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Vortex dynamics for the two-dimensional non-homogeneous
Gross-Pitaevskii equation

ROBERT L. JERRARD AND DIDIER SMETS

Abstract. We derive the asymptotical dynamical law for Ginzburg-Landau vor-
tices in an inhomogeneous background density under the Schrodinger dynam-
ics, when the Ginzburg-Landau parameter goes to zero. New ingredients include
lower bounds and approximations across the vortex cores.
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1. Introduction

We are interested in the two-dimensional Gross-Pitaevskii equation
. 1 2
o — Au+ — (Ve + ) u=0 (GP)
€

foru : R? x RT — C,where 0 < ¢ < 1 and V : R - R* is a smooth potential
such that
V(x) - 400 as |x| - +oo.

The Gross-Pitaevskii equation is a widely used model to describe the dynamics of
a Bose-Einstein condensate in a trapping potential V. The equation on R? arises
via dimension reduction from 3 dimensions; this has been justified for particular
choices of V in [1] for example.

Equation (GP) is Hamiltonian, with Hamiltonian given by

Vul> 1 ul? | ful?
= (v == 4+ &
ey (u) /Rz S (Vo4
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Another quantity which is preserved by the flow associated with (GP) is the total

mass M, given by
M) :f |u|?.
R2

For each m > 0, there exists! at least one positive ground state 1 = 7, : R? —
R of total mass equal to m. By definition, a ground state 7 realizes the infimum

Eovm =int{E.v(9). g e H' (RAC). M(g) =m].

and satisfies the Euler-Lagrange equation
1 ) 1
—An+—2(V+n )n=—zkn,
€ e

where we write the Lagrange multiplier as %X for some A = Ag .
z ,
In the limit ¢ — 0, we have

n* = prp inL? (R2> :

where the function prr, known as the Thomas-Fermi profile in the physics literature,
is given by p75(x) := (Ao — V)T (x) where the number A is uniquely determined
by the mass condition

f (o — V()T dx = m.
RZ

We will study the behaviour of solutions of (GP) which correspond, in a sense to
be made precise later, to perturbations of the ground state 5 by a finite number of
quantized vortices, each carrying a single quantum of vorticity. Our goal is to prove
that these vortices persist, and to describe their evolution in time.

We will show that to leading order the vortices do not interact, and that each
one evolves (in a renormalized time scale) by the orthogonal gradient flow for the
function log p7r, with a sign depending on the winding number of the given vortex.
More precisely, let

Qrp = {x D prr(x) > 0}

be the interior of the limiting support? of the ground state, let {b?}f:1 be distinct
points in Qr,and letdy, ..., d; € {—1, +1}. Foreachi € {1, --- 1}, we denote
by b; (¢) the solution of the ordinary differential equation

VJ_IOTF

TF

where V1 = (= dy,, 9y, ), with initial datum b; (0) = 5.

bi(t) = d; bi (1)), (1.1)

1 We refer to Section 9 for the details on a number of statements regarding the ground states
which we state without justification in this introduction.

2 Note that we do not assume that Qrf is simply connected or that its boundary is smooth.
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Theorem 1.1. Let (u8)€>0 be a family of initial data for (GP) such that

[
Eov (u2) = Evn +7 Y prr () llogel +o (llogel)
i=]

and

J ) l ~1,1
curl (=== ) — 27 Y “dis in Wil (Qrp),
PrF | i

as € — 0. Then, as long as the points {b; (z‘)}ﬁz1 remain distinct,

. )
j @) . ~1.1
curl( ,OTE > — 27 E didp,ry in W' (Qr),

i=1
as ¢ — 0, where u’, := u.(-, t|logel).

Here, j(ul) := (iul, Vul) where (z, w) := Im(zw). Therefore,

1 (1t 1 t t

—curl (J(u£)> = —curl j ( a ) =J < “s )

2 PrF 2 «/m \/m
is the Jacobian determinant of u’/,/prr. It is widely recognized, in the present
regime for the Ginzburg-Landau energy, that the notion of a vortex of winding

number d; located at the point b; (¢) is appropriately described by the presence of
the term 27 d; &p, (1) in the limit of the vorticity field curl j (ug //Pr F) .

Remark 1.2. Note that the ordinary differential equations (1.1) are decoupled.
Also, since p7r(b; (1)) = ,oTF(b?) for any ¢ € R the points {b; (t)}f:1 remain dis-
tinct for all times unless two of them are located on the same level line of p;r and
have opposite circulations.

Results of this sort in the homogeneous case n = 1 were first proved in the late
1990s, see [5,6], and have subsequently been developed by a number of authors,
see for example [2,11,15]. The point of this paper is thus to understand the effect
of the inhomogeneity on the dynamical law for the vortices.

We remark that a number of authors have studied questions about vortex dy-
namics in inhomogeneous backgrounds for parabolic equations [12, 14], or more
recently [19] for a quite general class of equations of mixed parabolic-Schrodinger
type. The case of pure Schrodinger dynamics presents distinct difficulties and as far
as we know has not been treated until now.

The sequel of this introduction is devoted to the presentation of the strategy
leading to Theorem 1.1. We notice that will actually prove a result (Theorem 1.3



732 ROBERT L. JERRARD AND DIDIER SMETS

below) which is stronger in two respects than Theorem 1.1: first it describes the dy-
namics of vortices at small but fixed value of ¢, rather than asymptotically as ¢ — 0
in Theorem 1.1, and second it applies to a broader class of inhomogeneous equa-
tions (see (NHG) below) where n need not necessarily be the profile of a ground
state.

1.1. Perturbation equation and Theorem 1.3

For the class of initial data which we consider in Theorem 1.1, it iS convenient to
rewrite the corresponding solutions of (GP) in the form

ulx,t) =nx)wix,r) (1.2)

and to study the evolution equation for w. One easily checks that if u is a solution
to (GP), then w solves

1
inZB,w — div (n2Vw) + —2774 <|w|2 — 1) w=——=n"w.
€ £
In particular, the change of phase and time scale

1) At t
vix,t) =exp|i=—— ) w(x,
P\'22 [log ¢ [log €|

leads to the equation

. 2 P 2 i 4 2 _
illoge|n“o;v —div(n“Vuv ) + 31 (Jv] Dv=0 (NHG)
€

for v. Note that the change of time scale is related to the fact that the phenomenon
which we wish to describe, namely vortex motion, arises in times of order one in
that new time scale (see the definition of u/ in the statement of Theorem 1.1).

Our analysis will henceforth focus on equation (NHG). Equation (NHG), like
(GP), is Hamiltonian, with Hamiltonian given by the weighted Ginzburg-Landau

energy
2| Vo[? 4(|“|2 - 1)2
&szfem@=/77 . . (13)
R2 R2

2 4g2
As a matter of fact, using the Euler-Lagrange equation for 7, one realizes that

A
Eov ) = Eoy () + Eey(0) + 55 (M) = M() ). (14)

In the sequel, we enlarge our framework and consider equation (NHG) where 1 :
R? — R is any smooth positive function such that the corresponding Cauchy prob-
lem is globally well-posed for initial data in H'(IR?,  dx) and such that the corre-
sponding solutions can be approximated by smooth solutions>. In particular, under
those assumptions the energy E , is preserved along the flow of (NHG).

3 This can be verified for a wide variety of weight functions 7, but we wish not consider that
discussion here since we already know by means of the change of unknown (1.2) that it satisfied
when 7 is a ground state.
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Lete > 0 and let 2 C R? be a bounded open set. Let {a?}ﬁzl be distinct points
in Q,and letd;,...,d; € {—1,+1}. Foreachi € {1,---,[}, we denote by a; (¢)
the solution, as long as it does not reach d€2, of the ordinary differential equation

ai(t) = d;V*logn? (@i (1)), (1.5)
where V+ = (—0x,, x,), with initial datum a; (0) = a?.

We assume that i, := infyeq n(x) > 0, and we fix a time T, > 0 such that

Pmin := Mmin min {ld(a,-(t), a,-(t))} U{d(ai(?),02)}; U{1};>0. (1.6)
1€[0,Teo1] 2 : i%]

Finally, we consider a finite energy solution v of (NHG), we set v’ := v(-, 7) and
we define, for ¢ € [0, Teo1],

)
re =10 =7 Y dibay w110, (1.7)
i=1
and l
E; (Ut)
=2 2 2y (a4 (1). (1.8)
llog ¢ ; ’

We will deduce Theorem 1.1 from:

Theorem 1.3. There exist positive constants &y, yo and Cy, depending only on [,
Nmin, Pmin, and ”vnz“LOO(Q), such that if 0 < ¢ < gg and ifEO + rg < Y, then

log [1
rh<r04 (20 +r0 4 %) (% = 1) + Coe2, (1.9)

as long ast < Teol and 20 +rl(t) < yo.

Remark 1.4. i) As we shall discuss in Section 1.2 below, the quantity !, which is a
sort of discrepancy measure, can be thought of as measuring the distances between
the “actual vortex locations” and the desired vortex locations. The quantity X7,
multiplied by |log €|, corresponds to the excess of energy of the solution v with
respect to an energy minimizing field possessing the vortices at the points a; (¢).
Notice that since E, , is preserved by the flow for v and n? is preserved by the flow
for the als, we have &' = >0 vVielo,T].

ii) Theorem 1.3 is interesting for initial data such that £° + r0 is small. The exis-
tence of such data is standard. For example, if we fix f : [0, o0) — [0, 1] such that
f'>0, f(0)=0,and f(s) - 1ass — oo, then for the initial data

0

! di
Z—aj Z—a; .
() !=l_[f<| - l|>< ’ ) ) x 1= (x1,x2) =z =x1 +ix,
i=1

0
|z —a; |
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one can check that 0 < Clloge|~ l,ra < Ce. In any case, (1.9) contains the

error term in log |log ¢|/|log €| which implies that (1.9) only yield the inequality
0+ rl <y for times at most of order log [log ¢|.

iii) One could supplement the claims of Theorem 1.3 with closeness estimate for
j(v) to a reference field j, of very simple form. This would follow from an ap-
plication of Corollary 5.2 below; however at the level of approximation which we
have adopted here it is only meaningful in a neighborhood of size o(1/|log¢|) of
the vortex core.

1.2. Elements in the proofs

Under the conditions that will prevail throughout most of this paper, we will be able
to identify points &1, ... &/ and a number r such that

<rs. < 81/2

<ri < L (1.10)

[
Jv -7 Zd,-SS;
i=1

W—I,I(Q)

This is expressed in Proposition 4.1 below, and entitles us to think of &/,i =

., [ as being the “actual locations of the vortices™ in v’, up to precision of
order < ré. Admitting this interpretation, then basic facts about the W11 norm,
recalled in Section 2, imply that

_1 : t t
= +0(1));}§- —dl| (1.11)

is essentially the aggregate distance between the actual vortex locations and the
desired vortex locations, as remarked above.

Heuristic considerations also suggest that if v’ is a function with vortices at
points & f, e, “g‘l’ (or more precisely, if (1.10) holds), then

)
Ee,(v") Z mlloge|(1 — o(1) an (1.12)
i=1

Hence E; ,(v") —n|log ¢| 25:1 nz(g; ) corresponds to energy that is not committed
to the vortices, and this energy in principle can cause difficulties for our analysis.
From (1.10), (1.11), we have

1
Eey(") —mlloge| Y () < lloge] (2’ + %(1 +o<1>>|Wn2||ooré)

i=1 (1.13)

< |log | <EO + Cré) )
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For our analysis, it suffices to use estimates in the spirit of (1.13) that are a little
weaker than those suggested in (1.13), these are established in Proposition 3.1.
We expect from (1.12) and (1.13) that control of r), should yield a good deal of
information about v’. This is expressed in Proposition 5.1, where we compare
J (V") to a reference field ji. An important feature of that approximation is that it
holds across the vortex core.

In order to control the evolution in time of !, we rely on some evolution equa-
tions satisfied by smooth solutions of (NHG). Conservation of energy is a conse-
quence of the identity

dree,n(v) = div(n*(Vv, vy)), (1.14)
and the canonical equation for conservation of mass can be written

|log ¢
2

d(n* (> = D) = V- (n?j)). (1.15)

The vorticity Jv satisfies an evolution equation that it is convenient to write in
integral form:

d J
— v
dt ng

1 n? n? ; (1.16)
=— PRI N M0 . _
" |logel ./sz (61;%1 0> |:vxf Vn F 0k (lvl*=1) }+ €1j P Ve ka>

where ¢ is any smooth, compactly supported test function and &;; is the usual anti-
symmetric tensor. This follows from the fact that Jv = %curl Jj (v) together with the
equation for the evolution of j (v), which is obtained from (NHG) after multiplying
by Vv and rewriting the result.

Identity (1.16) is central to our analysis of vortex dynamics, as in previous
works [2,5,6,11,15] on the homogeneous case (for which of course (1.16) still
holds, with = 1). Under the conditions that Jv is approximately a measure of
the form 7 Zf: 1 di8g; (1), where &;(¢) are the vortex locations and d; € {£1} their
signs, one expects the left-hand side of (1.16) to satisfy

< ) £ o (r X didain) ~ ° (r Y o)

%

— | ¢oJv

7Y diVe&i®) - & ).

Assuming that this holds, then to understand the vortex velocities é,-, it only suf-
fices to understand the right-hand side of (1.16). It turns out that it also suffices
to consider test functions ¢ that are linear near each vortex. For such test func-
tions, in the homogeneous case Vi? = 0, the integrand on the right-hand side of
(1.16) is supported away from the vortex locations, and one is thus able to control
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vortex dynamics by controlling terms of the form vy, - vy, away from the vortex
cores. This argument is a key feature of all existing work on vortex dynamics in the
homogeneous case.

When V5?2 # 0, it becomes necessary to control terms like Uy; * Ux; across the
vortex cores. Carrying this out, in particular relying on the approximation given
by Proposition 5.1, is the main new point in our analysis. Once this is established,
the whole argument is completed by using a Gronwall type argument on a quan-
tity related to r’, namely =0+ g(rl), where the function gb is defined in (3.1).
This demonstrates in particular that the new information found in Proposition 5.1 is
strong enough to close the estimates and conclude the proof.

2. A useful lemma

We frequently use the W1 norm. The specific convention we use is in our defi-
nition is

[l 1@ = sup { e 0) 0 € W), max {llglloo, IVglloo} < 1}

In this paper, we will only use this norm on measures or more regular objects,
although of course it is well-defined for a somewhat larger class of distributions.

The following lemma, which we will use numerous times, is an easy special
case of classical results (see [3] for example).

Lemma 2.1. Suppose that 2 is an open subset of R", and that {a; }521 are distinct
points in Q2. Define p, = min{{%|ai —ajl}iz; U ld(a;, 02)}; U {1}}. Given any
points {S;}ﬁzl in Q and {d,-}f=l e (1}, if

/
1
D did (a; — &) < JPa 2.1)
i=1 w-11(Q)
then (after possibly relabelling the points {S,’}ﬁz )
/ l
> dis(ai — &) = |a—é&]. (22)
i=1 w-LI(Q) i=1

In the remainder of this paper, we will always tacitly assume that under the condi-
tions of the lemma, the points &; are labelled so that the conclusion holds.
We give a short proof for the reader’s convenience.
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Proof. Fori = 1,...,1,define ¢; (x) := d;(3pa — |x —a;])*.
Then max([|; [loc, | Villoo) = max(3pq, 1) = 1, for every i, so

]
> did (a; — &) <Zd —8;,) >
i=1
J

A%

w-LL(Q)

Then (2.1) implies that {éj}lj:1 N B(a;, pq/2) is nonempty for every i. Since
{B(a;, pa /2)}5.:1 are pairwise disjoint, it follows (after possibly reindexing) that
{“g‘j}lj:1 N B(a;, pg/2) = {&} for all i. Now let ¢ = Zi ¢;. The functions {¢p;}
have disjoint support, so max(]|¢]leo, | Velleo) = 1, and thus || Zle dié(a; —

Ellw-11(0) = <Z§:1 di(8q; — 08g), @) = Zﬁ:l la; — &;|. On the other hand, if
Y is any compactly supported function such that max(||Y |0, |V¥|le0) < 1, then

)
<Zdi (5ai — i > <Z|W(al)_W(§l)| Z|at gl
i=1

i=1

Hence || Y, did(ai — &) w110y < Yoy lai — &l O

3. Relating weighted and unweighted energy

In this section, we relate the weighted and unweighted energy under some lo-
calization assumptions on the Jacobian. For a measurable subset A C R? and
ve H' (A, C) we set

E; (v A) ::/ e;n(v) and E (v; A) := Eg1(v, A).
A

Define the function g on R by

|log x|
logel " Jlogel
glx) = 1 + log|log¢| . (.1
———— otherwise.
llog ¢|

‘We have

Proposition 3.1. Ler @ C R? an open set, {ai}ﬁzl distinct points in <2, {di}ﬁ:1 €
{£1}, and n : Q — R a positive Lipschitz function such that infq n =: Hpin > 0.
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Set pq = min{{3d(ai, aj)} izj U {d(ai, 92));i U {1}}, and let & < exp(—+-) and
v e HY (2, C) be such that

+
0 Lo
T = ( Togs] —n;n (a,)> < +o0. (3.2)

Assume also that

=

W—I,I(Q)

(3.3)

l
Jv—m Zdifsai
i=1

Pa
-

Then there exists a constant C, depending only on [, || V1?|loo and Nmin, such that
E;(v; B(ai, R))
[log &
Ez (v; @\ U,_, B(ai, R))
[log €|

<7+ C(Z4+g(ra)) fori=1,...,1
(34)
=< C(Ea + g(ra))

where R = 4max(ry, |loge|™!) < G and & ﬁ, and the function g is defined
in (3.1).

Proof. Let r € [rg, '0—8“] be a number that will be fixed later. Then the balls
{B(a;, 4r)}f‘:1 are disjoint and contained in Q2. Leti € {1, - - - , [}; by monotonicity
of the W11 norms with respect to the domain, we deduce from (3.3) that

||Jv - YTdiSai “W—l-l(B(ai,4r) rq =r.
It follows from the lower bounds estimates of Jerrard [8] or Sandier [18] that
4r
Es(v, B(aj, 4r)) > 7 log 5 — ki (3.5)

for every § > 0, where K is a universal constant. We next write

2 _1)2
ES’”(”’B(“““’)):/ nz(x)@ n*(x )M
B(a;,4r)
2 2_ 2
2/ n(x) |Vl " (v>=1) 36)
B(a; 4r)

2 4 (L)Z
min

> ( inf nz(x)) Eg(v, B(ai,4r)).

x€B(a;,4r)
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Therefore, from (3.5) with the choice § = &, and noting that | logr| > log |%“| >
log 8 > 1, we obtain

Een(v. B(ai, 4r)) = n*(ap)|loge| — Ka (rlloge| + [logr|), (3.7)

where K; depends only on V172 |l oo and fimin.
On the other hand, we deduce from (3.2) and (3.7) that

E¢y(v,B(ai 4r)) < Eq (v, Q) —Z Ecy(v, B(aj, 4r))
J# (3.8)

<mn’(a;)|loge|+Zalloge|+ 1 — 1)Ky (r[loge|+logr|).

Hence, going back to (3.6) we obtain

1
E, ., (v. Ba;. 4
(infrep(a; 4r) N2 () conlv: B, 4r) (3.9)

< mllogé| + K3(Za|log8| + rlloge| + |logr|),

E; (v, B(a;, 4r)) <

where K3 depends only on/, ||V772||oo and Npip.
Concerning the energy outside the balls B(a;, 4r), we have from (3.2) and (3.7)

Ecy(, Q\U;B(ai, 4r)) = E¢ ,(v. Q) = ) Ecy(v, B(aj, 4r))
i (3.10)
< ¥g4lloge| + K> (r|loge| + [logr]) .

Hence,

1
WEs,n(U, Q\ U;B(a;, 4r))

K4(Zalloge| + rlloge| + [logr|),

Ez(v, 2\ U;B(a;, 4r))

IA

(3.11)

IA

where K4 depends only on /, V172l oo and fmin.
The function r > r+|logr|/[log | is minimized taking r := max (ra, IIO—QSI)’

in which case r < %‘1 by assumption on r, and €. The conclusions (3.4) follow with
the choice C := max(K3, K4). ]

Remark 3.2. If we define ¥, := Een@) _ o Zﬁzl n*(a;) ,then (3.7) implies that

[loge|

Eg‘n(v, B(aj, 4r))

. [logr|
D —n*@a) | = —IK
a = i ( |10g8| n (al)) = 2 <r+ |10g8|

for every r € [r,, %“]. Choosing r = max(rg, Ho—lgsl) as above, we find that f)a >

—1Kg(rg). In particular, £, = (£,)* < , + 21K»g(r,). So all our estimates
remain true if we replace C(Z; 4+ g(ry)) by C(Z, + RIKy 4+ 1)g(ra)).
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4. Improved localization for Jacobians

In this section, we prove that if the Jacobian of a function v is known to be suffi-
ciently localized, then, provided the excess energy of v with respect to the points of
localization is not to big, the localisation is actually potentially much stronger. A
result in the same spirit was obtained by Jerrard and Spirn in [10] for the Ginzburg-
Landau functional without a weight. Our proof here below makes a direct use of
Theorem 1.1 and Theorem 1.2” in [10] by relating the weighted and unweighted
Ginzburg-Landau energies according to Section 3.

Proposition 4.1. Let Q2 C R? be a bounded, open set, {ai}§= | distinct points in 2,
{d,'}g=1 € {1}, and n : Q — R a positive Lipschitz function such that infg n =:
Nmin > 0. Set p, = min {{3d(a;, aj)} ix; Uld(a;, 3Q2)}; U{1}}. Lete < exp(—%)
and letv € H' (R, C) be such that

+
E. (v !
0= en® an(a,-) < +o0. (4.1)
loge]
Also, assume that
l o,
ra=IJv =1 didyllw-110q) < %. (4.2)

i=1

Then there exists C1 > 1, depending only on a lower bound for p, and nmin and on
an upper bound for | and V17?00 and for eachi € {1, - - - , 1} there exists a point
& € B(a;,2r,), such that

<re=re(Za,ra)

[
Jv—m Zdiaéi
i=l

W—I,I(Q) (43)
= gexp (Cl(Ea + g(ra))|10g8|)
where g is defined in Proposition 3.1.
Remark 4.2. Note that Lemma 2.1 and (4.2), (4.3) imply that
! 1
D lai —&| < =(ra+re). (44)
i=1 T
Remark 4.3. Since g(r) > loﬁ(l)l;ffl for every r, our requirement that C; > 1

implies that
re > ellogel. (4.5)
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As mentioned, the proof of Proposition 4.1 relies very heavily on estimates from
[10]. Following the proof, we discuss some small adjustments we have made in
employing these estimates here. Also, from here upon in many places we will
denote by C constants whose actual value may change from line to line but which
could eventually be given a common value depending only on /, Omin, #min and

V1 lloo-
Proof. Since ¢ < exp(— p%), our assumptions imply that the hypotheses of Propo-
sition 3.1 are verified. Then, since B(a;, %") C B(aj, R) U (2\ Uﬁle(ai, R)) for

any R < 22, and recalling that g(r) > loﬁ (|)1go§|s\ for all r, we deduce from (3.4) that
B Bl 3) B 8) (e 1)
log(%%) - llog &| [log &| (4.6)
<7 +C(Za+g0ra)
fori =1,...,1[, and similarly (3.4) implies that
E:(v: Q\ U B(a;, 2
(@AY B 2)) (s, 4 i), @.7)
llog €|
According to Theorem 1.2’ in [10], it follows from (4.2) and (4.6) that for every
i €{l,...,1},there exists some & € B(a;, 2r,) such that
|70 = 7dise [ yy11 a0y = CEexp [C(Za + 8(ra))llogel]- (4.8)

In addition, Theorem 1.1 in [10] implies that if V is any bounded, open subset of €2
then

- Ez(v, V) -
[Jvllw-11¢yy < C&Eg(v, V)exp — < Céexp(E:(v,V)). (49
In particular, this and (4.7) imply that
IVl @\l B2y < C Eexp[C(Za + g(ra))lloge]. (4.10)

Now fori € {1,...,1},let x; € C°(B(a;, %")) be functions such that x; = 1 on
B(a;%),0 < x; < 1,and |Vxilleo < Cp;"'. Also, let xo = 1 — Y"i_; xi. Then

for any ¢ € C3°(€2), such that [@|| 1.0y < 1,

l l l
<g0, Jv —NZdi5§,~> = Z<ng0, Jv —ﬂZdi5§,->

i=1 j=0 i=1

l
(X090, Jv) + Y (xig. Jv — 7d;¢,)
i=1

1
<Y | xie | y1Ceexp [C(Za + g(ra)) logel]
i=1
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where we have used (4.8) fori =1, ...,/ and (4.10) fori = 0. Thus

!

c

<¢, Jv—m Zdi8§i> < eexp [C(Za +g(ra)llogel]
i=1 a

< gexp [Cl (Ea + g(ra))|10gf9|]

for a suitable Cp, depending on the lower bound pg for p, as well as I, nmin,
| V1?|l0o. This implies (4.3). O

To facilitate comparison between some facts that we have used above and the pre-
cise statements in [10], we make the following remarks.

First, we have used some estimates in cruder but simpler forms than they
appear in [10]. For example, on the right-hand side of (4.8), we have replaced
an expressions of the form (C + Ko)? exp(%) from [10], where here we take
Ko = C(Z; + g(ra))|loge|, by the simpler expression C exp(Kp). We have also
used the fact that Ko = C(X,; + g(r,))|loge| > log|loge| to allow us to absorb
some lower-order terms from [10].

Second, estimates in [10] are stated in terms of a slightly different norm,
el -11cyy = supf{{n, @) : ¢ € CZ(V), [[Vélloo =< 1}. This does not cause
any problems for us, since clearly leellw-11 0y < liellyp-1a W)

Finally, the estimate corresponding to (4.9) in [10] is a special case of a more

general result, and as stated there requires the additional assumption that Eﬁc();é‘l/ )
7. However, since ||Jv||W7|,1(V) < ||Jv||L1(V) < 2E3(v; V), itis clear that (4.9) is
E:vV) o o

flogé] =
Remark 4.4. If Q is simply connected, then we can alternately argue by citing a
result from [11] to obtain an estimate of the form (4.3) with C independent of p,,
at the rather small expense of having to replace f—g on the right-hand side of (4.2)
by some smaller quantity depending on [ as well as p,. This is in principle useful
if one wants to consider large numbers of vortices. The relevant result (Theorem
3) from [11] is proved using facts from [10], as in the proof above, but combining
estimates on the balls and away from the balls in a more careful way, to avoid
introducing the factors of p; ! that arise from the cutoff functions that we have
employed here.

The proof of Theorem 3 from [11] can surely be adapted to yield a similar

result without the assumption that 2 be simply connected, but since the proof is
slightly complicated, we prefer not to tinker with it here.

still true if

5. Across the core approximation by reference field

In this section we prove:

Proposition 5.1. Let Q C R? be an open set, {Ei}ﬁ: | distinct points in €2, {dl-}ﬁ:1 €
{£1}, and n : Q — R a positive Lipschitz function such that infg n =: Hin > 0.
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Set pg = min {{3d (&, §)}iz; U{d (&, )} U (1}}. Let & < exp(—) and let
v e HY(2, C) be such that

Ee n(v)
5.1
<|log8| Z" (E’> = e G-
and l
Jv _”Zdiséi <rg = eexp(K|logel) =gl K 5.2)
i=1 w-L1(Q)
for some K < %
Define j. = j«({&i}, re) in 2 by
_ &)L 1
di ()C Sl) — ifxeB(Si, 1 )
julx) = max(rg, [x — &) | 0g3| .
0 ifx € Q\U_ B (& ——
llog &|
where (y1, y2)* := (=y2, y1). Then
1 J(v) ?
Ee (Jv]) + 2/ — — jx| = (CXZ¢+K)|loge|+ Cloglloge|, (5.3)

and
IV x (j(v) = jollw-11 < Care. (54)

where the constant C depends only on I, |Vn?|leo and nmin.

Since K < %,the assumption that ¢ < exp(—8/p¢) implies that rg < |10_§.3e| <
%. In particular, the balls B(&;, |logs|*1), i =1,...,1[ are pairwise disjoint and
contained in 2.
Proof. We will use more than once the fact that
|W|2=|V|v||2+‘ o (5.5)

Step 1: verification of (5.4). A direct calculation, using the definition of j,, shows
that for any smooth ¢,

[
. 2
(0.9 xs—2m Yatg) =35 [ ot - o6 = ClVplre.
i=1Tg /B rg)

Thus |V X jx — 27 Y d;8g |ly-11(q) < Cre. Recalling that Jv = 2V x j(v), we
deduce (5.4) from this estimate and our assumption (5.2).
It remains to prove (5.3).
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Step 2: decomposing the energy. Note that our assumptions (5.1), (5.2) about the
points {5,-}521 are exactly the same as the hypotheses (3.2), (3.3) about the points

{a; }le in Proposition 3.1, except that here we impose an additional smallness con-
dition on r¢. Thus estimates from Proposition 3.1 are all available here. In particu-

lar, recalling (3.10) with the choice r = max(r¢, we see that

;) - _1
logel/ — logel”

4
Ecy|lv, Q\UiB (&, —— < C(X¢lloge| +loglloge|).
lloge|

In view of (5.5), and noting that j, is supported in U; B(&;, Ilolm) to prove (5.3) it
therefore suffices to show that

E (||B<s 4)>+1/ 2
, vl, T A n
&1 ! |10g8| 2 B(fiy@)

< (CX¢ + K)l|loge| + Clog|loge|

jw
o
lv]

(5.6)

fori =1,...,[. Toward this end, note that
log|loge| ] (3.8 4
loge| | P (@) + z¢ + ¢ 28 ogEN O p () B (e, 2
|log | |log |

Using the explicit form of j, and of r,

1 . 1 . .
—/ 7 ljs>>~  min / |jil?
2 B, o) 2 B(g 4lloge|~") B k)
B |lo el_1
> (&) — CIVRPlloollogel ™) log gT
5 log |log €|
=|mn°(¢;) — C—————— ) |logel(1 — K).
[log €|
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By combining the previous two inequalities and rearranging, we see that to prove
(5.6), it suffices to check that

/ (M — jx) + Jx| < C(Zelloge| + log|log ). (5.7)
B(&wlo‘;g‘) lv]
Step 3: proof of (5.7).
First note that
i) .\ . PAC) P W
B(&i, oxar) [v] B, iogar) | |
(v) .
+n2(&) 2 e (=l
B o V]
+77(Ez)f (J ) = Jju) * Ji -

& \loge\

We estimate the three terms on the right-hand side in turn. First,

/ (" - @) (L) - j*) i
B(&i. [ogay) v

c .
< Toga] V7o (19015 +11:15)
E
C —s’n(v) + (1 — K+ Ilogsl_l)
floge]

<C (Eg + log |10g8|) ,

(5.1
where we have used the fact that |logs|’1E8,,7(v) < C(Z + 773 lee) <
C(Z¢ +log |logel).
Next,

n* (&)

j) .
f . g = ToD
B ) [V

1
<Cllio [, 51V 4 o (0P 1)’

i Tlogel
< Cry'eEey(v)

< C(Z¢ + log |loge),
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using the lower bound (4.5) for r¢ and arguing as above.
To estimate the final term, note that j, = V-Lh, for

1 .
d; |:p(|x — &> — 1)+ log (r§|10g8|)} if |x — & <r¢
h = £ . _
V3= g og (1x — & llogel) ifre <|x —&| < [loge|~!
0 if x ¢ UiB(&, lloge|™).

Thus, we can integrate by parts to find that

/ , U@ =Jjo s / ) hV x (j) — ji)
Bi» fiogar) Bi» fiogar)

< max ([|Alloo, VAlloo) 11 (v) = Jjill 1.1
=C,

after using (5.4) and noting that |[Vhl|eo = |ljllec = rgl. This completes the

proof. O

It follows from the definitions (4.1) and (5.1) of X¢ and ¥, together with (4.4),
that
Ye < Xg +Cglra)

for C depending only on || V5?||. Combining this with Propositions 4.1 and 5.1,
we immediately obtain

Corollary 5.2. Under the assumptions of Proposition 4.1

J ()

vl
where ji. = j«({&i}, re), the points {51'}5:1 are given by Proposition 4.1, and the

2
< C(Zq +8(ra)llogel, (5.8)

Jx

1 2
Ecn(o) 45 | n
Q

constant C depends only on 1, pa, |IV1?|lsc and nmin.

6. Small time upper bound on the speed of vortices

Let C; be the constant given by Proposition 4.1 corresponding to the lower bound
Pmin (as defined in (1.6)) for p,. Let also ¢ < exp ( — %m). Then the conclusions

of Proposition 4.1, applied to v’ with this choice of constants, are available to us
for all 0 < ¢ < T¢o. Since the conclusions of Proposition 4.1 remain true if we
increase C1, we may assume that

1 < Pmin

c, - 8

: 6.1)
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which we do in the sequel. We define the stopping time

1
T]oczsup{thcol; Zo‘i‘g(rcsz)ff, VO§s§t}.
1

= 6
In particular, we may apply Proposition 4.1 to v’, {a; (t)}ﬁz1 and {d; }521, which
yields points {&;(z)} such that

Since the function g satisfies g(r) >r on R™, for t < Tj,. we have rh < % < Pmin

l
Jv'—m Z di 8z, (1)

i=1

<ri=re (), rh)=eexpCi(Z)+g (r})) llogel), (6.2)
W—I,I(Q)

where?

E. (v ! "
Ty = (ﬁ(zﬁ—ﬂZUz(aiU))) -

i=1

Since 7 —> v’|q is continuous in H' (), it is clear that # > Jv' is continuous as a
function from R into W~1-1(), and hence we can choose {&;(¢)} to be piecewise
constant, and in particular measurable, as functions of ¢. Since E , is preserved by
the flow for v and n%(a;) is preserved by the flow for the g;’s, we have £} = 0.
Note in particular that ré < Jefort < T

Proposition 6.1. There exist positive constants 1y, &g and C, depending only on [,
Pmin,> Mmin and ||Vn2||oo, such that g9 < exp(—%) and if 0 < & < g9 and

1
20+l < —

—4C
for some t < Tioc, then Tioc >t + 19 and
10 = o -y = € (10 = sl +rE) (6.3)
ri < rl+Cllogele (|s = 1] +rf), (6.4)
{ai(s),si(s)}cB(a,-(t), pji“), i=1,...,1 (6.5)

foreveryt <s <t+ 1.

4 Proposition 4.1 actually uses a version of surplus energy for which the weighted energy E ,
is restricted to 2. Since the energy density and the weight are non-negative, our definition of
surplus X/ here, integrating on the whole R2, yields a larger number, and is therefore compatible
with the claim of the proposition.
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Proof. For the ease of notation in the present proof, || - || is understood to mean
W~L1(Q) while | - | denotes the Euclidean norm on R?.

Step 1. Let ¢t < s < min{Tjo, t + 70}, for 79 to be fixed below. We first use
the fact that Jv*, Jv' are well-approximated by sums of point masses to show that
|[Jv® — Jv'|| can be estimated by computing (Jv’ — Jv', ) for a specific test
function ¢ with certain good properties (in particular, bounds on second derivatives
of ). Toward this end, note that

l
Jv' —m Zdi(sfi(l)

i=1

l
”JUS—JUIHS Jv —m d,‘csgi(s) +

i=1
[

7Y di (85) — 85)

i=1

+ (6.6)

1
<ri+r +nle|si<s) — &)

We now fix 19, depending only on IV92llos Nmin and Pmin, such that if 1 < s <
t + 19, we have |a;(s) — a; ()] < p‘g—i“ foralli € {1,---,1}. By Proposition 4.1,
the choice of Tioc, and Lemma 2.1, for every t < Tjoc we have |a;(t) — & (7)] <
2r} < %. By the triangle inequality, it follows that &;(s) € B(a;(¢), an) for all

t <s <min(t + 19, Tioc) and i € {1, --- ,[}. Let
)
(x —ai (1)) - Gi(s) — & (1))
=Y g —aiD)]), 6.7
¢(x) ; PR x(1x = ao1) 6.7)

where x € C*°(R™, [0, 1]) is such that x = 1 on [0, pmin/4], x = 0on [252, +00).
By construction and the definition of ppin, we have ¢ € D(2) and it follows that

! )
Y () — &) =<n

di (85,5) — 8&:0)) » ¢’>
i=1

i=1
< (r+r8) Nolyros + (J0° = o', ).
Combining this with (6.6), we conclude that
1TV = Ju' || < COf +r) + (Jv* — Jv', @), with [lp]lyax < Cop. (6.8)

min*

Step 2. We now deduce from (6.8), together with (1.16), the fact that »0 < %,
and conservation of energy, that

d
—Jv"
dt

HJvS_JUfH < (rg +r§> l@llyi,0+(s—t) sup

T€E(t,s]

lelly2.o0
W-21(Q) (6.9)

§C<ré+r§+|t—s|>,

fort <s < min(t + 1y, Tioc), Where C depends only on /, pmin, min and ||Vn2||oo.
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Step 3. It remains to estimate rg and to show that t 4+ 19 < Tjoc. For that purpose,

since rg =r¢ (x°, ry), we first use (6.9) to compute

L
ro, =

1
Jv—m Zdi(sa,.(s)
i=1

l

< g =g |+ I —x Xl:d,-aa,(t) + |7 D di (Sac) = Sar ) (6.10)
i=1 i=1
<rh+C (1t —sl+rt+r),
Next, since s < Tioc,
ri=eexp (C1 [0+ ¢ (3)] llogel)
<rl+Cillogele? g (3 —ri)T (6.11)

1 '
Srg—i-%(r;—rf,)Jr,

1
provided we assume, and this is again no loss of generality, that C[log egle; < %
for the same constant C as in (6.10). Combining (6.10) with (6.11) we obtain

ry —ry < C(lt —s|+rf). (6.12)
Going back to (6.11), this yields the desired estimate of rg :
re <ri+ C|10g8|81/2(|s — 1] +rf).
Then going back to (6.9),

[JvS — JVv'|| < C(It—sl—l—ré)

fort < s < min(t+19, Tjoc). Finally, by assumption we have EO—{—g(r;) <1/4Cy)
so that by (6.12) and the fact that g’ < 1,

204 (rS) < 1/ 4CH+C (|z — 5| +rg) < 1/(4Cp)+C (zo n e%) <1/(Cy),

1
provided we assume, and this is no loss of generality, that C (7o 4 &;) < 1/(12Cy).
It follows that min(¢ + 19, Tioc) = ¢ + 7o, and the proof is complete. ]
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7. Control of the discrepancy

In this section, we prove a discrete differential inequality for the quantity /. More
precisely, we will prove:

Proposition 7.1. There exist positive constants eg and Cy, depending only on 1,
Pmin, Nmin and ||Vn2||oo, such that gy < exp(—%) and if 0 < & < g9 and

1

20+ g (r )_4C1 (7.1)
for some t < Tioc, then
T t
ra _ra <C (20 1 )
T_—¢ — 0 +g(ra)

l‘)2
where T =1t + é

S Tloc .
This is the main estimate in the proof of Theorem 1.3.

Proof. We first require the constant & to be smaller than the one appearing in the
statement of Proposition 6.1. As in the proof of Proposition 6.1, we will write
simply || - || to denote the W~L1(Q) norm. Note that the condition (7.1) states
exactly that

ré < g4 (7.2)
and then the definition of 7 and (6.4) yield
rg <2 foralls € [z, T] (7.3)

if C is large enough and gp small enough, which we henceforth take to be the case.
Moreover, from (6.12), we see that rs <rl + C(T —t + ré) forall s € [t, T], and
then the choice of T and the definition of g imply that

g (rs) <2g(rl) forall s € [r, T). (7.4)

1. First note that

T t __
g —Tq =

l
Jv’ — 7T Zd,-(Sai(,)
i=1

l
JUT — 7T Zdiéai(r)
i=1

/\

(I&(T) ai(D)| = &®) —ai@®)]) + r{ +rf (15

- i

vi - (§/(T) = &(0) +ai(t) — a; (D)) + rl +7r}

Il
_
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for v; = % (unless &;(T) — a;(T) = 0, in which case v; can be any unit

vector). We now define

p(x) = Zd,-v,- S(x —ai () x (Ix —ai (1))

for x € C*®°(R™, [0, 1]) such that x = 1 on [0, %pmin] and x = 0 on (Omin, 00). It
follows from (6.5) that (since ;2 = 1 for all i)

1
7y vi (&(T) — &) + ai(t) — ai(T))

i=1

!
=7 Y di|p& () — 9(& 1) — (@ (1) + (@) ],
i=1

so that (7.5) and the definition of rST imply that

1
Tt =t T — gty n;di[w(ai(n)—w(ai(t»] 76

+ C(V%-T + ré).

2. The remainder of the proof is devoted to an estimate of (¢, JvT — Jv'). First,
using (1.16),

Jol — ) = "o
@, Jv v a((p,Jv)ds

|Us| - 1)
|10g8| €lj%x 77x] 4¢2 + €1jPxix; Ve.xj * Ve,x

/fe¢%%%%w
1 T EEE——
T2 logel

We immediately see from (5.8) that

2
1 o (> —1)
lloge| Jo Ll 42

for every s € [t, T]. Moreover, it follows from (6.5) that B(&;(s); 4|10g8|_1) -
B(a;(1), % Oomin) if &9 1s small enough, and the definition of ¢ implies that ¢, ;= 0

(1.7)

<cC (20 tg (r;)) (1.8)
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in Uﬁz 1 B(ai (1), %pmin), so (3.4) implies that
1 1
. o] < Cro—Ee (v,2\UB (&, 4lloge "))
log ¢| /Q |elj(pxkxlvs,x_, Us,xk| = lloge] e \V \ &, 4llog &
<cC (20 +g (rg)) (79)

<C (EO +g (rj))

forevery s € [¢, T].

3. We now decompose the remaining term in (7.7). For every s € [, T], let’
Ji = (&)}, ré) be the approximation to j(v*®) obtained in Proposition 5.1.
Note that . ;
JW); j

vl vl

Ve,xj - Vexy = |Us|xj |U8|xk

where for example j(v); = (iv, dx;v) denotes the jth component of j(v). Thus,

adding and subtracting j; in various places, and writing v as an abbreviation for
2

n
€1j¥x; % we have for every s € [£, T],

st, Ve, xx _ ' (J*) (J*)
/‘/’J log e ‘/Q"“k llog e
Jj) .S> (&_ -s) 5y
i ; M _— M _ -s)
+/Q"’<’k|loge| ['”"”"‘-"'”8'“( o), (5 - k]'

We immediately dispense with the easiest terms by using (5.8) to see that

J(v) .S M_ .S 0 K
/‘//jkuog l[l Vel Vel + <| | J*>j<|v| J*usc(z +g(ra)) (7.11)

forevery s € [¢, T].

4. We next consider the first term on the right-hand side of (7.10), which is the term
that yields the dominant contribution. Since j; is supported in U; B(§; (s), |log €| -1,

clearly
(), (2, (), (2,
/ llfjk4 / Vik—————
Q llog &| B(& (s),lloge|~1) llog &

5 Note that the regularization scale ré is fixed for s € [¢, T'].
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Foreachi = 1,...,1,if x € B(£(s), |loge|™"), then |x — a;(s)| < |loge|~! +
ry + rg,by (44),so forevery s € [t, T],

() ; (),

/ (Vjk(x) — ¥jk (ai(s)))
B(&i(s),|loge|™1)

) 1713

< VWil (logel ™" +73 +17) 202

<C (lloggr1 +r) —|—r§) ,

using the explicit form of j;, which (together with the definition (6.2) of rg) also
implies that

js ; js T 1 1
/ ( *)]( *)k — (S]k log—é_10g|log8|+_
B&(s).lloge| ) [loge| llog e rg 4

log |log |
— . _ 0 K
=78k (1 Cq (Z —I—g(ra))) + 0 <4|10g8| .

Combining the above computations and recalling that g(r) > max (r, loﬁ (I)?fl‘?l)

for all  and that g(ry) > r{ for s < Tjoc, we conclude that

(72); (32) s
/wjkvelk =7r2i:1/fkk(ai(s))+0<cl (20+g(ra))

=n (Z dig (a,-<s>)) +0(C1 (2 +¢(3))

In the last line we have used the definition Yix = €@y, 0y, (log r]z) = Vo -
V- (logn?) together with the ordinary differential equation (1.5) satisfied by the
points a; (-).

5. Combining (7.6), (7.7),(7.8),(7.9),(7.10),(7.11), and (7.12), and recalling (7.3),
(7.4), we find that

(7.12)

Db <O - (0 +g0h) + Crf

T .
T (10 (s o
+[ A|10g8| |v| Jx j(]*)k xdas ( )

T .
B (0 ()
+/; /Q|10g8| v] Jx k(]*)j xds.
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‘We now begin to control the integrals on the right-hand side above. We will consider
only the first one, since the estimate of the second one is identical. First,

T .
Vik (SO _ s (s
[ (22 5) o,
— 1abjk .t T M_ 3
__/Q [log e| (J*)kft ( 0] J*)j ds dx (7.14)

d’]k 'S .t (.](v) 'S)
— Jx ——j dsdx .
// Togel e\ *);
We claim that

/ / ‘/’Jk =), (% — j;) dsdx < C(T —1) (E°+g(ré))' (7.15)
J

IIOgSI

Using the Cauchy-Schwarz inequality, (5.8), and (7.4), we see that it suffices to
prove that

/ ljs — j>f<|2 dx < (EO +g (ré)) [log €| forevery s € [t, T].
Q

Toward this end, we fix some such s, and we introduce the notation

[
Eo=-(E+8).,  o=ritri+) GO -&O)].

i=1

l\)l'—‘

i = Blai(1), 25), we

deduce from (6.5) and the support properties of j, that

[
/Qm—jilz dx =;/B L= 2 dx.

For each i, B(&;,0) C B(&;(t),20) N B(&;(s), 20), so by an explicit computation,
and recalling (7.3) and the definition (6.2) of ré , we find that

/_ |j;_j,§|2dx§z/ |j;|2dx+z/ 152 dx
B(;,0) B(&;(t),20) B(i(s),20)

20 20
<2log + 2log +C

rl

£ rg

t

r
<Clog( S)

€

<C (EO +g (ré)) llog e|.
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Next, on B(&;, Z\%gsl)’ the definitions imply that both j* and j’ are nonzero, and in
fact 5
o &@) = &)l

lx — &) 21x — & (5)]?

Since |&;(T) — & < 3 for T =1, s, it follows that

402 _ 1 _
= k& OnB<&2mgd>\B@“@

L) — jEo)?

. . 2
i) — i)
and hence that

B(&. yoge)) \B(i.0)
Finally,

[ lmpPavsrf P
Bi\B(i, amog2) Bi\B(&i (1), z7r0g27)

+2/ |J'£:|2 dx < C.
BB (9), gz)

We deduce (7.15) by combining the previous inequalities.
6. We now consider the first term on the right-hand side of (7.14). Clearly

Yk .t /T (M — '5)
/Q|10g8| (]*)k . |U| Jx dedx
/ / |1‘(/)fjk o) <L) _ ](v)> ds dx (7.16)
, ge| lv] j

/ / Vit T Ok () = ) ; ds dx.
llog ¢

By elementary estimates,

Jj) IJ(v)I

1 2
o= 1) = SIveP+ 5 (w2 = 1),
ol 2e

and from the definitions, and recalling (4.5), we see that | jl|lcc < (rg)’1 <

()‘

(e]log el)_l. Thus for every i,

1/f_]k .[ (&
|10g8l h |v]

Es,n(v)
[log ¢|

(50 (7.17)
< oge] T (2 +c)

<C(T -1 (20 +g (r;)) ,

< Clljilloc(T — 1)

— j(v)) dsdx
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since
E¢ () 0 : 2 0
— L= <3047y @) <0+ C [ Inlleo) - (7.18)
lloge] -

7. Now fix some i € {1,...,l} and let ¥’ € CX(B(a; (1), %pmin)) be a function

such that ¥’ = 1 on B;. Then for every s € [t, T],

. . s 1 , .

Xi(j@) =) =Vf+ Fvigé in B (az ). pmm> (7.19)
for /¥ and g°, real-valued functions on B(q; (1), %pmin), solving

. 3
V-V =V (R (i - i) inB (a,- ®). mem) :
3 (7.20)
V-V =0 ondB (ai(t)’zpmin>a

and

Vo* . 3
-V ( g ) =V X (Xl (](U) - ]i)) in B <(1i(l‘), mein> s
! 3 (7.21)
g'=0 on 9B (ai 1), me) .

Indeed, if we let f* be a solution of (7.20), then n*(Xi (G —jH —Vf9His
divergence-free and hence can be written as \ g% on B(a; (1), % Pmin), SO that (7.19)
holds. Then it follows from (7.20) that g* satisfies the equation in (7.21), and that
the boundary condition is satisfied after adding a constant to g°.

Thus
W}k ~t
f / |10g8| ( (U)—]*) ds dx

Vik . viG
:/ loge] Ui (VF+ =27 ) dx
B; lloge| n- )

T T
F(x) = / fi(x) ds, Gx) = / g (x) ds.
t t

(722)

for

We write F = F| + - - - + F4, where

v'(UZVFm) = A, inB (az @, pm1n> , v.VF,=0 indB (al @, pmm) )
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for

T
m=3 [ v (riw) d
t
. T
to==3 [ V- (1) as
t

T .
A3=/ VR ]|(|)(' v = 1) ds
t

T
A :/ Vil (—J(U) —jj) ds.
t [v]

Using the continuity equation (1.15) — this is a key point in our argument — and
(7.18), we note that
T
(108 -1)

t

[Arll2 = [loge

L2
< Celloge| (E,;,,7 (vT> + E; (vt))
< Celloge|? (EO + g(ré))

1+log |log €]

Mogel for all r. Next, the definition implies that V - jJ = 0 for

since g(r) >

2
every s and that || j$||zr < Cp|loge|1_F for every p < 2,0

2
<C(T—1)|loge|'™7 for p<2.

14200 <17 Iz (T=1) sup |V - 2
selt,T] Lr

Very much as in (7.17), we can check that

Jj)

v

AslL1 < C(T —1) sup

<C(T—t)s|log£|2 (EO +8 (”2)) )
s€lt,T]

and it follows from (5.8) and (7 4) that

lAalle = ¢ = 0(ogel (20 +51) )

Clearly, for any q1, ..., qa4 € [1, o0],

Vik .
/B,. oge] Ut (VF)jdx = |1

ellgy, IV Fmllg,,
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where —1 + = = 1. Using elliptic estimates and Sobolev embedding theorems,

qm =
and taking g¢; = %,

C
Tl s IV Filla = w1l j«ll 4 [ Arll2
llog & |log &

< Cellogel® (20 +¢(rf)) = C(T =) (2° + ¢ (rh)).

The last inequality follows from the choice of T and (4.5), which imply in particular
that 7 — ¢t > 8|10g8|2. Similarly, taking g4 = 4/3,

1 C (T —1) /g LN\ 172
—— a4 IV Falls < —— [ Al < C (=0+2())
|10g8| 3 |]og3|§ |10g8|

=c@-n(+2()).

since |logs|_1 < g(rl). For any ¢» € (1,2), taking p» < 2 such that p; = qé, SO

that i = % — ng’ we find from our estimate of A, that

Tkl IVF2llg; = m——1ljxllg> 1 A21l p,

C
~ |loge|
< C(T —t)lloge| > < C(T —t)g (rl).

1
|log &

And, recalling by Stampacchia’s estimate that for any p € [1, 2) there exists C),
such that |V F3]|, < CpllA3ll1, we compute, choosing g3 = 3 for concreteness,

1 1
Toga] IV Eslly < izl Asl < C(T — NG elloge] (=°+2(0))

< (T = 1) (elloge)* (= + ¢ (r£)>

again using the fact that rg > elloge| for all ¢, see (4.5). Combining the above, we
find that forevery i € {1,...,/} and 0 < ¢ < gy with &g sufficiently small,

f ik (1), (VF),dx<C(T—t)(2°+g( )) (7.23)
B;

llog ¢
8. Next,
Vik . (V+G); Vik .
/ (k- ——Ldx = | 52— (jDr- V' (G1 4+ G2+ G3); dx
B; lloge| n ; n-lloge|

for G, solving

VG, , .
-V. 772 =A, inB|a@), ;Omm , &=0o0ndB|a@), ;Omm )
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with

T 7 g

’1:=/ 7 x (j) — jf) ds.
t
T . 1

A :=/ vigi j(v) (1 v |) ds,
t
T .

P 1C)

Al ::/ vigi. (—|v| —J::) ds.

t

The terms containing G, and G3 are estimated exactly as the terms containing F3
and Fy in Step 7 above, leading to

nz;/ljé;ﬂ () V5 (G2 4G dx = €T =) (20 +5 ().

For the remaining term, we invoke the interpolation inequality
|43 =C |4

|7 (7.24)

-1 = €[4T

for p € (1,2) and 9 such that % = % + % (see e.g. [20] Theorem 2.4.1 com-

bined with Sobolev embedding theorem). To estimate the W—!! norm, we fix
¢ € C°(2), and we compute

o= [ {7evx G- )= [ ] 19 x G-y ds
<C(T - t)rg 1Z Il

using (5.4) and (7.3). Thus
1A} 10 = C(T = o). (7.25)
Also, for every s € [t, T],
IV x G@) = i) < 1200l + |V x ji]| 1 < CEey() + 27l

Estimating E, ; as usual by Clloge|(20 + g(rl)), integrating the last inequality
from ¢ to T', and combining it with (7.25) and (7.24), we obtain

1-6
14illy-1p = CT =D’ (Cllogel (=0 +2 (1)) -
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2_
Then using Holder’s inequality and (again) the fact that || 7|l ,» < C(r‘sY )P ! for
p>2,

Yik 1
Uk - V7(Gy)jdx
B, n*lloge| * !
9-‘1‘%—1 0 t 1-6
T — ! 1 >
= Toga 7 1007 (Clogel (2 +5. ()

< C(T - t)|loge|™* <20 +g (r;))1_9
<C(T -1 (20 +g (rg,)> :

since it turns out that 6 + % — 1 = 0, and noting that |10ge3|_1 < g(r}) forall z.
Assembling these estimates, we find that

/Bi Hf—gﬂ<ji>k (v46), ar =ca = (= +5 ().

Now by combining this with (7.13), (7.14), (7.15), (7.17), (7.23), we finally obtain
i —re e =n (2 +g (). (7.26)

O
8. Proof of Theorem 1.3

Our main result is a straightforward corollary of the discrepancy estimate proved in
the previous section.

Proof of Theorem 1.3. Let Y denote the solution of the ordinary differential equa-
tion

V(1) = C0<20 + g(Y(t))), Y(0) = r°,

where g is the function defined in (3.1), and let {Y,,} 2, be a discrete approximation
to Y (-) obtained via an Euler approximation implicit in the statement of Proposi-
tion 7.1. Thus, we define

Yo=rl  Yau = Yot (o — ) Co (30 +5(1).

tht1 =1y +

where
ré’ = rg(EO, Y,) = eexp (CO (EO +g (Y”))) |logel).
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Since the function f(Y) := Cyp (20 + g(Y)) is convex, a forward Euler approxi-
mation to the solution of the equation Y’ = f(Y) is always less than or equal to the
actual solution, and it follows that ¥;, < Y (t,) for all . Then repeated application
of Proposition 7.1 shows that

rin <Y, < Y(t,) for every n such that t, < To) and 2 + g(¥,) < ﬁ.

Given an arbitrary 7 € (0, Teo] such that X0 + g(Y (1)) < there exists some n

1
E s
such that ¢t € [¢,, t,4+1] and ré{‘ < Y (t,). Then by Proposition 6.1, see in particular
(6.10), as well as (7.3),

o <1+ C (et — 1) + ) < V() +Ce'2, (8.1)

since the bound X9 + gY(ty)) < ﬁ guarantees that rg" < &3/* and hence that

tny1 — ty < €'/2. It remains to bound the function ¥ from above. For that purpose,
we notice that since g(y) < y +log |log ¢|/|log €| for every y > 0, we have Y (¢) <
Y (1) where Y is the solution of the ordinary differential equation

log |loge|

Y(t) = Co (20 +
[log ¢|

+ ?(r)) . Y0 =r0
The solution of the latter is explicitly given by

- log |1
Py =rd+ (20 +rd+ 7°|gk|);§|€|) (e = 1),

and the conclusion therefore follows from (8.1), increasing the value of Cy to the
value of C in (8.1) if necessary. O
9. Some properties of the ground state

In this section we briefly recall some facts about minimizers of the functional®

_ o IvuP 1 2 b
Eev ) = /RN ——t33 (V(x)lul g )dx 9.1)

in the space

H,y = {u e H! (RN;(C> ;/ Viul? < oo,/ |u|? =m} 9.2)
RN RN

6 Note that we make no restriction on the dimension N here.
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where V : RY — [0, c0) is a smooth function such that V (x) — oo as |x| — 00,
and m > 0 is a parameter.

For every positive ¢, m, the existence of a function 7, : RY — (0, 00) min-
imizing &y in H,, is standard, and follows easily from the growth of V (which
implies that the L? constraint is preserved for weak limits of sequences with equi-
bounded energy) together with the strong maximum principle and the fact that
Eev(lul) < & v(u) forall u.

In the introduction, we already introduced the unique number Aq such that

f (ho — V) dx =m,
RN

and we have denoted by p7r := (A9 — V)T the Thomas-Fermi profile associated to
V and m. We also note w := (Ag — V)~ . We will prove:

Proposition 9.1. Let n = n,., € H,, be a positive minimizer of E.y in Hy,. Then

< Cce?/3. 9.3)
L2(RN)

H ’72 — PrF

Moreover, for any K CC Qrp 1= {x € RN . prr(x) > 0}, there exists a constant
C =C(m,V, K) such that

< Ce?3, sz H <cC. (9.4)

2 J—
H’I PrF LK) = Lok =

This is quite standard, and is proved for particular potentials V in [7] for example.
We include a complete proof, since the references we know all impose slightly more
restrictive conditions than we consider here (for example, symmetry conditions, or
the assumption that A is a regular value of V).

Proof. 1t suffices to prove the result for ¢ < g¢, for some g9 > 0.

1. First, as is standard, for u € H,, we rewrite

v = [ |t L (P ) st | 4
sVUD= fov| T2 T a2 M T o) o i 48

L 1/ )
2\ T g Jon PrF

= Ce¢,orF (u) + C(e, m).

Thus, it is clear that a function minimizes & v in H,, if and only if it minimizes
Ee.orp i Hopy.

2. Next we claim that
inf € pry < Ce23, (9.5)
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Note that this immediately implies (9.3). We verify (9.5) by choosing U, :=
Ce fe(/P, ), where

g2 ifs < gY

if s > g%,

fes) =1{°
N

where c; is chosen so that U, € H,,. Then straightforward estimates very much like
those in [7], for example, show that &, ,(Us) < C(e™% + £22=2) "and (9.5) follows
by taking @« = 2/3. (This crude estimate has the advantage of holding for every
m > 0, so that we do not require Ag to be a regular value of V. If A¢ is a regular
value, then a variant of the same construction shows that infy, & ,,, < Clloge|.)

3.Since V—21p = (V—2x0)" —(V —X9)~ = w— prp, We may write the variational
equation satisfied by n in the form

1 1
—An+§(n2—pn+w)n=g—z(ke—ko)n,

where Eiz)ug is a Lagrange multiplier. Multiplying by 1 and integrating, and using
the fact that n € H,,,, we find that

m 2, 1 2 2 2 2
—2(ke—k0)= V| +_2 wn +(Tl _pTF> +(77 _/OTF> P1F |-
& R2 &

It follows that

L < Ce ™3 (96)

m 1 2
8—2()»5 —Xo) <4 prp () + 2 HIOTF” L2(RV) ‘77 — PrF

by (9.5) and (9.3).
4. Now let prp. := (As — V)T It follows from (9.6) that

lorr.e — Prell poo@ny = Ihe — Aol < Ce*3, 9.7)
(RY)

sothat K cC @, :={x e RV : prr.e > 0} if ¢ > 0 is sufficiently small, which we
henceforth take to be the case. Note also that

1 .
—An+ 2 (772 - /OTF,e) n=20 in €. 9.8)

Now fix some r < % dist(K, 8Q;). In view of (9.7), and since V is CZ, there exists
a,k > 0and gy > 0 such that

Prre > a® and |A\/5TFV£ < k whenever 0 < ¢ < go. 9.9)
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For any x € K and b € (0, a), define

Iy—Jcl2 ?
Lep()=¢(y)=b 3 -1

in B(x, ). Then for b € (0, 5),

3a? .
AL+ — (; - pm); < -AL-T50 <0 B (9.10)

whenever ¢ is sufficiently small. It follows that n > ¢, in B(x,r) for every
b € (0, ), as otherwise we could find some by € (0, 5) such that mingy ) (n —
Cx.py) = 0. Since n > 0, the minimum would have to be attained in the interior of
B(x, r), and this is impossible in view of (9.8) and (9.10).

It follows that

n(y) > 2—621 =:ain B(x,r/2). 9.11)

Note also that [[1]| 100 m¥) < ll\/Or Fe I oo rN), SINCE Otherwise n:=min(n,||/Prrellco)
would satisfy & ;. (1) < &, ppp (1), contradicting the minimality of 7.

S. Now write 6 :=n — . /prr.. Then

(911) o{

—AO+a.(x)0 = A\/pTF,E for as(x)— (9 + 2\/pTF 5) (9 + VPrF, s)

in B(x,r/2), and |6] < 2||«/5TF,8||LOO(RN) on B(x,r/2). Now for y € B(x,r/2)

define
y—xP 2
Loo(RN) exXp ) §

where k is the bound for | A, /prr.|lco found in (9.9). Then ® > 6 on dB(x,r/2),
and there exists &g > 0 such that

k
O:(y) 1= _8 +2”\/10T[~5

(—A+4+a)® > k > (—A+a;)0 in B(x,r/2), if 0 <e < egp.
It follows that ® > 6 in B(x, r/2), and similarly —® > —6 in B(x, r/2). Thus

In— /pe| < Ce*  on B(x,r/4). 9.12)
6. Returning to (9.8), we see that

1
—An+b=0 inB(x,r/4), forb, = - (nz — ,08> ,
£

and (9.12) implies that ||b. || L (p(x,r/4) < C independent of ¢ € (0, &) and x € K.
Since we already know that [|n{| gy < C, we conclude from standard elliptic
regularity that | Vn||peBx,r/8)) < C. Also, it follows from (9.7) and (9.12) that
||;72 — pllrer) < Ce?/3, 50 we have proved (9.4). ]
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Proof of Theorem 1.1

In view of (1.4), Theorem 1.1 is a direct consequence of Theorem 1.3 combined
with Proposition 9.1 and the continuity of the solution of an initial value problem
with respect to the nonlinearity.
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