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On Harnack inequalities and optimal transportation

DOMINIQUE BAKRY, IVAN GENTIL AND MICHEL LEDOUX

Abstract. We develop connections between Harnack inequalities for the heat
flow of diffusion operators with curvature bounded from below and optimal trans-
portation. Through heat kernel inequalities, a new isoperimetric-type Harnack
inequality is emphasized. Commutation properties between the heat and Hopf-
Lax semigroups are developed consequently, providing direct access to heat flow
contraction in Wasserstein spaces
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1. Introduction

Harnack inequalities classically provide strong tools towards regularity properties
of solutions of partial differential equations and heat kernel bounds. A renowned
result on the topic is the parabolic inequality by P. Li and S.-T. Yau [29]
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for the heat semigroup (FP;);>( on an n-dimensional Riemannian manifold (M, g)
with non-negative Ricci curvature, and every # > 0 and positive (measurable) func-
tion f : M — R. By integration along geodesics, it yields the Harnack inequality

(1.1)

n/2 )
Pf(x) < Pras f() (#) /45 (12)

for f : M — R non-negative and ¢, s > 0, where d(x, y) is the Riemannian
distance between x,y € M. The results (1.1) and (1.2) admit versions for any
lower bound on the Ricci curvature (¢f. [18,29]). A heat flow proof of (1.1), in the
spirit of the arguments developed in this work, has been provided in [10].

In the context of diffusion operators, the Harnack inequality (1.2) may actu-
ally loose its relevance due to the infinite-dimensional feature of some models. Let
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L = A — VYV .V be adiffusion operator on a smooth complete connected Rieman-
nian manifold (M, g), where V : M — R is a smooth potential, with associated
Markov semigroup (FP;),>¢ and invariant and symmetric measure dyu = e Vdx
(where dx is the Riemannian volume element). A notion of curvature-dimension
CD(K,N),K € R, N > 1, of such operators L has been introduced by D. Bakry
and M. Emery [71 (c¢f. [5,8]), which is by now classically referred to as the I'»
criterion, through the Bochner-type inequality

I I
SLOVAP) = Vf-VLf = K|V + - (L) (13)

for any smooth f : M — R. (The I'; operator in this context is precisely the
expression on the right-hand side of (1.3).) For example, by the standard Bochner
formula from Riemannian geometry, the Laplace operator A on an n-dimensional
Riemannian manifold with Ricci curvature bounded from below by K satisfies the
curvature-dimension condition CD(K, N) with N > n. On the other hand, on
M = R" with V the quadratic potential, the associated Ornstein-Uhlenbeck op-
erator L is intrinsically of infinite dimension N = oo since (1.3) cannot hold for
some K € R with N finite. (It actually holds in this example with K = 1 and
N = 00.) In particular a Harnack inequality (1.2) cannot hold in this case, as well
as in further similar infinite-dimensional models. Note that, when N = oo, again
by the Bochner formula, the curvature condition C D(K, c0), K € R, amounts to
the local geometric lower bound

Ric + Hess(V) > K (14)

(as symmetric matrices) uniformly over the manifold (cf. e.g. [8]).

To circumvent the drawbacks attached to the case K = oo, F.-Y. Wang in-
troduced in [38] (see also [39]) a new form of Harnack inequalities for infinite-
dimensional diffusion operators of the type L = A — VV - V (and more general
ones). Wang’s Harnack inequalities indicate that, under the curvature condition
CD(K, o0) (equivalent to (1.4)), for every non-negative (Borel measurable) func-
tion f on M,everyt > 0,every ¢ > 1,and every x,y € M,

(P f ()" < Pr(f)(y) e@d)?/2e=Da(® (15)

where o (t) = % (e2X" — 1) (= 2t if K = 0). The proof of (1.5) is based on the
interpolation
Ps((Pt—sf)a)(xs)7 s €[0,1],

along a geodesic (x;)g¢[o, joining x to y together with the commutation, for all
t > 0and smooth g : M — R,
VP gl <e X' P (|Vgl) (1.6)

as an equivalent formulation of the curvature lower bound C D(K, o) (cf. [8]). In
a sense, the gradient bound (1.6) may be thought of as the counterpart of the Li-Yau
inequality (1.1) in this context.



ON HARNACK INEQUALITIES AND OPTIMAL TRANSPORTATION 707

Changing f into f!/%, in the asymptotics f1/% ~ 1 + élogf as o — 0o in
(1.5), a log-Harnack inequality

d(x, y)?
20 (1)

Pi(log f)(x) <log P f(y) + (1.7)
also holds (cf. [12,40]). It was further shown in [38,40] that either (1.5) (for one
o > 1) or (1.7) imply back, as t — 0, the curvature condition C D(K, 0o) (in its
infinitesimal form (1.4)).

The aim of this work is two-fold. We will first show how the previous infinite-
dimensional Harnack inequalities may actually be seen as consequences of a suit-
able functional inequality of isoperimetric type. On the basis of this observation,
we establish next a kind of isoperimetric-type Harnack inequality. These results
naturally lead to develop connections between isoperimetric-type Harnack inequal-
ities (in direct or reverse form) and commutation properties between diffusion and
Hopf-Lax semigroups. By the dual Kantorovich optimal transportation formalism,
Wasserstein contraction properties along the heat flow are then derived.

Two observations are actually at the starting point of this work. For simplicity
in the (somewhat informal) discussion below, we restrict ourselves to the curvature
condition C D(0, co) (with thus K = 0).

First, the gradient bound (1.6) (and thus the curvature condition C D(0, c0))
is known to imply (to be equivalent) to logarithmic Sobolev inequalities under the
heat kernel measures P, in particular in reverse form

VPP
P f
for every (bounded measurable) f > 0 and every ¢ > 0 (¢f. [8]). Inequalities

like the preceding one are understood point-wise throughout this work. Now, as
was noticed by M. Hino [24], the latter ensures that whenever 0 < f < 1 and

Y = /log(1/P; f), then

< P(flog f)— P flog P f (1.8)

1
VY > < —.
2t

In other words, ¥ is Lipschitz with Lipschitz coefficient less than or equal to
(2t)~ /2 In particular, for every x, y € M,

1 1 d(x,y)
I 1
\/ CPF® - / Pro T Var

where we recall that d(x, y) is the Riemannian distance between x and y. After
some work, it may then be shown that for each ¢ > 0, there exists C(¢) > 0 such
that

(Pif(x)* < C(e) P(fD)(y) el 200,

that is as close as possible to (1.5) (for @ = 2).
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It should be mentioned that it is precisely the dimensional version of the re-
verse logarithmic Sobolev inequality (1.8) which has been used in [10] to provide
a monotonicity proof of the Li-Yau parabolic inequality (1.1). We will exploit this
information towards dimensional statements in Section 5 below. For further dimen-
sional Harnack inequalities under the curvature-dimension condition C D(K, N),
comparing in particular different times, see [20,27,41].

The second observation at the starting point of this investigation is the link
between Harnack-type inequalities and optimal transportation already put forward
in [12] where semigroup tools were developed towards a proof of the Otto-Villani
HWI inequality [32] (c¢f. [36,37]). We briefly recall the basic step. Namely, the
log-Harnack inequality (1.7) may be translated equivalently as

Pi(log f) = Q2 (log P; f) (1.9)

where (Qy)-¢ 1s the Hopf-Lax infimum-convolution semigroup

d(x, y)2
28

Osp(x) = inf [qo(y) + ] xXeM, s>D0.
yeM

Assume now that p is a probability measure and let f > 0 be a (bounded) probabil-
ity density with respect to w. Then, by time reversibility and (1.9) applied to P, f,
t>0,

/ P,flog Py fdu = / FPi(log P f)du < f £ Qu(log Py f)dp.
M M M

Now [,,log Py fdu < 0 by Jensen’s inequality. Hence, combining with the scal-
ing properties of (Qs)g~0,

| Eiogrfan < o [/M 0w fiu~ | wdu}

where ¢ = 2t log P»; f. Recall then the (quadratic) Wasserstein distance W7 (v, 1)
between two probability measures p and v on M defined by

1/2
Wa(v, u) = ( / d(x, y)’dm(x, y))
MxM

where the infimum is taken over all couplings m with respective marginals v and .
The Kantorovich dual description

1
EWQ(”’ 1)? = sup (/ Qipdv —/ wdu) (1.10)
M M

where the supremum runs over all bounded continuous functions ¢ : M — R
(cf. e.g. [36]) then yields with dv = fdu

1
/ P flog P fdi < 3 W3, o). (111)
M t



ON HARNACK INEQUALITIES AND OPTIMAL TRANSPORTATION 709

Note that the preceding argument similarly yields, for every ¢ > 0,
1
f P flog P fdu < 4—tW§(fu, gu)+/ gloggdu (1.12)
M M

where g is a further probability density with respect to ., and where, for simplicity
here, fu and gu denote the probability measures fdu and gdu. Indeed, write in
the preceding notation that

1
[ pirvoerisan= 5| [ owran= [ ouan|+ [ croepusan.
M t1LJIm M M

Since by convexity [, glog P»; fdu < [, glog gd, the claim follows.

Now (1.11) is actually the major step in the semigroup proof of the HWI in-
equality of [32] under the curvature condition C D (0, o). Namely, the classical
heat flow interpolation scheme (cf. [5,8]) indicates that, for every suitable smooth
probability density f : M — R and every ¢ > 0,

trd
/Mflogfdu— /M P flog P, fdu = /O (5 /M PsflogPsfdM) ds

_ ([ VRl
_./(; M Psf d,uds'

Since |V P f| < Ps(|V f|) according to (1.6),

e, (|vf|2)

Pf f
by the Cauchy-Schwarz inequality along the Markov kernel P;. Therefore,
2
[V/]
flog fdu =< | Piflogh fdu+t | ——du.
M M m S

Together thus with (1.11), optimization in ¢ > 0 yields

v 2 1/2
/M Flog fdu < Wav, 1) ( /M % du)

which is the announced HWI inequality, connecting Entropy, Wasserstein distance
and Fisher Information. Similar arguments may be developed under C D(K, co)
for any K € R to yield the full formulation of Otto-Villani’s HWI inequality
(cf. [8,12]). Note that together with (1.11), the argument also recovers the known
inequality (cf. e.g. [16])

v\
/flogfduswz(fu,gu) (/ —du> +/ gloggdp
M m f M

for probability densities f and g with respect to .



710 DOMINIQUE BAKRY, IVAN GENTIL AND MICHEL LEDOUX

For the matter of comparison, it might be worthwhile mentioning that the re-
cent Kuwada lemma (see [22]) develops similar arguments towards the inequality

WP fiu. 1) <1 [ | flog s~ [ £ifio Ptfdu] (1.13)

for any probability density f with respect to i and any 7 >0. Indeed, forp : E— R
bounded and continuous,

Lrda
/ Qlprzfdu—/ ofdu= f (d— f stPszfdu>ds
M M 0 S JIm

1 1
=/ / [—5 VOs0|? Py f +zstLme] dpuds
0 M

! 1
=/0 /M[_E |VQS¢)}2PS’f —1VQsp- vPstf:| duds

by the fact that the Hopf-Lax semigroup solves the standard Hamilton-Jacobi equa-
tion and by integration by parts. Next, by the Cauchy-Schwarz inequality,

|VP3tf|
/QIQDPtfdM—/<PfdM< f/ duds
M M M Puf

which yields (1.13) by the Kantorovich duality and integration.

The inequality (1.13) is actually at the core of the gradient flow interpretation
of the heat flow in Wasserstein space (cf. [1,25,31,36,37]), and immediately fol-
lows for example from the Benamou-Brenier [11] dynamical characterization of the
Wasserstein distance in smooth spaces such as Riemannian manifolds. Kuwada’s
argument above extends its validity to a general, possibly nonlinear, setting.

From the point of view of functional inequalities, (1.13) somewhat works in
the other direction with respect to (1.11). Namely, while (1.11) leads to the HWI
inequality, (1.13) has been identified in [23] at the root of the Otto-Villani theorem
[32] (cf. [12,36,37]) connecting logarithmic Sobolev inequalities to transportation
cost inequalities.

On the basis of these two early observations, the purpose of this work is, as an-
nounced, to develop a synthetic and refined treatment of Harnack-type inequalities
for diffusion operators with curvature bounded from below and of their connections
with transportation cost inequalities. The various contributions of this work are
summarized as follows.

In Section 2, we provide a direct treatment of Wang’s Harnack inequalities
(1.5) and (1.7) relying on an improved, isoperimetric-type version, of the reverse
logarithmic Sobolev inequality (1.8) along the heat flow.

This reverse isoperimetric-type inequality in turn implies a new isoperimetric
version of Harnack inequalities emphasized in Section 3. For example, under non-
negative curvature C D (0, 00), it yields that for any (Borel) measurable set A in M,
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anyt >0andany x,y € M,

P10)(x) < Pi(1ag,,) ()

where A; is the e-neighborhood of A in the metric d. This result seems to be new
even for the standard heat flow operator on a Riemannian manifold. It is optimal
for the standard heat kernel on R” as is immediately checked on the explicit kernel
representation.

A direct consequence of (1) is the commutation

Pi(Qy) = Os(P1), 1,5>0, (1.14)

between the heat and Hopf-Lax semigroups (under non-negative curvature) which
we emphasize in Section 4. This commutation was actually used earlier by K. Ku-
wada [26] in the study of the duality of gradient estimates at the root of the contrac-
tion property of the Wasserstein distance along the heat flow

Wous, vi) < Wa(uo, vo)

where du; = P;fdu and dv; = Pigdu,t > 0, f, g probability densities with
respect to p. Such contraction properties have been investigated in this context
in [15,31,33,34] (see also [36,37,39]), and are also, following [1,19], a main
consequence of the EVI approach discussed in Section 6.

The commutation property (1.14) may actually be reached in several ways,
and Section 5 presents a variety of methods depending on the underlying context,
including the original approach of [26]. This section further includes dimensional
versions of the commutation property together with the corresponding Wassertein
contractions.

In the last Section 6, we briefly discuss some connections between the material
presented here and recent developments, following [4], around the Evolutionary
Variational Inequality (EVI) expressing in the preceding notation that

W%(mmo)+2z/ P, flog P fdu < W5(wo, VO)+21‘/ gloggdu.
M M

This property actually connects the I"p Bakry-Emery CD(K, oo) curvature condi-
tion [5,7,8], expressed by the commutation (1.6), with the curvature bound in the
sense of Lott-Villani-Sturm in metric measure spaces as convexity of relative en-
tropy along the geodesics of optimal transportation [30,35,37]. The recent main
achievement by L. Ambrosio, N. Gigli and G. Savaré [2-4] actually provides a link
between the I' and Lott-Villani-Sturm curvature lower bounds in the class of the
Riemannian energy measure spaces through the EVI. In Section 6, we sketch, fol-
lowing [4], the principle of proof of the EVI in a smooth setting, for comparison
with some of the tools developed here.

For simplicity in the exposition, the results of this work are presented in the
weighted Riemannian setting, for thus diffusion operators L = A — V - VV on
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a complete connected Riemannian manifold (M, g) with invariant and reversible
measure dju = e~V dx (not necessarily a probability measure) where V : M — R
is a smooth potential. Integration by parts with respect to L is expressed by
Sy F(=Le)du = [, Vf - Vgdpu for smooth functions f, g : M — R. The asso-
ciated curvature condition C D(K, 00), K € R, is expressed equivalently by (1.4)
as the infinitesimal version of the Bochner-type inequality (1.3). It amounts to the
standard lower bound on the Ricci curvature for the Laplace operator A on (M, g).
The curvature condition C D(K, 0o) is also equivalent to the gradient bound (1.6)
which is, in an essential manner, the only way the curvature condition will be used
throughout this work.

We refer to the general references [5,8] for a precise description of this frame-
work and the relevant properties. Most of the results below actually extend to the
more general setting of a Markov diffusion Triple (E, u, I') emphasized in [5, 8],
consisting of a state space E equipped with a diffusion semigroup (P;),o with in-
finitesimal generator L and carré du champ operator I and invariant and reversible
o-finite measure . In the weighted Riemannian context, I'(f, f) = |V f|? for
smooth functions. In this setting, the abstract curvature condition C D(K, o),
K € R, stems from the Bochner-type inequality (1.3) (with N = o0) and the
abstract I'; operator going back to [7] (see [5,8]). The condition C D(K, 0o) is
equivalent to the gradient bound (1.6)

VTP f) <e ®'P(JT(f))

for every t+ > 0 and every f in a suitable algebra of functions. The state space E
may be endowed with an intrinsic distance d for which Lipschitz functions f are
such that I"( f) is bounded (u-almost everywhere). Note also that at the level of the
local inequalities along the semigroup, generators of the type L = A 4 Z for some
smooth vector field Z on a manifold M may be covered similarly as developed
in [38-40].

ACKNOWLEDGEMENTS. We are thankful to L. Ambrosio, N. Gigli and G. Savaré
for helpful discussions on the EVI and for pointing out relevant references, and to
A. Guillin for sharing with us his simple proof from the Wasserstein contraction
to the curvature condition at the end of Section 4. We are also most grateful to
the referee for numerous comments and corrections that helped in improving the
exposition.

2. Reverse isoperimetry and Wang’s Harnack inequalities
In this section, we address a direct proof of Wang’s Harnack inequalities (1.5) and

(1.7) along the Hino argument on the basis of a reinforced family of heat kernel
inequalities first emphasized in [9].
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Denote by I : [0, 1] — Ry the Gaussian isoperimetric function defined by
I =¢o® ! where

X 2., du
dD(x):/ e W P—, xeR,
—00 V27T

and ¢ = ®’. The function I is concave continuous, symmetric with respect to the
vertical line going through % and such that 7 (0) = (1) = 0, and satisfies the basic

differential equality 7 I” = —1. Moreover I (v) ~ v,/2log% asv — 0.

The following statement, as a kind of reverse isoperimetric-type inequality,
was first put forward in [9]. We enclose a proof for completeness (see also [8]).

Proposition 2.1. Under the curvature condition C D(K, 0o) for some K € R, for
every (measurable) function f on M with values in [0, 1] and every t > 0,

(1PN =[P ()] =o@)|VP S| @.1)

where o (t) = + (K1 — 1) (= 2t if K = 0).

Proof. Work with a function f such thate < f < 1 — ¢ for some ¢ > 0. By the
heat flow interpolation, write

t

(1N - [P(I(H)] = —/0 j—S[PS(I(Pt,Sf))]zds.

Now, by the chain rule for the diffusion operator L,

d
_g[Ps (I(Pt_sf))]z = —2P(I(P—s /) Ps(LI(Pi—s f) — I"(P—s f)LPi_s f))
= =2P(I(Pi—s ) Ps(I"(Pr—s ))IV Pr—s f1?)

|VPt_sf|2>

=2Pv I(P— Py
(P ) (I(Pt_sf>

where we used that I I” = —1 in the last step. Since P is given by a kernel, it
satisfies a Cauchy-Schwarz inequality, and hence

2

X 2
PS(Y)PS (7) Z[PA(X)] ’ X,YZO-
Hence, with X = |VP_f|and Y = I (Pi—s f),

1)) = [P(IH)] =2 fo t [P (VP 11 )]st.
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By the gradient bound (1.6) applied to g = P, f, it follows that

e - [P =2 /O K5ds |V P, fP2

which is the result. O

For the comparison with the Hino observation mentioned in the introduction,
note that (2.1) of Proposition 2.1 implies the reverse logarithmic Sobolev inequality
(1.8) by applying it to ef and letting ¢ — O.

As announced, we next show how Proposition 2.1 actually covers Wang’s Har-
nack inequalities recalled in the introduction. The main consequence is put forward
in the following corollary that actually entails most of the inequalities emphasized
in this work.

Corollary 2.2. Under the curvature condition C D(K, oo) for some K € R, for
every (measurable) function f on M with values in [0, 1], every t > 0 and every
x,yeM,

d(x,y)

Vo (1)

where d(x, y) the Riemannian distance between x and y.

Do Pf(x) <@ o Pf(y) + ——= 22)

Namely, in terms of gradient bounds, Proposition 2.1 implies that for every f
with values in [0, 1],

VP fl < I(sz)

Since (@71 = 1, it follows that ®~! o P, f is o' (t)~!/?-Lipschitz, # > 0, which
amounts to the corollary.

Towards a first illustration of Corollary 2.2, set § = d(x, y)/+/o(t), so that
(2.2) reads as

Pf(x) <®(@ o Pf(y)+96).
Apply now this inequality to 1;¢>4), a > 0, for a non-negative function f on

M. Denoting by A the distribution of f under P; at the point y (that is A(B) =
P;(1;repy)(y) for every Borel set B in R),

Pi(1{fza))(x) < cp((b”(k([a, 0))) + 5)'

—u?/2 _du

Integrating in a > 0 and using Fubini’s theorem, denoting by dy (1) = e N

the standard Gaussian distribution on the line,

! (M. 00))+ 00 s oo
PI (X) </ / d)/(u)da :f (A 1{145([)_1()\([&,00)))+8}da> d)/(u)

—00
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Change u into u + § to get

v o0 _ o0
Pfx)<e™ /2/ e </0 1{<1>(u)sx<[a,oo>)}da> dy (u).
o0

Changing u into —u and denoting by F the distribution function of A, it follows that
—82,2 * su *
Pif(x)<e / e / Lir@<owyda ) dy (u).
—00 0

After the further change of variables v = ®(u),

1 00
Pf(x) < 682/2/ e’ ®~(v) (/ I{F(a)fv}da> dv.
0 0

The next statement summarizes the conclusion reached so far.
Theorem 2.3. Under the curvature condition C D(K, 0o) for some K € R, for
every non-negative (measurable) function f on M, everyt > Oand everyx,y € M,

o0
P f(x) < e—52/2/ S OTF ) L ()
0

where § = d(x,y)/~/o(t) and F(r) = P,(1{y<;))(y), r > 0, is the distribution
function of f under P; at the point y.

Theorem 2.3 appears at the root of the various Harnack inequalities in this
context. It is however not expressed in a very tractable form. But it easily implies
known ones. For example, by Cauchy-Schwarz,

o 00 B 1/2 00 1/2
/ e’® °F(r)rdF(r)§(/ e?® °F<’>dF(r)> (/ rzdF(r)>
0 0 0

<& (PH)?

since
o0 _ 1 -1 o0 2
/ 626<I> OF(r)dF(r) — / eza‘b (U)dv — / e25udy(u) — 626 .
0 0 —00
The preceding therefore yields Wang’s Harnack inequality (1.5) for o = 2,

P f(x)? < P (f2)(y) el /o,

By Holder’s inequality rather than Cauchy-Schwarz, one obtains the whole family
of inequalities (1.5) with o« > 1. Using the entropic inequality yields similarly the
log-Harnack inequality (1.7). With respect to Wang’s original argument, the proof
here avoids interpolation along geodesics (although the length space property is
required to move from (2.1) to (2.2)).
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3. Isoperimetric-type Harnack inequalities

As announced, the basic Lipschitz inequality (2.2) of Corollary 2.2 may be seen at
the origin of a number of inequalities of interest, and this section develops further
consequences in combination with isoperimetric bounds for heat kernel measures.
To this task, recall first the isoperimetric comparison theorem for heat kernel mea-
sures under curvature bounds of [9]. Recall I the Gaussian isoperimetric function.

Theorem 3.1. Under the curvature condition C D(K, 0o) for some K € R, for
every smooth function f on M with values in [0, 1] and every t > 0,

1) < AP+ K@V 2

where K () = % (1 — e K1) (=2t if K = 0).

As developed in [9] (¢f. also [8]), this result is an isoperimetric comparison
theorem expressing that the isoperimetric profile of the heat kernel measures is
bounded from below by the Gaussian isoperimetric function (up to a scaling de-
pending on ¢ and K). This comparison may classically (cf. [9,13]) be translated
in terms of isoperimetric neighborhoods in the sense that for any Borel measurable
(or closed) set A C M and any ¢ > O,

Pi(14)(y) = @ <<I>_1(Pz(1A)(y)) + (3.1)

)

where A; is the (closed) e-neighborhood of A in the distance d, for any y € M and
t > 0.

Applied to f = 14, the Lipschitz property (2.2) ensures on the other hand that,
for any measurable set A C M, and again with § = d(x, y)/+/o (1),

PG = @(@7 (RANG) +9). (3.2)

The combination of (3.1) and (3.2) together with the fact that £ = ¢=2K" then
yields the following isoperimetric-type Harnack inequality.

Theorem 3.2. Under the curvature condition C D(K, 00) for some K € R, for
every measurable set Ain M, everyt > 0andeveryx,y € M suchthatd(x, y)> 0,

Pi(14)(x) < Pi(1a,) ()
where d; = e X'd(x, v). In particular, when K =0,

P10 < Pi(Lag,) ).
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4. The commutation property and contraction in Wasserstein distance

The isoperimetric-type Harnack inequality of Theorem 3.2 has several consequen-
ces of interest in terms of commutation properties between the heat and the Hopf-
Lax semigroups which in turn entails the contraction property of the heat flow with
respect to Wasserstein metrics.

Recall the Hopf-Lax infimum-convolution semigroup (cf. [19,36,37])

d(x, y)?
2s

st(x):'nf|:f(y)+ :|, xeM, s>0.
yeM

The announced commutation property was actually used first by K. Kuwada [26]
in the analysis of gradient bounds and Wasserstein contractions (see Corollary 4.2
below). The proof in [26], developed in the context of length spaces and actually
for more general costs, relies on an interpolation along geodesics and the use of the
Hamilton-Jacobi equation (see the first alternate proof in Section 5 below).

Theorem 4.1. Under the curvature condition C D(K , o0) for some K € R, for any
t, s > 0 and any bounded continuous function f : M — R,

Pr(Qs f) = Qekig(Prf). (4.1)

Proof. Let without loss of generality f be non-negative on M. It is enough by
homogeneity to consider s = 1. Let x, y be arbitrary (distinct) fixed points in M
and setd; = e XK'd(x,y) > 0. Set A = {Qf > a}fora > 0. If 7 € Ay, there
exists £ € A suchthatd(z, &) < d, so that

2 2
F)+ %’ > f(o) 4+ 1&8)

>01f¢)=a.

Hence Ay, C {f +d?/2 > a}. Therefore, by Theorem 3.2,

P(Lig, f2a))(¥) < P <l{f+d,2/22a})(y)'

Integrating in a > 0 yields

d2
Pz(Qlf)(x) <P f(y+ EI

Taking then the infimum in y € M yields the result by definition of the infimum-
convolution Q. O

The infimum-convolution semigroup (Qy),~o being solution of the Hamilton-
Jacobi equation dsu = —% |Vu|? with initial condition u(0, -) = f, the commutation
property (4.1) implies by a Taylor expansion at s =0 that [V P; f|> <e™ 2K’ P, (|Vf|2)
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for every + > 0. This gradient bound, weaker than (1.6), is still equivalent to the
curvature bound C D(K, oo) (cf. [8]), providing therefore a converse to Theorem
4.1. In particular also, the isoperimetric Harnack inequality from Theorem 3.2 is
actually equivalent to the curvature condition C D(K, 00).

As announced, it immediately follows from the commutation property (4.1) of
Theorem 4.1 that the Wasserstein distance W5 is contractive along the semigroup
(Pr);>0, an observation due to K. Kuwada [26]. The Wasserstein contraction prop-
erty in this context may be traced back in the investigation [31] of the heat flow as
a gradient flow in the Wasserstein space, further developed in [15]. Further contri-
butions include [34] with a stochastic proof, [33] with an Eulerian point of view,
or [1,19] in connection with the EVI (Section 6). See also [36,37]. The proof pre-
sented here on the basis of Theorem 4.1 extends to the abstract Markov semigroup
setting of [5,8]. The measure p is assumed here to be a probability measure.

Corollary 4.2. Under the curvature condition C D(K, 0o) for some K € R, for
anyt >0,
Wa (s, ve) < e 2K Waluo, vo) (4.2)

where dpu, = Py fdu and dv, = P,gdu for probability densities f, g with respect
to the probability measure (4.

Proof. For any bounded continuous ¢ : M — R, by time reversibility and the
commutation property (4.1),

f Ql‘PPtfdM—/ szgduszz(Qlw)fdu—f Pro gdp
M M M M
< / Ok (Pigp) fdit — f Prpgdp
M M

fem[/ 01X Pp) fdu —/ eZKthwgdu}
M M

K1
< > W3 (1o, vo)

where the last step follows from the Kantorovich dual description (1.10) of the
Wasserstein distance W,. The proof is complete. O

By adapting Theorem 4.1 to costs d(x, y)?, the same argument works for any
Wasserstein distance W, 1 < p < oo, extending the contraction property of Corol-
lary 4.2 to this class. More general Wasserstein functionals associated to further
transportation costs may be considered similarly. In [26], K. Kuwada established
the equivalence of the Wasserstein contraction property for the cost d(x, y)? with
the bound (1.6) with power g on the gradient, where ¢ > 1 and p < oo are dual
exponents.

Note that one main conclusion of the work [34] by M.-K. von Renesse and
K.-T. Sturm is the equivalence of the Wasserstein contraction of Corollary 4.2 with
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the curvature bound. Actually, reading backwards the proof of Corollary 4.2, the
contraction property (4.2) indicates that for all ¢ : M — R bounded and continu-
ous,

—2Kt

c
/Pt(Qup)fdu—/ quongS/ QIQOPtfdM_[ pPgdp < W3 (120,v0).
M M M M

Now, if x, ye M and if f and g are densities with respect to i such that dpuo= fdu
and dvy = gdp approach Dirac masses at x and y respectively (for example by heat
kernel approximations), the preceding yields

—2Kt

P (Q19)(x) — Pip(y) < d(x,y)%,

that is exactly the commutation property (4.1). As we have seen, the latter ensures
in turn the curvature condition C D (K, 00).

5. Alternate proofs of the commutation property

In this section, we briefly outline alternate proofs of the basic commutation property
(4.1) of Theorem 4.1. For simplicity in the notation and the exposition, we only
consider K = 0 below. Each proof involves at some point specific properties and
may thus be adapted to more general settings accordingly.

(i) First alternate proof. This proof is the original argument by K. Kuwada [26]. It
requires the use of geodesics and the Hopf-Lax formula as solution of the Hamilton-
Jacobi equation. Consider, for a smooth enough function f : M — R,

¢(s) = P(Qs )(x5), s€[0,1],

where (xg);¢p0,17 1s a constant speed curve joining xo = y to x; = x in M. Set for
simplicity d = d(x, y). Then, by the gradient bound (1.6) under C D(0, 00),

1
P'(s) =P <_E |stf|2> (x5) + VP (Qs ) (xs) - X5

IA

1
P, (—5 |Vst!2) () +d [V P(Qs ) (xy)]

1
=P (—5 IVst|2> +d P(IVOsfl)

IA

2| S

Hence
2

1 d
PAQLA)() — Pf(y) = (1) — $(0) = /0 ¥ (5)ds <5

which is the result.
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(ii) Second alternate proof. This second alternate proof also uses the Hopf-Lax
infimum-convolution semigroup as solution of the Hamilton-Jacobi equation, and
relies on the hypercontractivity property along the heat flow recently put forward
in [6]. Namely, by the log-Harnack inequality (1.7), for f say bounded continuous
andv > 0,

1 .
P(O1f) < > sz(log Pt(erlf)>-

Under non-negative curvature, it is shown in [6] that for every (bounded continuous)
Y:M— Randz > 0,
lOg Pt(eQZIW) < th

With v = 1/2¢ and ¢ = f/2¢, the conclusion immediately follows by homogeneity
of the infimum-convolutions.

(iii) Third alternate proof. This proof may be obtained by linear approximations of
the Hamilton-Jacobi equation (vanishing viscosity method) along the lines of [12].
Following the notation therein, let for every ¢ > 0, the approximated Hopf-Lax
semigroup

Qf f = —2elog Pe (e /%)

solution of the equation

1 2
ou =¢elLu — — |Vu| .
2
In a sense which can be made precise, lim,_.o QF f = Q; f. Dealing with

¢(s) = Ps(Q5(P—s ), s €l0,1],

, 1 [|veel Vgl
=2eP [ — | —=- — P | ——
o=z (Pag [ Peg < 8

where g = e~ Fi—sf/2¢ Under the gradient bound (1.6), ¢’(s) < 0 which yields that

P(Q1f) < Q1(P ).

In the limit as ¢ — 0, the announced commutation property follows.

One benefit of the third alternate proof is that it may be developed similarly on
the curvature-dimension condition C D(0, N) with a finite-dimensional parameter
N, for example with N = n for the Laplace operator on an n-dimensional Rie-
mannian manifold with non-negative Ricci curvature (cf. [5,8]). We sketch the
argument. The local logarithmic Sobolev inequalities of [10] (see also [8]) under
CD(0, N) ensure after linearization that, for any + > 0, any non-negative smooth
function g : M — R and any ¢ > 0,

shows that

2 2
VP, \Y N
C%_Pt (%) <(c— l)Pz(Lg)—f—Z(\/E— 1)2Ptg-
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Arguing as previously in the C D(0, oco) case then yields that for any f and#,s > 0,

PH(QSf) < Q5P f) + N(Wi — /5)°

and similarly in the limit as ¢ — 0.
Applied to the Wasserstein contraction, the latter shows that, under C D(0, N)
and in the notation of Corollary 4.2,

W3 (s, vs) < W3 (0, vo) + 2N (V7 = /5 ). (5.1)

This inequality covers (4.2), however only when s = ¢. Note that when s = 0
and w; = vy, then Wo(us, o) < /2Nt which describes a classical behavior of
Brownian motion in Euclidean space. Further Wasserstein contraction properties
under curvature-dimension condition are emphasized in [14,20,27,41].

It should be mentioned in addition that, following the argument at the end of
Section 4, the contraction inequality (5.1) implies back the commutation

PAQ1f) < Q1(Pf) + N(Vi—/5)° (5.2)

for all (bounded smooth) f : M — R and ¢t,s > 0. Now, given a € R to be
specified, set t = (1 4 €a)s for ¢ > 0 small enough. By homogeneity, the latter
yields

Plrar (Quf) < Qu(Py )+ ——0 ™S
(14-aeg)s £ = Yelly R ———
(V1+ae+ 1)2
A Taylor expansion at ¢ = 0 then shows that
Na®s

1 2 1 2
asPy(Lf) — 5 Ps(IVfI?) < =5 [VPf[" + :
2 2 4
Fora = % LPs f,it follows that

VRSP = B(VAR) - 5 (LR £ (53)

This inequality, holding (pointwise) for every (smooth) f and every s > 0, is known
to be equivalent to the curvature-dimension condition C D(0, N) (¢f. ((1.11) in [10],
or [41]). As such, the Wasserstein contraction (5.1), as well as the dimensional
commutation (5.2), are also equivalent to C D (0, N).

6. Links with the Evolutionary Variational Inequality
To conclude this work, we briefly describe some of the connections between the pre-

ceding material and recent contributions around the so-called Evolutionary Varia-
tional Inequality (EVI). As mentioned in the introduction, the EVI has been recently
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developed by L. Ambrosio, N. Gigli and G. Savaré [2—4] towards the connection
between the curvature condition C D(K, co) in the sense of the I'> operator of [7]
(see [5,8]), expressed here through the commutation (1.6), and the curvature bound
in the sense of Lott-Villani-Sturm in metric measure spaces as convexity of relative
entropy along the geodesics of optimal transportation [30,35,37]. The recent con-
tribution [20] addresses corresponding issues for the curvature-dimension condition
CD(K, N) (in particular in connection with (5.3)).

The purpose of this short paragraph is to describe the idea at the root of the
EVI following the recent main development [4]. In this work, the authors actu-
ally establish the EVI in the extended class of Riemannian energy measure spaces,
providing a complete link between the Bakry-Emery I'; and Lott-Villani-Sturm cur-
vatures (the implication from Lott-Villani-Sturm to I', was achieved in [2,3]). With
respect to [4], we only concentrate here on the main principle of proof in the sim-
plified framework of weighted Riemannian manifolds, the main achievement of [4]
being actually to perform the argument in a much larger class of non-smooth spaces
together with a rather involved analysis. The guideline of this investigation is the
Eulerian approach of [33] and [17] but the non-smooth structure causes a lot of tech-
nical problems. We nevertheless found it useful to outline the argument, avoiding
all the regularity issues, in the context of this paper to illustrate the general principle
and the links with the material of the previous sections. We of course refer to [4]
(and [2,3]) for a complete rigorous investigation.

For simplicity thus, we deal with the weighted Riemannian framework of the
preceding sections with dw = e~ dxx a probability measure, and restrict ourselves
to the non-negative curvature assumption C D(0, co) expressed in the form of the
commutation property (1.6) with K = 0. The case of arbitrary K € R is easily
adapted along the same lines cf. [4].

Let f and g be probability densities with respect to the probability measure (.
The Evolutionary Variational Inequality (EVI) indicates that under C D(0, oo), for
any ¢ > 0,

W3 (1, vo) + 2t / P, flog P, fdi < W3 (a0, vo) + 2t / gloggdu  (6.1)
M M

where du; = Py fdu, dvy = Pigdp. In the limit as ¢+ — 0, together with the
semigroup property,

! iW%(Mz, ) < / gloggdu — / P, flog P fdu (6.2)
2 dt M M
(the derivative being understood in an extended sense as the limsup of the right
difference quotient).

The material described in the preceding sections gets close to (6.1), however
not quite. Indeed, the conjunction of (1.11) and of the Wasserstein contraction (4.2)
(for K = 0) yields

3
W%(u,,vt>+zt/ Piflog Pifdp < EW%(MO,V0)+2I/ gloggdu
M M
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which is not directly comparable to (6.1) but which, in any case, is useless in the
limit as t — 0. To reach EVI, more on optimal transportation is actually required.

One key step in this regard is the existence of curves of probability densities
hs,s € [0, 1], with respect to u interpolating between hp = g and h; = f, assumed
to be smooth both in space and s, such that for every smooth function ¥ on M,

. 1 1
/ hs ¥rdp < 5 W3 (o, ) + / IV *hd . (6.3)
M M

Such curves are naturally provided by optimal transportation, and arise for exam-
ple in the Benamou-Brenier dynamical description of the Wasserstein distance [11]
(cf. [1,36,37]). Actually, the existence of geodesics g = hsu in the Wasserstein
space satifying (6.3) just depends on the length property of the space and is a gen-
eral result of [28]. In general, it is however not even clear that such a curve u; is
absolutely continuous with respect to u, so the basic issue here concerns regularity
of s and hg. Even in a smooth context, there is an correction error in (6.3) which
may be shown to be negligible for the further purposes so that for simplicity we
ignore it here. The existence and regularity of such curves kg, s € [0, 1], satisfying
(6.3) in a non-smooth setting is a delicate issue carefully investigated in [4].

To illustrate at a mild level such curves, and in M = R”" for the simplicity of
the notation (the manifold case being similar at the expense of further Riemannian
technology, ¢f. [37]), consider the Brenier map 7' : R” — R” pushing forward
duo = fdp todvy = gdp and providing optimal transportation in the sense of the
Wasserstein distance W, as

W3 (1o, o) = /R” e = T@) [P f@)dpu(x) (6.4)

(c¢f. [1,36,37]...). Consider then the geodesics Ty = sId + (1 — s)T, s € [0, 1],
of optimal transportation. If iy denotes the density with respect to u of the push-
forward measure of duog = fdu by T (so that hp = g and hy = f) assumed to be

smooth both in space and s, it is easily checked that for every smooth function v
on R”,

/R sy du = /R (= T) - VY (1) f @)

yielding (6.3) by the quadratic inequality and (6.4).

On the basis of (6.3), the EVI (6.1) may be analyzed by a suitable coupling
between the heat kernel and optimal transportation parametrizations. Precisely, the
expressions

f 019P, fdyu — / <pgdu+t< f P,flog Py fdu — / gloggdu) 65)
M M M M

for any smooth ¢ on M may be represented as

1 d d
/ —/ stDPsthsdu+t—/ Pgihglog Pgihgdu | ds.
0 ds M ds M
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Now, again under suitable smoothness assumptions not detailed here, by the Ha-
milton-Jacobi equation and integration by parts,

d 1 2 .
- / Qs Psthgdp = — - / ins(p| Psthsd,u“‘/ hs Py (Qs9)d ju
ds Ju 2Jm M

+t/ Qs LPshsdp
M

1

X .
- / V0,02 Puhsdn + / s P (Qs)dpt
M M

- t/ VOs¢ - VPghgdp.
M
On the other hand,
d .
7= | Pthslog Puhyd= [ Psihg + t LPyhg | log Pyhgd
S JMm M
= / Py h log Pyhgdp — t / V Phy - V(log Pyhg)d
M M

where we used that & Py hg = Py hy +1t LPghg and [, Pyhgdp = [y, hydp = 0.
From these expressions, it is easily checked that the sum

d d
- / Qs Psthgdp + 1 — / Pyhglog Pshsdp
ds M ds M

may be rearranged as

2 [ |VPuh[ y

1 2
—-= \% tlog Psihg)|” Psthgdp — —
2/M| (Qs¢p +tlog Py s)| stisad b 2 )y Puhs

+/ hsPst(Qs(P‘FthgPsths)dﬂ'
M

2
Forgetting the term % Ju % dp (which is anyway of the order o(¢) in the

limit (6.2)), this quantity is upper-bounded by

1

) /M Pst(|V(Qs‘p +tlog Pslhs)|2)hsd,u + /M }.lsPst(Qs(/) +tlog Psths)dﬂ

where we used symmetry of the semigroup. Now, by the curvature condition in the
form of the commutation (1.6), the latter is further upper-bounded by

1 2 .
) / |Vth(Qs(p +tlog Psths)| hsdp + f h PSI(QSQO + 1t log Psths)dﬂ-
M M
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With v = Py (Qs¢ + tlog P hy), (6.3) implies that this expression is precisely
bounded from above by W% (mo, vo). Integrating in s from O to 1 and taking the
supremum over all ¢’s then yields the announced EVI (6.1). It might be worth-
while mentioning that with respect to (1.6) only the weaker commutation property
VP, g|? <e K1P,(|Vg|?) is used here.

As mentioned above, the preceding argument is inspired by the Eulerian cal-
culus developed by F. Otto and M. Westdickenberg [33] in their approach of the
contraction property (4.2). Namely, if the parametrization does not involve the heat
flow, consider for ¢ : M — R smooth enough,

Lrd
/ Ql(thfd,u_/ quzgdu=/ (d—/ stchsdu> ds.
M M 0 S JIm

Since, as above,

d 1 .
—f QspPihsdp = ——/ iVstlthhsdw/ hs P (Qs9)d e,
ds M 2 M M

by time reversibility and the gradient bound (1.6),

d 1 .
_/ Qs Prhgdp = __/ Pt(’st§0|2)hsd,U«+/ hs Pr(Qsp)dp
ds Ju 2Jm M

IA

1 .
3 | VR P+ [ pc@udn
M M

Using (6.3) then yields

1
/ Q1¢Ptfdu—/ pPigdu < EWQZ(MO,VO),
M M

that is, after taking the supremum in ¢, the contraction property (4.2) of Corol-
lary 4.2.
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