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Vanishing of special values and central derivatives
in Hida families

MATTEO LONGO AND STEFANO VIGNI

Abstract. The theme of this work is the study of the Nekovar-Selmer group
H } (K, TT) attached to a twisted Hida family T of Galois representations and a
quadratic number field K. The results that we obtain have the following shape:
if a twisted L-function of a suitable modular form in the Hida family has order
of vanishing » < 1 at the central critical point then the rank of H }(K s 'H‘"') as a

module over a certain local Hida-Hecke algebra is equal to . Under the above
assumption, we also show that infinitely many twisted L-functions of modular
forms in the Hida family have the same order of vanishing at the central critical
point. Our theorems extend to more general arithmetic situations results obtained
by Howard when K is an imaginary quadratic field and all the primes dividing
the tame level of the Hida family splitin K.

Mathematics Subject Classification (2010): 11F11 (primary); 11GI18 (sec-
ondary).

1. Introduction

Fix an integer N > 1, a prime number p { 6N¢(N) and an ordinary p-stabilized
newform

f=) anq" € Si(To(Np), o)

n>1

of weight k > 2 (where w is the Teichmiiller character and j = k (mod 2))
whose associated mod p Galois representation is absolutely irreducible and p-
distinguished (see [21, page 297]). Let F := Q,(a, | n > 1) be the finite ex-
tension of Q,, generated by the Fourier coefficients of f and let O denote its ring
of integers. Write ‘R for the branch of the Hida family where f lives (see [21, Sec-
tion 5.3]); then R is a complete local Notherian domain, finite and flat over the
Iwasawa algebra A := OF[[1 + pZ,]|, and the Hida family we are considering can
be viewed as a formal power series f» € R[¢].
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For p € Spec(R) let Ry, denote the localization of R at p and set F), :=
Rp/pRyp. Hida’s theory ([11-13]) shows that if p € Spec(R) is an arithmetic
prime (in the sense of [21, Section 5.5]) then F), is a finite extension of F and the
power series in Fp[[g] obtained from fo by composing with the canonical map
R — Fy is the g-expansion of a classical cusp form f; in particular, f = fp,
for a certain arithmetic prime po of weight k. Furthermore, to fo is associated
a Gal(Q/Q)-representation T that is free of rank 2 over R. If p f, 1s the p-adic

Gal(@ /Q)-representation attached to f, by Deligne ([6]) and V}, := T ®% Fj then

Vo Z pg,(kp — D ®1e, '],

where k;, (respectively, ep) denotes the weight (respectively, nebentype character)
of fp (see, e.g., [26, (1.5.5)]); here we write [, 1] for the one -dimensional Ga-

lois representation sending the geometric Frobenius at £ to &, (6) for every prime
number ¢ { Np. The choice of a so-called critical character

©: Gal(Q/Q) — AX

allows us to uniformly twist T and obtain a Galois representation T" := T ® @ !
which is free of rank 2 over R and such that for every arithmetic prime p of R the
representation Vp =T ®r Fy, is a self-dual twist of V).

The general theme of this article is the study of the R-rank of the Nekovai-
Selmer group H (K, TT) attached to T™ and a quadratic number field K .

We first let K be an imaginary quadratic field of discriminant prime to Np
and define the factorization N = NTN™ by requiring that the primes dividing
N7 split in K and the primes dividing N~ are inert in K. We assume throughout
that N~ is square-free. Moreover, since the case N~ = 1 was studied in [14],
we also assume that N~ > 1. We say that we are in the indefinite (respectively,
definite) case if N~ is a product of an even (respectively, odd) number of primes.
For every arithmetic prime p of R, the choice of ® gives an pr -valued character x,
of AIX( whose restriction to A@ is the inverse of the nebentype of f;, (here A, is the
adele ring of a number field L). Then the Rankin-Selberg L-function L g ( fp, Xps §)
admits a self-dual functional equation whose sign controls the order of vanishing
of Li (fp, Xp,s) at the critical point s = kp/2. We say that the pair (fp, xp) has
analytic rank r > 0 if the order of vanishing of Lg (fp, xp, s) ats = ky/21isr.

A simplified version of our main results can be stated as follows.

Theorem 1.1. Let K be an imaginary quadratic field. If there is an arithmetic
prime p of weight 2 and non- trlwal nebentype such that ( fy, xp) has analytic rank

one (respectively, zero) then H (K, T") is an R-module of rank one (respectively,
an R-torsion module).

Proposition 5.3 (respectively, Proposition 4.3) implies that if the pair (fp, xp)
has analytic rank one (respectively, zero) then we are in the indefinite (respectively,
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definite) case. Under this assumption, we also show that (fy, x,) has analytic
rank one (respectively, zero) for all but finitely many arithmetic primes p’ of weight
2; see Corollary 4.5 (respectively, Corollary 5.5) for details. These results repre-
sent weight 2 analogues (over K) of the conjectures on the generic analytic rank of
the forms f, formulated by Greenberg in [9], and the reader is suggested to com-
pare them with the statements in [21, Section 9.4] (in particular, [21, Conjecture
9.13]), where conjectures for forms f,, of arbitrary weight are proposed. Theo-
rem 1.1 is a combination of Theorems 4.6 and 5.6, where more general formula-
tions (involving the notion of generic arithmetic primes of weight 2, ¢f. Definition
2.1) can be found. In the case of rank one, the corresponding statement in the
split (i.e., N~ = 1) setting can be proved using the results obtained by Howard in
[15, Section 3].

The proof of Theorem 1.1 given in Sections 4 and 5 relies crucially on the
properties of the big Heegner points whose construction is described in [21], where
we generalized previous work of Howard on the variation of Heegner points in
Hida families ([14]). With a slight abuse of terminology (c¢f. Definition 3.1),
for the purposes of this introduction we can say that big Heegner points are cer-
tain elements 3 € H'(K,T") (indefinite case) and 3 € J (definite case) de-
fined in terms of distributions of suitable Heegner (or Gross-Heegner) points on
Shimura curves, where J is an /R-module obtained from the inverse limit of the
Picard groups attached to a tower of definite Shimura curves with increasing p-
level structures. Since the Galois representation TT can be introduced using an
analogous tower of indefinite (compact) Shimura curves, the construction of the
elements 3 proceeds along similar lines in both cases. These constructions are
reviewed in Section 3. It turns out that the image of 3 in the Fp-vector space
HY(K, VJ ) (indefinite case) or J ®r Fp (definite case) as p varies in the set of
(weight 2) arithmetic primes controls the rank of H }.(K , 7). In fact, in light of
Propositions 4.3 and 5.3, Theorem 1.1 tells us that knowledge of the non-vanishing
of the big Heegner point 3 at a single arithmetic prime p of weight 2 and non-

trivial nebentype allows us to predict the rank over R of the big Selmer group
H}(K, T").

Finally, by suitably splitting H }(K , VPJr ) and considering twists of Hida fam-
ilies, one can obtain results in the same vein as Theorem 1.1 for general quadratic
fields K (not only imaginary ones) from the results (over Q) proved in [15, Section
4]. This strategy does not make use of the big Heegner points introduced in [21],
and the input has to be an arithmetic prime of trivial character (note, however, that
the big Heegner points defined in [14] in rank one play a crucial role in the proof

of the results from [15] to which we appeal). We provide details in Section 6 (see
Theorems 6.3 and 6.4).

Convention

Throughout the paper we fix algebraic closures Q and Qq (where ¢ is any prime
number) and field embeddings Q < Q, and Q; — C.
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2. Hida families of modular forms

Define I' := 1 + pZ) (so Z; = p,_y x I where p,,_; is the group of (p — 1)-
th roots of unity) and A := Of[[I']]. Let R denote the integral closure of A in
the primitive component /C to which f belongs (see [21, Section 5.3] for precise
definitions). Then R is a complete local Notherian domain, finitely generated and
flat as a A-module, and if f)ggd is Hida’s ordinary Hecke algebra over Of of tame
level I'g(N), whose construction is recalled in [21, Section 5.1], then there is a
canonical map
boo - f)géd — R

which we shall sometimes call the Hida family of f. For every arithmetic prime
p of R (see [21, Section 5.5] for the definition) set Fy, := Ry/pRy. Then Fyis a
finite field extension of F and we fix an F-algebra embedding F, — Q,, so that
from here on we shall view F), as a subfield of Q,. Now consider the composition

gp: b0 2 R T B @.1)

where 7y, is the map induced by the canonical projection R, — Fy. For every
integer m > 1 define ®,, := I'o(N) N T (p™). By duality, with ¢, is associated a
modular form

fo = an®)q" € Sk, (Pm,, Ype* TR, Fp),

n>1

of suitable weight ky, level ®,,, and finite order wild character Y, : I' — Fy,

such that a,(p) = ¢p(T,) € Fpforalln > 1 (here T, € f)ggd is the n-th Hecke
operator). We remark that if 7, is the smallest positive integer such that v, factors
through (1 + pZ,)/(1 + p'*Z,) then my = max{1, 1p}. See [21, Section 5.5] for
details.

Let Q(n poo) be the p-adic cyclotomic extension of @ and factor the cyclotomic
character

€oye : Gal(Q(py»)/Q) — Zj 22)

as a product €cyc = €ame€wild With €gme (respectively, eywjiq) taking values in p -1
(respectively, I'). Write y — [y] for the inclusion I' < A * of group-like elements
and define

k+j—2)/21 1/2
= et TPl ] Gal(Q(p p) /Q) —> AX
where 6\11/112(1 is the unique square root of €yjq with values in I". In the obvious way,
we shall also view ©® as R*-valued. We associate with ® the character 6 and, for
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every arithmetic prime p, the characters ® and 6, given by

0: 7% o Gal(Q(pt o) /Q) —> R,
Op : Gal(Qp ) /Q) —> R* 5 F,

—1
€cyc

Oy Z; — Gal(Q(u ) /Q) E) FX,

where ec_ylc

is the inverse map of the cyclotomic character (2.2). According to con-
venience, the characters ® and ®,, will also be viewed as defined on Gal(@ /Q) via
the canonical projection. If we write [-], for the composition of [-] with R* — F, px
then (0P|1")2 = [-]p, and for every arithmetic prime p of weight 2 the modular form
fJ =fp®0, ! has trivial nebentype (see [15, page 806]).

As in [15, Definition 2], we give the following:

Definition 2.1. An arithmetic prime p of weight 2 is generic for 6 if one of the
following (mutually exclusive) conditions is satisfied:

(1) fp is the p-stabilization (in the sense of [15, Definition 1]) of a newform in
$2(To(N), Fp) and 6y, is trivial;

(2) fpisanewformin $;(I'o(Np), Fy) and 6, = wP~b/2,

(3) fp has non-trivial nebentype.

Let Geny (0) denote the set of all weight 2 arithmetic primes of R which are generic
for 6. Observe that, since only a finite number of weight 2 arithmetic primes do not
satisfy condition (3) in Definition 2.1, the set Gen, (@) contains all but finitely many
weight 2 arithmetic primes.

Before concluding this subsection, let us fix some more notation. If E is a num-
ber field then write artg : Ag — Gal(E®/E) for the Artin reciprocity map. Fur-
thermore, let b, be the Or-Hecke algebra acting on the C-vector space S>(®,;, C)
and write ho" for the ordinary O r-subalgebra of b,,, which is defined as the prod-

uct of the local summands of f,, where U, is invertible (therefore Hod = 1<£n bg{d,
of. 21, Section 5.1]). If M is an h,,-module set M := M ®p,, h9. Finally,
define the ®~!-twist of a A-module M endowed with an action of G_al(@ /Q) as
follows: let AT denote A viewed as a module over itself but with Gal(Q/Q)-action

given by @ ! and set M7 := M @4 AT.
3. Review of big Heegner points
Let B denote the quaternion algebra over Q of discriminant N ~. Fix an isomor-

phism of Q-algebras i, : B, := B ®p Q, =~ M>(Q),) and choose for every
integer + > 0 an Eichler order R; of level p’ N such that ip(R; ®z Zp) is equal
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to the order of M>(Q),) con51st1ng of the matrices in M, (Z ») Wthh are upper tri-
angular matrices modulo p’ and R;11 C R, for all 7. Let B and R, denote the finite
adelizations of B and R; and define U; to be the compact open subgroup of R
obtained by replacing the p-component of R;* with the subgroup of (R, ®z, Z p)X
consisting of those elements y such thati,(y) = (}5) (mod p").

Fix an integer ¢+ > 0 and define the set

X = U\ (B* x Homg(K, B))/B*, (3.1)

where Homg denotes homomorphisms of QQ-algebras. See [21, Section 2.1] for

details. An element [(b, ¢)] € X I(K) is said to be a Heegner point of conductor p'
if the following two conditions are satisfied.

(1) The map ¢ is an optimal embedding of the order O, of K of conductor p’
into the Eichler order b~! I/i’\,b N B of B.

(2) Let x, denote the p-component of an adele x, define U, , to be the p-compo-
nent of Uy, set O, := Oyt ®z Z)p, Ok := Ok ®z L, and let ¢, denote
the morphism obtained from ¢ by extending scalars to Z,. Then

-1 -1
¢p (¢p(O;typ) N bp U[prp) = O;’,p N (1 + pIOK,p)X-
For every t > 0 let H, be the ring class field of K of conductor p’ and set L, :=
Hl (M/p’)-
3.1. Indefinite Shimura curves

For every t > 0 we consider the indefinite Shimura curve X ¢ over (Q whose complex
points are described as the compact Riemann surface

X,(C) := U;\(B* x (C —R))/B*.

The set X ,(K) can be identified with a subset of X :(K®) where K is the maximal
Abelian extension of K. For every number field E let

Gk = Gal(Q/E).

Then G naturally acts on the geometric points X P (Q) of X ‘-

3.2. Definite Shimura curves

For every t > 0 we consider the definite Shimura curve
X, .= U\(B* x P)/B*

where P is the genus-0 curve over Q defined by setting

P(A) := {x € B®g A | x #0,Norm(x) = Trace(x) = 0}/AX
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for every (Q-algebra A (here Norm and Trace are the norm and trace maps of B,

respectively). There is a canonical identification between the set X t(K) in (3.1) and
the K -rational points X;(K) of X;.
If E/K is an Abelian extension then we define

Gr = Gal(K®/E);

in particular, Gk is the Abelianization of the absolute Galois group of K. We ex-
plicitly remark that this group is different from the group denoted by the same

symbol in the indefinite case. The set X; XK i equipped with a canonical action of
Ok >~ K*/K* given by

(b, §)]° = [(bp(a), 9)].

where dA) : K < B is the Abelization of ¢anda e K satisfies artg (a) = o.

3.3. Constructions of points

In this and the next subsection our considerations apply both to the definite case
and to the indefinite case. Recall that in the former case the symbol Gg stands
for the Galois group Gal(K?®/E) of an Abelian extension E of K, while in the
latter we use Gg for the absolute Galois group of a number field E. Given a field
extension E/F (with E and F Abelian over K in the definite case) and a continuous
Gr-module M, for every integer i > 0 let

resg/pi H (Gp,M)—> H' (G, M), corgjp:H' (Gg,M)—> H'(Gr,M) (32)

be the usual restriction and corestriction maps in Galois cohomology.
Denoting o : X r = Xt | the canomcal projection, [21, Theorem 1.1] shows

the existence of a family of points P e X, X&) which are fixed by the subgroup Gy,
of Gk and satisfy

Up(Pio1) = (th,/LH (ﬁr))
(here, for a finite Galois extension £/ F, the symbol trg,r stands for the usual trace

map). Via the Jacquet-Langlands correspondence, the divisor group Div(i ,(K)) Q7
Op is equipped with a standard action of the O g-Hecke algebra b, (see [21, Section
6.3]). Define

~ ord
Dy, := (DiV(X,(K)) ® OF)
Taking the inverse limit, we may define

DOO = LiEI]D)t,

t
which is naturally an h%9-module. Finally, set

D = ]D)oo ®hggd R.
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The canonical structure of A-module on these groups makes it possible to define

the twisted modules ]D);L, DY and D
Let H = Hj be the Hilbert class field of K, write

P, € H(Gp,. D))
for the image of f’, in D; (cf. [21, Section 7.1]) and define
P, = cory, n(P;) € H' Gy, D).

After [21, Definition 7.3], we give the following:

Definition 3.1. The big Heegner point of conductor 1 is the element

Py =limU,"(P) € H'(Gn. D)
t

obtained by taking the inverse limit of the compatible sequence (U » ! (77;)) ;> and
then taking the image via the map DY, — D',

See [21, Corollary 7.2] for a proof that the inverse limit considered in Defini-
tion 3.1 makes sense. Finally, set

P = Pk := cory/x (Pu) € H'(Gg, D). (3.3)

3.4. Weight-2 arithmetic primes

We introduce some notation in the case of arithmetic primes of weight 2. So fix an
arithmetic prime p of R of weight 2, level ®,,, and wild character ¥rp. In order to

simplify the notation, in this subsection put m := my and ¥ := v,. The action
of h%4 on D), factors through ho, which, by the Jacquet-Langlands correspon-

dence, can be identified to a quotient of the ordinary Or-Hecke algebra of level
®,,. Define an F,-valued character of A g by

xp(x) 1= Oy (artg(Ng /0 (x)))

and denote by o, the restriction of x, to A@. Then the nebentype wpwkﬂ —kp of

fp is equal to Xo. ; (see [15, Section 3] for a proof). In particular, since
(Z/pZ)* x (1 + pZy) /(1 + p*Lp) = (Z/p" L),
the conductor of XO_,; is p'r unless x, is trivial. Foro € Gal(K®/K) letx, € A}

be such that artg (xo) = o and define xp(0) := xp(xs). Notice that here we are
using the fact that p is of weight 2, so that yxy, is of finite order.
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Since ®y, factors through Ggy w,m)> We obtain the equality

H°Gy,,,Di) = H°GyL,,, D). (3.4)

Using (3.4), the point P, € H O(QHm, ]D)L) gives rise, by restriction, to a point
resy,,/H, (Pn) in HO(QLm, D,,). Since g@(u,,m) is contained in the kernel of ®y,
the map xp can be viewed as a character of Gal(L,,/K), so we may form the sum

Po = > resp,m,Pn)’ ®x, ' (0) € HY(GL, . Dy ®0, Fp). (3.5)
o€Gal(L,/K)

Via (3.4), we may also view P%? as an element of HO(G Lns }D),Tn ®oy Fp). Moreover,
for every T € G we have

ET = > Py @ 0p(artg(Nk (o)) x| (TL,,) = OEL,
oeGal(L,,/K)

so PiP € HO(Gk, D}y @0, Fy).
We want to explicitly relate PX? and P,,. In order to do this, we note that, by
definition, there is an equality

Xp
Py = cory, k oresy,, /u, Pn),

where the restriction and corestriction maps are as in (3.2) with £ = L,,, F = Hy,
and M = ]D)I,, ®op Fy. Therefore we get

Xp
IP;y” = (cory g o cory,, /g o cory, /m, oresy, /m,)Pn)

3.6)
=[Lm: Hm]corH/K(Pm)-

In the following we shall also make use of the module

its twist ID); =D'®r Fy and the image of P in H 0(Gk, D;g) via the canonical map
Dt - ]D)L, which we denote Py.

Remark 3.2. By extending Hida’s arguments in the proof of [13, Theorem 12.1]
to the case of divisors, it seems possible to show that the canonical map D — D),
factors as

D — Dy ®op Fp — Dy. 3.7

Then one would obtain from the above discussion the formula Py, = a,(p)"'[L, :

Hy, Py in H 0(Gk, ID);Q), where P, denotes the image of P, in Dy, under the sec-
ond map appearing in (3.7). Instead of deriving such an equality at this stage, we
will obtain two related formulas (see Propositions 4.1 and 5.1) in specific situa-
tions where factorizations analogous to (3.7) are available thanks to known cases of
Hida’s control theorem.
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4. Vanishing of central derivatives

Let the quaternion algebra B be indefinite and write p for a weight 2 arithmetic
prime of R of level ®,,, and wild character v/,. Once p has been fixed, set m := m,,

and ¥ := rp.

4.1. Tate modules

For every integer t > 0 let ft be the Jacobian variety of X ¢. Define

T, = (T, (7)) ©2, OF)

where, as usual, the upper index ord denotes the ordinary submodule, then form the
inverse limit
TOO = l(ﬂl ’]1‘[.
t
We may also define the twists ']I‘;f and ’]I'lo. By [21, Corollary 6.5], there is an
isomorphism
Too ®hggd R ~ T (41)

of Galois representations. Here, as in the introduction, T is the Gal(Q/Q)-rep-
resentation associated with the Hida family f.,. We fix once and for all such an
isomorphism, and freely use the notation T for the Galois module appearing in the
left-hand side of (4.1). Now set

Then Vg =T ®r Fy, is a self-dual twist of the representation attached to pr by
Deligne. Observe that the canonical map T — V), can be factored as

TTm, p

T — T, ®0p Fp — V. 42)

This follows from Hida’s control theorem [13, Theorem 12.1] (or, rather, from its
extension to the current setting given in [22, Proposition 2.17]). Following [14, page
101], for every ¢ > O one defines a twisted Kummer map

8 : HY(K,D)) — H'(K,T)).

There is an analogous map with H in place of K, which we shall denote by the

same symbol. Taking the limit as ¢ varies and using the canonical map T, — TT,
we get a map
8oc : HY(K, DY) — H'(K,T").

Recall the element P introduced in (3.3) and define

3:=800(P) € HY(K, TT).
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Write 3p for the image of 3 in H 1 (K, VJ ). The map § gives rise to a map
8 : HOK, D)) — H'(K, V,),

and the square
HO(K, DY) 2= Hl(k, T

l l

8 .

HY(K,D}) —— H'(K,V,)
is commutative, so that 3, is also equal to 8,(Pp) (in the notations of Section 3.4).
We may also consider the class 8,,(PY) € H'(K, T}, ®o; Fp), where P e
HO(K, ]D)L ®oy Fp) is the element introduced in (3.5) and §,, is extended by F),-
linearity, and define X}, to be the image of §,, Py in H'(K, VJ ) via the map 7, p
appearing in (4.2).
Proposition 4.1. The formula Xy = a,(p)" [ Ly, Hm]ﬁp holds in H' (K, VJ).
Proof. We just need to review the above constructions. Thanks to factorization
(4.2), the class 8,(Pp) = 3y is equal to the corestriction from H to K of the image
of Up_szm (Pn) € H'(H, Tjn) in H'(H, VJ) under the map induced by the map

labeled 7, in (4.2). Since the action of hggd on VJ is via the character ¢, defined
in (2.1), one has

85(Py) = i p (c0tr/k (ap(®) "6 (Pa))-
Finally, using (3.6) we find that

8(Py) = ap(®) (Lo : Hnl™ 7t p (8 (P3)) = ap(P) "™ [Ln : Hyl ™' %y,
and the result follows. ]

Corollary 4.2. 3, #0 < X, #0.

Proof. Immediate from Proposition 4.1. O

4.2. Non-vanishing results

Using the fixed embedding Q, — C, we form the Rankin-Selberg convolution
Lk (fp, Xp,s) as in [16, Section 1]; note that if 1 is the trivial character then
Lk (fp,1,5) = Lk (fp,s). For the definition of the L-function Lk (fy,s) of f,
over K and of its twists the reader is referred also to [4, Section 2.1]. The results
obtained in this subsection are the counterpart in an arbitrary indefinite quaternionic
setting of those in [15, Propositions 3 and 4], where the case of the split algebra
M, (Q) is considered. Although many arguments follow those in [15] closely, for
the convenience of the reader we give detailed proofs.
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Proposition 4.3. Suppose p € Geny(0) satisfies either (2) or (3) in Definition 2.1.
Then:

(@) L (fp, Xp»$) vanishes to odd order at s = 1;
(b) L/K(fp, Xp, 1) #0 <= 3, #0.

Proof. Let ) denote the algebra generated over Z by the Hecke operators 7;, with
(n, Np) = 1 and the diamond operators {d) with (d, Np) = 1 acting on the C-
vector space of cusp forms in S(®,,, C). Write e, for the idempotent in h ®z F
which projects onto the maximal summand on which every T}, acts as ay(n) and (-)
acts as the nebentype x,, ; of fy.

We apply the results in [16] with s = p™, ¢ = p™ and m = N (recall that
m = my). As recalled in [16, page 829] (cf. also [16, equations (2.5), (2.6), (2.8)]),
the sign of the functional equation for L (fp, xp, s) is —1, and this shows part (a).

Let us prove (b). As in [16, Section 5.1], denote Hg the Hodge embedding
defined in [29, Section 6.2]. We introduce the divisor

Pi= Y PL®x ') eDiv(XF) ez F,
oeGal(L,,/K)

whose image in DD, under the canonical maps is PP,. After fixing an appropriate
embedding K < B, the image Hg(P) of our divisor P in ep(Jy (L) Qz Fp) is
equal to the point Q, i considered in [16, Theorem 4.6.2], hence

Hg(P) #0 < Ly (fp. xp, D) #0,

by [16, Theorem 4.6.2]. It remains to show that Hg(P) # 0 if and only if 3, # 0,
or equivalently, thanks to Corollary 4.2, if and only if X, # 0.

To prove this, we start by noticing that our hypotheses ensure that f, is a
newform of level Np™, so that Eichler-Shimura theory and multiplicity one show

that the summand e, (T,, ®0, Fp) = ep (Tap(fm) ®z, Fp)ord is sent isomorphically
onto V}, under the map in (4.2). Using [27, Corollary 2.2 and Proposition 2.3], it
can be checked that the Kummer map

Tn(L) ®7, Fy —> H' (L, Tap(Jn) ®z, Fy)
is injective, hence the above identifications yield an injection
~ d
ep(Im(Lm) @z Fp)™ > H' (L, Vp) =~ H' (L, V).
By definition, the image of Hg(P) under this map is equal to the image of X}, under

the restriction map H (K, VJ )y > HY(L,, VJ ), which is injective as its kernel is
an Fy-vector space that is killed by [L,, : K]. This concludes the proof. O
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Proposition 4.4. Suppose p € Geny(0) satisfies (1) in Definition 2.1. Then:

(@) Lk (fp,s) vanishes to odd order at s = 1;
(b) L/K(fp, 1) #0 = 3, #0.

Proof. In this case m = 1 and there is a normalized newform fg of level I'g(N),
with Fourier coefficients ag (p), whose p-stabilization is fj,. Moreover, x, is the

trivial character 1. If ex denotes the character of K then the L-functions of fpjj and
fp are related by the equality

I—s I—s
p p g
( ap(P)> ( GK(p)ap(p)) k(fg>8) = Lk (fp,9) (4.3)

The extra Euler factors on the left do not vanish at s = 1 because a,(p) # =1 (since
ap(p) is a root of the Hecke polynomial X 2 a?, (p)X + p = 0, its absolute value
is \/p), therefore the L-functions of flf and fp have the same order of vanishing at
s = 1, which is odd in light of the functional equation recalled in [16, page 829]
(here we apply again the results of [16] with s = p, ¢ = p, m = N). This proves
part (a).

By Corollary 4.2, to prove part (b) one can equivalently show that if X, = 0
then L/K ( fg ,1) = 0. Let Xg and X| be the (compact) Shimura curves over Q
associated to the Eichler orders Ry and R, respectively, so that

X;(C) = R\ (B* x P)/B*

for i = 0, 1. There are degeneracy maps o, 8 : X1(C) — Xo(C), with o the
canonical projection and B corresponding to the action of an element of norm p
of R| normalizing RlX (see, e.g., [20, Section 3.1]). These maps induce, by Picard
functoriality, homomorphisms

a*, ¥ Jy — i

where Jg and J; are the Jacobian varieties of X and X, respectively. The maps o*
and B* are compatible with the action of the Hecke operators 7, for (n, Np) = 1
and the diamond operators (d) for (d, Np) = 1. Write fj for the Hecke algebra gen-
erated over Z by these operators and denote e, the idempotent in h ®z F, associated
to p, as in the proof of Proposition 4.3. Define

epTa,(J;) := ep(Tap(Ji) ®z, Fn)

for i =0, 1. Since the form f}, is old at p, the idempotent ey, kills the p-new quo-
tient J1 /(o™ (Jo) ® B*(Jo)) of J1, hence by [2, Section 1.7] there is a decomposition

epTa, (J1) =~ a*ep Ta, (Jo) & B*ep Ta, (Jo). (4.4)



872 MATTEO LONGO AND STEFANO VIGNI

The Hecke operator 7), acts on ey Ta, (Jo) as multiplication by ag (p) = a,(p) and,

by strong multiplicity one, T}, acts on it as multiplication by ag (p). On the other
hand, we have the relations

Upoa™ = pp*, UpoB* =B 0T, —a".

A proof of the analogous formulas for classical modular curves is given in [3,
Lemma 2.1], and the arguments carry over mutatis mutandis to the case of Shimura
curves attached to division quaternion algebras. For a precise reference, see [10,
page 93].

It follows that U, acts on ey, Ta, (J1) via decomposition (4.4) with characteris-
tic polynomial

(X2 =& ®X +p)* = (X = ay(0)? - (X = p/a, )’

and is diagonalizable. Furthermore, the projection to the a,(p)-eigenspace corre-
sponds to the ordinary projection, because the other eigenvalue p/a,(p) has posi-
tive p-adic valuation. By multiplicity one, the Fy,-vector spaces ep(Ta‘;fd(J 1) X7 »
Fy) and ep (T ® 0, Fp) can be identified. Thus, as in the proof of Proposition 4.3, 1t
follows from the Eichler-Shimura relations that the map T ® o, Fy — V,, arising
from (4.2) takes the summand ep(T| ®@, Fp) isomorphically onto V},. Since, as
observed in the proof of Proposition 4.3, the Kummer map

Ji(Ly) ®z Fy — H'(L1, Tap(J)) ®z, Fp)
is injective, using the above identifications we get an injection

~ d

ep(1(L1) ®z Fp)™ — H' (L1, V). (4.5)
If Hg is the Hodge embedding used in the proof of Proposition 4.3 then the map
(4.5) sends Hg(Pp) to X . Taking into account the previous description of the ordi-
nary projection and the injectivity of (4.5), it follows that

~

Xp#0 = (U,, - ﬁ)(e,@) #0, (4.6)

where - N N
0:= Y  Pfepiv(x{")
oeGal(L/K)

maps to P, under the ordinary projection (recall that the character xo,p is trivial
in this case). To complete the proof we shall relate e, Q, and thus X, to classical
Heegner points on Xj. N N

Let P; denote the image of P; under the canonical map X; — X;. This
is a Heegner point of conductor p on the indefinite Shimura curve X; considered
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in [2, Section 2], and lives in X1(H;). Define also Q to be the image of @ in X1,
so that

Q:= > P/ =I[Li:H]P eDiv(X(H))
oeGal(L1/K)
with
P = Z P{ € Div(X(Hy)).
o eGal(H; /K)

Since fg has trivial character, by Faltings’s isogeny theorem ([8, Section 5, Korollar
2]) there is an isomorphism

epTa,(J1) = ey Ta,(J))

such that the Kummer maps identify the images of [H; : H]-Hg(ep P) and e,Hg(Q).
Using (4.6), we thus conclude that

Xp £0 < <U,, - ﬁ)(epp) £0. @47

Let oy, B« : J1 — Jp be the maps between Jacobians induced from « and 8 by
Albanese (i.e., covariant) functoriality. The relation B,U, = pa, combined with
(4.7) then shows that

B+

ap(p)

Xp=0 = (a* - )(epP) =0. (4.8)

Now we relate the vanishing of e, P to special values of L-series. If p splits in K
then let 0 and o* denote the Frobenius elements in Gal(Hy/ K ') corresponding to the
two primes of K above p. Write u for half the order of O;é and consider the points
a(Py), B(P1) € Xo(Hy). By [21, Proposition 4.6], the point «(P;) is a Heegner
point of conductor p. Moreover, as already pointed out, the map S is given by the
composition of o with the Atkin-Lehner involution at p (see, e.g., [20, Section 3.1]).
Comparing with the constructions of [21, Sections 4.1-4.2] (see, in particular, [21,
equation (12)]), it follows that B(P;) is a Heegner point of conductor 1 living in
Xo(Hp). The Euler system relations in [2, Section 2.4] can then be applied, and we
get
T,(B(P) if p is inert in K
utrHl/HO((Pl) = 4.9)
(T, —0o — U*)(,B(Pl)) if p is splitin K

as divisors on Xq. Thanks to (4.9) and the relation u[H; : H] = p — €g(p), one
has
T, —1—¢€k(p)

_ P
an(P) = L S (Be(P)). (4.10)
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Combining (4.8) and (4.10) we see that if X, = 0 then

g
( I ap(p) -1 6K(P)> Bu(P) =0,

ap(p) p —€x(p)
Since ap(p) is a root of the polynomial X2 — a?,(p)X + p and a,(p) # =£1, the
coefficient multiplying B, (P) is nonzero, hence we conclude that if X, is zero then
B« (P) is zero too. However, thanks to [28, Theorem C], this possibility is ruled out
by our assumption that L, (fp, 1) # 0. O]

If p is an arithmetic prime of R of weight 2 then we say that the pair ( fp, xp)
has analytic rank one if Lg (fp, xp, 1) = 0and L (fp, xp, 1) # 0.

Corollary 4.5. The following are equivalent:

(1) thereis ap € Geny(0) such that (fp, xp) has analytic rank one;

(2) there is an arithmetic prime p such that 3y # 0;

(3) 3 is not R-torsion;

(4) 3p # 0 for all but finitely many arithmetic primes p;

(5) (fp, xp) has analytic rank one for all but finitely many p € Geny ().

Proof. The implication (1) = (2) is immediate from Propositions 4.3 and 4 4.

Now write ']I‘l; for the localization of T at an arithmetic prime p of R, so that the
triangle

Hl(KaTT) —>H1(K7 VJ)

e

f
HY(K,Ty) (4.11)

is commutative. Observe that, localization being an exact functor, there is also
a canonical identification H' (K, T;) = HY(K, T%)p. As in [21, Section 10.1],
define ar to be the annihilator in ‘R of the finitely generated torsion R-module
Hlil N-H L(Ky, ’]1“T)tOrS (cf. [24, Proposition 4.2.3]), then choose a nonzero A € ag.

Let Selg.(K,T") ¢ H'(K,T") denote the Greenberg Selmer group as defined,
e.g.,in [21, Section 5.6]. By [21, Proposition 10.1], A - 3 belongs to Selg, (K, T).
According to [24, Proposition 12.7.13.4 (iii)] plus [14, equation (21)], the local-
ization Selg(K, TT)p at an arithmetic prime p is free of finite rank over Ry, so
if (2) holds then diagram (4.11) implies that A - 3 has nonzero, hence non-torsion,
image in Selg (K, T) p for some arithmetic prime p. It follows that A - 3 is not
R-torsion, hence 3 is not R-torsion as well. This shows that (2) = (3). To prove
that (3) = (4) one can proceed exactly as in the proof of the implication (c) = (d)
in [15, Corollary 5]. Finally, the fact that (4) = (5) is a straightforward conse-
quence of Proposition 4.3, while (5) = (1) is obvious. O
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Now let H }(K , T™) be Nekovai’s extended Selmer group (see [24, Chapter 6]).

Theorem 4 6. Suppose there is a p € Geny(0) such that (fp, xp) has analytic rank
one. Then H (K, T7) is an R-module of rank one.

Proof. As in the proof of Corollary 4.5, choose a nonzero A € ag. In the course
of proving Corollary 4.5 we showed that the existence of an arithmetic prime p €
Geny (0) such that (fp, xp) has analytic rank one implies that the class A - 3 is not
R-torsion. In other words, under this analytic condition [21, Conjecture 10.3] is
true, and then the R-module H (K, TT) has rank one by [21, Theorem 10.6]. [

5. Vanishing of special values

Let the quaternion algebra B be definite and write p for a weight-2 arithmetic prime
of R of level ®,,, and wild character r,. Once p has been fixed, set m := my and

Y= Wp-

5.1. Picard groups

For every integer ¢ > 0 define the h9-module

- or ord
I = Op[UNB*/B*]™ ~ (Pie(X) @2 Or)

and form the inverse limit
Joo = l(lﬂln]]t

t

Consider the R-component J := Jeo R pord R of J and define J, := J ®r Fp.
By [21, Proposition 9.1], Jy, is a one-dimensional Fy-vector space. Note that the
canonical projection J — J, can be factored as

J—> Jn ®0; Fp —5 Ty, (5.1)

This follows from Hida’s control theorem [13, Theorem 12.1] (or, rather, from its
extension [22, Proposition 3.6] to our present context). Using the natural maps

ne Dy — J;
arising from Picard (i.e., contravariant) functoriality, we get a map
ng : H'(Gg, DT — .
Recall the point P introduced in (3.3) and define

3:=ngP) el
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Let 3, denote the image of 3 in J,. The map ng induces a map

np : HO(Gk, D)) —> T,

and the square
H(Gx. DY) —*— T

l l (5.2)

HOGk, D)) —2— I,
is commutative, so that 3 is also equal to 1,(Pp) (in the notations of Section 3.4).
We may also consider the class 0, (Px) € H*(Gk, Im ®0r Fp), where Pt ¢
H(Gk, ]D)L ®op Fp) is the element introduced in (3.5) and 7,, is extended by F),-

linearity, and define Xy, to be the image of ,, (PX*yin HO(Gk, J p) via the map 7,
appearing in (5.1).
The following result is the analogue in the definite case of Proposition 4.1.

Proposition 5.1. The formula X, = a,(p)"™ Ly : Hul3p holds in HY(Gk, Jp).

Proof. We argue as in the proof of Proposition 4.1. Thanks to factorization (5.1),
the class n,(Pp) = 3y is equal to the corestriction from H to K of the image of
Up_mnm(Pm) e H°Gy, J,) in H°(Gp, Jp) under the map induced by the map

labeled 7, p in (5.1). Since the action of 94 on J p is via the character ¢, defined
in (2.1), one has

np(Pp) = TTm,p <CorH/K (ap (P)_m Nm (Pm))> .
Finally, using (3.6) we find that
Np(Pp) = ap(®) " (L : Hp) ™ T p (0 B)) = ap(®) ™" [Lin : H]™' X,
and the result follows. O

We conclude this subsection with the counterpart of Corollary 4.2.
Corollary 5.2. 3, #0 <= X, #0.

Proof. Immediate from Proposition 5.1. O

5.2. Non-vanishing results

Keep the notation of Section 4.2 for L g (fp, s) and Lk (fp, xp, 5)-

Proposition 5.3. Suppose p € Gena(9) satisfies either (2) or (3) in Definition 2.1.
Then:

(@) Lk (fp, Xp»S) vanishes to even order at s = 1;
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Proof. As in the proof of Proposition 4.3, let fj denote the algebra generated over
Z by the Hecke operators T, with (n, Np) = 1 and the diamond operators (d) with
(d, Np) = 1 acting on the C-vector space of cusp forms in S, (®,,, C). Moreover,
write e, for the idempotent in b ®z F}, which projects onto the maximal summand
on which every T}, acts as ap(n) and (-) acts as Xo. ;

We apply the results in [16] with s = p™, ¢ = p™ and m = N. As pointed out
in [16, page 829], the sign of the functional equation for Lk (fp, xp, s) is +1, and
this implies part (a).

Let us prove (b). Define

T := Op[Un\B* /B*] =~ Pic(X,n) @7 OF
and consider the divisor

P:= Y  P,®yx, (o) eDiv(X{X)®z F,
oeGal(L,,/K)

Write Q for the image of P in T After fixing an appropriate embedding K — B,
the divisor Q is equal to the divisor Q, considered in [16, Theorem 3.3.3]. Let ¢,
be the (unique up to nonzero multiplicative factors) modular form on B associated
with fy, by the Jacquet-Langlands correspondence. Up to rescaling, one may view

¢p as an Fy-valued function on Um\E X /B*. By aslight abuse of notation, we adopt

the same symbol for the Fy-linear extension of ¢, to J,; ®©, Fp. By [16, Theorem
3.3.3], we know that

¢p(Q) #0 <= Lk (fp, xp, D #0,

so it remains to show that ¢,(Q) # 0 if and only if 3, # 0, or equivalently, thanks
to Corollary 5.2, if and only if X # 0.

To prove this, we compute ¢,(Q) as follows. Let e, Q be the image of Q in
ep(J~m ®oy Fp). Since fyisa newforrri of level Np™, the same is true of ¢, and
it follows, by multiplicity one, that ey (J,, ®© Fp) is one-dimensional. Therefore
¢p(Q) # 0 if and only if e,Q # 0. Now the image of P in Dy is Py, hence the
image of Q in J, is Xy, by the commutativity of (5.2). Finally, notice that, by
multiplicity one (cf. [2, Section 1.9]), there is an isomorphism ep(fm ®or Fp) = Jp
sending e, Q to Xy, which completes the proof. O

Proposition 5.4. Suppose p € Geny(0) satisfies (1) in Definition 2.1. Then

(@) Lk (fp,s) vanishes to even order ats = 1;

(b) Lx(fp, D # 0= 3, #0.

Proof. Part (a) follows as in the proof of Proposition 4.4, this time observing that,

as explained in [16, page 829], the order of vanishing of L g ( f]f ,8)ats = 1iseven
(here we apply again the results of [16] with s = p, ¢ = p, m = N), equal to that
of Lg (fp,s) by (4.3).
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By Corollary 5.2, proving (b) is equivalent to proving that if X, = 0 then
Lk ( fg ,1) = 0. Let X and X be the Shimura curves over Q associated to the
Eichler orders Ry and Ry, respectively, so that (with notation as in Section 3.2) one
has
X; = R*\(B* x P)/B*

fori =0, 1. There are degeneracy maps «, 8 : X; — Xo where « is the canonical
projection and B is the composition of & with an Atkin-Lehner involution at p (see,
e.g., [2, Section 1.7]). The maps «, 8 induce, by Picard functoriality, homomor-
phisms

a*, ¥ Jo — Ny

where J; is the Picard group of X; fori = 0, 1, so that J; = Z[I/Q\l.X \§X/BX].
The maps o™ and B* are compatible with the action of the Hecke operators T}, for
(n, Np) = 1 and the diamond operators (d) for (d, Np) = 1. Write § for the
Hecke algebra generated over Z by these operators and denote ey, the idempotent in
b ®z Fy associated with p, as in the proof of Proposition 5.3. Define

ep.][ = ep(J[ X7z Fp)

fori = 0, 1. Since the form f, is old at p, the idempotent e, annihilates the
p-new quotient J1/(a*(Jo) & B*(Jo)) of Ji, hence by [2, Section 1.7] there is a
decomposition

epJ1 = a¥epJo ® Brep . (5.3)

The operator T, acts on epJy as multiplication by af, (p) = an(p) and, by strong

multiplicity one, T}, acts on it as multiplication by af, (p). On the other hand, we
have the relations

Upoa® = pp*, UpoB* =B 0T, —a"

For a proof, see [17, Theorem 3.16]. It follows that U, acts on ey, J; via decompo-
sition (5.3) with characteristic polynomial

(X2 = a5 0)X +p)* = (X = ap®)? - (X = p/ay())?

and is diagonalizable. Furthermore, the projection to the a, (p)-eigenspace corre-
sponds to the ordinary projection, because the other eigenvalue p/a,(p) has posi-
tive p-adic valuation. By multiplicity one, the Fy-vector spaces epJ; and epfl can
be identified. Thus the map J| ®p, Fp — J arising from (5.1) takes the sum-
mand ep(J1 ®o, Fp) isomorphically onto J,. Taking the previous description of
the ordinary projection into account, it follows that

Xp £0 (U,, - ﬁ)(epé) £0, (5.4)
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where - - N
0:= Y  Pepiv(x{")

oeGal(L,/K)

maps to P, under the ordinary projection (recall that the character xo,p is trivial
in this case). To complete the proof we shall relate epQ and thus Xy, to classical
Heegner (or, rather, Gross-Heegner) points on Xg.

Let P; denote the image of P; under the canonical map X 1 — X;. This
is a Heegner point of conductor p on the definite Shimura curve X; considered
in [2, Section 2]. Define also Q to be the image of Q in X, so that

Q:= Y P =I[L :H]PeDiv(x{")
oeGal(L1 /K)
with
P.= Y P eDiv(x").
oeGal(H/K)

Thus, using (5.4), we conclude that

Xp#0 (Up - )(epp) £0. (5.5)

p
ap(p)

Let e, B« : J1 — Jo be the maps between Jacobians induced from « and 8 by
Albanese functoriality. The relation 8,U, = pas combined with (5.5) then shows
that

Xp=0 = (a* — 'B( ))(epP) (5.6)
ap(p

Now we relate e, P with special values of L-series. If p splits in K then let o
and o™ denote the Frobenius elements in Gal(Hy/K) corresponding to the two
primes of K above p. Write u for half the order of Oy and consider the points
a(Py), B(P1) € Xo(K). By [21, Proposition 4.6], a(P;) is a Heegner point of
conductor p. Moreover, as already pointed out, the map S is given by the composi-
tion of  with the Atkin-Lehner involution at p. Comparing with the constructions
of [21, Sections 4.1-4.2] (see, in particular, [20, equation (12)]), it follows that
B(P1) is a Heegner point of conductor 1. The Euler system relations in [2, Section
2 4] can then be applied, and we get that

Tp(B(PY)) if p is inert in K
utry, o (Py) = T (5.7)
(T, —0 — U*)(,B(Pl)) if pissplitin K

as divisors on Xg. Thanks to (5.7) and the relation u[H; : H] = p — €x(p), one
has
Tp -1- €K (P)

ax(P) = W('B*(P)). (5.8)
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Combining (5.6) and (5.8) we see that if X, = 0 then

1 ai(p)—l—mp))
— - By(exP) = 0.
(ap(P) p — €k (p) PrlerP)

Since ap(p) is a root of the polynomial X% — ag(p)X + p and a,(p) # =£1, the
coefficient multiplying B4 (ep P) is nonzero, hence we conclude that if Xy, is zero
then By (ep P) = epB+(P) is zero too. However, thanks to [29, Theorem 1.3.2], this
possibility is ruled out by the non-vanishing condition L g ( fg , 1) # 0, which is
equivalent to our assumption Lg (fp, 1) # 0 (¢f. (4.3)). Indeed, write ¢g for the
(unique up to nonzero multiplicative factors) modular form on B attached to fﬁ by
the Jacquet-Langlands correﬂ)onil\ence. At the cost of rescaling, we may view qbg
as an Fy-valued function on R*\B* /B>, and we use the symbol ¢, also for its Fy-
linear extension to Jo®z, Fp. Then [29, Theorem 1.3.2] shows that ¢g (B«(P)) #0if
and only if LK(fg, 1) # 0. But ¢ﬁ(,3*(P)) = epfB+(P), and the result follows. [J

If p is an arithmetic prime of R of weight 2 then we say that the pair ( fp, xp)
has analytic rank zero if Lg (fp, xp, 1) # 0.

Corollary 5.5. The following are equivalent:

(1) there is ap € Geny(0) such that ( fy, xp) has analytic rank zero;

(2) there is an arithmetic prime p such that 3, # 0;

(3) 3 is not R-torsion;

(4) 3p # O for all but finitely many arithmetic primes p;

(5) (fp» xp) has analytic rank zero for all but finitely many primes p € Geny(6).

Proof. The implication (1) = (2) is immediate from Propositions 5.3 and 5.4.
On the other hand, the localization of J at p is free of rank one over Ry, by [21,
Proposition 9.1], and the implication (2) = (3) follows from this. If (3) holds then,
since J is finitely generated over R, [14, Lemma 2.1.7] shows that 3 & p(J ®r
Ry) for all but finitely many p, which proves (4). Finally, (4) = (5) is a direct
consequence of Proposition 5.3, while (5) = (1) is obvious. O

To conclude this subsection, we prove the following:

Theorem 5.6. Suppose there is a p € Geny(0) such that (fy, xp) has analytic rank
zero. Then H}(K, T") is R-torsion.

Proof. Combining our assumption and Corollary 5.5, we see that ( f}, xp) has ana-
lytic rank zero for all but finitely many primes p € Gen;(#). For every arithmetic
prime p of R let H fl(K , VpT ) be the Bloch-Kato Selmer group, whose definition
(in terms of Fontaine’s ring Bcris) can be found in [5, Sections 3 and 5]. A result
of Nekovar ([25, Theorem Al]) then shows that H }-(K , VJ ) = O for infinitely many
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p € Geny(6). (Observe that, in the notation of [25], x = x is our character xy, w is
our character x,_ é and V ® x is our Galois representation VJ .) Now one argues as in

the proof of [21, Theorem 9.8]. Briefly, as explained in the proof of [14, Corollary
3.4.3], for every arithmetic prime p of R there is an injection

H{(K. TN, /pHN(K, TN, — H}(K, V). (5.9)
By [21, Proposition 5.5], for every p € Gen;(6) there is an isomorphism
HNK., V) ~ HN(K, V),

hence the left-hand side in (5.9) is trivial for infinitely many p. By [14, Lemma
2.1.7], this shows that H ;(K, T") is R-torsion. O

6. Low rank results over arbitrary quadratic fields

In this final section we give some complementary results in the spirit of Theorems
4.6 and 5.6 but whose proofs do not use the elements 3 introduced before and
work for any quadratic number field K (not necessarily imaginary). In fact, as will
be apparent, these results are essentially corollaries of those obtained by Howard
in [15, Section 4]. Perhaps novel here is the use of quadratic twists of Hida families
(Section 6.2), which allows us, when combined with suitable splittings of Selmer
groups, to control the size of Selmer groups over K in terms of the corresponding
groups over Q.

6.1. Splitting the Selmer groups

Fix a quadratic field K of discriminant D prime to Np and let ex denote the char-
acter of K /Q. For each arithmetic prime p of R consider the twisted Galois repre-
sentation V}, ® ek and the twisted modular form

fo®ex =) ex(man(p)g".

n>1

Since D is prime to Np, the form f,®e is again a p-stabilized newform, of weight
ky, level N D?p and character ﬂpe%( = wpa)kﬂ —kp e%(, where k; is the weight of
fp and we denote ¥y, = wpwarj ~k» the character of Sfp (s0 Dy = 95 = Xo. é if
p has weight 2; notice that the symbol #, has a different meaning in [15, page
815]). See [19, Theorem 9] for a proof of this fact (see also the discussion in the
introduction to [1]). Since ek is quadratic, we shall simply write i, for ﬂpe%(,
with the convention that i, is viewed as a character of conductor Dp™¥ via the
canonical projection (Z/Dp™vZ)* — (Z/p™*Z)* . It follows that V,, ® €k is the

p-adic Galois representation attached to f, ® ex and VJ ® €k is the representation
attached to fJ ® €k.
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Now let g be a weight 2, p-ordinary normalized eigenform on I'g(Mp) for
some integer M > 1 prime to p with (non-necessarily primitive) Dirichlet character
¥, and let ¥ denote the primitive character associated with yr. We say that g has an
exceptional zero if Y (p) # 0 and the p-th Fourier coefficient of g (which is equal
to the eigenvalue of U, acting on g) is £1. See [23, Chapter I, Section 15] for more
general definitions and details.

Since we will need it in the following, we recall the definition of the (strict)
Greenberg Selmer group. Suppose that L is a number field, v is a finite place of L
and D, C Gal(Q/Q) is a decomposition group at v. Let M be a Gal(Q/Q)-module,
which we require, for simplicity, to be a two-dimensional vector space over a finite
field extension E of Q,,. We also assume that M is ordinary at all places v|p, which
means that for all v|p there is a short exact sequence

0— Mf — M- M7 — 0 (6.1)
of D,-modules such that M;" and M, are one-dimensional E-vector spaces and

the inertia subgroup I, C D, acts trivially on M, . For v { p the Greenberg local
conditions at v are given by the group

HGr(LU’ M) := ker (H (Ly, M) — H (Lunr M))

where L}™ is the maximal unramified extension of the completion L, of L at v,
while for v | p the Greenberg local conditions at v are defined as

HE Ly M) = er (H' (Lo, M) = H' (Ly, M) );
here, by a slight abuse of notation, we write 7 for the map in cohomology induced

by the corresponding map in (6.1).
The (strict) Greenberg Selmer group Selg (L, M) is defined as

Selgr (L, M) := ker (H (L. my l_[H (LU,M)/HGI(LU,M)>

where the product is over all finite places of L and the maps res, are the usual
restriction maps. The groups Selg(L, M) and H (L, M) sit in an exact sequence

0— ﬁ})(L, M) — H(L. M) — P H L, M) — ﬁ}(L, M)
vlp
— Selg(L, M) — 0

(see [24, Lemma 9.6.3]).
For L = Q or L = K and v|p, we know that there is an exact sequence

0— (V)i — Vy — (Vi)y — 0 (6.2)
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as (6.1) above for M = VJ . When L = QQ we can twist (6.2) by ex to get a
D -equivariant short exact sequence

0— (V) ®ex)y — Vi ®ex —> (V] ®ex), — 0 (6.3)

where (Vl;r ® eK)§ = (VJ ):5 ® €k . Furthermore, since p is unramified in K, we
have ex (o) = 1 for all o € [I,,. Therefore (6.3) is an exact sequence of type (6.1)
for VJ ® €k , hence we may define Selg (Q, VJ ® €x) by the previous recipe.

If f, does not have an exceptional zero then [14, equation (21)] ensures that

HI(L, V) = Selge(L, V)

for L = Q or L = K. Following [14, Lemma 2.4.4], we extend this isomorphism
to the case of the twisted representation Vg R €k .

Lemma 6.1. If f, ® ex does not have an exceptional zero then
HIQ. V] ® ex) = Selar(@, V) ® ex).

Proof. For simplicity, put N:= (V;(X)EK); .We only need to show that H° (Qp.N)=

0. Recall that D, acts on (VpT )p by n@ljl where n : D, /I, — Fy sends the arith-
metic Frobenius to the eigenvalue oy, of U, acting on fy,. Hence D), acts on the twist
N by 7761((9;1- If HO(QP, N) # 0 then neg @gl is trivial on D,. Since ®, factors
through Gal(Q, (r p)/Q)p), it follows that ne is trivial on Gal(Q,/Qp (1 peo))-
On the other hand, neg is unramified, so, since it factors through the maximal
Abelian extension of QQ,,, it must be trivial. Thus ap, = €g (p) and Oy, is trivial too.

Now we have
_ G+j=2)/2 (kp=2)/2 1/2
®P = €tame : 6Wi%gd ’ (% o EWild)’
so if @y is trivial then ky = 2 necessarily. Finally, the fact that ®y, is trivial implies
that 0y, is trivial too, hence 1y, is trivial and the character of f, @€k is ex . Since p is
unramified in K, eg (p) # 0. Therefore, by definition, f, ® €x has an exceptional
Zero. O

For lack of a convenient reference, we also add a proof of the following result,
which is certainly known.

Proposition 6.2. Ifp is an arithmetic prime of R such that neither fy nor f, ® g
has an exceptional zero then there is a decomposition

H{(K, V) =H}Q, V) ® HHQ, Vy ® ).
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Proof. Our fixed embeddings Q — @, allow us to define for every finite place
vof L = Qor L = K the decomposition group D, C Gal(Q/L) and its inertia
subgroup I, C D,. Now let v be a finite place of L and let ¢ denote the rational
prime over which v lies. Thus D, C D, with index 2 if £ does not split in K
and D, = Dy otherwise. If £ is split in K and ¢ = vv is a factorization of ¢ into
prime ideals v and v of the ring of integers of K then D, = t~! DjT where 7 is
the generator of Gal(K /Q). Moreover, I, C I; with index 2 if £ ramifies in K and
I, = I, otherwise. Since, by assumption, neither f;, nor f, ® ex has an exceptional
zero, [14, eq. (21)] and Lemma 6.1 ensure that

HI(L, V)~ Selar(L, V),  H}Q, V, ®ex) > Sel(Q. V ® k)

for L = Qor L = K. A direct computation using the explicit description given
above shows that Selg, (K, VJ ) is stable under the action of Gal(K /Q). Since Fp

is a field of characteristic zero and t is an involution on Selg; (K, VJ ), there is a
decomposition

Selgi(K, Vi) = Sela:(K, Vi)* @ Selg:(K, Vi)~
where Selg; (K, Vg )T is the +-eigenspaces for 7. One has

Selg: (K, VJ)+ = Selg (K, VJ)Gal(K/Q)’
SelGr(K, VJ)_ = SelGr(K, VJ ® EK)Gal(K/Q)

(for the last equality use the fact that ex () = —1). Restriction maps give isomor-
phisms

resg : H'(Q, V) — H'(K, v{)SK/Q

and
resg : H'(Q, V) ® ex) — H'(K, V; ® ex) 1 K/D,

a consequence of the fact that the relevant kernels and cokernels are 2-torsion
groups as well as Fy-vector spaces. To conclude, we have to show that the last
two isomorphisms respect the local conditions defining Selmer groups. We deal
with both cases simultaneously, letting V denote either VJ or VJ ® €k . Thus we
need to check that the isomorphism

resg : H'(Q, V) — HY (K, V)G&/Q

takes Selg (Q, V) isomorphically onto Selg (K, V)SK/Q  Since, with notation
as before, D, C Dy and I, C I, the image of Selg(Q, V) under resg is con-
tained in Selg/(K, V), hence in Selg (K, V)GK/Q o prove surjectivity, fix
c € Selg: (K, V)GK/QD gnd let ¢ € H'(K, V) be such that resg (¢) = c¢: we
want to show that ¢ € Selg:(Q, V). In other words, our goal is to prove that
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resy(C) € Hér(Qg, V) for every prime number €. First suppose that £ # p. Since
I, = I, whenever £ is unramified in K, and since we already know that res, (c¢) =0
in H'(1,, V), we can assume that £ is ramified in K, in which case [I; : I,] = 2.
But restriction from /; to I, yields an isomorphism

H'(I,, V) = H'(I,, )"/l

(kernel and cokernel are both 2-torsion groups and Fy-vector spaces) and res, (c)
actually belongs to H L(1,, V)!t/Iv  which shows that res,(¢) = 0. Suppose now
that v lies above p. Since [D), : Dy] < 2, there is an isomorphism

H'(D,, V") = H'(D,, V")Pr/P

(again, kernel and cokernel are 2-torsion Fy-vector spaces) and m(c) actually be-
longs to H'(D,, V=)Pr/Dv which gives (¢) = 0. Therefore ¢ € Selg:(Q, V), as
was to be shown. O

6.2. Twists of Hida families and low-rank results

The representations Vj, ® e, or equivalently the cusp forms f;, ® ek, can be p-
adically interpolated by a Hida family ys of tame level N D2, in the same way as
the V}, and the f, are interpolated by ¢oo (cf. [7, Section 7]); such a Hida family
will play an auxiliary role in our subsequent considerations. More precisely, if ﬁggd
denotes Hida’s ordinary Hecke algebra over Of of tame level ['o(N D?) then

Voo 357)32(1 — R

where R’ is the branch of the Hida family on which f ® ek lives. In particular,
the ring R’ is a complete local Notherian domain, finite and flat over A, which
is defined in terms of projective limits of Hecke algebras of tame level ND?. As
before, the Hida family y», can be viewed as a formal power series goo € R'[¢]l,
whose specializations at arithmetic primes £ of R’ will be denoted gq. It follows
that if p is an arithmetic prime of R then f, ® ex = g for a suitable arithmetic
prime P of R’ of weight k. In the following, whenever we deal with an arithmetic
prime p of R we shall use the symbol P to indicate the arithmetic prime of R’
such that ggz = f;, ® €g (and analogously for p’ and 33'); more generally, we adopt
lowercase gothic letters to denote primes of R, while we reserve uppercase letters
for primes of R’.

One can attach to y, a big Galois representation T’ in exactly the same manner
as T is associated with ¢», (see [21, Section 5.5]), and there are specializations
Wq = T'®p Fg of T’ at arithmetic primes Q of R, where F{ is the residue field
of R’ at Q. In particular, with the convention introduced before, Wgp >~ Vp ® €k
for every arithmetic prime p of R. Finally, write T"" for the ®!-twist of T’, so
that W‘L ~ VpT ® €k for every arithmetic prime p of R, and introduce the notion

of generic weight 2 arithmetic prime of R’ in terms of an R"*-valued character 6’
defined as in Section 2.
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Theorem 6.3. Assume that there exists an arithmetic prime p of even weight and
trivial character such that:

(@) (fp, 1) has analytic rank zero;
(b) Neither fy, nor f, ® ek has an exceptional zero.

Then:

(1) ﬁ}({(, Tty is R-torsion;
(2) (fy, D) has analytic rank zero for all but finitely many arithmetic primes p" of
even weight and trivial character.

Proof. First of all, for every arithmetic prime ¢ with trivial character there is a
factorization of L-functions

Lk (fq.8) = Lx(fq:1,5) = L(fq,5) - L(fq ® €k, 5). (6.4)

Now let p be as in the statement of the theorem. Since ( fy, 1) has analytic rank zero,
it follows from (6.4) that L(fp, kp/2) # 0 and L(f, ® €k, kp/2) # 0. Applying
the results of Kato ([18]) to the Hida families ¢, and y, as in the proof of [15,
Theorem 7], and recalling that WT, ~ VJ, ® €k, we obtain that

HHQ.V)) =0,  H}Q V) ®ex)~ H}Q Wf) =0

for infinitely many arithmetic primes p’ of R. Now Proposition 6.2 gives
H }(K , VpT,) = 0 for infinitely many p’, and for part (1) we conclude as in the proof
of Theorem 5.6. To prove part (2) we apply [15, Theorem 7] to the families ¢, and
Yoo and get that L(fy, ky/2) # 0 and L(fy ® €k, ky/2) # 0O for all but finitely
many p’ of R of even weight and trivial character. On the other hand, equality (6.4)
with q = p’ implies that

Lg(fy,kp/2) = L(fy,ky/2) - L(fy ® €k, ky /2),
and we are done. O

Under narrower assumptions, we can also offer a result in rank one analogous
to Theorem 6.3. Here w = =+£1 is the sign appearing in the functional equation for
the Mazur-Tate-Teitelbaum p-adic L-function (see [14, Proposition 2.3.6]).

Theorem 6.4. Assume that w = 1 and there exists an arithmetic prime p of weight
2 and trivial character such that:

(@) (fp, 1) has analytic rank one;
(b) p € Geny(9) and P € Geny (6').

Then H }-(K , TY) is an R-module of rank one.
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Proof. Let p be as in the statement. In light of factorization (6.4), two possibilities
can occur:

() L(fp. 1) #0,L(fp ® ex, 1) =0and L'(f, ® €k, 1) # 0;
(i) L(fp. 1) =0,L(fp ® €k, 1) #0and L'(fp, 1) #0.

Suppose that we are in case (i). By [15, Theorem 7] applied to the Hida family
$oo, the form fiy has analytic rank zero and H (Q, VT) = 0 for all but finitely
many p’ € Geny(#). On the other hand, by [15 Theorem 8] apphed to the Hida
famlly yoo, the form fy ® €ex = gqv has analytic rank one and H! (Q V Reg) =

(Q W /) is one-dimensional over Fyy = Fq3 for all but ﬁmtely many ‘P’ €
Gen2(9 ) (see the proof of [14 Corollary 3.4.3] with Q in place of K). Finally,
Proposition 6.2 implies that H (K, VT) is one-dimensional for almost all p’, and

the theorem follows by argulng as in the final part of the proof of [14, Corollary
3.4.3]. Case (ii) is symmetric to (i) and is left to the reader. ]
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