma 9.16]. The main result of this section
g>1
is the following.

Theorem 4.1. Assume that the a;j are in C (Q) and that Q is A-regular. Then A,
generates a bounded holomorphic semigroup T on C(2). The operator Ay gener-
ates a bounded holomorphic Cy-semigroup To on Co(S2). Moreover, T (t)Co(2) C
Co(R2) and

To(t) = T(t)|CO(Q) .

Recall that 2 is A-regular if one of the following conditions is satisfied:

(a) €2 satisfies the uniform exterior cone condition or

(b) €2 is Wiener regular and the coefficients a;; are Dini-continuous.
In particular, 2 is A-regular if

(") Q is a Lipschitz-domain or

(b’) €2 is Wiener-regular and the a;; are Holder continuous.

In the following complex maximum principle (Proposition 4.3) we extend A to the
complex space Wli’cp (€2) without changing the notation. We first prove a lemma.

Lemma 4.2. Let B C 2 be a ball of center xo and let u € W>P(B), p > n, be a
complex-valued function such that Au € C(B). If |u(xo)| > |u(x)| for all x € B,
then

Re [uCxo)(Au)(x0)] <0
Proof. We may assume that xo = 0. If the claim is wrong, then there exist ¢ > 0
and a ball B, C B such that Re [u(x)(.Au)(x)] > ¢eon By.
Since d;|u|*> = (3;u)ii + udju = 2Re [d;uii], and d;; (uit) = (3;;u)ii + d;ud;u +
djud;u + ud;ju, and since by ellipticity

Re Zaijaiuaj_-u >0, Re Zaijajuai_u >0,
ij iJ

it follows that

Alul® = Re Y~ aij(@;ju)ii +Re Y ajjud;ju
i i

+> " bj2Re [8;uil] + cui
j
> 2Re (Auit) > 2¢ on B, .

Lety(x) = |u|2 — r|x|2, 7 > 0. Choosing 7 > 0 small enough, we have A|y| > ¢
on B,.
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Since Y € WZ’P(BQ) N C(B_Q), and since —A|y¥| < —¢ on B,, by Aleksandrov’s
maximum principle [9, Theorem 9.1], see Theorem A.1, it follows that

[u(0)]* = [¢(0)] < sup ¥

3B, (0)
= sup |u|* — 10’

3B, (0)
< |u(0)]* — 0* < [u(0)|?,

a contradiction. For the last inequality we used the hypothesis on xo = 0. O

Proposition 4.3 (complex maximum principle). Ler u € C(22) N WI%)’C"(Q) such
that \u — Au = 0 where Re A > 0. If there exists xo € 2 such that |u(x)| < |u(xp)|
forall x € 2, then u = 0. Consequently,

max |u(x)| = max |u(x)| .
o F19)

Proof. If |u(x)| < |u(xo)| for all x € 2, then by Lemma 4.2, Re [u(xo)(/lu)(xo)] <
0. Since Au = Au, it follows that

Re Alu(xo)|? = Re [uCx) (Am)(xo) | <0.
Hence u(xg) = 0. ]

Next, recall that an operator B on a real Banach space X is called m-dissipative
if A — B is invertible and

AMlA=B) "' <1 forall A>0.

Now we show that the operator A. is m-dissipative and that the resolvent is
positive (i.e., maps non-negative functions to non-negative functions).

Proposition 4.4. Assume that A is invertible. Then A. is m-dissipative and (A —
A~ >0 for x> 0.

Proof. Let A > 0. Since by Theorem 3.2 the operator (A — A) is bijective, also
(A — A,) is bijective.

a) We show that (A — A.)"! > 0. Let f € C(Q), f < 0,u := (A — A)" ' f.
Assume that ut # 0. Since u € Co(R2), there exists xo € Q2 such that u(xg) =
méx u > 0. Then by Lemma 4.2, Au(xo) < 0. Since Au — Au = f, it follows that

Au(xg) < f(xg) <0 a contradiction.

b)Let f € C(Q), u = (A — Ao)~" f. We show that [[Aull¢q) < | fll¢(q)- Assume
first that f > 0, f # 0. Thenu > O by a)and u # 0. Let xo € Q2 such
that u(xg) = ||“||C(s'2)- Then (Acu)(xp) < 0 by Lemma 4.2. Hence Au(xg) <
au(x0) — (Ac)(x0) = f(x0) < [ fllcegy-

If f e CQ) is arbitrary, then by a) [(A — A7V < (0 — A7V f] and so
AL — Ac)_lf”C(Q) < ||f||c(§z)- O
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Now we consider the complex extension of A, (still denoted by A.) to the
space of all complex-valued functions on €2 which we still denote by C(£2). Our
aim is to prove that for Re A > 0 the operator (A — A.) ! is invertible and

M
r— AN < —,
Il ) ”_IM

where M is a constant. For that, we extend the coefficents a;; to uniformly contin-
uous bounded real-valued functions on R” satisfying the strict ellipticity condition

d _ A
Re ) aij(0&é; = &l
i,j=1

(¢ € R", x e R"), keeping the same notation, see Lemma 3.3a). We extend b;, c to
bounded measurable functions on R” such that ¢ < 0 (keeping the same notation).
Now we define the operator B, on L*°(IR") by

D(Bx) := {u € () Wl R : u, Bu € L¥(R")}

p>1
where Bsou = Bu,
d d
Bu = Y ajdyu+ Y bjdju+cuforue Wl (R
i,j=1 j=1

We will show that the operator By is sectorial (Theorem 4.6 below). This is proved
in [12, Theorem 3.1.7] under the assumption that the coefficients b ;, c are uniformly
continuous. We give a perturbation argument to deduce the general case from the
case bj = ¢ = 0. The following lemma shows in particular that the domain of Boo
is independent of b; and c.

Lemma 4.5. One has D(Bso) C W (R"). Moreover, for each ¢ > 0 there exists
ce > 0 such that

el wr.coqmny < €llBoottll Loo(rny + ce llull Loo ()
forallu € D(B).

Proof. Consider an arbitrary ball By in R" of radius 1 and the corresponding ball
Bj of radius 2. Let p > n. Since the injection of W2P(By) into C!(B) is compact,
for each ¢ > 0 there exists ¢, > 0 such that

luller g, < ellullwepgg,) + cilullieg,) -
By the Calderon-Zygmund estimate this implies that

lullcrg,y = ec1llBoottllLoo(sy) + llttllLoo(By))

+cpllullzoo (s

IA

et || Boot || Loomny + (ec1 + ¢L) - lull Loomny -
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Since ||u|| wioorny = sup [lullc1 (B> where the supremum is taken over all balls of

radius 1 in R”, the clairlill follows. O

Theorem 4.6. There exist M > 0, w € R such that (. — Byo) is invertible and
120 = Bo) ' <M (Rekr > ).

Proof. Denote by Bgo the operator with the coefficients b, ¢ replaced by 0. Lemma
4.5 implies that D(BY,) = D(Bwo) and (applied to BY,) that

(Boo — B )ull ooy < &l BLull poowny + |l Loo gy

forall u e D(Bgo), e > 0 and some ¢, > 0. Since Bgo is sectorial by [12, Theorem
3.1.7] the claim follows from the usual holomorphic perturbation result [2, Theorem
3.7.23]. O

Now we use the maximum principle, Lemma 4.2, to carry over the sectorial
estimate from R” to 2. This is done in a very abstract framework by Lumer-Paquet
[11], see [6, Section 2.5] for the Laplacian.

Proof of Theorem 4.1. Let w be the constant from Theorem 4.6 and let Re A >
w, feC(Q),u=(—A)"'f. Then

weCo(N [\ Wel (@) and Au—Au=f.
p>1

Extend f by 0 to R” and let v = (A — Boo) ™' f. Then Av — Av = f on 2 and
[Aviieo@) = Ml fli¢q) by Theorem 4.6. Moreover, w := v —u € C(£2) N
N WP (), \w — Aw = 0 on  and w(z) = v(z) for all z € 3. Then by the
p=1

camplex maximum principle Proposition 4.3,

M
lwlc@ = grelgé lv(z)| < m”f”c(fz) :

Consequently,
||”||c(§z) = lu—v+ v”C(Q)
=< ||w||c(g'2) + ||U||c(§2)
2MIIfII O
T e

This is the desired estimate which shows that A, is sectorial. By [12, Proposition
2.1.11] there exist a sector Xg +w := {w+re'® :r > 0, |a| < 0} with0 € (%, 7),
w > 0, and a constant M; > 0 such that

A= Ac)f1 exists for A € g +w and ||A(A — Ac)71|| <M.



432 WOLFGANG ARENDT AND REINER MICHAEL SCHATZLE

Thus there exists 7 > 0 such that (A — A.) is invertible and |A(A — A.) ! < M
whenever ReA > 0 and |A| > r. Since A is invertible by Theorem 3.2, it follows
that A, is bijective. Since the resolvent set of A, is nonempty, A, is closed. Thus A,
is invertible. Since by Proposition 4.4 A, is resolvent positive, it follows from [2,
Proposition 3.11.2] that there exists € > 0 such that (A — A.) is invertible whenever
Re A > —e. As a consequence,

sup AL — Ao) "M < 00

Together with the previous estimates this implies that
16— A0 < My

whenever ReA > 0 for some constant M,. Thus A, generates a bounded holo-
morphic semigroup 7 on C(2). Since D(A.) C Co(R2) and D(Q) C D(A.)
it follows that D(A.) = Co(f2). The part of A, in Co(R2) is Ag. So it follows
from [12, Remark 2.1.5, Proposition 2.1.4] that Ag generates a bounded, holomor-
phic Cp-semigroup Tp on Co(2) and Tp(?) = T(t)\co(m on Co(£2). O

If the coefficients a;; are merely in C(2) N L°°(R2) as in our standing hy-
pothesis we cannot extend the operator to R” and our proof of analyticity of the
semigroup breaks down. But we still obtain a Cy-semigroup on Cp(£2)

More precisely, we have the following result.

Proposition 4.7. Assume that 2 satisfies the uniform exterior cone condition. Then
Aq generates a positive, contractive, irreducible Cy-semigroup on Co(2). More-
over,

ITON < Me™ (t > 0)

or some >0, > 0. e resolvent — A s compact or a EQ 0)-
M >0 0.Th [ (A— Aog)~ti Il x € 0(Ag)

Proof. By Theorem 2.4 the operator A is invertible. It follows from Proposition 4.3
that Ay is m-dissipative. Since D(Ap) is dense, by the Lumer-Phillips Theorem the
operator A generates a positive, contractive Cp-semigroup (7p(?));>0 on Co(€2). It
follows from Theorem A.3 that D(Ag) C C*(£2). Since the embedding of C¥(2)
into C(R) is compact, it follows that the resolvent of Aq is compact. Since the
resolvent is positive by Proposition 4.3, it follows from [2, 3.11] that the semigroup
is positive.

Next show that u := (A—Ao)_lf is strictly positive if 0 < f € Co(R2), f # 0.
Assume that u(x) < 0 for some x € Q. Letv = —u. Then Av —Av = f > 0. It
follows from the maximum principle [9, Theorem 9.6] that v is constant. Since v €
Co(€2), it follows that v = 0. Hence also f = 0. This proves the claim. It follows
from [16, B-II1.3.1] that the semigroup (7o (t))s>0 is irreducible. [2, Theorem 5.3.8]
implies that the semigroup is exponentially stable. O
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A. Results on elliptic partial differential equations

In this section, we collect some results on elliptic partial differential equations,
which can be found in text books, for example [9]. We consider the elliptic operator
A from the Introduction.

Theorem A.1 (Aleksandrov’s maximum principle, [9, Theorem 9.1]). Let f €
L), u € C(Q) N W2 () such that

-Au < f.

Then
supu < suput + 1l fH e
Q 90

where the constant c| depends merely on n, diam 2, the ellipticity constant A and
16y, j =1...,n. Consequently, ifu € Co(2) and —Au = f, then

lullLe@) < c1ll fllzn )
andu <0if f <0.

For the next two results we assume that the ellipticity constant A > 0 is so

1
small that [|a;j L, [1bjllLe . llcllLe < £

Theorem A.2 (Interior Calderon-Zygmund estimate, [9, Theorem 9.11]).
Let By, be a ball of radius 2¢ such that By, C 2, and let u € Wz’p(Bzg), where
1 < p < oo. Then

lullw2r s, < coUlAullLP(By,) + ullLr(8,,))

where By, is the ball of radius o concentric with By, . The constant ¢ merely depends
on A, n, o, p and the continuity moduli of the a;;.

Theorem A.3 (Holder regularity, [9, Corollary 9.29]). Assume that Q satisfies
the uniform exterior cone condition. Let u € Cp(2) N Wli’c"(Q) and f € L"(Q)
such that —Au = f. Thenu € C*(Q2) and

lullce@) = CUIfllzr@) + llullp2)
where a > 0 and ¢ > 0 depend merely on 2, A and n.

In [9, Corollary 9.29] it is supposed that u € W>"(2). But an inspection of
the proof and of the results preceding [9, Corollary 9.29] shows that u € Wli’cn ()
suffices. The above Holder regularity also holds for solutions of equations in diver-
gence form when the right-hand side f is in LY (S2) for some g > %, see [9, Theo-
rem 8.29].
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