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Normal forms of Levi-flat hypersurfaces
with Arnold type singularities

ARTURO FERNANDEZ-PEREZ

Abstract. In this paper we study normal forms of Levi-flat hypersurfaces with
singularities. We prove a result analogous to the Burns-Gong theorem for the
existence of rigid normal forms of Levi-flat hypersurfaces which are defined by
the vanishing of the real part of Ay, Dy, E}, singularities.

Mathematics Subject Classification (2010): 32V40 (primary); 32565 (sec-
ondary).

1. Introduction

In 1999 D. Burns and X. Gong proved the following result (cf. [5]):

Theorem 1.1 (Burns-Gong). Let M be a germ of real analytic Levi-flat hypersur-
face at 0 € C", with n > 2, defined by

Re(z} +...+z) + H(z,2) =0

with H(z,Z) = O(z), and H(z,7) = H(Z, z). Then there exists a holomorphic
coordinate system such that

M= (Re(x] +...+x2) =0).

This result can be viewed as a Morse Lemma for Levi-flat hypersurfaces and it
is a normal form in the case of a generic (Morse) singularity. Singular Levi-flat
hypersurfaces have been studied by many authors, see for example Bedford [4],
Brunella [6], Cerveau-Lins Neto [8], Lebl [16] and the author [12,13]. In the same
spirit the purpose of this paper is to prove the existence of normal forms of Levi-flat
hypersurfaces with Arnold type singularities. More precisely, we are interested in
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obtaining normal forms of Levi-flat hypersurfaces which are defined by the vanish-
ing of the real part of Ay, Dy, Ej singularities.

One motivation for considering Ag, Dg, E singularities is the following: when
we consider the problem of classifying holomorphic germs f with an isolated sin-
gularity at 0 € C”, with respect to holomorphic changes of coordinates, the list
starts with the famous Ay, Dy, Ej singularities or simple singularities, see for in-
stance Arnold’s papers [1,2]:

Table 1.1. Ay, Di, Ej singularities.

Type Normal form Conditions
Ag z%—i—zé“—i—...-{-zﬁ, k>1
Dy 2o+ v R+ 2 k>4
Es G+ +B+. . +22

E7 Zim—i—z%%—zg—i—...—}—zﬁ

Eg Ht+u+d+. .+

Several characterizations of the Ag, Dy, Ey singularities are well-known, see for
instance [10]. Let us give the precise statement of these results. Let M be a germ
at 0 € C" of an irreducible real analytic hypersurface defined by (F = 0). The
singular set of M is defined by Sing (M) = (F = 0) N (dF = 0) and its smooth
part (F = 0)\(d F = 0) will be denoted by M*. The Levi distribution L on M* is
defined by

L, :=Ker(dF(p)) C T,M* =Ker (dF(p)), foranyp e M*.

We shall say that M is Levi-flat if the Levi distribution L on M* is integrable.
The integrability condition of L implies that M is smoothly foliated by immersed
complex manifolds of complex dimension n — 1. The Levi foliation, that we denote
by L, is the foliation defined by this distribution.

The Levi distribution L on M* can be defined by the real analytic 1-form
n = i(dF — dF)|y+, which will be called the Levi 1-form of F. The integra-
bility condition is equivalent to (3 F — 9F) A ddF|y+ = 0. Since dF = 9F + 0F,
this is also equivalent to

AF (p) NOF(p) N3dF(p) =0, VYpe M.
See the book [3] for the basic language and background about Levi-flat hypersur-

faces. Before stating our result, let us describe some known results and examples.

Example 1.2. If M is smooth, by a classical result of E. Cartan there exists a holo-
morphic coordinate system (zy, ..., z,) € C" such that M can be represented as
M = (Re(z,) =0).

Example 1.3. If 4 : (C",0) — (C, 0) is holomorphic and non-constant then the
analytic set defined by M = (Re(h) = 0) is Levi-flat and Sing (M) = crit(f) M,
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where crit(f) is the set of critical points of f. The leaves of £ on M are the
imaginary levels of .

Example 14. Let M = (Re(z? + ...+ z2) + H(z,Z) = 0) be as in Theorem 1.1
then there exists a holomorphic coordinate system such that M = (Re(xl2 +.. .+

x,%) = 0), we remark that it is a normal form (Levi-flat) of A; type. This result was
generalized in [12], where we considered the real part of a homogeneous polyno-
mial of degree k > 2 with an isolated singularity.

Example 1.5. Let M be a germ of real analytic Levi-flat hypersurface at 0 € C?
defined by F' = 0, where

F(x,y) = Re(x*y +y) + H(x, y, %, )

with H(x, y, ¥, 5) = O((x, )|*) and H(x, y, %, §) = H(%, 3, x, y). Then in [12]
we proved that there exists a holomorphic coordinate system such that

M = (Re(x}y; +y}) = 0),

which is a normal form of D4 type when n = 2. On the other hand, if n > 3 the
analogous result is also valid by [12, Theorem 2].

These results were proved using techniques of holomorphic foliations devel-
oped in [11]. This new approach provides new normal forms of Levi-flat hypersur-
faces. Our main result is an Arnold type result for singular Levi-flat hypersurfaces.

Theorem 1. Let M = F~1(0) be a germ at 0 € C*, with n > 2, of irreducible real
analytic Levi-flat hypersurface. Suppose that F is of one of the following types:

(@) F2) =Re(@+ 5" +22+...+22) + H(z, 7), where k > 2 and
H(z,2) = 0(zI"*%), H(z,2) = HZ, 2).

(b) F(z) =Re(ZBz+ 5 '+ 2 +...+22) + H(z,2), where k > 5 and
H(z,2) = 0(z|"), H(z,7) = HE, 2).

() F@) =Re(z{ +z3+25+...+22) + H(z, 7), where
H(z,2) = 0(|zP), H(z,2) = H(E.2).

d) F(z) = Re(Z?Zz + ZS + Z% + ...+ 22) + H(z, 7), where
H(z,2) = 0(|z), H(z,?) = H(.2).

() F(z2) =Re(z}+23+22+...+22) + H(z,7), where

H(z,2) = 0(z%), H(z 2 = H(E, 2).
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Then there exists a germ of biholomorphism ¢ : (C",0) — (C", 0) such that

@) oM) = (Re(Z+ 5 + 23 +...+22)=0),

b) o(M) = (Re(Ba+ 25" +22+...+2H) =0),

©) (M) = (Re(z{ + 23+ 23+ ... +22) =0),

d) oM) = (Re(Z3zo+ 25+ 22+ ... +22) =0),

(e) (M) = (Re(z? + zg + z% +...+ Z,zl) = 0), respectively.

We find the following list:

Table 1.2. Levi-flat hypersurfaces with Ag, Dy, Ej singularities.

Type Normal form Conditions
Ak Re(Z 4+ +...+22)=0 k>1
Dy Re(2zy+ 25 ' +22+...+2) =0 k>4
Eg Re(zi+z§+z§+...+z,2,)=0

E7 Re(z;z2+z§+z§+...+z5)=o

Eg Re(z ++25+...+22) =0

The main tool for proving this theorem is a result of Cerveau and Lins Neto [8], that
gives sufficient conditions for a Levi-flat hypersurface to be defined by the zeros of
the real part of a holomorphic function.

This paper is organized as follows: in Section 2, we recall some properties and
known results about singular Levi-flat hypersurfaces. Section 3 is devoted to recall
the notions of weighted projective space and weighted blow-ups. In Section 4 we
prove Theorem 1 for dimension n > 3. Finally, in Section 5 we conclude the proof
for dimension two.

ACKNOWLEDGEMENTS. I wish to thank my advisor Alcides Lins Neto for many
useful discussions and many suggestions for improvements of these results. I also
would like to thank Hossein Movasati, Jorge Vitorio Pereira and Daniel Panazzolo
for helpful conversations about this work.

2. Preliminaries
Let us fix some notation that will be used from now on:

1. O, : the ring of germs of holomorphic functions at 0 € C";
O(U) : the set of holomorphic functions on the open set U C C";
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2. O = (f € O, £(0) #0),
O*(U) ={f € OW)If(z) #0,Vz € U};

. M, ={f € O, f(0) = 0} the maximal ideal of O,,;

. A, the ring of germs at 0 € C" of complex valued real analytic functions;

. Aur: the ring of germs at 0 € C" of real valued real analytic functions. Note
that F € A, is in A, if and only if F = F;

6. Diff(C", 0): the group of germs at 0 € C" of holomorphic diffeomorphisms

f :(C",0) — (C", 0) with the operation of composition;
7. jE(f) : the k-jetat 0 € C" of f € O,.

[ I SN OS]

Definition 2.1. Two germs f, g € O, are right-equivalent if there exists ¢ €
Diff(C",0) such that f o ¢~ ! = g.

The local algebra of f € O, is by definition
Ap = 0y,/(0f/0z1,...,0f/0zn).

We denote by j(f,0) := dimA ; the Milnor number of f at 0 € C". This number
is finite if and only if O is an isolated singularity of f.

Definition 2.2. A germ f € O, is said to be quasihomogeneous of degree d with
indices «y, ..., oy if for any A € C* and (zy, ..., z,) € C" we have

FOOz, A% =2 f(z1, .y zn).

The index «; is also called the weight of the variable z;.

2.1. Complexification of a Levi-flat hypersurface

Given F € A,,, we can write its Taylor series at 0 € C" as

FR) =) Fun?’, 2.1)
nw,v

where Fy € Copp = (i1, vy fin), v = U1, vp), 24 = 242", 20 =
Z'...Zy". When F € AR, the coefficients F),, satisfy

Fuv = Fyu.
The complexification Fc € Oy, of F is defined by the series

Fc(z,w) = Z Fuztw”. (2.2)
JTRY

If the series in (2.1) converges in the polydisk D' = {z € C" : |z;| < r} then the
series in (2.2) converges in the polydisk Drz". Moreover, F(z) = Fg(z, z) for all
ze D
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Let M = F~1(0) be a Levi-flat hypersurface, where F € Aur. The complexi-
fication nc of its Levi 1-form n = i (0 F — 0 F) can be written as

nc =1i(0;Fc — dykFc) =i Z(F/vavd(zﬂ) - Fuvzud(wv))-
L,V

The complexification Mc of M is defined as Mc = F 1(O) and its smooth part is
Mg = Mc\(dFc = 0). Clearly Mc defines a complex subvariety of dimension
2n — 1. The integrability condition of n = i(0F — AF)| implies that r]<c|M¢*: is
integrable. Therefore nc| My = 0 defines a holomorphic foliation L¢ on M. that
will be called the complexification of L.

Remark 2.3. Let n = i(3F — 9F) and nc be as before. Then 7|+ and 77<C|M*
define £ and Lc, respectively. Seta = »_, %F‘Cdz] and g = >, aF‘deJ
Hence dFc = o + B and nc = i(a — B), so that

ncluz = 2ialys = —2iBlygz. (2.3)

In particular, | jx and By define Lc.

2.2. Holomorphic foliations and Levi-flat hypersurfaces

This section is devoted to recalling some results about Levi-flat hypersurfaces in-
variant by holomorphic foliations.

Definition 2.4. Let 7 and M = F~'(0) be germs at (C*,0), with n > 2, of
a codimension-one singular holomorphic foliation and of a real Levi-flat hyper-
surface, respectively. We say that F and M are tangent if the leaves of the Levi
foliation £ on M are also leaves of F.

The algebraic dimension of Sing (M) is the complex dimension of the singular
set of Mc.

In the proof of Theorem 1 we will use the following result of [8], which es-
sentially assures that if the singularities of M are sufficiently small (in the algebraic
sense) then M is given by the zeroes of the real part of a holomorphic function.

Theorem 2.5 (Cerveau-Lins Neto [8]). Ler M = F~'(0) be a germ of an irre-
ducible real analytic Levi-flat hypersurface at 0 € C", n > 2, with Levi I-form
n =i(0F — 0F). Assume that the algebraic dimension of Sing (M) is less than
or equal to 2n — 4. Then there exists an unique germ at 0 € C" of holomorphic
codimension-one foliation Fyy tangent to M, if one of the following conditions is

Sfulfilled:

1. n = 3 and cod px (Sing (ncly)) = 3;
2. n>2,cod M (Sing (nc| Mé)) > 2 and L¢ has a non-constant holomorphic first
integral.
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Moreover, in both cases the foliation Fy; has a non-constant holomorphic first in-
tegral f such that M = (Re(f) = 0).

We will assume that the Taylor series of F converges in the polydisk D). Set
W := M{\Sing (77(C|M(E) and denote by L, the leaf of L¢ through p, where p € W.

Lemma 2.6 (Cerveau-Lins Neto [8]). For any p = (z0, wo) € W the leaf L is
closed in ME.

3. Weighted projective varieties and weighted blow-ups

In this section we recall the notions of weighted projective space and weighted
blow-ups, which will also be used in the proof of Theorem 1. See [9] and [15, page
634] for the basic language and background.

Let o := (ao, . . ., a,) be positive integers. The group C* acts on C"**1\{0} by

A (x0, ..y xn) = (A0, ..., A% xy).

The quotient space by this action is the weighted projective space of type o,

P(ag, ...,a,) := Py. In case a; > 1 for some i, P, is a compact algebraic va-
riety with cyclic quotient singularities.
Let [xg : ... : x,] be the homogeneous coordinates on P(ag, ..., a,). The

affine piece x; # 0 is isomorphic to C" /Z,, , where Z,, denotes the quotient group
modulo g;. Let € be an af h_primitive root of unity. The group acts by

. aj, .
Zj € JZ]

for all j # i, on the coordinates (zo, ..., Z;, ..., 2s) of C"; here z; is thought of

as x; /xl.l/ . Compare this to the case of P where the affine coordinates on x; # 0
are 7; = x;/x;.

Definition 3.1. P(ay, ..., a,) is well-formed if for each i

gc.d. (ag,...,ai,...,ay) = 1.

We have a natural orbifold map ¢, : P" — P, defined by
[x0:...:x,] — [)cg0 R el P (3.1

Definition 3.2. Let X be a closed subvariety of a weighted projective space P, , and
let p : C"*1\{0} — P, be the canonical projection. The punctured affine cone C X

over X is givenby C} = p~1(X), and the affine cone Cx over X is the completion
of C% in C"*1.
Observe that C* acts on C¥ to give X = Cy /C*.

Lemma 3.3. C% has no isolated singularities.
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Proof. If P e C¥% is singular then every point on the same fibre of the C*-action is
singular. O

Definition 3.4. We say that X in PP, is quasi-smooth of dimension m if its affine
cone Cy is smooth of dimension m + 1 outside its vertex 0 € C*t1.

When X C P, is quasi-smooth the singularities of X are given by the C*-
action and hence are cyclic quotient singularities. Notice that this definition is not
equivalent to the smoothness of the inverse image ¢ 1(X) under the quotient map
given in (3.1).

Another important fact (c¢f. [9, Theorem 3.1.6]) is that a quasi-smooth subva-
riety X of P, is a V-variety, that is, a complex space which is locally isomorphic
to the quotient of a complex manifold by a finite group of holomorphic automor-
phisms.

Now, let X = C"/Zy(ay, ..., ay) be a cyclic quotient singularity. That is, X
is the quotient variety C"/t, where t is given by

X —> €%x;

for all i, where e is an m'"-primitive root of unity.

3.1. Weighted blow-ups

In this part we will construct the blow-up of X. First, we describe X using the
theory of toric varieties (cf. [14]). Let

1
e1=(1,0,...,0),...,¢,=(0,...,0,1) and e = —(ay, ..., ay).
m

Then X = C"/Zy(ay, ..., ay) is the toric variety corresponding to the lattice N =
Zey + ...+ Zey + Ze and the cone C = R>peq + ... + Rxpe,. Denote by A the
fan associated to X consisting of all the faces of C.

Take v = %(al,...,an) e N withay, ..., a, > 0 and assume that ey, ..., ¢,
and v generate the lattice N. Such v € N will be called a weight. We can construct
the weighted blow-up

E:)~(—>X=(C”/Zm(a1,...,an)

with weight v as follows: we divide the cone C by adding the 1-dimensional cone
R>ov, that is, we divide C into n cones

i—th
Ci:Rzoel+---+R20V+---+Rzoen (i=1,...,n).

Let A’ be the fan consisting of all the faces of Cy,...,C,. Then X is the toric
variety corresponding to N and A’ and E is the morphism induced from the natural
map of fans (N, A') — (N, A).
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The variety X is covered by n affine open sets U1, . .., U, which correspond
to the cones C1, .. ., C, respectively. These affine open sets and E are described as
follows:

B th
Uy =C"/Z, (—al,...,;n,...,—an> (32)
l'th
Elg : Uisis.eensyp) — ylyfl/m, ...,yfli/m, . ..,y,,yl.a"/m €X. (3.3)

The exceptional divisor D of E is isomorphic to the weighted projective space
P(ai, ...,ay) and D NU; = {y; = 0}/Z,,.

4. Theorem 1 in dimension n > 3

Theorem 1 will be an immediate consequence of the following proposition. The
result is proved in [12], although it is not stated as a separate theorem. We reprove
it here for completeness.

Proposition 4.1. Let Q be a quasihomogeneous polynomial with an isolated sin-
gularity at 0 € C", n > 3, such that:

1. F(z1,...,20) = Re(Q(z1, ..., 2z0)) + H(z, 2), with
H 2 =0 (11*Q) | H( 2 =HE 2,

where deg(Q) is the degree of Q (as a polynomial);
2. M = F~Y(0) is Levi-flat.
Then there exists a unique germ at 0 € C" of holomorphic codimension-one folia-

tion Fyy tangent to M. Moreover, the foliation Fyy has a non-constant holomorphic
first integral f(z) = Q(z) + h.o.t. and M = (Re(f) = 0).

Proof. The idea is to use Theorem 2.5 to prove that there exists a germ f € O,
such that the holomorphic foliation F defined by df = 0 is tangent to M and
M = (Re(f) = 0). Note that if M = (Re(f) =0) = (F = 0), with F € A,r
irreducible, we must have that Re(f) = UF, where U € A,g and U(0) # 0. In
particular, this implies that f(z) = Q(z) + h.o.t.

Let us prove that we can apply Theorem 2.5. We can write

F(iz) =Re(Q(z1,...,2n) + H(z,2),

where H : (C",0) — (R, 0) is a germ of real-analytic function and jgeg(Q)(H ) =
0. For simplicity, we assume that Q has real coefficients. Then we get the complex-
ification

1
Fe(z, w) = E(Q(Z) + Q(w)) + He(z, w)

and Mc = Fz'(0) C (C*,0).
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Since Q(z) has an isolated singularity at 0 € C", we get Sing (M¢) = {0}, so
the algebraic dimension of Sing (M) is 0. On other hand, the complexification of
n=i(@F —0F)is

nc = i(d;Fc — 0w Fo).
Recall that |+ and nc| s+ define £ and Lc. Now we compute Sing (n¢| mz). We
can write d Fc = o + 8, with

“~ dFC 1~ (00
azzﬁdzj- :ZEZ(E(Z)—I—A])(J’ZJ

j=1 J j=1
and

" 9Fc 1 <& a0
B = Za— .__Z(a—lljj(w)-i-Bj)dU)j,

Jj=1 Jj=1

1 3 H 1 3 H
where 5 31 Ajdz; =i, 5z, dzj and 3 Yo Bidw; =3 GuE Sdw;.
Then nc = i(e¢ — B), and so

nclus = (e +idFo) s = 2ialys = —2iBlas.- @.1)

In particular, (x|M* and ,BlM* define L¢. Therefore Sing (77<C|Mg§) can be split in
two parts. Let M| = {(z, w) € M<c|aF(C # 0 forsome j = 1,...,n} and My =
{(z, w) € Mc]| aFC # 0 for some j = 1, ..., n}, note that Mc = M| U M>; if we
denote by

0 90
Xi=MiN{—@)+A1=...=—@+A4,=0
071 0z,
and
00 00
Xo=M)Nny—w)+B1=...= (w)+ B, =0
w1 owy
then Sing (n(clME) = X1 UX>,. Since Q € C[zy, ..., z,] has an isolated singularity
at 0 € C", we conclude that cod MESing (77(C|ME) = n. If n > 3, we can directly
apply Theorem 2.5 and the proof is complete. O

Remark 4.2. The normal forms of Ak, Dy, Ey singularities given by Arnold are
complex quasihomogeneous polynomials with an isolated singularity at 0 € C",
and they are stable under deformations. For instance, let us consider f € O, of
Ai type and g = f + h.o.t. Then g is right-equivalent to f; i.e. there exists
¢ € Diff(C", 0) such that g 0 ¢! = f (cf. [20, page 32]).

The proposition and remark above imply Theorem 1 for n > 3 as we will see
in the next subsection.
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4.1. Proof of Theorem 1 for n > 3

Let ¢ be a germ at 0 € C", with n > 3, of Ag, Dy or Ej type, and F(z) =
Re(g(2)) + H(z, 7), where

H(z,7) = 0(|z|%¢®*Yy | H(z,2) = H{, 2).

Assume that M = F~1(0) is Levi-flat. Since g is a quasihomogenous polynomial
with ©(g,0) < oo, we can apply Proposition 4.1, so that there exists f € O, such

that f(z) = g(z) +h.o.t. and M = (Re(f) = 0). According to Remark 4.2, g is

stable under deformations then there exists ¢ € Diff(C", 0) such that f o9~ = g.

Therefore, (M) = (Re(g) = 0).

5. Theorem 1 in dimension two

Let us consider a special situation that appears in the proof of Theorem 1. Let Y C
Z = (x,y,z,w)/Zm(ai, ..., as) be germ of a V-subvariety with unique cyclic
quotient singularity at 0 € C*, where a; € N are pairwise coprime. Let us consider
a codimension-one holomorphic foliation G on Y with cod y+(SingG) = 2. Let E :
7 — Z be the weighted blow-up with weight v = %a, where 0 = (ay, ..., a4).
Denote by Y the strict transform of ¥ by E and by G := E*G the foliation on Y .

Suppose Y is smooth and set C = ¥ NPy, where Py is the exceptional divisor
of E. Assume that C is invariant by G; i.e., it is a union of leaves and singularities
of é . We will assume the following cases:

(i) Sing () N Sing P, = ;
(ii) SingP, C Sing (G).

Take S = C‘\Sing (é); then S is a smooth leaf of G. Fix po € S\Sing P, and a
transverse section ) _ through po (note that if (ii) holds, we shall only need to take

po € 85). LetG C Diff(Z, po) be the holonomy group of the leaf S of G. Since
dim (}°) = 1, we can assume that G C Diff(C, 0).
Observe that if p € SinglP; and ¢ is a loop around p in the leaf S, of G

through p, then the holonomy of G along ¢ is not the identity, but it is a periodic
diffeomorphism. This is consistent with the fact that the local fundamental group
of the orbifold S, at p is the cyclic group of finite order. See [7] for more details.

Theorem S.1. In the above situation, suppose that the following properties are
verified:

1. For any p € Y*\Sing (G) the leaf L, of G through p is closed in Y*;
2. g'(0) is a primitive root of unity, for all g € G\{id}.

Then G has a non-constant holomorphic first integral.
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Proof. Let G’ = {g'(0)/g € G} and consider the homomorphism ¢ : G — G’
defined by ¢ (g) = g’(0). We claim that ¢ is injective. In fact, assume that ¢(g) = 1
and suppose by contradiction that g # id. In this case g(z) = z+az t'+..., where
a # 0. According to [17], the pseudo-orbits of this transformation accumulate at
0e (Z, 0), contradicting the fact that the leaves of Q~ are closed and so the assertion
is proved. Now, it suffices to prove that any element g € G has finite order (cf. [18]).
In fact, ¢ (g) = g’(0) is a root of unity thus g has finite order because ¢ is injective.
Hence, all transformations of G have finite order and G is linearizable.

This implies that there is a coordinate system w on (Z, O) such that G =
(w — Aw), where A is a d"-primitive root of unity (cf. [18]). In particular, ¥ (w) =
w? is a first integral of G, thatis ¢ o g = ¢ forany g € G.

Let I' be the union of the separatrices of G through 0 € C* and I be its
strict transform under E. The first integral ¢ can be extended to a first integral
¢ : Y\I' > C by setting

o@=v(L,nY).

where L p denotes the leaf of G through ¢g. Since ¥ is bounded (in a compact
neighborhood of 0 € )°), so is ¢. It follows from Riemann extension theorem that

@ can be extended holomorphically to T" with ¢(I') = 0. This provides the first
integral of G. U

5.1. Proof of Theorem 1 in dimension two

The idea is to use Theorem 2.5. Let us assume for the moment that there exists a
foliation F; with a non-constant holomorphic first integral f and M = (Re(f) =
0). Without loss of generality, we can suppose that f is not a power in O, so that
Re(f) is irreducible (c¢f. [8, Lemma 2.2]). This implies Re(f) = UF, where
U e A,g and U(0) # 0.

Consider for instance F (x, y) = Re(x2+y**1)+h.o.t. If the Taylor expansion

of fat0e C?is
=Y f

j=2
where f; is a homogeneous polynomial of degree j, then
Re(f2) = jg(Re(f)) = js(UF) = UO)Re(x")
hence f> = U(0)x2. Similarly, fiy1 = U(0)y**! so that
fx,y) =UO0)* + Y1) +ho.t.

Therefore by Remark 4.2 there exists ¢ € Diff(C?, 0) such that f o o~ ! = xl2 +

y]f+1. Hence, (M) = (Re(xl2 + y]f'H) = 0) and this finishes the proof of Theo-
rem 1. We proceed analogously for the other cases.



NORMAL FORMS OF LEVI-FLAT HYPERSURFACES WITH ARNOLD SINGULARITIES 757

Remark 5.2. Let M be as in Theorem 1, that is, given by
Re(h(z)) + H(z,2) =0,

where h(z) is a germ at 0 € C? of Ay, Dy or Ej type. It is easy to check that M¢
is complex variety of dimension three with an isolated singularity at 0 € C* and
cod MéSing (UC'ME) = 2. Recall that L¢ is defined by 77<C|M(§ =0.

The rest of the paper is devoted to proving that we are indeed in the conditions
of Theorem 2.5. In all cases the idea is to consider a weighted blow-up E at the

singularity and prove that each generator of the holonomy group G of L¢ := E*L¢
with respect to a leaf has finite order. Now as all leaves are closed (see Lemma 2.6),
Theorem 5.1 implies that L¢ has a holomorphic first integral. For convenience, the
proof will be divided into the following cases: case Ay with k > 2; case Dy with
k > 5; case Eg; case E7 and case Eg.
5.2. Case Ay withk > 2
Let (x, y) € C?. Write

F(x,y) =Re (x2 + yk+]) + H(x,y,x,y),

therefore, the complexification Fc of F can be written as
1 1
Fe(x,y,z,w) =3 <x2 +yk+1> +3 <z2 + wk“) + He(x,y,z,w)  (5.1)

so that Mc = Fg 1(0) ¢ (C*,0) has an isolated singularity at 0 € C%; i.e. the
algebraic dimension of Sing (M) is 0.
We can define the following algebraic hypersurface on P(k + 1,2,k + 1, 2)

Vie =28+ 24 + 23+ 24+ = o} ,
where [Zg : Z1 : Zp : Z3] € P(k+ 1,2,k + 1,2). It is not difficult to see that
Sing (M¢) < Sing V.. Observe that V. can be considered as a V-subvariety
Ve C Z=C*Z(k + 1,2,k +1,2).

Now we can construct the weighted blow-up E : Z — Z with weight o = (k +
1,2,k+1,2). Let Mc be the strict transform of M by E. We take the exceptional
divisor D = PP, of E with coordinates (Zo, Z1, Z2, Z3) € C4\{0}. The intersection
of M¢ with the divisor [P, is the singular algebraic surface

Ci= MNPy = |23+ 2" + 23+ 25+ =0}, (5.2)

On the other hand, as we have seen in Remark 2.3, the foliation L¢ is defined by
a|ME = 0, where

k+1)
2

o = xdx + ykdy + 6, (5.3)

and 0 is a 1-form with j§(6) = 0.
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5.2.1. Case k even

Foreachi =1, ..., 4 we have the affine open sets of £
5 ilh
Ui:C4/Zai —at, ..., 1,....,—as,

where o0 = (ay, a2, a3, a4). In 173, the blow-up E has the expression
E(x1, y1, 21, wy) = (x, 3,2, w),
1 1
where x = xlz]fr ,V = ylzf,z = zll‘+ , W= wlz% and

DN U3 = {z1 = 0}/Z1.

In this chart, the pull-back of « by E is given by

k+1
E*q = 77! [(k + D(f 4+ ¥ hdzy 4+ xizidx + : )Zlyfdyl + 2191] ;

where 6; = E*Q/zfﬂz. Therefore, the foliation ﬁ@ := E*Lc is defined by
ozllMC = 0, where

k+1
oy = (k+ 1)(x12 + yf“)dzl + x1z1dx1 + (72)z1ylfdy1 + z161. 54

On the other hand, from (5.2) we have
CNU;={z1 = 1+x7 + )T+ wbt! = 0)/Zs,

which implies that C is invariant by E@; i.e.,itis a union of leaves and singularities
of Lc. _
From (5.4) we conclude that the singular set of L¢ is given by

Sing Lc N U3 = {z1 = x7 + Y = 1 + wbt! = 0)/Z441. (5.5)

In U4 we introduce coordinates (x2, y2, z2, wy) so that E has the following expres-
sion
E(x2, y2, 22, w2) = (x, y, 2, w),

where x = x2w12‘+1,y = ygw%, z= zgwlz"H, w = w%. In this chart, we have L¢ is

defined by o] M = 0, where

k+1)
@ = (k+ D)3 + Y5 ™dwy + xawadxs + waykdy, +wapr,  (5.6)
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and 8 = E*0/ w%k”. Moreover,
S TN 2 okl 2 g
Smg,&cﬂU4—{w2—x2+y2 —z2+1—0}/Zz. (5.7)

Now we claim that Sing D N Sing L¢ = @, where D is the exceptional divisor of
E. In fact, on D N Uz the group acts via

47ri [ k+1 dmi/k+ly,)

X > X1, Yi+——>e¢ Yy, wipH—>e 1

and on D N Uy the group acts via

(k+Dmi (k+1)mzz.

X2 ——> e X2, Y2H——> Y2, 22FH——>¢€

Then _
SingDNU3 = {y1 = wy =z1 = 0}/Zy4

and 5
Sing D N Us = {x3 = wp = 22 = 0}/Zo,

hence Sing D N Sing L = #, and so the assertion is proved.
5.2.2. Case k odd

Leto = ((k+1)/2,1, (k + 1)/2, 1); since P, is well-formed, let us consider the
blow-up E with weight o. For eachi = 1, ..., 4, we have the affine open sets of
E,

B i[h
U; =(C4/Zai (—al,..., 1,...,—a4>,

where o0 = (ay, az, a3, as). In 173, the blow-up E has the following expression
E(x1, y1, 21, w1) = (x, y, 2, w),

where x = xlzﬁkﬂ)/z (k+172

» Y =Y121,2 =24 ,w = wiz; and
DN []3 ={z1 = 0}/Z(k+1)/2.

In this chart, the pull-back of « by E is given by

k |:(k +1)

k+1
E*a = ¢ 5 (7 + i hdzy + xz1dx +( )zly{‘dyl +z191]
where 0, = E*0 /z]]‘+1. Therefore, the foliation £¢ := E*Lc is defined by
allMc =0, where

_k+D

1) X
> z1y1dyr + z161. (5.8)

k +
o (F + yihdzy + x1z1dx) + (
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We see from (5.2) and (5.8) that C is invariant by Z(C- Moreover, the singular set of
Lc is given by

Sing,é@ N 03 = {Z] = xl + ka ]1(+1 +1= 0} [ Lie+1y)2- 5.9

In 04 we introduce coordinates (x2, y2, 22, w2) so that E has the expression

E(x2, y2, 22, w2) = (x,y, 2, w),

where x = xzwékﬂ)/z, Yy =)Yu2,Z =22 wékﬂ)/z w = wy. In this chart, /j(c is

defined by o] Ve = 0, where

(k + 1) k+1)

a = 2 + YA Ddws 4+ xowadxs + 5 waykdy, +waBr,  (5.10)
and 8| = E*Q/w§+1. Moreover,

Sing £c N 0a = fw =3 + 34+ =3 +1=0}. (5.11)

As in case of even k, it is not difficult to see that Sing D N Sing 5@ =0.
5.2.3. End of the proof of case Ay
Take S = C\Sing L so that S is a smooth leaf of L¢. Fix ¢o € S\Sing D and a

transversal ) to S.

In the case of even k, we can work in the chart Uy, because of the symmetry
of the variables in the definition of the variety M¢. Take go = (1,0, 0, 0) and the
section Y = {(1,0,0,7)|t € C}, parameterized by ¢. Call G the holonomy group

of the leaf S of [Z(c in the section ) . From (5.7), we have that
Sing&c NU; = {wg = x2 + y§+1 = z% +1= 0} /7.

For each j = 1,2, let p; be a 2'4_primitive root of —1. According to [19], the
fundamental group 71 (S, go) can be written in terms of generators and relations as

1S, q0) = (v, 8j 1 vt = 87)1<j<a,
where for each j, y;, 8; are two loops that turn around

fwr=F +3* =2 p; =0}

Therefore G = (f}, gj)1<j<2, where f; and g; correspond to [y;] and [§], respec-
tively. We get from (5.6) that f7(0) = e 2mi/k+1 g0 = e Tiforalll <j<2.
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In the case of odd k, we work in the chart 04. Take g9 = (1,0, 0, 0) and the
section »_ = {(1,0,0, ¢)| ¢t € C}, parameterized by . From (5.11) we have that

Sing,é(cﬂ04:{w2:x§+y§+1zzg+1:0}.

The group 71 (S, go) can be written in terms of generators and relations as

k+1)/2 k+1)/2
T1(S, q0) = (. 8; v} T2, =85 V)< <

where for each j, y;, §; are two loops that turn around

{w2=x22+y§+l=zz—/oj=0}‘

Therefore G = (fj, gj)1<j<2, Where f; and 8j correspond to [y;] and [§;] respec-
tively. We get from (5.10) that f7(0) = e~ mi/k+1 g;(0) =1forall 1 < j <2.

5.3. Case Dy withk > 5

Write
F(x,y) = Re(x*y + Y* ) + H(x, y. %, ).
The complexification Fc of F can be written as

F _l 2 k—1 1 2 k—1 512
cc(x,y,z,w)—z(nyry )+2(zw+w )+ He(x,y,z,w), (5.12)

so that M¢c = F 1(0) ¢ (C*,0) has an isolated singularity at 0 € C%; i.e., the
algebraic dimension of Sing (M¢) is 0.
We can define the following algebraic hypersurface on P(k — 2,2,k — 2, 2)

Ve = 12571 + Z"f_l + 7375+ Z§_1 = 0},

where [Zg : Z1 : Zp : Z3] € P(k — 2,2,k — 2,2). It is not difficult to see that
Sing (M¢) < Sing V. Note that Vyy. can be considered as a V -subvariety

Ve C Z =CHZ(k — 2,2,k —2,2).

We consider the weighted blow-up E : Z — Z with weighto = (k—2,2,k—2, 2).
Let M be the strict transform of M¢ by E. We take the exceptional divisor D = P,
of E with coordinates (Zo, Z1, Z», Z3) € C*\{0}. The intersection of M@ with the
divisor PP, is the singular algebraic surface

Ci=McNP, ={Z3Z1+ 2\ '+ 232+ Z5 ' =0} (5.13)

On the other hand, as we have seen in Remark 2.3, the foliation L¢ is defined by
0‘|ME = 0, where

1
o = xydx + E(x2 + (k= Dy dy + 0, (5.14)

and 6 is a 1-form with jg_z(Q) =0.
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5.3.1. Case k even

Leto = ((k —2)/2,1, (k — 2)/2, 1); since P, is well-formed, let us consider E
with weight o. Foreachi =1, ..., 4, we have the affine open sets of E,

th
Ui :(C4/Zai (—al,...,ll,...,—a4),

where 0 = (a1, a2, a3, a4). In 03, the blow-up E has the expression
E(x1, y1, 21, w1) = (x,y, 2, w),
where x = xi2\ 22y = yiz1,2 = 2?2 w = wz; and

DNUs = {z1 = 0}/Z-2)2.

In this chart, the pull-back of « by E is given by

o k=1) _
E*a =2} 2[ 5 Ty + ¥ Ddzy + xiyvizidx

+l(x2+(k—1) k=2)z1d 0

5 Wi Y1 Dzidyr +z2101 |,

where 6, = E*0 /z]f_l. Therefore, the foliation E(c := E*Lc is defined by
allMc = 0, where

_ k-1
-2

1L 5 k-2
+ z(xl + k= Dy, Dzidyr + 2161.

ay 3y + ¥ Ddz + xiyizidx

(5.15)

From (5.13) we have
é N 03 ={z1 = x12y1 + y{‘_l + w + w]f_l = 0}/Z(k_2)/2

which implies that C is invariant by ﬁc. Now from (5.15) we deduce that the
singular set of L¢ is given by

Singf(c N 03 ={z1 = x12y1 + y]f_l =w] + wllc—l = 0}/Z(k_2)/2. (5.16)

In 04 we introduce coordinates (x2, y2, 22, w2) so that E has the expression

E(x2,y2,22, w2) = (x,y,z, w),
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(k=2)/2 (k=2)/2
2

where x = xow , Y = Y2w2,Z = 22W, , w = wy. In this chart, we have

that ﬁ(c is defined by o3| Ve = 0, where

(k—1) _
0n=— (x3y2 + ylf Ydws + x2y2wadxs
1 5.17)
+ 5 (3 + (k= 1y; wndys + o,
and 8 = E*@/J)lf_l. Moreover,
Sing LcNUs = {wy = x3y + ¥4 ' =23+ 1 =0} (5.18)

We claim that Sing D ¢ Sing L, where D is the exceptional divisor of E. In fact,
on D N Us the group acts via

Ami/k—2 4m/k—2w

X —> X1, YiH——>e Yy, wipH——>e 1-
Since k is even, Sing D N 04 =, so
Sing D N 03 ={y1=21=w = O}/Z(k_z)/g.

Note that it is an irreducible component of Sing L and so the assertion is proved.

5.3.2. Case k odd

Let us consider E with weighto = (k — 2,2,k —2,2). Foreachi =1,...,4,we
have the affine open sets of E,

5 ith
U; =C4/Zai (—al,..., 1,...,—a4>,

where o = (ay, a2, a3, a4). In 173, the blow-up E has the expression:
E(x1, y1, 21, wi) = (x, y, 2, w),
where x = x1z’1‘72, y = ym%,z = zll‘fz, w = wlz% and
DNUs = {z1 =0}/Z—>.
In this chart, the pull-back of « by E is given by
E*a = Z%k73 [(k — 1)(x12y1 + yffl)dm + x1y1z1dx1

1 2 k—2
+ 5(X1 + k= 1Dy, Dzidyr + 2161 |,
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where 6; = E*0/z3*"*. Therefore, the foliation Lc := E*Lc is defined by
o] |A7Ic = 0, where

a1 = (k = Diy + y{ " Ddzi + xiyizidan
1, - (5.19)
+ E(x] + k= Dy; Dzidyr + z161.
From (5.13) we have
CNU;={z1 =x3y + ylf_l +w; + wlf_l = 0}/Zk—2

which implies that C is invariant by L. Now from (5.15) we deduce that the
singular set of L¢ is given by
Sing Lc N U3 = {z1 = x3y1 + ' = wy + w™' = 0)/Z4s. (5.20)
In (74 we introduce coordinates (x7, y2, z2, w2) so that E has the expression
E(x2, y2, 22, w2) = (X, y, Z, w),
where x = xzwé‘*z,y = yzw%,z = 22w’2‘72, w = w% and
DN U3 = {w; = 0}/Z.

In this chart, we have EC is defined by o | Mo = 0, where

ay = (k — 1)(36%)’2 + ylﬁ_l)dwz + x2y2wadx;

L, - (5.21)
+ E(xz + (k= Dy, Dwadys + w2pi,
and 8y = E*0/ w%k_d'. Moreover,
Sing Lc NUs = {wr = X3y + ¥4 =23 + 1 =0)/Z,. (5.22)

Now we assert that Sing D C Sing ZC, where D is the exceptional divisor of E. In
fact, on D N Uz the group acts via

4mi/k—2 4m/k—2w

X > X1, Yi——>e¢€ Vi, wWpkH—>e 1

and on D N Uy the group acts via

(k=2)mi (k—2)m’Z2‘

X2 ——> e X2, Y2H——> Y2, 22FH——>¢€

Therefore _
SingDNUs ={y; =z1 = w; =0}/Zy—»

is an irreducible component of Sing Lc and
Sing D N 04 ={x=z2=w =0}/Z,

does not intersect the singular set of [’,@, so the assertion is proved.
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5.3.3. End of the proof of case Dy,

Take S = C \Sing E(C, so that S is a smooth leaf of E(c. Fix gp € § and a transversal
> to S. Observe that the above assertion implies that go ¢ Sing D.

In the case of even k, we work in the chart Us. Take qo = (1,0, 0, 0) and the
section Y = {(1,0,0, 7)| t € C}, parameterized by ¢. Call G the holonomy group

of the leaf S of L¢ in the section ) . From (5.18), we have that
.= - _ 2 k=1 _ 2 _
SingLcNUs={w2=x5+y, =2z,+1=0}

For each j = 1,2, denote by r; a 2'd_primitive root of —1. The group (S, qo)
can be written in terms of generators and relations as

k=2)/2 k—2)/2
(k=2)/ ; /( )/ Vi<j<a

m1(S, q0) = (vj» 8. ¢j 1 v 8j=3djv
where for each j, y;, §; are loops that turn around

{w2=x22+y§_2 =z —rj =0},

and ¢; are loops that turn around {w; = y» = z2 — r; = 0} Therefore G =
(fj»gj-hj)1<j<z, where f;, g; and h; correspond to [y;], [§;] and [;] respec-
tively. We get from (5.17) that £(0) = e~ mi/k=2 g7(0) = 1 and #;(0) = 1 forall
1<j<2

In the case of odd k, we work in the chart Us. Take qo = (1,0,0,0) and the
section Y = {(1, 0,0, t)| € C}, parameterized by . From (5.22) we have that

Singﬁc NUs = {wz = x%yz + ylz‘f1 = Z% +1= 0} /7.
The fundamental group 71 (S, go) is generated by
T1(8.40) = (v}, 8j. 5 v} 2 = 8=j=,
where for each j, y;, 8; are loops that turn around
{wr = x22 +yI2€_2 =z —rj =0},

¢j are loops that turn around {wy; = y» = z2 —r; = 0}. Therefore G =
(fj>8j hj)<j<2, where f;, g; and h; correspond to [y;], [§;] and [;] respec-
tively. We get from (5.17) that f}(0) = e™>""/*72, ¢"(0) = ¢™" and #;(0) = 1
forall 1 < j <2.
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54. Case Eg

Write
F(x,y) = Re(x* +y) + H(x, y, %, 9).

The complexification F¢ of F can be written as
1 4 3 1 4 3
Fe(x,y, z,w) = SO Ay )+ E(Z +w?) + He(x, y, z, w), (5.23)

so that Mc = F 1(0) c (C*,0). Note that 0 € C* is an isolated singularity of M¢
so the algebraic dimension of Sing M is 0.
Let us define the following algebraic hypersurface on [P(3, 4, 3, 4)

Ve == {Zy+ Z} + Z5 + Z3 = 0},

where [Zy : Z) : Zy : Z3] € P(3, 4, 3,4). Clearly Sing Mc C Sing V. and Vi,
can be considered as a V -subvariety

Vie C Z =C*7(3,4,3, 4).

Let E : Z — Z be the weighted blow-up with weight o = (3, 4, 3, 4). Denote by
M@ the strict transform of Mc under E. Take the exceptional divisor D = P, of
E with coordinates (Zg, Z1, Z», Z3) € (C4\{0}. The intersection of M@ with P, is
the algebraic surface

C=McNPy ={Z§+Z} + 25 + 23 =0}. (5.24)

On the other hand, according to Remark (2.3), the foliation L¢ is defined by «| Mg =
0, where

3
o =2x3dx + 5dey +0, (5.25)

where 0 is a 1-form with jg () =0.Foreachi =1, ..., 4, we have the affine open
sets of E

B ilh
U; :(C4/Zal. (—al,..., 1,...,—a4>,
where o = (ay, az, a3, a4). In 173, the blow-up E has the expression:

E(xi,y1, 21, wp) = (x, 5,2, w),

where x = x123,y = yizt, z =23, w = wiz} and DN U3 = {z1 = 0}/Zs3.
In this chart, the pull-back of « by E is given by

3
E*a =z |:6(xj‘ + y))dz1 + 2z1x7dx) + §Z1Y12dyl + 2191}
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where 6; = E*a/ z}z. Therefore the foliation ﬁ@ := E*Lc is defined by «] Ve =
0, where

3
a1 = 6(x{ + y]dz1 + 2z1xidxs + Sziyidy + 2161 (5.26)
From (5.24) we have
CNUz = {z =xf—|—yf+wf+l=0}/Z3

which implies that C is invariant by L. Now it follows from (5.26) that the singular
set of L¢ is given by

Sing Lc NUs = {z1 = x} + y} = w} + 1 =0}/Zs. (5.27)
In U4 we introduce coordinates (x7, ¥2, z2, w2) so that E has the expression

E(x2,y2, 22, w2) = (x,y,2, w),

where x = xgwg,y = yzwé, z= zgwg, w = w‘z‘ and D N 04 = {wy; = 0}/Z4. In

this chart, the foliation ZC is defined by a» | Mg = 0, where

3
@ = 6(x3 + y3)dwy + 2waxidxy + Ewgy%dyz + wafi, (5.28)

and 8] = E*O/w%z. Moreover
Sing Lc N Uy = {wy = x3 4+ y3 = 23 + 1 = 0}/Za. (5.29)

We assert that Sing D N Sing ?C = (J, where D = P(3, 4, 3, 4) is the exceptional
divisor of E. In fact,on D N U3 the group acts via

x| —> X[, Y +—> eS”’/3y1, wy — 8Py,

and on D N Uy the group acts via

3mi/2

Xy —> e X2, Y2 > Y2, 22+ 24,

Therefore
SingDNUs ={y; =z1 = w; =0}/Z3

and .
Sing D NUs = {xp = 20 = wp = 0}/Za,

hence Sing E(C N Sing D = {4, so the assertion is proved.
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5.4.1. End of the proof of case Eg

Take S = C‘\Sing Z(c so that S is a smooth leaf of f@. Fix go € S\Sing D and a
transversal ) to S.

We work in the chart Us. Take go=(1,0,0,0) and the section ) _={(1,0,z,0)]| te
C}, parameterized by 7. Call G the holonomy group of the leaf S of ﬁ@ in the
section »_. From (5.27), we have

Sing Lc N U3 = {z; = x? —I—y? = wf + 1 =0}/Zs.

Foreach j = 1,2, 3,denote by p; a 3'_primitive root of —1. The group (S, qo)
can be written in terms of generators and relations as

(S, q0) = (vj. &j 1 ¥v] = {isjzs
where y;, ; are loops that turn around
{zi=x{+y  =w —p; =0}, forall 1 <j<3.

Therefore G = (f}, gj)1<j<3, where f; and 8j correspond to [y;]and [£;] respec-
tively. We get from (5.26) that f}(0) = e/, ¢"(0) = e™™'/2 forall 1 < j < 3.

5.5. Case E7

Let us consider
F(x,y) = Re(x’y + ) + H(x, y. X, ),

therefore, the complexification F¢ of F can be written as
_ 13 3y, 13 3
Fec(x,y,z,w) = 2()6 y+y)+ 2(Z w+w’) + He(x, y,z,w),  (5.30)

so that Mc = F; 1(0) ¢ (C*,0). Note that 0 € C* is an isolated singularity of M¢
so the algebraic dimension of Sing M is 0.
Let us define the following algebraic hypersurface on P(2, 3, 2, 3)

Ve == {Z3Z1 + Z3 + 2373+ Z3 = 0},

where [Z : Z) : Zy : Z3] € P(2, 3,2, 3). Clearly Sing Mc C Sing V. and V.
can be considered as a V-subvariety

Vie C Z =C*7(2,3,2,3).

Let E : Z — Z be the weighted blow-up with weight o = (2, 3, 2, 3). Denote by
Mc the strict transform of M¢ by E. Take the exceptional divisor D = P, of E
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with coordinates (Zy, Z1, Z», Z3) € (C4\{O}. The intersection of A;I(C with P, is the
algebraic surface

C=McNP, ={Z3Z\ + Z3 + 2375 + Z3 = 0}. (531)

On the other hand, according to Remark (2.3), the foliation L¢ is defined by «| M=
0, where

3 1
o= 5xzyazx + 5(x3 +3yY)dy +6, (5.32)
where 0 is a 1-form with jg (0) =0.Foreachi =1, ..., 4, we have the affine open

sets of E
B ilh
U; :(C4/Zai (—al,..., 1,...,—a4),
where o0 = (ay, a2, a3, a4). In 173, the blow-up E has the expression
E(x1, y1, 21, w1) = (X, y, Z, w),

where x = xlz%,y = ylz?,z = z%, w= w1z? and D N 03 = {z1 =0}/Z,;.

In this chart, the pull-back of « by E is given by

9 3 1
Efa =75 |:§(x13y1 +y)dz) + §z1x12y1dX1 + 521(3613 +3yD)dyr + 2191]

where 6 = E*a/ z(l). Therefore the foliation EC := E*L¢ is defined by o] Me = 0,
where

_9 3 3 E 2 1 3 2
) = 2(X1Y1 + ypdz + 211x1y1dX1 + 221(x1 +3ypDdyr + 2101, (5.33)
From (5.31) we have
CNU; = {zi =xf’y1 +yf+w?+w1 =0}/Z,

which implies that C is invariant by EC. Now it follows from (5.33) that the singular
set of L¢ is given by

Sing Lc NUs = {z1 = xy1 + y3 = w} 4+ wy = 0}/Z,. (5.34)
In 04 we introduce coordinates (x2, y2, z2, wp) and E has the expression
E(x2, y2, 22, w2) = (X, y, 2, w),

where x = xzwg,y = yzw;, 7= Zzw§, w = wg and D N 174 = {wy = 0}/Z3.
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In this chart, the foliation EC is defined by o] Ve = 0, where

oy = g(XSyZ + yg)dwz + %wzx%yzdxz + %wz(xg + 3y%)dy2 + wyB1, (5.35)
and B = E*Q/wg. Moreover
Sing Lc NUs = {wy = x3y2 + y3 = 25 + 1 = 0}/Z3. (5.36)
We claim that Sing D~ C Sing ,C~(c, where D = P(2, 3, 2, 3) is the exceptional divi-
sor of E. In fact, on U3 the group acts via
X1 > X1, yiH> =)y, wWik—> —w

and on Uy the group acts via

4ri/3 anif3

X2 —> e X2, Y2H——> Y2, 22FH——>¢€

Therefore _
SingDNUs ={y; =z1 =w =0}/Z,

and ~
Sing D N Uy = {x = 20 = wy = 0}/Z3,

hence Sing D C Sing L, so the assertion is proved.

5.5.1. End of the proof of case E7

Take S = C \Sing ﬁc, so that S is a smooth leaf of /3(:- Fix go € § and a transversal

> toS.

We work in the chart 04. Take go=(1,0,0,0) and the section Y ={(1,0,0,7)|t €

C}, parameterized by 7. Call G the holonomy group of the leaf S of ﬁ@ in the
section »_. From (5.36), we have

Sing Lo N Uy = {wy = x3y2 +y3 = 23 + 1 = 0}/Z3.
The fundamental group 71 (S, go) is generated by
m1(S.q0) = (v, 8). ¢ 1 8] = {hi<j<s-

Foreach j =1,2,3,denote by p; a 3'_primitive root of —1, we have y; are loops
that turn around

{wy=y=20—pj =0} forall 1 <j<3
and §;,¢; are loops that turn around
{w2:xg+y22:Z2—,0j:O}, forall 1 <j <3.

Therefore G = (fj. gj, hj)i<j<3, where fj, g; and h; correspond to [y;], [§;]
and [¢;], respectively. We get from (5.35) that fjf (0) = e27i/9, g;- 0) = e 2mi/3,
W;(0) = e~ forall 1 < j <3.
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5.6. Case Eg

Write
F(x,y) = Re(x* +y) + H(x, y, X, ).

The complexification F¢ of F can be written as
1 5 3 1 5 3
Fex,y.z,w) = 57 +y7) + 5@ +w?) + Helx, y, 2, w), (5.37)

so that Mc = F; 1(0) c (C*,0). Note that 0 € C* is an isolated singularity of M¢
so the algebraic dimension of Sing M is 0.
Let us define the following algebraic hypersurface on P(3, 5, 3, 5)

Ve == 1{Zy + Z} + Z5 + Z3 = 0},

where [Zo : Z1 : Zy : Z3] € P(3,5, 3, 5). Clearly Sing Mc C Sing V. and V..
can be considered as a V-subvariety

Ve C Z =C*/7(3,5,3,5).

Let E : Z — Z be the weighted blow-up with weight o = (3, 5, 3, 5). Denote by
M@ the strict transform of M¢ by E. Take the exceptional divisor D = P, of E
with coordinates (Zo, Z1, Z», Z3) € (C4\{O}. The intersection of M@ with P, is the
algebraic surface

C=McNPy ={Z)+Z} + 25+ Z3 =0}. (5.38)

On the other hand, according to Remark (2.3), the foliation L¢ is defined by «| Mg =
0, where

5 3
o= Ex“abc + 5yzdy +0, (5.39)
where 6 is a 1-form with j(‘)‘ () =0.Foreachi =1, ..., 4, we have the affine open
sets of E:
. . i—th
U =C"/Zy(—ayr, ..., 1 ,...,—as),

where 0 = (ay, az, a3, as4). In 03, the blow-up E has the expression
E(x1, y1, 21, w1) = (x, y, 2, w);
where x = x1z?,y = y1z?,z = z%, w= w1z? and DN U3 = {z1 =0}/Zs.

In this chart, the pull-back of « by E is given by

15 5 3
E*a =z]* [E(Xf +y)dz1 + Eszdm + Emylzdyl + 2191}
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where 0] = E*a/ zis . Therefore the foliation £¢ = E*L¢ is defined by ail . =
0, where

15 5 3
ap = 7()6? +y)dzi + Ezwcfdm + Ezmzdyl + 2101 (5.40)

From (5.38) we have
CNUs={z1 =x3 +y; +w} +1=0}/Z3

which implies that € is invariant by Lc. From (5.40), the singular set of L¢ is
given by
Sing Lc N U3 = {z1 = x) +y} = w} + 1 =0}/Zs. (541)

In 04 we introduce coordinates (x2, y2, 22, w2), and E has the expression

E(x2,y2,22, w2) = (x,y, 2, w),

where x = xzwg,y = yzwg, 7= zgwg, w = wg and DN Uy = {w; = 0}/Z4.
In this chart, the foliation Zc is defined by o3| Mo = 0, where

15 5 3 5 4 3.5
ay = 7(x2 + y3)dwy + szxzdxz + szyzdyz + w21, (5.42)

and 8y = E*0/ w%S. Moreover
Sing Lc NUs = {wr = x5 +y3 = 25 + 1 = 0}/Zs. (5.43)

We assert that Sing D N Sing Ec = (J, where D = P(3, 5, 3, 5) is the exceptional
divisor of E. In fact,on D N U3 the group acts via

107 /3 107 /3
/Y1, /wl

Xl ——> X1, Y1——>¢€ w) /> e

’

and on D N Uy the group acts via

6mi/5

X)—> e X2, Y2+ Y2, 72+ ST,

Therefore 5
SingDNU3 = {y; =z1 = w; =0}/Z3

and _
Sing DN Uy = {xp = 20 = wyp = 0}/Zs,

hence Sing E(C N Sing D = {4, so the assertion is proved.
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5.6.1. End of the proof of case Eg

Take S = C\Sing L, so that S is a smooth leaf of L. Fix qo € S\Sing D and a
transversal ) to S.

We work in the chart 03. Take go=(1,0,0,0) and the section Y ={(1,0,#,0)| 7
C}, parameterized by 7. Call G the holonomy group of the leaf S of ﬁ(c in the
section »_. From (5.41), we have that

Sing Lc N U3 = {z1 = x3 + y3 = w} + 1 =0}/Z3.

In this chart Sing ﬁc has three irreducible components. For each j = 1, 2, 3, denote
by p; a 3'd_primitive root of —1. The group 71 (S, go) can be written is terms of
generators and relations as

(S, q0) = (yj, ¢ : J/f = §f>1sjs3

where y;, {; are loops that turn around
{zi=x]+yi =wi —p; =0}, forall 1 <j<3.

Therefore G = (fj, gj)1<j<3, Where f; and g; correspond to [y;] and [¢;], re-
spectively. We get from (5.40) that f]/. 0) = e 273, g;. (0) = e 27/3 for all
1 < j < 3. This finishes the proof of Theorem 1.
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