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The entropy of Nakada’s «-continued fractions: analytical results

GIuLIo T10zzo

Abstract. We study the ergodic theory of a one-parameter family of interval
maps Ty arising from generalized continued fraction algorithms. First of all, we
prove the dependence of the metric entropy of Tj, to be Holder-continuous in the
parameter «. Moreover, we prove a central limit theorem for possibly unbounded
observables whose bounded variation grows moderately. This class of functions
is large enough to cover the case of Birkhoff averages converging to the entropy.
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1. Introduction

Let o € [0, 1]. Let us define the map 7y, : [0 — 1, ] — [e — 1, ] as T4 (0) =0
and

Ty(x) = L — ag(x) (L.1)
x|

with a4 (x) = LL +1- ocJ. These systems were introduced by Nakada [13]

Ix]
and are known in the literature as a-continued fractions, or Japanese continued
fractions. By taking x, o = T} (x), an.a = ao(Xn—1,a), €n.a = SigN(Xp—1,¢), the
orbit under 7, generates the generalized continued fraction expansion

€l,a

€.a :
al,()[ + as o+

X =apqt+

The algorithm, analogously to the Gauss map in the classical case, provides rational
approximations of real numbers. The family 7, interpolates between well-known
continued fraction algorithms: namely, 7 is the usual Gauss map, while T7,, gen-
erates the continued fraction to nearest integer, and Ty generates the backward or
by-excess continued fraction expansion (see [17] for a general reference).
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It is known that for each « € (0, 1] there exists a unique invariant measure
Ue(dx) = pg(x)dx absolutely continuous with respect to the Lebesgue measure,
and this measure is ergodic (see [11]). On the other hand, the map 7Ty has an indif-
ferent fixed point, and only admits an infinite invariant measure.

In this paper we will focus on the metric entropy of the T,,’s, which is given by
Rohlin’s formula (see [15])

o
h(Ty) = / log | T, d g (1.2)
oa—1

Nakada [13] computed exact values of h(7y) for o > % , showing that in this interval

h(Ty) is continuous, and smooth except for the point o = @ , Where the left and
right derivatives do not coincide. Cassa, Moussa and Marmi [12] computed the
exact value of the invariant density, hence the entropy, for « € V2-1,1 /2).

In [11], Luzzi and Marmi studied the behaviour of A(7,) as a function of «
for all parameters o € (0, 1]. They gave numerical evidence that this function is
continuous, but not smooth, and tends to zero as « tends to zero.

Nakada and Natsui [14] then proved that 4(Ty) is of the order of 1(;510[ when o
is near 0, and that the entropy is not monotone. Indeed, they explicitely constructed
infinitely many intervals over which 4 (7) is monotone, but the monotonicity varies
according to the interval and can be increasing, decreasing, or constant.

An extensive numerical study of these intervals has been carried out in [2],
and a complete characterization of all monotonicity intervals is given in [3]. Even
though the entropy is conjecturally smooth on any such interval, there are points at
which it is not even locally monotone, and the set of bifurcation parameters has a
complicated self-similar structure [4].

The first major result of this paper is the following:

Theorem 1.1. The entropy function o — h(Ty) is Holder-continuous of any expo-
nent s for0 < s < %

The proof follows from spectral analysis of the transfer operator acting on the
space of functions of bounded variation. First (Section 3.1), we prove a uniform
bound on the essential spectral radius (Lasota-Yorke inequality). Then (Section
3.2), we prove that a suitable distance between the transformations 7T, is Holder-
continuous in «, and we use a stability result of the spectral decomposition [8] to
prove Holder-continuity of the invariant densities o, in L'-norm. Note that invari-
ant densities are not continuous in BV -norm (see Remark 3.11).

The second part of the paper deals with central limit theorems. In [11], the
entropy is computed by approximating it with Birkhoff averages for the observable
log |Toj|, and numerical evidence is given [11, Figure 3] that Birkhoff sums for
different orbits distribute normally around the average. We first show (Section 4.1)
that the methods of [1] can be used to prove a central limit theorem for observables
of bounded variation.
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Moreover, in Section 4.2 we expand the class of observables we use in order
to encompass unbounded observables such as the logarithm. Indeed, we will define
a new family of Banach spaces Bk s, consisting of possibly unbounded functions
whose total variation grows slowly on intervals which approach zero. Such func-
tions will be called of mild growth, and we prove the central limit theorem to hold
in these larger spaces:

Theorem 1.2. Take o € (0,1],0 <6 < % and K sufficiently large. Then for every
non-constant real-valued f € Bk s there exists o > 0 such that

Su(f = J;, fdia) 1 ‘oo 2
lim (g ! fl“ ¢ <v]= —/ e 22dt Vv € R.
n—o00 ﬁ o2m Jv

As a corollary, Birkhoff sums for the observable log |7, | distribute normally around
the average value h(T,).

Finally, in Section 5 we discuss the dependence of the standard deviation of
Birkhoff averages on the parameter «. More precisely, given some observable f of
class C!, for which we proved the central limit theorem to hold, we will prove that
the variance o(f’ ¥ of the limit Gaussian distribution is continuous in «. The result is
motivated by numerical data in [2, Section 2.3].

Many different authors have studied the spectral properties of transfer oper-
ators of expanding maps. For instance, a spectral decomposition for individual
expanding maps is proved in [1,16] and [18]. A brief historical account with ref-
erences is given in [8]. In our case, however, it is essential to prove estimates on
the spectral radius which are uniform in «. Since new branches of 7, appear as «
moves, and 7, develops an indifferent fixed point as « — 0, proving uniformity
requires more work. Unfortunately, although a uniform Lasota-Yorke inequality
holds, the proof provided by [11] contains a bug; we shall therefore produce a new
proof in Proposition 3.1. Another proof of continuity (not Holder) of entropy is
given in the very recent paper [10] via a study of natural extensions. We do not
know whether our estimate on the Holder exponent is sharp; however, we have
strong reasons to believe that the entropy function is not locally Lipschitz (see the
end of Section 3.3).

Let us finally remark that our functional-analytic methods only use a few prop-
erties of T, hence they can be applied to a wider class of one-parameter families of
expanding interval maps. For instance, they apply to the case of the (a, b)-continued
fraction transformations studied in [9] for parameters on the critical line b —a = 1.

2. Basic properties

Let us start by setting up the framework needed for the rest of the paper, and estab-
lishing a basic spectral decomposition for the transfer operator. The literature on
thermodynamic formalism for interval maps is huge: the sources we mainly refer
to are [1,16] and [18], which already make use of functions of bounded variation.
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The total variation of a function f onaset X C R is
n
Vary f = sup ) | (i) = f(xi1)]
i=1

where the sup is taken over all finite increasing sequences x| < xp < --- < x, of
points of X. Given an interval I, let us denote BV (1) the Banach space of complex-
valued bounded variation functions of the interval 7, modulo equality almost every-
where. The space is endowed with the norm

Il fllBvy == inf{Varl g +/ lg(x)ldx : g = f a.e.} .
I

Observe that every f € BV(I) has a (not necessarily unique) representative of
minimal total variation, namely such that

fx) e [ygrgf F O, ylir£1+ f»l Vxel

In the following, we will always choose representatives for our functions of minimal
variation. Other basic properties of total variation are stated in the Appendix.

2.1. Cylinders

For each « € (0, 1), the dynamical system T, defined in the introduction acts on
the interval 1, := [a — 1, «].

Observe that there exists a partition of I, in a countable number of intervals
I such that for every j the restriction T, is a strictly monotone, C* function
and it extends to a C° function on the closure of every /;. The least fine of such
partitions will be called Py, the partition associated to Ty.

Dynamical systems possessing such a partition are sometimes known as fibred
systems, and their dynamics can be understood by keeping track of which elements
of the partition are visited along the orbits, i.e. in terms of symbolic dynamics. For
a general introduction to fibred systems and their applications to number theory,
see [17].

More specifically, in our case we have Py = {If} 7> jmin Y {Ij_} j=2 With jmin =

(é — «a| where

I ( ! ! ) if j > jmin+1 I ( ! )
= ) — if j > Jjmi o=l
Jj j+a J—1+a .] .]ml]’l Jmin Jm1n+a

1 1 1
I7 =—- , —— if j >3 Iy =(a—1,-—).
J j—1l4+a j+a 2+«

Moreover, for every n > 1, the set

€] —1,7€2 . —(n—1) y€n . €] €n
Nt AN T IS = 19,7 e Py
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where ¢; € {+, —}, is a partition of I, in a countable number of intervals such that
on each of these the restriction of 7, is monotone and C*°: such a partition will be

denoted by P, and its elements called cylinders. The cylinder Ij.]l nT, ! (Ij.;) N---N
T—<"—1>(1;j) will be denoted either by (1;1, s Iy orby ((is €1)s -y (s €0))-
The cylinders /; € P, such that 7;) (1;) = I, will be called full cylinders.

Let us define the function

1
8n,a(X) 1= Z W}(q(ﬂ-

JEPn
The following estimates, proven in the Appendix, will be used throughout the paper:

Proposition 2.1. For every o € (0, 1) and for every n > 1

L. llgnalloc < ¥2 where vy = max{a?, (@ — 1)%};

/ 2 .
2. SUpjep, SUPyey; |gn.a ()| < Ty’

3. The set {T)(1;) | 1; € Py} is finite; more precisely, #{T}(I;) : 1; € Pn} <
2n +1;

4. The total variation of g1, is universally bounded, i.e., there is a constant Cy
such that

Vary, g1, < Co < +00 Yo € (0, 1).

2.2. Spectral decomposition

The transfer operator (also known as Ruelle-Perron-Frobenius operator) ®, :
L'(I,) — L'(1,) is defined via the duality

/ Do (f)gdx = / f(goTy)dx Vfe L (Iy).
Iy Iy
Let us recall that the n'” iterate of the transfer operator is given by

f [¢] O'j
Qo (f) = T XTI (2.1)

where o : T;/(I;) — 1 is the inverse of the restriction 7)) (7, : Ij — T,/ (1}).

Even though ®, is so far defined on L!, it turns out that the transfer operator
preserves the subspace BV (Iy), and indeed it has good convergence properties in
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BV -norm. More precisely, we can now prove the following:

Theorem 2.2. Let &, : L'(I,) — L'(ly) be the transfer operator for the system
Ty, with a € (0, 1). Then one can write

Oy =1y + Yy

where Tly and VY, are commuting, linear bounded operators on BV (1,). More-
over, Wy is a linear bounded operator on BV (ly) of spectral radius strictly less
than 1, and Ty is a projector onto the one-dimensional eigenspace relative to the
eigenvalue 1. It is given by

1 n
Mo(f) = lim = " ®L(f)
n—-oon s

where the convergence is in L.

Corollary 2.3. For every a € (0, 1), T, has exactly one invariant probability mea-
sure Ly which is absolutely continuous with respect to Lebesgue measure. Its den-
sity will be denoted by py, .

Proof. Let us fix « € (0,1). By Proposition 2.1, we can apply [1, Proposition
4.1], which yields via lonescu-Tulcea and Marinescu’s theorem [6] the following
spectral decomposition

)4
o, = Zk,ﬂ)i + W,
i =0

where |A;| = 1, and the ®; are linear bounded operators on BV (I,) with finite-
dimensional image, and p(¥,) < 1. Now, it is known [11, Lemma 1] that 7,
is exact in Rohlin’s sense (see [15]); this implies that the invariant measure we
have found is ergodic and mixing, which in turn implies that the only eigenvalue of
@, of modulus 1 is 1 itself and that its associated eigenspace is one-dimensional
(see [18, Chapter 3]). ]

The spectral decomposition also immediately implies the following exponen-
tial decay of correlations:

Proposition 2.4. For any o € (0, 1) there exist C, A, 0 < A < 1 such that for every
n € N and for every f1, f» € BV (ly)

<C)'|l fillav Il f2llpt-

’/1 J1() f2(Tg (x))d pa _/1 f1(X)dMa/I fr()d e

Proof. One can take any A such that p (Vo) <A <1 and C =2|| o4 || BV SUP, ”\y‘}i#.
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3. Continuity of entropy

The goal of this section is to prove Theorem 1.1, namely the Holder-continuity of
the function a +— h(Ty).

The first step is to prove an estimate of the essential spectral radius of the
transfer operator acting on the space of BV functions (Lasota-Yorke inequality). If
one can prove a bound which is uniform in ¢, then the invariant densities p, turn
out to be continuous in the L'-topology and their BV -norms are bounded. This
method has been undertaken in [11], but unfortunately their estimates prove to be
too optimistic': the bulk of Section 3.1 (Proposition 3.1) is another proof of this
uniform Lasota-Yorke inequality.

The second step (Section 3.2) is to estimate the modulus of continuity of 4 (7}):
we will prove Holder-continuous dependence of the invariant densities p,, in the L!-
topology, by using a stability result for the spectral projectors [8]. The theorem then
follows from Rohlin’s formula.

3.1. Spectral radius estimate

We are going to give a proof of the following uniform Lasota-Yorke inequality (in
order to simplify notation, from now on Var;, f will just be denoted Var f):

Proposition 3.1. Let o € (0, 1). Then there exist a neighbourhood U of o and
constants 0 < A < 1,C > 0, D > 0 such that for every a € U

Var & (f) < CA" Var f + D|| |1 Yn>1, Vf e BV(I,).

Although several inequalities of this type are present in the literature, (i.e. in [16]),
these are generally given for individual maps. However, for the goal of this paper
it is absolutely essential that coefficients A, C, D can be chosen uniformly in «,
hence one needs to take this dependence into account. As o moves, even just in a
neighbourhood of some fixed ¢, topological bifurcations are present (for instance if
a is a fixed point of some branch of 7, ) hence in the formula (2.1) new boundary
terms appear, requiring a very careful control.

Lemma 3.2. For each o € (0, 1), for each f € BV (1)
Var 4’3 (f) < Var(f - gn.a)-

Proof.
Vard)"(f):Var(Zfo;UXT (1)) ZVM( S oo XTn (19
* P, [(T}) oo P, [(T}) oojl
= - f - ):Var(fgn,a). O
J; (|(T)| ) < Z |(T)|

! The mistake in [11] consists in using, in equation (12), the estimate (1) of Lemma 6.1 of the

o

present paper on the sets P which are not intervals if n > 1.
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Observe that g, o has infinitely many jump discontinuities (indeed it is zero on
the boundary of any interval of the partition P,), but all those jumps sum up to a
finite total variation. We will, however, need to prove the stronger statement that
the total variation of g,  decays exponentially fast in n, and uniformly in . The
idea of the proof is to control the total variation of g, by writing it as a sum of two
functions, A, 4 and [, o in such a way that the total variation of /,, , is always very
small, and £,  has always a finite, controlled number, of jump discontinuities. The
following lemma is the key step:

Lemma 3.3. For each € > 0, for each n > 1, for each a € (0, 1) there exist two
non-negative functions hy o and l, o such that

8n,a = hn,a + ln,oz
and for each o the following holds:

) Vary, [, o < 3"C871€, where Cy is the constant in Lemma 2.1;

() hy.q is smooth with Ih;’al < 1 outside a finite set J, o, where h, o has jump
discontinuities. Moreover, for each o there exists a neighbourhood U = (o —
n,a+n) ofa andr > 0 such that:

(a) Foreachp e U, Jupg S B(Jnq.1);
(b) Foreachx € Jyo, #JppNBx,r)| <n+1;
(c) Foreachy € J,p N B(x,r), |x—y|<l|a—Bl.

Proof. By induction on n. If n = 1, let us note that

(x) == x2 if x belongs to some I;
8LaWM) =100 otherwise
hence we can choose L = [—%, %] an interval around O such that, for all «,

Vary, g1, < € and define

ll,oz = 81,0 XL hl,a = 81,a XI,\L-

(I) is clearly verified. To verify (II), note that given x € Ji o, x # o, — 1, for
sufficiently close to a, Ji g intersects a neighbourhood of x in only one point. The
same happens if x = o, — 1 and Ty (x) # o — 1. On the other hand, if x = « and
Ty(a) =a —1,then J; g N[B —n, B] = {y, B} contains at most two points, where
y= Tﬂ_l(,B — 1) N[B —n, B] and, since Tg is expanding, |y — a| < |a — B|. The
casex =a — 1, Ty(a¢ — 1) = o — 1 is similar.

In order to prove the inductive step, let us remark that g,41.« = gn.e 07w 81,a-
Hence, we can define

hn-i-l,oz = hn,a oTy - hl,a
ln—i—l,a = ln,a oTy - gt hn,a oTy - ll,oc
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and check that all the properties are satisfied. First of all, we can prove by induction
that

Vary, hpo <2"7'CY Ya €(0,1),Vn > 1. (3.1
Indeed,
Varj, hy o < Vary, g1, < Co Vary, hyy1,4 = Z Varn(hn,a oTy - hia)
keP
< > Varg (hna o To) suphy o + sup(hyq o To) Vary, hi
kePy Ty Ty

and since Ty |y, is a homeomorphism
< Vary, hyq Z suphiq +suphy, g Z Varfk hi.a
kePy Ik lo keP
< 2Vary, hyq Var, hy g <2-2"71C8 - Co
where in the penultimate inequality we used the fact that sup; f < Var; fif f(x) =

0 for some x € 1.
Let us now check (I): similarly as before,

Vary, lnt1,0 = Vary, (lng 0 To - 81,0 + hne © To - 11,00)
< 2Vary, I, o Vary, g1, + 2 Vary, h, o Vary, 11 o
and by inductive hypothesis and (3.1)
<2.3"C7le-Co+2-2"C e < 37T Cle.

Since hj 4 is nonzero only on finitely many branches of Ty, then A, , has only
finitely many jump discontinuities. Now, if x is a jump discontinuity for 4, o o Ty
and not for A 4, then Tg is an expanding local homeomorphism at x for all 8 in a
neighbourhood of «, hence (a), (b) and (c) follow. Let now x # o, o — 1 be on the
boundary of some cylinder, i.e. T,(x) = o — 1. Then by inductive hypothesis (c),
if B > « is sufficiently close to « and 7 is sufficiently small, then

JapNIB—=1.—14+n]={p—-1}

hence
Juvr,p 0BG, r) =Tg ' (Jup N B —n, B) N B(x,r)

and (b) follows. (c) follows from the fact that 7 is expanding. If 8 < «, similarly
the claims follow because

Jus1,6 N BGe, ) =Ty ' (Jup N B =1, — 140D NBx,r).
If x = «, then for g sufficiently close to «,
Ju1 NV B(x,r) S (T (Jup) U{BH N B(x, 1)

has cardinality at most n + 2, and (c) follows because 7, is expanding. The case
x = a — 1 is analogous. O
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Lemma34. Leta € (0,1),n > 1 and € > 0. Then there exist n > 0, C > 0 and
a finite partition of [« — 1 — n, a + n] in closed intervals L1, ... L, such that for
each B € (a —n,a+n)andeachi € 1,...,r the following holds:

e 0<C=<m(Ljg) <€
o Vary, , gnp < 2(n+ D|gn glloc + 2€

where Li g := L; N[ — 1, B].
Proof. Given a, n, €, choose Ly, ..., L, in such a way that m(L;) < €, each ele-

ment of J, 4 lies in the interior of some L; and no two such elements lie in the same

L;. Moreover, set €] := €/ (3”C(’)1*1) and, for each B sufficiently close to «, choose
a decomposition g, g = hy, g + I, g as in Lemma 3.3 relative to €.

Vary, , hn g < / h;’ﬁ(x)dx + Z lim &y, g(y) + hm hu,g(y)
Lig\Jn,p xeL; gNJnp yox

=m(Lip) +2#{Lig O Jn p}lhnplloc < € +2(n+ Dllhnglloo

hence VarL,.ﬁ gnp = VarLi,ﬁ hnpg+lnpg <2e+2(n+1Dlgnglloc- O
Proof of Proposition 3.1. Consider the partition Ly, ..., L, given by Lemma 3 4.
Then

r r
Var(f gna)= Y _ Var,,(fgno) < Y _ Var, fsup gua + Varz, gn.o sup f
L; L;

i=1 i=1

<> " lignalloo Varg, f +Vary, g( o / f(x)dx+Vary, f)
i=1 i,o
2n+2)|gn,alloot2€

=[@2n +3)|Ign.alloc+2€] Vary, f+ ol Jfx)dx.
I

Now, since ||gn«lloc < ¥, decays exponentially, we can choose n large enough so

that A := (2n +4)y) < 1, and we can also choose 2¢ < ¥}, hence we get that for
some constant D > 0, foreach o € (¢ — 1, ¢ + 1),

Var ®(f) < A Var f + DIl f ] (3.2)

and by iteration and euclidean division (see e.g. [16, Lemma 7 and Proposition 1]
the claim is proven. O

3.2. Stability of the spectral decomposition

The next step to prove Holder-continuity is proving the continuous dependence of
the invariant densities p, in L'-norm. In order to guarantee the stability of spectral
projectors of the transfer operator, we will use the following theorem of Keller and
Liverani [8]:
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Theorem 3.5. Let P. be a family of bounded linear operators on a Banach space
(B, || - |I) which is also equipped with a second norm | - | such that | - | < | - ||. Let
us assume that the following conditions hold:

(1) 3C1, M > 0 such that for all e > 0
|P!| <CiM" Vn e N;
(2) 3C2,C3 >0and A € (0, 1), A < M, such that for all e > 0
IPEfIl < CAMIfIl + C3M|fI VneN VfeB;

(3) ifz € 0(Pe), |z| > A, then 7 is not in the residual spectrum of Pe;
(4) there is a monotone continuous function T : [0,00) — [0, 00) such that
7(€) > 0ife > 0and

I1Po— Pell <t(6) >0 ase—>0
where the norm || - || is defined as

QN := sup [Qf].
BB

Let us now fix § > 0 andr € (A, M) and define

Vs, :={z€C:|z| <rordist(z,0(Py)) <}

andn := ll(?;&k/ﬂr/[)). Then there exist H, K > 0 such that if t(¢) < H then o (P¢) C
Vs.r and
lc—P)™' == P) 'l < Kt(©)"  VzgVs,.

In our context, the norm | - | will be the L! norm and || - | will be the BV norm. Our
goal is to apply this result to the family {®,}yey Where U is a suitable neighbour-
hood of a given @ € (0, 1).

Hypothesis (1) is trivial since transfer operators have unit L'-norm, and (2) is
precisely Proposition 3.1. In the context of one-dimensional piecewise expanding
maps, (3) is an immediate corollary of (2):

Lemma 3.6. For every a € (0, 1) there exists € > 0 such that for | — a| < €,
Pess (Pg) < A
where A is the same as in Proposition 3.1 and therefore condition (3) holds.

Proof. By aresult of Hennion [5], the uniform Lasota-Yorke inequality plus the fact
that the injection BV (1) — L'(I)is compact implies the estimate on the essential
spectral radius; therefore the elements of the spectrum of modulus bigger than A are
eigenvalues with finite multiplicity and cannot belong to the residual spectrum. [
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To prove condition (4) it is necessary to estimate the distance between the @,
as o varies in a neighbourhood of a fixed «; by a result of Keller [7] the distance
between the transfer operators is related to the following distance between the trans-
formations:

Definition 3.7. Let 77, 7> : I — I two maps of the interval /. We define the Keller
distance between T and T, as

d(T,, Tr) := inf{/c > 0| 3JA C I measurable with m(A) > 1 — «,
do : I — [ diffeomorphism such that 1|4 = T> o 0| 4,

<}

Lemma 3.8 ([7, Lemma 13]). If P, and P, are the transfer operators associated
to the interval maps Ty and Ty, then || P1 — P2|| < 12d(Ty, T;) where d is the Keller
distance.

— 1

sup |o (x) — x| < k, sup e

xel xel

We verify now that this convergence result applies to our case of «-continued
fractions. In order to do so, it is necessary to translate the maps in such a way
that they are all defined on the same interval, which will be [0, 1] in our case. We
therefore consider the maps T, :10,1] — [0, 1]

To(x)=Ty(x+a—1D+1—a.
The relative invariant densities will be
Pa(X) = pu(x +a —1).

Lemma 3.9. Fix @ € (0,1). Then there exists a neighbourhood U of « and a
positive constant C such that, for , § € U, we have

d(Ty. Tp) < Cla — |'/%.
Proof. Having fixed «, 8, let us define

x+oa-—1
R s P R

It is immediate to verify that T,(x) = Tg(y(x)) Vx € [0,1] and y'(x) =
We also have

1
(1+(B—a)|x+a—1])2"

sup |y(x) —x| = [y(1) — 1]
x€[0,1]
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because when | — B[ is small we have that, for « > B, y(x) — x has positive
derivative and y(0) > 0, while, for « < B, y(x) — x has negative derivative and
y(0) < 0. Thus, for |« — B| sufficiently small,

1+aB

sup |y(x) —x| = Ia—ﬂl'— <2|a — B

xel0,1] 1+ (B — o)

§ ; —1‘=|ﬂ—0€| sup ‘2|x+06—1|+(,B—CU)IX-FOl—lI2 < 3la — Bl.
xef0.17 1Y (x) x€[0,1]

In order to compute the Keller distance we need to find a diffeomorphism o of
the interval such that 7, = Tﬁ o o on a set of large measure; the y defined so
far is not a diffeomorphism, so it is necessary to modify it a bit at the endpoints
and we will do it by introducing two little linear bridges. Let § be such that §> =
SUPyepo, 17 1Y (x) — x| < 2|oe — B; we can define

y(3)
—X

5 forx <$§
o(x) =13ykx) for6 <x<1-35

I —y(—9)

T(x—l+5)+y(l—8) forx >1-36.

For the sup norm we have

sup IG(X)—XISmaX{Iy(f?)—SI, sup Iy(x)—xl,ly(l—f?)—lJrSI}

x€l0,1] x€[8,1-4]
< sup |y(x) —x[ =2[f —al
x€[0,1]
Since |y(8)] = 8 — [y(8) — 8| = 8 — 86, one gets suP,.jo ) | 7767 — 1‘ < %5 and

sup —1

x€[0,1]

b T _ gl

< max §3la — B, < Cla—B|"".
o’ (x) 1-6
Now, ¢ is a homeomorphism of [0, 1] with well-defined, non-zero derivative except
for the points x = §, 1 — §. Hence one can construct smooth approximations oy,
of o which coincide with it except on [§ — zi,,, 6+ zl,,] Ul -6 — %, 1-6+ zl,,]
and such that the previous estimates still hold. These o,, will be diffeomorphisms
of the interval such that 7, (x) = Tg(0,(x)) for x € [5 + zi,,, 1—-6— %]. Since

supm([§ + %, 1-6— ZL,,]) =1-28>1—2|a — B|'/2, the claim is proven. [

3.3. Holder-continuity of the entropy

By using the perturbation theory developed so far, we complete the proof that the
function @ +— h(Ty) is locally Holder-continuous. Note that the uniform Lasota-
Yorke inequality proven in Section 3.1 would already imply continuity by the meth-
ods in [11], while here we get a quantitative bound on the continuity module.
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Proposition 3.10. Let§ > 0,and 0 < s < % Then there exists a constant C > 0
such that
|h(To) — h(Tp)| < Cla — BI° Ve, B €[5, 1].

Proof. Let us fix n € (0, 1), and choose r such that n = lcﬁ&g). By Theorem 3.5

applied to the family ®,, (using Proposition 3.1, Lemma 3.6 and Lemma 3.9 as
hypotheses), for each o € (0, 1) there exist €, C; > 0 such that

ITle — Tgll < Cila — BI"?* VB e (@ —e,a+te).

Now, in Theorem 3.5 the bounds (H, K) depend only on the constants C1, C3, C3,
A, M, and in Proposition 3.1 and Lemma 3.9 these constants are locally uniformly
bounded in «, hence the following stronger statement is true: for each o € (0, 1)
there is C1 > 0 and some neighbourhood U of & such that

ITly — Tgll < Cila — BIV?  Va,BeU.

Since p, = Iy (1), the previous equation implies

15 — Apll 1 = Ol — BI2).

By Proposition 3.1, || ol v is locally bounded, hence so is || 0y llco and for any
p>1

~ ~ s
160 = Ppllir = O (= BI%).

By Rohlin’s formula, h(T,) = —2 fol log |y + o — 1|54 (y)dy, thus

1
(T = 1T <2 [ flogly +a = 1,() ~ logly + § = 17| dy
0
by separating the product and applying Holder’s inequality, for any p > 1

= 2/1palloo |l log |y+a—1|—log |y+B—1{ll L1412 log(y+B—Dll Lr/p-1 | o —Pp I -

Now, basic calculus shows ||log|y +a — 1| —log|y + B8 — 1||;1 = O(—|a —
Bllog|a — B|) and ||2log(y + o — 1)||; »/»—1 is bounded independently of «. Since
this is true YV < 1 and Vp > 1, the claim follows. O

Remark 3.11. One has to be careful with the norm one uses to get the convergence,
because while L'-convergence of the densities is assured by uniform Lasota-Yorke,
the invariant densities in general DO NOT converge to each other in BV -norm. For

V51
2

example we have for o« >

1 1 1
Pa(x) = log(1 + @) <X[Ov%](x)x +2 * X(#J](x)x + 1)
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SO

Var[O,l](ﬁot - :ag) = lim (poz - pg) - lim (,001 - ,Oa_)
2\~ 2\F
xa(l%) xa(%)
which does not converge to 0 as @« — «.

Finally, let us remark why we think the entropy is not locally Lipschitz. Indeed,
there is a formula to compute the difference quotient of 4(7,) on monotonicity in-
tervals. More precisely, every maximal quadratic interval I, of [3] is parametrized
by a rational number 7, and the monotonic behaviour of 4 (7T,) on I, is controlled
by the usual continued fraction expansion of r. Indeed, if r = [0; ay, ..., a,] is
the continued fraction expansion of r with n even, let us call matching index the
quantity [[r] := Z?:l(—l)“rla,-: the formula of [3, Lemma A 4] (already present
in [14, proof of Theorem 2]) tells you that

/

WCT) = hCTo) _ ool 53

o —«o o —a
whenever « and o’ belong to I, and are sufficiently close to each other. Now, it is
not hard to find a sequence of maximal quadratic intervals /,, which accumulate on
some parameter & and such that [r,]] — oo (a way to produce such a family is to
iterate the runing construction of [4]). Let us pick a sequence («,, «;,) of pairs of
parameters such that «,, «;, belong to I, and equation (3.3) holds.

Numerical evidence suggests that the invariant density pq is locally uniformly

My (,2)
o' —a| 0,

bounded below by a positive constant, which would imply inf , .
hence ae

n—oo

‘h@) — h(Tw,)
o | ) = Ter)

/
o), —ay

4. Central limit theorems

The goal of this section is to prove a central limit theorem (CLT) for the systems
T,. Given an observable f : I, — R, we denote by S, f the Birkhoff sum

n—1
Suf =Y foT].
=0

J

The function x +— W is called Birkhoff average and it can be seen as a random
variable on the space I, = [@ — 1, «] endowed with the measure 1, . By ergodicity,
this random variable converges a.e. to a constant. Our goal is to prove that the
difference from such limit value converges in law to a Gaussian distribution.
Heuristically, this means the sequence of observables {f o 7,}} (which can
be seen as identically distributed random variables on I,) behave as if they were
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independent, i.e. the system has little memory of its past. A convergence property
of this type is also useful to confirm numerical data, since it implies the variance
of Birkhoff averages up to the n™ iterate decays as ﬁ, hence one can get a good
approximation of the limit value by computing Birkhoff averages up to a suitable
finite time n (see [11]).

First (Subsection 4.1), we will prove CLT for observables of bounded variation.
A particularly important observable is log|7,|, because by Rohlin’s formula its
expectation is the metric entropy. Such observable, however, is not of bounded
variation: in Subsection 4.2, we will enlarge the class of observables we work with
in order to encompass certain unbounded functions, including log |7,|. In order to
do so, we need to define ad hoc Banach spaces.

4.1. CLT for functions of bounded variation

Theorem 4.1. Letx €(0,1] and f be a real-valued nonconstant element of BV (1,,).
There exists o > 0 such that the random variable %\/J;M converges in law to

a Gaussian N'(0, 1), i.e. for every v € R we have

lim w Suf —nJy fdva <v]|= L/U e 2dx
“ U\/ﬁ - V2 J—x .

The proof of Theorem 4.1 follows a method developed by A. Broise [1].

n—oo

Perturbations of ®,

Given f € BV (ly) with real values and given 6 € C, let us define the operator
®7(0): BV(ly) — BV (ly) with

D (0)(g) = P(exp(@f)g).

For fixed f, this family of operators has the property that ® ;(0) = & and the
function 6 > ® ¢(0) is analytic; the interest in this kind of perturbations resides in
the identity

n—1
O (0)(g) = ®"(exp(0S, f)g)  with S, f =) foTx.
k=0
Since in our case all the eigenvalues of modulus 1 are simple, the spectral decom-
position transfers to the perturbed operator:

D1 (0)(8) = A5(0)Po(0)(g) + W7 (0)(g)

where the functions 6 +— ®¢(0), 0 — Ao(0) and 0 — W () are analytic in a
neighbourhood of 6 = 0. Moreover, p(W £ (6)) < 4™ < |34(6)|.

Let us now consider the variance of S, f:
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Proposition 4.2 ([1, Theorem 6.1]). Leta € (0, 1] and f be a real-valued element
of BV (1,). Then the sequence

_ Snf_nffdﬂa)z
= [ () e

converges to a real non-negative value, which will be denoted by o*. Moreover,
02=0 if and only if there exists u € L2(,ua) such that up, € BV (1) and

f—/ fdug =u —uoT,. 4.1
Iy

Now, if 0 > 0, the method of [1, Chapter 6] yields the central limit theorem. The
main steps in the argument are:

(1) 250) = [, fdpa;
() If [, fdue =0, then A5(0) = o2;

(3) It [, fdite =0, then lim, oo f; ' (-12)(po)dm = exp(~5).

The CLT then follows by Lévy’s continuity theorem, the left-hand side of previous
Sa(f—/f; fdua
equation being the characteristic function of the random variable %
In order to prove the CLT for a given observable we are now left with checking
that Equation (4.1) has no solutions. The following proposition completes the proof

of Theorem 4.1.

Proposition 4.3. For every real-valued nonconstant f € BV (l,), Equation (4.1)
has no solutions.

Proof. By Proposition 2.1, T,, satisfies the hypotheses of a theorem of Zweimiiller
[19], which asserts that there exists C, > 0 such that p, > C, on {p, # 0}.
Hence, the function ;Ola X{pa0) belongs to BV (1), so if it exists u such that fpo, —
(fla fdug)py = upy—uoTy-py in BV (1), then we can multiply by p%X{Pa#O} and
get f_fla fduy = u—uoTy in BV (1), withu in BV (I,) because up, € BV (1,);
by knowing that f € BV (Iy) we getu o T, € BV (Iy). For each cylinder /; € Py,
since Ty | iy — Iy is a homeomorphism,

Val‘]j (uoTy) = VarTa(Ij) u

hence
Vary, (u o Ty) > Z Val‘]j (uoTy) > Z VarTa(lj) U= Z Var—1,a) U
1;€Py 1;€Py 1;ePy
i full i full 1; full

and, since the set of j such that /; is full is infinite, u o T;, has a representa-
tive with bounded variation only if Var—14u = 0, i.e. u is constant almost
everywhere. O



1026 G1uLlo T10zzo

4.2. The CLT for unbounded observables

In order to prove a central limit theorem for the entropy /(7 ) one has to consider
the observable x +— log |7, (x)| = —2log |x|, which is not of bounded variation on
intervals containing 0. Therefore, one has to enlarge the space of functions to work
with so that it contains such observable, and use some norm which still allows to
bound the essential spectral radius of the transfer operator. Such technique will be
developed in this section.

The strategy is to use the Ionescu-Tulcea and Marinescu theorem to get a spec-
tral decomposition of the transfer operator, as we did in Section 2.2. This theorem
requires a pair of Banach spaces contained in each other such that the operator pre-
serves both. Traditionally, this is achieved by considering the pair BV (I) C LY(I).
In our case, we will replace the space of functions of bounded variation with newly-
defined, larger spaces Bg s C L', which allow for functions with a mild singularity
in 0.

4.2.1. A new family of Banach spaces

Fix « € (0, 1]. Given a positive integer K and some 0 < § < 1, let us define the
K, 8-norm of a function f : I, - C as

I fllk.s := sup (k_‘s Var, f +/ If(X)IdX)
k>K Ly

where the Lj are a sequence of increasing subintervals of /,, namely

T 1 1
+ . + _ - - _ 1
Ly ._| |Ij _|:k+a’a:| L, .—l llj —[a 1, k—|—a]

Jj=k Jj=k

and Ly := L,J(r UL, ,with Vary, f := VarL: f+ VarL; f. Let us now define the
space By s of functions of mild growth as

Bk s ={f € L' : f has a version g with ||g||kx.s < oo}

Let us now establish some basic properties of these spaces. First of all, they are
Banach spaces:

Proposition 4.4. For every K € N, 0 < § < 1, the space Bk s endowed with the
norm
| fllk.s :=inf{llgllks, § = fae}

is a Banach space.
Proof. This is obviously a normed vector space. Let us prove completeness. If

{fn} is a Cauchy sequence, then there exists for every k a function f, such that
faley = fyin BV (Lg)-norm for n — oo. Also, by restricting fy|r,,, — fiqq tO
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Ly one can conclude f |, = f.hence one can define f : [ — 1, ] \ {0} — C
such that f|,, = f;. Now,Ve > 03N Vm,n > N Vk > K

I fm = fall iy + &7 Vars, (fn — fa) <€
and by taking the limit for n — oo one has || f, — fllxk.s < €. O

Note that || f |17,y < IIfllk,s,and Bk s is a BV -module, i.e.
f €Bks, g€ BV = fg e Bg.s.

Another useful property of these spaces is the following:

Lemma 4.5. For K > max{ } with K > 1ifa =1and0 < § < 1 there

a’la

exists A > 0 such thatVf € Bgs
A
lf()] < Wllfllx,s Vx € [a — 1, ]\ {0}.

Proof. For f € Bx 5,x € L:\L:_l
[l < [fx) = f@l+[f(@)] = VarLk+f+su+p|f|

K

1

and since x < oy

A Ly ( )8 5 1
k® Var, + 1 K .
< KN Sfllks + Varp+ f + ——=7= mLh) S( |x|+ +K° + YRS I fllx.s

Similarly for x < 0. U

Moreover, just as in the case of BV, the inclusion Bx s — Llis compact.

Proposition 4.6. For every K sufficiently large, 5 > 0O, the unit ball

B={f€Bks lfllks <1}

is compact in the L'-topology.

Proof. This fact is well-known when you consider BV instead of Bk 5. Now, given
{fu} € B, for any k the sequence of restrictions f,|z, sits inside a closed ball
in BV (L) hence it has a subsequence which converges in L'(Ly) to some Fj €
BV (Ly). By refining the subsequence as k — o0, one finds a subsequence f,,, € B
such that for every k, fy,|1, — Fk in LY(Ly) and a.e. for I — oo. By uniqueness
of the limit there exists F such that F'|;, = F;. By lower semicontinuity of total
variation, k—° VarLk F+|Flipg, <Ll.soF € B. We are just left with proving

S — Fin L'(I,) for | — oo. By Lemma 4.5

/Im—FK/ |ﬁmHﬂ+/|m—Fﬁg/ 5m+/|m—&L
Ly L I\Lg 1X] Ly

The first term tends to 0 as k — oo and the second does so for [ — oo as k is
fixed. O
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4.2.2. Spectral decomposition in By s

The goal of this section is to prove a spectral decomposition analogous to Theo-
rem 2.2 in the space Bk s, namely:

Theorem 4.7. For every a € (0,1], 0 < 8 < 1 and K sufficiently large, the
transfer operator ®,, : Bx s — Bk s decomposes as

by =T, + ¥,

where I, and W, are bounded linear, commuting operators on Bk s, p(Wy) < 1
and Ty, is a projection onto a one-dimensional eigenspace.

The main ingredient to get the spectral decomposition is again a Lasota-Yorke
type estimate:

Proposition 4.8. Let o € (0,1],0 < § < 1. Then there exist K € N,0 < A < 1,
C >0, D > 0 such that

195 (Hliks <CAVI fllks+DIfl Vf € Bgs.

Proof. First consider the case « < 1. By formula (2.1) and Lemma 6.1, 4.

f (o} (7_/‘
(Tg) o 0l

foOj

(Ij)ﬂL;: |(To’51)/ o O_Jl sup

TrUHNLY

Var, + @3(f) < Z Vary,
J€Pn

and by Lemma 6.1, 1. and the fact that 7} : I; — T/ (I;) is a homeomorphism

< > 3Var, f 2y, 17l
- T m(TrI)NLY)

IjEPn
201 £ 11
infjep, {m(T (1)) N L;))

<3 Z Var[_,- (fgn,a) +

IjePn

where the inf is taken over all non-empty intervals. Now, note that by Lemma 6.1
(3) and Proposition 2.1 (2) we have

201 f1l

> Var (fena) = ) Vari, fsupgna+ 7 ”
Ij - Y

1;ePy 1;€Py
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hence we are left with only one term to estimate: in order to do so, we will split the
sum in several parts, according to the filtration Ly:

> Vary, fs?pgna < |lgnaly Y Vary, f+Z > Vary, fsupgna

1;ePy 1j€Pn ﬂ: 1;€Pn
I <L IJCL<n+1>k\Lhk
< Vg Varp, f+ E Varpe f  Sup gne

h=1 ok \Lik
=) Lty

<yal<5||f||1<5+Z||f||z<a[(h+l)k]‘3 S
h=1 L+ \Lnk

~ _ 1 1 1 1
and since L a1k \ Lk = [_hk+a’ B (h+l)k+<x) u <(h+l)k+oz’ hk+a]

00 )
(h+1) M
< 1 fllk.sk® (n:’ + ; W) < fllk.sk® (ya + ﬁ>

for some universal constant M for all k > K. The same estimate holds for
VarL; @7 (f). Moreover, for fixed n and « the set {T,/(1;)|I; € Py} is finite,

and since L,:r and L, are increasing sequences of intervals, inf{m (7, (1;) N L,f) :
I; € Py, k > K} is bounded below by a positive constant, and for every a one

can choose n and K such that A := 6 (J/O’,’ + %) < 1. By combining all these

estimates, there exists a constant D such that

P (Hlks <Al fllks+DIfIh Yf € Bks

and by iteration the claim follows. The case @ = 1 follows similarly; in this case
llg1.allco = 1, but Proposition 2.1 is replaced by

2n—4
V51
llgnalloo <4 ( 2 ||g;/1,a||oo <2 O

Proof of Theorem 4.7. By Propositions 4.6 and 4.8, the transfer operators @,
acting on By s satisify the hypotheses of Ionescu-Tulcea and Marinescu’s theo-
rem [6], hence we have a spectral decomposition of ®, with a finite number of
spectral projectors onto eigenvalues of unit modulus. Moreover, mixing of T,
still implies there is only one eigenvalue of modulus one and its eigenspace is
one-dimensional. O

Note that since BV (I,) € Bk s, the invariant density p, previously obtained
is still a fixed point of ®,, hence I1,, is nothing but projection onto Cp, .
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4.2.3. End of the proof

The proof of Theorem 1.2 now follows from a standard application of the martingale
central limit theorem. We will refer to the version given in [18, Theorem 2.11]. In
order to adapt it to our situation, we need the following two lemmas:

Lemmad49. Leta € (0,1],0 < § < %, and K such that Theorem 4.7 holds, and
consider f € Bk s with floz fdug = 0. Denote by Fy the Borel o-algebra on 1,
and F, = T, " (Fo). Then

o0

IECF1F) 2,y < +00.
n=0

Proof.
IECS 1) 12, = Sup { fl W o T fdua : ¥ € L2(ua), ¥l 2,y = 1}

— sup {/1 YL fou)dx : ¥ € L¥(e), 1Vl 2,y = 1}
- “q)g(fpa)”Lz(dx)
J/1inf py ’

Now, by Lemma 4.5 and since 0 < § < %, D6 (fo)ll2ax) < CllPG(fP)K .55
and by Theorem 4.7 @ (fp,) = V" (fpa) goes to O exponentially fast in Bk s-
norm as n — 00. U

Lemma 4.10. Let f € Bk 5 be real-valued, non-constant and such that f I fdug=
0. Then there exists no function u € Bk s such that

f=u—uoTy gy —ae.

Proof. Notice that u, and the Lebesgue measure are absolutely continuous with
respect to each other, hence measure zero sets are the same. Suppose there exists u
which satisfies the equation; then, u o T, belongs to Bx s. However,

VarL;r (uoTy) > Z VarIj (uoTy) = Z Var_1,0) 4 = (k — jmin) Varg—_1,q) .

lj full If full
j<k Jj<k
On the other hand, Var Lf (uoTy) < k¥|luoTy| k,s with 8 < 1, which contradicts the

previous estimate unless Var—1 o) 4 = 0, i.e. u is constant almost everywhere. [

Proof of Theorem 1.2. We can assume fla fduy = 0. By [18, Theorem 2.11] and
Lemma 4.9, the claim follows unless there exists # € L%(j1y) such that

f=u—uoTy Lo — a.c.
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If there exists such a u, one can assume that f u dpy = 0, and then, by the proof
of [18, Theorem 2.11], u is given by
i (Dét (foa)

Puo

u=—

Jj=l1
where convergence of the series is in L?(iy). By the spectral decomposition,
> j ®J( fpy) converges also in Bx 5 C L?(114). Moreover, since p, is in BV and

is bounded from below, then pl isin BV. Thus, u lies in Bk s, and this contradicts
Lemma 4.10 unless f is constant. O

Now, the function x — log |x| belongs to every By s, therefore we have:

Corollary 4.11. For every o € (0, 1], the Birkhoff averages for the observable
log |T, (x)| = —2log |x| distribute normally around the value h(Ty).

5. Stability of the standard deviation

Having established the convergence of Birkhoff sums to a Gaussian distribution,
we are now interested in analyzing how the standard deviation of this Gaussian
varies when « varies. The question is motivated by the numerical simulations in [2,
Section 2]. We prove the following:

Theorem 5.1. Let f : (—1,1) — R be of class C'. For every o € (0, 1) let us
consider the variance

2
2 T Snf_nfhxfdlia d
7=t | (S .

Then for every a € (0, 1) we have

lim 02 = o2,
a—sa ¥ @

The variance o2 of the limit distribution is the second derivative of the eigenvalues
Ag(0) of the perturbed transfer operators {®, r} (see the discussion in Section
4.1, and in particular equation (2) after Proposition 4.2). In order to prove the
theorem, we will prove uniform convergence in @ of the eigenvalues, via application
of Theorem 3.5 to the family {@a,f’g}“a_gké"g|<€,||f_f||oo<e}.

Hypothesis (1) of Theorem 3.5 is easily proved:

Lemma 5.2. For any C > O there exists M > 0 such that
||<I>Z’f’9||1 <M" VneNVa € (0,1) V0| <C
for every f € L®(ly) sit || flleo <C.
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Proof. For g € BV
19 16 @I =195 )l <1e” gl < [le” oo llgll < e RO e g

where we used the fact that the unperturbed operators have unit norm on L'. O

Hypothesis (4) follows directly from Lemma 3.9; the precise statement, the
proof of which we omit, is the following:

Lemma 5.3. Let o € (0, 1). Then there exist €, C > 0 such that for any f, | €
BV([0, 1]) such that | f — fllc <€,V]0] <€, V]a —a| <€

IPa.s.6 — Pasoll = C (e — el +1f = fllo).-

We now check condition (2) using the estimates in Section 3.1 to get a Lasota-Yorke
inequality which is uniform in both « and 6.

Proposition 54. Let a € (0, 1). There exist 0 < A < 1, €, Cy, C3 such that
Vary, qDZ’f’@(g) < CoA"' Vary, g+ Csllglli VneN
for every a € (a — €, + €), for every |0| < € and for every f € C'(Iy) with

I fllcr < 1.
Proof. Letus fix g € BV. We have

Vary, @ ,(g) = Vary, @ ("> g) < Vary, ("' g - g, )
= Z Var[_j(eesn g'gn,ot)-

JE€Pn
Note that, since g «la1; =0,

Varr-(e"5/ ggn o) < Vary; (¢ ggn o) + "1~ Varr-(ggy.).

S f
ol () |,
and by expanding the derivative

(e“ﬂf)/ _ (T N ( 1 )/eesnf
apy) ~ ayy T \agy
n—1, ¢7 / !
519 3o (f 0 TH(TY) N ( 1 ) oy
(T T3y

_ IS Qn_l (f o Ty) +( 1 >’
(T Yy otk \(TYY

= 6l 1IN oo +2
B 1 - Yo

Now, by Lemma 6.1, 3
efSnf

Vary, (e = <
ary; (e 8n.a8) |(T”) | = S
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Moreover, by the estimates of Proposition 3.1 (equation (3.2)), for each @ € (0, 1)
and each n there exist n, D such that

Vary, (88n.«) < 2n +4)y, Vary, g + Dl glh Vo € (@ —n,a+1n);

hence by combining all the previous estimates

- O f'lloc+2
Vary, @1 4(g) < @n+5)e" Iy Vg 011 (7' '”lf_”;" + D) lell
o
and the claim follows by choosing some n large enough and iterating. U

Remark 5.5. Notice that this is the only place where we need f € C!. This is
because, if f € BV, eSS will not in general be of bounded variation.

We are now ready to draw consequences for the spectral decomposition: let us
denote by Ay, £(0) the eigenvalue of @, r9 which is closest to 1.

Lemma 5.6. Let o € (0, 1) and suppose we have a family { fu}ac(0,1) of functions
fu 110,11 = R of class C! for every a and such that

- N foe — f(x_”oo — Ofora — «,
- SUPyc0.1) I falloo < 00.

Then there exists € > 0 such that Ay, ,(0) converges to Ay, 1, (0) on |0] < € uni-
formlyin6 asa — o.

Proof. Letus fixr € (Ap, 1) and § such that 0 < § < 1%’ Then the projectors

1
I = - ® —ldz 5.1
@ ford) = 5 B (z a fa0) 2 (5.1)

are defined for |@ — | < € and |#]| < € for some € and for § sufficiently small;
moreover rank(I1y, f, ¢) = rank(Ily, 1, 0) = 1 [8, Corollary 3] so they are all projec-
tions on the 1-dimensional eigenspace relative to the eigenvalue which is closest to
1. By Dunford calculus we also have

1 _
M, fu OV e, f,.0 = Par, for.0 e, fo0 = 5— 2(z— Dy, ,0) 'dz. (5.2)
27 Jypa.s)
By Theorem 3.5 and Proposition 5.3 there exists C such that for | — o] < € and
6] < €

— _ n
Iz = ®af0) ™ = = Pa )1 = C (I =l + 1 fu = fallo)

with n > 0 fixed by Theorem 3.5 so by equations (5.1) and (5.2)

e (0) — 2 ()] = Ol — & + || fur — fulloo)”

uniformly in 8 as ¢ — «. O
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Proof of Theorem 5.1. Let f, : [0, 1] > Rbe fu(x) := f(x—l—oc—l)—f:_l fduy.
Since gy — pg in L' and f(x + @ — 1) — f(x +a — 1) in L™, we have
f;—l fduy, — ff_l fdug, and the family {f,} satisfies the hypotheses of

Lemma 5.6, therefore Ay, 7, (9) converges uniformly in anbd of 6 = 0 to Ag, £ (0).
Since all A, £, (6) are analytic in & you also have convergence of all derivatives, in

particular Ag’ £,0) — Ag’ fa_(O). We now note that fol fou(X)pg(x)dx = 0, which

implies, as we have seen in Section 2.2, that Ag’ o 0) = 03. O

6. Appendix

Let us recall a few well-known properties of functions with total variation:

Lemma 6.1. Let I € R be a bounded interval, J < I a subinterval and f of
bounded variation. Then:

(1) supye; [ £ < Vary £+ 5z [o 1 f(0)ldx;
(2) If g € BV (J) then

Var,(fg) <sup|f(x)| Var; g + sup|g(x)| Var, f;

xeJ xelJ

(3) If g is of class C' on J then
Var (fg) < Vary fsup|g(x)| +suplg' ()| [ |f(x)ldx;
xelJ xelJ J

(4) Var;(fxs) < Vary f+2sup, | f].
Let us also prove the basic properties of 7, mentioned in Section 2.1.

Proof of Proposition 2.1.

1
(1) SUpjep, SUPxes; [Ty = supxe[o{_l,a]x2 < max{a?, (@ — 1)?}. The case
for n > 1 follows from the chain rule for derivatives.

(2) Let Ky :=supep, SUP,cp; |g;l’a(x)|. Forn =1,

1 /
1 e e ((Ta)/> (X)‘ xe[ts)tu—pl,a] I =

JjeP1 xel;

Now,

(T2 (x) = (T (To (X)) T (x)
(TN () = (T (To T () + (T2 (To (X)) T (x).
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For every x in the interior of some interval /; € P, 1,

(T (x) (T (T, )T, x)* | (T (T ()T, (x)
[T )R |~ | UTD (Ta DT ()P (T (Te () Ty (x)1?
- ' (T)" (T (x)) ' Ty (%) 1
T (T (1)1 [T, O | (T (Ta (%))
<K,+Kj VO’Z
hence K11 < K, + 2y, and by induction K,, < ZZ;(I) 2)/011‘ < ﬁ

(3) By induction on n: let / ];4 be the interval of the partition P; which contains
o —1and I;; be the one which contains «.
Forn =1,T,(I;) = I, for I; # Ij_M’ I;:n,hence

(Tl € P} € {las Tall ). Tull})).

Let n > 1; consider an element of the partition 7,4, which will be of the
form I;, NT~Y(1;) N---NT™"(;,) # @, with Iy, ..., I;, € Py. If we let
L:=1I;,Nn---N T_(”_l)(ljn), we have L # (J and L € P,. Moreover, one
verifies that

T (1,NT, ()N - -NT, () C TEGN---NT, 0 ;) = THL).

At this point we have two cases:
o If T, (1,) 2 L then

Jo
TN, N T ) NN T G) = THL);

e Otherwise we have T, (Ij,) 2 L but T,(I;,) N L # § (if the intersection

is empty, so it is the interval we started with); since T, (I;) = I for I; #*
Ij_M’ I;n, this implies /;, € {Ij_M’ I;;}. Moreover, because Ta(I;W) and
T,(1 ;:n) are intervals with supremum equal to «, there exists at most one
interval /,, of the partition 7, such that Ta(ljrm) N1, # ¥ and Ta(ljrm) 2
I,,; in the same way there exists only one interval 7, of the partition P,
such that To (1}, ) N 1y # P and To (I} ) 2 1,, therefore either L = I,, or
L=1,.

In conclusion {7 T1(1;)|1; € Pu41} is contained in
(TP e PV T AE n T (1)) Ty UG, N T (1)

hence at every step the cardinality can only increase by at most 2.
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(4) Recall that

x2 if x belongs to some I;
0 otherwise

gl,a(x) = {

hence the claim follows from summability of the series k]—2
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