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Bootstrap regularity for integro-differential operators
and its application to nonlocal minimal surfaces

BEGONA BARRIOS, ALESSIO FIGALLI AND ENRICO VALDINOCI

Abstract. We prove that CL% s minimal surfaces are of class C®°. For this,
we develop a new bootstrap regularity theory for solutions of integro-differential
equations of very general type, which we believe is of independent interest.
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1. Introduction

Motivated by the structure of interphases arising in phase transition models with
long range interactions, in [4] the authors introduced a nonlocal version of minimal
surfaces. These objects are obtained by minimizing a “nonlocal perimeter” inside
a fixed domain Q: fix s € (0, 1), and given two sets A, B C R", let us define the

interaction term
dx dy
L(A,B) =
B lx — ynts’

The nonlocal perimeter of E inside €2 is defined as

Per(E, Q,s) :=L(ENQ,(R"\ E)NQ)
+L(ENQ, (R"\ E)N[R"\ Q)
+L((R"\E)NQ, EN[R"\ Q).

Then nonlocal (s-)minimal surfaces correspond to minimizers of the above func-
tional with the “boundary condition” that E N (R"\2) is prescribed.

It is proved in [4] that “flat s-minimal surface” are C Le for all @ < s, and
in [1,9,10] that, as s — 17, the s-minimal surfaces approach the classical ones,
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both in a geometric sense and in a I'-convergence framework, with uniform esti-
mates as s — 17. In particular, when s is sufficiently close to 1, they inherit some
nice regularity properties from the classical minimal surfaces (see also [8,13,14] for
the relation between s-minimal surfaces and the interfaces of some phase transition
equations driven by the fractional Laplacian).

On the other hand, all the previous literature only focused on the C'* regular-
ity, and higher regularity was left as an open problem. In this paper we address this
issue, and we prove that C!** s-minimal surfaces are indeed C*°, according to the
following result':

Theorem 1.1. Let s € (0, 1), and 9 E be an s-minimal surface in K g for some R >
0. Assume that

IENKr ={(x',x,) : x' € B;’(l and x, = u(x)} (1.D
for some u : B;’(l — R, withu € Cl’“(Bf{l)for any o < s and u(0) = 0. Then
ueC*®By") Vpe©R).

The regularity result of Theorem 1.1 combined with [4, Theorem 6.1] and [10,
Theorems 1, 3, 4, 5], implies also the following results (here and in the sequel,
{e1, en, ..., ey} denotes the standard Euclidean basis):

Corollary 1.2. Fix s, € (0,1). Let s € (s, 1) and 0E be an s-minimal surface
in Bg for some R > 0. There exists €, > 0, possibly depending on n, s, and o, but
independent of s and R, such that if

IENBr S {|x - en| < &R}
then 0E N Brys is a C*°-graph in the e,-direction.
Corollary 1.3. There exists €, € (0, 1) such that if s € (1 — €,, 1), then:

e Ifn <7, any s-minimal surface is of class C*;
e Ifn = 8, any s-minimal surface is of class C*™ except, at most, at countably
many isolated points.

! Here and in the sequel, we write x € R" as x = (x/, x,,) € R"~1 x R. Moreover, givenr > 0
and p € R", we define

Kr(p) ={x eR" : |x' — p'| <rand |x;, — pul| <r).
As usual, By (p) denotes the Euclidean ball of radius r centered at p. Given p’ € R* !, we set
Bl (ph) = e R X = pl| <7}

We also use the notation K, := K, (0), B := B, (0), Brnf1 = Bffl(O).
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More generally, in any dimension n there exists €, € (0, 1) such that if s € (1 —
€n, 1) then any s-minimal surface is of class C outside a closed set ¥ of Hausdorff
dimension n — 8.

Also, Theorem 1.1 here combined with [15, Corollary 1] gives the following
regularity result in the plane:

Corollary 1.4. Let n = 2. Then, for any s € (0, 1), any s-minimal surface is a
smooth embedded curve of class C*°.

In order to prove Theorem 1.1 we establish in fact a very general result about
the regularity of integro-differential equations, which we believe is of independent
interest.

For this, we consider a kernel K = K (x, w) : R” x (R" \ {0}) — (0, +00)
satisfying some general structural assumptions. In the following, o € (1, 2).

First of all, we suppose that K is close to an autonomous kernel of fractional
Laplacian type, namely

there exist ag, ro > 0 and n € (0, ap/4) such that
—lww;oi(fx’ W) | <n Vxe B we By (0). (2
Moreover, we assume that?
there exist k € N U {0} and C; > 0 such that
K e C1(By x (R"\ {0])),

Ck (1.3)
|w|nto+10]

Vu,0 e N, jul +10] <k+1, weR"\ {0}

18492 K (-, w) || Loo(By) <

Our main result is a “Schauder regularity theory” for solutions® of an integro-
differential equation. Here and in the sequel we use the notation
Su(x,w) :=ulx +w) +ulx —w) —2u(x). (1.4)

Theorem 1.5. Leto € (1,2),k € NU{0}, and u € L°°(R") be a viscosity solution
of the equation

/ K(x,w)éu(x, w)ydw = f(x, u(x)) inside Bj, (1.5)

with f € CKT1(B; x R). Assume that K : By x (R" \ {0}) — (0, +-00) satisfies
assumptions (1.2) and (1.3) for the same value of k.

2 Observe that we use | - | both to denote the Euclidean norm of a vector and, for a multi-index
case @ = (&, ..., ) € N to denote |a| := a1 + - - - + a,. However, the meaning of | - | will
always be clear from the context.

3 We adopt the notion of viscosity solution used in [5-7].
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Then, if n in (1.2) is sufficiently small (the smallness being independent of k),
we have u € CKTo+%(By ) for any a < 1, and

lullcrtotacp, ,) < C (14 Null Loy + I f I (B, xR)) - (1.6)

where* C > 0 depends only onn, o, k, Cy, and ||f||ck+l(31 <R)-

Let us notice that, since the right-hand side in (1.5) depends on u, there is no
uniqueness for such an equation. In particular it is not enough for us to prove a-
priori estimates for smooth solutions and then argue by approximation, since we do
not know if our solution can be obtained as a limit of smooth solution.

We also note that, if in (1.3) one replaces the C¥*!-regularity of K with the
C*P_assumption

Cr

GEEE 4.7

10295 K (-, w) | cos ;) <

for all || + |0] < k, then we obtain the following:

Theorem 1.6. Leto € (1,2), k € NU{0}, and u € L (R") be a viscosity solution
of equation (1.5) with f € CKB(By x R). Assume that K : B; x (R" \ {0}) —
(0, 4-00) satisfies assumptions (1.2) and (1.7) for the same value of k.

Then, if n in (1.2) is sufficiently small (the smallness being independent of k),
we have u € CKTo+% (B, ) for any a < B, and

lullcretotacp, ,) < C (14 Null Loy + I f Iz (B, xR)) -
where C > 0 depends only onn, o, k, Cy, and || f | cx.p (B, xR) -

The proof of Theorem 1.6 is essentially the same as the one of Theorem 1.5, the
only difference being that instead of differentiating the equations (see for instance
the argument in Section 2.4) one should use incremental quotients. Although this
does not introduce any major additional difficulties, it makes the proofs longer and
more tedious. Hence, since the proof of Theorem 1.5 already contains all the main
ideas to prove also Theorem 1.6, we will show the details of the proof only for
Theorem 1.5.

The paper is organized as follows: in the next section we prove Theorem 1.5,
and then in Section 3 we write the fractional minimal surface equation in a suitable
form so that we can apply Theorems 1.5 and 1.6 to prove Theorem 1.1.

4 As customary, when o + o € (1,2) (respectively 0 + « > 2), by (1.6) we mean that u €
ckt+lota-l (B12) (respectively u € ckt2.ota—1 (B1/2))- (To avoid any issue, we will always
implicitly assume that « is chosen different from 2 — o, so that o + o 7# 2.)
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2. Proof of Theorem 1.5

The core of the proof of Theorem 1.5 is the step k = 0, which will be proved in
several steps.

2.1. Toolbox

We collect here some preliminary observations on scaled Holder norms, covering
arguments, and differentiation of integrals that will play an important role in the
proof of Theorem 1.5. This material is mainly technical, and the expert reader may
go directly to Section 2.2 at page 619.

2.1.1. Scaled Holder norms and coverings

Given m € N,a € (0,1), x € R", and r > 0, we define the C"*-norm of a
function u in B, (x) as

|IDYu(y) — D"u(z)|
”u“Cm,oz(Br(x)) = Z ||Dyu||LOO(Br(.X)) + Z sup -~ )
lyl<m ly |[=m Y#Z€Br(x) ly —zl

For our purposes it is also convenient to look at the following classical rescaled
version of the norm:

m
llEmacs, oy = > > 1D ull s,y
J=01lyl=j

|D"u(y) — D" u(z)|
r sup .

+ m+a
ly|=m Y#2€B; (x) ly —z|*

This scaled norm behaves nicely under covering, as the next observation points out:

Lemma 2.1. Letm € N, a € (0,1), p > 0, and x € R". Fix . € (0, 1), and
suppose that B, (x) is covered by finitely many balls { B, /z(xk)},i\’:l. Then, there
exists C, > 0, depending only on A and m, such that

N

el Eme s, e < Co Y NullEmes, -
k=1
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Proof. We first observe that,if j € {0, ..., m} and |y| = j,

.....

N
<A 00 DY ]| Lo (B (0

k=1
N
AT ullEmas, -
k=1
Now, let || = m: we claim that
Y —_ DY N
+o [IDYu(y) — DY u(z)| —(m+a) %
pm sup < 2A ||u||cm,a B .
Yy#2€B,(x) ly — z|* = k; (Bp (X))

To check this, we take y,z € By(x) with y # z and we distinguish two cases.
If |y — z| < Ap/2 we choose k, € {1, ..., N} such that y € By, 2(x,). Then [z —
Xk,| < |z =yl + 1y — x| < Ap, which implies y, z € B, (x,), therefore

pm+a|D”u(y) —D'u@| _ P sup |DYu(y) — DVu(2)|

~ ~ ~
Iy =z FAZEBy, (vh,) |y —z|*

—(m+
<A (m a)||u||"ém’a(3)tp(x1m)).
Conversely, if |y — z| = Ap/2, recalling that « € (0, 1) we have
D”u(y) — D" u(z)|

m+a |

ly — z|* < 207%™ IDY ull oo (B, (x)
N
< 27" Y DY ull 1By, ()
k=1
N
< 27N a0y
k=1
This proves the claim and concludes the proof. D

Scaled norms behave also nicely in order to go from local to global bounds, as
the next result shows:

Lemma 2.2. Letm € N, «a € (0, 1), and u € C™“(By). Suppose that there exist
w € (0,1/2) and v € (u, 1] for which the following holds: for any € > 0 there
exists Ae > 0 such that, for any x € By and anyr € (0, 1 — |x|], we have

||u||z‘mq0t(3ur(x)) g Ae + E”””zm.a(Bvr(x))- (21)

Then there exist constants €,, C > 0, depending only on n, m, u, v, and o, such
that
lullcme(s,) < CA,.
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Proof. First of all we observe that

lulleme s, @)y < lulleme @, q) < lullemes,

because r € (0, 1), which implies that

Q:= sup ||M||zm»a(B,u(x)) < +00.
XEB
re(0,1—|x|]

We now use a covering argument: pick A € (0, 1/2] to be chosen later, and fixed
any x € By andr € (0,1 — |x|] we cover B, (x) with finitely many balls

{me/z(xk)}/iv:l, with x; € By, (x), for some N depending only on A and the
dimension n. We now observe that, since u < 1/2,

|xg| +7r/2 < |xgp — x|+ x| +r/2 < ur+|x|+r/2<r+ x| <1 2.2)

Hence, since A < 1/2, we can use (2.1) (with x = x; and r scaled to Ar) to obtain

el em. By () S Ne t€ el Ema sy, )

Then, using Lemma 2.1 with p := pur and A = ©/(2v), and recalling (2.2) and the
definition of Q, we get

lulemacs,, oy < Co Z”””C’”(Bw(xk))
k=1

N
< CoNAc+ Coe D Nlullfnais,, xp)
k=1

N
= CoNAc+Coe ) llullémap
k=1
< C,NA +€C,NQ.

wr/2(Xk))

Using the definition of Q again, this implies
0 < CoNAc+€CoNQ,
so that, by choosing €, := 1/(2C,N),
0 <2C,NA,.
Thus we have proved that
||u||cma(3 L) S 2CNA, Vx e By, re,1— x|,

and the desired result follows settingx =0 andr = 1. O
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2.1.2. Differentiating integral functions

In the proof of Theorem 1.5 we will need to differentiate, under the integral sign,
smooth functions that are either supported near the origin or far from it. This pur-
pose will be accomplished in Lemmata 2.5 and 2.6, after some technical bounds
that are needed to use the Dominated Convergence Theorem.

Recall the notation in (1.4).

Lemma 2.3. Letr > r' > 0,v e C3(B,),x € By, h € Rwith |h| < (r —r')/2.
Then, for any w € R" with |w| < (r —r’)/2, we have

18v(x + her, w) — 8v(x, w)| < A [w*|[v]lc3g,)-

Proof. Fixed x € B and |w| < (r —r")/2,forany h € [(r' —r)/2, (r —1')/2] we
set g(h) == v(x + he; + w) + v(x + he; — w) — 2v(x + hey). Then

lg(h) — g(O)| < || sup |g'(§)
£1<In]

< || sup [d1v(x +Eer +w) + dulx +Eep — w) — 201v(x + Eey).
1</l

Noticing that |x +&e; +w| < r' + || + |w| < r, a second order Taylor expansion
of d;v with respect to the variable w gives

910 (x +Ee1 +w) +010(x +Eer —w) =20 v(x +Een)| < WP Idvlleaeg,). (23)
Therefore
8v(x + hey, w) — Sv(x, w)| = [g(h) — gO)| < |hl [w*[[v]lcas,)-
as desired. O
Lemma24. Letr >r' > 0,v e WHO@RY), h € R. Then, for any w € R",
[6v(x + her, w) — dv(x, w)| < 4|h]||Vv] Lo ®n).

Proof. It sufficed to proceed as in the proof of Lemma 2.3, but replacing (2.3) with
the following estimate:

|01v(x 4+ Eer +w) + dv(x + Eep — w) — 201v(x + Een)| < 40vllLemn. O

Lemma25. Let £ € N, r € (0,2), K satisfy (1.3), and U € C{T*(B,). Let y =
Y1y vn) € N" with |y| < €< k+ 1. Then

a{/ K(x,w)éU(x,w)dw:f a;(K(x,w)aU(x,w))dw
n ]Rn

= Z (7’1>) . (y’l))/ 3K (x, ) 8L . wydw 24
A An)” Jrn

1<isn
0<Ai i
)\:()\1 ----- )\n)

for any x € B,.
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Proof. The latter equality follows from the standard product derivation formula,
so we focus on the proof of the first identity. The proof is by induction over |y|.
If |y| = O the result is trivially true, so we consider the inductive step. We take x
with r’ := |x| < r, we suppose that |y| < £ — 1 and, by inductive hypothesis, we
know that

gy(x) = 8}:/ K(x,w)(SU(x,w)dw:/ 0(x, w)dw
R7 R®
with

brw):= Y (”))...(}’j”))aﬁlf(x,w)@(axy‘*U)(x,w)dw.

1<i<n A
0 <y
A=Ay, hn)

By (1.3),if0 < || < (r — ')/2 then

|07 K (x + her, w) — 37 K (x, w)| < Cpysr Al [w] ™" (2.5)

Moreover, if |w| < (r —r’)/2, we can apply Lemma 2.3 with v := 8}/_)”U and
obtain

187 U)(x + her, w) — 8@ MUY, w)| < AW IU ley-s13¢g,y- (2.6)
On the other hand, by Lemma 2.4 we obtain

187U (x + ey, w) — 83 U (x, w)l < 41A118Y U o1 .-

All in all,
187U (x + ey, w) — 83 U (x, w) o
< RN | gty—2143 oy min{4, Jw?). '
Analogously, a simple Taylor expansion provides also the bound
187 U) (e, w)| < Ul ety-2142 ey min{4, [w?}. (2.8)

Hence, (1.3), (2.5), (2.7), and (2.8) give

02K (x 4 hey, w) 8L " U)(x + her, w) — 3K (x, w) 87 "U)(x, w)|
< |02 K (x + hey, w) [8(] U) (x + her, w) — 8L U (x, w)]|
+[[02K (x + ey, w) — 82K (x, w)|§ (Y " U) (x, w)]

< Cilh| min{jw|™"7, [w|>7"7},
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with C; > 0 depending only on £, C¢ and ||U || ce+2(gny- As a consequence,

16(x + her, w) — 6(x, w)| < Calh| min{lw| ™", |w|*~"°},

and, by the Dominated Convergence Theorem, we get

0(x + hey, w) —6(x,
f 05, 0 (x, w)dw = lim/ (x + her, w) —O(x, w) dw
Rn .

h—0 h
o Sy Crthen — g, ()
h—0 h
= axlgy(x)’

which proves (2.4) with y replaced by y + e;. Analogously one could prove the
same result with y replaced by y + ¢;, concluding the inductive step. O

The differentiation under the integral sign in (2.4) may also be obtained under
slightly different assumptions, as next result points out:

Lemma26. Let { € N, R > r > 0. Let U € C*T'(R") with U = 0 in Bg.
Lety = (Y1, ---, ¥n) € N* with |y| < L. Then (2.4) holds true for any x € B,.

Proof. It x € By,w € Bg—y)2 and |h| < (R—r)/2, we have that [x+w+hei| < R
and so §U (x + hey, w) = 0. In particular

SU(x + hep,w) —8U(x,w) =0

for small ~ when w € B(g_,)/2. This formula replaces (2.6), and the rest of the
proof goes on as the one of Lemma 2.5. O

2.1.3. Integral computations

Here we collect some integral computations which will be used in the proof of
Theorem 1.5.

Lemma 2.7. Let v : R" — R be smooth and with all its derivatives bounded. Let
x € By, and y, » € N", withy; > X; foranyi € {1, ..., n}. Then there exists a
constant C' > 0, depending only on n and o, such that

/ 8)’6\K(x, w) 8(8;/7Av)(x, w)dw| < C’ Ciy| ||v||C|y—M+2(Rn). 2.9

Furthermore, if
v=0 in Bjp (2.10)
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we have
‘/R” BQK(x, w) 8(8;/_kv)(x, w)dw‘ < C’CM |Vl Loo(rry. .11
Proof. By (1.3) and (2.8) (with U = v),
/Rn |02 K (x, w)| ‘a(axy‘*v)(x, w)(dw
<Cpy (nvucw(w) / [l dw + 4l ety / |w|—"—”dw),
B, R\ B,

which proves (2.9).

We now prove (2.11). For this we notice that, thanks to (2.10), v(x 4+ w) and
v(x —w) (and also their derivatives) are equal to zero if x and w lie in By /4. Hence,
by an integration by parts we see that

faQK(x,w)a(ag‘%)(x,w)dw
]Rn
= / BQK(x, w) ag_k[v(x +w) —v(x — w)] dw
RV!
=/ 8§K(x,w) ag_k[v(x—kw)—v(x—w)]dw
R"™\By/4
= (—D)lr=* / OOy TK (x, w) [v(x + w) — v(x — w)]dw.
R™\ By 4

Consequently, by (1.3),

/a;K(x,w)a(af%)(x,w)dw‘

< 2C)y) vl Loown) / lw| 7" =M g,
R™\ By /4

proving (2.11). U

2.2. Approximation by nicer kernels

In what follows, it will be convenient to approximate the solution u of (1.5) with
smooth functions u, obtained by solving equations similar to (1.5), but with kernels
K. which coincide with the fractional Laplacian in a neighborhood of the origin.
Indeed, this will allow us to work with smooth functions, ensuring that in our com-
putations all integrals converge. We will then prove uniform estimates on u,, which
will give the desired C?%-bound on u by letting & — 0.
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To simplify the notation, up to multiply both K and f by 1/ap, we assume
without loss of generality that the constant ag in (1.2) is equal to 1.
Let n € C*°(R") satisfy

_ 1 inBl/z,
= 0 inR”\B3/4,

and for any ¢, § > 0 set n.(w) := n(%) for any ¢ > 0, 5(x) := 8 "n(x/8). Then
we define

Ko, ) = e () o (1= e (w)) Ko 6, w), 2.12)
lw]
where
Ro(x, w) := K(x, w) * (ﬁgz(x)ﬁgz(w)), (2.13)
and
Lev(x) = / Ke(x, w)dv(x, wydw. (2.14)
Rn
We also define
fe@) == f(x, u(x)) * ne(x). (2.15)

Note that we get a family f, € C°(Bj) such that

lim f; = f uniformly in B3 /4.
e—07t

Finally, we define u, € L°°(R") N C(R") as the unique solution to the following
linear problem:

{Lgug = fe(x) in B3 (2.16)

Ug = U in R" \ B3/4.

It is easy to check that the kernels K satisfy (1.2) and (1.3) with constants indepen-
dent of ¢ (recall that, to simplify the notation, we are assuming ap = 1). Also, since
K satisfies assumption (1.3) with k = 0 and the convolution parameter e2in (2.12)
is much smaller than &, the operators L. converge to the operator associated to K
in the weak sense introduced in [6, Definition 22]. Indeed, let v a smooth function
satisfying

v <M inR", [lv(w) —v(x) — (w —x) - Vu(x)| <M|x—w|2

Yw e Bi(x), @.17)
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for some M > 0. Then, from (1.3) and (2.17), it follows that

J.

X |8v(x, w)| dw

2—o0
< fn <775(w) ‘W - K(x, w)‘

+(1=ne (@) | K (x,w)* G2 (x) 2 (w) — K (x, w)|>|5v(x,w)ldw

2—0 “ A
ns(w)W + (1 = ne (@) (K (x, w) * 2 (x) 7,2 (w)) — K (x, w)‘

(2.18)

</C|w|2—"—°+/ K (eow) 2 (02 () — K (x, w)]|8v(x,w)|dw
B: R"\ B,

<Ce? % +1,

with
1 :=/ |K (x, w) * A2 ()2 (w) — K (x, w)]| [8v(x, w)| dw.

R™M\Be
By (1.3),(2.17), and the fact that o > 1, we have
I:f / / ‘K(x—gzy,w—gzﬁ))n(y)n(zb)—K(x’ w)) dy dib 150(x. w)] dw

n\Bg B1J B
g2
S /]Rn\gg W [dv(x, w)|dw

82 82
<C/ —dw+Cf ——dw
~X

BI\B. |w|n—l+a R\ B |w|n+l+a

< CE37 + 6.

Combining this estimate with (2.18), we get
L.

where C depends of M and o. Since o < 2 we conclude that

2—0
|w|n+a

<Ce?77,

ne (W) +(1 = 16 (@) (K (x,w) * g2 (x)1)2 (w) — K (x, w) | Sv(x, w)dw

|Le —L|| >0 as &— 0.
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Thanks to this fact, we can repeat almost verbatim® the proof of [6, Lemma 7] to
obtain the uniform convergence

ug — u onR" ase — 0. (2.20)

2.3. Smoothness of the approximate solutions

We prove now that the functions u, defined in the previous section are of class C*°
inside a small ball (whose size is uniform with respect to €): namely, there exists
r € (0, 1/4) such that, for any m € N"

D" ugllpoB,) <C 221

for some positive constant C = C(m, o0, &, |[ullLo®n), || fllLooB, xR))-
For this, we observe that by (2.12)

2 — A
lefg=Kg<x,w>—(1—ng<w>>Kg<x,w>+(1 ns(w))l T

5 In order to repeat the argument in the proof of [6, Lemma 7] one needs to know that the functions
ue are equicontinuous, which is a consequence of [6, Lemmata 2 and 3]. To be precise, to apply [6,

Lemma 3] one would need the kernels to satisfy the bounds (li_‘,ﬂ);‘ < Ky(x,w) < 2 ] —C %\ for
all w # 0, while in our case the kernel K (and so also K) satisfies

2—0)r 2—0)A

2-0) 2-0) v lwl < ro (2.19)

Twpre S KOw) < o

with A :=ag—n, A := ag+n,and ry > O (observe that, by our assumptions in (1.2), A > 3aq/4).
However this is not a big problem: if v € L% (R") satisfies

/11; Ki(x,w)év(x,w)dw = f(x) in 33/4

for some kernel satisfying (1.3) and 2 lfﬁ} < Ky(x,w) < 2 l,‘,ﬂ)‘f\ only for |w| < rq, we define

K'(x,w) :=¢(w)K4s(x, w) + (2 — o) llwlg:,(ff,) ,with ¢ a smooth cut-off function supported inside
By, to get

/ K'(x, w)v(x, w)dw_f(x)—i—/ [1—§(w)]( K (x, w)—l—| |n+g) Sv(x, w)dw.

Since 1 —¢(w) = 0 near the origin, by assumption (1.3), the second integral is uniformly bounded
as a function of x, so [6, Lemma 3] applied to K’ gives the desired equicontinuity.
Finally, the uniqueness for the boundary problem

fR“ K(x, w)dv(x, w)ydw = f(x,u(x)) in B3y,

v=u ian\B3/44

follows by a standard comparison principle argument (see for instance the argument used in the
proof of [2, Theorem 3.2]).
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so for any x € By4

2—0
2.6

2—

(=) ue(x) = / Waue(x w)dw

= fa(x)—/ (1 — ne (W) Ke (x, w) Sug(x, w)dw
Rn

2—0
+/R - fls(w))W Sus(x, wydw

(here ¢, is the positive constant that appears in the definition of the fractional
Laplacian, see e.g. [11,16]). Then, for any x € By 4 it follows that

(—A)"ug(x)

2—o0 A
= dn,()' |:f€(-x) + '/l%n (1 - Us(w)) <|U)|T+J - K&‘(xa w)) 5”8()6’ w)dw:| (222)
= dn,a[fs(x) + he(x)]

= dn,o'gg(.x),

2
With dy o 1= —1C
2—0

Making some changes of variables we can rewrite /. as follows:

o

he(x) =[ (1 = ne(w —x)) (2; — Ke(x,w — x)) e (w)dw
Rn lw — x|t

+f (I —ne(x —w)) (lz% - Ieg(x, X — w)) ugs(w)dw (2.23)

x|n+o

— 2u, (x) / (1- ns(w))<| |an I%s(x,w))dw

We now notice that “the function 4, is locally as smooth as u,”, is the sense that for
any m € Nand U C Bj/4 open we have

Ihellem@y < Ceym (1+ luellem@y) (2.24)

for some constant C, ,, > 0. To see this observe that, in the first two integrals, the
variable x appears only inside 7, and in the kernel K., and ne is equal to 1 near
the origin. Hence the first two integrals are smooth functions of x (recall that K e
is smooth, see (2.13)). The third term is clearly as regular as u#, because the third
integral is smooth by the same reason as before. This proves (2.24).

We are now going to prove that the functions u, belong to C*°(By,5), with

luellcm (B, 4y, < Clri,m, o, e, [ugllLo@ny, I| fllLoo (B xR)) (225)

for any m € N, where r,, := 1/20 — 257" (so that 1/4 — r,, > 1/5 for any m).



624 BEGONA BARRIOS, ALESSIO FIGALLI AND ENRICO VALDINOCI

To show this, we begin by observing that, since o € (1, 2), by (2.22), (2.24),
and [6, Theorem 61], we have that i, € LOO(]R")HCI”S(B]M_”) forany B <o —1
(r1 = 1/100), and

el e,y < Co (Nl + 1F e )- (2.26)

Now, to get a bound on higher derivatives, the idea would be to differentiate (2.22)
and use again (2.24) and [6, Theorem 61]. However we do not have C! bounds on
the function u, outside By /4, , and therefore we can not apply directly this strategy
to obtain the C>“ regularity of the function u,.

To avoid this problem we follow the localization argument in [5, Theorem
13.1]: we take § > 0 small (to be chosen) and we consider a smooth cut-off function

g = 11 Bra—ator,
"~ |0 onR"\ Bijs,

and for fixed e € $"~! and |h| < 8r; we define

o(r) = et el}llz)l —ust). 2.27)

The function v(x) is uniformly bounded in Bj/4—(14s)r, because u € C 1(B; J4—r1)-
We now write v(x) = vi(x) + v2(x), being

Dug(x+ eh) —0us(x) (I—Dug(x +eh)—(1—1u.(x)
vi(x):= and vy (x):= .
Al A
By (2.26) it is clear that
v; € LR
and that (recall that |k| < ér)
V= inside By/4—(1+28)r - (2.28)

Moreover, for x € By/4—(1426)r; » using (2.22), (2.15), and (2.24) we get

(=820, ()] = | (=)o) = (~8) )|

h) —
= | elh)l 8 (—a)un(x) (2.29)
< C€<1 + ||u8||cl(31/47r1)) + ‘(—A)U/ZUZ(x)‘ :

Now, let us denote by K,(y) := l;{;jﬁa the kernel of the fractional Laplacian. Since

for x € Bij4—(1+26)r, and |y| < éry we have that (1 — 9)u.(x = y) = 0, it follows
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from a change of variable that

(=AY vy (x)| <

/Rn (vu(x +y)+valx —y) — ZUZ(X))KU(y)dy‘

1-v h) — (1 —%)u,
| [ Qe y el — (1~ (x+y)K0(y)dy‘
R |hl
-9 —yteh)—(1—19 -
n ( Jug(x —y+eh) —( g (X y)Kg(y)dy’
R i
K,(y —eh) — K,
< [ A= ol | RS =R gy
R i
Ko(y —eh) — K
T I e
R |
1
lucliwan [y
L>®(Rm) R"\By, |y|n+o+1

< Csllug || Loo rny.
Therefore, by (2.29) we obtain

| (=820, (0 < Cep (14 el sy, ) + Ntehiooqan) ). ¥ € Bija—qiszom

and we can apply [6, Theorem 61] to get that v; € clp (B1/4—r,) forany B < o —1,
with

“Ul ||Clvﬂ(Bl/4_,.2) g C8<1 + ||U] ||LOO(R") + ||u8||C1(Bl/4—r1) + ||M€||LOC(RVI)>,

provided 6 > 0 was chosen sufficiently small so that 75 > (1 + 28)r;. By (2.27),
(2.28), and (2.26), this implies that u, € C>#(B/4—,), with

lutelle2n e,y < Cel1+ Mellersya.,,) + e llegn)

< Ce(1+ lulosqeny + 1 w3, )

Iterating this argument we obtain (2.25), as desired.

2.4. Uniform estimates and conclusion of the proof for k = 0

Knowing now that the functions u, defined by (2.16) are smooth inside By/s (see
(2.25)), our goal is to obtain a-priori bounds independent of ¢.

By [6, Theorem 61] applied® to u, we have that u € C'#(Bj_g,) for any
B <o —1and Ry > 0, with

lellcrss, _g) S € (llell Loomy + 11 f Nl oo (B, xR) ) - (2.30)

6 As already observed in the footnote on page 622, the fact that the kernel satisfies (2.19) only for
small w is not a problem, and one can easily check that [6, Theorem 61] still holds in our setting.
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Then, for any ¢ sufficiently small, f, € C 1(B; /2) with

"1+ |u )
( leror) 231)
"C(1+ [lull ooy + 1 f llLoo(B xR) ) -

||fa||cl(31/2) <C
<C

where C’ > 0 depends on || f [l c1(p, xr) Only.
Consider a cut-off function 7 which is 1 inside Bj/7 and 0 outside By .
Then, recalling (2.16), we write the equation satisfied by u. as

Je(x) = / Ke(x, w) §(nue) (x, wydw +/ Ke(x, w) 8((1 — Mue) (x, w)dw,
Rz R?

and by differentiating it, say in direction e, we obtain (recall Lemmata 2.5 and 2.6)

By, folx) = f Ko (x, w)3 (3, (tte)) (x, wdw
Rf’l
+ / Doy [ Ko G, w)8((1 = ute) (e, w)]dw
Ri’l

+/ Ox, Ke (x, w)s(ue) (x, w)dw
Rn

for any x € By/s. It is convenient to rewrite this equation as

/ Ke(x, w)8(0y, (Mue)) (x, w)dw = Ay — Ay — Az,
with

Ay = 0Oy fe(x),
Ay = / O Ko (x, w)8(ue) (x, wydw
RV!

Az = /R O, [Ke (x, w)S((1 — Dug) (x, w)|dw.
We claim that
141 = Az = Aslloayi < € (14 lullzmgn + lelcxs,p) — 232)
with C depending only on || fllc1(p, k). To prove this, we first observe that by

2.31)
IAtllLooB 1) < C (1 4+ llullLony) -
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Also, since |y, K¢ (x, w)| < Clw|~"+9) T by (2.9) (used with y =1:=(1,0, ..., 0)
and v := nu,) we get

A2l Lo (B < Clinuellc2ny < Clluellc2s, jq)»
where we used that 7 is supported in By /e.

Moreover, since (I — 7)us = 0 inside By;7, we can use (2.11) with v :=
(1 — i)u, to obtain

V B, Ko (r, w) 8((1 — Rue) (x, w)dw‘
Rn

+

/ Ke(x,wwxla((l—ﬁ)ua(x,w)dw‘
Rn
< C Cr 11 = Dug || Loorry

for any x € Bj/14, which gives (note that, by an easy comparison principle,
luellLoorry < C(1 + llullLoown)))

A3llzoo(B g < €+ llull oo @ny).

The above estimates imply (2.32).
Since 9y, (i) is bounded on the whole of R”, by (2.32) and [6, Theorem 61]
we obtain that dy, (7juz) € CVP(By/14_g,) for any R, > 0, with

105, Gt ey < € (14 Nutloginy + e lleaga )

which implies
el 2y < € (14 Nullosceny + ez, ) - (233)

To end the proof we need to reabsorb the C2-norm on the right hand side. To do this,
we observe that by standard interpolation inequalities (see for instance [12, Lemma
6.35]), for any § € (0, 1) there exists C5 > O such that

luellc2(s,6) < Slluclic2p(p, sy + CalluellLoown). (2.34)
Hence, by (2.33) and (2.34) we obtain

||Ma||c2ﬁ(3,/]s) Cs(1 + [lullLoorny) + Céllue| o2 B(Bys)" (2.35)

7 This can be easily checked using the definition of K¢ and (1.3). Indeed, because of the presence
of the term (1 — ne (w)) which vanishes for |w| < &/2, one only needs to check that

/ lw—z|7" () de < Clw| "7 for |w| > £/2,

which is easy to prove (we leave the details to the reader).
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To conclude, one needs to apply the above estimates at every point inside By/s at
every scale: for any x € Bjs5, let r > 0 be any radius such that B, (x) C Bjs.
Then we consider

Ul () = e (x + 1), (2.36)

and we observe that v; . solves an analogous equation as the one solved by u, with
the kernel given by

K} (y.2) :=r""Ke(x +ry, r2)

and with right-hand side

For(:=r° | flx+ry—x ulx+ry—x)n(¥)dx.
Rﬂ

We now observe that the kernels K}, satisfy assumptions (1.2) and (1.3) uniformly
with respect to ¢, 7, and x. Moreover for |x| +r < 1/5, and & small, we have

1 Ferllcis ) < r’Cc(1+ lullct(sq))
with C > 0 depending on || f{l¢1 (5, xr) Only. Hence, by (2.30) this implies
IFerllcip,y <r°C (L4 Nl ooqgny + 1 flLoo(B xR)) -

Thus, applying (2.35) to v, (by the discussion we just made, the constants are all
independent of ¢, 7, and x) and scaling back, we get

”uE”CZﬂ(Br/ls(x)) C (1 + ”u”LOC(R”) + ”f”Loo(BlXR)) + C8””6”c2 ﬁ(B /S(X))

Using now Lemma 2.2 inside By/s with u = 1/15,v = 1/5,m = 2, and A5 =
Cs(1 + |lullzoorry + || f | Lo (B, xR)) » We conclude (observe that 1/15-1/5 = 1/75)

luellc2p(p, 05 < C (14 flulloe@ny + I fllo(s x®)) »
which implies
lullc2p(B, 05 < C (14 llull oo @ny + 11 £ ll oo B, x®))
by letting ¢ — 0 (see (2.20)). Since 8 < o — 1, this is equivalent to

lwllcote(p, 5 < € (1 + llull ooy + 1 fll (B, xR)) »  forany a < 1.

A standard covering/rescaling argument completes the proof of Theorem 1.5 in the
case k = 0.
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2.5. The induction argument

We already proved Theorem 1.5 in the case k = 0.
We now show by induction that, for any k > 1,

||M||ck+a+a(31/23k+4> < Ci (1+ Nlullzoowny + 1L f s, x®)) » (2.37)

for some constant C; > 0: by a standard covering/rescaling argument, this proves
(1.6) and so Theorem 1.5. As we shall see, the argument is more or less identical
to the case k = 0. To be fully rigorous, we should apply the regularization ar-
gument with the functions u#, as done in the previous step. However, to simplify
the notation and make the argument more transparent, we will skip the regular-
ization.

Define g(x) := f(x, u(x)), and consider a cut-off function 7 which is 1 inside
B p31+5 and O outside By jps+4.

By Lemmata 2.5 and 2.6 we differentiate the equation k + 1 times according to
the following computation: first we observe that, since (2.37) is true for k — 1 and
we can choose « € (2—a, 1) so that 0 +a > 2, we deduce that g € C¥*! (31/23k+4)
with

Iglicri(s, ) S € (1 + ||“||ck+1(Bl,23k+4>)

< C (lulloo@my + I flloos, xrm)

(2.38)

with C > 0 depending on || f|lck+1(p, xr) Only. Now we take y € N" with |y | =
k + 1 and we differentiate the equation to obtain

a” g(x)

= Z (Vl) e (yn> / a;‘K(x’ w) 8(8;/_)\’(ﬁu))(x’ u)) dw
Al An) Jre

2 (2)({’;) /R OF K (x, w) 80 (1 — u)(x, w) dw.

1<isn
0<Ai <y
}L:()Ll ----- )\n)

Then, we isolate the term with A = 0 in the first sum:

/ K(x, w) 8(8}5/(1714))()(, w)ydw = A1 — Ay — Az
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with
Ay = 97g(x),
Y1 Vi A~
Ay = Z ()\ ) ()f')/ MK (x, w) 80} (u)) (x, w) dw
1<i<n 1 n R”
0 <y
A=(A1,000hp) #0
Vi Vi — -
Asi= Y. (A ) ()\") / LK (x, w) 8L (1 — ) (x, w) dw.
1<i<n 1 n R7
0<Ai <y
A=Chsoihon)

We claim that
A1 = A2 — Aslleo(B, puie) S € (1 + llull Lo ey + ||u||ck+2(31/23k+4)> - (2.39)
Indeed, by the fact that |y — 1| < k we see that

Aol o8, ser < € Ci il crsaan)

(2.40)

NN

CCrllullcras, )

Furthermore, since (1 — 7)u = 0 inside B, /23k+5, WE can use (2.11) with v =
(1 — n)u to obtain
A3l oo (B, 3016) < CllutllLooqrr)-

This last estimate, (2.38), and (2.40) allow us to conclude the validity of (2.39).
Now, by [6, Theorem 61] applied to 8} (ju) we get

llcostsaqs, e < € (14 Mllcras, g + Il ).

which is the analogous of (2.33) with 0 +« = 2 + 8. Hence, arguing as in the case
k = 0 (see the argument after (2.33)) we conclude that

IIM||co+k+a(31/23(2k+1)+5) < C (14 llullzoe®ny + 1 f Lo xR)) -

A covering argument shows the validity of (2.37), concluding the proof of Theo-
rem 1.5.

3. Proof of Theorem 1.1

The idea of the proof is to write the fractional minimal surface equation in a suitable
form so that we can apply Theorem 1.5.
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3.1. Writing the operator on the graph of u

The first step of our proof consists in writing the s-minimal surface functional in
terms of the function u which (locally) parameterizes the boundary of a set E.
More precisely, we assume that u parameterizes d E N K g and that (without loss of
generality) ENK g is contained in the ipograph of u. Moreover, since by assumption
u(0) = 0 and u is of class C'%, up to rotating the system of coordinates (so that
Vu(0) = 0) and reducing the size of R, we can also assume that

dENKg C B x [-R/8, R/8]. (3.1)
Let ¢ € C*°(R) be an even function satisfying

1 if |t < 1/4,

) =
D=0 it > 102

and define the smooth cut-off functions
tr(x) == @(IX'|/R), nr(x) := @(Ix'|/R)@(|xa] /R).
Observe that
=1 in B;ﬂ, tr =0 outside B;’JZ],
ng =1 in Kg4, ng =0 outside Kg/>.

We claim that, for any x € 9E N (B%?zl x [—R/8, R/8]),

Xe(Y) — xrme(y)
/]R” nr(y — x) i dy

32
ulx' —w) —u@x)\ ¢rw’) / G2
=2 F dw’,
-1 |w/| |w/|n71+s
where
Fl) ! dt
(1) = o (1+ TZ)(n+s)/2'
Indeed, writing y = x — w we have (observe that np is even)
XE(Y) — Xrm\E(Y)
— d
/]R” nR(y — X) g y
XE(x —w) — xrm\E(x — w)
= / nr(w) . dw (3.3)
Rn |w|n+s

R/4 _ _ _ /
XE(X —w) — xrm\g(x — w) dw
= cr(w") / , dw ’
/Rnl [ R4 (14 (wy/[w)2) "2 " s



632 BEGONA BARRIOS, ALESSIO FIGALLI AND ENRICO VALDINOCI

where the last equality follows from the fact that ¢ (|w,|/R) = 1 for |w,| < R/4,
and that by (3.1) and by symmetry the contributions of x g (x —w) and xgn\ g (x —w)
outside {|w,| < R/4} cancel each other.

We now compute the inner integral: using the change of variable ¢ := w,,/|w’|
we have

R/4 XE(X —w)
Gz W
—R/4 (1 + (w,,/|w’|)2)

/R/4 1
= — dwy,
wt)—utx—w) (1 4 (wy /|w'2) "7

R/ @) |

———=dt
@) —ux'—w)/ |w'| (1 + tz)(n+S)/2

- () - (20—
N 4l ol |

In the same way,

= |w'|

R4 XRm\E(X — w)
sy/a dwn
~R/4 (14 (wa/|w')?)

=r () = ()|
- Jwl 4wl )|

Therefore, since F is odd, we immediately get that

/R/4 XE(X —w) — xrm\g(x — w)

dw, =2|w'|F (
R4 (14 (wp/Jw')2) "7

ulx' —w') — u(x/))

|w'|

which together with (3.3) proves (3.2).

Let us point out that to justify these computations in a pointwise fashion one
would need u € C'1(x) (in the sense of [3, Definition 3.1]). However, by using the
viscosity definition it is immediate to check that (3.2) holds in the viscosity sense
(since one only needs to verify it at points where the graph of u can be touched with
paraboloids).

3.2. The right-hand side of the equation

Let us define the function

Xe(Y) — xrm£e(y) J
lx — y|r+s

YR(x) := /R” [ =nr(y —x)] (3.4)
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Since 1 — nr(y — x) vanishes on a neighborhood of {x = y}, it is immediate to

check that the function ¥z (z) := ll_zfnﬁff) is of class C*°, with
C
wawRuﬂs;Tlfgﬂ; Va e N".

Hence, since 1/(1 + |z|"™*) € L' (R") we deduce that

Ve € C°(R"), with all its derivatives uniformly bounded. 3.5

3.3. An equation for # and conclusion

By [4, Theorem 5.1] we have that the equation

/ XEQY) — xrm\E(Y)

|x_y|n+s dy=0

holds in the viscosity sense for any x € (d E)NKg. Consequently, by (3.2) and (3.4)
we deduce that u is a viscosity solution of

/ F (M(X’—w’) —M(X’)) Crw) o PRGN u(x))
w=—-—" """
RA-1 [w’| |w/|n71+s 2

4

inside B?le. Since F is odd, we can add the term F ( — Vux') - & ) inside the

Tw’]
integral in the left hand side (since it integrates to zero), so the equation actually
becomes

/ |:F (u(x’ — w’)/ - M(x/)> _F <_Vu(x/)- w: )} %dw/
- o] lw’| J | |w] (3.6)

bR u@)
- e

We would like to apply the regularity result from Theorem 1.6, exploiting (3.5) to
bound the right-hand side of (3.6). To this aim, using the Fundamental Theorem of
Calculus, we rewrite the left hand side in (3.6) as

a(x', —w g W)

/
g dvs 6D

/ (u(x" —w") —ux") + Vu') - w’)
Rr—1

where

1 I oy ! ’ 2 _(H+S)/2
a(x’, —w’):=/ <1+<tu(x w)—u(x’) -Vl w > ) "
0

w'| |w’|
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Now, we claim that
/ Su(x’, w) Kp(x', w)dw' = —Wrxx', u(x")) + Ar(x"), (3.8)
Rnfl

where

_ o, w) +a@, —w)gr @)

N
K, w 2|w!| (= D+(I+s)
and

[a(x’, w’)—a(X’,—w’)]é’R(w’)d ,
w.
|w/|n+s

AR(x/):=/ [u(x'—w)—u(x)+Vux)-w']
Rn—1
To prove (3.8) we introduce a short-hand notation: we define

Sr(w")

|w/|n+s’

uEQ, W) i=u £ w)—ux) FVu)-w, at@, w)i=alx!, £w')

while the integration over R”~!, possibly in the principal value sense, will be de-
noted by /[-]. With this notation, and recalling (3.7), it follows that (3.6) can be
written

Wg -
——=1u"a]. 39
2
By changing w’ with —w’ in the integral given by I, we see that
IuTa™l=1Iu"a"],

consequently (3.9) can be rewritten as

V]
—TR =Iuta™]. (3.10)

Notice also that
ut +u" = du, Iut@™ —a )] =1Iu (@ —ah)]. (3.11)

Hence, adding (3.9) and (3.10), and using (3.11), we obtain

—Wp =IuTat 1+ Iu"a"]

%1[(u+ +uT)@" +a7)]+ %H(w+ —u7)(at —a")]

%1[&{ (at +a)]+ %1[@# —u)at —a)]

%1[814 (at+a ) —Iu (@ —a")l,

which proves (3.8).
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Now, to conclude the proof of Theorem 1.1 it suffices to apply Theorem 1.6
iteratively: more precisely, let us start by assuming that u € C!# (B, 1) for some
r < R/2 and any § < s. Then, by the discussion above we get that u solves

/ 1 Su(x', w) K, (x', w')ydw' = —W,(x', u(x")) + A,(x)  in B\
Rr—

Moreover, one can easily check that the regularity of # implies that the assumptions

of Theorem 1.6 with k = O are satisfied with ¢ := 1 4+ s and ap := 1/(1 — s).

(Observe that (1.7) holds since [[u]-14 ( Bn—l).) Furthermore, it is not difficult to
2r

check that, for |w’| < 1,
(' — w') —u(x’) + Vu@') - w'lla@x’, w') — ax’, —w"]| < Clw' PP,

which implies that the integral defining A, is convergent by choosing 8 > s/2.
Furthermore, a tedious computation (which we postpone to Subsection 3.4 below)
shows that

A, € C¥P=(BM Y, (3.12)

Hence, by Theorem 1.6 with k = 0 we deduce that u € C'-?#(B/',"). But then this
implies that A, € C45_S(B:’/11) and so by Theorem 1.6 again u € C"45(B:’/_81) for

all B < s. Iterating this argument infinitely many times® we get that u € C™ (B;’,Zrl)
for some A > 0 small, for any m € N. Then, by a simple covering argument we
obtain that u € Cm(BZ*I) forany p < R and m € N, that is, u is of class C*®

inside B, for any p < R. This completes the proof of Theorem 1.1.

3.4. Holder regularity of Ar

We now prove (3.12), i, ifu € C"#(B} 1) then A, € C*P=5(B'™") (r < R/2).
For this we introduce the following notation:

U, wh =ulx —w) —ulx) 4+ Vul) - w
and

p) = ———r.
(1+12)%

is bounded for some k > 2 and 8 € (0, 1], for any

8 Note that, once we know that ||u ||Ck.ﬂ(Bn—l)
2r

[yl <k —1weget
gr(w/) /

|w/|n+s W

Ay Ay (X)=/ 1 A ([u(x’ —w) —ux) + Vux') - w'la(x’, w') —a(x’, —w)])
Rn-

and exactly as in the case k = 0 one shows that

oY ([u(x" — w') —u@x’) + Vu') - w'la@, w) —ax’, —w)])| < Clw' PP viw'|<1,

and that A, e Ck—1.28—s(pn—1),
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In this way we can write

/ /) _ u(x ) /
a(x', —w')= | — (1 =1t)Vu(x') - ] dt. (3.13)

Let us define
A, w) =alx’, w) —alx’, —w).

Then we have

/ / A /
Ar<x>=/Rn_lU(x, )%cr( dw',

To prove the desired Holder condition for the function A, (x), we first note that
1
Ui, w) = / [Vux) = Vu@x' —rw')]de -w'.
0

Since u € Cl’ﬂ(BZ_l) and 2r < R, we get
U, w)=U(y,w")| < C min{|lx'—y'|P|w'|, |[w'|FT}, fory e B'~! (3.14)

and
U, w)| < Clw'|PFL (3.15)

Therefore, from (3.14) and (3.15) it follows that, for any y’ € Br”_l,

|A- (X)) = A, (YD

= ‘/ (U w) AR, w') = UG, w)AG', w)) ;,/(z: )S
Rr-!1 lw’["*
<c [ miniy =yl fo |ﬂ“}'”|‘(x,|7,,+y)';r<w’>dw/ (3.16)
n—1
+C/ urprt AL D ZAGL DLy g
- s

=L, Y)+ LK, Y).

To estimate the last two integrals we define

A w') i=alx’, w') — p(Vu(x/) ) |Zl|)

With this notation we have

A, w') = A (7, w) — A (x, —w'). (3.17)



BOOTSTRAP REGULARITY AND NONLOCAL MINIMAL SURFACES 637

By (3.13) and (3.15), since | p’(¢)| < C and p is even, it follows that
| A« (x", —w")|
! d Mu(x’ —w') —ux))
dxr

|w’|

— A1 =8+ 1 =)]Vu') - IZ’|) drdt (3.18)

1 / / 1 / /
/ zM(/ ﬂ(nM u(x'y - )‘dx) di
0 [w’| 0 [w’| [w’|

< Clw'?

N

forall |w'| <r
Estimating A, (x’, w’) in the same way, by (3.17) and (3.18), we get, for any
B >s/2,

B ) <€ [ minle’ =yl PP ) d

|x' =]
<Cl =y / Bos—l gy 4 / T sy, (3.19)
X' =y 0
<Ol —yPPs,
On the other hand, to estimate /I, we note that

JAG, w') — AG, w)] < JAG, w) — A, w)

3.20
A, -0 — A . OO

Hence, arguing as in (3.18) we have

|A, —w') — A*(y', —w')|

g/ e’ w) ( U w)_w(x/), w’)
0wl w'| lw’|
_p’(kt% Vu®y) - |w/|>‘dkdt (3.21)
1 ! oo/ !
+/t|U(x,w)—U(va ( U(y’ )_v( ). >‘dkdt
0 lw'| [w'|

=L, y)+ ha(x',y).

We bound each of these integrals separately. First, since |p’(¢)| < C, it follows
immediately from (3.14) that

La(x',y) < Cmin{lx" —y'|?, |w'|P}. (3.22)
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On the other hand, by (3.15), (3.14), and the fact that u € Cl’ﬂ(B;é_l) and p’ is

uniformly Lipschitz, we get

U, w) = U, w)l
[w]

< Clw'|P(min{lx’ = y'1%. 1w} + 15 = 1)

L', y) < Clw/lﬂ< + [Vu(x) — Vu(y/)l)

(3.23)
< Clw'Plx’ —y'|P.

Then, assuming without loss of generality r < 1 (so that also |x — y'| < 1), by
(3.21), (3.22), and (3.23) it follows that

|Aux6—w3—Aqy;ﬂw»<Canuv—ﬂWJw%ﬁ+WAﬂﬂ—y%?
(3.24)
<Cmin{lx’ — y'|f, |w'|P}.
As |A (Y, w') — A (x’, w)| is bounded in the same way, by (3.20), we have
A, w') — Ay, w)| < Cmin{lx’ — y'|P, |w'|P}.

By arguing as in (3.19), we get that, for any s/2 < 8 < s,

: I B |w/|,3}
I C/<C/ e MR N’
2(x7, y) i s &r(w)dw (3.25)

< Clx' =y,
Finally, by (3.16), (3.19) and (3.25), we conclude that
1A () — A, S Clx' =y~ y e BPT,

as desired.
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