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Twists, Euler products and a converse theorem
for L-functions of degree 2

JERZY KACZOROWSKI AND ALBERTO PERELLI

Abstract. We prove a general result relating the shape of the Euler product
of an L-function to the analytic properties of the linear twists of the L-function
itself. Then, by a sharp form of the transformation formula for linear twists, we
check the required analytic properties in the case of L-functions of degree 2 and
conductor 1 in the Selberg class. Finally we prove a converse theorem, showing
that £ (s)2 is the only member of the Selberg class with degree 2, conductor 1 and
apoleats = 1.

Mathematics Subject Classification (2010): 11M41 (primary); 11F66 (sec-
ondary).

1. Introduction

In this paper we deal mainly with the L-functions of degree 2 and conductor 1 from
the Selberg class S. We refer to Selberg [26], Conrey-Ghosh [5], to our survey
papers [7,10,23-25] and to our forthcoming book [19] for the basic information
and results on the class S and on the extended Selberg class S* of L-functions.
Moreover, we refer to the beginning of Section 3 for the definition of such classes,
in particular for the data w, Q,r, A; and 1 ; which appear in the functional equation;
see (3.1) below. Here we recall that degree and conductor of F € St are defined
respectively by

r r
_ _ dr 2 2hj
drp =2 1, gr = Q)" Q* ]2,
J=l1 j=1
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that Sy and Sg denote respectively the subclasses of S and S¥ of the functions of
degree d and that the Euler product of F € S has the general form

F(s) =[] Fp(s.
p

F,(s) being the p-th local factor of F(s).

The structure of the classes S and S* has been fully described for degrees
0 < d < 2 in Conrey-Ghosh [5] (S, for 0 < d < 1) and in our papers [9] and [17]
(81 and 85 for 0 < d < 2). These results confirm the current conjectures on
the structure of S, i.e. the degree conjecture and the general converse problem. In
particular, it turns out that S; = ¥ for0 < d < land 1 < d < 2, while S coincides
with the GL;(Q) automorphic L-functions. In this paper we start investigating
the next step, namely the description of Sy. It is expected that S, coincides with
the GL,(Q) automorphic L-functions. Here we prove a rather special converse
theorem, see Theorem 1.5 below, but the new ideas we employ appear to be suitable
for further developments.

Although the emphasis of the paper is mainly on degree 2 L-functions, we start
with a general result relating linear twists and Euler product of the functions in S.
We recall that given o € R and a Dirichlet character x , the linear (or additive) twist
and the (multiplicative) twist of a function F € S # with Dirichlet coefficients a(n)
are defined respectively by (as usual e(x) = e27mix)

o0 o0

F(s,a) = Z ai(n)en(s—na) F(s,x) = Z Lni)s( (n)'
n=1 n=1

Moreover, let

Np@.T)=|{p=B+iy:F(p)=0,8>0,|y| <T}|
be the zero-density function of F'(s). Further, for real numbers d, 1 > 0 we define

the class M(d, h) as follows: f € M(d, h) if

i) f(s) is meromorphic over C and holomorphic for o < 1,
ii) for every A < B there exists a constant C = C(A, B) such that

o h lo|
f(d i< |O.|d‘ | ((Zﬂe)d> |U|C

as 0 — —oo uniformly for A < ¢t < B; the implied constant may depend on
d,h, A, Band f(s).

Note that a function F € SE belongs to M(d, qF), see Lemma 2.1 below.
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Theorem 1.1. Letd > 0 and F € S; be such that Np (o, T) = o(T) for any fixed
o > 1/2. Moreover, let p be a prime number and h > 0. Then the following
statements are equivalent:

i) for every a (mod p),a # 0 (mod p), F (s, a/p) belongs to M(d, h);
ii) for every x (mod p), x # xo, F (s, x) belongs to M(d, h) and

p X —1
Fp(s) = l_[ (l - aj—@) with |oj(p)| < 1 and 3, < [71%1(}1/6”)].
j=1 og p

Remarks. 1. Clearly, the interesting part of Theorem 1.1 is the implication 1)
=> ii), since it shows that suitable analytic properties of the linear twists provide
information on the shape of the Euler product. This phenomenon appears to be new
and has no counterpart in the theory of classical L-functions, where the shape of
the Euler product is given, in most cases, essentially by definition. Somehow, the
p-th Euler factor is a measure of the difference between the groups of the additive
and multiplicative characters (mod p). Indeed, the transition from multiplicative
to additive twists is possible only when the p-th local factor is taken into account.
Note, moreover, that the analytic properties required in Theorem 1.1 involve bounds
on horizontal strips, while usually bounds on vertical strips are required in analytic
number theory.

2. The form of the p-th local factor given by Theorem 1.1 is very close to the
expected one. Indeed, it is expected that every L-function in S has local factors of

the form
oF ) -1
Fp(s) =[] (1 - —“Jp(f)>

j=I1

with |aj(p)| < 1 forall j and p, and |oj(p)| = 1 for j = 1,...,dF and all
but finitely many primes p. Moreover, it is expected that dF = dF; see [15] for a
discussion of these topics. On the other hand, it is also expected that gr € N for
every F € &, and that for any primitive x (mod m) with (m, gr) = 1 the twist
F (s, x) belongs to S and has conductor gpx = qudF; see [11] for a discussion of
these topics. As a consequence, we expect that for every p the above linear twists
F(s,a/p) belong to the class M (dr, qr p%F), in which case Theorem 1.1 implies
that 9, < [dFr] for all p.

3. The hypothesis on N (o, T) is a weak zero-density bound, which is known to
hold for classical L-functions of degree 1 and 2; see the proof of Corollary 1.4
below for a general version in S;. It is a challenging problem to extend such a
bound to every degree, even for classical L-functions. Note that, although the bound
is just a little better than trivial, it is nevertheless quite interesting, since possibly
it characterizes the L-functions satisfying the Riemann Hypothesis inside a rather
large class of Dirichlet series with functional equation; see Kaczorowski-Kulas [8].
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From now on we shall deal with degree 2 L-functions. Our first aim is to show
that statement 1) of Theorem 1.1 holds for L-functions of degree 2 and conductor
1; see Theorem 1.3 below. The main tool in such a proof is a precise form of the
transformation formula for linear twists obtained in Lemma A of [13], see also [16].
Writing

-
2) (uj = 1/2) = nF +i6r nr.0r €R,
j=1
iy o0 TN
x —iZ(r+1) qr 2 —2iJp; — _ a(n)e(—na)
oy =we ' 2VF <—(2n)2) jZIAj ) F(s,a) = ,,2:; —

respectively for the weight, the shift, the root number and the linear twist of the
conjugate of F € S5, we have:

Theorem 1.2. Let F € Sg and o > 0. Then for every integer K > 0 there exist
polynomials Qq(s), ..., Qg (s), with Qo(s) = 1, such that

K o v
F(s,a) = —iw} (Jq_pa)23_1+’9F Z (@) 0,()F (s + V40, _L>

v=0 2 qrc

+ Hg (s, o).
Here Hg (s, @) is holomorphic for —K +1/2 < o < 2 and |s| < 2K, and satisfies
Hk (s, @) < (AKX
with a suitable constant A = A(F, o) > 0. Moreover, deg Q. (s) = 2v and

A 1 2v
0,(s) < ((Islv—_t_))

0,(s) < (AKX Is| < 2K, v < K.

I < v < min(|s], K)

The proof of Theorem 1.2 is rather complicated and is given in Section 3. Theorem
1.2 is the key ingredient in the proof of:

Theorem 1.3. Let F € 85 with qr = 1. Then for every g > 1 and 1 < a < q with
(a, q) = 1 the linear twist F (s, a/q) belongs to M (2, qz).

From Theorems 1.1 and 1.3 we get

Corollary 14. Let F € S; with g = 1. Then for every prime p and every x (mod
P), X # xo. the twist F (s, x) belongs to M(2, p*) and

dp

. —1
Fps) =] (1 - “fp—(sp)> with |a;(p)| < 1 and 9, < 2.
j=1
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Note that the same arguments used in Theorem 1.3 and Corollary 1.4 give that
(s — D™F F (s, x) is entire for every x (mod p), x # xo, Where mp is the order of
pole of F(s)ats = 1.

Corollary 1.4 allows us to get a converse theorem for S;. In his famous paper
[21], Maass showed, among other, that the vector space of the functions F € S*
satisfying the functional equation of ¢(s)? is 1-dimensional, and hence generated
by ¢ (s)%. From Corollary 1.4 we deduce the following characterization of ¢ (s)%.

Theorem 1.5. Let F € S; withqp = 1 and a pole at s = 1. Then F(s) = §(s)2.

Comparing Maass’ converse theorem with Theorem 1.5, we see that the main
difference is that we deal with a general degree 2 functional equation but we assume
that F(s) has an Euler product, while Maass does not need the Euler product but
deals with a special degree 2 functional equation.

Remark. We finally note that our converse theorem is proved by showing that un-
der the hypotheses of Theorem 1.5, the Euler product of F(s) coincides with the
Euler product of ¢(s)%. Twists are needed to prove the required properties of the
Euler product and, as we already outlined after Theorem 1.1, are used in a defi-
nitely different way with respect to the classical converse theorems of Weil’s type
(see Chapter 7 of Iwaniec’s book [20]). Therefore, in some sense our result realizes
another instance of the approach to converse theorems via Euler products proposed
in the paper by Conrey-Farmer [3] (see also Conrey-Farmer-Odgers-Snaith [4]).
Such an approach represents an interesting alternative to the classical converse the-
orems based on twists, and on Rankin-Selberg convolutions for higher degrees; see
Cogdell and Piatetski-Shapiro [2].

ACKNOWLEDGEMENTS. We thank Sandro Bettin and Brian Conrey for carefully
reading a previous version of this paper and suggesting several improvements in the
presentation.

2. Proof of Theorem 1.1

Given F e S satisfying the functional equation in (3.1) below we define
S
Aj
It is easy to check by means of the criteria in [11] that ¢ is an invariant. Recalling

the definition of the class M (d, h) in the Introduction, we have:

Lemma 2.1. Let F € SS withd > 0; then F € M(d, qr). Moreover, if [A, B] N
[—7F, Tr] = W and o > 1 we also have

TF = max
I<j=<r

. o _ar \°
F(=o +it) > o? ((Zne)d) o 2.1)

for some C = C(A, B), uniformly for A <t < Baso — +00.
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Proof. In this proof we write s = —o + it and assume that o > 1. The regularity
conditions required by the class M (d, qr) are clearly satisfied. By the functional
equation and the reflection formula for the I" function we obtain

F(s) = w0 2S($)G(s)F(1 —s)

with
r r
S(s) =" 1_[ sin (n(kjs-l-uj)) G(s) =H F(Aj(l —s)-l—[Lj)F(l —AjSs—j).
j=1 j=1
Uniformly for A <t < B we have S(s) < 1,and if [A, B] N [—tF, tr] = ¥ we

also have [S(s)| =< I, where f < g means ¢ < f < g. Moreover, the bound
|F(1 —s)| < 1holds since o > 1. Hence uniformly for A <t < B we have

(2.2)
and if [A, B]N[—1F, tr] = @ we also have
|F(s)] < 0*|G(s5)]. (2.3)
Writing 8 = ]_[;= 1 A?Aj , from Stirling’s formula we get
r
log|G(s)] = {(2xj0 + O(1)) log(h o) — 240 + O(1)}
=1
= Zia logo + (log —d)o + O(logo),
and hence -
G(s)] =< 0% ((212)61) Q2500 24)
The lemma follows then from (2.2)-(2.4). ]

Lemma 2.2. Let F € S; withd > 0. Let p be a prime number, o > 1 and t(x)
denote the Gauss sum. For any x (mod p), x # xo, we have

<

1
F(s, x) = (—)? x(@F (s, —a/p), 2.5)

while for any (a, p) = 1 we have

1 - p
F(s, — = F(s, x)—
(s, —a/p) b1 X(mEOd p)x(a)r(x) (s, %) (p 1,6

XFX0

- 1) F(s). (2.6)
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Proof. Equation (2.5) is standard since x is primitive. From (2.5), writing 8, = 1
if a = b (mod p) and §,,, = 0 otherwise, we get

1 -
—— Y X@TtF (s, x)

p—1 X (mod p)
XF#X0

p
=—— Y Y x@I®F(s.~b/p)

P = 1 x (mod p) b=1

XFX0
pl( 1 Z 1 )
= B x(@x () — ——| F(s,—b/p)
b=1 p_lx(modp) p—l
p—1 1 p—1
( e _1) F(s,=b/p) = F(s, ~a/p) = —— 3" F(s,~b/p)
b=1 P 1=
> q(n) 2= <bn)
J— F — - -
(5. =a/p) = - 1n1 ;e >
p—1
= F(s,—a/p) — Z a Z a(’:) (Ze (b_n) - 1)
pln an T \b=0 p
=F(s,—a/p) — F(s) + Fs) 1 &)
Fp(s) ' p—1Fy(s)
and the lemma follows. O

Now we are ready for the proof of Theorem 1.1. We first note that F (s, a/p)
belongs to M (d, h) for every a (mod p),a # 0 (mod p), if and only if F (s, —a/p)
satisfies the same conditions, since F (s, —a/p) = F(s, (p — a)/p). We start with
the proof that ii) = 1i). From (2.6) in Lemma 2.2 and our assumptions we have
that F (s, a/p) is meromorphic on C, holomorphic for 0 < 1 and satisfies

F(s.—a/p) < max |F(s, x)|+| |+|F<s>| < max |F (s, YOI F(s)| o1,

Fp( 5)

Therefore by Lemma 2.1 we have, as 0 — —oo uniformly for A <t < B,

h o] qF ol
B gor(h Cplpdol (27 (L ¢
F(s,—a/p) < |o] <(27T€)d> o]~ + |o] <(27‘[e)d> (l]F) lo|

d e
« Lot <(2ne)d) !

with some constant C. Hence F (s, a/p) belongs to M (d, h), and the implication is
proved.
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To prove that i) = ii) we first note that by (2.5) in Lemma 2.2 and our as-
sumptions we have, for x # xo, that F(s, x) is meromorphic on C, holomorphic
for 0 < 1 and satisfies

_ awl (_ 1\ ¢
F(o +it, x) € max |F(o+tt a/p)| K lo| ] lo|
d p (2me)

a (mo

with some constant C, as 0 — —oo uniformly for A < ¢t < B. Hence F(s, x),
X # Xo.belongs to M(d, h). Concerning the p-th Euler factor F),(s), it is easy to
see that 1/F,(s) is holomorphic for o > ¥ (see our survey [10] and the beginning
of Section 3 below for the definition of ¢#), and by (2.6) in Lemma 2.2 it is mero-
morphic on C. Moreover, since F (s) ;é 0 in the half-plane o < 0 apart from the

trivial zeros, thanks to the 12 (s) is holomorphic in
the same half-plane. As a consequence the singularities of 1/F,(s) may come only
from the zeros of F(s) in the strip 0 < o < ¢. But our hypothesis on Nr(o, T),
the functional equation and the fact that o < 1/2 1mp1y that the number of such
singularities up to 7 is o(T'), hence in view of the = Tog

1/F},(s) is entire. In addition, we may write

=E(p—*S
Frs) (r—)

with E(z) entlre Let now Tp > 7 and consider the strip § with 0 < —1 and
To<t<Ty+ 1 . From (2.6) of Lemma 2.2, (2.1) of Lemma 2.1 and the fact the

twists F (s, x) and F(s,a/p) belong to M(d, h) we have

. 1 |G|d|0\ ((27re)d)|al |G|C h lo] o |O_‘(log(h/q1:)+8)
E(p™) =4 o < o] < (—) o]~ K<p~ N\ Ter
! lo |d\a| ((Zne) ) |G|C/ "

for every ¢ > 0. Therefore E(z) is a polynomial of degree < [%], hence

s YT
Fp)=[](1- o 2.7)

j=1

with 9, < [%]. The last assertion, namely |o;(p)| < 1, is a consequence of

the Ramanujan condition a(n) < n® for every ¢ > 0, where a(n) are the coeffi-
cients of F (s) (see the beginning of Section 3 below). Indeed, writing

o0

Gp(2) =) a(p™)"

m=0
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the Ramanujan condition implies that G, (z) is holomorphic for [z] < 1. On the
other hand, since F,(s) = G ,(p~*) by (2.7) we also have

0p

Gp@ =[] (1 —aj(pz)".

j=I1

with poles at the points z = ozj(p)_l. Thus |o;(p)| < 1 and Theorem 1.1 is
proved. O

Remark. We wish to thank Giuseppe Molteni for the above elegant proof that
laj(p)l < 1.

3. Proof of Theorem 1.2

3.1. Definitions and notation
We start with the definition of S and S*. We say that F € S if:

i) F(s) is an absolutely convergent Dirichlet series for o > 1;

ii) (s — 1)™ F(s) is an entire function of finite order for some integer m > 0;

iii) F(s) satisfies a functional equation of type ®(s) = w®(1 —s), where |w| = 1
and

-
®(s) = Q° [[T(hjs + wj)F(s) (3.1)
j=1

withr > 0, Q > 0,4; > 0, Ru; > 0 (here and in the sequel we write
f(s)=f);

iv) the Dirichlet coefficients a(n) of F(s) satisfy a(n) < n® for every ¢ > 0;

v) log F(s) is a Dirichlet series with coefficients b(n) satisfying b(n) = 0 unless
n=p",m=>1,and b(n) < n” for some ¥ < 1/2.

The extended Selberg class S* consists of the non-zero functions satisfying only
axioms 1), ii) and iii).

Let F € Sg and consider the H-invariants

B,
Hp(n)—2§: )\’EMIJ n=0.1, ..
=

where By, (x) is the n-th Bernoulli polynomial; see [12] for properties of such in-
variants. Note that Hr (0) = dF is the degree and

a 1
Hr (1) =2 i— =)= = 10
F(1) ;(1«01 2) §Fr =nF +1i0F
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is the &-invariant (in the Introduction we already defined its real and imaginary
parts). For v, u = 1, 2, ... we define the polynomials R, (s) = R, r(s) and V,(s) =
Vi, F(s) as

Ry(s) = Byy1(1 =25 —i0F) + By11(1)
v+1

+ = Z( ) ( 1)VHF(k)sv+l—k _m(l _S)U+l—k) (32)
M 1 m RU (S)
V=082 . 33
A By I DI | vt (3.3)
Vit tvm=pn

We also define Qo(s) = 1 and, for v = 1, 2, ..., the functions Q,(s) = Q. r(s) by
means of the formula

&)

o (=DVRy(s) 1 Qv (s)
eXp(; v+ 1) (w+2s—1+i9F)v> 1+Z(w—1) Cw—v)

1

Here &~ means asymptotic expansion as w — 00, and the Q,(s)’s turn out to be
polynomials; see Lemma 3.15 below for more details.

We write w = u + iv and, for a given s, define the contour L(s) as
L(s) = L_oo(s) U Lo(s)
where
L_so(s) =(—0+co—ioco,—c +co+itg]U[—0+co+ity,—0 —co+ilp]

oo(8) =[— 0 —co+itn, —0 —co+i00).
Here 1ty = t(s) = c1ls| + ¢2, co, c1, c2 > 0 being sufficiently large constants
depending on F(s) to be chosen later on. Moreover, we denote by L£* (s) the
half-line 1 — 2s — i0F — Loo(s) taken with the positive orientation, hence
L* () =(1—0+co—ioo, 1 =0 +co—if]
with #j = 1) (s) = to + 2t + 6. Further, we let
Li)=[1—0+co—it], N+1]JU[N+1,N+1+ic0),
where the positive integer N will be chosen later on (see (3.34) below), and write

L¥(s) = L% () U LE($).
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We let
_en' ¢ . - . .
G(s,w) = mjl:[lr()»](l —s—w) +p)IA =26 +w) —uj),
r—1 r
S(s, w) = w1} sin (m (A j(s +w) + ;).

Moreover, we define the coefficients Cj, ¢, £ > n > 1,and A, »(s),v > u > 1,by
the asymptotic expansions

r > Cot
W’V;(w—l)...(w_g) (34

1 ~ = Au,v(s)
(w+2s — 14+ i0p)* Nz(w_l)...(w_v)- (3.5)

v=p
We refer to Lemmas 3.13 and 3.14 below for the precise meaning of (3.4) and (3.5).

Finally, A, ¢, ¢/, ¢, ¢*, ... will denote positive constants, possibly depending on
F(s) (also via a dependence on cy, c1, ¢z above), not necessarily the same at each
occurrence. The constants in the «- and O-symbols may also depend on F(s)
(again, also via cg, c1, ¢3).

3.2. Lemmas

In the following lemmas we always assume that the parameters A,  j, O ,... come
from a function F € Sg, unless otherwise specified.

Lemma 3.1. For w € Lo(s) and s € C we have
G(s, w) < e 2V ABl(y 4 |o])lolte v — 400
with suitable constants A, ¢ > 0.
Proof. For w € Lo (s) we have
RAjA—s—w)+ ;) =r;j(1+co) +NRpj >0
S(hj(l—s —w) + ;) = —r;(t +v) — Suj,
hence by Stirling’s formula
T —s—w) + ;) € e M2 4y ez AbTe, (3.6)
Similarly we have

(1= aj(s +w) —pj) € e PizvAklye, 3.7)
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In order to treat 1/ I"'(1 — w) we first note that 1 — w belongs to a region where the
Stirling formula is applicable, and we have

1
log |T(1 —w)| = (5 —u) log |1 — w| +varg(l — w) + u + O(1).

Moreover
1
arg(l —w) = X + O <arctan M) =T + 0 <m> ,
2 v 2 v

hence

&l —w|reCEROED) glol By ol alel (38)

ra—w)
The result follows from (3.6)-(3.8) since drp = 2. O

Lemma 3.2. For w € Lso(s) and s € C we have

S(s, w) = —ie(—Ep/4)e ™ (1 + O(AFle™)) v — +00
with suitable constants A, ¢ > 0.
Proof. Since dp = 2 we have

Hr‘ (ein(kj(s+w)+uj) _ e—iﬂ()»j(s+w)+uj))

S(s, w) = 271 i)! ==

eiﬂw _ efinw
,

— (_i)l—reirrw 1_[ e—in(kj(s+w)+uj)(1 + O(Als\e—cv))

j=1

— _ie—ins—in Z;:I(Mj—%)(l + O(Alsle—cv))
and the result follows. O
Lemma 3.3. For s € C we have

Ry(s) = Byy1(1 =25 —i0F) + By11(1)

~ Byy1(Aj(1 =)+ 1) + Bup1(1 — Ajs — )
_Z 2V
J

j=1

Proof. We use the following properties of the Bernoulli polynomials (see Section
1.13 of Bateman’s Project [6]):

By(1—x) = (=1)"B,(x) (39)
Bi(x+y) =) (Z) Bi(x)y" ™. (3.10)
k=0
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By (3.9) and (3.10) we have

Byi(1—2js —pj) = (="' Byyi (hjs + )
v+1

_ ( 1)U+1 Z < )Bk(uj))"‘])‘—‘r]_ksv—‘rl_k-
Similarly
1

_ v+1 _ _ _
Boyi(fij+2;(1—9) = ( L )Bkwj)x;“ (1 -5yt
k

=
+

Il
S

Therefore

~ Byt (A (1= 8) + 1)) + Bop1 (1 = Ajs — i)
Py
J

Jj=1

r v+l ;
ZZ (v + 1) (B)/i(ﬂj) (1 — )"k 4 (—1yvH! B;El_Llj)suH—k)

j=1k=0 j J

v+1
— %Z (V + 1) ((_1)VHF(k)SV+1—k _ HF(k)(l _ S)U+l—k)

and the result follows from the definition of the R, (s)’s. O

Lemma 3.4. For w € Loo(s) and s € C we have
'l —2s—w—ifp) K e~ 3V AlSly=o 20 v — +00
with a suitable constant A > 0.

Proof. Since

arg(1 — 25 — w — i0F) = —5+0 (|S|>
v

we have
log |[I'(1 =25 —w — i6F)|

1
:(E—a+co)log|l—2s—w—i0p|+(v+2t+9p)arg(1—2s—w—i9F)

_(! 1 o(" T+ 0
_<E—O‘+Co><0gv+ < ))—EU"F (IsD.

and the result follows since |s| << v. O
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Lemma 3.5. Forv > 1,0 < D < 2w and s € C we have B,(s) < v! %,
in particular
B,(s) < e,

Proof. By definition we have for |z| < 27

Hence, since the function =5 is holomorphic on [z| < 37 (say) apart from two
simple poles at z = £2ni, We have

B, (s) 1 ze*s  dz eD|5| eD|s|
=|-— < dz €« ————
v! 27 lz|=D et —1 ZV+1 Dvtl |z|=D et —1 (27‘[ - D)DU
and the result follows. O

Lemma 3.6. For1 < N < %x and x > 0 we have

N N
trei= 3 <2

Proof. This is Lemma 7 of [18], after deleting the unneeded —1 in its statement.

O
Lemma 3.7. For F € S? and v > 1 we have
Hr(v) < c"v!
with a suitable ¢ > 0.
Proof. By definition we have
Hp(v) = 22 v(M/
and the result follows thanks to Lemma 3.5. ]

Lemma 38. Letc> 1. Fors € Cand 1 < v < c(|s| + 1) we have

Ry(s) < ('(Is| + )"

with a suitable ¢’ > 0 (depending also on c).
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Proof. Suppose first that |s| < 1; then v is bounded and hence R,(s) is also
bounded, and the result follows in this case. Let now |s| > 1. Since B,4+(1) =

B, 11 (see Section 1.13 of [6]) and (”Zl) < 2"+ we have

v+1
Ru(8) < [Bu1 (1 =25 —i0p)|+[Bys1 [+ (c(s1+ 1) T S 1Hp(0)Is| 5. (3.11)
k=0

Since By = By (0), from Lemma 3.5 we have for every k € N
By < k.
Moreover, from (3.10) we have
LENyeY
B,(x) = ,; (k)ka”k
and hence by Lemma 3.6 for v < ¢(]s| + 1) we get

v+1

Byi1(1 =25 +i6fp) K Z ( : 1>k!(c’(|s| + ]))v+1—k

k=0
LW+ DYPvp (sl + 1) + 1)

< (¢'(sl + )"

(3.12)

Further

v+1

By < v+ DI (C(Is] + 1) (3.13)

and finally thanks to Lemma 3.7 we obtain

v+1 v+l

Y IHp(lsI ™ <<c”+lz :
=0 Is1
v+1 v+1 k
vl (3.14)
« & ( ><<~u+1 (_)
25 2\

< Cv—i—l
and the result follows from (3.11)-(3.14). O

Lemma3.9. Letc > 1. For w € Loo(s),s € Cand 1 < N < c(|s| + 1) we have

i R L i+
2ot Dw <c' (s

with a suitable ¢’ > 0 (depending also on c).
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Proof. By Lemma 3.8 and choosing ¢ and ¢; in the definition of L (s) sufficiently
large we have

NORs) 1 L (Casl+ 1) , N
2:: <) o < Clsl+ 1)2?

viv+1) wy = viv+1)

and the result follows. O

Lemma 3.10. For w € C and integers m, M with1 <m +1 < M < |w| we have

1 (=pmtt X (-t — 1)
w o m! (w—(m+l))~--(w—€)+rm’M(w)
: l=m+1
with
M!
|rm,M(w)| =

m!|w(w—(m—|—l))~-(w—M)|'

Proof. We proceed by induction on m. For m = 0 one easily verifies the identity

_ (=Dt - 1) (=DM M
___Z(w—l) w—20  ww—1)---(w— M)

by induction on M, and the lemma follows in this case. Assume now that the result
holds true for a certain m > 0 and let M > m + 2. We have

—(m+1) 1 1
ww—m+1) w w—m+1)
—pmtt A —Dle —1)!
_ e ),
ml e (w—(m+ 1)) (w—0)
hence multiplying by —%{'ﬁ’l) we obtain
1 (—nm? ¥ (—Di — 1! N )
— = "'m+1,m (W
w  (m+D! L= (w—(m+2))--(w—10)
with 1)
w— (m
rmpt,M(W) = ———————rp m(w).
m+1
Therefore
| ()|<|w—(m+1)| M!
r w
TS T mtfww — m+ 1) - (w — M)
M!

T+ D ww— (m+2) - (w—

and the result follows by induction. O
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Now we obtain a recursive relation with respect to u for the coefficients C,, ¢
in (3.4). Since we did not yet establish (3.4), the relations in Lemma 3.11 below
are in a first instance to be considered as relations between coefficients of formal
expansions. However, (3.4) is then established (in a precise form) in Lemma 3.13
below.

Lemma 3.11. Formally, for £ > 4+ 1 > 2 we have

l—1
—1yme
_ (_1\¢—1 _ | ( M,m
Cutre=(E=D" 1)-”;:“7"1! :

Proof. As remarked above, we proceed using formal expansions. Using Lemma
3.10 with each m > u we have

1 11
whtL T ity
_i Cum GO - (=D —1)!
_m:u(u)—l)..-(w—m) m! €:m+l(w_(m+]))'”(w_£)
0 -1 m
— D — 1 (=D"Cpm 1
eg;l(( o ),; m! w—1)-(w-0
and the result follows. O

Lemma 3.12. For £ > 1 we have
Cie=(=D"1e—1n
Moreover, if the C,, ¢’s satisfy the recurrence in Lemma 3.11, then for £ > pu > 2

1

Cue=(=D"" -1 —_
.t kky -k

1<k <k2<--~<ku_155—1

|Cu,€| < @ —-Dn! (E— 1).

(w =D\ -1

Proof. The first assertion, for £ > u = 1, follows from Lemma 3.10 with m = 0.
To prove the second assertion we argue by inductionon u > 2. For £ > u =2 we
have from Lemma 3.11 that

and for £ > pu > 1

-1 m -1
Coe=(=D""e-11)" w =(=DPe-n )] L
m=1 m: m=1 m
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and the result follows in this case. For £ > u 41, inserting the inductive hypothesis
in the expression given by Lemma 3.11 we obtain

C/H—l,(

£—1
=D -0y (_1')’” (—=1)" " (m—1)! 3 v
m=u m: 1<k <k2<--~<ku,|§m—1klk2 o 'k“_l

£—1 1

= (D —nry

m=p 1<ky<ky<--<k,_1<m—1
1
kiky - - kll

mkiky - k1
= (=D — 1)
1<ky<ky<--<k, <l—1

and the second assertion follows by induction. The third assertion follows easily
from the previous ones since k1kp - - -k, 1 > (u — 1)L L]

Lemma 3.13. For w € C and integers 1, M with 1 < u < M < |w|/2 we have

1y Cune +R
wH _;—;(w—lw--(w—z) ot (1)

with
2M pp 1

(=D!Hww =1 (w—M)|

R/,L,M(w) <

Proof. By induction on p. For ¢ = 1 the assertion follows at once from Lemma
3.10 with m = 0 and Lemma 3.12. From Lemma 3.10, arguing similarly as in
Lemma 3.11, we obtain

1 11

whtl T

_ i Cum (—=1m+! i (=Dt — 1!
_mzu(w—n.--(w—m) m! w—m+1)--(w—1~)

L=m+1
+ R,u-‘rl,M(w)

with

M
Cu,m

Rypi,m(w) =
8 é(w—l)---(w—m)

1
rm,m (W) + ERM,M(U))-

Similarly as in Lemma 3.11, from the inductive hypothesis we obtain

L o_ EM Crut1.e + Rust m(w)
= u+l, .
et w=1-(w—-20
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Moreover, from the inductive hypothesis coupled with Lemmas 3.10 and 3.12 we
get

! M!
Ryt1,m(w) <<Z 1)'( —1)m!|w(w—1)"'(W—M)|

1 2M 1
lw| (= D! |ww — 1)+ (w— M)|

M! Mo (")) oM
S(M—1)!yw(w—1)---(w—M)| (n; m qwl

2M pp) Mo im—1 M
< 2_M ( )+_
_pc!|w(w—1)-~-(w—M)|< Z uw—1 |w|>

m=u

2M
=<
www — 1) (w—

since u/|w| < 1/2 and

M M M
2_M2<m—1) Z_MZ<m_1)§2_MZ(M_1>§2_M2M_1=1

=\ —1 = \m — = \m = )
This ends the proof of the lemma. O

Now we turn to the asymptotic expansion in (3.5). The next lemma holds for
any 6p € C.

Lemma 3.14. Lets € Cand 1 < u < v < N be integers. Then

i
Apn() =Y ( kM)Cu+k,v(2s — 1 +i6r)".

k=0

Moreover, if 1 <c <c/3,we L* (s)and 1 < N < |o| + c we have

1 . N ,uv(s)
(w+2s — 1+ i0p)H _;(w—l)“'(W—V)

AFI(ls]”! + 1) ! )
(0]
" ( =D Jww=1- =N

with a suitable A > 0. The constant in the O-symbol may depend also on c.
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Proof. We first observe that for |#| < 1/2 and integer P > 0

2P+ g P+1
9] (3.15)

1 _P —U\ k
(1+9)M_k;)<k)9 +0< 1—2/6]

Indeed we have, since |(_“)| = (“+k_1) , that

k k
> — a +k—1
2. (k“)\'e‘k= 2 (M K >'9'k
k=P+1 k=P+1
00 P P+1
52#—1 Z |29|k:w’
k=P+1 1 =210]

and (3.15) follows. For brevity we write n = 2s — 1 + if8r and 6 = n/w. Since
1 —210] > 1/2 forw € L* _(s) provided ¢; and c; are sufficiently large, given an
integer P > 0 from (3.15) we obtain

1 1
(w+mH* w4+ 0)*

1 P —\ 4 AP+“(|S| + 1)P+1
= W (Z < k >9 +0 < Jw [P+ (3.16)

k=0

_XP: —I nk o AP+/L(|S|+1)P+M+1
- = k] wrtk (Is| + DH|w| P+t |°

where the last O-term is written in a suitable way for the estimate below. Choose
P = N — p. Since |w| > 2N for w € L*  we have

lw" = 2N ww — 1) - (w — N)|.

Moreover, since 4 < N < |o| 4+ ¢ we have (|s| + 1)* > (u — 1)!, and the error
term in (3.16) is

ABI(js|l71 + 1) 1
(w=D!  |ww-—1D-(w-—N)|

(3.17)
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Now we apply Lemma 3.13 with M = N, thus getting that the main term in (3.16)
is

S \k) e =D =)
2V NI 1
k
+O<Z|( >|I77| M+k—1)!|w(w—1)"'(w—N)|>
Z ,L+kv'7k
B (w—l) “(w—v)

AbI(s)lot 4+ 1) & nl* 1
+Oo|l——— ) —— :
( (w—1)! ,; K Jww —1) - (w— N)|

VNN < 2V NN « ABl(silol 4+ 1).

(3.18)

since

Moreover

Z Il ol 4o,
= k!
therefore the error terms in (3.17) and (3.18) are of the required size. Hence both

the expression for the A, . (s) and the asymptotic expansion of 1/(w + n)* follow
from (3.16) and (3.18), and the lemma is proved. O

Lemma 3.15. Ler s € Cand 1 < ¢ < min(cy, ¢2)/10. For w € L* (s) and
integer 1 < N < |o|+ ¢ we have

N N
(=D"Ry(s) 1 _ Q.(s)
exP(; v+ 1) (w+2s—1+i9F)”)_;(w—l)-n(w—v)

1
Alslsilol 41
4o (s + 1)
lww — 1)+ (w—N)|
where the Q. (s)’s are polynomials with Qo(s) = 1 identically, A > 0 is suitable

and the constant in the O-symbol may depend also on c. Moreover, for every v > 1
we have

Qu(s) =D Vu(s) Ay, u(s). (3.19)

n=1

Proof. Writing again n = 2s — 1 + ifF, from the power series expansion of the
exponential function we have

N 00
(=D"Ry(s) 1\ _ Vien (s)
exp<z Y (w+n)”)_1+;(w+n)“’ (3.20)

v=1
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where

I m R
V@ =Dy 43 H f(s)

m=1 1<y EN,.L, 1<y, < (UJ
Vit Fvm=n

Recalling definition (3.3) we see that V,, n(s) = V. (s) for u < N, while for every
i > 1 thanks to Lemma 3.8 we obtain

s m
!VM,N<s)|sZ$ 3 l—[c(ls|+1)

m=1""Vvi+t..tvp=pn j V](V]

)vj+1

(321)
c(lsl + 1)
< (c(ls|+ 1) Z < Al(e(Is] + D).
Hence, from (3.21), forw € £L* _ and N < |o| + ¢ we have
Z |V, N(SL} e i (sl + D)* < AW (c/(|s| + 1)>N+1
Wi |w ] p=N+1 Clwal lw + ] 3.22)
« Al 1 AMgstel+1
|w|N+1 lww—1)--- (w— N)|

Finally, using Lemma 3.14 and again (3.21) we get
N N N
Viu(s) _ A[L v(s)
,; (w+mh X:: Z - (w = v)
ABl(|s|loT + 1) (sl + )"
0] 323
<|w(w—1)-~(w—N)|Z (n— 1! 629

N Isl(|g)le]
ZZ 0y (s) Lo ABI(s|lot 4+ 1) ’
(w—1)--- (w—v) lww—1)--- (w—N)|

v=1

+

and the result follows from (3.20), (3.22), (3.23) and the fact that the V), (s)’s and
the A, »(s)’s are polynomials. O

Lemma 3.16. Lets € Candc > 1. For 1 < u < c¢(|s| + 1) we have

(' (Is| + )™

u!

V()] =

with suitable ¢’ = ¢’(¢) > 0.
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Proof. As in the proof of Lemma 3.15 (see (3.21) and recall that V,,(s) =V, . (s5))
we have, with the notation of Lemma 3.6, that

- +1
Vu(s)| < (c (|s|+1)“z (|s| ))

m=1

= (c*(Is| + D) @ (c*(s| + D).

Here c¢* is chosen so large that Lemma 3.6 is applicable, hence the result follows
from Lemma 3.6. 0

Lemma 3.17. Let x > 0, M be a positive integer and

M
x2H

R4 = —.
m (@) ; e

Thenfor1 < M < V2x we have

( x)ZM
Yu() =

Proof. By induction on M. Itis trivial for M = 1, and assume it holds for an integer
M. Then since 1 < M + 1 < +/2x we have

x2(M+1) (2x)2M x2(M+1)

<
(M +1))* M2 (v + 1)
B (2x)2(M+l) {(M+1)2 1 } 9 (2x)2(M+l)

()P | @02 4 SE((MH)!)Z’

W1 () = Wy (x) +

and the result follows. U

Lemma 3.18. Lets € Candc > 1. For 1 < v < |s| + ¢ we have

((Is| + 1D)>

v!

0,06) K

with suitable ¢’ = ¢'(c) > 0.
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Proof. From Lemmas 3.15,3.14,3.16 and 3.12 and the fact that |(_k“)| = (“+,I§_l)
we have

Qu($) K D Vi) [Au(9)|
n=l1

v oV—i k — . . o
<) (M " >|Cu+k,v|(5*(|s| + 1))"M

n=1 k=0 w!

S R Gatt VAR S WGl D c (e s+ D)
<<u21k2(:( >(M+k—1)m(c (Isl+1) ————

2u
+1
< 4! Z(C (Is] + 1) Zl %

since
_ _ _ 1) !
(M—I—k 1) < outht g ( v—1 ) <o, (v —1)! v
k n+k—1 (u+k—1D! = (u+k)!

Moreover, using (i + k)! > plk! we see that the last expression is (see Lemma
3.17)

v—1 c* 1
<4 'Z (|s|+ (st + )" Wy (c*(Is| + 1)).

Hence by Lemmas 3.17 and 3.6 we get, provided c* is large enough with respect
toc,

v— 1 2(v—k)
o (e st + D) (sl + D)
0.(s) < 4"v!
;; k! (v =)’
PSR (c*(sl + )"
c*(Isl + 1)) é() =B

/ 1 2v
(51 + 1) @yt + 1) < LD

and the result follows. O

Lemma 3.19. Let K > 0 be an integer and ¢ > 1. Then for |s| < 2K and
1 <v < K+ cwe have

R,(s) < AKKY, (3.24)
Vy(s) < AKKY (3.25)
0,(s) < (AK)K (3.26)

with a suitable constant A = A(c) > 0. Moreover, deg Q,(s) = 2v.
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Proof. We start with (3.24). If v < |s| and |s| < 2K then Lemma 3.8 gives

Ru(s) < (c(ls| + D) < aKk".

Suppose now that |s| < v < K + ¢. Then by Lemmas 3.5 and 3.7 we get

v+1
Ry(s) < [Buy1(1 =25 —i0p)| + |Bug1| + 2 Y [Hr (k)| (Is| + DV F
k=0
v+1
LMW+ DI+ A Y kI(Js| 4+ DU
k=0

<+ D+ AY(s| + DV ( )
(v+1) (Is| + 1) k;) T

< AKKY + A"(v + 1) « AKKY

and (3.24) follows. To prove (3.25) we observe that from the definition of the
Vu(s)’s and (3.24) we have

v 1 m AKKUj-l—l
Vv(S) < 2:1 % Z 1—[ 7_{_1)
m=

Lo =y i Vi)
<<AKK”XU:Km i ! m<<AKK”
— m! = LE+1) ’

thus proving (3.25). Finally, starting as in Lemma 3.18 and using (3.25) instead of
Lemma 3.16 we get

v oV—l —|—k
Quis) < AK Y3 (“ )iCu+k,v|(AK>“+k
n=1 k=0
Vv V— /L(AK) K &) (AK)M o0 (AK)k
< AKqvy <<A 4V !
l;,g( + k)! ;;) ! ,; k!
< (AK)K

and (3.26) follows.

In order to compute the degree of Q. (s) we first recall that Hr (0) = dr = 2.
From the definition of R, (s), see (3.2), and recalling that the leading term of B, (x)
is x", see [6, (3) of Section 1.13 of Bateman’s Project], we have that the leading
term of R, (s) is

GVt {(_2)v+1 F (=1 — (_1)v+1} _ vt {(_2)v+1 _’_2(_1)\1}’
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hence deg R,(s) = v + 1 for v > 1. From the definition of V,,(s), see (3.3), and
the previous assertion we easily see that the degree of V,,(s) is given by the single
term on the right hand side of (3.3) arising for m = u, thus deg V,(s) = 2v. To
prove that deg Q) (s) = 2v we first note that deg A, ,(s) = v —pand C, , # 0,
thanks to Lemmas 3.14 and 3.12. Hence the degree of Q,(s) is given by the term
with 4 = v in (3.19), and the lemma follows. [

3.3. Proof of Theorem 1.2

We follow the notation in Section 3.1. Moreover, let zx = % + 2mia with a large
X > 0. At the beginning we keep open the value of the sufficiently large constants
o, €1, 2, N, and we add conditions on them when required. Writing

Fx(s,a) = Z a’in) exp(—nzx),

N

n=1
for o < 2 we have
1 —w
Fx(s,a) = — F(s + wl'(w)zy dw
2mi 2—0)
| 3.27)
= — F(s +w)N'(w)zy"dw,
2mi L(s)

since the poles of F(s + w)I'(s) lie to the left of the path L(s). If w € L_x(s)
then N(s + w) > —cp, hence F (s + w) K |s + w| for some ¢ > 0 since F(s) has
polynomial growth on vertical strips. If in addition v < 7y, then (s + w) = co > 1
and hence F (s + w) <« 1. Moreover, still for w € £_o(s), we have

25" | = |zx| " exp (v(7/2 + O(1/X)))

IT(w)| < T(lo] +co) < (o] + )70 < Ao |lo! 4 1.

Therefore the contribution of £_o(s) to (3.27) is

1 —w sl lo]
- F(s +w)l'(w)zy"dw < A®o |71 + 1
2mi L_oo(s)

for some A > 0. As a consequence, for ¢ < 2 and any fixed ¢ > 0

1
Fx(s,a) = — F(s + w)[(w)zy"dw + 0(A|S||0|\a| +1)
2 Loo(s) (3 28)

=Ix(s, @) + O(APlo]7! + 1),
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say, uniformly as X — oo. Note in passing that Zx (s, ) is not holomorphic in s,
since the path Lo (s) starts at —o — c¢g + ifg, which is not holomorphic in s.

In order to study the integral Zx (s, o) we apply the functional equation of F(s)
and the reflection formula of I'(s), thus getting

TIx(s, &) =wQ1—2SL_/ F(1—s5s—w)G(s, w)S(s, w)(Q%zx) “dw.
27Tl Loo(s)

Replacing S(s, w) by —ie(—&Fp/4)e ™% and estimating the error by Lemma 3.2
and then by Lemma 3.1 we obtain

Ix(s,a)

——ive(-tr/H0" e [ FU—s )G (@0
2708 J oo (s)
(3.29)

o0
+ 0(A"! / |G (s, —0 — co + iv)| [(Q%zx)7 T ][e™Vdv)
fo
= Jx(s, o) + O(AM|o |11 + 1),
say, uniformly as X — oo.

Now, roughly speaking, we reduce G (s, w) in (3.29) to a single I'-factor by
means of the uniform version of the Stirling formula in [18]. Clearly

logG(s,w)=(1 —r)log2xr —logI'(—w + 1)
+> {log T(=Ajw+A;(1=5)+iij)+log I'(— Ajw+1—As—p )},
j=1
and we apply the Theorem in [18] with the choices
(z.9) =(—w,1),
(2,8) = (= 2jw, A (1—5)+ i),
(z,) =( —Ajw,1—=Xjs— /Lj)
to the above three log I'-terms, respectively. Since w € L (s), it is easy to verify

that the hypotheses of the above quoted Theorem are satisfied provided the con-
stants in the definition of Lo (s) are large enough. Hence for N < |s| 4+ ¢ we



468 JERZY KACZOROWSKI AND ALBERTO PERELLI

get
! _ 1
logG(s,w) = (1 —r)log2n + Z { (kj(l —s—w)+j— 5) log(—w)
j=1

_ 1
+ ()\.j(l —s—w)—i—uj — 5) IOg)uj

1
+ (5 —Aj(s+w) — M/) log(—w)

1
+ (5 —Aj(s+w)—uj> logkj+21jw+log2n}

r -1 v+1
F Y (B -9 + )

1 v
B (1= 2js — 1)) (‘ﬁ)
J

1 1
— (E — w> log(—w) —w — 7 log2m

N v+1 v N+2
(=D 1 (c(sl + 1))
_;w +1) ”*‘(1)<_E> +0( [ VT )

1 1
= (E —25s —w — i9F> log(—w) + w + 510g275

.
+ (125 —2w)log [T 4
j=1

N N+2
—2idp; P,(is) 1 (c(lsl + 1))
1 A +0 | —-—),
+ Ogl_[ +ZV(1)+1) wY |w|N+1
say, where by Lemma 3.3

"\ Bup1 Oy (1 = 8) + i) + Bug1 (= Ajs — )
b (1) =y = L s

Py(s) =B 0
J

j=1
= Ry(s) — By+1(1 — 25 — i6F).
On the other hand, again from the Theorem in [18] but with the choice (z,s) =
(—w, 1 —2s —i6F), we obtain

1 1
logI'(1-2s—w—ifp)= (5 —25s —w — iHF) log(—w) + w + 2 log 2w

v(v+1) w |w|N+!

_ZB\)—HO —2s —i6F) lv +0 (M)
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. 21
Therefore, writing g = [];_; A ;' we have

1
log G(s,w) =log'(1 —2s —w —i0f) + (5 -5 — w) log B

r - N N+2 (3.30)
+log]_[x;2’“"”+z Ry(s) L+0<—(C(|s|+l)) )

i —v(v+1) wY |w|N+1

N+1
Since 0(%) < 1 for w € L (s) provided the constants in the definition

of L (s) are sufficiently large, we have

k
o (e o c(|s|—|—1) (c(ls| + D)
e ( w|N )= Z: o |w|N+1
:HO(Als(cﬂsH_D)N*‘)

|w|N+1

hence from (3.30) we get

_ e e T ~2i3u;
G(s,w)=T(1—=2s—w — i) B2 ]_j[l,\j (2; U(v+1)w)
= (3.31)

L (els)+ )M

Replacing in Jx (s, «) (see (3.29)) G(s, w) by its main term obtained in (3.31)
causes an error of size

ZN Ry(s) 1
‘sl _ _ ) v
<A /;N(S) |F(l o ZQF)| =P (‘R (Uzl v(v+ 1) w

+1 N+3
< |(0% )”%Idwl,

and by Lemmas 3.4 and 3.9 this is

o
< APl(c(ls| + 1))N+3/ e T2V 2y =0 +200=N gy,

T

uniformly in X. Hence if N > —o 4 3¢ the integral converges and is < 1. More-
over, if N < —o + ¢ (with any fixed ¢ > 3c¢g) then QIsPVN 3 +1 <« ABI(s|loT+1).
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Therefore, from (3.29), (3.31) and recalling the definition of conductor g and root
number w”l‘,, for such N’s we have

. [ qF )1/27s7i€p/2 1 Or\ 1 / i
L) = ot (L2 — ) F(l—s—
T, ) = o (4 (2 0+ ) zm) [ Fa—s-w

X T(1 =25 — w — ifF) exp EN:ML <w>_wdw
—vv+Dhw 472
+ O0(AMl(s]”! + D).

Hence, by the substitution 1 — 2s — w — i — w in the above integral, for

—o+3c0 <N < —0+c (332)
we obtain
2s—1+i6F
1 _
Tx(s, ) = ik  Jaro — i L — F(s+w+i0p)T (w)
2 X 2mi Jox (s

v=1

+ 0(A¥!(s]"T + 1)),

N
(=DVRy(s) 1 qrix\v
* exp (Z o+ 1) (wt+2s—1 +i9F)”> ( 472 ) dw
(3.33)

uniformly as X — oo.

Now we use Lemma 3.15 to replace the term exp ( Z]VVZI ) in the above inte-
gral by the sum involving the polynomials Q, (s) withv =0, ..., N. Hence we need
that ¢ in (3.32) satisfies ¢ < ¢»/3. Since |F(s + w +i0r)| < 1 forw € L£* (s),
this causes a further error of size

< AFl(jsl! + 1)/ LGl

™2 |dw|
£f o) [ww =1 (w = N)|

T(w — N)|eTIvl/2
< A'S'(Isl""+1)/ [P =M
L () |w|

|[dw].
Moreover, we also want N such that R(w — N) < 0 forw € L* _(s), i.e. we
choose

N =[-0l+k (3.34)

with a sufficiently large positive integer k satisfying (3.32) with ¢ < ¢/3; this
can be done by suitably choosing ¢y and ca. With such a choice of N we have
IT(w—N)| <« e ™V/2/1y|1/2 hence the integral is < 1. Therefore (3.33) becomes,
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uniformly as X — oo,

2s—1+i0p N
P 3 . QF r .
__ _iV F
Tx (s,a) lwp< qra ’mx) E Oy (S)2m /* (s+w+ifF)
qFix

% T(w —v) ( = )wdw n 0(A'S'(|s||”| +1)).

(3.35)

Replacing the path of integration in (3.35) by the whole path £*(s) causes an error
which, since v < N, by Lemma 3.18 is of size

N 2v
s|+1
<<A|S|Z(| |v') /
v=0 :

L3,(5)

F(s +w +i60)T(w — v) ("FZX) | \dw

For w € Loo(s) we have R(s + w) = O(1) and hence F(s + w + i0f) < (|s| +
|lw| + 1)4. Moreover, for 0 < v < N we have —¢ < R(w —v) < |o| — v + ¢’ and
hence ,

F'(w—v) < (c(lo] + )P+

Further, |z%| <« Al7le~va%2X  thus the above mentioned error is

1)|a|+v

< Als! Z (Is] +

- / ( )(Ivl + DAeTvaxdy <« AFl(|s| + Dol
’ —15 (s

We also have by Cauchy’s theorem that for0 < v < N

F(s+w+i6p)T(w—v) (QFZX)w dw

27i (s) 42

1 |o|4+v+2+4ico

Fs +w+i0p)C(w —v) (‘IFZX)W dw

270 J g |4v42—ico 472

-5y
o nstior \4n2n/) 2mi |o|+v+2—ico
00 o 2
qr qpoe> a(n) 47
= : € - .
<4n2X T ,; ns ooy P < arax
Consequently, (3.35) becomes

\/q_F 2s—1+i6p N qr
‘om0 x) ;)(MZX

|o|+v+2+ico
dw

Fw — ) (qFZX)

jx(s,a>=—iw;’;( qra — %)”va

(3.36)

o0

a(n) 47?2
X Z ns+v+i6F eXp <_

n=1 qrx

n) + 0 (AFl(Is| + DT
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uniformly as X — oo. Since

472 27i 1 1

qrix  qra qra? X + 0(1)

the series in (3.36) is absolutely convergent for all s, for every v.

The next step is to make the range of summation of v in (3.36) independent
of o (recall that N depends on o, see (3.34)). Let K > 0 be a large integer and
|s| < 2K,0 > —K + 1/2. Depending on the relative sizes of N and K, we add to
or withdrow from (3.36) the terms with v between N + 1 and K or between K + 1
and N, respectively. In both cases we have that o +v > 3/2 for such v’s (call them
v € X)), hence from Lemma 3.19 we deduce that

2S—l+i9F
P _ L N4F ( qr .qpot)v
lwp ( qro 1271X> » Ar2X + l—2n 0,(s)
— 3.37
. an) 472 X ) < ok (3.37)
x Y —exp (———n | < AK Y A AKK < (4K
=" qrzx veX

uniformly in X. From (3.28), (3.29), (3.36) and (3.37) we therefore obtain that for
—K+1/2 <0 <2and |s] < 2K

25—1+4i0F K
. .A4F qr .qFaNY

Fx(s,a) = — i | Vgra — ( )

x (s, ) le( qro lzﬂx> ;} VL 256 ti 27 (3.38)

X Qy($)Fx(s +v +ibF, ) + Hx(s, a),

where

n=1 qFix

X a(n) 472
F;(S,(X)ZZmeXp n
and
Hyx (s, @) < (AK)X

uniformly as X — oo. Moreover, since Fx (s, a), Fy(s, @) and Q,(s) are entire
functions, Hx (s, ) is also entire. Further, from (3.38) we have thatfor 1 <o < 2

lim Hx(s, @) = H(s, o)
X—00

exists and is holomorphic since this is clearly true for Fx (s, &) and F (s, ). For
1 < 0 < 2 we also have that

H(s,0)= F(s, x)

25—1+i6 K qray _ 1 (3.39)
+ i} (Vara) FZ(’—> 0.,(s)F (s+v+i9p,——).

v=0 2 qre
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Hence by Vitali’s convergence theorem, see Section 5.21 of Titchmarsh [27], the
limit function H (s, ) exists and is holomorphic for —K 4+ 1/2 < o0 < 2 and
|s| < 2K, and satisfies

H(s,a) < (AK)X.

This provides analytic continuation and bounds for the right hand side of (3.39).
Therefore Theorem 1.2 follows, recalling Lemmas 3.18 and 3.19.

4. Proof of Theorem 1.3 and Corollary 14

Let mF denote the order of pole of F(s) ats = 1 and let Q, (s) be the polynomials
in Theorem 1.2. We have:

Lemmad4.1. Let F € Sg with gr = 1. For v > 1 we have that (s + v — 1)"F
divides Q(s). Moreover, O =0 ifmp > 0.

Proof. We may clearly assume that mr > 0. From Theorem 1.2 with ¢ = 1 we get
F(s) = —iwsF(s +i0p) + H(s), (4.1)

where H (s) is holomorphic for o > 1/2. Hence 8r = 0 since mr > 0. Again
from Theorem 1.2 with ¢ = 1 we deduce that

K i v _
F(s) = —io} Y (§> 0v()F (s +v) + Hg (s), (4.2)
v=0

where K > O is an arbitrarily large integer and Hk (s) = Hg (s, 1) is as in The-
orem 1.3. Given 1 < yp < K, it is clear that all terms in (4.2) are holomorphic
ats = 1 — vp, except possibly for Q,, (8)F (s + vo). Therefore this term must be
holomorphic as well, hence Q,,(s) has a zero of order at least mp ats = 1 — v,
and the result follows. ]

Lemma 4.2. Let F € Sg withqr = 1. Forqg > land 1 <a < q with (a,q) =1

the function (s — 1)F F (s, a/q) is entire.

Proof. In view of Lemma 4.1, for v > 1 we define the polynomials P, (s) by
Qu(s) = (s + v — D" Py(s).

For ¢ = 1 the result is obvious, and we proceed by induction on g. Assume the
result true up to ¢ — 1 and apply Theorem 1.2 with ¢ = a/q, 1 < a < g and
(a, g) = 1, thus getting

2s—1+i6F
(s—1""F(s,a/q)= —iw} (g) {(s—=D™FF(s+i0p,—q/a)+(s—1)"F
K . v
X g <%> Py(s)(s +v— D™ F(s+v+i0F, —q/a)}

v=1

+ (s — D™ Hk (s, a/q).
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Since a < g — 1, by the inductive hypothesis all terms on the right hand side
are holomorphic in the domain where Hk (s, a/q) is holomorphic (remember that
0r = 0if mr > 0 by Lemma 4.1). The result follows since K is arbitrarily
large. O

In order to prove Theorem 1.3 we note that thanks to Lemma 4.2 we only
need to show that F (s, a/q) is of the proper size as 0 — —oo. We proceed by
induction on ¢g and observe that for ¢ = 1 the result follows from Lemma 2.1 since
F e M(2,1). Assume now the result true up to ¢ — 1 and apply Theorem 1.2 with
o = a/q, thus getting for arbitrarily fixed K > 0, A, B € R and a suitable C > 0
(whose value will not necessary be the same at each occurrence) that

g\~ 1+ K g\ B
F(S,a/Q)Z_lCU;* (5) ;(E) QV(S)F(S-’_U_'_IQF’_Q/CI)
+ 0(CXk¥)

foro > —K + 1/2 and |s| < 2K, uniformly for A < ¢t < B. Choosing K =
[lo]] + 2 and letting 0 — —oo we obtain

20| K v
F(s.a/q) < (g) Z( - ) 10u)| |F(s +v +i0p, —q/a)|

= 2mq
+Clljg|,

Hence by Lemma 3.18 and the inductive hypothesis we have

F(s,a/q)
llol1+2 v 2v
q)2\0| a (Cla)) 2(\U|,v)( a )2(|0|—V) c
1z B T Sl e CA 2 _ i
<<<a ; 2rq v! (|G|+ v) 2re ol
+C|U||O-||U|
[lol1+2 ~v
2|o|
2o L) c & 4 cloliglel
<ol <2ne ol X_: v! + el
v=0
2|o|
< |0-|2|U| <i) |U|C.
2me
Therefore F (s, a/q) belongs to M(2, g%), and Theorem 1.3 follows. O

In view of Theorems 1.1 and 1.3, to prove Corollary 1.4 we need to show that
every F € & satisfies Nr (o, T) = o(T) for any fixed o > 1/2. Actually, standard
techniques (see Montgomery [22, Chapter 12]) allow to show the following sharper
result: if F € & then for every ¢ > 0 and every fixed o > 1/2

Np(o, T) < T3/370+¢,
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We only outline the main points in the proof. Let a(n) be the Dirichlet coefficients
of F(s) and let uf (n) denote its inverse. By Lemma 1 of [14] we have that for every
& > 0 there exists an integer M = M (e) such that up(n) < n® for (n, M) = 1.
Moreover, for o > 1/2 the functions F(s) and

- a(n)
Fu@)=Fo [[ e = > —
plM =1 "
have the same zeros. Writing L = log T and
wr(n)
G(s)=Fu(s) Y, ———=Fu(s)M(s),
n
n<TL?
(n,M)=1
say, we have
Go=1+ Y W =3 wuran/d) < nf
s) = prat c(n) = ur(d)a(n n°.
n>TL2 dln
(n,M)=1 d<TL?

Now we apply Montgomery’s zero detecting method. First, for every zero p =
B +iy of F(s) with § > o > 1/2 we obtain
I, =— Go+ww)Tdw=1+0[=). (4.3)
2mi 2—ioco T

On the other hand, shifting the line of integration to $iw = 1/2 — 8 we get

1 1 !
I, < T1/2—a/ F <5 + +iz> M (5 + +it) dt+ 0 <?> 4.4

y—cL
with a suitable ¢ > 0. Summing over representatives of zeros in small rectangles,
from (4.3), (4.4), the Cauchy-Schwarz inequality and the mean-value theorem for
Dirichlet polynomials we obtain
F ! + +it
= i
2

y+4cL

1/2

5\ 12 5

lr(n)]

dr T -
) >

n<TL?
(n,M)=1

2T
Np(o,T) <« T3 (/
T

/2

« T3/2o+e,

Here we used the bound

2T 1
f F (— + +it>
)2 2

which follows by standard arguments from the approximate functional equation in
Chandrasekharan-Narasimhan [1] for L-functions of degree d = 2 (A = 1 in the
notation of [1]). Corollary 1.4 is therefore proved.

2
ds < T1+€,
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5. Proof of Theorem 1.5

We need further notation. For F' e 8§ we write
ar(a/q) = Sli_Igll(s — D" F(s,a/q).
Moreover, let o = ap(l) and Ap = —iw”l;. Note that o # O if mp > 0.
Lemma5.1. Let F € 52ﬁ withqr = 1 and mp > 0. Then
D)oy =ar, i)ymp <2, iii) ap = Apar, V) Ap = Ap.

Proof. 1) is trivial. By Lemmas 3.18 and 4.1 we have mr < deg Q1(s) < 2, hence
ii) follows. Multiplying both sides of (4.1) by (s — 1)™# and letting s — 1 we
obtain

aF = ApQjp = Apar,

and iii) follows. Finally, applying iii) to F (s), thanks to i) we get

aF = GF = ApaF,

=

and iv) follows comparing with iii). O

Lemma 5.2. Let F € 55 withqr = landmp > 0. Thenforq > land1 <a <gq
with (a, q) = 1 we have

ar(a/q) =L
q

Proof. We proceed by induction, the case ¢ = 1 being trivial. Recalling that 0 = 0
in this case, from Theorem 1.2 with @ = a/q we get

2s—1
a —
F(s,a/q) = AF <5> F(s,q/a)+ H(s)
with H (s) holomorphic for ¢ > 1/2. Multiplying both sides by (s — 1)™F and
letting s — 1 we obtain, thanks to the inductive hypothesis, that

a — a ofF AfFOfp
ar(a/q) = Ap — ap(q/a) =Ap— — = .
q q a

q
The result follows now by iii) of Lemma 5.1. U
When mp = 2 we write

oF orBF

F(s) =
© =G Ty

ar(a ar(a a
F(s.a/q) = F( /612) Fla/q)Br(a/q) L
(s—1 s—1
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Lemma 5.3. Let F € Sg withgr = 1 and mp = 2. Then Br € R, and for g > 1
and 1 < a < g with (a,q) = 1 we have

Br(a/q) = Br — 2loggq.

Proof. In order to prove that 87 € R we start again with Theorem 1.2 with o = 1
(see (4.1)), hence

F(s) = ApF(s)+ H(s)

with H (s) holomorphic for o > 1/2. This gives

aF arfr _ Arop  ArapPp
s—1D2 s-1 (s —1)2 s—1

+...,

hence thanks to Lemma 5.1 we deduce that B = B5. But for s € R we have

,BF-=S1i_r)n<(S_1)F(S)— 1 )zlim<(s—1)F(s)_ 1 >=,3_F,

1 ap s—1 s—1 oF s—1

and the first assertion follows. Now we prove the second assertion by induction
on ¢, the case ¢ = 1 being trivial. Once again from Theorem 1.2 with « = a/q,
writing the first terms of the Laurent expansion at s = 1 of the right hand side, we
get

_ a ,a . a. ar arBr(q/a)
F(s,a/q)_kp(q+2qlogq(s 1)+'“)<a(s—1)2 aG— D) —I—)

+ H(s)

with H (s) holomorphic for 6>1/2. By the inductive assumption we have Sr(g/a) =
Br — 2loga. Hence from the previous equation, thanks to Lemmas 5.1 and 5.2 we
obtain

apar  MFAF(Br(g/a) +2log §)

F(s,a/q) = +
/D=6 —172 g(s—1)
_arla/q) | arpla/q)(Br —2logq) n
(s —1)2 s—1 v
and the result follows. [

Lemma54. Let F € Sg with qr = 1. Then for p prime and y (mod p) with
X # xo, F (s, x) is holomorphic at s = 1.
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Proof. From Lemmas 5.2 and 5.3 we see that the Laurent coefficients of order —1
and —2 of F (s, a/q) do not depend on a. Hence, with obvious notation, for x (mod

P), X # Xo,we have

p
Fs, x) = x(@)F(s, —a/p)
f(x) ;
z A(p) B(p)
and the result follows by the orthogonality of Dirichlet characters. O

To prove Theorem 1.5 we choose a = p — 1 in (2.6) of Lemma 2.2 and use
Lemma 5.4 to obtain

_ __pr 1
F(s,1/p) = F(s) (1 . Fp(s)> + G(s)

with G (s) holomorphic at s = 1. Multiplying both sides of the last expression by
(s — D™ and letting s — 1 we get

1
aF<1/p>=< P ) aF. .1)

p—1Fy(1)

On the other hand, by Lemma 5.2 we have ar(1/p) = ar/p, hence comparing
with (5.1) and recalling that o 7# 0 we obtain

1\ 2
Fp(1) = (1 — —) . 5.2
P

Moreover, by Corollary 1.4 in the Introduction we have

3p

_ -1
- 42)

j=1

with 9, <2 and |o;(p)| < 1. Therefore

aP > , m
Em=T1|Y ﬂ‘
j=1|m=0 p

¥ oo -9 -2
- loj ()™ ( 1) 4 ( 1)

< | | E 2 < (1-—= <(1—-— )

=11 P ) <

Comparing (5.2) and (5.3) we see that (5.2) holds if and only if 3, =2 and o j (p) =1
for j =1, 2, and Theorem 1.5 follows.
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