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Mean field propagation of infinite-dimensional Wigner measures
with a singular two-body interaction potential

ZIED AMMARI AND FRANCIS NIER

Abstract. We consider the quantum dynamics of many bosons systems in the
mean field limit with a singular pair-interaction potential, including the attractive
or repulsive Coulombic case in three dimensions. By using a measure trans-
portation technique developed in [3], we show that Wigner measures propagate
along the nonlinear Hartree flow. Such property was previously proved only for
bounded potentials in our works [5,6] with a slightly different strategy.
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1. Introduction

The evolution of a non-relativistic system of many quantum particles is described
by an n-body Schrodinger equation. The mean field limit consists in replacing this
problem by a non linear 1-particle problem, by considering one generic particle in-
teracting with the average field of all the others, when the number of particles is
large and the interaction potential is weak. It is common knowledge that this ap-
proximation starts to be very effective when the number of particles exceeds a few
tens. In the last decades, many works have been devoted to justify this limit. Most of
them considered the mean field dynamics of well-prepared quantum states, coher-
ent states or Hermite states, by following and extending the phase-space approach,
also known as the Hepp method (see [25,27,32,33,39,44,58]), or by studying the
BBGKY hierarchy of reduced density matrices (see [8,17,19,20,42,60]). Some
of these results deal with very singular pair interaction potentials in [9,19,20,44]
or consider the rate of convergence (see [7,44,58]), sometimes motivated by the
modelling of Bose-Einstein condensates (see e.g. [1,21,48]). In this article we con-
tinue our program, which consists in deriving the mean field limit for general initial
data in the bosonic framework. Our strategy is inspired by older attempts to give
substance to the formal link between bosonic Quantum Field Theory and the finite-
dimensional microlocal or phase-space analysis (see [10,23,24,45,47]). With this
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respect, the small parameter ¢ = % asymptotics is the infinite-dimensional version
of semiclassical analysis. And it has been realized in the 90’s that the Wigner (or
semiclassical) measures provide a powerful tool in order to obtain the leading term
in the semiclassical limit (see [29,30,37,49]), because they flexibly and efficiently
incorporate a priori estimates (see [13,14,22,51,54]).

In [4] Wigner measures were introduced in the infinite-dimensional setting and
their main properties were studied. The above-mentioned work exploited and clari-
fied the intimate relationship between pseudo-differential calculus, phase-space ge-
ometry and the probability approach, inherent to bosonic QFT. In [5], the dynamics
for well-prepared data and bounded interaction potentials was reconsidered within
this approach. The general propagation result was obtained in [6] for bounded inter-
action potentials. In particular, we showed that the BBGKY hierarchy dynamics is a
projected picture of the evolution of the Wigner measure, for which there is a closed
equation. One difficulty that was solved in [6] is concerned with the integration of
a weak Liouville equation valid after testing with cylindrical or polynomial observ-
ables: Such classes of observables are not preserved by the nonlinear Hamiltonian
mean field flow. For bounded interaction potentials, the number conservation al-
lows polynomial approximations of the nonlinear deformation in balls of the phase-
space. This is done by adapting a truncated Dyson expansion approach presented
in [25-27]. In applications, an important case is the 2-body Coulomb interaction
since it models the general non-relativistic motion of charged (or gravitational) par-
ticles. Again there are results about the mean field problem for specific initial data
(see [9,44]), but the approach we have followed in [6] essentially fails. With a
singular pair interaction potential, a solution to this problem is provided by mea-
sure transportation techniques developed for optimal transport theory (see [3,62]).
Hence, the dynamical mean field limit relies even more on the fact that Wigner
measures are probability measures on the phase-space.

We now expose our main result. The Hamiltonian of an n-body quantum sys-
tem, with a pair interaction potential, is given by the Schrodinger operator

n
HD = sZ—Axi + &2 Z V(xi —xj),

i=1 1<i<j<n

where ¢ is a positive parameter and x;, x; € R?. We assume that the particles obey

Bose statistics. So, we consider H;m as an operator acting on the space L%(Rd”) of
symmetric square-integrable functions. This means that

W e L2(R") if and only if ¥ € L2 (R and W(x1, -+ , x,) =W (Xo,, ..., Xg,) AL.

for any permutation ¢ in the symmetric group &,. The mean field asymptotics is
concerned with the limit as ¢ — 0 and ne — 1, where n = [%] represents the
number of particles of the system.
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Let H be a direct sum of Hilbert spaces of the form

o
H=EDLIR™M,
n=0
and consider the Hamiltonian of the many-bosons system (with arbitrary number of

particles) as
o

H, =P H™. 1.1)

n=0

An obvious feature of the operator H, is the conservation of the number of particles.
Hence, it is useful to define the number operator

(0.¢]
N == @Sn ]ng(Rdn)
n=0

The free Hamiltonian, corresponding to V = 0, will be denoted by H?:

o0 n
T I
n=0 i=1

Second quantization is a natural framework for the study of many-body problems
and, even more, it helps to understand the mean field limit and the structures behind
it. However, the result can be presented without using the language of quantum
field theory. We just mention that the operator H, can be formally rewritten as

H, = / Va*(x).Va(x) dx + lf V(ix — y)a*(x)a*(y)a(x)a(y) dxdy,
Rd 2 Jr2d

with the e-dependent canonical commutation relations [a x), a* (y)] =ed(x—y).
It is interpreted as the Wick quantization of the classical Hamiltonian

h(z,7) =/ IVz(x)Izdval/ ZOPlzO)PPV(x — y) dxdy. (12)
Rd 2 Jra

In our analysis, an operator which violates the number of particles conservation

will play an important role, namely the Weyl operator. Such operators are given for

f e L*(R?) by ,
W(f) = eﬁ[a (f)-‘ra(f)]’

where a*(f), a(f) are the creation-annihilation operators on H satisfying the &-

canonical commutation relations (CCR):

[a(f1), a*(f)] = e(fi, f2)agay L, [a*(f1), a*(f2)] =0 = [a(f1), a(f2)].

Accurate definitions on second quantized operators can be found in Appendix B.
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Our approach is based on Wigner measures, which are Borel probability mea-
sures on the infinite-dimensional phase-space Zy := L2(R4; C). The states of the
many-bosons system are positive trace-class operators on H of normalized trace
equal to 1 (i.e. normal states or density operators). To every family of such states
(0¢)ee(0,6) We asymptotically assign, when & — 0, at least one Borel probability
measure @ on 2y = Lz(Rd ; ©), called Wigner measure, such that there exists a
sequence (&x)keN such that limg_, o & = 0 and

lim Trloe, W(v276)] = F~ (0 (),

under the sole uniform estimate Tr [QSN‘S] < Cs for some 8 > 0. Here F~'(n) is
the inverse Fourier transform of (.
The problem of the mean field dynamics questions whether the asymptotic
quantities, namely Wigner measures, as ¢ — 0 associated with
0e(t) = e_iéHEQgeiéHf, teR
are transported by the flow ® (7, s) = @ (¢ — s) generated by the classical Hamilto-
nian /(z, 7) and given, after writing z;, = ® (¢, 5)(z5), by

0z = (0:1) (21, 20) = — Az + V x |22 (1.3)

After checking that the Hamiltonian (1.1) has a self-adjoint realization so that the
quantum dynamics are well-defined on H and after checking that the mean field
flow is well defined on Z; = H'(R?), our main result is stated below.

Throughout the paper, we assume that the real valued potential V satisfies the
assumptions

V(—x) = V(&) e R, (A1)
V(= A2 e L2y, (A2)
and (1 —A)"12va — A)7V2 e £2°(2). (A3)

We use the notation L£(h) for the space of bounded operators on the Hilbert space
hand L7 (h), 1 < p < 400, for the Schatten classes, L% (h) being the space of
compact operators for p = +00.

Theorem 1.1. Let (0¢)cc0,5) be a family of normal states on H with a single
Wigner measure g such that the bound

Tr[(N + H?)%0.] < Cs < +0o0, (14)

holds uniformly with respect to ¢ € (0, £) for some § > 0. Then for all t € R, the
family (eiiéHﬁggeiéHE)ge(o,g) has a unique Wigner measure (; which is a Borel
measure on 21 = HY(R?). This measure p; = ®(t, 0)4 o is the push forward of
the initial measure |1y by the flow associated with (1.3), well-defined on Z;.
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At a formal level the proof of the above theorem is rather simple. First write
the integral formula

t 4
Trlos ()W (§)] = Trloe W (£)] +i /0 Trloe ()W (§) Y &/~ 0;1ds,

J=1

where 0, (1) = e~1"/¢H: g ¢!'/#H: and O ; are some Wick quantized observables. By
taking the limit as &€ — 0, only the term j = 1 is left in the right-hand side. So, we
formally end up with a transport equation on the Wigner measures

o +ifh, u} =0, {h, u}=0hdzu — 0z 0zh
which is then solved by appealing to the results in [3].

QOutline: The self-adjointness of the Hamiltonian H, and the existence of a global
flow on Z; = H'(R?) for the Hartree equation (1.3) are proved in Section 2.
The derivation of the mean field dynamics is done in Section 3, where Theorem
1.1 is proved. Some additional properties are stated in Section 4: in particular, we
draw the link with former results on bounded potential and reduced density matrices
and provide non-trivial examples elucidated by the Wigner measure approach. The
article ends with several appendices dedicated to second quantization, absolutely
continuous curves in Prob, (2) as well as some weak L? conditions for the potential
V ensuring the fulfillment of the assumptions (A2) and (A3).

2. Well-defined dynamics

In this section we shall prove that:

e the quantum dynamics is well-defined, namely H, has a natural self-adjoint re-
alization;

e the mean field dynamics is well-defined on Z; = H'(R?), with additional use-
ful estimates.

2.1. Self-adjoint realization of H,

The Hamiltonian H, has a particular structure explained in a general framework in
Appendix A.

Let V be a real-valued Lebesgue measurable function a.e. finite and satisfying
the assumptions (A1) and (A2). The multiplication operator

Vg(n) = 82 Z V(xi —JCJ')

1<i<j<n
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with its natural domain D(V{") = {¥ € L2(RI) - v e L2(R)} is self-
adjoint on L?(Rd”) as well as the differential operator

n
HOM = ¢ Z —Ay, with DH*M) = L2R¥) n H>RI™).

i=1

Therefore, according to Appendix A
o0 o0
Ve = Z VW and H = Z H>™
n=0 n=0

endowed with their natural domains are self-adjoint on H.

Proposition 2.1. Under the assumptions (A1) and (A2):

(1) The operator HY = ™ 4 v s self-adjoint on D(HSO’(")) C D(Va(”));
(i) The operator

o0 oo
He =Y "H", D(He):={¥eH Y |H ¥™|? < oo},
=0 n=0

is self-adjoint and essentially self-adjoint on 692l€gNDn, where Dy, is any core
of HO™.

Proof. (i) By assumption (A2), Vg(") is infinitesimally small with respect to Hf )

So that, D(H> ™) ¢ D(V) and the operator HY = g™ 4y ™ i self-adjoint
on the domain of H."™ by the Kato-Rellich theorem.

(i) Applying Proposition A.1, we see that H, is self-adjoint and essentially self-
adjoint on @21§ND,1. O
Later, it will be useful to use the reference operator

o0

Se(A) = Z HY™ 4 en 4 A(en)’ (2.1)
n=0

which is self-adjoint by Proposition A.l1. Moreover, by functional calculus of
strongly commuting self-adjoint operators we observe that D(S. (1)) is invariant
with respect to the parameter A > 0.

Proposition 2.2. Under the assumptions (A1) and (A2), for any ) > 0, the opera-
tor Vg is Se(\)-bounded with

YW eDSM), Vel < MV = APl paay, 1Se )W 3.

Therefore H, is essentially self-adjoint on D(S¢(1)).



MEAN FIELD PROPAGATION OF WIGNER MEASURES 161

Proof. The multiplication operator by V (x; — x3), at least defined as a symmetric
operator from S(R?¢) into S’ (R??), satisfies

eixszl V(X] _ x2)(] _ AXI)—]/Ze—ixszl
= M2y (x; — xp)e 2P (1 — A,)7/? (22)
=V — Ay) "2 e L(L2(RM)).

For ¥ € H,® € D(S:(1)), taking advantage of the symmetry of those wave
functions, we compute

© n(n 1)
(W, V. Z v, 2V (x1 = 22) ") 12 gan)

0 n(n 1)

Zw) 2V (@1 —x2) (1= Ay ) (1= A 20D) o .
By noticing that

n
710 = A POD T sy = ) (@6 (1= A)P™) L2y
i=1
= IN2(N+ H)'2o™ |3,
the Cauchy-Schwarz inequality leads to
(W, Vo) < IV — A Y2 W]l IN2(N+ HO) 203 (23)

Now with the inequality ab < (ra)® + (b /A)Z, we see that

INY2(N+ H)' 2|2, = (0, N°(N + H))®)
< (@, A7IN® + A2(N 4 HO)?®) (2.4)
AIS: () D13,

A

Putting together (2.3) and (2.5) yields the estimate.

To prove the last statement, observe that @alg D(H;" 0. (m) ) is a core for H,.
Owing to the inclusions

B D(HN™) € D(S,() € D(Ve) N D(HY) € D(H,),
H, is essentially self-adjoint on D(S,;(})). 0

We end this section with some invariance properties of the domain D(S, (1))
with respect to the Hamiltonian H,; and the Weyl operators.
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Proposition 2.3. Forany A > 0andt € R
e DS, (1) € DS ().
Moreover there exists C; > 0 such that
1Se (Ve He (S () + 1) Mlgag < Cos forallt € R.

Proof. Forany ¥ € D(S:(1)) C D(H,),observe that emicHey belongs to D(N*)N
D(H,) since D(Ss (1)) is contained in D(N?) and H, strongly commutes with N.
Proposition 2.2 implies D(S:(8) + Ve) = D(S:(B8)) = D(S:(1)) when 8 > 0 is
large enough, so that for any ® € D(S:(1))

((Se(B) + Vi) @, e EHeW)yy = ((H, + N+ BN*) @, e/ i 1wy
= (®, (H; + N+ pN))e e ew)y,

and hence e~ -\ belongs to D((Ss(B) + Ve)*) = D(Se(B)) = D(Se ().
Again for g large enough

14 Se(B) + Ve = (14 Ve(Se(B) + 1)) (S:(B) + 1),
and
(I4+N+BN? + H) ™= (S(8) + D)7+ Ve(Se(B) + D™ H71

Therefore, the operators (1+ S¢(8))(1 +N+BN3+H,)""and (1+N + N3 +
H,)(S:(B) + 1)~ are bounded. Thus, we conclude that

Se e T (145, (0) ™ =S WA +5: ()~ (1 +S:(8)) (1 +N+BN> + H,) ™!
oe M (1 + N4 N> + Ho)(1+ S (8) " (1 + S:(B)(1 4 Se(1) !
is bounded. O

Proposition 2.4. For any & € H 2(RY) and any . > 0, the domain D(S¢())) is
invariant under the action of the Weyl operator W (§) with

1(Se() + D' WESe MWl ey < Cae
uniformly with respect to ¢ € (0, &) for some constant C) ¢ > 0.

Proof. For all &, ¥ € D(S.(A)), one can write

(@, W(E)*Se MW (E)W) = (D, (S (1) + QY M),
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where Q. is the polynomial

0:(2) = (z+ %s, —A (z + %s) )ZO (2, —AZ)z + P (z + %s) —P.(2)

and P.(z) = IZI6Z0 + 3£|z|‘§0 + szlzlzz0 is the complete Wick symbol of N3, ac-

cording to Proposition B.2 or by direct computation. The assumption & € H2(R%)
ensures that Q, is uniformly bounded in @, 4<3P),4(Zo) and the number estimate

of Proposition B.3 says that QXViCk (N)_% is a bounded operator and therefore
Wiek(s. () + D7 e L(H).
Hence for ¥ € D(S. (1)),

Se (1)

Se(MWE)W = W () [m

+ OVik(S. (1) + 1)—‘] (Se(h) + DWW

and W (&)W belongs to D(S¢ (1)), with [ Se MW E) V|| < Crell(Ss(M)+DW]. O

Proposition 2.5. For any function x € C§° (R?) and A > 0, the operator x (N, Hy)
satisfies
VkeN, [INS.()x(N, Ho)llcwy < CF

for some Cy,_, > 0.
Proof. The operators N, H, (like N and N 4+ H?) are strongly commuting self-

adjoint operators so that the functional calculus is well defined for the pair (N, H,).
With a cut-off function x; € C§°(R) such that x;(x) = 1 on a neighborhood of

supp x, the operator N¥(1 4+ N + BN3 + H,) x1(N) x (H,, N) is bounded with
I(1 + N+ BN® + Ho)NC i (N) x (H, N) [ 230 < CpC.
For sufficiently large 8, Proposition 2.2 says
11+ Se(BN(1 + N+ BN® + Ho) iy < Cp

This is done with

NFS. (M (N, He) = Se () (1 + Se(B) 7 (1 + Se(B)(1 + N+ N* + H,) ™!
o (1 4+ N+ BN? + HONFx (N, H,),

and C;_, = max {CX 1 CpCallS: () (1 +Sa(,3))_1”}- O
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2.1.1. Mean field dynamics

We shall use another more convenient writing of the Cauchy problem

107t = —Az; +V % |Zt|2Zt 2.5)
Z¢=0 = 20-
After setting 7, = /("2 z, = ¢7/'27, it becomes
iatZ, = e_itA [V * |eitAZt|2(eitAzt)] (2 6)
Z1=0 = 20. ’

Proposition 2.6. Assume (Al) and (A2). For any z0 € Z1 = H L(R?) the Cauchy
problem (2.5) admits a unique solution (t+—>z;) € CO(R; H'(RY))NCH(R; H 1 (R?)).
More precisely, the Cauchy problem (2.6), which is equivalent to (2.5), admits a
unique solution in C'(R; H' (R%)). Moreover these solutions verify

lzel2 = 12l 2 = |zol 2 (2.7)
and h(z:,7;) = h(zo, 20), (2.8)

for h(z,7) :/ IVz|?(x) dx+1/ Vx — )z z()|* dxdy.
Rd 2 RZd

Finally, the time-dependent velocity field defined on R x Z| by
v(t, 2) = e AV x|z Ple" A7)
satisfies the estimates
(. )|z, < IV = A2 Nzl Izl 2, (2.9)
and |v(t,2)|z, < IV = A2 |21%, |zl 2. (2.10)

Proof. The first results are standard (see e.g. [16,31]) in the analysis on nonlinear
evolution equation. Nevertheless, we recall the details of the proof because it also
contains (2.9)(2.10), which is crucial in our analysis.

By considering the second formulation (2.6), it suffices to prove that the map-
ping z — (V % 1z|5)z is locally Lipschitz in H L(R?). After noticing that the distri-
butional derivative of (V  |z|?)z or more generally of (V % (z122)z3) is

0 [(V x (Z1z2))z3] = (V * (0xZ122 + Z10x22))23 + (V * (2122)) (3xz3), (2.11)

it is reduced to the estimate of V * (Z1z2)z3 in L? in terms of the LZ and H!- norms
of z1, 22, z3. For & € L2(R?), write

&, (Vx (EZZ))Z3>L2(Rd) ={Z1Q®&, Vx1 —x2)2® Z3>L2(R2d)-
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When b is the multiplication operator by V (x; — x2), the estimate (2.2) says that
b(1 — Ay,)~'/% is bounded, with

[ ®z1, V(x1 — x2)22 ® 23) p2geay| < IV = A2 [£] 21211 222l g 23] 2

—1/2

A symmetric version of (2.2) says 15(1 —Ay,) is bounded, with

[ ®z1. V(x1 — x2)22 ® 23) 2geay| < IV = A)TV2| [£] 21211 2122l 12123 g

Finally the symmetry of the expression V * (z1z2)z3 with respect to the exchange
of 71 and z, gives

€ ® 21, V(1 — x2)22 ® 23) p2aay| < V(A = ATV IE] 2|21 22l g2 23] 2

Thus we have proved, owing to (2.11),
|V % (Ziz2)zal2e < V(1= A)712 min [2o0) |1 lz0@) 2120 @l (212)
3
which gives

(V% ZTz2)z3l g < IV = A) 2 min (2ol lze@pilze@e. (213)
3

Since z > ¢!’®z preserves the L? and H' norms, the velocity field estimates (2.9)
and (2.10) are consequences of (2.12) and (2.13).

For the sake of completeness, let us finish the proof of the global well-posedness
of the Cauchy problem. The estimate (2.13) provides the Lipschitz property of
z — V x |z|%z in H'(R?). This implies the local in time existence and unique-
ness of a solution to (2.6) in C 1((—TZO, T,); H I(R%)), and therefore the local in
time existence and uniqueness of a solution to (2.5) in CO((—TZO, T,); H LRI N
C! ([-Ty, Tyl H —1(R%)). The global in time existence then comes as usual from
the control of |z;|y1 = |Z| 1 deduced from the conservations of (2.7) and (2.8).
For (2.7), take the real part of the scalar product of each member of (2.5) with z;.
This implies 9|27, = 0.

For (2.8) take the scalar product with x (—R~!A)d;z, where x € Ci°(R) sat-
isfies 0 < x <1 and x = 1 in a neighborhood of 0, with R > 0:

0 = 2R(3,zs, x(—R™'A)id,z,)
= 3 (21, —AX (=R A)zs) + 2R (3,21, x (=RIAV * |z, )z4]).

Integrating this identity from O to ¢ and taking the limit as R — oo with the help of
(2.13) gives

t
/ |Vz |*dx —/ |Vzg|2dx+2/ R(dszs, (V * |z51%)z5) ds = 0.
R4 R4 0



166 ZIED AMMARI AND FRANCIS NIER

Due to the symmetry of V (x) = V(—x), the last integrand equals

R(Dszs, (V * |25]%)zs)

fR 5PV~ 3z ()P dady

1

= 30 [ B @PVG = Iz dxdy.
R2d

The conserved quantities (2.7) and (2.8) combined with (2.12) imply |z/[y1 <

Clzo| 1 for some constant independent of t € (—T,, Ty,), and hence T;y)=-+o00. [

3. Derivation of the mean field dynamics

This section contains the proof of our main Theorem 1.1. Below, we recall from our
previous work [4] the notion of infinite-dimensional Wigner measures and collect
some of their properties. We will often make use of Weyl and Wick quantization
throughout this section. So, we suggest first the reading of Appendix B.

Two phase-spaces will be necessary for this analysis: Zy = L%(R4; C) (re-
spectively Z; = H'(R?; C)) endowed with its scalar product ( , ) (respectively
(z1,22)z, = (z1, (1 — A)zp)), its norm |z|220 = (z,2) = |z|i2 (respectively
IZIZZ1 = |Z|?11), its real scalar product % (z, z) (respectively N (z1, z2)z,). Only
on Zy, we will use the symplectic structure with o (z1, z2) = Im (z;, z2). Mean-
while, the real euclidean structure on Z is important especially when the Liouville
transport equation is written as a gradient flow according to Appendix C.

3.1. Wigner measures
The Wigner measures are defined after the next result proved in [4, Theorem 6.2]:

Theorem 3.1. Let (0¢).c (0,5 be afamily of normal states on 'H parametrized by €.

Assume Tr [QSNS] < Cs uniformly with respect to. ¢ € (0, €) for some fixed § > 0
and Cs € (0, 400). Then for every sequence (&,),eN With lim,_, &, = 0, there
exist a subsequence (&, )keN and a Borel probability measure w on 2y, such that

. Weyl | _
klggoTr [ankb ] _/Z b(z) diu(2),

0
for all b in the cylindrical Schwartz space Scy1(Z20) defined in Subsection B.1.

Moreover this probability measure w satisfies / Izlzérs0 du(z) < oo.
2y

Definition 3.2. The set of Wigner measures associated with a family (0¢)¢c(0,z)
(respectively a sequence (0¢, )nen) Which satisfies the assumptions of Theorem 3.1
is denoted by

M (0s, € € (0,8)), (respectively M(g,,n € N)).
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Moreover this definition can be extended to any family (0¢):<(0,z) such that
11+ N2 0e(14+N) [l 213y < Cs

for some § > 0 with the decomposition g, = AR TR+ AR =oR = 1)L +ol+
irk=ol-
& & °
Wigner measures are in practice identified via their characteristic functions
according to the relation

Migs.e € 0.8) = (u} & lmTr 0. W(/276) | = F~ ()(®)

& lim Tr[o. W(8)] =/ VP ED g (7).
e—0 2

The expression M (o, ¢ € (0, &)) = {u} simply means that the family (0:)cc(0,7)
is “pure” in the sense

lim Tr [ngweyl] = / b(z) dpu,
e—0 =z

for all cylindrical symbol b without extracting a subsequence. Actually the gen-
eral case can be reduced to this one, after reducing the range of parameters to
¢ € {en,, k € N}. For checking properties of the elements of Mg, ¢ € (0, 8)),
extracting a subsequence in this way allows to suppose without loss of generality

M(ge, € € (0,8) = {u}.
A simple a priori estimate argument allows to extend the convergence to sym-
bols which have a polynomial growth and to take Wick quantized symbols, with

compact kernels, belonging to 2ﬁ"é(Zo) = 69;1%1 eNPIC,’?q (Zp) (see [4, Corollary
6.14]).

Proposition 3.3. Let (0¢).¢(0.7) be afamily of normal states on L(H) parametrized
by & such that Tr[p.N¥] < C, holds uniformly with respect to ¢ € (0, £), for all
a € N,and such that M (0., € € (0, &)) = {u}. Then the convergence

lim Tr[QSbWiCk]: f b(z) diu(z) 3.1)
e—0 Z

0

holds for any b € ,;’IZ(ZO).
A variant of the above result was provided in [4, Theorem 6.13].

Proposition 3.4. Assume that the family of operators (0°)cc(0,7) Satisfies
|| (1 + N)aQS(l + N)a ”EI('H) S COl

uniformly with respect to e € (0,€) for all « € N. For any fixed B belonging to
;2(20) the family (,BW‘Ckgs)ge(o,g) satisfies the assumptions of Definition 3.2 and

M (Y% ) = {Bru. 1 e Mi@")}. (32)
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A closely related question is whether Wigner measures are completely identi-
fied via Wick-quantized observable. Of course this is related with the Hamburger
moment problem even in finite dimension and we again refer to [4] for further dis-
cussions about this.

3.2. Weak mean field limit of the dynamics
in terms of the characteristic function

After some extraction process and for some specific initial data (0¢)¢c(0,7), @ family
(is)rer of measures can be defined and weakly solves a transport equation. We
consider on L%(de ) the (unbounded) multiplication operators

- 1 ~ . . ~ .
V = Ev(xl _ XZ) and Vs — (e—zsAxl ® e_ISsz)V(elSAXl ® e”sz),
and respectively associate to them the polynomials, well-defined on Z; = H'(R?),
1 ®2 ®2 ®R2 7 ®2
V(Z) = §<Z y V(X — y)Z >L§(R2d) and VS(Z) = (Z , Vs Z )L?(RM)’ Z € Zl.

Instead of considering

i t

r L
EHgggetgHg’

Os (t) =e"
we will rather work with

~ (LY ;L it _;tgo
Os(t) = e'slle o7 1e e g ol c He p=ic He' (3.3)
Our assumptions will be made in terms of the operator S; (1) already introduced in

(2.1) and which can be rewritten as a Wick observable.

Definition 3.5. The operator S; is defined by

o
Se=Y H ™ 4en+(en)’ =dl'(1 — A) +N°,
n=0

with domain D(S,) = {\y €M Y020 I(HE ™ +en + (en)H w2, (i) < oo}
0.(n)

and Hy'" = dT(=A)|\n 5, .
Remember that it is self-adjoint with this domain (see (2.1)). Moreover it can

be written S, = s)V1k with

5¢(2) = (z, 1 = A)z) + [IZI%O + 38|z|‘§0 + 82|Z|230] .
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Proposition 3.6. Let (0:).c(.z) be a family of normal states on 'H satisfying for
some finite constant C > 0 the estimate

Tr[(1 + So)oe (1 + Se)] < C  uniformly with respect to ¢ € (0, ).

The operator S; is the one given in Definition 3.5 and 0. (t) is the operator given by
(3.3). Then for any sequence (e,)neN in (0, €) such that lim,,_, « €, = 0 there exist
a subsequence (e, )ken and a family (fi;);cr of Borel probability measures on Z
satisfying for any t € R

M(@e,, (1), k € N)={i.},
with the Liouville equation

fig (VA €

. ¢ t . I\ ~
=jio(e"VPNED) 212 f s (VP ED Im (252, Yk @ 2))ds, 34
A .

. t . m
— oV €y +i/ iis ({VS(.); VN <f’~>}) ds, forall € € 2.
0

Proof. The proof uses several preliminary lemmas stated below. By an approxima-
tion argument, we may assume & € H>(IR?). The first step is to prove the existence
of Wigner measures defined for all times € R. This is done in Proposition 3.9.
Let us now prove the Liouville equation. By Lemma 3.8 we have

t 4 )
Tr[@s(f)W(S)]:Tf[QsW(S)]‘H/O Tr [@e(S)W(S)ZSJlbj(S,S)W1Ck:| ds, (3.5)

j=1

where b are the following polynomials

bi(s,&) = —2v2Im 22, V, £ ® 2)
by(s, &) = =N (222, V, €%%) + 26 vz, ViE Vv 2)
bi(s, &) =2 1Im (22, V, £ ® 2)

1 -
ba(s, &) = Z<s®2, V, £82).

With the number estimate in Proposition B.1, Lemma 3.7 below will ensure that
the sum in the right-hand side over j = 2,---,4 converges to 0 when ¢ — 0.
On the other hand, the term with j = 1 has a limit according to Lemma 3.10
applied with p.(¢) after noticing that Tr[(l + Sg)o: (1) (1 + Sg)] < C’' owing to

I(1+ Se)*lef s o e~icHe (1 4 §,)F!|| < C” due to Proposition 2.3. O
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The above proof is completed in essentially three steps:

1) The relation (3.5) is first established by extending Wick-calculus arguments
to the case when V is unbounded, and rough estimates for b;(s, & )WiCk, Jj =
1,...,4,are given;

2) An Ascoli type argument, relying on these rough estimates allows to make the
subsequence extraction (g, )xen Uniform for all 7 € R;

3) An additional compactness argument is given in order to ensure the convergence
of the term with j = 1 in (3.5).

3.2.1. Wick calculus with unbounded kernels

The results presented in this paragraph would be direct applications of the Wick cal-
culus given in Proposition B.2 for a bounded potential V e L>(R?). Although the
algebra is the same as in the bounded case, justifying the formulas for unbounded
potentials fulfilling (A1), (A2) and (A3) requires some analysis.

Lemma 3.7. The identity
4
(VYW@ - WV ) w = we) (Zsfb,-(s, s>Wi°k> v (36)
j=1

holds for any € € H*(R?) and W € D(S,), with S, given by Definition 3.5. Addi-

tionally, for all ¥ € D(S,) C D(Sgl/Z) C D(N%), the estimates

165, )VE W < C(1+ 151410 + N3

3.7
<C'(+ EE)IA + S 2w

hold uniformly with respectto j € {1,...,4},s € R, when & € H'(R?).

Proof. We first remark that, owing to the assumption (A2) and the estimate (2.12),
the polynomials b;(s, ), j = 1,--- , 4 belong to the set ®, 4<3P),4(Z20), with

4
110, 105Ppg(20) < CL+ [5[%).
Hence, Proposition B.1 and Proposition 2.2 prove (3.7) with
D(Ss) CDINY?) D (bj (s, s)Wick) . j=1,....4, and D(S,)CD (VSWiCk>. (3.8)

By Proposition 2.4 the domain D(S) is invariant under the action of W (&) for all
£ € H*(R?). A Taylor expansion yields, for all z € Z, the equality

. 4
Vs (z + %S) = Vi(2) + ;gjbj(s, &)zl
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The formula (3.6) is standard for bounded V due to W*(€)bVikw (&) = b(. +
%S)Wid‘ when b € Pye(20) = EB;li en Pp.q(Z0). Let us reconsider the proof of
this result for our unbounded V. With the previous estimates, the quantity A(z) =

(D, WtE) V(. + %té)WiCkW(té)*\IJ) is well-defined for all ®, W € D(S,) with

4
Ay = eIt (D, W(tE)b (s, &) VKW (18) W) + (@, W (&) VKW (15)* w).
Jj=1

We first establish equality (3.6) in a weak sense: Differentiate A(¢) for any ¥, ® €
D(SS) bl

d
EA(Z)
4
= el (@, Wae) {110 ©). b; s, V¥ + jtI by (s, )V W) w)
j=1
H®, WH)ig @), VNI (16)" W)

3
=&/t (@, W(t§) {li9©), (5, V] + G+ Db (5, 6V | W) w)

j=0

where by(z) = V;(z). Now, a direct calculation with ¢ (§) = %(a &) +a*&))
gives

(i@ 0. V] = =G + Dbji (5, &)V

for j =0, ---, 3. Therefore A(1) = A(0) and, knowing (3.8), we conclude that

4
W(g) (VSWiCk + Zgjbl(s’ g)WiCk) W(%‘)*\I/ — VSWiCk\IJ (39)

Jj=1

for any W € D(S;). With W = W(£)W in (3.9) for any ¥ € D(S,), while ¥ €
D(Se) owingto & € H 2(R?), the claimed equality is obtained. ]

Lemma 3.8. Let (0:):c(0,7) be a family of normal states on H. Assume that 0. (Sg+
1) € L'(H) for all ¢ € (0, &), with S, given by Definition 3.5 and p.(t) by (3.3).
Then for any & € H*(RY), the map s +— Tr[p,(s) W (£)] belongs to C'(R) and the
following integral formula holds true

o . |
Tr[2: (W ©)] = TreW(©)] + = /0 o [@(s)vv(é) > elbss. s>w‘°k] ds.

j=1
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Proof. Write

Tr[(0e (1) — 0 ()W (5)]
Ty [QS(S€+1)(SE+1)—1 (eigHse—igHQ _ i HHe pmi L H )W(“g‘)e HO, igHg]

-I—Tr[g el EHe T EHY W (£) (Sp+1)(Se+1) ! (e"%H?e—"éH ol HHY =i ”")].
The following limits hold true on D(S;)

1 . 110 . S5 170
lim —— (S, + 1)~ (eléHse_’éHS — e’EHEe_’§H€>

s>t — 8§
l —1,itH, 0y, —i L HY
=—(Se+ 1) e (H—H)e ¢
£
. 1 _ L0 it 0 _isp0
hmt (Sg+ 1) l(e’eHSe leH E,’IFH€€ iz H)
s—>tt —§

i . .
= (S + D)L FH (O — pyem i H:
I

. . . i 70 ;
by Stone’s theorem and the invariance of D(S,) with respect to e'’ He and 't He  Us-
ing the estimate in Proposition 2.3, the latter limits are limits in £(H) with respect

to the strong convergence topology. After noticing that o e’ s He =i ; HY W (&) (Se+1)
is trace class when & € H?(R?)), owing to Proposition 2.4 and Proposition 2.3, we
take the trace and let s — ¢. Now integrating the derivative from O to ¢ yields

| t . .
Tr(Ze (W (§)] = Trlg: W (6)14= /0 Tr[2e() (VY WE© - w©vVev) | ds.
When £ € H?(R?), the equality
Te[ (1 +508:(5) (VW ©) = W@ V) (1 + 5]

4
=Tr [@s W E) Y elbjs, s)W“k] ,

j=1
makes sense, since (1 + S;)0:(s) € L'(H) and by Lemma 3.7
(vSWickW(g) - W(g)VSWiCk> 1+ 8!

4
=W [Zsfbj(s, s>Wi°k} (1+S)~" in L(H). 0

j=1
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3.2.2. Subsequence extraction for all times

The first step in the proof of Proposition 3.6 is to show the existence of Wigner
measures for all times. This is accomplished below by following merely the same
lines as [6, Proposition 3.3].

Proposition 3.9. Let (0:).c(.z) be a family of normal states on 'H satisfying for
some finite constant C > 0 the estimate

Tr [Qg(l + Sa)] < C uniformly with respect to € € (0, €) .

The operator Se and 0. (t) are respectively given by Definition 3.5 and (3.3). Then
for any sequence (&,)nenN in (0, ) such that lim,_ ~ &, = O there exists a subse-
quence (&, )keN and a family of Borel probability measures on Zy, (fis):eRr, satis-

fying
M@, (1), ke N) = (fi,)
foranyt € R.

Proof. We only sketch the proof and essentially indicate the points which differ
from [6, Proposition 3.3]. Let us write

Ge(1,8) =Trlo:(OW(E)] .

Using Proposition B.1 and (1 + N) < 2(1 + N3) < 2(1 + S,), one can prove like
in [6] that

i 1
Ge(s, &) — Gels, )| < ClE =l (&%, + InlZ, + D (3.10)
for some constant C > 0. We have

1Got, m) — Ge(s, §)] < |Tr[@: (1) — Be(5) WE)]| + G (s, §) — Go(s, )]

On the other hand, making use of Lemma 3.8 we get

t 4
/ Tr [@s(w)Zsj_lbj(w,{;‘)WiCk} dw

j=1

|Tr[:() — 8 ()] W&)]| <

< Colt = |1+ 8520 (1 + S 2134
4
x sup [[(1+ 8,7/ [Zef‘lbﬂw, s>W“’k}
welt,s] j=1

x(14+ 872z
< Cilt —s|(1+ 1&12)%,
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when £ € H*(RY). Taking an approximation £, € H?(R?), n € N, such that
lim, o0 1€ — &4lz, =0, 21 = H'(RY), and taking the limit as n — oo of the
left-hand side with the help of (3.10), allows first to extend the previous inequality
to any & € Z;.

Thus, we conclude that

Get.m) = Ge(s.&) =C (1= 51081z, + D*+ 0812/ Inl3, +1g13,) G.1D)

holds for all (s, &), (¢, n) € R x Z1, uniformly with respect to. ¢ € (0, €). Remem-
ber also the uniform estimate |G.(s, £)| < 1.

Now, we apply the same Ascoli type argument as used in [6, Proposition 3.3]
in order to prove the existence of a subsequence (¢, )x and a continuous function
G(.,.) : R x Z; — Csuch that G, (t, &) converges to G(z, §) for any r € R and
& € Zy. Furthermore (3.10) allows to extend G(.,.) to a continuous function on
R x Zy. An “§/3”-argument shows that for any (¢, £) € R x 2y, lim,—, o G, (¢, §)
exists and equals G (¢, £), so that G (¢, .) is a norm continuous normalized function
of positive type. Therefore, for any r € R, G(z,.) is a characteristic function of
weak distribution (or projective family of probability measures) [, on Zy. Finally
the proof is ended as in [6, Proposition 3.3]. O

3.23. An additional compactness argument

Here, the compactness assumption (A3) is converted into some compactness prop-
erty of the Wick symbol b;. It allows to refer indirectly to Proposition 3.3 and to
take the limit as ¢ — 0 in the term with j = 1 in (3.5). With the rough estimates
used in Proposition 3.9, the terms in (3.5) corresponding to j > 1 with a factor
g/=1 will vanish as ¢ — 0. The next lemma applied with g (s) in the integral term
of (3.5), will end the proof of Proposition 3.6.

Lemma 3.10. Let o; be a family of normal states on H satisfying for some finite
constant C > 0 the estimate

Tr[(l + Se)o:(1 + SS)] < C uniformly with respect to ¢ € (0, &).

Here S is given by Definition 3.5. Assume that M(o., € € (0, £)) = {u}, then for
any &£ € Z

lim Tr [0 W()b1 (s, €)™ | = / VAN (5, £)[2] du(z).
e—=0 2

Proof. The polynomial b (s, £) € P12+ P21 splits into two similar terms, namely

Bi(2) = E®z, Vsz®) and By(z) = (z%%, Vi(z ® §))

with their associated operators
Bi=(glemv e £(L2RM), L2(Rd)> and

By =&V, (10 8) € L (L2®). LI®)).
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Let x € Cg°(R) with y(x) = L'if |x] <1, x(x) =0if [x] >2and 0 < x < I. For
m € N*, set x,, (x) = x () and define

Bim = xm(D:)B1 (1® xn(ID:)S2  and
Bym = S:(1® Xm(IDx1)) Baxm (I Dx)
as bounded operators in ,C(LZ(RM) Lz(Rd)) and L(L*(RY), L2(]R2d)) respec-
tlvely We claim that both operators 31 .m and B2 m are compact. Actually, Bz m =
B*,m and
- 1 - . . .
Bipm = (@ 02)((¢" 28 @ D(e ™1 P2 (| D, DV (12) X (1D, e P:2)
1% (eiSAxl ® eiSAXZ )82
Moreover, the linear norm continuous application
A€ LILPRY)) — ("2 @ e ™1P2 (1 © A) € LILFRY), L*(RY))
preserves the class of Hilbert-Schmidt operators since

(™26 ® De™™1P2 (1 ® Al 222, 2y = €120/ All 22

comes by computing the Schwartz kernel with || K ||2£2(L2(M);L2(v)) = f | K (x, y)|2 .

dv(x)du(y). Hence it maps compact operators into compact operators, because
the space of compact operators, £, is the norm closure of £? in £. Therefore,
by taking A = Xm(|D |) V(x) xm(|Dx|) which is compact by assumption (A3), we
conclude that 31 m and Bz m are compact. Now, writing for j = 1,2

Tt [oc W) YN~ (V2 €90 B 0) | < [Tr [0 W @) (B — BYie¥)] |3.12)
—i—‘Tr [QSW(g)B}’Y,i;k] —u (eﬁ““ €2 p j,m(z)) ( (3.13)
+‘/L (e\/iim (§’Z>Bj,m(z)> —n (eﬁim @’Z)B‘/(Z)) ‘, (3.14)

with B; , € ;12(20). The right-hand side (3.13) converges to 0 owing to Propo-
sition 34. Since s — limy,_, oo Xm (| Dx|) = 1, the polynomials B ;,(z) converge to
Bj(z) for any z € Zy, while the estimate

1Bjm @I < clélz, 11— 2)72V| |21,

holds true uniformly with respect to m for some constant ¢ > 0. Additionally, the
estimate TI'[Q,;N3/ 1<cC implies

[ et dn=c
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Therefore the dominated convergence theorem applies and the right-hand side
(3.14) tends to 0 as m — oo. It remains to prove the convergence of the right-hand
side of (3.12). Writing

Tr[oc W@ (BY* = BYI) | = T (5. + Dee(Se + DS + D' WE . + 1)

X (Se+ DTN BYE - BYE) (5, + 17
and referring to Proposition 2.4 leads one to the estimate
Te o W®) (B = BYV)] | = e (Set D7 (B = BN (84 D)7 gy

By functional calculus of strongly commuting self-adjoint operators we see that
(Se + DI/ N+dI'(1 — A) + 1) is uniformly bounded with respect to € € (0, ).
Applying Lemma B4 (with A = 1 — A), we conclude that

I Trloe W (€) (B} — BYWO1 S 11— A ™ 2(Bj — Bjm)(1 — Ayy) ™2

S IElZ I = A) T2V 2z,
x|(1 = A2 = xu(IDx D)l 2(2)-

Again by functional calculus ||(1 — Ay)~Y2(1 — xu(IDx]))|l is estimated by 1
and the right-hand side of (3.12) goes to 0 as m — oo uniformly with respect to
e € (0, &). Finally, a ”§/3-argument” with the established convergence of (3.12),
(3.13) and (3.14) yields the result. O

3.3. Asymptotic a priori estimates

In this section, a priori information on Wigner measures is derived from a priori
estimates on the state o, . In particular, we shall prove the next result:

Proposition 3.11. Ler S; be the operator given by Definition 3.5 and assume that
the family of normal states (0¢) ¢ (0 z) Satisfies

Vo € N,3C, > 0,Ve € (0,8), Tr[(1+ So)oe(1+ So)(1 +N)*] < Ca,

and Mo, ¢ € (0, 8)) = {u}. Then the measure u is carried by 2\, its restriction
to Z is a Borel probability measure on Z| and

/ 2%, 1215, du(2) =/ 2%, 121%, du(z) < +oo. (3.15)
2y Z
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The proof of this proposition requires the two next results:

Lemma 3.12. Let b be a non-negative (self-adjoint) operator on \/? Zy and as-
sume that the family of normal states (0¢)ec(0,5), With Tr [QEND[] < Cy for all
o € N, satisfies

Tr[ngWiCk]SC and M(ge, € € (0,8)) = {u}.

Then Zy 3 z +— b(z) = (z®P, bz®P) € [0, +00] is a Borel function on Zy and
on b(z)du(z) <C.

Proof. When b € P}°,(Zp) has a compact kernel b we know after Proposition 3.3
(see [4, Corollary 6.14] for a complete proof) that

€ = lim Tr 0™ = / b(2) du(2).
e—0 Zy

We use the fact that b — bWiK is operator monotone, in the following sense: if the
(possibly unbounded) non-negative operators by, by in \/? 2y satisfy by > by >0,
then the densely defined essentially self-adjoint operators b}ViCk, j=1L2inH
satisfy by ik > pWick > 0,

By taking b e LN Z),forb € Pp.p(Z), as the supremum of by, with b,
compact, we obtain firstly for all n € N

C > liminf Tr [Q;/ZbWickQ;/z] > lim Tr [Q;/ZbinkQ;/Z] = / ba(2) diu(2).
e—0 e—0 2

Secondly, the monotone convergence yields

C > sup/ (z®P, byz®P) du(z) = / b(z) dpu(z).
neNJ 2y Zy

When b is unbounded, it can be approximated by b, = 1% € E( \/? ZO), forn >
+a

1. Set b, (z) = (z®P, b,z®P). The function b(z) = (z®”, bz®P) = Sup,,cn bn(z) is
a Borel function on Zy as a supremum of a sequence of continuous functions. The

uniform estimate . .
Tr [ernka] <Tr I:Qamek] <C

with the result for b, € L(\/? Zy) gives on b,(z) du(z) < C, for all n € N*.
Again by monotone convergence, we get

/ b(z) du(z) = Supf bn(z) du(z) < C. O
2y 0

neN* J Z
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Lemma 3.13. Let A be a non-negative, self-adjoint operator in Zy with domain
D(A). Assume that the family (0¢)sc(0,5) Satisfies the uniform estimate Tr [QENO[] <
Cy foralla € N, and M(o., € € (0,8)) = {uu}. Then the following implications
hold:

(Ve € (0,8), Tr[e.dI'(A)] <C) = (/ (z, Az) du(z) < C>,
2

(ve € .8, Troar?] =) = (/g

0

(ve € ©.8). Tr[o.arca’N] < C) = (/z

0

Q,szdu&)SC),

(2, Az)*|zl%, du(z) < c) .

In all the three cases, the measure | is carried by the form domain Q(A) of A.
Proof. The first implication is a direct application of Lemma 3.12 applied with
b(z)=(z, Az) , b=A , bVik=dr(A).

The second one is a consequence of

dr(A)? = ((z®2, A® A)Z®2)>Wick 4 edr(A2) > ((Z®2’ A® A)Z®2>>Wick

and Lemma 3.12 with
b(z) = (z, Az)> and b= A® A.

For the last one, notice that N = dI"(1) and dI"(A) commute so that

dr'(4)°N > N ((z®2, (A® A)z®2)>WiCk

With N = (|z|220)WiCk, the composition formula of Proposition B.2 (extended to an

unbounded A) says that N ((z%2, (A ® A)z®2))wiCk = bk with

be(2) = |zl%, (2. Az)? +2e(z, Az)%
Hence we get
2 ) 2 Wick
dr (AN = (Izl%, (2 A2)%)

So, the result is again a consequence of Lemma 3.12 with

-~ 1
b(z) = lzl%, (z, A2)” b=3UQARA+AQI®A+ARARD

For the last statement it suffices to notice that the integrand is infinite in the Borel
subset of Zy, Zp \ Q(A) = {z € 2y, (z, Az) = +o0}. O
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Proof of Proposition 3.11. With S, = dI'(1 — A) + N3, while dI'(1 — A) and N
commute, we know
A+ S)(1+N) =dI'(1 — A).

Hence Lemma 3.13 says that the measure w is carried by Q(1 — A) = Z; with
/ 2%, du(z) = / lz1%, du(z) < C. (3.16)
2y Z

Let us check that u is a Borel measure on (Z, | |z,). The tightness property is
given by the above inequality. According to [4,55,59], it suffices to check that

Gi(6) = [ 6921 uco)
1
with (u, v)z, = (u, (1 — A)v)z,,

is a positive type function which is continuous with respect to & restricted to any
finite-dimensional subspace of Z;. Consider the regularized version

_zinﬂuﬁg,z)zo —2iﬂm(ﬁ§,z)zo
Gin§)= | e n du(z) = e n du(z)
Zl ZO

with A = (1 — A). For all £ € Z; the pointwise convergence

A
VZ S Z], lim %-, Z = <$’ Z)Zl
n

and the uniform bound
—2inM(—ArE 2z,
le o =<1

imply the pointwise convergence of the integrals

V€ € Z4, nlggo G1..(8) = Gi(§).

But G ,(§) equals G((1 + %)_IAE ), where G is the characteristic function of
in Zy:

G(n) = f e N2 duz).
)
Hence for every n € N, the function G| ,(§) is a positive type function. As a

pointwise limit of G ,, the function G is also a positive type function.
For the continuity, the equality

Gl(é) _ Gl(él) :f (e—in.‘]f(-‘;’—f;",z)zl _ ein.‘)i(é—é/,z)a) e—iﬂ.‘)“.<$+§/’z>21 d,LL(Z)
Z
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implies

1G1(§) — G1(&)] <27|§ — &|z / Izl z, di(z)
1 (3.17)

<7 (/Z L+ 112, du(z)) & — &2,

and the function G is a Lipschitz function on Z;. This finishes the proof that u is
a Borel probability measure on Z;. For the inequality (3.15), it suffices to notice
the inequality of (commuting) operators

(14 8)°(1+N) = (@I'(1 — A*)N.
Applying Lemma 3.13 yields

/. el 2, dn) = . O

3.4. Uniqueness of the mean field dynamics
via a measure transportation technique

Now we are in position to prove Theorem 1.1. This will be done in three steps:

1) Writing a transport equation, in a weak sense in 2 for u;;

2) Solving this equation as u; = ®(t, 0). o when the initial state o, fulfills strong
decay estimates;

3) Relaxing the strong decay estimates.

3.5. The transport equation on Z;

We shall need similar notions about cylindrical functions, as those used in Zp and
recalled in Appendix B.1. Let P; denote the set of all finite-rank orthogonal pro-
jections on Z; and for a given p € [Py let L, 1(dz) denote the Lebesgue measure
on the finite-dimensional subspace g Z;, with volume 1 for a Z;-orthonormal hy-
percube. A function f : Z; — C is said cylindrical if there exists o € IP| and a
function g on g Z; such that f(z) = g(pz), for all z € Z. In this case we say
that f is based on the subspace p Z;. The set of Cj° (respectively ) cylindrical
functions on Zj, is denoted by Cg°. gl (Z1) (respectively Scy1(Z1)). We shall also

,C

alg
need C(% yl(Zl x R), in which the algebraic tensor product C&yl (Z1) ® C°(R) is

,C
dense. Finally the Fourier transform of elements of Scy1(Z1) is given by

RO =] 1© e N Bz L (d2),
21

f@) = . Filf1E) ez o (dg).
021
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Proposition 3.14. Let S; and 0.(t) be the operators given by Definition 3.5 and
(3.3). Assume that the family of normal states (0¢)qc (0 z) Satisfies

Vo €N, 3Cy > 0, Ve € (0,8), Tr[(1+ S)os(1 + S)(1 + N)*] < Cq,

. k— 00
and consider a subsequence (g;)reN, € — 0 such that

M(06, (1), k € N) = {fus}

according to Proposition 3.6. Then the measure [i; is a Borel probability measure
on Z| which satisfies the following properties:

° le IZIZZl dii(z) —|—le |Z|2|Z|220 di;(z) < C' for some C' independent of t €

o When (en)nen+ is a Hilbert basis of Z1 and Z is endowed with the distance

— (z1—22.en)
dw(z1,22) = \/ ZneN* 0 +n)2” , [t is narrowly continuous with respect to
teR;
e The measure |i; is a solution to the Liouville equation

Oy +i{Vy, i} =0

in a weak sense, namely
Y/ €€ 021 x R), /R/Z @ f +i (Vi f) dits(0)dt =0, (3.18)
1

Proof. Proposition 2.3 and the commutations [e/tH: N] = [ Hy , N] = 0 ensure
Vo € N,3C,, > 0,VreR, Ve € (0, &), Tr[(l + Se)o: (1) (1 + Se)(1 +N)a] <Cl,.

Proposition 3.11 and (3.16) applied for any r € R, provides the first results. It
remains to check the narrow continuity and the Liouville equation.

a) Take the Z;-characteristic function
Gi(n,t) = ﬂt(e—Ziﬂm(n,QZl).

Inequality (3.17) and the uniform estimate |’ z 1+ |z|221) dii;(z) <1+ C’ ensure
that the inequality

1G1(n, 1) = G1(', D] < (1 +CHIn—1'lz, (3.19)

holds uniformly for all n, n” € Z; and all ¢ € R. From the identity (3.4), we deduce

t,
,11,/(6“/Em & -, (e’*/—c)q ——2«/51'/ [Ls(e“/Em €2 1m (222, Vi€ ® 7))ds.
t
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Estimate (2.13) implies
Im (%2, Vs(¢ ® 2))| < Clz|%, Izl 2y €] -1 (ma)-

Taking & = V27(1 — A)n withn € HY(R) = 2, leads to

(G 11 1) — Gi (. )| < 4nClylz,lt — '] sup fz 1212 122, dis (@)
1

se(t,t']

and, with the uniform estimate | Izl‘g1 IZIZZ0 diis(z) < C',to

Vne 21, Vet eR, |Gi(n, 1) —Gi1(n, 1)] < 4xC(1+CInlz, |t —1'|. (3.20)

When g € Sy1(21), based on o Z, the relation

/g(z)d;lz(z)=/ FilglmGi(n, 1) dLy 1(2),
Z 02

combined with the continuity properties (3.19) and (3.20), implies that ¢+ —
/ z, 8(2) dfi;(z) is continuous. This continuity holds for all g € S¢yi(Z1). The

uniform weak tightness property |’ z |Z|221 dji;(z) < C" and Lemma 5.12-f) in [3]

ensure that # — i, is narrowly continous when Z| is endowed with the distance
dy.

b) Integrating (3.4) with F[g](n) Ly, 1(dz) also provides

t
/g(z)dﬁz(z)=/ g(z)dﬁo(z)Jri// {Vs, g} (2) das(2) ds.
zZ Z 0 JZ

Hence for any g € Scy1(Z21), the function Iy : 1 fZl g(z) dis(z) belongs to
C!(R) with

0 1g (1) :i/ {(Vi, g} (2) djis (2).
Z

By multiplying the above relation by ¢(t), with ¢ € C3°(R), and integrating
by part proves (3.18) when f(t,z) = ¢(t)g(z). We conclude by the density of

alg )
C (2 ® CPM) in €55, (21 x R). .

,C

3.6. Uniqueness of the measure for regular initial data

According to the notation of [3] and Appendix C, we consider the space Prob; (Z)
of Borel probability measures p such that

f |21, du(z) < +oo.
Z
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On this space, we introduce the Wasserstein distance

12
WaGur, uo) = | min /|Z1—22|221 du(zr, 22) (321)
uel(ui,p2) J 22

where I (w1, n) is the set of Borel probability measures 1 on Z| x Z| with the
marginals (ITy),u = 1 and (IT2) it = pa.

Proposition 3.15. Let S, and 0.(t) be the operators given by Definition 3.5 and
(3.3). Assume that the family of normal states (0¢) ¢ (0 5) Satisfies

Vo € N,3Cq > 0,Ve € (0,8), Tr[(14 So)oe(1+ So)(1+N)¥] < Cq
and M(Q{E? &€ (07 é)) = {lu‘o} .
Then for any timet € R, the family (0.(t) = e gHEQgeiéHg)ge(()’g) admits a unique
Wigner measure p; = ®(t, 0) 1o, where @ is the Hartree flow defined by (1.3) on
Zy. It is a Borel probability measure on Z| with t — u; being an absolutely
continuous curve in Proby(Z) with respect to the Wasserstein distance W, and
which satisfies

Vi € R, /Z] l2I%, I21%, du(z) < C.

Proof. We still start with the state . (¢) defined in (3.3). Proposition 2.6 says that
the group ® (7, s) associated with (1.3) and the dynamical system ®(¢, s) associated
with

iz=v(t,2) , v(t,2)=e "BV x|e"Pzle!" M)

are well-defined on Z. Further it gives the estimate for the velocity field
(. )z, < VA=A 213, 12 2.

When fi; is the Wigner measure defined for all times and associated with a subse-
quence (&, )keN, We obtain

vt € R, /z. lv(t, 2)|%, dfie(z) < C/Z1 2%, 1213, diii(z) < C'.

With Proposition 3.14, t — [, is narrowly continuous (on (Z1, d,,)) with respect
to time # € R. According to Lemma C.7, the Liouville equation (3.18) is nothing
but the weak form of

ap+ V@, ) =0.

According to Proposition C.1, the curve R 2 7 — [i; € Proby(Z;) is absolutely
continuous for the Wasserstein distance W5.

Therefore all conditions of Proposition C.8 are fulfilled and hence we deduce
that i, = ®(z, 0)4p. Moreover this uniqueness implies M (0.(t), ¢ € (0, 8)) =
{fi;} for the whole family (0¢(?))sc(0,7) and all times ¢ € R.

Going back to 0, () = e £ H2 5, (1)el £ 12 it gives g = ® (2, 0)ujto.

The last uniform estimate is given by Proposition 3.14. O
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3.7. Evolution of the Wigner measure for general data

We follow the truncation scheme used in [6]. When the initial data satisfies only
IN + H)*?0: (N + H))*?|l < Cs

for some 6 > 0, we approximate o, by

1

0eR = xr(N, H))o: xr (N, HY)

as R — +oo where xg(n,h) = x(%, %), with) < x < 1,x € C(‘)X’(Rz) and
x = 1 in a neighborhood of 0. The time evolved state is defined by

;L L
Qs,R(t) =e lgHng,R estg_

The assumptions ensure that for all times

loe (1) — e, r ) 21 ) < V(R)

with v independent of (¢, ¢) and limgr_, 5, v(R) = 0. We recall the Proposition 2.10
of [6].

Proposition 3.16. Let (g;! )ec0,5), ] = 1,2, be two families (or sequences) of nor-
mal states on 'H such that Tr [Qé N‘S] < Cjs uniformly with respect to € € (0, €) for

some § > 0 and Cs € (0, 4+00). Assume further M(Qg,s € (0,8)) = {,uj}for
j=1,2.Then

/Iul — pa| < liminf|lo} — anﬁl(H)'
e—0

End of the proof of Theorem 1.1. For R € (0, +00), the state o, r fulfills the con-
ditions of Proposition 3.15 except the uniqueness of the Wigner measure at time
t = 0. Out of any sequence (&,),eN, a subsequence (&, )keN can be extracted in
order to ensure

M(oe, .k k € N) = {no.r} .

Thus after this extraction we obtain
VieR, M., x(0), k€ N) = {®(,0)u0r) .

Take ¢+ € R and let u belong to M(g:(2), ¢ € (0,&)). There exists a sequence
(€n)nen such that

M(gs, (1), n € N) = {u}.
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After extracting a subsequence like above and by using Proposition 3.16, we obtain

/Iu—q)(t,o)*uol S/Iu—d)(t,O)*Mo,RlJr/IMo,R—Mol < 2v(R),

since the total variation of ®(z,0),uo r — D (t,0)«po and po g — (o are equal.
Taking the limit as R — oo implies u = ®(, 0)4 o and therefore

Mg, € € (0,8) ={P(t, 0)xp0} .

This also proves that limg_, o f Z |y — @(t, 0)stto, r| = 0, while all the measures
®(t,0)« 0, r are Borel probability measures carried by, and on, Z1. This implies
that u, is carried by Z; and is also a Borel measure on Z;. This ends the proof of
Theorem 1.1. O

4. Complements

Additional results are given in the three first paragraphs, concerned with the BBGKY
hierarchy or the propagation of energy. The fourth one shows some examples and
the last one is an informal discussion about the classical mean field problem.

4.1. BBGKY hierarchy

Although the analysis here is different from our previous work [6] it is possible to
combine them, in order to strengthen the result of Theorem 1.1. It is also interesting
to reformulate our result in terms of reduced density matrices since, in the literature,
several mathematical results on mean field limit use the BBGKY hierarchy method
(see for example [8,9,42]). For a family of normal states (0¢)sc(0,s) on H and

p € N, the reduced density matrices yg(p ) e [l (L?(de )) is defined according to

- Tr o] , .
(0209 Wick 2 md
Tr [ygl’ b] = oz Tr [ng ] . Ybe LWLARYPY), @)

with the convention that the right-hand side is O when Tr [Qg(|z|2p )WiCk] = 0 and
p > 0.

Theorem 4.1. Let (0:)cc(0.5) be a family of normal states on 'H, satisfying the hy-
pothesis of Theorem 1.1, with a single Wigner measure 11y such that

VYa € N, lir%Tr[QgNa] = / 121%% dpo(z) < +o0. 4.2)
E—> ZO

Then for all t € R, the convergence

lim Tr [QS(Z)bWiCk] - /
e—0 Z

)

b(®(1,0)z) dpo(z) =f b(z) dps(2)

2
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al . .
holds for any b € Pag(Z0) = @;,gqu’PPaq(ZO)’ with 1y = ®(t, 0)xuo. Finally,
the convergence of the reduced density matrices

1

hm y(p)(t) =
Sz, 1217 dii(2) J 2,

12%P)(z®P| d s (2)

holds in the L' (L2(RP))-norm for all p € N.

Proof. By Theorem 1.1 the the family of normal states (0. (f))se(0,z) admits a single
Wigner measure u, equal to ®(¢,0),uo. Since the quantum and classical flows
preserve the total number, the state p.(¢) satisfies as well condition (4.2) for any
time ¢t € R. Then [6, Proposition 2.11, 2.13] provide the claimed results. O
4.2. Moment upper bounds

In [4], it was proved that the sole a priori estimate Tr [QSN(S] < Csforagivené > 0
(possibly small), with M (ge, € € (0, £)) = {u} leads to

/ 1212 du(z) < +oo.
)

The a priori estimate, assumed in Theorem 1.1 at time ¢ = 0, leads to

/ |Z| d,u(z)<+oo
Z

according to the following result which is a variation of Lemma 3.12:

Proposition 4.2. Let (A, D(A)) be a self-adjoint operator on Zy such that A > 1.
If the family of normal states (0¢)¢c(0,5) Satisfies Tr [Qg (dr (A))‘s] < Cj for some
8 > 0and M{ge, e € (0,8)} = {u}, then

/ (z, Az)® du(z) < +oo.
2

Proof. By Wick calculus (see Proposition B.2 when A is bounded), one gets

Wick

dray* > ((Z, Az)k) ,Vk € N.

Let (e;) jen be an orthonormal basis of Zg such that e; € D(A) for all j € N, and
set

ZA/2|e Yej|AY? = Z|Al/2 y(AY2e;).

j=0
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The inequality A®% > A?k holds for all J € N, while b — bWk is operator
monotone when restricted to operators b acting in \/2k Zy. Therefore, we obtain

n n Wick
(1+dr(A)" =) Crdl (A = (Z Ch(z, Az)k)
k=0 k=0 (4'3)

n Wick ‘
> (ZC’J(z, Amk) = [0+ (2, Ay
k=0

We shall use the same argument as the one in [4, Theorem 6.2] when A = Id,
relying on the semiclassical calculus in finite dimension (see [12,40,50,53,57]).
Let g7 be the orthogonal projection from Zy onto @LOAV 2¢;. The symbol

1 + (z,Ayz) is a cylindrical symbol based on gy Zy. Since ker A!/? = {0} and
eo, . . ., ey are linearly independent, the symbol

J
(42, Asz) =14 (A%, 2))?

j=0

is an elliptic symbol on p;Zy ~ C’/*! in the Hormander class 8(1 + IzléH,,

2
|dZ|CJ+1

2
1H12l0 41
dimensions gives

). The functional calculus of Weyl e-quantized elliptic operators in finite

s Weyl

Vs e R [(1+ (2 A" = (= Coe) [+ (2, 4] (44)

The finite-dimensional comparison of Wick and Weyl quantization, also gives

]Wick

vne N[+ @ 4" = (= Co [+ @ 4V ] @s)

From (4.3)(4.5) and the operator monotonicity of B — B’ fort € (0, 1], we deduce
s
VseR (AN 2 (= Ce) [0+ @ an™]
and (4.4) gives

Weyl

Vs eR, (1+dl(A)° = (1-C) e[+ (z Asz)] (4.6)

The definition of Wigner measures, recalled in Theorem 3.1, says

lim Tr [g,6%] = / b(2) du(),
e—0

)
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for all b € S¢y1(2p), in particular the b’s based on g Zy. Take now s = § in (4.6).
The a priori estimate

Tr [@g [(1 + (z. A1z>>5]weyl] < (14Cy58)Tr [0s (1 + dI'(A))°] < C5(1+C 56),

and the ellipticity of (14 (z, A;z))? allows to extend the above convergence to any

d 2
cylindrical b = f o gy with f € S((l + 121208, | Z|C2”' ) In particular, this
c Izl
leads to
/ : b} . 51 Weyl
Cj = limsupTr [0: (1 + dr(A)’] = lim Tr I:Qs [(1+ (2. As2)’] ]
e—0 £~

=[| (1+(z, As2) du(2).
=)

Since A =sup; Ay with Ay > A for J' > J, the monotone convergence implies

Ch> [ (+ (e A2 dpc) = / (2. A2) du(a). =
2y 2

Proposition 4.3. Within the framework of Theorem 1.1 with the assumption Tr[(N+
HSO)‘SQE] < Cs for § < 6, the measure |1; satisfies the additional estimate

28
/ |zl z, dii(z) < Cs
Z

for all times t € R.

Proof. The functional calculus of commuting operators implies

es(1+ 803 < 1+ N+ HY) < (1+8.)°.
Thus the initial state o, satisfies

Tr[oc(1+ 5077 ] = ¢,
From Proposition 2.3, we deduce
i (1 4 §)2e 5 < (1 + S,)2.
Since B — B? is operator monotone for s € (0, 1], this implies
eigHE(l + S8)8/3efi§Hg < C8/6(1 + 56)5/3
as soon as % < 2. The inequality
Tr[oc (0@ = A3 = Tr e ()1 + 5077 ] =

and the previous Proposition 4.2 applied with A = (1 — A), yields the result. [

A more accurate version of this last result is given below by making use of the
conservation of energy.
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4.3. Convergence of moments and energy conservation

For a family (0¢)¢e(0,5) of normal states with a single Wigner measure o condi-
tion (4.2) is an important and non-trivial assumption. Indeed, we proved in [6] the
following equivalence

(Va e N, lirr(l)Tr [QSN"‘] = / 12| duo(z))

o 2 4.7)

N (Vb € Pug(Zo). lim Tr [QSbWICk] — / b(2) duo).
e—0 =z

Hence condition (4.2), although it involves only the number operator, is exactly the
one which leads to a good asymptotic behaviour of the reduced density matrices.

Proposition 4.4. Let (0:):c(0,5) be a family of normal states on 'H, satisfying the
hypothesis of Theorem 1.1, with a single Wigner measure po. Assume Tr[o. N*] <
Cqy uniformly with respect to ¢ € (0, £), for all « € N. Then for every a € N, the
quantity

liminf Trloe (1) N*] — / 212 du(2),
e—

2

does not depend on time when 9. (t) = e_’%Hf‘Qge"éHS and M(p:(t), ¢ € (0,8)) =
{u:}. Condition (4.2) is satisfied by (0¢(t))cc(0,5) and |, for all times t € R, as
soon as it is true for one ty € R.

Proof. According to Theorem 1.1, we know that M (0. (), € € (0, £)) = {u} with
we = ®(t,0)pup. Conservation of the |.|z,-norm by the nonlinear flow ®(z, 0)
yields

/Z 1% dus@ = [ 128 duota)
0 2

for any + € R. On the other hand, H, and N are strongly commuting self-adjoint
operators therefore Tr[o, (f) N*] = Tr[o.N*] for every o € N. O

Proposition 4.5. Let (0¢)cc(0,5) be a family of normal states on 'H with a single
Wigner measure o satisfying the hypothesis of Theorem 1.1 with § = 2 and condi-
tion (42). Then for any t € R

lim Trlo. (1) Hel = / h(z.7) du(z) € (—00,00) 4.8)

Z

where 0. (t) = e~icHe QgeiéH*’, ur = ®©(t,0) o and h(z, 7) is the classical energy

given in (1.2), and both sides of the identity do not depend on time.

Proof. With the energy conservation, it suffices to prove (4.8) fort = 0. Let x €
Ci°(R) such that 0 < x < 1, x(s) = L'if [s| < 1 and x(s) = 0 if |s| > 2. For
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m € N*, set x,,(x) = X(%). Let Bi(z) and B;(z) be respectively the polynomial

(z,—Az) and By(z) = V(2) = 3(z®% V(x — y)z%?) well-defined for z € Z;.
Remember that although the kernels of By and B, are unbounded operators their
Wick quantization still have a meaning as densely defined operators on H (see
Appendix B). Write for j =1, 2

Tr [oc BYH] - /Z Bj@dno@)| < [Tr o (8" — 50| 49)

+‘Tr[983y;fk]—/zBj,m(Z)dMo(z)‘ (4.10)

0

+ [ Bin@ o - [ 5,
Z] Zl

where By (2) = (2,— Al xm A)]2) and By (2) = 5 (%%, V (x =) [Xm A1) 12%%).
Observe that Lemma B.6 leads to

L (4.11)

| @r(=8) + N+ D7 dr (AL = ) (=) @ (=4) +N+ D7 |

m—>c>o

(A = xm)(=A)] 0

—A
< ||
<[t
and

@M (=A) + N+ D7 (B — Bk dl(—A) + N+ D)7
<Cyl(1— M) = p) (=) "

Therefore the right-hand side (4.9) tends to 0 when m — oo thanks to the regularity
of g.. Now, since B; ,,, j = 1,2 belong to Pye(Z0) then by the statement (4.7),
proved in [6, Proposition 2.12], the right-hand side (4.10) converges to 0 when ¢ —
0. Further, by the dominated convergence theorem and with the help of Lemma
3.13, the right-hand side (4.11) vanishes as m — oo. Hence a §/3-argument gives

lim Tr[g, B}''] = / Bj(z)duo(z) for j=1,2.
e—0 Z
Thus (4.8) is proved. L

4.4. Examples

We give here two examples, other can be found in our previous articles [4—6]. The
first one recalls that the transport of the Wigner measure takes into account some
correlations. The second one is about the mean field dynamics of states, which do
not satisfy (4.2) and makes a connection with Bose-Einstein condensation.
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4.5. Deformed tori

For two elements ¥, ¥, € Z; C Zy such that ||| = ||¥2]| = 1 and (Y1, ¥n) =
0, the space Zy can be decomposed into

1L I
Zo=Cyr 0 Cyy 0y
This decomposition is second-quantized into the Hilbert tensor product
H =T'(Z0) = Ts(Cyr) @ T5(Cy2) @ T (),

which allows an analysis by separating the variables. The number observable is
now
N=Ni@lehe(IeNoDho (118N,

simply written as N = N{+N, +N’, where N1, N; and N’ are respectively the num-
ber operators on I (Cyry), 'y (Cyrn) and I's (). Consider in this decomposition,
the state

0: =0; ®0; ® (N

where |€2') is the vacuum state of Iy () and

o = W™ WP, 0f = IS s,
with lim en; = lim eny, = —.
e—0 e—0 2
In H = I';(Zy), this state is explicitly written (see [6]) as
0s = [y ")y V) (4.12)
np times ny times
1
with YV = a*(Yy)...a* (Y1) a* () ... a*(Y2) Q). (4.13)
Jemtnp !

The state satisfies

lim Tr [ N0 LR R
im Tr =|=-+=) =1,
e0 ¢]=\272
owing to N = N; +N, +N’. Moreover, with (4.12) and (4.13),N—{—H80 =dI'(1—-A)
and the help of Wick calculus, it also fulfills
2 2
Wil + 12l
— 5

Meanwhile the separation of variables allows to compute explicitly the (it is unique)
Wigner measure of (0¢)sc(0,5)

lim Tr [(N + HB)Qs] =
E—>

1 1
=383 ®8% @k on Zi=(Cynx Cy)x Y.
2 2

. 1 2
with 85 = > / 8 i0y, d.
T Jo
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We get
k
/ 2] dMo(z)=/ (|m|2+|z,2|2+|z/|2) duo(z) = 1= lim Tr[NkQE].
Z, Z £—>00

Hence all the assumptions of Theorem 1.1 and Theorem 4.1 are fulfilled. This
measure is carried by a torus in Z] better described by using an other orthonormal
basis of Cyr; @ Cyrp:

2 2
Yo = %(IIM +v2) . V1= i%(lﬁl — ),
Yy = cos(@)vo + sin(p) ¥z,
V2

0+6"

2 @y + ey =2 Vot
1 2
_ S
o = o )y 81//«: de.

Two elements e’ glmp and ¢’ 9/1#(/,/ in the support of g are equal when
(0'=60and¢'=¢) or (0 =0+mand¢ =¢+m).

Hence a one-to-one parametrization of the torus can be done by ¢ € [0, 27) and

0 elp,¢+m).
Let v, (1) = ®(t, 0)v,, be the solution to the Hartree equation

{ i (1) = =AYy (1) + (V % [P (D) 1y (1)
Yot =0) =Yy = €' % cos(p)¥1 + e~ % sin(@) Y.

The gauge invariance of the equation says that for any 8 € [0, 2x], ei9w¢ @ =
(2,0) [eigw‘p]. By applying the result of Theorem 1.1 and Theorem 4.1 we get

1 2w gl 2w 2
“t:g/o Sy 4o = 4n2/ / 8eity, (1) ded?

1
VpeN, limy®P ()= — / [ (D122 ) ([ (D1®P] dp.
e—0 27 Jo

Since the Hartree flow is nonlinear, the complete hierarchy of reduced density ma-
trices have to be taken into account if one wants to write evolution equation for
them. More simply, they can be computed after solving an autonomous equation
for the Wigner measure. Due to the nonlinear term the dynamics of correlations is
by far non-trivial. This can also be thought geometrically: The initial measure is
initially supported by a torus which lies in a 2-dimensional complex vector space
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¥

Po(t)
; O
Rapg ,// / Rapg
= \
]
/

~

Figure 4.1. Evolution of the measure initially carried by a torus in Cyy & (Czp% . The

complex gauge parameter ¢!’ is represented by the small circle.

(think of the circle in the plane Ry & Rl/f% ); along the time evolution, the measure
Wy is still carried by a torus in Z;, which nevertheless, is a priori not embedded in
any finite-dimensional subspace. In Figure 4.1, the deformed torus for time ¢ # 0,
has to be imagined in the infinite-dimensional phase-space 2| C Zy. Contrary to
the picture, there might be no intersection with the real plane Ryy & RI/I% .

This discussion can also be extended to higher dimensional tori after taking a
finite (or countable) orthornormal family (,)1<,<y for building the initial states

0¢ With a measure 1—[.1/\/:1 55;%, (see [6]).

4.6. Propagation without the convergence of moments

In [4] we considered the thermodynamic limit of a free Bose gas on a torus with the
one particle energy given by —A. We showed that in the regime which may exhibit
a Bose condensation, condition (4.2) fails and illustrates what we called a dimen-
sional defect of compactness, in opposition to the phase space or microlocal defect
of compactness (see [28,61]). Others examples were given. In [6] the propagation
result for bounded interactions but without any compactness condition, cannot be
applied for such initial states. With Theorem 1.1 the propagation holds for this kind
of initial states. Since our analysis is valid on R the analysis for the torus does not
apply directly and we adapt the presentation of the Bose-Einstein condensation.
Moreover the dimensional defect of compactness which plays with all the di-
rections of the phase-space Zy = L?(R?), can be geometrically thought in the one
particle phase-space T*R<. Condition (1.4), which leads to estimates of on|Z I%}Sl du,
suggests that the dimensional defect of compactness is due to mass going to 0o in
the position variable rather than in the momentum variable, in 7*R?. The mean field
limit that we consider here, can be tested by using the harmonic oscillator Hamilto-

. 2 : : : :
nian A = —92 + - %. The motivated reader will then see that the dimensional
defect of compactness o, is incompatible with condition (1.4).
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We work in dimension d > 2. Let ¢y be an L2-normalized C*° function sup-
ported in the hypercube (—%, %)d and set

Vk e N4, ep(x) = eg(x — k).

The family (ej)xen is orthonormal in Zo = L?(R?). The spanned Hilbert subspace
and the corresponding orthogonal projection are respectively denoted by Z, and
I1,,RanIl, = Z,. Note that

[, (—A)I, = (/ |V€0|2) I1,.
R

Consider now the self-adjoint operator defined on Zy = L>(R?) by

d
A=Y Ikllex)exl, Ikl = Zlkf’
]:

keNd

which restricted to Z, is unitarily equivalent to the harmonic oscillator Hamiltonian
2 os
A=-32+ i % on R?. We use the tensor decomposition

2= Z, B ZE . H=Ty(Z) =Ty(Z) ®TL(ZD),
N=N@I+1ON; =N, +N- | Q) =) ® |20,

VB, € L(Z.), |Bcl <1, T(B,) ® (197 )(Q]) = [(IT, B IN,),

VB € L(Z), IIBll <1, T(IL.BIL,) =l 0 B|z,) ® (I )(QL).

In particular the last relation with B = ¢*’# differentiated at time ¢ = 0 gives

[(I1,)dI (—A)T(T1,) = ( / , |V60|2> N..
R

Consider on H, the e-dependent gauge invariant (tensorized) quasi-free state

1
— [(T1, e Pe(A—1e) T
o Tr [[(TTee—Fe(A-1o)TT,) | (Me 2

1
= I(M,Z.e %A1
TI' [F(Hezae*ﬁsA]_[e)] ( e~ E) (414)

1

= r'ai)Hrz —Bs Al z.nD(4) T(IL).
Tr[F(Zae_ﬂfA‘Zeﬂ’D(A))] ( e) ( c€ ) ( e)

The chemical potential j, is negative of order £!~!/¢ and the temperature is large

according to
€
Ze=ePte =12 | B, =¢l/d,
Ve
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With the &-dependent definition of a(f), a*(f), [a(g).a*(f)] = &(g, f), and
W (f), this quasi-free state is characterized by the two-point function

Tro.a*(Na@)] = o (Mg, Zee 41 = Zee P4 Mo f)or - @19)
Tr[oe W ()] =exp | —e(T £, (14 Zee PeA) (1 = Zoe P47, £) /4] 4.16)
In particular the total number (multiplied by ¢) is given by

Tr [0eN] = Tr[0:N,] ) Tr[oca*(er)a(er)]

keNd
=vc+v+r(e) with lim r(e) =0, and “4.17)
e~ lul +oo ot
v:/ = |59 1|f — N ar @>2). 4.18)
R4 1—e —\ul

We deduce

giir})Tr [QEN] =vc+v ,
lim Tr I:Qg ] = lim Tr [0 (IL)dT (~A)[(T1)| = </ |Veo|2> (Ve + v),
Rd

and condition (1.4) of Theorem 1.1 is satisfied.

Actually vc > 0 corresponds, in the analysis of the free Bose gas (see [4]), to
the density associated with the condensate phase. In the scaling that we consider,
it is the other part which produces the dimensional defect of compactness. Let

us compute the Wigner measure, by considering the limit of Tr [QS WK 2rf )] as
& — 0. With

f=) fee+ [ 1P =D AP+ =1 f P+ I

keNd keNd

expression (4.16) gives

Z —81/d|k|
v [st(ﬁnf)] — ¢TI P/2 o oxp _mzz | fel? ge—wk
ot (1=Zee=¢ Iy | (4.19)

30—l fol?.
The family (0;)sc(0,5) admits the unique Wigner measure

_ lz012
e 'C

o = ®38 on Zy = (Cep) x ¢y,

b aV%!
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which is carried by Ceg C Z; and which can also be written as

_ \zl2

e toe e
Mo = —5160 L(Ceo(dz) = (Sﬁe du.
Cey TTVC 0 Ve 0

In particular, we get

/ |Z|230dl/vo(Z) =ve < vc +v = lim Tr [g:N]
Z e—=0

am./ m%dm@w=w(f Wmﬁ)<wc+w</ WmF)
Z R4 R4

= 1in(1)Tr [0:dT(1 — A)],
£—>

and condition (4.2) does not hold. Even at time t = 0, no formula is available for the
reduced density matrices in terms of the Wigner measure. Nevertheless the time-
dependent Wigner measure of o.(¢) = e_iéH’EQgeiéHs is given by Theorem 1.1,
since condition (1.4) is verified. Consider the solutions to the Hartree initial value
problems

iath =—AY, + (V = |¢u|2)wu

Yu(t =0) = Juey, u € (0, +00).

Then the Wigner measure of g.(¢) = e_iéfHSQSeiéHe is given by
+00 , 3¢
e C Sl
Uy = / —4 du.
0 ve  Vu®

Again like in the example of the previous section, the measure p, is carried by sur-
face containing 0 and topologically equivalent to C, but this 2-dimensional surface
does not remain a priori in any finite-dimensional subspace of Z; for t # 0.

4.7. About the classical mean field problem

The classical analogue of our analysis is the derivation of the Vlasov equation

O f +v.0cf = 5 @:Vr(x,0).0uf =0

ft x,v) = folx,v)

Vi,t) =Vxor(x,1) . o0px. 1) = [pa f(x,v,0)dv
where f(x, v, t) represents the particle density in the 1-particle phase space R)Zcflv,
from the classical Hamilton many body system

ME N Ci=1,....N,
Vi = _W(ijl 8x,-V(xi _xj))
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in the limit N — oo. This problems is still open for singular potential and C. Vil-
lani, in a recent survey article about the Landau damping [52] quotes the work of
Hauray-Jabin [36] as the most advanced one in this direction. It works for a po-
tential such that |[VV| = O(|x|~%), s € (0, 1), and does not include the Coulomb
interaction.

Indirectly, our result justifies the mean field model up to Coulomb interaction
in dimension d = 3. In [49] and more recently [2], the Vlasov equation is proved
to be the semiclassical limit of the semiclassical Hartree equation. This means
that there are two “semiclassical” limits, one in the phase-space L?(R?; C) with
the small parameter 1/N, another one on the phase-space T*R¢ ~ R?? for the
one particle nonlinear problem. This double asymptotic regime is well presented
in [25,27,35].

A possible strategy for directly deriving the classical mean field limit from the
classical many body problem consists in adapting our approach by, as usual, replac-
ing traces by integrals. For information, we refer the reader to the presentation [18]
by J. Derezinski of the classical analogue of second quantization. Of course clas-
sical mechanics, although living in the commutative world, is often more singular
than quantum mechanics, from the analysis point of view. With the Coulomb inter-
action, the Kustaanheimo-Stiefel desingularization of the Hamiltonian flow may be
useful (see a.e. [15,38,41,43,46]).

Appendices

A. Commuting self-adjoint operators on a graded Hilbert space

We briefly study the general structure of self-adjoint operators on a graded Hilbert
space. Properties collected in this section are useful for the analysis of the quantum
Hamiltonian (1.1). In this appendix, the small parameter is not required and we
work with ¢ = 1.

Remember that a graded Hilbert space H is a direct sum of Hilbert spaces

‘H,,n € N, of the form
o0
H =P Ha

n=0

Let (An)nen be a sequence of self-adjoint operators where each A, acts on H,,. We
define the operator

o0
DA) =W eH: ) [|A¥™[5, <oot.

n=0 (A1)

o0
AV = ZA,, W forall W € D(A).
n=0
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Taking in particular A, = nlly, for n € N, we obtain the number operator
o0
N =Y nly,. (A2)

We say that two self-adjoint operators B and C on a Hilbert space strongly commute
if their spectral projections mutually commute. This is equivalent to the commuta-
tion of their resolvents for some z € C \ R and also to the commutation of their
associated unitary groups. More precisely, B and C strongly commute if and only

ifforallz,s e R S o
ettCelsB — €lSB€”C.

Proposition A.1. Let A and N be the operators given by (A.1) and (A.2). The
following assertions hold:

(i) A and N are self-adjoint;
(ii) For any bounded Borel function on R

A=) f(Aw;
n=0

(iii) The operators A and N strongly commute;

(iv) If D, is a core for A, for each n € N then ®neND is a core for A;

(v) For any real polynomial p the operator A+ p(N)|p(a)nD(p(N)) is essentially
self-adjoint and

[e.¢]
A+ p(N)DanDpy = D, An + p(n)lin,.
n=0

Proof. (i) Clearly, A is a densely defined operator. It is also symmetric, since for
any ¥, ® € D(A)

00

[e.0]
(@, AW =Y (D", A, W)y, (A @™, WMy = (AD, W)y
=0

n=0 n

For any W € D(A) and ® € D(A*),

(@™, AWMy,

2

(A*®, W) =

Il
=}

n
Hence the following inequality holds:
o0

Z(@("), An\y(n))H,,

S NA™ P W1
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Taking any W™ € D(A,), this means that @ € D(A*) = D(A¥) = D(A,).
Extension to any W € H gives ® € D(A). This proves that A and N are self-
adjoint.

(ii) For each n € N, the map 1 +— e/"4e AW js of class C! for any W e
D(A,) by Stone’s theorem with derivative

dieilAe—itAnly(n) — l-eilA(A _ An)e_itA”‘-IJ(n) =0.
t

Hence, for any ¥ € EBfl]EgND(An) (and then for any W € ‘H, since EBfl]egND(An) is
dense in ‘H) we see that for all t € R

o0
AW =A™, (A3)
n=0

By functional calculus we extend identity (A.3) to any bounded Borel function f
on R.

(iii) By using (ii), we get forall s, € Rand ¥ € H

00 00
e”NelSA\IJ — ellN ZelSA”q/(n) — Ze”neISA”\I/(n) — elSAelthj.
n=0 n=0

(iv) The algebraic direct sum Dgy = @ %, D(A,) C D(A) is dense in H and
invariant with respect to the group (e’4),cr. Therefore, Dy, is a core for A. On

the other hand, the subspace Dgn = EBilgNDn satisfies

A, C Appo C AD(a).

Hence ’Dgn is also a core for A since A;p,;, = A\D(4)-

(v) The operator B = Zf;o:o A, 4 p(n)lyy, (with its natural domain) is self-adjoint
by assertion (i). It is clear that

Din = @ 5yD(An) € D(A) ND(p(N)) C D(B),
and furthermore

Bipy, = A+ p(N)ps, C A+ p(N)Daynp(p(v)) C Bip()-

Therefore, the operator A + p(N)|pa)nD(p(n)) 18 essentially self-adjoint since
Bips, = Bip(s)- -
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B. Second quantization

For the reader’s convenience, the general framework of second quantization and
some related notations are recalled. The phase-space, a complex separable Hilbert
space, is denoted by Z with the scalar product (., .). The symmetric Fock space
over Z is defined as the following direct Hilbert sum

2 =PpV:z
n=0

where \/" Z is the n-fold symmetric tensor product. The orthogonal projection
from Z®" onto the closed subspace \/" Z is given by

1
S ®&---®8&) = o 26: Ex(1) ® &) ® &)
oey,

Algebraic direct sums or tensor products are denoted with an ¢ superscript. Hence

alg n

Hin=EPV 2

neN

denotes the subspace of vectors with a finite number of particles. The creation and
annihilation operators a*(z) and a(z), parameterized by ¢ > 0, are then defined by:

a()e®" = Jen (z,)p®
a*(2)e®" = Ve +1) Sit1(z2®¢®"), Vp,z€ 2.

They extend to closed operators and they are adjoint of one another. They also
satisfy the e-canonical commutation relations (CCR):

l[a(z1), a*(z2)] = e(z1, 22) 1, [a"(z1), a"(z2)] = 0 = [a(z1), a(z2)]. (B.1)
The Weyl operators are given for z € Z by
and they satisfy Weyl commutation relations in the Fock space
WEDW () = e 2 @2 Wz +2), 21,22 € 2. (B.2)
The number operator is also parametrized by ¢ > 0,
Nl\/nz = Sn]l|\/n =z

For any self-adjoint operator A : Z O D(A) — Z, the operator dT"(A) is the
self-adjoint operator given by

n
dL(A) e gy =€ | D 18- ® A ®-®1
k=1 k
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B.1. Weyl, Anti-Wick quantized operators

Let P denote the set of all finite-rank orthogonal projections on Z and for a given
g € Plet L, (dz) denote the Lebesgue measure on the finite-dimensional subspace
¢ Z, with volume 1 for an orthonormal hypercube in g Z. A function f : Z2 — C
is said cylindrical if there exists g € [P and a function g on g Z such that f(z) =
g(p2), for all z € Z. In this case we say that f is based on the subspace pZ. We
set S¢y1(2) to be the cylindrical Schwartz space:

(f€Sq(2) & @Ap eP.Ig € S(02), [f(2) =3(p2).

The Fourier transform of a function f € Scy1(Z) based on the subspace pZ is
defined as

FLfIE) = f f@) e NEE Lo (dz)
foys
and its inverse Fourier transform as
f@= / FLAIE) M8 Lo(ag).
pZ

With any symbol b € Scy1(Z) based on o Z, a Weyl observable can be associated
according to

bV = | Fbl(z) W(v2mz) Ly(dz). (B.3)
pZ

Notice that bVeY! is a well-defined bounded operator on H for all b € Sey1(Z2) and
that this quantization of cylindrical symbols depends on the parameter ¢.

We also recall the Anti-Wick quantization through its usual finite-dimensional
relation to Weyl operators:
Weyl

A2
MK,)Z
e &2

bA7Wick %
dimpZ
oz (me/2)dim

(B.4)

87'[2
/ FIbI(E) W(2ré) eiTléli’Z L (dé§), (B.5)
02
forany b € S(pZ) by setting b,z y(2) = fpz b()y(z—z') Ly(dZ).

B.2. Wick quantized operators

For any p,q € N, the space P, 4(Z) of complex-valued polynomials on Z is
defined with the following continuity condition:

P4
bePp 4(2) if and only if there exists bel (\/Z,\/Z) such that b(z) = (£29,b75P).
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On these spaces the norms are given by |b|, 4 = ||l;||£(\/p 2\ ) The subspace

of P, 4(Z) made of polynomials b such that bisa compact operator is denoted by
Py (Z). The Wick monomial of a ‘symbol’ b € P), 4(Z) is the linear operator

bWick . Hﬁn N Hﬁn
defined as

_ Vnl(n+q —p)! p > -
DL = Ny ) PR s, (o). B6)

where b ® 1"~P) is the operator with the action (b ® 17~ P®" = (bp®P) @
@®=P) Notice that bV depends on the scaling parameter €. When b is an
unbounded operator with domain D(b) containing \/? 2D formula (B.6) makes
sense when applied to W € \/"¥¢ D.

Proposition B.1. For b € P, ,(Z) the following number estimate holds:

—4 5 Wick -2
N)™2b N)~2 <|b . B.7
(N) NE| < Dbl (B.7)
An important property of our class of Wick polynomials is that a composition of
b}w’k o b}ViCk with b1, by € @?}fgqpp,q(Z) is a Wick polynomial with symbol in

EB?,],gq Pp.q(2). This was checked with a convenient writing in [4] and widely used

also in [5,6]. We need some notation: For b € P, ,(Z), the k-th differential is
well-defined according to

k * k
afb(z)e<\/z) and 9fb(z) e \/ 2

for any fixed z € Z. Actually (\/* Z)* is the dual of (\/* Z) with a C-bilinear
duality bracket. For two symbols b; € P, ,.(Z),i = 1,2, and any k € N, the new
symbol 8;‘171 .Bé‘bz is now defined by

0kb1 . 95ba(2) = (35b1(2), D22\ b 2o\t 2 - (B.8)
We also use the following notation for multiple Poisson brackets:

{b1, b2} ® = 95105, — 85b,.050,,
{b1, by} = {by, ba}V.
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With this notation the composition formula of Wick symbols has a very familiar
form:

Proposition B.2. Let by € Py, 4,(2) and by € Pp, ¢4,(Z). For any k €

{0, ..., min{p1, ¢2}}, bel.asz belongs t0 Py, ypy—k,q1+q,—k(Z) with the esti-
mate

- pi! q2!
~ (p1—k)! (g2 —k)!

k k
10; 01020217, 1 ) gy 4y b1lp,, 4, 16217, ., -

The formulas

) . min{p1.g2} & Wick
i) pYikopyik = 3 o %b1h
k=0 ’
Wick
= (&0 @Dbr@) o)

Wick 1 Wick max{min{p;,q2}, min{pz,q1}} gk © Wick
(i) [pViek, pYViek] = ]; o b1 b2) ,

hold as identities on Hsp .

. ___\ Wick
Combined with Proposition B.1 and (bWik)* = (b(z)) this also gives:
Proposition B3. For b € P, ,(2), (N~ 72 bWick gng pWick Ny~ oxtend

as bounded operators on 'H with norm smaller that C, , 1] LoyP 2\ z) Jor all
g€ (0,8).

We will also need some more particular estimates stated in the following two results:

Lemma B4. Let A be a self-adjoint operator on Z with A > 1. For any polyno-
mials by € Py 2(2) and by € P>.1(2) the following estimates hold true:

(i) 1dr(A) + N+ 17 VR @ra) + VN + D7

< 1A7 2 b1 (1@ A oo s2 2 2y

(ii) [IdT(A) + N+ D7 Yk (dra) + N+ 1)1
<A@ AT by AT 5\ 2 5.

Remark B.5. The term +/N can be absorbed in dI"(A) + 1 if one accepts constants
larger than 1 as factors of the right-hand sides of (i) and (ii).
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Proof. Estimate (ii) follows from (i) by taking the adjoint. Let us prove (i). For
O, W e @ /" D(A), we write

(v bWicch)
_283/2 Jnn = D2 (5 @ 1072y p™)
_283/2 n(n— )2((A]/2®]l(” 2))\11(11 D BA(11®A1/2®11(" 2))@('1))
with

Ba=[(A"2b)(1@ A7V 1072,

Hence, by the Cauchy-Schwarz inequality, we get

(W, b)) < |AT2h @ A ) 12 5 5

00 1/2
x <Z€3/2¢n(n - 2)A?® 11<"—2>>w<"—”||2>
n=2

~ 1/2
x <Z€3/2vn(n -2 e A e 11<"—2>)<1>(">||2> :
n=2

Now, observe that

2/nn — D2 (A2 @ 10-2ygh=12
<2J/e(n— (WD (e(n — D)(A® 1772)gr=D)
< 2(WD /NArA)w =)

and
2nn-1D2|1® AY? @ 1" o™ |2 < /ne(P™, ne(1® AQL"2)d™)

< J/ne(®@"™, ne (A @ 1"~D)yop®)
(@™ /NAT(A)d™).

On the other hand, with the inequality 2ab < a® + b?, we see that

200D YNAT (AW Dy < (W=D (N 4dra)?)wb)
< (VN +dr(A))we=D)2
and 2(0™, VNAT(A) ™) < (@™ (N + dI'(A)>)w™)
< (VN 4dra)e®?,
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where the last inequalities come from 2/NdI'(A) > 0. Therefore, we obtain
(W, bk )| < |AT25) (1@ A7) || I(VN+AT (AN Y| (VN +AT(A)D||

and hence the estimate extends to ®, ¥ € D(+/N + dI'(A)) N Hgn. This means

—17 Wick -1
that the operator (dI'(A) + v/N + D) ~1p\Vik(dI(4) + VN + ”mwmdrm»nﬂﬁmn

extends to a bounded operator satisfying (i).

Lemma B.6. Let A, B two self-adjoint operators on Z with D(A) C D(B) and

B > 0. Let C be a self-adjoint operator on \/2 Z such that D(C) C D(By) where
By = B® 1l + 1 ® B. Then the following estimates hold true:

(1) [(d(B) + N+ 1)~1 dI'(A) dI'(B) + N+ D7
<1A+B) A0+ B ez;
(ii) 1dr(B)+ N+ 1)~ cVik @rB)+ N+ D7

<10+ B)™2C A+ B)™ Pl 2 5.

Proof. We follow a similar argument as in the proof of Lemma B.4. Indeed, the

Cauchy-Schwarz inequality gives for every W, ® € @;]egN nalg p(p)

o0

1/2
[(¥,dI"(A)D)| < ||(1+B)_1A(1+B)_1II£(2)< enl|(1+B)® 11(”—”>\v<">||2)

n=1
o 1/2
x (Zenll((l +B)® 11<”—1>)d>(">||2) .
n=1
Now, observe that

en(1+ B) @ 1) w™ | = (&™) dr((1+ B))¥™)

< Q@+ B .

since in the sense of quadratic forms dI"((1 + B)?) < dI'(1+ B)2. Hence we obtain
(W, dI(A) )| < |1+ B) A1+ B) gz AN + B)¥| AT (1 + B)®.

This proves (i). Expressing C Wik as a quadratic form for W,® e @ZEN n.alg D(B)
and then applying the Cauchy-Schwarz inequality yields

(W, CV¥ )| < [(I4+B @ 1+1® B) *CA+B @ 1+1® B) |1 22,

~ 1/2
X (Z Enn-DIA+B@ 1+10 B/’ ® 11<"—2>]w<">||2>
n=2

~ 1/2
X ( Enin—1)|[(1+B @ 1+1® B)'/?> ® 11<"—2>]<1><">||2) :
n=2
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Due to the symmetry of the vector @ we remark that

E2n?|[(I+B@1+1® B2 @ 1"-21p™)?
= 52n2<q>(n)’ [(I+B1+1®B)® ]l(n—Z)]cD(n))
= (@™, (N2 + 2T (B)N)® ™)
< (1 4+dT(B) +N) @™ |1%.

So we obtain

(W, V@) < 11+ BT 2C (1 + BT P22 11+ AD(B) +N) ¥
x|[(1 +dI'(B) + N) @|.

This proves (ii). ]

C. Absolutely continuous curves in Prob, (2 r)

This section firstly gathers results presented in [3] about Borel probability measures
on a separable real Hilbert space which are weak solutions to continuity equations.
In a second step, we shall adapt it to a complex Hilbert space Z; endowed with its
real euclidean structure.

C.1. Absolutely continuous curves in Prob; (E)

Let E be a real Hilbert space, with scalar product (, ) and norm | |. The symbol
Prob,, (E) (respectively Prob(E)) refers to the set of Borel probability measures 1
on E such that f g 1X1P du(x) < 400 (respectively with no momentum condition),
and we simply work with p = 2. On Prob;,(FE), the 2-Wasserstein distance, W3, is
defined by

W3 (n', u?) := min {/2 1 — X2l % dpxr, x2) 5 T ap = M_,-} ,
E

where I1; : E 2 — E is the natural projection, j = 1,2. The narrow conver-
gence of a sequence (i, ),eN of Proby(E), with a uniform control of f E |)c|2 duy
is equivalent to the W, convergence on Proby(FE) (see [3, Proposition 7.1.5]). Re-
member also that the tightness property of subsets of Proby(E) can be checked in
the infinite-dimensional case with the weak topology, or after introducing a Hilbert

basis (e)nen+, With the distance d,,(x1, x2) = \/ZneN* % This use of

weak or d,, topology is done also when considering probability measures on the set
of absolutely continuous curves in E.

This tightness property is called the weak tightness property in [3] since it
refers to the weak topology on E. Especially when one considers the narrow con-
vergence in Proby(FE), there is a weak narrow convergence and a strong narrow
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convergence (see the discussions about this in [3, Chapter 5 and 7]). The terms
“narrow convergence” or “narrow continuity” refer to the strong ones and we shall
specify “weak narrow convergence” and “weak narrow continuity” when necessary.

We recall two results of [3] and give a complete proof in the infinite-dimen-
sional case of the second one, for the sake of completeness (it is left as an exercise
to the reader in [3]).

The following result is the second part in [3, Theorem 8.3.1] with p = 2.
Although it is not clearly stated in [3, Theorem 8.3.1], the proof contains a “weak=-
strong” result about the narrow continuity with respect to time.

Proposition C.1. Let I be an open interval in R. If a weakly narrowly continuous
curve Wy : I — Proby(E) satisfies the continuity equation

dr + VT (o) =0 (C.1)

in the weak sense
// (B (x, )+ (v (x), Vep(x, 1)) E) dpuy(x)dt =0, Yo € Cg'o (E x I), (C2)
1JE

for some Borel velocity field v, with |U;|L2(E’Mt) e L'(I), then ; : I — Proby(E)

is absolutely continuous with Wy (uy, ) < ftﬂ lVslp2(g, 0,y ds. Moreover for
Lebesgue-almost every t € I, v; belongs to the closure in L>(E, ju;) of the sub-
space spanned by {Vgo, xS C(‘)’f’cyl(E)}.

Proof. The proof is given in [3]. We simply insist here on the “weak=> strong”
narrow continuity argument. The proof of Theorem 8.3.1 ends with the following
statements. For any time ¢ € I, i, is the weak narrow limit of a sequence (ﬂ?)deN
(of which the definition is recalled below) which satisfies

n

Wz(ﬂgn&fl]) 5/ Vel 2 g0, A

4l

Then the authors refer to the weak narrow lower semicontinuity of W,
Wa( ) < liminf Wo (24, i)
2 M[z’ /‘Lll = lmin 2 M[z’ /'L[l
d— o0

stated in their Lemma 7.1 .4 and relation (7.1.11).
This implies absolute continuity in terms of W5 and the narrow continuity with

respect to time:
5]

Wa e o) < / Vel 2k ) -
141
Finally notice that the weak narrow continuity of u, suffices for the strong narrow
continuity of 4¢ with respect to ¢ € I because ¢ is constructed after taking the
image of p; via a finite-rank projection. O
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The previous result concerns non-regular (non-Lipschitz) vector fields for
which there is no uniqueness result for the Cauchy problem. Remember that the
infinite-dimensional case, which relies on the cylindrical integration of v; and cylin-
drical disintegration of the measure u;, requires the introduction of such singular
vector fields (see the proof in [3, Theorem 8.3.1]). Nevertheless an interpretation of
the continuity equation (C.1)(C.2) in terms of characteristic curves can be done via a
probabilistic representation. For the sake of completeness, we adapt the proof stated
in [3, Theorem 8.2.1] for the finite-dimensional case, to our infinite-dimensional
case. For T € (0, +00), consider the set 't = CO([—T, T]; E) endowed with the
norm |y |eo,r = max;c[—7,77 |y (¢)| £ or for weak topology argument with the dis-
tance max;c[—71,7] dw(¥1(¢), y2(¢)). For a Borel probability measure 5 defined on
E x I'r, consider the time dependent Borel probability measure 1, defined by

/E<pdu?=/E . e(y) dy(x,y), Ve €C)  (E), t €[-T,T]. (C3)

The measure ;' is the push-forward of 5 by the evaluation map
e (x,y)e ExI'r - y@t)e E, fortel[-T,T].

Proposition C.2. Let yu; : [T, T] — Proby(E) be a Wy-continuous solution to
the continuity equation (C.1) and (C.2), with I = (=T, T), for a suitable Borel
vector field v(t, x) = v¢(x) such that |vl|L2(E,ur) € L' ([T, T)). Then there exists
a Borel probability measure y in E x 't such that:

(1) n is concentrated on the set of pairs (x, y) such that y € AC*([-T,TL; E) is
a solution to the ODE y (t) = v;(y (t)) for Lebesgue almost everyt € (=T, T)
with y(0) = x;

() u; = M:’ foranyt € [T, T], with /L? defined as in (C.3).

Conversely, any y satisfying (i) and

T
/ / lvr (¥ ()| dy(x, y)dt < +00
0 EXFT

induces via (C.3) a solution to the continuity equation, with pg = ¥ (0)49.

Remark C.3. The notation AC2([—T, T1; E) refers to the set of absolutely con-
tinuous curves in E with L2([—T, T]; E) derivative. We keep the notation @, of
differential geometry, for the push-forward or direct image of a measure ., by the
Borel map ®.

Proof. The result is proved in [3] when E is finite-dimensional. The proof of the
second (converse) part of the statement is exactly the same as in finite dimen-
sion, after replacing regular (Lipschitz) test functions by cylindrical ones. We
now show, for the first part, how the infinite-dimensional case is deduced from
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the finite-dimensional result, following an approximation scheme like in the proof
of [3, Theorem 8.3.1]. After introducing an Hilbert basis (e;,),en* of E, the maps
74 E - R4 7?7 :RY » Eand 79 : E — E are defined according to

7d(x) = (fe1, x), ..., (ea, x)),

d
d,T —
=1
7Td’T o

~d

T = d

With the measure u; € Proby(E), the measure Mf € Proby(R?) is defined by

nd =, and {sy, y € RY} denotes the disintegration of 11, with respect to pf.

Within the space E endowed with the basis (e,),en*, ,&f is nothing but u? ® §p in
the decomposition Z = Fy x F dL with F; = span(ey, ..., eq). The vector field vtd
(respectively f),d ) is defined on R¢ (respectively on E) by

vl (y) = / v (x) dpgy(x), yeRY
(rd)~1(y)

respectively f)fi(y) = / frdvt(x) dp,,’ﬂdy(x), yeE.

@)=t @dy)

Within the proof of Theorem 8.3.1 in [3], it was checked that ,u,f (respectively ﬁf )
is a weak solution to the continuity equation

o + V' ) =0,
respectively 3,14 + VT (0919) =0
with the following properties:

~d — | .
1) | |L2(E,;2§1) = |vy |L2(Rd,u;1) =< |Ut|L2(E,du,) >
d d y.d 153
2) WZ(M”?I‘L)‘Z) = f,l |vf |L2(Rd’u;1) dt < f,l |UZ|L2(E,M,) dt,for =T <t <t <
T;
3) the sequence ([L?)deN* converges weakly narrowly to p; with the estimate

15}
Wz(le,Mzz)Sl(iiH_l)iorész(Mﬁ,Mi)f[ |v’|L2(E,Mt) dt, -T <1< <T. (C4)
5l

Additionally a time rescaling argument (see in [3, Lemma 1.1.4 and Theorem 8.1.3])
allows to assume without restriction

elr2e ) € L¥((=T,T)).

The set of continuous maps from [—T, T] to R? is denoted by F‘Y{. The mapping
from I'r to F‘%, still denoted by 74 is defined by [ndy](t) = nd(y(t)). By using
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the finite-dimensional result, stated in Theorem 8.2.1 of [3], there exists for any
d € N a probability measure, §¢, on R? x F% such that the properties (i) and (ii)
hold when (u;, v¢, E) is replaced by (ufl, v;’, RY). Equivalently the result can be
formulated in E after using (29, 3¢, E) instead of (14, v?, RY) and using 79 =
(T x 74T),n?. Hence we have a sequence (fyd)deN of probability measures on
E x I'r which satisfy

/wond dﬁf=/ wduf=/ oy (1)) dn(x, p)
E Rd RIxT4
(C.5)
=/ g o (y () dif (x,y), VoeChR?), te[~T, T,
EXFT

where ¢ o ¢ can be replaced by ¢ o 7¢ with ¢ € Cg(Fd).
After some regularization done in [3, pages 179-180], it is proved that any
measure 7 satisfies

T T T
/ / |y‘<z>|2drdﬁds/ /|v;’(x)|2d/1?dtsf /|v,(x)|2dﬂtdr.
Iy J-T -TJE -TJE

Since the functional g — f_TT |g(t)|2 dt,definedon {g € 't : g(0) = 0} and set to
+o0if g ¢ AC*([—T, T]; E), has compact sublevel sets in 'z, the two mappings

rl:(x,y)eExFT—>er, rz:(x,y)eExFT—>gy’x=y—x€FT

give rise to (weakly) tight families of marginals (ri ﬁd)deN: (,&g)deN and (rff;d)deN.
Remember that the compactness of subsets of E or I'r is considered with the weak
topology on E or the distance d,,. Hence the family (i]d)deN is (weakly) tight in
Prob(E x I'T) and we take for 5 a weak narrow limit point of ﬁd. By assuming the
test function ¢ in (C.5) to depend only on d’ coordinates with d’ < d, and by taking
the limit d — 400 while d’ and ¢ are fixed, we get

f (@onydu, = f (@ o)y (1) dn(x,y)
E ExI’

forall ¢ € Cg(]Rd/) and t € [T, T], where ¢ o 7 can then be replaced by any
cylindrical function or Borel bounded function on E. It remains to prove condition
(i) for 5, namely that this measure is concentrated on curves verifying y = v(y (¢))
for Lebesgue almost every t € (—T, T) (y(0) = x is already known).

The estimate (8.2.6) used in [3] for the finite-dimensional case, provides the
inequality

t T
L, ro=s= [ woerastadey < en [ [ -l .
X T -
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for any family w,(x) = w(s, x) of uniformly bounded continuous functions from
[—T,T] x R? to RY. After assuming that w actually belongs to C,?([—T, T] x

R?; R) with fixed d’ < d, using &, = 79T o w; o 7y € CY([~T, T] x E; E),
and taking the limit as d — oo gives

t T
/ () —x— / iy (y () ds | dn(r,y) < 2T) lim sup / / 99—y 2dpd dr.
E 0 -7 JRA

xI'r d—o00

But condition 1) for |ﬁ§1| L2(E.jid) is easily extended to

~d N N
vy — wt|L2(E,,1;l) <|v — wl|L2(E,lL,)

by the same argument, relying on

=

/w;‘ s 1) dipd
E

/ (Fra (v (x) — Wy (x)), x (7)) dpae (x)
E
< | — ﬁ)lle(E;ut)|X|L2(E’l’ltd)a Vx € L*(E, ﬂ?)

This uniform upper bound leads to

t T
/ ly (t)—x— / Wy (y () ds|* dy(x, y) < (2T) / / |vr (x) =1y (¥)|* d .
ExI'r 0 0 E

According to the last statement of Proposition C.1, v; can be approximated in
L*(E, 1) by a sequence of bounded regular cylindrical functions, (W ,)neN. By
possibly truncating with respect to times t — Wy , so that |v; — Wy nl2(p ) < 1
forae.r € (=T, T) and all n € N*, Lebesgue’s Theorem implies

t
/ |y(r>—x—/ s (y () ds|* dij(x, y) =0,
EXFT 0

which ends the proof. 0

Below is a consequence of the above probabilistic interpretation when the Cauchy
problem y () = v;(y(¢)), ¥ (0) = x admits a unique solution for all x € E. The fact
that we have to pass by the probabilistic representation is a real question. Contrary
to the finite-dimensional case, the well-posedness of the Cauchy problem, even with
the standard Picard’s contraction argument, defining a flow on the whole space E,
does not give a representation formula for observables. The point is that the natural
observables, or test functions, are cylindrical functions, a property which is not
generally preserved by the nonlinear flow.

Proposition C4. Let ; : R — Proby(E) be a Wy-continuous solution to the
continuity equation (C.1) and (C.2) for a suitable Borel velocity field v(t,x) =
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vy (x) such that |v,|Lz(E’M) e L'([-T, T]) forall T > 0. Assume additionally that
the Cauchy problem

t
Y1) = u(r (), v =x or y(r)=x+/vs<y<s)>ds,

admits a unique global continuous solution on R for all s € R and all x € E, such
that y (t) = ® (¢, s)y (s) defines a Borel flow on E (i.e., ®(t,s) : E — E is a Borel
Sfunction for all t, s € R). Then the measure [1; satisfies

Vi,s e R,y = O, $)slds.

Proof. 1t suffices to work with ¢ € [T, T'] as in Proposition C.2. Since the evalu-
ationmap e; : (x,y) € E x 't — y(t) € E is a continuous, thus Borel, map. The
relation i, = p; defined according to (C.3) extends to any bounded Borel function
gonk:

/§0th =/ ey (@) dn(x,y).
E ExTp

Using y (t) = o (¢, s)y (s), with (¢, s) Borel, we deduce
/ o duy =/ [p 0 &, 1y (5)) dn(x, y) = / [0 0 @, )] dpis
E ExTr E
which is nothing but p; = ®(z, 5) L. O

C.2. Application to Hamiltonian fields

We finally specify how these results apply to our case, when the phase-space 2
is a complex Hilbert space and the velocity field is associated with a (singular)
Hamiltonian vector field, only defined on Z; C Zj.

Consider a complex Hilbert triple Z| C Zy C Z_;, with Z; densely con-
tinuously embedded in Zy and Z_; being the dual of Z; for the duality bracket
extending (z1, z2)z,. The dual of a complex Hilbert space Z while keeping the
C-bilinear duality bracket, written u. v in (B.8), is still denoted by Z*. In the case
treated in the article Zy = L>(R?, dx), Z; = H'(RY) and Z_; = H~'(R?). The
space 2 is endowed with its scalar product (z1, z3) z,,real euclidean structure with
M(z1, 22) z, and its symplectic structure o (z1, z2) = Im (z1, 22) z,. On Z; we will
use the hermitian (z1, z2) z, and euclidean scalar product

(21, 22) 2z, R = MW(z1, 22) z;.

For a cylindrical function f € Scy1(Z2p), based on p 2y, the differentials 9, f (z) and
0z f (z) are defined by

3. f(2) = / . im (g1 ™S FF1(€) Ly (dE)
20

0 f(2) = / i)™ T £1(8) Ly (dE).
20
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Hence 9, f(z) is a continuous C-linear form on Zj, while 9; f(z) € Zop. This
notation is coherent with the definition of 9,b(z) and 9;b(z) when b is a Wick

symbol in @55 P, 4(Z). A function f € Sey(Z)) is given by
f@ =981, 2z, ... 6N, 2z) =01, 2), ..., (1N, 2))

with p(wy, ... wy) € SRY) and &,..., &y € Ziand 1y, ..., nn € Z_1, such
that (¢§;, z)z, = (n;, z) forall z € Z;. The derivatives 9, f and 9; f are thus given
by

N
Ve Zi, 0.f(2)= Zaw_,w«m, ). s 2Dyl € 2

Vz € Z, agf(z)zz (1, 2)s .- (v, 2Dy € 2.

When h(z) is an unbounded polynomial on Zy but which happens to be a real-
valued, Fréchet C!-function on Z;, the derivatives 0;h(z) and 9zh(z) are defined
only for z € Z; and we have

Vze Z, 0zh(z)e 2y , 09:h(z) € Z*,.

When f € Sey1(2) (respectively g € Seyi(Z1) or h) is real-valued, differentiating
f(z+te)atr =0,r € R, forany e € Z (respectively any e € Z1) leads to

0 f(2).u=(u, 3:f(2)), z€Zp,uezy (C.6)
0,8(2).u = (u, 0:8(z)), z€ 2, ucz (C.7)
0.h(2).u = (u, 9:h(2)), z€Z,uecz_. (C.8)

Note that the Poisson bracket
i{h, b} (z2) =i (0;h.0:b — 0;b.0zh) (z), z € Z

is well-defined for b € Sy1(Z1; R), and our aim is to write it as the real scalar
product

(v(@), (Vb)(2))z, R, z€ Z1.

Definition C.5. For a cylindrical function on Z1, f € S¢y1(Z1), the gradients V;
and V are defined by

Vze ZiueZ, (u, V:f(2)z = (u, 9:f(2),
V =2V;.



214 ZIED AMMARI AND FRANCIS NIER

Remark C.6.

e Although it is not necessary, these definitions can be justified by introducing
a complex conjugation 1 — 1 on Zy, which remains a conjugation on Z,
that is an isometric C-antilinear application such that (u, v)z,, = (u, v)z, .

When Zy = L2(R4; C) and Z; = H'(R?) this is the usual pointwise complex
conjugation. For real valued functions, set

1
VRf=Vzf+V.f and V;f = ZT(sz—sz)‘

so that |
Vif = 3 (Vrf +iVif).
Similarly, an element X of Z; can be written X = Xg+iX; with Xg ; = Xg s

or X = <§(I; ) and the real scalar product

(X, Yz, =0(X, Y)z, =(Xg,Yr)z, + (X4, YI)z,.

Then the definition of the gradient of a real cylindrical function f becomes

Vrf
Vf= .
r=(%7)
e It is important to notice that we do not use the Z-gradient for the real-valued
function h(z), but keep the derivative, d;h(z) modeled on the duality bracket

(, ). With a complex conjugation and since # is real valued, it can be decom-
posed into dzh = 3 (dgh +id;h) and

1 i
—i0zh = =drh — =0gh.
Loz 21 2R

Lemma C.7. With the above notation and assumptions the equality

Vze Zy, ifh,b}(2) =20(—-idzh(2), Vzb(2))z, = (v(2), Vb(2))z, R
holds for any b € Scy1(Z21; R) with v(z) = —idzh(2).
Proof. It suffices to compute

i {h, b} = i [9.h.0:b — 0.b.0:h]
i [(0zb, 0zh) z, — (3zh, D) z, |

20m (3zh, 3:b) = 2R(—idzh, d:b) = 2N(—idzh, Vib)z,

= (—i0zh, Vb)z, r. O
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Proposition C8. Let Z| C Zy C Z_1 be a Hilbert triple of separable complex
Hilbert spaces. Consider a time dependent real sesquilinear form 7z — h(z,t) on
Z1 which is Fréchet-C' and such that 21 x R 3 (z,t) — (8:h(z, 1), 3;h(z, 1)) €
Zy x Z*, is strongly continuous. Assume also that the time-dependent Hamilton
equation

10:2s = 0:h(21, 21, 1), Zi=s =2

admits a unique continuous solution z; = ®(t,s)z for all t,s € R and all 7 €
Zy, with ®(t,s) : Z1 — Z| Borel. Consider a time dependent measure u(t) €
Prob; (Z1) which satisfies

o t — lu; € Proby(2y) is Wh-continuous,
o ForallT >0, [0:h(t)| 12z ,,,) € L'([=T, T)),
e The time-dependent probability measure [i; is a weak solution to

o +if{h(), u} =0,
namely for all ¢ € CS°, yl(Zl x R; R),

.C

/ 0rp(z,t) +ith, @} (2, 1) du(z)dt =0.
R Jz

Then the measure [, satisfies
Vi,s € R, = O, 8)epts
and it is unique when [ is fixed.

Proof. We apply Proposition C.4 while £ = Z; is endowed with its Euclidean
structure (z1, z2)z, R = N(z1, 22)z,. Lemma C.7 says that the weak Liouville
equation is

Vg € Cren (21 x R), / Orp(z, 1) + (v, Vo)(1,2)) du,(z)dt =0,
R JZ
with v(z, t) = —idzh(z, t). The measure u; is a weak solution to
i+ V(o) =0

where V and V7 are defined according to the real structure on Z;. Our hypotheses
on w and & cover all the assumptions of Proposition C 4. O

D. Weak L? conditions for the potential V

Let Lya be the Lebesgue measure on R4, For 0 < p < 00, a Lebesgue measurable
function f : R? — C is said to belong to weak-L? (R?), or shortly to L?>>®(R?),
if there exists a constant ¢ > 0 such that for all > 0

Lgafx : | f(0)] >t} < cP/tP.
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Two functions in L?>°(R¥) are equal if they are equal Lpq-almost everywhere.
The quantity

| fllp,co = inf{c : Lga{x : |f(x)| >t} < cP/tP, V¥t > 0}
sup{t Liga (x : | f ()| > 1}!/7)

t>0

defines a complete quasi-norm on L?>*°(R%) with 1 fllpoo <INl p-

By combining the Hunt and Marcinkiewicz interpolation theorems according
to [11,34,56]), the Young and Holder inequalities can be extended to weak L7
spaces:

Proposition D.1 (generalized Young inequality). Let 1 < p, g,r < oo such that
% + é =1+ % There exists a constant cp 4 > 0 such that for all f € L?(R%) and

g € L9°(RY)

If*gllr <cpglfllpliglg oo
Proposition D.2 (generalized Holder inequality). Let 1 < p,q,r < oo satisfy
% + é = % There exists a constant ¢, 4 such that for all f € LP®[RY) and
g € L1(RY)

18l < cpg 1 fllpoc lIgllg-

Proposition D.3 (Hardy inequality). Suppose that d > 3 and V € L%°(RY).
There exists a constant ¢ > 0 such that for allu € H L(R4)

IVally < cllull 1 ga-

Proof. For u € L*(R%), we can write (1 — A)™'/2u(x) = G * u(x) with G the
inverse Fourier transform of (1 + |x|2)~ /2. It is not difficult to prove that G €

deTl’OO (see [56, Exercice 50]). Hence, we conclude that

_ ~12 . Holder
VA =2)"ulp=IVGxulz = CilVlldolIG*ull 2

Young
= GVl Gl a o llull2. O

The above proposition provides a class of potentials which are bounded multipli-
cation operators from H L(R9) into L2(R) when d > 3. For lower dimension, the
Sobolev embeddings give at once:

o ifd=1,V e L*R)+L®®R)then V € LIH'(R), L3(R));
o ifd =2,V eLP(R? + L®®R? for p > 2,then V € L(H'(R?), L>(R?)).

We denote by L? (R + LSO(Rd) the space of Lebesgue measurable functions f
such that there exists (f,),eN € LP(RHN satisfying lim, o0 || f — fulloo = 0.
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Lemma D4. For0 < p < g,
LT®RY) c LP(RY) + LE(RY).

Proof. For € > 0, decompose each f € L7*°(R?) into a sum f = f. + f€ such
that fe = f1r>c and f€ = f1)7/<c. Observe that for any € > 0

I fellp = P/O P Lpafx 1 | fe(x)] > 1} dt
= p/ootplLRa{x f)| > thdt + €P Lgaf{x 1 | f(x)] > €}

oo[p—l
< C/ t—th—l—e”LRd{x Sf()] > €} < oo
€

Moreover, when € — 0

/Moo = 1/ 11 fizelloc < € — 0.
Therefore, each f € L9°°(R?) belongs to the space LP (RY) + LSO(]Rd). O
Proposition D.5. For any V € L*(RY) + LP(RY) such that V(1 — A)~/? €
L(L*(RY)) the operator (1 — A)~'2V (1 — A)~V2 is compact.

Proof. Let g(§) = (1 + €172 and g,(§) = ljo.m1(1€1)g(&). The following
norm convergence holds

lim_g, (D) V gn(D) = g(D) V g(D)

U.Sing the fact that mlL)moo ”gm (D) —g(D) ||£(L2(Rd)) =0and “ %4 g(D) “L:(LZ(R")) <0Q.

By Lemma D 4, there exist V,, € L2(R?) such that lim,_ o |V — Vy|loo = 0.
We observe now that the Hilbert-Schmidt norm of g, (D) V,,(x)gm (D) is

g (D) Vi gm (D) 22y < 1Vall2 llgm I3 < o0.

Therefore, by norm convergence, the operator g(D) V g(D) is compact. U
Corollary D.6. The potential V satisfies the assumptions (A2)-(A3) in the follow-
ing cases:
o ifd=1andV € L>(R) + LR,
e ifd=2andV € LP(R?) + L3 [R?) with p > 2,
o ifd>3andV € LY®RY).

Proof. Combine Proposition D.3, Lemma D .4 and Proposition D.5 with, in dimen-
sion d = 2, the observation

LP(R*) 4+ LP(R?) ¢ L*(R?) + LP(R?)  for p > 2. O

In particular, in dimension d = 3 the Coulomb potential V (x) = :I:lL satisfies the

x|
assumptions (A1), (A2) and (A3) because |)]c_| e L>°[R?).
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