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Complex Geodesics of the Minimal Ball in C"

PETER PFLUG - EL HASSAN YOUSSFI

Abstract. In this note we give a characterization of the complex geodesics of the
minimal ball in C". This answers a question posed by Jarnicki and Pflug (cf. [JP],
Example 8.3.10)

Mathematics Subject Classification (2000): 32F45.

1. — Introduction

Let
B, = {ZGC":N*(Z) =\/|z]*+ |z ez| < 1}, where zoz::z%+~-+zﬁ,

be the so-called minimal ball in C* (see [HP]). Recall that N, is a norm on
C". This ball has been shown to be of interest in several recent works ([K],
[MY], [OY], [OPY], [Z]). In particular, it is a non Lu Qi-Keng domain for
n > 4 (see [PY]), and it is neither homogeneous nor Reinhardt. Furthermore,
the boundary 0B, of B, is smooth only outside of the set {z € C" : z @ z = 0}
and smooth boundary points are strictly pseudoconvex.

Denote by A the unit disc in C. The first goal of this paper is to establish
an explicit necessary form for a mapping ¢ : A —> B, to be a complex geodesic
(for definitions and properties see [JP]). Observe that complex geodesics give
important information about the complex geometry of the domain. The first
main result is:

THEOREM A. A complex geodesic ¢ = (¢1, ... ,¢y) : A —> B, is of the form
A—aj \9 /A —ap \92 (1 =@ — @)
(L.1) wj()»)=aj< o ) ( & ) nay At
1 —Oljl)\. 1-— Ole)» (1 - Ol)»)
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where a; € C, o € A, kjy € {0,1}, aj; € A and ajs € A whenever kj; = 1,
s =1,2, and (kj1,kj2) # (1, 1), j = 1,...,n. Moreover, a geodesic through two
different points is uniquely determined (up to automorphisms of A). In addition,
@ ® @ has the form

(A—&)“(A—m)@a—ﬁmﬁa—@u2
pep=>b = > -

1-— ,31)» 1-— ,Bz)x (1 - Ol)»)4
where b € C and ky € {0,1}, B; € A for s = 1,2 with the understanding that

Bs € A whenever kg = 1. In particular, if ¢ e ¢ £ 0, then ¢ e ¢ has at most two
zeros in A.

(1.2)

’

A second goal is to give necessary and sufficient conditions for a mapping
of the form (1.1) and (1.2) to be a complex geodesic from A into B,. See
Proposition 3.3 below.

2. — Proof of Theorem A

For w € C", let
g(w) ;= max{N(z e w) : z € IB,}.

Then by Corollary 8.2.8 in [JP] we have

LEMMA 2.1. A holomorphic mapping ¢ : A —> B, is a complex geodesic if
and only if its boundary values ¢* (L) belong to 0B, for almost all A € dA and ¢ is
stationary, i.e. there is a holomorphic mapping h : A — C" with components in
the Hardy space H'(A) such that

[ h*(x
mwwm-wu»=q( i»,

Sfor almost all . € A.
In order to describe h*(1)/A, A € dA, we need the following lemma.
LEmMA 2.2. If w € C" \ {0} and z € 0B, satisfy

(2.1) R(w e z) = g(w),
then there are numbers 0 = 0(z) > 0 and n = n(z) € 0(z)A such that

07
|z ®z|

(2.2) w=Q[2+ z}, ifzez #0,

(2.3) w = 07+ nz, ifzez=0
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ProOF. Suppose that z, w are as in the hypothesis of the lemma. By (2.1)
we see that

2.4) N —z)eow) <0 for all ¢ € B,.

If zez #0, then z is a smooth boundary point of B,. So condition (2.4)
implies that w is normal to the tangent space to 9B, at z. Thus there is a
0 = 0(z) > 0 for which (2.2) holds.

If zez =0, then (2.4) implies that w is normal to the tangent space at z
to the (2n — 3)-dimensional real manifold 0B, N{z € C"\ {0} : zez = 0}. Thus
w is in the real span of the vectors z, iz, and z. Therefore, there are real
numbers ¢ = 0(z), u = 1(z), and v = v(z) such that

w=W+iunz+ oz
Using (2.4) this shows that
RN(w—in)¢e2)+N(0(Ce7) <o forall ¢ eB,.
Taking ¢ = Az yields R(A(v —ip)) < o for all A € A. This implies that

In| <o, where n:=v+iu, and o > 0 (take ¢ = 0). O

LEMMA 2.3. Let ¢ = (¢1,...,¢,) : A —> B, be a complex geodesic such
that the functions ¢ e ¢ and @; with j = 1, ... ,n do not vanish identically on A.
Then ¢ is of the form (1.1) and ¢ e ¢ is of the form (1.2).

Proor. By Lemmas 2.1 and 2.2 there are a holomorphic mapping h =
(hi,...,h,) : A —> C" with components in the Hardy space H!(A) and a
function ¢ : 9A —]0, +00[ such that

e
A

(0* @ 05 (1)
(p* @ p*)( )¢%(A)

2.5
(23) lp* @ p*[(1)

= o) @) +

almost everywhere on dA. Since w = o(A) > 0 for almost all A € A,
by [G] there are r > 0 and « € A such that

(2.6) (poeh)(M) =r(A —a)(1 —ar)

on A. Without loss of generality we may assume that » = 1. This implies that
o(X) = |1 — A&|?> almost everywhere on dA and that each h ; is bounded on A.
So, the product of the functions 4 e/ and ¢ e ¢ is in the Hardy space H'(A)
and satisfies the following identity

(h* o h*) (9™ ® ¢*) (1)

@.7) e

= 2|1 — 2a|*|p*(h) e * (V)| > 0
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a_lmost everywhere on dA. By Lemma 18 in [E] there exist a > 0 and By, 5, €
A such that

(heh)(g o)) = alh - /31><1 — B0 — B)(1 = Bod)
28) —Hl_ a0 =B [T — B2’

jelJ J jelJ Jj¢J

on A, where J :={j € {1,2}: B; € A}. Writing heh = BSF and pep = BSF
where B, B are Blaschke products, S, S are singular inner functions and F, F

are singular outer functions, it follows from (2.8) that S = S=1 (see Lemma
19 in [E]). By (2.7) we see that

1 27769+A k7% ,i0
F()\) :ezﬂ Ay og |h*eh™(e'”)|dO

1 (27 945 04
= G log2|1—e P de

=2 J0 =2(1=-2@)*, AreA.

Therefore, for some constant c,

~~ 1—-B81A) (A 1— B
29) (B 0 )0y = BBy =e EPNTIDOZPIAZ D 1

This, combined with (2.8), implies that ¢ e ¢ is of one of the forms given in
the statement of the lemma. On the other hand, a little computing shows that
for each j =1,...,n, we have

200 — )1 — ar)hi(A) — ((h* e h*)@;) (1)
4(h — @)2(1 — ar)?

almost everywhere on dA. Using again Lemma 18 in [E] there exist r; > 0

and a1, ajp € A such that

(2.10)

1
¢j () = Slgf I > 0

2
@11) (20 =) (1 =@ () = (hehg) () )g; () = 13 []0-— i) (1 = j52)
s=1
on A. If we write ¢; = B;S;F;, where B;,S;, and F; respectively are a
Blaschke product, a singular inner function, and a singular outer function, it
follows from (2.10) and (2.11) that S; =1 and

T — sk
(2.12) Fj(,) = \/71_[ e

Since by (2.11) the only possible zeros of B; are the «j,’s, we see that ¢; has
one of the following three forms
(I —aj1A)(1 —ajzr) (A — a1 —ajhr) A=) —ajp)
a; — , 4 > , Or aj — 2
(1—ar) (1 —al) (1 —a))
corresponding to the cases, where B; has no zeros, one zero, or two Zzeros.

Since for all j = 1,...,n the function ¢; is bounded and ¢ is non-constant,
it follows that o € A. This completes the proof of the lemma. O
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LEMMA 2.4. Let ¢ = (@1, ... ,¢n) : A —> B, be a complex geodesic such
that ¢ e ¢ = 0 and all the functions ¢; with j =1, ... , n do not vanish identically
on A. Then ¢ is of the form (1.1).

Proor. Applying Lemmas 2.1 and 2.2 we find a map & = (hy, ..., h,) :
A — C" with components in the Hardy space H'(A) and two functions
0 :90A —]0, 400l and n: dA —> C such that || < in JA and

)

(2.13) .

= 0P + (g (V)

almost everywhere on dA. Since w > 0 for almost all A € dA, by [G]
there are r > 0 and « € A such that

(2.14) (poeh)(M) =r(A —a)(1 —ar)

on A. Without loss of generality we may assume that » = 1. This implies that
o(X) = |1 —Aa&|? almost everywhere on dA. In particular, o and 5 are bounded
in dA. On the other hand a simple calculation gives the following identities

(h* e h*)(A)
— =20(M)n(A
@.15) > 0()n(1)
I WI? = 0> () + In* (W]
almost everywhere on d A. Hence the function % e/ belongs to the Hardy space
H'(A).

Case 1: n =0 on a set of positive measure on JA.

Then heh =0 on A and so n =0 ae. on dA. Thus, by (2.13) we see
that

h¥(A)
J
(2.16) -,

= 0(WPE()

almost everywhere on d A. Now we observe that ¢ maps A to B and ¢*(1) € 0B
for almost all A € A, where B denotes the open unit ball in C*. This, combined
with (2.16), implies that ¢ : A —> B is a complex geodesic. Hence, applying
[JPZ], [JP], and [E], ¢ is of the form

A—aj \N 1 —ar
aN=4\135) T-ax
J

for j=1,...,n, where aq; € C, o € A, k; € {0,1} and o; € A with aj € A
whenever k; = 0.
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CASE 2: n#£0 ae. on 0A.
Using (2.13) and (2.15), a little computing shows that

2hi(A)(h* e @) (M) — (h* e h*) (M7 ()

2.17) >

o7 (A

; 20*Wlg; WP > 0

almost everywhere on dA. Hence, by Lemma 18 in [E],

2
(2.18) @i (20,00 (h 0 9) () — (h e N(RIg;(R) ) =13 [T — @) (1 = 52,
s=1

where o, € A and r; € R, rj > 0. Observe that the only possible zeros of
@; are o and ojp. Let B;, Fj, and S;, respectively Ej, I/':] and §, be the
Blaschke factor, the outer factor, and the singular inner factor of the function
@;, respectively 2h;(h e ) — (h e h)p;. By (2.17) we see that §; = §j =1 and

127 04, 104, %12,i0
(FF)()»)—ez’T 0 0 xl(’g(z“ ae'[*lg7 1 (e ))dé

=2(1 — AQ@) FJ?(,\).

Hence,
F;(W) =2(1 —2a)* F; (V).

On the other hand,
2
(FiFpO) =a; [ [ —a;0)?
s=1

with an a; € C. This implies that

A
(2.19) Fi(.) = H 0 _a)ta))

with an a; € C. Now from (2.18) and (2.19) we obtain that ¢ has the desired
form. This completes the proof of the lemma. O

The next step will be the proof of the uniqueness of a complex geodesic
passing through two different points. First we observe the following simple
fact.

LEMMA 2.5. Assume that ¢ : A — B, and ¢ : A — B, are two geodesics with
©(0) = ¥ (0) and ¢’ (0) = ¥'(0). Let a and B be the numbers in the denominator
of the representation (1.1) of ¢ and , respectively. Then o = B.
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ProOOF. We may assume that

P(A) o)
P = ————  ad YO = o,
(1 —an) (1 —pBr)
where P and Q are vectors of polynomials of degree <2 and «, 8 € A. Then
%((p + ) is again such a geodesic; therefore, in virtue of Theorem A, it can
be written as
R(V)

1
5(‘/’ +Y)A) = m, A EA,

where R is a vector of polynomials of degree <2 and y € A. Let us suppose
that o # S.

Case 1: y =0.

Then

LEA,

PV = B>+ 01 —arn)? =2RMW)(1 —ar)?(1 — Br)?, i eC.

Hence (1 — @ -)>/P and therefore ¢ is identically constant; a contradiction.

Case 2: y #0.
Then for all A € C we have

P =B =702+ 01 —ar)*(1 —7A)* = 2R (1 —@r)* (1 — B2

Then y =« or y =B or (1 —¥ -)?/R. In the last case this would imply that
the geodesic %(go—Hp) is constant which is impossible. So we may assume that
y = «. Division leads to

P — B2+ 0 (1 —a@r)? = 2R (1 — B

But then (1 — B -)?/Q implies that v is a constant; a contradiction. O

LEMMA 2.6. A complex geodesic through two different points is uniquely de-
termined.

ProOF. Suppose that Lemma 2.6 is not true. Then by Proposition 8.3.2
in [JP] there exist two different geodesics ¢ : A — B, and ¢ : A — B,
with ¢(0) = ¥ (0) and ¢'(0) = ¥'(0). Applying that B, is convex, then also
X :=e+t(Y—g@), t €[0,1], is a geodesic of B,, and therefore a proper map.
Hence we have

(I =@+t =1@+1tZ) e (p+1Z)MI?, re€dA, tel0,1],

where Z := y —¢. Therefore, exploiting the term in 1* we get || Z ()»)||4 =|(Ze
Z)(M))?, A € dA. Write the complex vector Z = X+iY, where X, Y : A — R”
are real vector-valued functions. Then || X (X)||||Y (A)|| = | X (A) e Y(X)| meaning
that the vectors X (1) and Y ()A) are parallel, A € dA. By assumption, Z(1) # 0
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for all A € A except finitely many points. Moreover, Z has at least one zero
in A. Therefore, X|jn % 0, i.e. X(A) £ 0 for A in a subset E of dA of
positive measure. Hence Z(A) = X(A)(1 +iy (X)), L € E, for suitable real
numbers y (A). Assume for a moment we know that

*) (poep)(A)(ZeZ)A) 1isreal for all A€ E.

According to Lemma 2.5 we may write

PO oW
() = ad Y= =

rEA,
1 —ar)?

where P and Q are vectors of polynomials of degree <2 and o € A. By our
assumption on the geodesics it follows that

P(0)=Q(0) and P'(0) = Q'(0).

Therefore, there is a vector C € C" such that (P — Q)(A) = CA%, A € C. Then
for A € E it follows from our previous assumption (x) that

(CeC)(PeP)(A) (CoC)A*(PeP)(R)
M —ar)t |1 — @Al

, AeE.

Therefore, (C @ C)(P @ P)(1) = A3(C ¢ C)(P @ P)(A), A € E. Observe that

(CeC) # 0, since for A € E we have X(A) # 0; in particular 0 # (1 +
iyWIXWIP = (ZeZ)(M) = (Coc)#. So , if P(h) =ao+air+axr?
and ﬁ(k) =ar + a1h + apr?, A € C, with ajeC", j=0,1,2, we get

(CeC)

__ 4 ~.~
(C.C)(PoP)(A)_A(P P)(A), reC.

From this we see that ayeayg = agea; = a; ea, = a; ea; + 2ag e ap = 0 and
(C [ ] C)(a2 [ ] Clz) = (C [ ] C)(a2 [ ] az).
In particular, we have

_ (a2 [ ] az)A4

Recall that, if ¢ e ¢ £ 0, then ¢ e ¢ has at most two zeros (counted with

multiplicities) in A. Therefore, in view of (2.22), we must have ¢ e ¢ = 0.
The same argument leads to ey = 0 and #o# = 0 on A. Therefore,

¢ e =0 on A, which implies that Z ¢ Z =0 on A; a contradiction. a

LemMma 2.7. Let ¢ : A —> B, be a complex geodesic such that its j-th
component is not identically zero. Then ¢; has at most one zero in A.
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Proor. Without loss of generality we may assume that j = n. Suppose
that ¢, has two zeros. Then there are A; € A, j = 1,2, with A; # A, and
©a(Xj) =0, j=1,2, or there is a Ao € A with ¢,(A9) = ¢, (Xo) = 0.

In the first case we know that a; := ¢(A|) # @(Ak2) =: ap with ¢ :=
(@1, ..., ¢n—1). Then a; € I,BT*, where ]/BT* is the (n — 1)-dimensional minimal
ball. By Proposition 8.1.15 in [JP] there is a geodesic 1} :A —> B, through the
points a;, j =1,2. Put ¢ := (\/7, 0) : A — B,. Obviously, ¥ is a geodesic
in B, through the points ¢(};), j =1,2; a contradiction to Lemma 2.6.

In the second case a similar reasoning also leads to a contradiction. O

ProoF OF THEOREM A. The proof of Theorem A follows from the previous
lemmas and the fact that, if some of the components of the mapping ¢ is
identically zero, then ¢ can be thought as a complex geodesic of a lower
dimensional minimal ball obtained by deleting the corresponding components
in C". O

3. — Characterization of complex geodesics

Throughout this section we shall denote by F the collection of all mappings
@ of the form (1.1) that satisfy (1.2). For a ¢ € F we put

Sj = &j] +6[j2, pj = &j]&jz, j=1,...,n.

moreover, set s := B, + B> and p := BB, (here the aji’s and the B;’s are the
numbers in representation (1.1) and (1.2) of ).

LeEMMA 3.1. Let ¢ be a mapping in F. Then the following properties are
equivalent:

(1) ¢*(1) € 0B, for almost all A € dA;
(2) ¢ satisfies the following identities

n
> lajlPpj + blp =&,
Jj=1

n
(3.1) > lai P+ 151 + 1))+ [bIA+Is + [pP) =1+ 4l + |al*,
j=1
> lail* (s 4+ 5pj) + 1bl(s +5p) = 2a(l + |af?).
j=1
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Proor. In view of (1.1) and (1.2) we have for almost all A € 0A

n

|1 — &A1 — apl
* )\, 2: a_2 J J
le* ;' i1 T

11— BiAl[1 — Borl?

(¢ e )" (M)| = |b] =G’

Hence, (1) is true if and only if the following equality holds for almost all
A € 0A, and then for all A € C,

D o lai P — a1 — @) — ajp) (1 — @jh)
j=1

+1bl(x = B = BIM) (A — B)(1 — Bor) = (h — @) (1 — @)™

Identifying the polynomial coefficients of both sides of the latter equality shows
finally that (3.1) is equivalent to part (1). O

REMARK. Observe that in the description (3.1) we need to know the form
of p e as in (1.2). In fact, we use the B;’s in Lemma 3.1.

We also have to describe the elements of J that are stationary maps. Since
here the form of ¢ e ¢ becomes important, we shall discuss the following cases:

CAsE 0: ¢ e ¢ has no zeros in A, that is, k; =k, = 0.

CASE 1: ¢ e ¢ has exactly one zero in A. Here we may assume, without loss
of generality, that k; =1 and k, = 0.

CASE 2: ¢ e ¢ has exactly two zeros in A, that is, ky =k, = 1.

To each of these cases we associate, respectively, one of the holomorphic
functions on A

T

NoG e 2 A= @0 = B0~ )
bl (= Bin( - pod)

b (1=an’0.—py)

b 1 - Bk

ALEA,

Ny ()\,) =

, AEA,

b
No(h) = m(1 —ar?, reA.

If p € F, let Jo(¢) and J;(¢p) be the partition of the set {1, ..., n} such that
for j € Jo(¢) the component function ¢; has no zeros in A and for j € Ji(¢)
the component function ¢; has exactly one zero in A (we may assume without
loss of generality that this zero is «;;). Then we have the following
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LEMMA 3.2. Let ¢ be amapping in F such that ¢ e ¢ does not vanish identically.
Then the following properties are equivalent:

(1) ¢ is a stationary map;
(2) thereisl € {0, 1,2}

(1—aji0)(1 —apa) .
(1_ |Ol|2)2 _07 J € J()((D),

(0 —aj) (I —apa) .
(1 _ |(¥|2)2 _07 ] € Jl(go)

PrOOF. Assume that ¢ is stationary. Then, by the proof of Theorem 2.3,
there are a holomorphic mapping # = (hy, ..., h,) : A —> C" with components
in the Hardy space H'(A) and an o € A such that

aj(a — aj) (e — aja) + a;Ni(@)
3.2)

aj(1 —ajja)(a —ajz) +a;Ni(a)

* o 0*¥) (A
(¢ <p)()(p*(k)

3.3 :
-3) lp* @ @*|(1) "/

hi(x)
J _ =12 | —=%*
; =1 —2al” |g; (M) +

almost everywhere on dA.
If ¢ @ ¢ has no zero in A, i.e. k| = ky =0, then

@ e g0 _ No()
g7 e I0) ~ —a)?

almost everywhere on 0A.
If ¢ e ¢ has exactly one zero in A, and assume without loss of generality
that k; =1 and k; = 0, then

(p* @ *)(X) _ Ni(D)
lp* @ @*|(1) (A —a)?

almost everywhere on dA.
Finally, if ¢ e ¢ has two zeros in A, then

(¢ o) _ N
lp* @ @*|(A) (A —a)?

almost everywhere on dA. In the first case we have

. ol No()

(= k() = Ak — )| — raf’ [(pj )+ (Aﬂia)zw,- m}
S No()

= (h —)*(1 - @) [w, () + @ﬂ—a)zgo, m}

(1— & 1) (1— @jh)
(1— ar)?

=({-rx) l:c_lj()» —a;j1)(A — aj2) +ajNo(L)
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almost everywhere on dA. This implies that

(I —ajp M)A —apir)
(1 —ar)?

(A —a)hj(A) = (1 — &) |a@;(h — @j1) (A — @j2) + @ No(h)

for all A € A. Hence we have the first equality in (3.2). The two remaining
equalities can be proved similarly. To prove the converse, we only consider the
first case, the other cases can be checked in a similar way. Assume that (3.2)
holds and let j satisfy the first equality in (3.2). Then the function

1—xa [ (I —ajA) (1 —apr)
0 = 5 [ ) ) + 0y No()

is holomorphic on the unit disc and belongs to the Hardy space H'(A). In
addition its boundary values verify (3.3). O

Combining Lemma 3.1 and Lemma 3.2 we obtain

PROPOSITION 3.3. Let ¢ be a mapping in F such that ¢ e ¢ does not vanish
identically. Then ¢ is a complex geodesic if and only if ¢ satisfies (3.1) and (3.2).

ReEMARK. We should point out that the above characterization involves the
shape (1.2) of ¢ e ¢.

Now we discuss the case where ¢ e ¢ vanishes identically. Let ¢ =
(o1, ..., 9,) be a mapping of the form (1.1). Then we define

Ni(2) = (1 —ar)?g;(h), reA.

This is a complex polynomial Zi:o djkkk. We set

2
Ni() =Y dpd®™*, reA.
k=0

Observe that we have (A — a)z(f)j(k) = ]\Nlj(k), A€ OA.

PROPOSITION 3.4. Let ¢ be a non-zero mapping of the form (1.1) such that
¢ @ ¢ = 0. Then ¢ is stationary if and only if there is a y € A such that Nj(a) =
yNj(a) forall j =1,...,n.

PrOOF. Assume that ¢ is stationary (for details, see the proof of Lemma 2.4).
Then there are functions h; € H'(A), j=1,...,n, such that

1-& N; (M)

EO) = m(N,»(») FA— a)n(k)m>, rEDA.
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Recall that (h e 1)(A) = 20(AM)A%, A € dA. Therefore,

. _l—ax s (h e h)(A)N; (1)
hj(k) =5y (N](A) + —2(1 — @t ) , A€OJA.

Hence we get

A = N+ R Gy ae A

1 —an J()_ j()+m]()a € A]
in particular,

5 (heh)(x) ‘
0=N;@+ 72(1 — |a|2)4N](Ol).
Moreover,
|7 @ h)(c)l

|Nj(01)| = 2(1——|a|2)4|Nj(a)|'
Using that |(h @ h)| < 20|n| < 20* almost everywhere on dA, the maximum
principle leads to |1Vj(oc)| < |Nj(a)|. Therefore, y € dA, which finishes the
proof of the “if” part.

Assume now that the condition on the right-hand side in Proposition 3.4
is satisfied. Define

1 —oai

hi() =~

— (N =yN®), aeA, j=1,...n

Then h; € H'(A) and

hi () o (1 —an)’
=1 —ar|“9;(A) —y————¢;(X), A€ dA.
[1—arl"g;(2) VA(X_O[)QDJ()
. —an3 _
Setting n(A) = —y(){(k"f‘?), X € dA, we see that [n(L)| < |1 —arl> =: o(A),
A € 0A Hence, ¢ is a stationary map. O

ReEMARK. Observe that a geodesic ¢ for B, with ¢ e ¢ = 0 is always a
proper map to the unit ball B; in virtue of the proof of Proposition 3.4, it is
also a geodesic for B iff ¥ can be chosen to be O.

It would be of interest to find an effective formula for the Kobayashi
distance exploiting the form of the complex geodesics given above.
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