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On two finiteness conditions for Hopf algebras with nonzero integral

NICOLAS ANDRUSKIEWITSCH, JUAN CUADRA AND PAVEL ETINGOF

Abstract. A Hopf algebra is co-Frobenius when it has a nonzero integral. It is
proved that the composition length of the indecomposable injective comodules
over a co-Frobenius Hopf algebra is bounded. As a consequence, the coradical
filtration of a co-Frobenius Hopf algebra is finite; this confirms a conjecture by
Sorin Déscalescu and the first author. The proof is of categorical nature and the
same result is obtained for Frobenius tensor categories of subexponential growth.
A family of co-Frobenius Hopf algebras that are not of finite type over their Hopf
socles is constructed, answering so in the negative another question by the same
authors.

Mathematics Subject Classification (2010): 16T05 (primary); 18D10 (sec-
ondary).

Introduction

The Haar measure on a compact group G induces a linear functional f on the Hopf
algebra of representative functions on G. The (right) invariance property of the
Haar measure reads as a condition on f that can be expressed in Hopf algebraic
terms [17, page 28]. In [24], Sweedler extended the notion of (right invariant) inte-
gral to arbitrary Hopf algebras by means of this condition. However, not every Hopf
algebra admits a nonzero (right) integral; those that do are called co-Frobenius.
There is an obvious left version but a right co-Frobenius Hopf algebra is automati-
cally left co-Frobenius. Two main examples arose early in the study of this notion:

e finite dimensional Hopf algebras [18];
e cosemisimple Hopf algebras [24].

It became slowly clear that the existence of a nonzero integral is fundamentally
linked with these properties: finiteness and semisimplicity. There are two instances
where these relations are apparent. The first is cohomological. Let H be a Hopf
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algebra over a field k and let M# denote the category of right H-comodules. Given
M e MH |its injective hull is denoted by E(M). The next characterization summa-
rizes several results along the years, see [19, Theorems 3 and 10], [10, Proposition
2.3],[12,Lemma 1], [13, page 223] and [3, Theorems 2.3 and 2.8].

Theorem 1. The following statements are equivalent:

(i) H is co-Frobenius,
(ii) E(S) is finite dimensional for every S € MH simple;
(iii) E(K) is finite dimensional;
(iv) M* has a nonzero finite dimensional injective object;
(v) Every0 # M € MY has a nonzero finite dimensional quotient;
(vi) M* possesses a nonzero projective object;
(vii) Every M € MY has a projective cover;
(viii) Every injective in M is projective.

The second instance is the heuristic principle, suggested by several examples and
results, that co-Frobenius Hopf algebras are somehow finite over a cosemisimple
subobject. The largest cosemisimple subcoalgebra of H is the coradical Hyp, the
first member of the coradical filtration (H,),>0. The relation between the following
statements was early observed by Radford in [22, Corollary 2]:

(a) H is co-Frobenius;
(b) The coradical filtration of H is finite.

It was proved there that (a) implies (b) under the assumption that Hy is a Hopf
subalgebra. This was derived from [22, Proposition 4] stating that H = HyE (k)
for H co-Frobenius. Later, it was shown in [4, Theorem 2.1] that (b) implies (a)
and it was conjectured there that (a) = (b) always holds. The first main result of
this paper (see Section 1) is a positive answer to this conjecture, thus establishing
the following:

Theorem 2. A Hopf algebra is co-Frobenius if and only if its coradical filtration is
finite.

The strategy of the proof is to use that the finiteness of the coradical filtration
is equivalent to bound the Loewy length of all indecomposable injective objects in
MH . We find, more strongly, that when H is co-Frobenius their composition length
is bounded by d dim E (k), where d is the largest dimension of a composition factor
of E(k), Theorem 1.2. The proof exploits the tensor structure of the category of
finite dimensional H-comodules and the existence of injective hulls. Indeed, we
observe in Section 2 that the same result holds for Frobenius tensor categories of
subexponential growth, Theorem 2.5, and provide an explicit uniform bound on the
length of the indecomposable injective objects in terms of the composition series of
the injective hull of the unit object.

In [4], an alternative proof to Radford’s theorem was given, together with an
analysis of the structure of a co-Frobenius Hopf algebra whose coradical is a Hopf
subalgebra, along the lines of the method proposed in [5]; see also [6]. However,
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there are examples of co-Frobenius Hopf algebras whose coradical is not a Hopf
subalgebra. A prominent one is the function algebra O, (G) of a semisimple quan-
tum group G at a root of one g; it was shown in [2] that the injective hulls of the sim-
ple comodules are finite dimensional. Another approach appears in [4] through the
notion of Hopf socle. Assume that H has bijective antipode. The Hopf socle Hyoc of
H is the span of the matrix coefficients of those simple W € M such that V @ W
and W ® V are semisimple for every V e M# simple. If H is a finitely generated
module over Hgy (finite type), then H is co-Frobenius [4, Lemma 4.2]. This is an-
other realization of the heuristic principle above since O, (G) is of finite type over
its Hopf socle O(G). The following natural question was posed in [4, page 153]: Is
any co-Frobenius Hopf algebra H of finite type over Hyo.? Our second main result
gives a negative answer to this question. After presenting an initial direct example
in Theorem 3.1 and Proposition 3.2, we construct in Subsection 3.3 a new family
of infinite dimensional co-Frobenius Hopf algebras D(m, w, (g;)ier, @), depend-
ing on a natural number m, a root of unity @ whose order n divides m, a scalar o,
a non-empty set /, and a family (g;);es of nonzero scalars. Theorem 3.7 character-
izes when D(m, w, (¢;)icr, @) is of finite type over its Hopf socle and yields as a
consequence:

Theorem 3. The Hopfalgebra D(m, w, (g;)icr, &) is not of finite type over its Hopf
socle if @ # 0 and at least one of the g;’s is not a root of one.

The construction of D(m, w, (gi)iecr, @) is inspired by the presentation by gen-
erators and relations of the dual of a lifting of a quantum line, see Subsection 3.2,
but blowing-up, in some sort, part of the structure. This seems to be a novel point
of view that is being explored.

In Section 4 we construct other examples of co-Frobenius Hopf algebras, over
fields of positive characteristic, that are not of finite type over their Hopf socles.
They are smash products of a group algebra and the function algebra of a finite
Abelian group. An example of an infinite dimensional co-Frobenius Hopf algebra
with trivial Hopf socle is given.

Although the answer to the question in [4, page 153] is negative, the heuristic
principle remains unscathed because the examples presented here fit into a cleft
exact sequence of Hopf algebras where the kernel is finite dimensional and the
cokernel cosemisimple. We wonder whether any co-Frobenius Hopf algebra is
an extension of some sort (short exact sequence, bosonization or else) of a finite
dimensional and a cosemisimple Hopf algebra. For example, the function algebra
O(G) of an affine group scheme G is co-Frobenius if and only if G contains a
linearly reductive subgroup (not necessarily normal) of finite index [13, page 218].
In this case, O(G) fits into a short exact sequence where the kernel is not a normal
Hopf subalgebra but a coideal subalgebra instead.

Preliminaries

For basic notions and results on Hopf algebra theory and unexplained terminology
we refer to [11,20] or [23]. Throughout we will work over a ground field k. We
write k> for k\{0}. Vector spaces, linear maps, and unadorned tensor products are
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always over k. The comultiplication and counit of a coalgebra are denoted by A
and ¢ respectively. For a Hopf algebra H its antipode is denoted by § and its group
of group-like elements by G(H). Given g, h € G(H) we set P, ,(H) = {x € H :
A(x) = ¢ ® x + x ® h}. A left integral [ for H satisfies [(h)ha) = [(h)1u
for all h € H. Recall from [11, page 197] that if f # 0 there exists a unique
g € G(H) such that [(h(1))h@) = [(h)g forall h € H. Such an element is called
the distinguished group-like element of H.

The Loewy series of a right H-comodule M is the series

0 C Soc(M) C Soc’2(M) C --- C Soc™ (M) C -+ C U Soc™ (M) = M,

meN

defined as follows: Soc(M) is the socle of M, i.e., the sum of all simple subco-
modules of M. For n > 1, Soc”(M) is the unique subcomodule of M satisfy-
ing Soc"~ (M) c Soc"(M) and Soc(M/ Soc"~1(M)) = Soc™(M)/Soc" (M),
see [16, 1.4] or [11, page 121]. An alternative description of this series is through
the coradical filtration: let p : M — M ® H denote the structure map of M, then
Soc"t\ (M) = p~"(M ® H,), [11, Lemma 3.1.9]. If M = Soc™(M) for some n,
the Loewy length of M is defined to be ££(M) = min{m € N : M = Soc™(M)}.
Otherwise, £(M) = oo. The coradical filtration of H coincides with the Loewy
series of H , either as a right or left comodule.

1. The coradical filtration of a co-Frobenius Hopf algebra is finite

Let H be a co-Frobenius Hopf algebra. To prove that H has finite coradical filtra-
tion, we use a criterium from [7]. Let {S;};<; be a full set of representatives of sim-
ple right H-comodules. Then H =~ @®;c;E(S;)", with n; € N foralli € I. Since
H is co-Frobenius, E(S;) is finite dimensional for all i € I and hence it has finite
Loewy length. Observe that ££(E(S;)) < £(E(S;)) < dim E(S;), where £(E(S;))
denotes the composition length of E(S;). Since the Loewy series commutes with
direct sums, we have:

Proposition 1.1 ([7, Proposition 3.1]). H has finite coradical filtration if and only
if the set {€L(E(S;))}ier is bounded. O

Thus, it would be sufficient to show that the set {££(E(S;))}ics is bounded.
Indeed, we will prove the stronger statement: the set {£(E(S;))}ier is bounded.

Theorem 1.2. Let S € M* be simple and d the largest dimension of a composition
factor of E(k). Then €L(E(S)) < d dim E (k).

Proof. Let W be a composition factor of E(S). Then Homg (E(S), E(W)) # 0.
Consider E(W) as a subcomodule of W ® E (k) and take a nonzero morphism
[ E(S) —> WQ®E (k). We know, see for example [7, Theorem 5.2], that £(S) has a
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unique simple quotient, isomorphic to kg ® $**, where g is the distinguished group-
like element of H. So kg ® S§** is a composition factor of Im(f) and W ® E (k).
There is a composition factor U of E (k) such that kg ® S** is a composition factor
of W®U.Thendim S <dimWdimU < ddim W.

Setn = £(E(S)) and let Wy, ..., W, be the composition factors of E(S). We
have

dim Sdim E(k) =dim S ® E(k) > dim E(S) =

L dim §
dimW; > n "; .

j=1
From here, n < d dim E (k). O

A small variation of the above arguments gives a bound for the length of S® X,
with X € MH of finite dimension, in terms of data not depending on S. Viewing
E(S) as a subcomodule of § ® E (k), we get another bound for E(S). It is less tight
than the previous one but the proof is simpler and generalizable to tensor categories,
as we will see in the next section.

Proposition 1.3. Ler X, S € MY with S simple and dim X < oo. Let by denote the
largest dimension of a composition factor of E(K)@X*. Then £(S®X) < by dim X.

Proof. Let W be a composition factor of § ® X. Then Hompy (S ® X, E(W)) # 0.
Using the adjunction, Homg (S, E(W) ® X*) # 0. Consider E(W) included in
W® E (k). Since S is simple, it can be viewed as a subcomodule of W ® E (k) ® X*.
There is a composition factor U of E(k) ® X* such that S is a composition factor
of W ® U. Thendim S < dim WdimU < by dim W. Now proceed as at the end
of the previous proof. U

This new bound can be slightly improved as follows:

Corollary 14. Let X, S € MY with S simple and dimX < oo. Let r be the
number of 1-dimensional composition factors of X. Then:

LS®X)<bxdmX —r(bx —1).

Proof. Setn = £(X). Let X1, ..., X, be the composition factors of X and assume
that X,—,+1, ..., X, are I-dimensional. Then Xjf is a composition factor of X* for
j=1,...,n. Acomposition series of X* gives rise to a series of E (k) ® X* whose
factors are isomorphic to E (k) ® X ;‘ for j =1, ..., n. Each composition factor of
Ek ® X 7 is a composition factor of E(k) ® X*. Then by; < bx. Finally,

n—r n—r
LS®X) =) LS®X) =) LS®X)+r<r+ ) bx,dimX,
j=1 j=1 j=1

<bx(dmX —r)+r. O

n
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For X, Y € M* of finite dimension, the previous result implies that

LY ® X) <€) (bx dimX —r(bx — 1)).

Corollary 1.5. Let S € M* be simple. Let b denote the largest dimension of a
composition factor of E(k) ® E(k)*. Assume that there are r composition factors
of E(K) of dimension 1. Then:

LE(S)) <bdimE&k)—r(b—1) <bdimEk) -2 —1). (1.1)

Proof. The first inequality is a consequence of Corollary 1.4. For the second one,
recall from the proof of Theorem 1.2 that E (k) has a unique simple quotient, iso-
morphic to kg. Hence r > 2. O

Remark 1.6. Observe that if H is pointed, then £(E(S)) = £(E(k)) = dim E (k)
for every S € M*! simple. In this case, the bounds in Theorem 1.2 and Corollary
1.5 are tight because d = b = 1 and r = dim E (k). However, they are not so in
general, as the next example shows.

Assume that k contains a primitive 3rd root of unity ¢. Denote by H the dual
Hopf algebra of the Frobenius-Lusztig kernel u,(sl;(k)). There are 3 simple co-
modules: Vy =k, Vi, and V, of dimensions 1, 2, and 3 respectively. The comodule
V, is injective, see, e.g., [1, page 158]. The injective hull of V| is V| ® V5. Its
composition factors are Vj and V| repeated twice each. Then £(E (V7)) = 4. The
decomposition of V; ® E(V) is Vo, @ Vo @ E (k). Hence dim E (k) = 6. The com-
position factors of E (k) are Vy and V) repeated twice each. Then d = r = 2. The
bound in Theorem 1.2 gives 12 to approximate 4.

On the other hand, E (k)* >~ E (k) because the distinguished group-like element
is trivial in this example. The comodule V| ® E (k) decomposes as Vo & Vo ® E(V))
and so £(V; ® E(k)) =2+ ¢(E(V1)). This also implies that V, occurs as a compo-
sition factor of E (k) ® E(k)*. Hence b = 3. The error of approximating £(E (V7))
by £(V1 ® E(k)) is 2. The bound in Corollary 1.5 gives 14 to approximate 4.

2. Finiteness of the coradical filtration for Frobenius tensor categories

We show in this section that part of the arguments used above to prove that a co-
Frobenius Hopf algebra has finite coradical filtration works in the more general
setting of Frobenius tensor categories of subexponential growth. This allows one to
obtain the same result, for instance, for co-Frobenius co-quasi-Hopf algebras.

We refer the reader to [15] for terminology, basic notions and the results on
tensor categories needed in the sequel.
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2.1. Artinian categories and the coradical filtration

An essentially small! Abelian category € over k is called Artinian if objects have
finite length and Hom spaces are finite dimensional. This amounts to that C is
equivalent to the category mC of finite dimensional right comodules over a coalge-
bra C over k (which is uniquely determined up to an equivalence), see section on
reconstruction theory in [14] and [25, Theorem 5.1]. Notice that the terminology
used there for Artinian is locally finite.

Let C be an Artinian category. For X € C denote, as before, by £(X) and ££(X)
the length and Loewy length of X respectively. The category € admits a filtration
(C)n>0, called coradical filtration, where C,, is the full subcategory consisting of
objects of Loewy length less or equal than n + 1. Considering C as equivalent to
mC, we have that C, is equivalent to mE&n, where C, is the n-th member of the
coradical filtration of C.

2.2. Tensor categories of subexponential growth

Assume that k is algebraically closed. Here, by a fensor category we mean a rigid
monoidal Artinian category over k with unit object 1, in which the tensor product
is bilinear on morphisms, and End(1) = k. The following definition is essentially
due to Deligne, see [8, Proposition 0.5].

Definition 2.1. A tensor category € has subexponential growth if for any X € C
there exists a constant K > 1 such that £(X®") < K" for large enough n. The
infimum of such K is called the spectral radius of X and denoted by p(X).

Remark 2.2. 1. If @ =m* for a (co-quasi-) Hopf algebra H , then it is clear that C
has subexponential growth, and p(X) < dim X.

2. More generally, assume that C admits a dimension function, i.e., a function
X +— Dim(X) € R4 on isomorphism classes of objects, satisfying the following
properties: Dim(1) = 1, Dim(X*) = Dim(X), Dim(Z) = Dim(X) + Dim(Y) for
an exact sequence 0 > X — Z — Y — 0,and Dim(X ® Y) = Dim(X)Dim(Y).
Then € has subexponential growth, and o (X) < Dim(X). Indeed, since for X # 0,
the object X ® X™* contains 1, we see that Dim(X) > 1. The additivity of Dim gives
£(X) < Dim(X), which implies the statement.

3. Let C be a tensor category. Suppose that its Grothendieck ring admits a unital
complex matrix representation & such that st (X) is a matrix of size m with nonneg-
ative real entries for any X € C (e.g., this holds if C has a module category M with
finitely many simple objects). Then € has subexponential growth. Indeed, we have

1
(X®") < [X®" @ X*®" 1] < —tr (m(X)"m(XH)").
m
The latter grows exponentially with 7 since so do the matrix elements of 7 (X)" and
7 (X*)". Here [X®" @ X*®" : 1] denotes the multiplicity of 1 in a composition

series of X®" @ X*®n,

! This means that the isomorphism classes of objects form a set.
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4. There exist tensor categories which do not have subexponential growth, e.g., the
categories Rep(S;), t € C, obtained by extrapolating of the representation cate-
gories of the symmetric groups S, , defined by Deligne in [9].

2.3. Frobenius tensor categories
The following definition is inspired by the previous considerations on the category
of finite dimensional comodules over a co-Frobenius Hopf algebra, see Theorem 1.

Definition 2.3. A tensor category € is called Frobenius if each simple object has
an injective hull. Equivalently, € has injective hulls.

Remark 2.4. It is known, see [15, Proposition 2.3], that duals of projective objects
in a tensor category are injective, and vice versa. Since X ~ *(X™) for any object
X, a tensor category is Frobenius if and only if it has projective covers.

Semisimple tensor categories are Frobenius. In particular, Deligne’s tensor
category Rep(S;) is Frobenius for ¢t ¢ Zso. Easy examples of Frobenius tensor
categories that do not arise from m for a (co-quasi-) Hopf algebra H can be con-
structed by tensoring m* with a fusion category of irrational dimension.

As before, for X € C, let E(X) denote the injective hull of X. Let {S;};c; be a
full set of representatives of the simple objects in €. Given X, S € € with S simple,
[X : S] stands for the number of occurrences of S in a composition series of X.
Notice that [X : §] = dimHom(X, E(S)) and [X : S] > dim Hom(S, X).

The next result is a generalization of Theorem 1.2 and Corollary 1.5, with a
weaker bound on the length.

Theorem 2.5. The coradical filtration of a Frobenius tensor category C of subex-
ponential growth is finite. More precisely, its Loewy length does not exceed

YEM:Silp(S@EM®S).

iel
We need several preliminary results to establish Theorem 2.5.
Lemma 2.6. Let X, S € C with S simple. Then [S ® X : §] < p(X).

Proof. Writem =[S ® X : S]. Clearly, m” < [S ® X®" : S] for any r > 1. Thus,
m” < dimHom (S ® X®", E(S)) = dimHom (X®","S ® E(S)) < Ks ¢ (X®")
for some constant K g depending only on S. This implies that m < p(X). U
Proposition 2.7. Let S be a simple object of C. Then £(SRX) < p(XQE(1)QX™).

Proof. Let W be a composition factor of S ® X. Then

[S® X : W] = dimHom (S ® X, E(W)) = dimHom (S, E(W) ® X*).
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Hence [S® X : W] < dimHom(S, WQ® E(1) ® X*), as E(W) is a direct summand
of W® E(1). Let Wy, ..., W, be the different composition factors of S @ X. We
have

n
[SERXREM@X*:5] =) W, ED)®X*:S|[S® X : W)]
j=1
n
> )" dimHom (S, W; ® E(1) ® X*)
j=1
n
> Y " dimHom (S ® X, E(W)))
j=1

n
=) [soXx: W]
j=1
=4(S ® X).
By Lemma 2.6, £(S ® X) < p(X ® E(1) ® X™), as desired. ]

Corollary 2.8. For any V € C simple,

CEV) <Y [EQ):S]p(Si@ED®S).

iel

Proof. Onehas £(E(V)) <€(VRE)) =) ;o;/[EQ) : S;1¢(V®S;), and the latter
is bounded by } ;,[E(D) : S;]1 p(S; ® E(1) ® S¥) in view of Proposition 2.7. [J

Now Theorem 2.5 follows from the fact that the length of the coradical filtra-
tion of € is the maximal Loewy length of an indecomposable injective object.

Remark 2.9. By Proposition 2.7, any Frobenius tensor category of subexponen-
tial growth satisfies £(S ® X) < K(X), namely, K(X) = p(X ® E(1) ® X*).
Conversely, any Frobenius tensor category C with this property is necessarily of
subexponential growth. For, assume that for each X, S € € with S simple, there
is K(X) such that £(S ® X) < K(X). This implies that for Y € C arbitrary,
(Y ® X) < £(Y)K(X). Then £(X®") < K(X)" for all n > 1. Since Deligne’s
tensor category Rep(S;) has not subexponential growth, there is no bound here for
£(S ® X) depending only on X and not on § (this is also easy to see directly, e.g.,
when X is the analog of the permutation representation of Sj,).

Remark 2.10. Suppose that C has a dimension function Dim. Theorem 1.2, Propo-
sition 1.3 and Corollaries 1.4 and 1.5 hold in € with exactly the same proofs. The
role of the 1-dimensional comodules is played by the invertible objects. The ex-
istence and invertibility of the distinguished group-like element g is shown in [15,
2.8]. Notice that the finiteness assumption there on the isomorphism classes of
simple objects is not used for this. The key point is that duals of projective ob-
jects are projective. For § € C simple, that E(S) has a unique simple quotient,
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isomorphic to kg ® S$**, follow from Lemmata 2.9 and 2.10 and Corollary 2.11
in [15]. With notation as there, the injective hull E; of the simple L; is isomorphic
to (P+;)* > Pp+y. By Lemma 2.10, Pp+;) >~ Pw;® L. By Lemma 2.9 and Corol-
lary 2.11, Pexj >~ Lg R P ® LZ,. Then E; ~ Lg R P ® LZ, ® Lg ~ Lg R Py
From here, the head of E; is isomorphic to Ly ® L;+.

3. A family of co-Frobenius Hopf algebras not of finite type
over the Hopf socle

Before constructing the family of Hopf algebras described in the title, we present
an example that tackles directly the problem of the finiteness over the Hopf socle.

3.1. An initial example

We assume in this subsection that chark = 0. Consider the Hopf algebra A gener-
ated by g, h subject to the relations g> = 1 and gh = —hg, where g is group-like
and A is (g, 1)-primitive. The example will be realized as a Hopf subalgebra of the
finite dual Hopf algebra A°.

For z € Z let J, denote the ideal generated by h* — z. The algebra A, = A/J,
is isomorphic to M (k) when z # 0. Writing g, & for the class of g, & respectively,
the isomorphism is defined by:

g»—><(1)_01), ﬁw(gé). (3.1)

Let S; be the unique (up to isomorphism) simple left A;-module. It is also simple
when viewed as a left A-module via the canonical projection 7, : A — A;. For
z = 0 the algebra Ay is just Sweedler Hopf algebra H4 and mg is a Hopf algebra
morphism. Recall that Hy has two simple modules: k, and k, given by the character
x:Hy >k, g —1,h+ 0.Let E(k) and E(k,) denote the injective hulls (as
Hy-modules) of k and k, respectively. These four modules are (up to isomorphism)
all the indecomposable left modules over Hy.

Consider now the category Rep(A) of finite dimensional left A-modules. Let
@ be the full subcategory of Rep(A) consisting of objects V on which A2 acts by a
semisimple linear operator with integer eigenvalues. Write V = ®_  V (z;), where
zi€eZandV(z;))={veV:h?>v=zgv}foralli =1,...,m. Since h? is central,
V(z;) is an A-submodule of V. If z; # 0, then the A-action on V(z;) factors
through A, and V (z;) >~ Sz'f" as an A-module for some n; > 1. If z; = 0, then the
A-action on V (0) factors through Hs and V (0) is isomorphic to a finite direct sum
of copies of k, k,, E(k), and E(k,). Conversely, h? acts by a semisimple linear
operator with integer eigenvalues on any object of Rep(A) isomorphic to a finite
direct sum of copies of k, k,, E(k), E(ky), and S;,’s. This totally describes the
objects of C.
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Theorem 3.1. The category C is a tensor subcategory of Rep(A). It is tensor
equivalent to m* for a co-Frobenius Hopf algebra H which is not of finite type
over its Hopf socle.

Proof. That C is an Abelian subcategory of Rep(A) follows from the assumption
on the action of 2. By the same reason, E (k) is injective in C, and it is the in-
jective hull of k. Given V, W € C, since h? is primitive, it acts as a semisimple
linear operator on V ® W. Notice that 42 - (V(2) @ W(Z)) € (V @ W)(z + 2))
for z, 7' € Z. Moreover, if V. = @ ,V(z;), then V* = @, V*(—z;) because
S(h*) = —h?. This shows that C is a tensor subcategory of Rep(A). The forgetful
functor U : € — Vecy is a fiber functor. By reconstruction theory, there is a tensor
equivalence F from C to m* for some Hopf algebra H . This Hopf algebra must be
co-Frobenius because F (E (k)) has finite length.

Finally, we prove that H is not of finite type over its Hopf socle Hsoc. By the
form of the objects in C, the only (up to isomorphism) simple objects are k, k,,
and S, for z € Z°. Here Z° = Z\{0}. It is not difficult to check directly that the
multiplication rules for them are the following:

Hy, if7 =—z,

ky®ky >k, k®S. >S5 >S5 ®k, 5@ x> { S2. . otherwise.

Then, Hgoc has only two simple comodules and hence it is finite dimensional. Since
H is infinite dimensional, it cannot be of finite type over Hgq. O

Proposition 3.2. The Hopf algebra H of the previous theorem is presented by gen-
erators u, x, a*' and defining relations:

u =1, x*=0, ux=—xu, at'at' =1, wa=au, ax = xa. 3.2)
Its comultiplication, counit, and antipode are given by:

Aw=u®u, AX)=u®x+x®1, A(a*) =0 ® a*!' £ xua*' ® xa*!,
e(uw) =1, e(x) =0, 8((1:‘:1):1’
S(u) =u, S(x) = xu, S (ail) =qT!.

Proof. Each object X € € is naturally a finite dimensional right A°-comodule.
Let cf (X) denote the coefficient space of X. Then H := ) y e cf(X) is a Hopf
subalgebra of A” because C is a tensor subcategory of Rep(A). The category m
is tensor equivalent to €. By the form of the objects in C, it suffices to consider
the family 7 = {k, k,, E(k), E(k,)} U {S; : z € Z°} to reconstruct H, that is,
H =) y.5cf(X). To describe the elements of H, recall that cf (X) is isomorphic
to (A/ Ann(X))*, as a coalgebra, viewing (A/ Ann(X))™* inside Al through the dual
map of the canonical projection of A onto A/ Ann(X).

The set {gihj :0 <i < 1,0 < j}is abasis of A. For each 7z € Z we
consider A} inside AP through the map Al — A% Letu,x e Hj be defined
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by (u, §'h/) = (=1)'8;0 and (x, g'h/) = (—1)i8;;, with 0 < i, j < 1. The
assignment u — g, x > h gives a Hopf algebra isomorphism between H 4 and Hy.
View u, x inside A° through 7y . Since it is a Hopf algebra morphism, we obtain
the given relations and formulae for the comulplication, counit, and antipode of u
and x.

We now discuss the case z # 0. Recall from (3.1) that A, >~ M,(k). For
r,s = 1,2 let ¢(z),s be the matrix with 1 in the entry (r, s) and zero elsewhere.
Under the previous isomorphism,

c@Qur = (1+3),

N = N =

@i = (h+gh),

c@a > — (h—gh),

c(z)n 7 (1-3).

Let {C(Z)rs}f’szl C M>(k)* be the dual basis of the above one. Then,

2
AC@r) =Y C@Ou®C@s.  &(C@rg) = by
k=1

These elements can be considered inside A° as follows:
<C(Z)11, g’h1> = 223[1,0 <C(z)12, g’hj> =27 81,1,
ipi\ _ i ipi\ _ i 4
(@ gnl)= e F 551, (C@m ghl) = (—Dizts0

Here [j] stands for the class of j modulo 2. The following relations can be easily
checked by direct computation:

C(2)2 =uC(@)11 = C@)11u, C(2)21 = z2xC (D11 =z2C@D11x,
C@i=xuC@) =C@uxu, Ci+z2H1n1=C@@nuCE)Hn if 2 # —z,
C@OuC=n =1, 8 (C(11) = C(=D11-

Writing a = C(1)11, we obtain C(—1)1; = a~!and
C(2)11 =a*, C(Q)12 =xua®, C(z)21 = zxa*, C(2)» = ua* forallz € Z°.
Also, ua = au and xa = ax. The comultiplication of @ and ¢~ read as

Ala) =a®a + xua  xa, A(ail) =a'®a ' —xua"'@xa!,
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and the antipode $(a*') = aT!. The previous relations show that H equals the
subalgebra generated by u, x, and a*!.

We have H = Hy + (), cz0 A%). The second sum is direct since it consists of
simple subcoalgebras. Moreover, Hs N (ZZ czo A¥) = 0 because otherwise either
k or ku would be contained in some A7, which is not possible. This, together with
the previous relations, implies that the set {xf ua*:0<i,j<1, ze Z} is a basis
of H.From here, it easily follows that H is presented by u, x and a*! and defining
relations (3.2). Notice that H >~ Hy ® kZ as algebras. O

In the next subsections we construct a large family of infinite dimensional co-
Frobenius Hopf algebras that, apart from producing other examples to the above
question, are interesting in its own for several reasons. This family is completely
new and it does not fit in any of the general approaches to construct examples of co-
Frobenius Hopf algebras, [4, Section 3] and [6, Section 4]. It provides examples of
Hopf algebras generated by the coradical, a property stressed in [3, Theorem 1.3].
We will adopt a point of view different to the above one, though related, that is
susceptible of generalizations. Our construction will be better understood from the
analysis of the Hopf algebra dual to a lifting of a quantum line.

3.2. The dual of a lifting of a quantum line

Let G be a finite Abelian group and denote by G its group of characters. Suppose
that chark 1 |G|. Take 1 # g € G, x € Ganda € k. Letw = x(g) and n = ord w.
We assume that n > 1 and

a#£0 = x"=1landg" # 1. (3.3)

Let G act on the polynomial algebra k[x] by o - x =x (0)x, 0 € G. The quotient of
the smash product k[x]#kG by the ideal generated by x" — a(1 — g") is a Hopf
algebra, denoted by H (G, g, x, «); it has dimension |G|n and basis {xjo 10 <
Jj < n,o € G}. The elements of G are group-like and x € P, 1(H(G, g, x,@)).
Defined in [5, Section 5], it is a lifting of a quantum line in the sense of [5, Sec-
tion 4].

If k is algebraically closed we can always take o € {0, 1} replacing x by
a~!/7x for @ # 0. When G is cyclic of order n generated by g and o = 0 we get
Taft Hopf algebra T,,(w). The case « = 1 and G cyclic of order pn was constructed
in [21, Section 2] to give an example of noncommutative noncocommutative Hopf
algebra whose Jacobson radical is not a Hopf ideal.

Put K = Kery, p = |K|, and m = ord x; n divides m and if o« # 0, then
m = n by assumption. Choose # € G such that x (#) = 7, with n a primitive m-th
root of unity. The quotient group G/K is cyclic of order m and it is generated by
the class of u. We fix now a decomposition Cp, @ - - - ® C),; of K as a direct sum of
cyclic groups of orders p1, ..., ps. Fori =1,...,s leta; € K denote a generator
of the subgroup C, . Every element of G may be uniquely expressed as u’ af' ...ay
with0 <t <mand 0 < ¢; < p;. We abbreviate (e, ..., es5) to e,af' ...as to
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fi Is
i

a®, and so on. In particular, g = u”a .ay’ = u’al. When o # 0, we can take

u=gsothaty = land f =0. We have v = x(g) = xwal) = x(w)Y =n’.
We also write g” = a?. Clearly, p = |K| = pi1...ps and |G| = pm. Write
d; = p/pi. Take & € k a primitive |G |-th root of unity such that €7 = 7.

Define U, X, A; : H(G, g, x,a) — kby
(U,xjuta]el ...a§5> =780,
<X,xjutaf‘ ...afs> =61,
<A,-, xjutaf1 . .af"’) = éd"(e"”rmei)zsj,o.

Let now D = D(G, g, x,«a) be the dual Hopf algebra of H(G, g, x, o). For
0 < k <[ recall that the w-factorial and w-binomial coefficients are given by:

o Ny on =TT AN
(M-%w, ().w—[[lu)w, (k)w‘—(mzw(z—knw‘

J

Proposition 3.3. The algebra D is generated by U, X and A;,i =1, ..., s, subject
to the relations:
U" =1, X" =0, Al =U%,  UX =oXU,

(3.4)
UA; = AU, AX =§g4CrImiDx A, A A = AL AL

Its comultiplication, counit, and antipode are given by U € G(D), X € Py 1(D)
and

n—1
. 1
L (e DI

e(A) =1,  8(A) = Al~'ymo, (3.6)

X" kUuka; @ xkA;, (3.5)

We stress again thatm = n,y = 1 and f = 0 when a # 0.

Proof. Throughout we shall use that {x/u’a®} is a basis of H(G, g, x,a). We
divide the proof into several steps.

Step 1. To verify the relations in (3.4) one needs the formula

i
A(x/o) = Z <J> x/kegko @ xFo.
k=0 k @
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The computations are straightforward; along the way, one establishes the identities:

(Ut/, x‘iutae> = 77”/5]',0; this implies U™ = 1;
<Xj,’ xj”tae> = (j)wb;.jrs this implies X" = 0;
<A?, xjutae> _ é_elfdi(QihLmei)(gj’o; this implies Al{’i _ UQ,-'

Step 2. Consider the subalgebra R of D generated by U, X and A;,i = 1,...,s.
The set

[x7/ur A aS

ij/<n,0§l/<M,0§€,/-<pi} 3.7)

spans R and has |G|n elements. We will show that it is also linearly independent
and then R = D.

We claim that

N

<Xj/U[/ Ae/, xjutae> — (1_[ é_-d,‘éf(@,‘l‘—i-me,')) ntt,(j/)!a)cgj’,j- (3 8)

i=1

For this, we easily check that (A¢, x/u'a®) = 8iollizy gdie;Gittme;) Then

i
<Xj/Ut/Ae/, xjutae> _ Z (i) (Xj/Uﬂ, xj_kuykafkutae> (Ae/, xkutae>
k=0 w

s
— (Hsdie;(95l+me,-)) (Xj’Ut” xjutae>

i=1

s j .
= (H%—dief(Qif+m€i)) Z (i) <Xj/, xj_kuykafku[ae><Ut/, xku’ae>
1)

i=1 k=0
s / ’ ./ .

— (l_[%.diei(Qit+me,-))ntt <Xj ,x]u’a€>
i=1

and (3.8) follows. To show linear independence of (3.7), consider the following
equation, where the A’s are scalars and the limits in the sum are understood:

=/ !/ /
D Ao X UTAC =0.
j,,t/,e,

Take j,t and e = (ey, ..., es) arbitraries and evaluate the previous sum at the
element

1 oL g I T drey (mky+6,1) 1k k
—t —dyer (mky+ J 1 .
—_ n <||§ rer ’)x uap...ag;

r=1
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we obtain

(o g ) ) I
OIZ (._]])' J J Z Z (l 1)l <l_[§ d; 19t> /Z <l_[ %'dz 1911))\,]-/,[/’6/1““’6;
J /

i=1 gl ..... eS i=1

s /1 kil ,
i=1 t

i=0

Step 3. Let R be the algebra presented by generators U,Xand Aj,i = 1,...,s,
with defining relations (3.4). By Steps 1 and 2, we have a surjective algebra mor-
phism ¢ : R — D. The set

{YjUIZ?‘...Zs" |O§j/<n,05t/<m,05e;<p,~}

spans R and has |G|n elements. Indeed, the span of this set is a left ideal of R and
contains 1. Therefore, ¢ is an isomorphism.

We now proceed to establish the formulae for the comultiplication, counit, and
antipode. The comultiplication at U and X determines the values of the counit and
antipode at them, so we can skip their computations.

Stepd. A(U)=UQU.
(A(U) ( u'a ) ® (xj/u’/ae/» :(U, (xju’ae) <xj/u’/ae/>>
= ntj/ (U, xj+j/ut+t/ae+e/>.
Let [j + j'] be the residue class of j + j’ modulo n. We distinguish three cases:
iti>n :>ntj/<U’ xj+j,u’+’/ae+e'>:;7’f/<U, axlitil (1-g") ut+t’ae+e’>=0’
j+j=n=n" <U, x-/+j,ut+t/ae+e/>:ntj/ <U, a(l—g") u’+’/ae+e,>
=o'/ (nt“/ - n’”) =0,

. . ./ . ./ ’ ! ./ ! !
j+i<n=nY <U, xI Tyt gete >=n” N840 =0"1"8;08) 0.
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On the other hand,

(U U, <xjutae> Q (xj,uﬂae,)> _ <U, xjutae> <U, xjfu[/ae/> _ rlt—H,(Sj’()Sj/’O.

Step5. AX)=UQX+X®1.

Proceeding as in Step 4 one can easily check that

| o 0’ i (. ) = . 1),
(a0, (+u'a) @ (x/u’a)) = 11 i (j. /) =1, 0),
0  otherwise

= <U RX+X®I1, (xjutae) ® <xj,ut/ae,)>.

Step 6. A(A;) is given by (3.5).

We start evaluating the left-hand side of (3.5) at a basis element:
<A(Ai), (xjutae) ® (xj/ut,ae/» = (Ai, <xjutae> (xj,u’/ae/)>
= <Ai, xj+j,u’+’/ae+e/>.

Again, we distinguish the three possible cases for j + ;'
i st (A T ) 7 4 a1 = ) e ),
it <n= <Ai, xj+j’ut+t’ae+e’> _ ntj/%-d,'(9,'(I—H/)-i-m(&‘—0—6’2))8].’05].,’0’
j+j=n= <A,-, xj+j/u’+’/ae+e/> —_— <Al~, a(l—g") u’+’/ae+el>

_ ntj/a<<Ai’ ut+ﬂae+e’> _ <Ai, ut+t’a9+e+e/>>

— qtV gdi O+ Emei+e)) <1 _ gdime,-)

— Mntj é_.d,-(ei(t-i-t )+m(ei+ei))'
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We wrote 1 = a(1 —£%%™) for short. We next evaluate the right-hand side of (3.5)
at the same basis element:

n
= )'w(n —k)ly
= (Ai, xjutae><A,-, xj/ut/ae/>

—1
1 . . / /
<A,- ®A Y XUk A © XA, (xfufae) ® (xf u' a¢ )>

n—1
1 n—kyrk Jot.e k ot e
+M;m<x UAi,)C ua><X Ai,x u a >

3.8) . 4. (p: . N7 /
g g_—d, (9,l+me,)%-d, (6;t +mel)5j,08j’,0

n—1
1 d: (0; . (0.4 ’
= di(Girtme) gtk — S d; (0;t'+me}) O 8.
HL; CIRCEGS T = Dini (b

0 ifj+j >n,
— g):di(Hi(t+t’)+m(€i+e§))5j705j,’0 if j+j <n,
/’Lntj,%-di(Gi(t+t/)+m(6i+e;)) lf] + j/ = n.

Finally, we obtain the formulae (3.6) of the counit and antipode for A;. Clearly,
e(A;) = 1. Since A/9' = AP = y%idm = | we have A[°1"" = AP T ym—h,
Then

<S(Ai), xju’ae> = (Ai,u™"a™%)8;0 = g~ 4Ttmes; = <A1-G|_1,xju’ae>. O

3.3. A new family of co-Frobenius Hopf algebras

Our main construction is an infinite version of D(G, g, x, &) obtained by removing
the relation A/ =U?% in (3.4) and replacing £% ©7+m/) in A; X = g4 GyTmix 4,
by an arbitrary ¢; € k*, and £%%™ in (3.5) by q!'. Indeed, D(G, g, x, ) fits into
the cleft exact sequence

k— H(Cu,g x,0) = DG, g, x,a) > k(Cp, ®---®Cp,) — k.

The proposed changes mean replacing each C,, by Z in the cokernel and lifting the
dual cocycle k(Cp, @ ---® Cp,) = H(Cp, g, x,0) ® H(Cpy, g, x,0) involved in
the comultiplication. Finite dimensionality is lost but not the co-Frobenius property
because the Hopf algebra is an extension of a finite dimensional by a cosemisimple.
Finiteness over the Hopf socle depends on the parameters g;, as we will see in
Theorem 3.7.
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Let n,m € N be such that n # 1 and »n divides m. Assume that k contains a
primitive n-th root of unity w. Let I be a non-empty set and take ¢; € k* for each
i €l.Picknowa € k Consider the k-algebra D = D(m, w, (gi)ics, @) presented
by generators u, x, a Y'Gel)and defining relations

u™ =1, x" =0, aiilafl =1, ux = wxu,
3.9)
ua; = a;u, aix = qijxaj, aiaj = aja;, i,jel.
Fix a total order < in I. Forr > Lset IVl = {(iy,..., i) e I" 1 i1 < -+ < i)}

and I =709 = {0}. Given F = (i1, ...,iy) € " and E = (ey, ..., ¢;) € Z' we
write

ak =af' .. a, qE:qiell...qf" a) =1, g0 =1. (3.10)

Thus q = q ql . Put Z° = 7Z\{0} and (Z")° = (Z°)". Let r =

Ur=1 I[r] X (Z’)<> Let Cm = (u) be a cyclic group of order m and let x € C,
given by x (#) = w. Then 71D acts on H(Cp,u,x,0)bya;-x =qgjx,a; -u=u,

i €I;clearly, D >~ H(Cpy, u, x, 0)#kZD . Hence the set
B={xu'af :0<s<n 0<t<m, (F,E)e ' U{0,0)}} (3.11)

is a basis of D. Alternatively, this can be shown by applying the Diamond Lemma.

Suppose that m = n when o # 0; compare with (3.3). If k is algebraically
closed, for our purposes, we can take « in the set {0, 1}.

Theorem 3.4. The algebra ‘D bears a Hopf algebra structure uniquely defined by

Al) =uQu, AX)=u®®x+x®1,

:

—1
+1 1 n—k k :I:l k :|:1
M) =t Bl e 1 =a) 2 gy @
(3.12)
) = 1, £(x) =0, e(af) =1,
S(u) = u™ !, S(x) = —u" x, S (aijﬂ) = aijFl, iel.

We split the proof into three steps.
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Step 1. The definitions above give rise to algebra morphisms A : D — D ® D,
¢ : D — kand to an algebra antimorphism 8 : D — D.

Proof. We must verify that these maps respect the relations (3.9) defining D. We
leave to the reader the verification for ¢ and 8. The relations u™ = 1, x" = 0, and
ux = wxu are respected by A, ¢ and S, as a particular case of the Hopf algebras
defined in the previous section. The computation for the relations involving the a;’s
is more involved:

n—1

A (a;) A (ai_l) = (a,' ®a; +o ]; Bl (n oL x"Kuka; ®xkai)

X (ai_l ®al._1
n—1 1

a(l-q;") Z

n—I 1 _—1 [ —1) _
TR I A )“"'

The tensorand x" % @ x* in the first expression multiplies x"~/ ® x/ in the second
expression. This product is always zero when k = n — 1. For k < n — 1 the product
x*x! is nonzero onlyfor/=1,...,n—(k+1). But x"kxn=l = 0 for these values
of /. Hence the product of the two big sums is zero. Then

&:aiai_l ®a,-al-_]

n—1
1
+a(l — —n —”k"kuka ® xa 1
( ql )kgl: (k)'w(n —k)' ql ia ql 1
n = 1 X" k. k
ta(l-g)Y " Kk @ xFaar = A

=1 () (n — k)!a)

Similarly, A(a; ") A(a;) = A(1). Now:

n—1 1

Aw)A(a;) = ua; @ ua; +a (1 — g} — ux"Muka; @ uxka
’ r@uar +a ’),; (K)o (n — K)o l ’
n—1
1
=a;u Q@ajuto (l—qlﬂ)z "Rk au @ oF xR au

2 () (n—k)ly

= Aai)Au);
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Aai) Ax)
n—l
= (ai ® a; —I—oz k:1 (k)'w(n oL x"*uka; ®xkai> uMRx+x®1)
=a;u@ajx+axQa;
n—1 1

n n—k k. k. n—k k
+Ol(1—ql)l;m<x uaiu @ x"aix +x MaX®X611>

=aiu®aix +a;x Qa;

n—1

qi —k+1, k k
- n= -
rell=a) L G, e

n—1

k
qiw k+1k
+a(l—gqg! ——x"" a; ®x a;
( ');wwm—kﬂw ’
=aqu®aix +axQa;

n—1 k
o) 1
L—a™) o n—k+1, k kg —e.
+o q’)q’,;((k)!w(n—k)!w+(k—1)!w(n—k+1)zw>x wa;@xka =l

Observe that
wk 1 1 wn—k-i—l
+ = + .
)-8y *k-—D\pm—k+D!Yy &!yn—k"!Yy *&k-D!\,(n—k+1)!,
Then

®=gqiua; Qxa; + qixa; Q a;

= 1 ok k+1 k k
1-¢") g n- -
Fo ql)q’,; (k)!w(n—k)!w+(k—l)!w(n—k+1)!w X waexa

n—1

=qiua; Q xa;+qixa; Q a; —I—a l q q S ®xka~
1 l 1 1 l 1 i lkZ:; (k)‘w(l’l k)' 1 1

n—2 n—k

w n—k k+1 . k+1 .
CII § (k)'w(n ~0, —— X U a®x " q
=qjua; @ xa; +qgixa; ® a;

n—1
1 —k+1 k —k. k k+1
+gia (1—g" _ (x” kg @ x*ai +ux"*uka; @x a-)
o ( ’)k; (k) (n — k) l

n—1 1

=qiu®x+x®1)|a ®a+a(l—g' — " huke @ xFa
’ r@aita ’); (k) (n — K)o l ’

= qi A(x)A(a;).
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Finally,

n—1
1
Ala))ANa)=a Q®a;i +a (1l —gq! E — "Mk @ xR
l ! ( l l ( ' )k:I (K)!w(n — k) l l

n—1

1
. . n n—Il 1 _ [ .
X <a1®aj+a<1—qj)l 17(1)%(” Dl XTua; @x aj)

®
=ajaj Qa;aj

n—1

rel-) S

ql" ' lulaja; ® g'xlaia;

n
+a(l—q]") Z ;x”_kukaiaj ® xka,-aj

-1
£ ()l — )l

=ajaj Qa;aj

ra(i=(a0,))

£ Aaj)Aay).

"lylga; @ xlaza;

1

n—1
Dl — Dl

=

@: The product of the two big sums is 0 as in the proof of A(ai)A(afl) = A(1).
@: A(aj)A(a;) equals the upper line with subindexes i, j interchanged. O

The second step is to give a formula for A evaluated at any basis element of D,
needed in Step 3 to check the coassociativity. Recall the notation af in (3.10).

Step 2. Fors e N, F = (i1, ...,i,) € I"Tand E = (ey, ..., e;) € 7/, we have

N

A (x%t’af) Z (;) xlu“l“ag ® x“lutaf
=0 @

(3.13)

n—1 1
n—k+s k+t E k.t E

nkE
e <1_QF >k:s2;1 loi—k +5)lg F®X A

As a consequence, A(af) = aE ® allf: if and only if either « = 0 or q;E =1.
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Proof. Since A is multiplicative and u’ € G (D) commutes with af , it is enough
to establish the formula for x* af . We proceed by induction on s, r and the ex-
ponents in E. Suppose that s = 0. We leave the case r = 1 for the reader. Let
FelrtU E ezt Set F/ = (i1,...,iy) and E' = (ey, ..., ¢r). We check the
case e, > 0, the other one being analogous:

A<a1€) =A (a?) A (a;’:)

n—1
’ ’ !’ 1 ’ ’
E E nkE n—k k _E k E
=\|am Q®ar +« <1 — ’ ) —_—X uwap Qx ar,
( = r ,;1 (K)o (n — k)l F F

n—1
1
€r+1 €r+1 ner+1 n—l 1 _€r+l [ er+1
Xla "~ &®a T +o (l—q-‘ ) E —————X ua ' Qxa;
( lr+1 lr+1 lr+1 = (l)!w(l’l _ l)!w lr+1 lr+1

n—1
® E E ( nery1 1 E' _n—l 1 _eértl E' 1 _ér+l
=ar Qap+o(l—g; ) ——ap X ua'l QapXxa.
F F Ir41 ; Dlw(n — D!y F ir41 F Irt1
N 1
+ o (1 - qn/E ) —xn_kukaE X xkaE
F ,; (k) (n — k) d d
n—1 an’ .
E E ner4 F’ n—l I E | E
=ar @a +a(1—q‘ ) ——— X" uapr ®xa
e ; Dw(n — Dy d d
! = 1 k. k k
—|—oz(1—q’“,g> — x"kkeE @ xkak
d ; (K)o (n — k)l i d

n—1
=a£®a,€+a(l—q}?’5)
k=1

1 n—k k_E k E
—(k)!w(n _k)!wx uarp Qxag.

®: The product of the two big sums is O as in the proof of A(ai)A(al._l) = A(1).
Assume finally that the statement is proved for s > 0. Then

A (xs+1a1€> =AX)A (xsaf)
> (s
— Z (l) wlxlus—l+lal€ ®xs—1+1a£
=0 @

N
A _ _
I Z (l) A GE @ xi g
=0 2

n—1 1

+(S)!woz<1—q;l:E) Z )t —k +5),

k=s+1

« (wn—k+sxn—k+suk+1a£ ®xk+lall;?+xn—k+s+luka£ ®xka1£;?>
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— us+1a£ ®xs+la1€ +xs+la11:; ® a1€

s—1
] S S I+1, s—I s—1
(0 50),+ () ek o et

E niz A ks, kA1 E o k+1 E
+ ($)!po (1 —qF ) X" e @xF T ag
L ®ln =k + )l
S ! kts+1 k k
+ () (1 — ”E) xR kG E @ xkak
© r k;z )l —k+5)y F F

*

N

s+1 ! '
_ ( l ) w1 af @ af + (o)l (1 - )
l w

Il
o

n—1 " kt+s+1
XE:(
Parardy k—D'yn—k+s+ 1!,

1
T oLt —k 9k

s+1
® s+1 _ _
:Z( l )xlus-H laE @ x*1-1gE
w

>x"_k+s+1uka,€ ® Xk(lll,z:

=0
n—1 1
+ G+ Da (1) k_Z, Otk rs it ek @ ek,
=s5+2
@: We have
ks +1 1 s+ 1),

(k—D!y(n—k+s+1)!, + ()yn—k+s)!, - K)pn —k+s+ 1)y,

Step 3. The maps A, ¢ and § defined in (3.12) equip D with a Hopf algebra struc-
ture.

Proof. We first prove that (D, A, ¢) is a coalgebra. Since A and ¢ are algebra mor-
phisms, it suffices to check the coassociativity and counit axioms for the generators
u,x, aiil . Clearly, it holds for u, x because the algebra they generate is a particular
case of the Hopf algebras discussed in the previous subsection. So, we only must
check them for al.il. For a = 0 the verification is straightforward. We assume that
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o # 0. Using (3.13), we compute:

(A ®id)A(a;)

n—1
1
= A(a; i 1—g" —A< n—k k
((11)®(11+05( ql)];(k)!w(n—k)!w X >®x a;
n—1 1
=a[®ai®ai+a(1_qin);mxn_lulai@xlai@ai
n—1n—k 1 n—k l l oy
n ni o
—i—ot(l—ql')l;l m( ) )wxu a; @ x uka; @ x*a;
(1)
2n—1 n—1 1
+(a(1—g" )
( ( l) k=1 v=n—k+ (k)'w(v)'a)(zn_v—k)'
x2n—v— kuv—l-kai Qx’u ai®xka,-. )

Consider the sum in (1). Take out the part corresponding to / = 0. Observe now
that / takes all values from 1 to n — 1 when k runs. For [ = j the tensorand
accompanying x/u" "/ a; in (1) is:

n—j

n—k —k—j, k k
1_‘11 Z(k)' (n—k)' < . )wxn -Iu a; @ x a;.

=1 J

Set! = v + k — n in (2). Notice that u" = 1 and u’+tk = y" =%tk = 4! because
we are assuming m = n for o 7% 0. We continue our computation by making these
substitutions:

n—1 1

:a,-®ai®ai—I—a(l—ql-");mxnfkukai@xkai®al_
n = 1 n—k k
-I-a(l—ql-)l;mai@x u al®x a;
S n—k\ ;. n—k—1 k
ql ;k 1(k)' (n—k)' ( / )wxu a; ®x ua; ®x a;
3
9 n— 1k—1 ()
“l0-) LY Gras Ere L Haeitaexta.

“4)
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In (3) put 7 = n — . In (4) observe that / takes all values from 1 to n — 2 when k
runs and for [ = j the tensorand accompanying x"~/u’q; is:
n—2 1

> , — "k a; @ xra;.
k1 Bl —k+ Do — o

Making these two substitutions we have:

n—l
_al®a,®al+a X"Fuka; ® xta; ® a;
k=1 0l — k)l (n -kl
n—1 1
ta(l-¢)Y ————a; @ x" *uta @ x'a

2 )l — )l

1 n—k —t t t—k  k
a(l_q?)ZZM(n—tlxn ua x ua,®x a; (5

t=1 k=1

5 n—=1 n-1 o
+(«(1-a) ;kzl Ot —k+ Dl = Dlo (Dl
x X" ula; @ x" k4 @ xka; .
In (5) put/ =t — k. We obtain:
NS 1 n—k, k

=a; ®a; a; —|—a(1 —qi);mai & x"“u"a; ® xk a;

NS 1 n—k, k k
+a(1_q‘)l;(k)'w(n——k)'x u a; ® x“a; @ a; (6)

n—1t—1 |

tal- ql")t:1 L (=Dl — 1+ Dl

—t+1
X (n + )x”_’uta,’@xlu’_lai@x'_lai @)

n—t ),

n—1 n—1 (k)‘
;1 Dl — 1+ Bl — Dl

+ (o -a)

k=11

n—k

X X ukal_®xn l+k [

a®xa,.
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We rewrite the coefficient in (7):

1 <n—t+l> _ 1 <t)
t =Dy —t+D'u\ n—t )~ tlyn—1)u,\1),

Observe that the formula obtained in (8) gives (6) for [ = k:

n—1
1
=ai®ai®a,~+cx(1—qf) E mm@x" kuka; @ xka;
'w v

n—1 k

k —k k 1 k-1 k-1
a(l_q?),;lzo(k)'w(n—k)‘ ()x” u a; @ x'u""a; @ x*q;

®)

. 2n—1 n—1 (k)'
+(al1-4) 2 o Ol — 0l — 1+ 0Ly

x X" kuka ®xn l+ku1ai®x a;

n—1 1
=a; ® Aaj) +« (1 - qln) Z mxn_kukai ®A (xkal->
k=1 W W
— (@A) Aa).

It follows at once that (A ® id)A(a;” 1) = (I[d®A)A(a; 1). We leave to the reader
to check the counit axiom. We finally prove that S is the inverse of id for the
convolution product; it is enough to check the axioms for the generators a . We

compute:
n—1 1

1 ) — Ny _qn - n—k k k
(8xid)(a;) = S(ap)a; + o (1 — ¢ )]; BT _k)!wS (x )x a;

n—1 Kk _ (n—k—=1)(n—k)
D" 2 ek on— _
1. n kun n+kxn kxka,-

-1 —q" '
=q; a,—}—a(l q; )Z )@ — k), a u

=1
n—l k _ (n—k—=1)(n—k)
(=D" 2 _
k 1 : ©
— 1 k. k k
. N e e '
(id#8)(ai) = i) o (1 ql),;(k)!w(n—k)!wx u'ais (xta)
1 b U=Dk
1 (D02 —k kg gLk k
= a;a; +a(1_q?);—(k)!wi(n—k)!wxn u aia; u""
n— ( 1)k _ (k=Dk l)k
=1 =gy 2%~ i —e(a).
o "’),;(k)!w(n—k)!w (@)

The computation for a; Uis the same replacing a; by al._1 and ¢! by g, ". O
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Remark 3.5. Consider the example in the above family forn =m =2and |I| = 1.
Write ¢ instead of ¢g;. If we take « = (2(1 — q))_1 and make ¢ to tend to 1, we
recover the example of Subsection 3.1. A similar example can be constructed by
takingn = m,q; = g foralli € I, = (n(1 — ¢))~' and making ¢ to tend to 1.
The defining relations, comultiplication, counit, and antipode in this case read as:

"=, x" =0, Ux = wxu, al.jtlafFl =1,
ua; = a;u, aix = xaj, ajaj =aja;,
Au)=u@u, AX)=u®@x+x®1,
A (ai:tl) _ a;_q ®ai:|:1 iz (k)!w(nl_k)! w1k kg :l:l ®xka:|:1
e(w) =1, e(x) =0, e (aii1> =1,
S(u) = u" !, S(x) = —u""'x, S (aiil> = a?l, i,jel.

34. Finiteness over the Hopf socle

The chosen basis B of D (3.11) establishes a coalgebra decomposition
D= Voo ® (EB(F,E)Er V(F,E)), where V(F ) is the subspace spanned by x’uta,{?
with0 <s < n, 0 <t < m. Observe that V(F g) is a subcoalgebra by (3.13). This
decomposition will be needed to characterize when D is of finite type over its Hopf

socle Dy, , being the next result the essential point of the proof in the case a # 0.
Proposition 3.6. Assume that o # 0.

G If q;@E =1, then V(r gy >~ T, (w) as coalgebras;
(ii) IquéE # 1, then V(r gy =~ M} (K) as coalgebras.

Proof. (i) In view of (3.13), af is group-like in this case. Since the multiplica-
tion by a group-like is a coalgebra automorphism, V(¢ gy = T, (a))a,‘? ~ Ty(w) as
coalgebras.

(ii) For convenience, we abbreviate through the proof © = (1 — q}’;E yanda = a E

Let {cs}1<s,1<n be the canonical basis of the matrix coalgebra M (k). We will
prove that the map ® : M}, (k) — V(¢ ) defined by

g ifs >1,

s —1
Cst ——>
—_ 1)
(s = Dl nts—tyt=lg ifs <t
(t —Dly(n+s—1,
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is a coalgebra isomorphism. Clearly, ® is bijective and e® (cs;) = e(cs;). To show
that ® is comultiplicative we must distinguish three cases:

(a) Assume that s = ¢:
(P ® P)A(css)

s—1 n

=Y D(ck) ® Plers) + Pless) ® Pless) + Y Plesk) ® Dews)

k=1 k=s+1
-1
_ SX: (S - 1) o kyk=1, Q1 (k= Dlo ks =1 (1)
= \k—-1/, =Dl +k—s)y
+ula@ula
G =Dl nts—k, k—1 <k - 1) k—s , s—1
+ X uwa® xXuwTa. (2
k;r]'uk—l)!w(n—l—s—k)!w s—1), ®

Puts —k = vin (1) and kK — s = v in (2). Taking into account these changes, we
rewrite the w-coefficients occurring here:

s—1 (k — 1)! B 1
(k - 1)w =Dl +k—9% Ou@—v)le

(s — D! k— . 1
k—Dlpyn+s—0lp\s—1), @)uhr—0)y
Substituting all this in the previous equality we have:

(P @ P)A(css)

S* S

1 v, s—v—1 n—v, s—1
= a—+ —Xx'u aQx u a
“Z (v)vwm —o)l,

+ MZ (U)' (n — U)' xnfvuv+sfla ®xvusfla
w

n—1
D s—1 s—1 1 n—k, k+s—1 kys=1,
=u a®u ‘a+pu —_— u a®x u
1
+ xn—kuk-i-s la ®xkus 1
“k; 0l — 0Ly
I’l—l 1
— v laoula+ “Z kb=l g ksl

£ (1)l — 0l

=AW 'a)  by(3.13)
= AD(cyy).
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@®: Put v = n — k in the first sum and v = k in the second one.

(b) Assume that s < f:

(P ® P)A(csr)
s t—1

Dek) @ Pler) + Y Plesk) ® Ple) + Y Plesk) ® Plcwr)

k=1 k=s+1 k=t
J —1 k—1)!
= Z (s ) i la @ p (' o ' xRl (1)
= k—-1), t—Dlpyn+k—1)y
+ tilj (s = Dlo nts—k, k—1 @)
o b u" a
k=s+1 k= Dlpn+s —k)ly
® (k— D!y n+k—tut—la

D, +k—0,

n 2":“ (s — Dy sk k=l o k—1 =l (3)
=Tk = Dl +5 = bl t—1), '

Sets —k=vin(l),k—s =vin(2),and k — ¢t = v in (3). Next we rewrite the
w-coefficients appearing in the previous equality:

Coefficient in (1):

<s—1> k — 1)l B (s — D!y n4s—t
k—lw(t—l)!w(n+k—t)!w_(t—l)!w(n+s—t)!w< v )w'

Coefficient in (2):

(s — D!y (k= 1Dy
k= Dlpn+s—kly ¢t — Dy +k—1)y,
(s — Dy 1

T U—Dl, -l itvts—0l,

Coefficient in (3):

(s — D!y (k—l) B (s — D!y n—+s—t
(k— Dy +s—k)y t—lw_(t—l)!w(n—i—s—t)!w( v )w'
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Substituting all this in our previous computation we get:

—1
= (s — D!y SZ n+s—t XPytvts—l, ® xvts—t =1,
t—Dlp(n+s—10, v—=0 v 19

2(5_1)'0) 1 n—v, v+s—1 n4vts—t t—1
4
TR, Z n—olontots—nl, " 4®F e
(s = Dl <« (n+s—t) n—vbs—t vbi—1 o v (]
+u E X u a®®xu'""a. (5)
(t =Dl +s—0lw 2= v o

Setk =n+v+s—trin(4)and! =n — v+ s —tin (5). Replacing this in the
preceding equality we obtain:

—1
(s — D!y : <n +s5 = t) xlyn—tts—1, ®xnfl+sftutfla (6)
®

=Dl +s — 0l & !
—1
+M2(S—1)' K 1 n—k+n+s—tuk+t 1a®xkut la
(t—D!y, P t+1(k)!“’(n —k+n+s—1)!,
+ —
+l,l, (S - 1)'(1) ay n + §—1 xlul’l—l-‘ré‘—la@xn—l-‘rs—l‘ul—la (7)
t =Dy +s =0y = ! ; ‘

We join (6) and (7) in a single formula. We now have:

+s—t
— (s — Dy ni n+s—t clyn—lHs=1g g yn—lHs—t, =1,
t—-—Dly(n+s—10!, [ o

1=0
«— 1 k k=1, vkt —1g
-, n—k+n+s—t  k+t— t—
it =) k:£+l(k)!w(n—k+n+s—t)!w weoaex
_ (s = Dy n+s—t t—1
= A(“(t— 1)!w(n+s—t)!wx u' a by (3.13)

= AD(cy)-
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(c) Assume that s > ¢:

(P® CD)A(Csz)

= Z D () @ Plcks) + Z D(csk) ® Plew) + Y Dlesk) ® Dlers)
k=1

k=s+1
1
- > (! M lagp &~ Dl k=t =1, (1)
= \k-1/, (t — Dl +k—1),
- s—1 s—k, k—1 k—1 et 11
+k2=;<k‘1)wx ' a®<t—1)wx v @)
n
s — Dl n+s—k_ k—1 k—1 et 11
A 4
+k=Zv-:HM(k_1)!w(n+s—k)!wx u-a® f_1 wx u'la. 3)

Putv=n+k—rtin(l),l =s —kin(2),and v = k — ¢ in (3). We rewrite the
w-coefficients occurring here taking into account these changes:

Coefficient in (1):

s—1 k — D, (s—1 (s — Do
(k - 1)w t—Dlpn+k—0)y (z - 1>w Wl —v+s -1,

Coefficient in (2):

() Goa) = Co )L

Coefficient in (3):

(s —D!ly k—1 (s (s—1t)y
k—Dlpn+s—k)ly <t — 1>w - (t - l)w Wy —v+s—1)y

Substituting all this in our previous computation we have:

n—1
1 n—v+s—t_  v+t—1 v, t— 1
_“< >(s 2D Ol (i—v+s—D)l, W agxiu

v=n—t+1

—t

s—1\ &L /s — g g i

( )}:( )xlustl—i-t 1a®xstlut la
o =0 [0)

“4)

s—1 = 1
+ s —1)! Vs =t vt — la®xvut 1
“(z—l)w( )wv:SX_;H(v)!w(n—v—f—s—t)!w

(&)
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We join (4) and (5) in a single formula. Then we obtain:

—t
_ (S - 1) i <5 - f) clys=t=1+1=14 g xs=t=l,1—1,
t—1/, = L],

n—1
1 ,
+u (S—t)' x}’l—v-‘ré—luv-i-l‘—]a@xvul—]a
@ v:;H Wl —v+s =1y
—1
- ((S ) xHu’—la) by (3.13)
t—1),
= ACD(C”). O

We are now ready to characterize when D is of finite type over Dgqc, from which
Theorem 3 in the introduction will follow.

Theorem 3.7. The Hopf algebra D is co-Frobenius and Dsoc = kG (D). More-
over:

(1) Ifa =0, then D is of finite type over Do ;

(i) If a # 0, then D is of finite type over Do if and only if there is a finite subset
J of I such that q!' =1 for alli € I\J and q; is an vj-th root of unity for all
jelJ.

Proof. Let A be the (finite dimensional) Hopf subalgebra of D generated by u and
x. The particular form of the chosen basis B of D (3.11), together with (3.13),
gives us a coalgebra decomposition D = A @ ( @, Eyer ViF, E)). Viewed as a
right D-comodule, A is injective and contains k. Hence E(k) C A, so that D is
co-Frobenius.

We next describe Dy and show that it equals kG (D). The coalgebra decom-
position above is inherited to the coradical, that is, Dy = kC,,® (EB( F,E)el V(F, E)o)’
where C,, is generated by u. Then,

Dsoc = (kcm N Dsoc) 2] (@(F,E)GI‘ (V(F,E)o N Dsoc))

(3.14)
=KkCn & (®(F,Eyer (V(F,E)9 N Dsoc)).

Here we used that G(D) C Dyc.

(i) Assume that « = 0. Then utaf € G(D) for all (F,E) € T U{(0,0)} and
0 <7t <mSetting X ={x*:0<s < n},wehave D = XkG(D) C XDyoc.
Thus D is of finite type over Dyoe. To see that Dgoe = kG (D), note that the
multiplication by a group-like element is a coalgebra automorphism of D. Then
ViF.E) = Aa,‘? >~ A as coalgebras. This implies V(r gy, = Aoaf = 69;”:_01 ku’a?.
Consequently, Vir, £)y N Dsoc C kG (D).
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(ii) Assume that @ # 0. Recall that in this case n = m and A = T,(w). To
compute Dy, we first calculate V(r, E)o and see if it is contained or not there. We

must distinguish two cases: ¢tf # 1 and ¢/'f = 1.

Case q;’:E # 1. By Proposition 3.6 (ii), Vir,ry =~ M} (k) as coalgebras. Then
Vir,£y = ViF,E)y- Let S(r, k) be the unique (up to isomorphism) simple right D-
comodule corresponding to Vr, ). From the aforementioned coalgebra decompo-
sition of D, we conclude that Sr ) is injective. We claim that S gy ¢ Dsoc.
Otherwise, S(r, £y ® S{r, ) Would be semisimple and injective. As it contains k, it
would follow that k is injective and therefore D would be cosemisimple. This is
not possible because 7, (w) is a non cosemisimple Hopf subalgebra of D.

Case q}?E = 1. Here we argue as fora = 0. By (3.13), a}£ € G(D). By Proposition
3.6 (1), Vir,E) = T, (w) as coalgebras and, consequently, V(r, ), is spanned by u! af
with# =0, ...,n — 1. This implies Vi £y, C Dsoc-

Let A ={(F,E) €T : ¢}¥ =1}U{(0,0)} and A = {(F, E) € I" : ¢}}F # 1}.
Our previous discussion, together with the decomposition (3.14) of Dg,c, entails
Dsoc = By Sr,pyen ku'ak C kG(D). Every g € G(D) must be then of the
form utaf for some ¢ and (F, E) € A. We write R; (r ) for the simple right
D-comodule ku'aZ.

We next proceed to prove the statement about the finite generation over Dyoc.
Suppose that there is J C [ finite such that g/ = 1 foralli € /\J and g; is an
vj-th root of unity for all j € J. Since q;'/ =1, in view of (3.13), ajv.j € G(D) for
all j € J. Similarly, q; € G(D) foralli € I\J. Put J = {ji, ..., ji}. Consider
the set
X ={xad a0 < 0< l<k<I
=jxa; ...a; :0<s<n, <fi<vp,1<k=l}.
We prove that D = XDg,. It suffices to show the inclusion for elements of the
formaf. Set F = (i1, ...,i;) and E = (ey, ..., ), s0 that af = afll ai’. We
can assume that iy € Jfork =1,...,pandiy ¢ Jfork =p+1,...,r. Then
aj, € G(D)fork =p+1,...,r. Write e = vgck + e wWith 0 < ¢ < v fork =
E _ /¢ e vic VpCp €pil e
1,..., p. Wenow have a; = (al.l1 ...ai:)(ail1 ! ...ai: "ai:+l ...a;) € XG(D).
Conversely, assume that D is of finite type over Dg,c. Take a finite set ¥ C D
such that D = YDyq; then D = WDy for the (finite dimensional) subcoalgebra

W generated by Y. We have a coalgebra decomposition
W=WnA & (®rFrer (WNVrE))

inherited from that of D, see [11, Exercise 2.2.18 (iv)] and the proof of [20, Lemma
5.19]. AsdimW < oo, theset @ = {(F,E) € I' : WN Vg gy # 0} is finite.
We can express €2 as a disjoint union of Q2; = {(F,E) € Q : ql”pE = 1} and
Q = ((F,E) € Q: ¢} # 1}. Then af € G(D) for all (F, E) € Q. For
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(F,E) € Qset F = (i1,...,i;) and E = (eq, ..., ¢),s0 thatap = a;' ...aj".
Remove from F those iy such that ql.’]’( =1 (a;, € G(D)). In this way, Q, gives rise
toasetJ = {j1,..., ji} suchthatq;‘k #lforallk=1,...,1.

Since Dgoe = kG(D), we have another coalgebra decomposition
D = ®geqm)Wg. Let i € I be such that ¢! # 1 and consider the simple sub-
coalgebra Aa; , Proposition 3.6 (ii). There is g; € G(D) such that Aa; C Wg;. We

know that gi_1 = u’af for certain (F, E) € Q1. Then a,-gl-_1 is of the form u’af,’

with ¢"F" # 1 and Vi pry = Aajg7' € W. Hence (F/,E') € @ andsoi € J.
This shows that i € J if and only if ¢;' # 1.

We must finally prove that g, is an v-th root of unity for every k € {1, ...,[}.
This is clear if the ground field k is finite. Assume that k is infinite. Let e, be the

maximum exponent, in absolute value, of @ when occurring in the elements alﬂg
with (F, E) € ;. Put

X = xsaﬂ.tfj1 a.ifj’
J1 ]

0=s<n0=f<el=k=t].
Then D = WDgoe S XDgoe. Set P = {£fj : 1 < k < 1}. Pick z € Z and
k € {1, ..., 1} arbitraries. We write

E, E,
afk = Zkg)’aaﬂ,, Ao €k, yo € X, ag’ € G(D).
o

Observe that qﬁf“ = 1 for all 0. We assume that all terms ygafz in this sum are
distinct. A priori, a?g” might be multiplied by a power of u, as u € G(D), but by
linear independence, this is not possible. By the same reason, no power of x occurs
inys.Set Fo = (i1,....4,), Es = 65,1, ...,65,,) and

Yol Yo
yg:ajla ...ajl", Yols---s Vol € P.

Set F, = F;\(F, N J). Take out of al% the a;’s with i € F; N J, join them to y,
and consider the corresponding list of exponents E|, for F. Then,

z _ Va,1+90,1 Va,l+60.l Ez,r
al, =) hod i ayy (3.15)
o

Here we are abusing a bit of notation because some j, could not appear in F,
and, in such a case, we understand 6, , = 0. Moreover, 05 1, ...,05; corre-
spond to a;,, ..., a;, and subindices iy, ..., i; are not necessarily equal ji, ..., ji.

All monomials in the right-hand side of (3.15) are different basis element. There

+6 +6.
must be t such that afk = a""*TF and a}/”‘ T

Jk
9‘[ 91 re
2 = yrk + 6 and 0, , = —y; . Recall that q;ff = qx S qﬁ '

= 1 for u # k. From here,

=1 and

lry

g = 1fori ¢ J. Then q?lf" . qje.lf" is an n-th root of unity, say ¢. Substituting
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the value of the 6’s just found we get:

i
z Y.
qj, =¢ H] 9j, -
M:

The right-hand side of this equality only takes a finite number of values because the
y’s are chosen from the finite set P and ¢ is an n-th root of unity. However, z runs
over Z. This yields that g, is a root of unity. U

As a consequence of Theorem 3.7 (ii), if some g; is not a root of unity, then D
is not of finite type over Dy, establishing so Theorem 3 announced in the intro-
duction. On the other hand, if & # 0, |I| = 1 and g; is not a root of unity, then Dy,
is finite dimensional. Its only elements are the group-like elements of Taft Hopf
algebra.

The proof of Theorem 3.7 (ii) yields that when o # O the set
{RiF.y:0 <t <n,(F,E) € AYU{S(r.E): (F, E) € A}

is a full set of representatives of the simple right D-comodules. Moreover, the
S(F,E)’s are injective.

Proposition 3.8. The multiplication rules for the above set are:
Ry (F.Ey ® Ry (F' E") = Riyy (FUF E+E")
>~ S(FUF',E+E) = S(FE") ® Rt (F,E),

{Tn(a)) if F/ = F and E’

R (F.E)® S(r' E

_E’

S(F.E) ® S(F By = Sl pop Otherwise.

Proof. The first isomorphism is clear because u’a E and u’/ag,/ are group-like. The
coefficient space of R; (r, gy ® S/, g’y equals

(ku’af) V(F/,E’) = (kutaf) (Tn(a))ag/> = V(FUF’,E+E’)~

Since the latter is a simple subcoalgebra, R; (r, £y®S(r’, gy is isomorphic to r copies
of S¢rur, E+E7)- Comparing dimensions, r = 1. Similarly, Sz gy ® Ry (F p) =
S(ruF’, E+E'y- Assume finally that either F’ # F or E’ # —E. Then the coefficient
space of S(r, gy ® Srr g1y equals Vg gy Vir g1y = Virur, E+E7)- Now argue as be-
fore. In the case F’ = F and E' = —E, the coefficient space is T, (w). Observe that
S(F/,E’) =~ S(?“,E) because S(V(F,E)) = V(F,fE). Then S(F,E) ® S(F/,E/) contains k.
Tensoring with ku' and using the previous isomorphism, S(r, gy ® S(r’ gy contains
ku' fort =0, ...,n—1. Since it is injective, it must contain a copy of the injective
hull of ku’ fort =0, ..., n — 1. These are n-dimensional. Comparing dimensions,
it must contain exactly one copy of each. Hence S(r gy @ S/ gy = T (w). O
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4. Examples in positive characteristic

In this final section we construct from group theory examples of co-Frobenius Hopf
algebras, over fields of positive characteristic, that are not of finite type over their
Hopf socles.

Let G be an infinite group and let K be a finite Abelian group of order n acting
freely on G by group automorphisms. Then the group algebra kG is a left comodule
Hopf algebra over the dual group algebra kX with coaction p : kG — kX ® kG,
g Y 1ex Ok ® (k- g). Let H = kG#kX be the smash coproduct Hopf algebra;
this is the tensor product algebra, with comultiplication and antipode given by

A(g#Sk)=Z(g#8,)®(t-g#5t—1k), S(gd) =k-g -1, (4.0)
tekK

Suppose now that char k divides n. Then kX is co-Frobenius but not cosemisimple.
Being a cleft extension of co-Frobenius Hopf algebras, H is co-Frobenius by [6,
Proposition 5.2] — see also [3, Theorem 2.10] — and not cosemisimple because the
Hopf subalgebra kX is not so.

Proposition 4.1. Let I be a set of representatives of the orbits in G. For g € G
let g € T denote the representative of O(g). Let kO(g) C kG be the k-vector
subspace spanned by O(g). Then:

(i) H = ®ger kO(2)#kX as coalgebras;
(i) kO(@)#kK ~ MS(k) as coalgebras for § # 16 and k1G#kK ~ kK.

Proof. (i) By (4.1), kO(2)#kX is a subcoalgebra, and clearly H= @gerk(‘)(g)#k[(.

(ii) Let {c;;}1<i, j<n be the canonical basis of My (k). We write K = {ki, ..., k,},
where k1 = 1g. It is not difficult to show that the map & : kO(g)#kK — M (k),
(ki-g)#8k, > ej, with k;kj = k;,is a coalgebra isomorphism. That k15#k* ~ kX
is clear. O

With notation as above, the unique (up to isomorphism) simple right M (k)-
comodule is k{ci; : j = 1,...,n}. Then, for g # l¢, through ®, the simple
right H-comodule corresponding to kO(g)#kX is Sz = kig#de, : j=1,...,n}
Put §7- = k{lg#5; : j = 1,...,n}, which is isomorphic to kX as a right H-
comodule. Notice that this is never simple if K is non trivial.

Theorem 4.2. The Hopfalgebra H is co-Frobenius and not of finite type over Hyoc.

Proof. We show that S; is not included in Hyoc for g # 1. From Proposition
4.1 (i), each S; is injective. If it is contained in Hyc, then Sz ® Sigf is semisimple.
Since 5z ® S;,f must contain k as a direct summand, we would have that Kk is injective
and hence H would be cosemisimple, a contradiction. Taking into account again the
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coalgebra decomposition of H in Proposition 4.1, only the simple comodules of kX
could be included in Hyo.. There is a finite number of them (up to isomorphism),
so that Hg is finite dimensional. Since G is infinite, H cannot be of finite type
over Hyoc. O

We just gave an indirect argument to show that S is not included in Hyoc for
g # 1. However, it is possible to compute the decomposition of Sz ® Sj:

Proposition 4.3. As right H-comodules,

n
Sz ® Si = D S
r=1

In particular, if g, h # 1, then Sz ®S; is semisimple except when O(g) = Oh™h.
Equivalently, when either Sz ~ S;f or Sj, =~ S;,f.

Proof. Define f : S3 ® Sj; — EB;;ISW, (g#8k,) ® (h#by,,) — (k; ~g)h#8klk;1,
where k, =k, Uk;. Clearly, f is bijective. We check that it is a comodule morphism:

(f ®id) p [(g#5k,) ® (h#d)]

=(f®id) |:Z (s#8k;) ® (h#5kj) ® (ki g) (kj - h) #5ki'k15k,'km:|
,Jj=1 !

= (f ®id) [Z (e#51) ® (M8, 1) @ (ki - 8) ((kiknki ') - 1) #aki_lkl}

i=l1

= 2 (kb)) 00 [k (o ((kot ) 1)) ] 00
> (k) - - (k') ) )],

(
= rf|

0 ( (k,;lk,) - g) h#8km>
(s#81,) ® (h#sr,,)] -

The comodule St ah is simple except when (k, - g)h = 1g. This happens if
and only if O(g) = O(h~!). In this case, S(k oh = SE = kX, which is not
semisimple. Finally, from (4.1) and Proposition 4.1 (ii), it follows that S% ~ 8
forh # 1g. O

We finish this paper by providing an example of a commutative infinite dimen-
sional co-Frobenius Hopf algebra whose Hopf socle is trivial.
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Example 4.4. Assume that chark = 2. Let G = Z and K = C; with generators
x and o respectively. Let K act on G by o - x = x~!. We have O(1) = {1} and
O(x%) = {x*,x %} for 0 # z € Z. We take {x" : n > 0} as a set of representatives
of the orbits. We construct the smash coproduct Hopf algebra H = kZ#k2. The
k-vector subspace D,, spanned by {xi”#Sa,- :i = 0,1} is a subcoalgebra of H
isomorphic to M5(k). By Proposition 4.1, we have a coalgebra decomposition

H = k¢ & (®penDy). The simple comodule S, attached to D,, is spanned by
{x"#8,i i =0, 1}. The only simple comodule of k2 is k. Hence Hyoc = k by the
proof of Theorem 4.2. In view of Proposition 4.3, the decomposition rules for the
tensor product of the simple comodules are: S,;, ® S >~ Sypm ® Sjm—n| form # n
and S, ® S, =~ Sy, ® k.
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