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Quadrature rules and distribution of points on manifolds
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Abstract. We study the error in quadrature rules on a compact manifold. Our
estimates are in the same spirit of the Koksma-Hlawka inequality and they depend
on a sort of discrepancy of the sampling points and a generalized variation of the
function. In particular, we give sharp quantitative estimates for quadrature rules
of functions in Sobolev classes.
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1. Introduction

In what follows, M is a smooth compact d-dimensional Riemannian manifold
without boundary, with Riemannian measure dx, normalized so that the total vol-
ume of the manifold is 1, and A is the Laplace-Beltrami operator. This opera-
tor is self-adjoint in L%(M), it has a sequence of eigenvalues {A?} and an or-
thonormal complete system of eigenfunctions {¢; (x)}, Agy(x) = A%@;(x). The
eigenvalues, possibly repeated, are ordered with increasing modulus. In partic-
ular, the first eigenvalue is O and the associated eigenfunction is 1. An exam-
ple is the torus T¢ = RY/Z¢ with the Laplace operator — Y 3%/ 8x]2., eigenval-
ues {472|k|?};cz¢ and eigenfunctions {exp(27ikx)};czq. Another example is the
sphere S = {x € Rt : |x| = 1} with dx the normalized surface measure and
with A the angular component of the Laplacian in the space R?*!, eigenvalues
{n(n+d— 1)}:28 and eigenfunctions the restriction to the sphere of homogeneous
harmonic polynomials in space. With a small abuse of notation and in analogy with
the Euclidean space, the Riemannian distance between x and y will be denoted
lx — yl.

A classical problem is to approximate an integral f m S (x)dx with Riemann
sums N~! Z?’:l f(z;), or weighted analogues Z?’:] wj f(z;), and what follows
will be concerned with the discrepancy between integrals and sums for functions in
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Sobolev classes W*P (M) with 1 < p < 4oo and « > d/p. The assumption & >
d/ p guarantees the boundedness and continuity of the function f(x), otherwise the
point evaluations f(z;) may not be defined. As a motivation, assume there exists
a decomposition of M into N disjoint pieces M = U; U U U ... U Uy so that
these pieces have measure N ! and diameter at most cN~!/¢_ In what follows, as
usual, the constants a, b, c, ... may change from step to step. Choosing a point z;
in each U}, one obtains the estimate

N
‘Nl Zf (zj) — /M f(x)dx

/ —fMldx < sup If ()= fO)I.

ly—x|<eN—1/d

In particular, since functions in W*? (M) with « > d/p are Holder continuous of
degree o — d/p, one obtains

N
NS f () - /M Fx)dx

j=1

< N~ fll e -

On the other hand, it will be shown that suitable choices of the sampling points
{z 1}7:1 improve the exponent 1/p — «/d to —a/d, which is the best possible.
More precisely, the main results of this paper are the following:

(A) For every d/2 < a < d/2 + 1 there exists ¢ > 0 such that if M = Uy U

Uy U ... U Uy is a decomposition of the manifold in disjoint pieces with measure
|Uj| = wj, then there exists a distribution of points {z]-};v:] with zj € Uj such that

for every function f(x) in the Sobolev space W*2(M),

ijf ZJ / f(x)dx

(B) Assume that the points {z J} _, and the positive welghts {w ]} | &ive an exact

< ¢ max diameter (U 2.
max, (U 1S e

quadrature for all eigenfunctions with eigenvalues > < r?, that is

N .
1 ifx=0,
Zw.i% (zj) = /M 9. (x)dx = {o 0 <A <r.

Then for every 1 < p < 4ocand o > d / p there exist ¢ > 0, which may depend
on M, p, a, but is independent of r, {ZJ}J | and {a)j} such that

- / f(x)dx
M

j=r

<cr N fllwan -
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OIf1 <p<+oo,ifa >d/pandif «k > 1/2, then there exists c > 0 with the
following property: let {z 1}7:1 be a distribution of points on M with

SUp, ¢ A4 Min; |x — Zj|

minjz; [z — 2]

< K.
Then there exist positive weights {w j}ﬂ'v=1 such that

<N Fllye -

N
ijf(zj') _/M f(x)dx

Jj=1

(D) For every 1 < p < 400 and o > d/p there exists ¢ > 0 such that for every
distribution of points {z j};vzl and numbers {w j}_II.V: | there exists a function f(x) in
WP (M) with

> N~ £ll oo -

N
ijf (Z.,') - /M fx)dx

j=1

In (C) the quantity sup, ., min; |x — z;| is the mesh norm, min; £ |z; — z;| is the
separation distance, and their ratio is the mesh-separation ratio of the distribution of
points {z j}ﬁ.\’:1 . See [16]. An explicit example is the following. The torus T¢ can be

partitioned into N = n? congruent cubes with sides 1/n and this partition generates
the mesh of points (n~!'Z%) N T¢, which gives an exact quadrature at least for all
exponentials exp(2mikx) with k in the hypercube {max;—; . 4lk;j| < n}. In this
case, (A) and (B) give an upper bound for the error in numerical integration of the
order of N~%/¢_ More generally, if a manifold is decomposed into N disjoint pieces
M = U UU,U...UUy with diameters < cN~1/¢ then (A) gives the upper bound
N~%/4_Moreover, by Weyl’s estimates on the spectrum of an elliptic operator, for
every r > 1 there are approximately cr? eigenfunctions with eigenvalues 1% < r2
and there exist N < ¢r? nodes {z j}?]:] and positive weights {® j}yzl which give
an exact quadrature for these eigenfunctions. Then in this case (B) gives the above
upper bound N~*/¢. Hence both (A) and (B) give the bound N~%/?_ and by (D)
this latter is optimal. Similarly, observe that if » > 0 and if {|x — z;| < r}i.\’:1 isa

maximal set of pairwise disjoint spheres in M, then the centers {z j}yzl satisfy the

assumption of (C) withk = 1 and N = r~<¢. Hence, by (C) and (D), these nodes
give an optimal cubature rule. When the manifold is a torus or a sphere these results
are essentially known, and indeed there is a huge literature on this subject. See [29]
for deterministic and stochastic error bounds in numerical analysis. In particular,
(B) and (D) for p = 2 and for spheres are contained in [7,17-19] and [20]. For
Besov spaces on spheres some results slightly more precise than (B) and (D) are
in [21], while a result slightly weaker than (D) for compact two point homogeneous
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spaces is in [25]. See also [10] and, for a survey on related results, [15] and [30].
Beside the proofs of (A), (B), (C), (D), which are contained in the following section,
the paper contains also a final section with a number of further results and remarks.
Among them it is proved that if a quadrature rule achieves optimal error bounds in
the Sobolev space W*2(M), then this quadrature rule is optimal also in all spaces
WA2(M) withd/2 < B < a. Moreover, it is proved that there is a relation between
quadrature rules and geometric discrepancy:

(E) If dv(x) is a probability measure on M., then the norm of the measure dv(x) —
dx as a linear functional on W*%(M) decreases as a increases. Moreover, if the
norm of dv(x) —dx on WEZ(M) isr—® for somer > 1,

‘/ f(X)dv(X)—/ f(x)dx
M M

then for every d/2 < B < « there exists a constant ¢ which may depend on o, 8,
M, but is independent of r and dv(x), such that

‘ f FEOdv(x) — / Fdx
M M

(F) Assume that for some r > 1 the discrepancy of the probability measure dv(x)
with respect to the balls B(y, §) with center y and radius § satisfies the estimates

f dv(x)_/ dx <irf fo<1/r,
B(y.8) B(y.8) = rtedt ifrs > 1.

Then for every 1 < p < 400 and @ > d/p, there exists a constant c, which may
depend on o and p, but is independent of dv(x) and r, such that

cr Y Nfllwer fO<a<l,
‘/ S (x)dv(x) —/ Jf(x)dx
M M

<y e tog+n) [l fllwer ifa=1,
er M fllwer  if @ > 1,

Observe that while (A) and (B) hold for specific quadrature rules, (E) is a result
for arbitrary quadratures. Actually, (E) is only one way, from « to 8 < «. The
estimate 7~ for an « does not necessarily imply the estimate cr —# for g > «.
Moreover, the sets B(y, §) in (F) are not precisely geodesic balls, but level sets
of suitable kernels on the manifold. However, for spheres or compact rank one
symmetric spaces these sets are geodesic balls, and the discrepancy of the measure
is the spherical cap discrepancy. See [4] or [28], and for other relations between
quadrature and discrepancy on spheres see also [2]. Finally, we would like to point
out that our paper is (almost) self-contained, it does not rely on explicit properties of
manifolds or special functions, and it may provide a unified perspective and simple
alternative proofs of some known results.

We would like to thank the referee for some useful suggestions and especially
for bringing to our attention the papers [14] and [27], which have led us to improve
the original draft, in particular Corollary 2.15.

<r N fllyez s

<cr P fllysa.
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2. Main results

The eigenfunction expansions of functions and operators are a basic tool in what
follows. The system of eigenfunctions {¢; (x)} is orthonormal complete in LZ(M)
and every square integrable function has a Fourier transform and a Fourier expan-
sion,

Fray= [ f0mGuy. fw = F .
A

Since the Laplace operator is elliptic, the eigenfunctions are smooth and it is possi-
ble to extend the definition of Fourier transforms and series to distributions. In par-
ticular, these Fourier expansions are always convergent, at least in the topology of
distributions. One can write the discrepancy between integral and Riemann sum as
a single integral with respect to a signed measure du(x) = Z?’:l wjddz;(x) —dx,
with ddy (x) the Dirac measure concentrated at the point y and dx the Riemannian
measure,

N
j;wjf(zj-) - fM F)dx = /M FEOdu).

Then the estimate of the numerical integration error reduces to the estimate of the
norm of a linear functional du(x) on a space of test functions f(x). Some of
the results which follow will be stated for generic finite complex-valued measures
du(x), for signed measures of the form d it (x) = dv(x)—dx with dv(x) a probabil-
ity measure, and also for atomic probability measures dv(x) = lev: | wjdéz; (x).
The following is an easy and straightforward extension to compact manifolds and
p-norms of some abstract results for reproducing kernel Hilbert spaces. See, e.g.,
[1,6,12,13].

Theorem 2.1. Let { (LX)} be a complex sequence indexed by the eigenvalues {223,
with {y (M)} and {y (L)™'} slowly increasing, that is |y (A)| < a(l + A*)*/? and

(W)~ < b(1 4+ A2)P/2. Let the operators A and B and the associated adjoints
A* and B* be defined by

Af@) =Y VFf M@, A% =Y yF @ W),
A A

Bf(x) =Y Yy W'Ff W ex), Bgx) =Y ¢y ()7'F @ Merlx).
A A

All these operators are well defined and continuous on test functions, and they can
be extended by duality to tempered distributions. Finally, let f (x) be a continuous
function and let dju(x) be a finite complex measure on M. If 1 < p,q < 400 and

1/p+1/q =1, then
1/p 1/q
s{f IAf(x)Ide} {/ \B*u<x>|‘1dx} .
M M

‘/ Jo)dp(x)
M
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In particular, when p = q = 2, if B*u(x) is square integrable and if f(x) =
B(B*u)(x) is continuous, then the above inequality reduces to an equality.

Proof. Integration by parts shows that > F f (L) = F (A" f)(1). It follows that the
space of test functions is characterized by the rapid decay of the Fourier transform.
In particular, if {y(A)} is slowly increasing and {F f (1)} is rapidly decreasing, then
also {¢y (A\)F f(A)} is rapidly decreasing, hence it is the Fourier transform of a test
function. This implies that the operator A is well defined on test functions, and
the same for A*, B, B*. In what follows the pairing between a test function and a
distribution is denoted with an integral, even when the distribution is not a function
and the integral is divergent. In particular, if f(x) is a test function, by Holder
inequality with 1/p + 1/g = 1, since the operators A and B are inverses of each
other,

‘/ Jf@)dp(x)
M

_ ' / BAS()du(x)
M

= '/ Af(x)B*u(x)dx
M

1/p 1/q
< {/ |Af(x)|de} {f |B*M(X)|qu} .
M M

The general case of f(x) continuous follows by approximation with test functions.
Finally, when p = ¢ = 2 the Cauchy inequality reduces to an equality if the
functions Af (x) and B*u(x) are square integrable and proportional. U

In what follows the operators A and B will be fractional powers of the Laplace-
Beltrami operator: (I 4+ A)**/2,

Definition 2.2. The Sobolev space W*?(M), —oco < o < +ooand 1 < p <
+00, is the set of all distributions on M with (I + A)*/? f(x) in L? (M), that is
with

||f||Wa.p={ /.

I/l = supess
xeM

1/p
dx} <400, 1=<p<+oo,

> (14+2) " Fr e
A

< +00.

> (142 Fr e
A

An equivalent definition is the following:

Definition 2.3. Let BY(x, y), —00 < o < +00, be the Bessel kernel

8wy =Y (1+2) " mwanom.

A
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A distribution f(x) is in the Sobolev space W? (M) if and only if it is a Bessel
potential of a function g(x) in L? (M),

fx) = / BY(x, y)g(y)dy.
M

Moreover, || fllwer = lIgllzr-

In particular, when p = 2,

172
1 e = {Z(l +32)"\Ff (A)|2> .

A

Another equivalent definition is a localization result: A distribution f(x) is in
WP (M) if and only if for every smooth function g(x) with support in a local
card x = ¥ (y) : RY ~» M, the distribution g(y¥ (y)) f (¥ (y)) is in WP (R?). In
particular, if « is a positive even integer, then f(x) is in W*? (M) if and only if
the p-th power of f(x) and of A%/ f(x) are integrable. Moreover, distributions in
WP (M) with @ > d/p are Holder continuous of degree & — d/p. When applied
to functions in Sobolev classes, Theorem 2.1 gives the following:

Corollary 2.4. (1) If B*(x, y) is the Bessel kernel, if du(x) is a finite complex
measure on M, and if f(x) is a continuous function in WP (M), with1 < p,q <
+ooand1/p +1/q =1, then

< {f '/ B (x, y)du(x)
M IJM

In particular, if @« > d/p then every element in WP (M) has a continuous rep-
resentative and the above integrals are well defined and finite. On the contrary,
the spaces WP (M) with a < d/p contain unbounded functions and, if the mea-
sure dju(x) does not vanish on the set where f(x) = oo, then f/\/l f(x)du(x) may
diverge.

q 1/q
dy} IS lyyep -

' f FEOdu)
M

(2) When p = q = 2 and a > d /2, then the above inequality simplifies to

1/2
s{ / / Bz“(x,y)du(x)du(y)} 1 f Nz -
MIM

V J)dp(x)
M

Equivalently, by the Fourier expansion of the Bessel kernel,

Y 1/2
S{Z(HAZ) wwz} 1 ez

A

‘ / FOOdu)
M

Moreover, with f(x) = f/\/l B**(x, y)du(y), the above inequalities reduce to
equalities.
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3) If diu(x) = dv(x) — dx is the difference between a probability measure dv(x)
and the Riemannian measure dx, then

12
'/ F)dv(x) —/ Fo)dx s{f /32“ (m)dv(x)dv(y)—l} TP
M M MIM

Equivalently,

i 172
< {Z (1+22) " 1Fv (A)F} 1 Nz

1>0

V f(X)dv(X)—/ fx)dx
M M

Proof. (1) is an immediate corollary of Theorem 2.1. In order to prove (2), observe
that

/ B*(x, y)B’s(y, 2)dy = BotP (x,2).
M

Moreover, this Bessel kernel is real and symmetric, see Lemma 2.6 below. Hence,

2
f ‘/ B (x, y)du(x) dy:/ / / B%(x, y)B*(z, y)dydj(x)du(z)
MM MImIm

_ / / B2 (x, )d ()R (D).
MIM

(3) Is a corollary of (1) and (2). Indeed, since B%* (x,y) = B*(y,x) and
S B* (x,y)dy = 1,it follows that

/ f B> (x,y) (dv(x)—dx) (dv(y)—dy)
MIM

= / / B> (x, ) dv(x)dv(y) — / / B> (x,y)dv(x)dy
MIM MIM

—/ f BZ“(x,y)dxdv(y)wL/ / B (x, y)dxdy
MJIM MIM

:/ /BZ“(x,y)dv(x)dv(y)—l.
M JIM

Finally, by the Sobolev imbedding theorem, functions in W% ? (M) with @ > d/p
are continuous and all the above integrals are well defined and finite. The Sobolev
imbedding also follows from the estimates on the Bessel kernel provided in Lemma
2.6, as explained in Remark 3.3 below. O
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The above corollary leads to estimate the energy integral

q 1/q
{/ ’/ B (x, y)dju(x) dy} ,
M IIMm

which for ¢ = 2 and du(x) = dv(x) — dx simplifies to

12 Y 1/2
B (x, y)dv(x)d —1} = 1+22) |1 FvwiPy .
{/M/M (¥, ») dv(x)dv(y) {Z( ) IFv ) }

A>0

By the last formula, the energy attains a minimum if and only if Fv(A) = 0 for
all A > 0. Hence dv(x) has the eigenfunction expansion Fv(0)gg(x), and since
@o(x) = 1 this gives the Riemannian measure dx. The meaning of the corollary
is that measures with low energy are close to the Riemannian measure and they
give good quadrature rules. In order to provide quantitative estimates for the above
integrals, one has to collect some properties of the Bessel kernels. The norm of the
function y — B%(x, y) in W?"2(M) is

. 172
| B e = {Z (1+22) m(x)ﬂ} .
A

By Wey!’s estimates on the spectrum of an elliptic operator, see [9, Chapter 6.4] and
[22, Theorem 17.5.3 and Corollary 17.5.8], for every r > 1 there are approximately
crd eigenfunctions ¢; (x) with eigenvalues A2 < r? and Y < lon ®))? <crd. Tt
then follows that the norm in W?>2(M) of B%(x, y) is finite provided that y <
o — d/2 and, by the Sobolev imbedding theorem, it also follows that B%(x, y) is
Holder continuous of degree § < « — d. Indeed, we shall see that a bit more is true:
B%(x, y) is Holder continuous of degree o — d.

Lemma 2.5. The heat kernel

w (t’ X, )’) = ZCXP (_}‘Zt) GDA(X)W—()’),
X

which is the fundamental solution to the heat equation 3/9t = —A on Ry x M,
is symmetric, real and positive: W(t,x,y) = W(t,y,x) > 0 for every x,y € M
andt > 0. Moreover, for all non-negative integers m and n there exists ¢ such that,
if |x — y| denotes the Riemannian distance between x and y, and V the gradient,
VW (1, x, )| < ct=@Hm2 (14 |x —y| /1) " if 0 <t <1,
VW (t,x,y)| <c if 1<t <+o0.

Proof. All of this is well known, see, e.g., [9,23,33] and [35]. Anyhow we want to
provide a proof for the torus and a hint for the general case. The idea is that heat has
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essentially a finite speed of propagation and diffusion on manifolds is comparable
to diffusion on Euclidean spaces, at least for small times. The heat kernel in the
Euclidean space R? is a Gaussian,

W, x,y) = / exp (—4712t |g|2) exp 27i (x — y) €) dE
]Rd
= (47”)‘”‘1/2 exp (— |x — y|2 /4t) .

By the Poisson summation formula, the heat kernel on the torus T¢ = R?/Z is the
periodization of the kernel in the space,

Z exp (—4712 |k|? t) exp 2wik (x —y))
kezd

= 3" @) exp (— e —y — k2 /4;) :

keZd

Periodicity allows to assume that x—y € [—1/2, 1/2)%, and in this case the Rieman-
nian distance between x and y coincides with the Euclidean distance. An explicit
computation shows that the term £ = 0 in the above series satisfies the required
estimate,

—d)2 . -n .
@)~ exp (_ |x_y|2/4t) < e (14 1x—yl/V1) %fO <t=1,
c ifl <t < +4o0.

The sum for k # 0 is negligible. Indeed, since exp(—z) < cz ™" forz > 0,

Z (47'[t)7d/2 exp <— [x —y— k|? /4t>

k20
< N4/ Z X —y — k2N < /N4,
k20

and this satisfies the required estimate when 0 < ¢t < 1. When ¢ > 1 it suffices to
observe that

3 @nty P exp (— I — y — k|2 /4z)
k#0
<c (4mt)~4/? exp <— Iz|? /4t) dz <c.
R4
The estimates for the derivatives are analogous. This proves the lemma for the torus.

The heat kernel on a compact manifold is similar, in particular it has an asymptotic
expansion with Euclidean main term. See, e.g., [9, Chapter VI]. More precisely,
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by the Minakshisundaram-Pleijel recursion formulas, there exist smooth functions
ur(x, y) such that, if ¢ is small and |x — y| denotes the distance between x and y,

Wi, x,y)~ (47Tl)_d/2exp <_ Ix — y|2 /4t> <itkuk (x,y)+ O (l‘n+1>> '
k=0

On the other hand, W(¢,x,y) — 1 ast — +o00. The estimates on the size of
this kernel and its derivatives follow from this asymptotic expansion. The positivity
W(t,x,y) > 0 is a consequence of the maximum principle for the heat equation
and the symmetry W(¢, x,y) = W(¢, y, x) follows from this positivity and the
eigenfunction expansion. O

Lemma 2.6. (1) The Bessel kernel B* (x, y) with o > 0 is a superposition of heat
kernels W(t, x, y):

400
B“(x,y):F(a/Z)lf 1% Vexp (=t) W (¢, x, y) dt.
0

(2) The Bessel kernel B*(x, y) with a > 0 is real and positive for every x, y € M,
and it is smooth in {x # y}. Moreover, for suitable constants 0 < a < b,

aly =y < B(x,y) <blx —y*~¢ if 0<a<d,
alog (1 + |x —y|71> < B%(x,y) <blog (1 + |x —ylfl) if « =d,
a<B%x,y)<b if a>d.

(3)Ifd <o <d+ 1, then B*(x, y) is Holder continuous of degree o« — d, that is
there exists ¢ such that for every x,y,z € M,

|BY(x, y) = B*(x, )| <cly =217,
D Ifd < o < d + 2, then there exists ¢ such that for every x,y € M,
|BY(x, x) — B*(x,y)| <clx —y[*™.

Proof. When the manifold is a torus and the eigenfunctions are exponentials the
proof is elementary. The Bessel kernel on the torus T is an even function, and thus
a sum of cosines,

B%(x,y) = Z (1 + 472 |k|2> ¢ exp 2mikx)exp (—2miky)
keZd

— /2
= Z (1 + 472 |k|2> ¢ cos 2wk (x — y)).
keZd
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Hence,

B(x,x) — B*(x,y) =2 Y (1 + 472 |1<|2)70‘/2 sin? (rk (x — y))

keZd
—a/2
o=y Y kP (14 4x2 k)
el <lx—y| !
—a/2
+2 3 (1 + 472 |k|2)
Jk|>[x—y|~!

clx — y|ed ifd <a<d+2,
< qclx—yPlog(1+Ix—y[™") ifa=d+2,

clx—yl2 ifa >d+2.

Also observe that the series which defines B¥(x, x) — B%(x, y) has positive terms
and the above inequalities can be reversed. This proves (4) for a torus, and the
proof of (3) and (2) is similar. A proof for a generic manifold follows from the
representation of Bessel kernels as superposition of heat kernels and the estimates
in the previous lemma. In particular, (1) follows from the identity for the Gamma
function

(1 + /\2)_“/2 — T (@/2)"! /Om 1921 exp (—t (1 + A2)> dr.

Since the manifold is compact, its diameter is bounded. For ease of notation, in
what follows we shall assume that |[x — y| < 1. By Lemma 2.5, for every n,

ct"=D/2|x —y|™" if0 <t <|x—y?,
0<W(t,x,y) < {ct™@? if |x —y><r<l,
c ifr > 1.

Hence,if0 <o <dandn > d — «,

+o00
B“(x,y):F(a/Z)_lf 1% Vexp (—1) W (t, x, y) dt
0

2

lx—yl
<c |x _ y|—n/ t(a+n—d)/2—ldt
0

1 +o00
+ c/ 1@=D/2=1 gy +f %2~V exp (—1) dt
lx—y[? 1

<clx—y/*.

Indeed it follows from the estimates of the heat kernel from below (see [9] and [35])
that these inequalities can be reversed. Hence B (x, y) & c|x — y|*~¢. This proves
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(2) when 0 < o < d, and the proofs of the cases « = d and @ > d are similar. Also
the proof of (3) is similar. Write

+00
B%(x,y)—B%(x,z)=T (a/2)_1/ 1%~V exp (=) (W (¢, x,y) =W (1, x, 2)) dt.
0

Then recall that, by Lemma 2.5,

ct—4/2 if0 <t <|y—zP?,
W (t,x,9) =W (t,x,2)| < {ct™@HD2 |y — 7| if [y—z> <t <1,
cly —z| ifr > 1.

Hence,

ly—zl?
|B*(x,y) — B¥(x,2)| < c/ 1@~ D2V oxp (—1) dt
0

[la—d=1)/2-1

+cly—z| exp (—t)dt

ly—zl
+00

+c|y—z|/ t“/z_lexp(—t)dt
1

<cly—z*.

Finally, the estimate for |B*(x, x) — BY(x, y)| in (4) is analogous to the previous
one, but it holds in a larger range of «. It suffices to observe that W(z, x, y) is
stationary at x = y and it satisfies the estimates

ct—4/2 if0<t§|x—y|2,
W@, x,x) =W, x, )| < et Vx —y> if lx—yP?P <t <1,
clx —y? ifr>1.

The following is Result (A) in the Introduction:

Theorem 2.7. For everyd/2 < a < d/2 + 1 there exists ¢ > 0 with the following
property: If Ml = Uy U U, U ... U Uy is a decomposition of M in disjoint pieces
with measures |Uj| = wj, then there exists a distribution of points {z j}?’:1 with
zj € Uj such that

< ¢ max diameter (U;) @2 .
< max (U 1 e an

N
wif(zj)— f(x)dx
> s (e~



902 L.BRANDOLINI, C. CHOIRAT, L. COLZANI, G. GIGANTE, R. SERI, G. TRAVAGLINI

Proof. By Corollary 2.4 (3), with dv(x) = Zj-vzl wjdéz; (x),

1/2

N N
S{ZZ% “(zinz)) = 1p I f e

i=1 j=1

' / FEdv(r) — f Fdx
M M

It suffices to compute the average value of ZlNzl Z?’Zl w;jw jBZ“ (zivzj) — 1 on

Ui x Uy x ... x Uy with respect to the probability measures a);ldz ;j uniformly
distributed on U;. First observe that

N
l_[a)k_l / / dzy..dzy =1,
k=1 Ui Un
1 =/ / B> (x, y)dxdy = / / B> (x, y)dxdy.
MIM i= 1] 1

i=1 j=1

/ (&) dZJ+ZZ/ /U B* (2, 2)) dzidz;
i J

i#]
//Bza(x,y)dxdy—ZZ/ / B> (x, y)dxdy
i#j YU
:Z/U /U <Bz"‘ (x,x) — B® (x,y))dxdy.
j=17U;JU;

Since, by Lemma 2.6 (4), | B>*(x, x) — B**(x, y) | < ¢|x —y|**~¢ whend < 2ua <
d + 2, and since |U;| < cdiameter(Uj)d,

200 20
/U,/I‘JJ‘B (x,x)—B (xy)‘dxdy<Z|Uj

Then,

sup ‘Bz"‘(x x)— B> (x, y)‘
x,yeU

<c Z |UJ- |2 diameter (Uj)zafd
j=1

N
<c Z |Uj| diameter (Uj)za . 0
j=1
For the next result we shall need estimates for partial sums of Fourier expansions
of the Bessel kernels.
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Lemma 2.8. Let —0co < a < +00, let x (L) be an even smooth function on —o0 <
A < 400 with support in 1/2 < |A| < 2, and let

—a/2 _
P =2 /0 (1432) 7 00900,
A

Then for every positive integer n there exists ¢ such that for every r > 1 and
x,yeM,
|Perox, )| <er®™ (A +rlx—y)".

Proof. The numerology behind this estimate is quite simple. The approximation
of the Bessel kernel B*(x, y) by linear combinations of eigenfunctions with eigen-
values A> < r? is localized and only points x and y with |x — y| < 1/r really
matter. In particular, since B%(x, y) is smooth away from the diagonal, at distance
|x — y| < 1/r the approximation is rough, but at distance |x — y| > 1/r it is quite
good. The analogue of P%(r, x, y) in the Euclidean setting is the kernel

262 2 .
Qv == [ xCalelr) (14472 16R) " exp i (- 1)

= r fRd x @ [gl) (1 +4x%7 Iélz)_w/2 exp 2mir (x — y) §) dé.

Since x (27 |£|) has support in 1/2 < 27 |€| < 2, forevery r > 1 and x,y € R?¢
one has

ot [ xmien (14 4x226R) " exp mir (- ) s
R4

< ri /R @ 57 |x @7 §D] dE < e

This estimate can be improved in the range |x — y| > 1/r. Indeed, integration by
parts gives

i [ xemieh (14 4n2 612)  exp ir (x — y) £) s

R4

= rd / x @ le) (1+47%2 € P) g<(4n2r2 =y ) "exp @iy (x—y) g)>dg
R4

:rd <4n2r2|x_y|2>—n/ exp (27‘[i7’ (x_y) é‘) Ag (X (27{ |§|)<1+47T2r2 |§|2)_%)d§
R4

Hence,

o [ xen (1+4n321eR)  exp @air - 6 dg
R4

—n —a/2
<rd (47‘[2r2 I — y|2) /Rd ‘Ag (x e a3) (1 + 42 |§|2) )‘dé

< Crdfothn Ix — y|72n )
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Now it suffices to transfer these estimates from the Euclidean space to the manifold.
For the torus, this can be done via the Poisson summation formula. If Q(r, x — y)
is the truncated Bessel kernel in R defined above, then the truncated Bessel kernel
. d .

in T¢ is

> x @ikl /) (1 + 4 |k|2)_0‘/2 exp ik (x —y)=Y Q(rx —y+k).

kezd kezd

When |x; — y;| < 1/2, the main term in the last sum is the one with k = 0, while
the contribution of terms with k& # O is negligible,

1Qr,x =) <er™ (A +r|x—yh7",
Yo 10rx—y—Rl <t

keZd—{0}

Finally, the estimate for the truncated Bessel kernel on a generic manifold can be
obtained by transference from R? via pseudodifferential techniques. For more de-
tails, see, e.g., [34, Chapter XII], or [5]. For a more general approach on metric
measure spaces see [14] and [27]. ]

The following is a result on the homogeneity of measures which appear in
quadrature rules and it gives sharp estimates of the discrepancy of such measures.
Similar estimates on spheres are in [2].

Lemma 2.9. Assume that dv(x) is a probability measure on M with the property
that for every eigenfunction @, (x) with eigenvalues \* < r?,

/m(x)dV(x):/ @ (x)dx.
M M

Then for every positive integer n there exists ¢, which may depend on n and M, but
is independent of r and dv(x), such that for every measurable set Q in M,

/dv(x)—/dx
Q Q

In particular, the discrepancy between the measures dv(x) and dx with respect to
balls {x : |x — y| < s} is dominated by

< c/ (1 + r distance {x, 92}) " dx.
M

‘/ dv(x) _/ dx| < cr™ fs=1/r,
{lx—yl<s) leoylzs) | |er™ls® ™ ifs = 1yr

Proof. Itis proved in [11] that, given n, there exists ¢ such that for every measurable
set Q in M and every r > 0 there exist two linear combinations of eigenfunctions
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Ax) = Y, _,a)@n(x) and B(x) = ), _, b(A)px(x) which approximate the
characteristic function yq(x) from above and below,

A(x) < xao(x) < B(x), B(x)— A(x) <c(1+r distance {x, 9Q})™".

In particular, the properties of the function A(x) and of the measure dv(x) give

/dv(x)i/ A(x)dv(x):/ A(x)dx
Q M M

> / xo(x)dx — c/ (1 + r distance {x, 92}) " dx.
M M

Similarly, by the properties of B(x) and dv(x),

/dv(x)f/ B(x)dv(x):/ B(x)dx
Q M M

5/ xo(xX)dx +c/ (1 + r distance {x, 0Q}) ™" dx.
M M

In particular the choice of @ = {x : |x — y| < s} gives the estimate for the
discrepancy of balls. We omit the details. O

Lemma 2.10. Assume that dv(x) is a probability measure on M which gives an

exact quadrature for all eigenfunctions ¢; (x) with eigenvalues 1> < r?,

f 0 (D)dv(x) = / 1 (V).
M M

If1 <qg <+ooanda > d(1 — 1/q), then there exists ¢, which may depend on q,
o, M, but is independent of r and dv(x), such that

{/ '/ B%(x, y)dv(x) — 1
M IJIM

Proof. Let x (1) be an even smooth function on —0o < A < +00, with support in
1/2 < |A| < 2 and with the property that Zj;"ioo x(27/)) = 1 forevery A # 0.
Also, let

q 1/q
dy} <cr %

—a/2
Poox ) =1 G/ (1432) 7 o).
A

Hence, BY(x,y) = 1 + Z;;o‘ioo P%(2/,x,y). Since dv(x) annihilates all eigen-

functions with 0 < A < r, it also annihilates all P*(2/, x, y) with 2/ < r/2 and
this gives

B%(x, y)dv(x) — 1 = P*(27, x, y)dv(x).
fM (x, y)dv(x) Z/M (27, x, y)dv(x)

2i>r/2
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When g = 1,by Lemma 2.8 withn > d,

/ ‘/ P%(s, x, y)dv(x)
M IJM

Scsd_“/ f (I+slx —yD™"dv(x)dy
MJIM

dy

<cs ¥ sup {/ sT(1+s|x —yl)_”dy} <cs %
xXeM M

When g = +ocand s > r and n > d, by Lemma 2.8 and Lemma 2.9,
sup H/ P (s, x, y)dv(x)
M

yeM }

< s sup {f (I+slx—yh™" dv(x)}
yeM LIM

< s sup {/ dv(x)}
yeM U{|x—y|<1/r}

+OO . —n
+¢s?7% sup Z (ZJs/r) / dv(x)
yeM j=o {27 /r<ix—yl<2i*1/r}

d—

d—a ,.—d

< cs@p=d 4 pgdmamnn—d < pd-ay

Hence, when s > r and 1 < g < 400, by interpolation between 1 and +o0,

q 1/q
{/ ‘/ P%(s, x, y)dv(x) dy}
MM

G-1/q
< sup {‘/ P%(s, x, y)dv(x) } {/ V P%(s, x, y)dv(x)
M M I m

yeM

1/q
dy}

< esd(=1/q)=a,~d(1-1/g),

When @ > d(1 — 1/q) these estimates sum to

q 1/q
{f ‘f BY(x.y)dv(x)—1 dy} =y {/ '/ P2 xy)dv(x)
M IJIM MIJIM

2i>r/2
< op—4(1=1/q) Z 2J(d(1=1/q)—a)
2i=r)2

q /g
dy}
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Finally, the existence of exact quadrature rules associated to any system of contin-
uous functions is a simple result in functional analysis, or in convex geometry.

Lemma 2.11. Given any collection ¢1(x), ¢2(x),..., 9, (x) of real continuous func-

tions on M, there exist an integer N < n + 1, points {z j}j-\]:1 in M and positive

weights {wj}ﬂ.v:l with Zyzl wj = 1, such that for every such ¢; (x),

N
/M pi(x)dx = ;a}j(pi (Zj).

J
If the functions ¢; (x) are complex-valued then the same holds with N < 2n + 1.

Proof. Define

Q(x) = (91(x), 92(x), ..., @ (%)) ,

E:/ d(x)dx = (/ (pl(x)dx,/ (pg(x)dx,...,/ (pn(x)dx).
M M M M

If all functions ¢; (x) are real-valued, then ®(x) and E are vectors in R”. If the
@i (x) are complex, then ®(x) and E can be seen as vectors in R2". Moreover,
E is in the convex hull of the vectors ®(x) with x € M. It then follows from
Carathéodory’s theorem that E is also a convex combination of at most n+1 vectors

@ (x) in the real case, or 2n 4 1 in the complex case, E = Z?’:l w;®(z;) with
wj>0andzy:1a)j=1. O

The above result is simple but non constructive. See [32, Theorem 3.1.1],
or [31], or [8] for explicit constructions on spheres. The following is Result (B) in
the Introduction. Note that in the case of the sphere it is contained in [21].

Theorem 2.12. Assume that the probability measure dv(x) on M gives an exact

quadrature for all eigenfunctions g, (x) with eigenvalues > < r?,

/w(x)dv(X)=/ @ (x)dx.
M M

Then, for every 1 < p < 400 and o > d/p there exists a constant ¢ > 0 indepen-
dent of dv(x) and r, such that for every function f(x) in WP (M),

‘/ f(X)dv(x)—/ fx)dx
M M

Proof. By Corollary 2.4 (1) withdu(x) =dv(x) —dxand 1/p+1/g =1,

' f FOOdR) 5{ / ‘ / B (x. y)dv(x) — 1
M M IJM

<cr N fllwar -

q 1/q
dy} IS lyyep -
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By the assumption fM @) (x)du(x) = 0 for every A < r, and Lemma 2.10,

.

Corollary 2.13. If 1 < p < +oo and @ > d/p, then there exists ¢ > 0 with the
property that for every N there exist a point distribution {z j}?/:1 and associated

q 1/q
dy} <cr . O

/ B%(x, y)dv(x) — 1
M

positive weights {a)j}y:l, such that for every function f(x) in WP (M),

< N~ Fll e -

N
ijf (Zj) - /M fx)dx

j=1

Proof. 1t suffices to show that the above bound holds for infinitely many integers
N,say N1 < Ny < N3 < ... satisfying N,+1 < c¢N,. Indeed, introducing multiple
nodes and distributing the associated weights among them, gives the result for every
positive integer N. Letr = 1,2, 3, ... and let n, be the number of eigenfunctions
@) (x) with A2 < r2. By Weyl’s estimates on the spectrum of an elliptic operator,
see [9, Chapter 6.4] or [22, Corollary 17.5.8], we have car? < n, < e, By
Lemma 2.11, possibly introducing multiple nodes, there are N, = n, + 1 nodes

(), and positive weights {w;}"" | such that for all A> < r2,

Ny
Y wien(z)) = / @1 (x)dx.
j=1 M

Finally, by Theorem 2.12

Ny
;wjf (zj) - /M f(x)dx

_ —a/d
< cr | Fllwar < cny N Fllyen

—a/d
< N Fllwen - O

The above corollary relies on Lemma 2.11 and guarantees the existence of nodes
and weights that give good bounds for the corresponding quadrature rule, but it
gives no information on how to find these nodes and weights. In [14] there is a
less elementary but somehow stronger result than Lemma 2.11, that essentialy says
that any choice of well distributed nodes works. For our purposes this result can be
restated as follows.

Lemma 2.14. Let {z j}j.vz | be a distribution of points. Define the mesh norm § and
the minimal separation q of this collection by

8 = sup min|x—2j
J

el s q=?£?|21_21|
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Then there exist positive constants a and b depending only on M and on k = §/q,
and positive weights {w 1}7:1 withw; > ad?, such that for all eigenfunctions ) (x)

with eigenvalues A2 < bs ’2,

N
/M p(dx =Y w0 (2)).

j=1

By applying Theorem 2.12 to a point distribution as in the above lemma, one obtains
the following corollary, which is result (C) in the Introduction.

Corollary 2.15. Let 1 < p < +ooand o > d/p. Let {Zj}?’zl be a distribution
of points with mesh norm § and minimal separation distance q. Then there exist a
positive constant ¢ depending only on k = 8/q and on M, and positive weights

{a)j}y:l such that

<N~ fllye -

N
ijf(zj') _/M fx)dx

Jj=1

Proof. By the above lemma and Theorem 2.12 with r2 = b§~2, there exists ¢| such
that

N
Y wif(z) - f f(x)dx

Jj=

< c18% || fllwer -

By the definition of mesh norm é and minimal separation distance g, the balls
{lx —zj| < 8}9\’:1 cover M with finite overlapping, that is for some constant c;
depending only on k = §/q,

N
Z X{|x—z;|<8} (x) < c.
=1

See Lemma 4 .4 in [14] for the details. It follows that

N
C3N8d < / ZX{Ix—z,-|<6} (x)dx < cy.
Mj:l

Therefore § < c4N /4, O

Finally, easy examples show that the above estimates for the error in approxi-
mate quadrature are, up to constants, best possible. Again, see [21] for the case of
the sphere. In particular, the following is Result (D) in the Introduction.
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Theorem 2.16. For every 1 < p < 400 and o > 0 there exists ¢ > 0 with the
following property: For every distribution of points {z ;} ;.V: | there exists a function

f(x) in WP (M) which vanishes in a neighborhood of these points and satisfies
1 fllper < N, / F)dx = 1.
M

As a consequence, for every distribution of points {z j}é\; | and complex weights

{w J'};'Vzl’ there exists a function f(x) with

N

Za)jf(z]') —/M f(x)dx

j=1

> N~ fll e -

Proof. If ¢ is small, then one can choose 2N disjoint balls in M with diameters
eN~1/4 and, given N points {z j}j.vzl, at least N balls have no points inside. On
each empty ball construct a bump function v (x) supported on it with

sup [Aky; ()] = eNPH/, /l//j(x)dsz_l.
x M

The construction of such functions in R? can be done by translating and dilating
any fixed smooth function with compact support and integral 1. Then one can
transport and normalize these functions to the local charts of the manifold and,
by compactness, the constant ¢ can be chosen independent of j and N. Define

f0) =210 9 (x). Then,
I fller < N/, / Fodx = 1.
M

The estimate of the L” (M) norms of (I + A)%/? f(x) when «/2 is an integer fol-
lows from the fact that (I + A)%/? is a differential operator and the terms
(I + N)* %y j(x) have disjoint supports. The case of «/2 not an integer follows
from the integer case. The proof when p = 2 is elementary. If n is an integer
greater than /2, then by Holder inequality,

A

(2n—a)/4n
< {Z Iff(k)lz} {Z (1 +x2)2” Iff(k)lz}
A

A

172
£l = {Z (1+22)" I}“f(/\)lz}

a/4n

< cNYH,
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In the general case, let r > O be a parameter to be fixed later, let n be an integer
greater than /2 and, with the same notation as in Lemma 2.8 and Lemma 2.10,
decompose (I + A)*/? f(x) into

@+ = F5 O+ 3Nk (272) (142) " s a0

2J<r

+ZZX(2“’W)(1 2T (4 2) B oy o

—ff<0>+2/ “(2).x.5) F 0)dy

27 <r

+Z/ pin—e 21 x, y)(1+A)"f(y)dy

2/ >r

By the Holder inequality,

1/p
|F £ (0)] 5/ lf (xX)]dx < {/ If(x)l"dx} <c.
M M

By Lemma 2.8,
p 1/p
J S [ (@) roray] ax
2/ <r
_ 1/p
<Z{Sup/ \P—a(zf,x,y)}dx}{/ If(x)l”dx}
2] <r M
, 1/p
ch2“f{f If(X)I"dx} < e
27 <r M
Again, by Lemma 2.8,
P 1/p
PP (20, x,y) U+ &) £ () dy]| dx
M

=< 2}2 {Sl;p/M ‘pZn—a (2_/")(’ y)‘dx} {/M |(I N f(x)|pdx}1/l7

) 1/p
<c Z 2~ @n—a)j {/ |(I +A)' f (x)|pdx} < @2 N2n/d,
M

2 >r

Choosing r = N1/d 5o that r® = re=20N21/d — N%/d_one obtains the desired
result. O
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3. Further results

The following is Result (E) in the Introduction and it states that a quadrature rule
which gives an optimal error in the Sobolev space W%2(M) is also optimal in all
spaces WA2(M) withd/2 < B < a.

Theorem 3.1. If dv(x) is a probability measure on M., then the norm of the mea-
sure dv(x) — dx as a linear functional on W%2(M) decreases as « increases.
Moreover, if the norm of dv(x) — dx on We2(M) isr—@ for somer > 1,

/f(X)dV(X)—/ f(x)dx
M M

then for every d/2 < B < o there exists a constant ¢ which may depend on o, 8,
M, but is independent of r and dv(x), such that

/f(X)dV(X)—/ f(x)dx
M M

Proof. By Corollary 2.4 (2) and (3), the norm of the measure dv(x) —dx as a linear
functional on W%2(M) is

12 Y 12
B™ (x,y)dv(x)d —1} = L+22) (FvmlPy
{/M/M (x, ) dv()dv(y) {Z( ) IFv ) }

>0

<r A fllwez,

<cr PN fllwea -

Since (1+42)"% < (14+1%)~# when B < «, it follows that this norm is a decreasing
function of «. Write dv(x) — dx = du(x). By Lemma 2.6 (1), the norm of the
functional f M S ()dp(x) on W%2(M) can be written as

12
{/ / Bz“(x,y)du(x)du(y)}
MIM

“+00
={F(a)_1/ t“Lexp (—1) (/ / W(t,x,y)du(X)du(y))dt}
0 MIM

Note that

W (t,x, y) du(x)du(y) = —2%t) | Fn)* > 0.
foM (225 dpCOTHG) = 3 exp (=4%1) 1F1a 1)

172

Assuming that this norm is » ~%, one has to show that the corresponding expression
with B instead of « is at most cr—P. Since B < o, the integral over 1 <t < 400
satisfies the estimate

400
/ tﬁ_lexp(—t)(/ / W(t,x,y)du(X)dM(y))dt
1 MIM

+o00
5/ 1*Lexp (—1) </ / W(t,x,y)du(x)du(y)> dt
1 MM

<T (a)r 2.
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Similarly, if B < « the integral over r~2/2 < t < 1 satisfies the estimate

1 _
/ zﬂ—lexp(_n(/ / W(t,x,y)du(X)du(y))dt
r_2/2 MJIM

A e . T
S(V /2) /_2/2t exp (—1) /M/MW(t,x,y)dM(X)du(y) dt

< 2P (@) r 2P,

Finally, by the small-time Gaussian estimate on the heat diffusion kernel in [35], if
0 <t <r~%/2then

412w (t,x,y) < cr 4w (r_z, X, y) .

It then follows that if 8 > d/2 the integral over 0 < r < r~2/2 satisfies the estimate

r72/2 —
/ P exp (—1) (/ / W, x,y) dﬂ(x)dM(Y)> dt
0 MIM

Scr—lﬂ/ / W (r 2 y) d il (d [l ).
MIM

It remains to show that the last double integral is uniformly bounded in r. Since
d|p)(x) < dv(x)+ dx and since f/vl W (r—2,x, y)dx = 1, replacing d|u|(x) with
du(x) it suffices to show that

[ w (s duwduo <.
MIM
By the assumption on d(x) and the eigenfunction expansion of W (r 2, x, y),
/ / w (rfz, X, y) dp(x)dpu(y)
MIM
<r ¢

/M w (fz, 3 y) du(y) H -

— ey (1 4 )\Z)a exp (—2 (x/r)2) |fﬂ(x)|2}l/2

A

=r = Z <1 + )L2>7a |~7:M()\)|2}1/2 sup {(1 + A2>a exp <— ()»/r)Z)} .

A

Finally, the last sum with {Fu(A)} is the norm of the measure du(x) as a func-
tional on W%2(M), hence by assumption it equals » =%, and the last supremum is
dominated by cr2®. O
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As we said, the above result is only one way, from « to 8 < «. If the norm of
dv(x) — dx on WP (M) is r~* and if B > «, then one cannot conclude that the
norm of dv(x) —dx on WA P (M) is at most cr #. Asa counterexample, it suffices
to perturb a good quadrature rule with nodes {z; }?’:1 and weights {w; }5\’:1 by mov-
ing the last point z into a new point 7y, so that the new quadrature differs from the
old one by the quantity wy| f(zy) — f(tn)|. If « > d/p + 1 then the function f is
differentiable and, by the mean value theorem, wy | f (zn) — f (tn)]| = on|zy —tn].
Then, by choosing |zy — tx| = r ~%/wy one obtains a quadrature rule which gives
an error ~ r~% in all spaces W#?(M) with B > «. The counterexample when
d/p <o <d/p+1is slightly more complicated but similar.

In all the above results, the accuracy in a quadrature rule has been estimated
in terms of the energy of a measure. It is also possible to estimate this accuracy in
terms of a geometric discrepancy. Let B(y, t) be the level sets of the Bessel kernel,

B(y,t):{xe./\/l: B“(x,y)>t}.

Then the Bessel kernel can be decomposed as superposition of the characteristic
functions of these level sets,

—+00
BY(x,y) = [0 XB(y,n) (x)dt.

Ifl < p,g < +4+ocand 1/p + 1/q = 1, by Corollary 2.4 (1) and Minkowski
inequality, the following Koksma-Hlawka type inequality holds:

q 1/q
<1 fllyer { fM ‘ /M B (x, y)dp(x) dy}

%) q 1/q
< IIfIIWa.pf :/ U XB(y,n)(X)dp(x) dy} dr.
0 M |JIM

The quantity | f M XB(y.»)(x)du(x)| is the discrepancy of the measure d . (x) with
respect to the level set 3 (y, t). It can be proved that, for specific measures and at
least in the range 0 < o < 1, the above estimates are sharp and can lead to optimal
quadrature rules. In particular, the following is Result (F) in the Introduction:

‘/ J@)du(x)
M

Theorem 3.2. Denote by §(t) the supremum with respect to y of the diameters of
the level sets {B(y, t)} and assume that there exists r > 1 such that the discrepancy
of the measure d(x) with respect to {B(y, t)} satisfies the estimates

r—d ifo@) <1/r,
' fM X5 (AR = {r—lamd—l ifs) = 1/r.

Also assume that 1 < p < 4ooand o > d/p. Then there exists a constant c, which
may depend on a and p and on the total variation of the measure |u|(M), but is
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independent of r, such that

C}’_a ”f”Wo(,p l‘f 0<a< 1,
‘/ F@dp)| < {ertog( +7r) | fllwar if @ =1,
M er UL f Nl e if a>1.

Proof. If 1 < p,q < 4ooand 1/p + 1/q = 1, by Corollary 2.4 (1) and the
Minkowski inequality,

+oo 4q 1/4
< 1 fllyer / { / ‘ / B0 ()AL () dy} dr.
0 M IJM

By Lemma 2.6 (2), when 0 < o < d then BY(x, y) &~ |x — y|*~4  and the level sets
B(y, t) have diameters of order min{1, t!/©@~9} Hence, writing ¢ = (¢ — 1) + 1,
the estimate of the discrepancy of small level sets with ¢ > r?=% gives

q 1/q
{ / ‘ / K500y (D) () dy}
M IJM

(g—D/q 1/q
< { sup ‘/M XB(y,1)(X)dp(x) } {/M /M XB(y,n)()d |11 (x)dy}

yeM
(g—1D/q 1/q
} {elu /e

‘/ Jfx)dp(x)
M

= { sup ‘/ XB(y,»)(X)du(x)
yeM I M

< cr—da=N/ad/q(a—d)

Hence, if @ > d/p the integral over =% < t < +oo0 satisfies the inequality

+00 q /q
/ {/ ‘/ XB(y,)(X)dp(x) dy} dt
pd—a M |JM

+o0
< er—da=D/q / (d/qlea—d) g,
rd

—

<cr

Similarly, the integral over 0 < ¢ < ¢~ that is the discrepancy of large level sets,
satisfies the inequality

rdfa
/ {/ V XB(y.n (xX)d p(x)
0 M [JM

q 1/q pd—a
dy} dr <r~! / min {1, t(d—l)/(a—d)} dt
0

cr ¢ if0<a<l,

crog(1+r) if a=1,

cr! if > 1.

IA
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The proof in the case « = d is similar and follows from the estimate B*(x, y) =
—log(|x — y|). The proof in the case @ > d is even simpler, since in this case
B%(x, y) is bounded and it suffices to integrate on 0 < ¢ < sup, ¢ B%(x, y) the

inequality |fM XB(y.n(X)dp(x)| < cr 1. O

Observe that the hypotheses on the discrepancy in the above theorem match
the estimates in Lemma 2.9. Indeed, by this lemma, the measures dv(x) which give
exact quadrature for eigenfunctions with eigenvalues A% < r2 have discrepancy

‘/ dv(x) —/ dx
{lx—yl<s} {lx—yl<s}

Actually, these estimates hold not only for balls {|x — y| < s}, but also for sets with
boundary with finite (d — 1)-dimensional Minkowski measure, such as the level
sets {B(y, t)}. Also observe that these estimates are natural, since the discrepancy
of large sets is qualitatively different from the one of small sets. In particular, it
follows from Lemma 2.9, Theorem 2.12, Theorem 2.16, that, at least in the range
0 < @ < 1, Theorem 3.2 gives an optimal quadrature. We conclude with a series of
remarks.

<

cr— ifs <1/r,
cr g4l ifs > 1/r.

Remark 3.3. As we said, the assumption « > d/2 with p = 2 in Theorem 2.7, or
o > d/p with 1 < p < 400 in Theorem 2.12, guarantees the boundedness and
continuity of f(x), otherwise the point evaluation f(z;) may be not defined. This
follows from the Sobolev imbedding theorem. Indeed, the imbedding is an easy
corollary of Lemma 2.6. A function f(x) is in the Sobolev space W% ” (M) if and
only if there exists a function g(x) in LP (M) with

f@>=/03“u¢meMy
M

When 1 < p,g < 400, 1/p+1/qg = 1,d/p < a < d, then B¥(x,y) <
clx — y|*?is in LY(M) and this implies that distributions in the Sobolev space
WP (M) with @ > d/p are continuous functions. Indeed they are also Holder
continuous of order « — d/p.

Remark 3.4. When the manifold is a Lie group or a homogeneous space, one can
restate Theorem 2.1 in terms of convolutions. In the particular case of the torus

T¢ = R4/7Z%, let
A(x) =Y Yk)yexpQmiky), B(x)= Y ¥k~ 'exp2mikx).

kezd kezd
Then,if 1 < p,q,r <4ocowithl/p+1/g=1/r +1,

r 1/r 1/r
{/ dx}:{/ |B*A>kf*u(x)|rdx}
Td Td

1/p 1/q
5{/IA*f@NWﬁ} {/|B*u@ﬂﬂu}.
Td Td

/ fx—=y)du(y)
']Td



QUADRATURE RULES AND DISTRIBUTION OF POINTS ON MANIFOLDS 917

In the case of the sphere S¢ = {x € R x| = 1}, let {Z,(xy)} be the system of
zonal spherical harmonic polynomials and let

400 I
AGy) =S W Zy (xy), By = %) Zy (xy).
n=0 n=0

Then,if 1 < p,g < +ocowith1/p+1/q =1,

AL f |, o]

Both results on the torus and the sphere follow from the Young inequality for con-
volutions.

/ £ 0 dp() / AGY) £ (n)dy
Sd Sd

/ B(xy)du(y)
Sd

Remark 3.5. A result related to Theorem 2.1 and to the previous remark is the
following. Identify T4 with the unit cube {(x1,...,xg7) : 0<x j < 1} and denote
by xp(y)(x) the characteristic function of the parallelepiped P(y) ={(x1, ..., xq) :
0 < x; < y;}. Then define

d
—d _
B(x)=/wxp(y)(x)dy—z :1:[ 1—x;)—274

—1

= Y [T2| | [T 2rik; exp (2mikx) .

kezd—{0} \ \k;=0 kj#0

Also, define the differential integral operator

Axf)y =Y [ TT2]| [T 27ik; | Fk) exp @mikx)

k#0 \ k;j=0 k-;«éO
S e |
lij<d Td—1 8xj g
+ 2472 / f(x) dxy,
15;5[] Td—2 Bxl 0x; hl;[j
ad
+”'+7ax1...8xdf(x)'

Observe that, as in Theorem 2.1, the Fourier coefficients of the distribution A(x)
and of the function B(x) are one inverse to the other, however here the Fourier coef-
ficients are indexed by the lattice points 277k, and not by the eigenvalues 47 2|k|?. If
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dv(x) = N"' YV d8. (x),andif 1 < p,q,r < +oowith 1/p+1/g =1/r+1,

Jj=1
then
r 1/r
N! Zf(x —zj) _/Td fdy dx}

[a>

1/p 1/q
< !/ |A>kf(x)|pdx} {/ |B>kv(x)|qu} .
Td Td

The norm of A % f(x) is dominated by an analogue of the Hardy-Krause variation,

1/p
{/ IA*f(x)I”dx}
Td

d
24-1 // — dx;
< 151231{ | i axjf(X)E X

N

p 1/p
dxj}

1/
+2072 » /f i f(x)l_[dxhpdxdxj :
l
1<iZi<a | /T2 |JT0-2 0x;0x; ety
Bd P 1/p
o+ / —f(x)| dx{ .
Td | 0X] ...0Xxq

The norm of B % v(x) is dominated by the discrepancy of the points {z 1}7:1 with
respect to the family of boxes P(y),

1/q
{/ IB*v(x)qux}
Td
N d
—1
Sﬁw{/w N7 xee (i) = [ ]
j=1 j=1

In particular, the case where p = 1 and ¢ = +o0 is an analogue of the Koksma-
Hlawka inequality. See [24]. A generalization of this classical inequality is con-
tained in [6].

q 1/q
dx} dy.

Remark 3.6. By Lemma 2.6 (1), the Bessel kernel B¥(x, y) with « > 0 is a
superposition of heat kernels W (¢, x, y). Indeed, it is possible to state an analogue
of Corollary 2.4 in terms of the heat kernel, without explicit mention of Bessel
potentials: If {z j}yzl is a sequence of points in M, if {w j}yzl are positive weights
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with Zj w; = 1,and if f(x) is a function in W* P (M) with o > d /2, then

N
;wjf(zj') - /M f(x)dx

40| N N
< {F(a)lfo Zzwiij(f,Zi,Zj)—l
i=1 j=1

This suggests the following heuristic interpretation: Mathematically, a set of points
on a manifold is well distributed if the associated Riemann sums are close to the
integrals. Physically, a set of points is well distributed if the heat, initially concen-
trated on them, in a short time diffuses uniformly across the manifold.

1/2
1% Lexp (—1) dt} £ ez -

Remark 3.7. In order to minimize the errors in the numerical integration in Corol-
lary 2.4 (3), one has to minimize the energies

N N
/M /M B> (x, y)dv(x)dv(y), ZZa);ijza (Zi, Zj) .

i=1 j=I

These are analogous to the energy integrals in potential theory

/ / I — ¥~ dv(x)dv(y).
MJIM

See [15]. Whend < o < d + 1 the kernel BZ“(x, y) is positive and bounded,
with a maximum at x = y and a spike A — Blx — y|2*=4 when x — y. In
particular, the gradient at x = y is infinite. This implies that in order to minimize
the discrete energy }; ; wiw; B2*(z;, z;) the points {z;} have to be well separated.
This suggests the following heuristic interpretation: Mathematically, a set of points
on a manifold is well distributed if the energy is minimal. Physically, a set of points,
free to move and repelling each other according to some law, is well distributed
when they reach an equilibrium.

Remark 3.8. It can be proved that if 2o > d + 2 then
B2 (x,2) = B (x,y)| =l = P2,

This estimate in the proof of Theorem 2.7 yields that for most choices of sampling
points z; € Uj,

< ¢ max {diameter (U))"** |1 ey

I=j=<

N
Za)jf(zj')— f)dx
j=1 M

The same result holds if 2o = d + 2, with a logarithmic transgression. Observe
that these estimates hold for most choices of sampling points, but not for all choices.



920 L.BRANDOLINI, C. CHOIRAT, L. COLZANI, G. GIGANTE, R. SERI, G. TRAVAGLINI

Indeed, if the manifold M is decomposed in disjoint pieces M = U UU,U...UUx
with measure ;] N~! < lUj| = wj < a N~ and pyN~V4 < diameter(U;) <
byN~14 if f(x) is a smooth non constant function and if the points z j € Uj are
the maxima of f(x) in Uj, then Z]/Ll w; f(z;) is an upper sum of the integral

S f(x)dx and

N L
E j i) — dx = e
: la)jf (z)) /M fx)dx = / — f(x))dx = cN

Remark 3.9. Theorem 3.2 gives an estimate of the accuracy in a quadrature rule in
terms of the discrepancy of a measure with respect to level sets of the Bessel kernel.
The following argument shows that when the manifold is a sphere, or a rank-one
compact symmetric space, then the level sets of the heat kernel {W (¢, x, y) > s},
and hence of the Bessel kernels {B%(x, y) < t}, are geodesic balls {|x — y| < r}.
The Laplace operator on the sphere S¢ with respect to a system of polar coordinates
x = (v,0), with 0 < ¢ < m the colatitude with respect to a given pole and
o € S?~! the longitude, is

- 1-d 9
Ax = Ap,s) = —sin (%)

a&( =1 (9) )+sin2(19) Ag.

Let u(¢, x) be the solution of the Cauchy problem for the heat equation

{ %u (t,x) = —Axu(t,x),
u0,x) = f(x).

If f(x) depends only on the colatitude %, and if it is even and decreasing in 0 < ¥ <
7, then also u(¢, x) depends only on the colatitude and it is even and decreasing in
0 < ¥ < m. In order to prove this, set u(¢,x) = U(¢, ), f(x) = F(@), and
sin? =1 (9)dU (1, 9)/00 = V (1, 9). Then

3 9 d [. - 9

EEU( =35 {Sml 4 (9) 35 (Slnd ! (79) U(t ’9))}
iU(O 9) = —F(ﬁ)

Dy 9y = a—21/(z 9) + (1 —d) C.Os(ﬂ)iV(hﬁ)’

9t sin(¥) 09U

V(0,9) = sin?"! () %F @),

V(t,0)=V(, ) =0.

If F(¥) is decreasing in 0 < ¥ < m, then V(0,9) < 0 and, by the maximum
principle, V (¢, ©#) < 0, hence U (¢, 1) is decreasing in 0 < @ < . In particular, by
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considering a sequence of initial data { f, (x)} which depend only on the colatitude
¥, even and decreasing in 0 < ¢ < 7, and which converge to the Dirac §(x), one
proves that the heat kernel W (¢, cos(})) is decreasing in 0 < ¢+ < . Since Bessel
kernels are superpositions of heat kernels, they are also superpositions of spherical
caps.

Remark 3.10. In [3] and [26] the discrepancy of orbits of discrete subgroups of
rotations of a sphere are studied. Let G be a compact Lie group, K a closed sub-
group, M = G/K a homogeneous space of dimension d. Also, let H be a finitely
generated free subgroup in G and assume that the action of H on M is free. Given
a positive integer n, let {o j}é.v: | be an ordering of the elements in H with length at
most n and for every function f(x) on M, define

N
Tf@)=N"Y"f(ox).
j=1

This operator is self-adjoint and it has eigenvalues and eigenfunctions in L%(M).
Moreover, since the operators 7 and A commute, they have a common orthonormal
system of eigenfunctions, Ag; (x) = A%@(x) and Ty, (x) = T(M)e(x). All
eigenvalues of 7 have modulus at most 1 and indeed 1 is an eigenvalue and the
constants are eigenfunctions. Assume that all non constant eigenfunctions have
eigenvalues much smaller than 1. Then, if « > d/2,

. N
N~ E ix) — d
‘ j:lf(ojx) /Mf(x) X

Y TOFfM)gx)

20
1/2

2\* 2 2\ 2

s{iip0|r<x>|}{;(1+x) IFf(A)I} {;(1“) |<mx>|}

) 1/2
§c{supIT(A)l}{/M‘(1+A)a/2f(x)) dx} .

20

172

The absolute convergence of the above series is a consequence of the Sobolev
imbeddings, or the Weyl estimates for eigenfunctions. In particular, when M =
SO(3)/S0O(2) is the two-dimensional sphere and H is the free group generated by
rotations of angles arccos(—3/5) around orthogonal axes, it has been proved in [26]
that the eigenvalues of the operator T satisfy the Ramanujan bounds

sup {{T(W)[} < cN~2log(N).

270
Hence, for the sphere,

N
N7! Z}f (ajx)—/M fx)dx

5 /2
ch—lﬂlog(N){/ ‘(1+A)°‘/2f(x)‘ dx} .
p M

All of this is essentially contained in [26]. Although this bound N~!/?log(N) is
worse than the bound N~%/? in Corollary 2.13, the matrices {o i} have rational
entries and the sampling points {o;x} are completely explicit.
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