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Subcritical approximation of a Yamabe-type nonlocal equation:
a Gamma-convergence approach

GIAMPIERO PALATUCCI, ADRIANO PISANTE AND YANNICK SIRE

Abstract. We investigate a natural approximation by subcritical Sobolev em-
beddings of the Sobolev quotient for the fractional Sobolev spaces H® for any
0 < s < N/2, using I'-convergence techniques. We show that, for such ap-
proximations, optimal functions always exist and exhibit a concentration effect of
the HS energy at one point.
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1. Introduction

For any real s > 0, consider the standard fractional Sobolev space H* defined via
the Fourier transform

1 (RY) = fue L2®RY) s gPa@) e LPRY)},

where

(2m)2

1 .
() = Fu)(®) = —— / Iy (x) dx.
RN

As usual, the space H*(R") can be equivalently defined as the completion of
Ccse (RN) with respect to the norm

Ml = | (2d = A)3ul3, = /RN (1+ 1&17)"1a)1%ds (1.1)
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where the operator (Id — A)2 = F~lo M ) 4jg12ys/2 o F is conjugate to the multi-
plication operator on L2(RN) given by the function (1 + |& |2)s/2,

It is well known that for 0 < s < N /2, the following Sobolev inequality does
hold for some positive constant $*, depending only on N and s,

lul®y < S*[(=A)2ul}, Vu e C(RY), (12)

where 2* = 2*(N, s) := 2N /(N — 2s) is the Sobolev critical exponent; and the
same inequality is valid by density on H*(R").

In order to discuss inequality (1.2), it is very natural to introduce the homoge-
neous Sobolev space H* as

H(RY) = {u e L¥(RY) : |&a) € L*(RY) ).

This space can be equivalently defined as the completion of C§° (RM) under the
norm

el = [ (=a)3u]7, = /RN HRHGIRS (1.3)

and inequality (1.2) holds by density on H*(RV).
When 0 < s < 1, an alternative formula for the norm on H* (RN) can be given
via the Gagliardo seminorm:

o, u@) —u()?
[ eraeras —caves) [ [ O acay. g

This can be proved by a direct calculation using Fourier transform (see, e.g., [13,
Proposition 3.4]). However, for s > 1, the previous equality fails, since in such
case the right-hand side in (1.4) is known to be finite if and only if u is constant.
Again in such a restricted range of validity for s, one can also consider the Sobolev
inequality (1.2) as the following trace inequality:

oo
Il = 57 ePli@Pa < v [ [T IvUR a1

see [9].

In this paper we are interested in investigating a natural approximation to (1.2)
via subcritical Sobolev inequalities, from a variational point of view, in the full
range of validity 0 < s < N /2. For this, from now on we have to deal with the
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norm using Fourier as in (1.3). Also, it is convenient to consider the following
maximization problem:

S*::sup{f lu|¥dx : ueHS(RN f )( A)zu‘ dx<1} (1.6)
RN

Clearly, the validity of (1.2) is equivalent to showing that the constant S* given
by (1.6) is finite. The explicit form of the maximizers, whose existence is not triv-
ial since the critical embedding is not compact because of dilation and translation
invariance, has been shown by Cotsiolis and Tavoularis in [11], together with the
computation of the optimal constant; see Section 2.

Analogously, for any bounded domain &  RY, one can consider the follow-
ing maximization problem (or Sobolev embedding)

. . s 12
S;;::sup{f |u|2dx:ueHS(§2),/ |(—A)7u dxfl}, (1.7)
Q RN

where the Sobolev space H* () is given as the closure of C§°(Q) in H*(RY) with
the norm in (1.3).

A simple scaling argument on compactly supported smooth functions shows
that §* = S, but in view of [11, Theorem 1.1], the variational problem (1.7) has

no maximizer (see Theorem 2.1 below). This is not the case when one considers
the subcritical embeddings. For any 0 < ¢ < 2* — 2, we set

S*:=sup {Fg(u) tu e HY(S), f ‘(—A)%u‘zdx < 1} (18)
RN
where
Fg(u):=/ lu* dx. (1.9)
Q

Clearly, since €2 is a bounded domain, the embedding H Q) — L2 ¢ () is
compact and this will assure the existence of a maximizer u, € H* for the previous
problem.

The aim of this paper is to investigate what happens when ¢ — 0 both to
the subcritical Sobolev constant S; given in (1.8) and to the corresponding maxi-
m;gers Ug, i.e. the corresponding optimal functions of the embedding HS(Q) —
Le 78(Q).

At least in the local case s = 1, this problem has been widely investigated
during the last decades, mainly, by studymg the Euler-Lagrange equation for the
functional F; given by (1.9), among functions with H' norm equal to one; that is,

—Aug = Mugl* " fu, in (H'(Q) (1.10)

where A is a Lagrange multiplier.
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In particular, we would mention the preliminary paper [3] in the case when
Q is the unit ball in R3, where it has been showed that the solutions u, of (1.10),
maximizing the Sobolev quotient, are such that

lim eu?(0) = 32 ind lim eV 2u(x) = T (i — 1) , Vx #0.

e—>0 b4 e—0 4ﬁ [x|
In [7], Brezis and Peletier extended this result to the case of €2 being a spherical
domain, along with other interesting statements. In particular, in [7] it has been
showed that the subcritical solutions concentrate at one special point of €2; the au-
thors also conjectured that the same kind of results holds for non spherical domains.
Such a conjecture has been proved in the case of any smooth bounded domain 2
by Han in [20] and by Rey in [30], by showing that the solutions of (1.10), with
maximal Sobolev energy, concentrate at one point xp € 2 being a critical point
for the Robin function Rg, the diagonal of the regular part of the Green function
in Q.

In order to obtain this concentration result, even without localizing the blowing-
up, the proofs of all the results above also utilize standard elliptic regularity tech-
niques that require to work in smooth domains. We would notice that further reg-
ularity assumptions on €2 are not for free, since they will imply that the associated
Robin function Rg diverges at the boundary, and this yields that the concentration
point xq belongs to the interior of €2. This is not the case in [28], when a concentra-
tion up to the boundary has been proven in an example of a nonsmooth domain €2,
previously defined in [16].

Recently, one of the authors has proven similar concentration results when
s = 1 in the case of any bounded domain 2 with no regularity assumptions, as
well as describing the asymptotic analysis of the Sobolev quotient (1.8) in term of
De Giorgi’s I'-convergence (see [24], and also [25] for the nonlinear case in the
Sobolev spaces W!7).

Here, we can extend the analysis of the subcritical Sobolev embeddings in the
more general H* framework, for any 0 < s < N/2,in turn implying the natural
concentration result in any bounded domain, possibly nonsmooth. In this direction,
our analysis is one of the first in the nonlocal framework, together with the one
related to some improved fractional Sobolev embeddings and to the concentration-
compactness principle for bounded sequences in the fractional Sobolev spaces, es-
tablished by two of the authors in the paper [26]. Also, it is worth mentioning
the relevant papers on the fractional Yamabe problem on manifold with boundary
by Escobar ([15]) in the case when s = 1/2, and by Gonzalez and Qing ([19])
when s € (0, 1).

Let us come back to the variational form in the subcritical problem (1.8). We
will carefully analyze the asymptotic behavior of the energy functionals Fg, by
means of I'-convergence techniques. The analysis here is much in the spirit of [24,
25] and [1], but with serious differences in the proofs, firstly due to the nonlocality
of the fractional Sobolev spaces (for which we refer to Section 2.1). Moreover, in
the aforementioned papers the existence of a recovery sequence is proven by means
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of compactness and locality properties of the I'-limit. Here, we pursue a different
strategy that will permit us to explicitly exhibit such recovery sequences; see also
the remarks at the beginning of Section 3.1.

Our main result is condensed in the following:

Theorem 1.1. Let @ € RY be a bounded domain and let X be the space

X=X(Q) := {(u, n) € H (Q) x M(RY) : > |(—A)%u

? dx u(BY) < 1},

endowed with the product topology t such that

: gef Jun —uin L¥(9),
Up, n) = (U, p) < 1.11
(Un,s n (u, ) {Mn i,uin./\/l(RN). ( )
Let us consider the following family of functionals:
Fe(u, ) :=/ [ul*2dx Yu, p) € X. (1.12)
Q

Then, as ¢ — 0, the T'"-limit of the family of functionals F, with respect to the
topology t corresponding to (1.11) is the functional F defined by

. 2z
F(u,u):/9|u|2 dx+S*Zuj2, Y(u, p) € X.
j=1

Here S* is the best Sobolev constant in RN and the numbers j are the coefficients
of the atomic part of the measure L.

It would be interesting to prove results analogous to those in the preceding
theorem with respect to the equivalent norms (1.4) and (1.5), i.e., taking the measure
w as limit of energy densities in RY x RY or RV x (0, 00), respectively, and
describing the corresponding loss of compactness in terms of atomic measures (as
in Theorem 2.2 below).

As a consequence of the result in Theorem 1.1, together with the I"'*-con-
vergence property of convergence of maximizers, we can also deduce that the se-
quences of maximizers {u.} for S¥ concentrate energy at one point xo € €, in clear
accordance with the local case.

Corollary 1.2. Let Q C RY be a bounded open set and for each 0 < & < 2* —2
let ug € H*(2) be a maximizer for S}. Then, as ¢ = &, — 0, up to subsequences
U, = Ug, satisfies u, — 0 in LY () and it concentrates at some point xo € Q
in H', ie.

R
() 3un | dx S 5 in M(RY).
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Finally, it is worth noticing that Theorem 1.1 could have its own relevance also to
identify the location of the concentration point in the nonlocal case. Indeed, it can
be read as the necessary first step in the asymptotic development by I"-convergence
(as firstly introduced in [2]; see also the recent paper [6]) of the functionals in (1.12).
In this sense, a second order expansion of the I'-limit could bring the desired in-
formations on the concentration of the maximizing sequences, as in [1], where dif-
ferent energies involving critical growth problems have been studied (see also [16]
and [18]).

In this respect, another subcritical problem that would be very natural to inves-
tigate is the fractional counterpart of the Brezis-Nirenberg problem

(=AY u —nu = |ul* "2u in (H*(R)), (1.13)

where n > 0 is a parameter. Well known results for s = 1 (see [8]) and s = 2m an
even integer (see [29]) suggest that, even for fractional values of s, existence results
for (1.13) should always depend in a delicate way on 5 (for preliminary results in
this direction, see, e.g., [32] when s € (0, 1), and [5, 35] though with a slightly
different definition of the fractional Laplacian; see also [14] and [31] for related
results for nonlinear fractional Schrodinger equations).

The paper is organized as follows. In Section 2 below, we recall some recent
results about the functions in the fractional Sobolev space H*, as the concentration-
compactness alternative and some workarounds to handle the nonlocality of the
fractional Laplacian, which will be relevant in the rest of the paper. Section 3 is
devoted to the I'-convergence analysis as given by Theorem 1.1 and subsequently
to the proof of the concentration result in Corollary 1.2.

2. Preliminaries

In this section we recall some recent results involving the fractional Sobolev in-
equality (1.2) and the analysis of the effects of the corresponding lack of compact-
ness.

Firstly, we state the aforementioned theorem proved in [11] which gives the
optimal constant in the Sobolev inequality (1.2) together with the explicit formula
for those functions giving equality in the inequality.

Theorem 2.1 ([11, Theorem 1.1]). Let 0 < s < N/2 and 2* = 2N/(N — 2s).
Then i R )
el 7oy < S (=202 oy Vu € HY(RY), (2.1)

where

*

r N —2s 2
§* = |27 < 2 ) |: ['(N) :|ZS/N
B r <N +2S> '(N/2)
2
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and T is the Gamma function. For u # 0, we have equality in (2.1) if and only if

c

u(x) = Vx € RV, (22)

(24 x —xl2) 7
where ¢ € R\ {0}, A > 0 and xo € RY are fixed constants.

The theorem above in the case s = 1 has been proved in [34] and also in [4],
where the connection with the Yamabe problem is also discussed. When 2 < s <
N /2 is an even integer the same result was obtained some years later in [33], fol-
lowing the ideas in [21] and [22]. The proof in [11] is based on a sharp form of
the Hardy-Littlewood-Sobolev inequality. By means of the moving planes method,
formula (2.2) has been also obtained by Chen, Li and Ou in [10]; and, at least when
0 < s < 1,in[17] one can find a third approach through symmetrization techniques
applied to the norm in the right-hand side of (1.4).

An important contribution in order to study the behavior of a maximizing se-
quence for (1.6) and (1.7) is to establish a concentration-compactness alternative for
bounded sequences in the fractional space H*®, as stated in the following theorem,
proved in [26] using ideas and methods introduced in the pioneering works [21]
and [22].

Theorem 2.2 ([26, Theorem S]). Let 2 C RY be an open subset and let {u,} be a

sequence in H®(S2) weakly converging to u as n — oo and such that

s 2 *
‘(—A)?un dx X and (unFdx = v in M(RY).

Then, either u, — uin le(: . (RN or there exist an (at most countable) set of distinct
points {x;} jej and positive numbers {v;} jc; such that we have

v=ludx+) v;s;. (2.3)
7

If, in addition, 2 is bounded, then there exist a positive measure [L € M@RN) with
sptit C 2 and positive numbers {1} jcj such that

2*

P2 ) 2
o= ‘(—A)iu‘ dx+ i+ e, vi<SH(us)? . 2.4)
;

A consequence of the previous theorem which will be useful in the next section is
the following result which shows that on bounded domains there is no energy loss
in the concentration process:

Proposition 2.3 ([26, Proposition 6.5]). Let 0 < 2s < N, let Q@ C RN be a
bounded open set and let {u,} C H’(2) such that u, — 0 asn — oo. For
any open set A C RN such that Q N A = @ we have fA |(—A)%un|2dx — 0 as
n— 00.
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We conclude this section with:

2.1. Some useful lemmas

One of the main difficulties to handle functions in the fractional Sobolev spaces is
given by the intrinsic nonlocality. In the rest of the paper we will make use of the
following two lemmas which are workarounds to use cut-off functions and provide
a way to manipulate smooth truncations for the fractional Laplacian; their proofs
carefully requires properties of multipliers between Sobolev spaces and strong com-
mutator estimates (see [26]).

Lemma 2.4 ([26, Lemma 5]). Let 0 < s < N/2 and let u € HS(RN). Let S
Cé’o(]RN) and for each A > 0 let @) (x) := go()ﬁlx). Then

ug; — 0in HS(RN) as . — 0.
If, in addition, ¢ = 1 in a neighborhood of the origin, then
uQ;, — uin HS(RN) as A — oo.
Lemma 2.5 ([26, Lemma 6]). Ler0 <5 < N/2,let Q C RN a bounded open set

and let ¢ € Cgo(]RN). Then the commutator [, (—A)%] S HY(Q) — LERY) s
a compact operator, i.e.,

o ((~B%m) ~ &) pu) -0 in L2(RY)

whenever u, — 0in HS(2) as n — oo.

3. Subcritical approximation of the Sobolev quotient

Let Q be a bounded domainin RY,s e R,0 < s < N /2. In the introduction we
have considered the following problem for ¢ € (0, 2* — 2)

S;‘:sup{fgw*—%x; e H(Q), /RN )(—A)%u‘zdx < 1}. 3.1)

The goal of the present section is to describe the asymptotic behavio*r ase — 0 of
the optimal constants S associated to the embeddings H*(2) — L¥ ~¢() and of
the corresponding maximizers, studying the family {F;} of functionals

Fg(u)::/ lul* dx, (3.2)
Q

on the set {u € H (), Jrw I(—A)Zu|?dx < 1}.
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The main tool is the notion of I'-convergence in the sense of De Giorgi (see [12]
for an introduction) and the crucial point is to introduce a convenient functional
framework in which performing the passage to the limit, i.e., the functional space
X endowed with the topology T as given in Theorem 1.1.

The reason for the choice of X can be described as follows. We are interested
in the asymptotic behavior of the sequence {F;(u.)} for every sequence {u.} such

that ||(— A)Zu‘8 1|2 72 (RN) < 1. The constraint on the “Dirichlet energy” of u, implies
that, up to subsequences, there exists u € M@N) and u € H‘(Q) such that
L@®YY < 1, [(=A)2ugPdx = 1 in M(RV) and u, — u in H°. Clearly, by
Sobolev embedding, we also have u, — u in L2*(§2). By Fatou’s Lemma, we
deduce u > |(—A)%u|2dx and we can always decompose p in

2 o
d.x+/l+ZMj8Xj’

=)
=1

where ;€ [0, 1] and {x;} C Q are distinct points; the positive measure [ can be
viewed as the “non-atomic part” of the measure (it —|(—A) Tu |2dx). In view of this

decomposition, the definition of X given in Theorem 1.1 is very natural; moreover
the space X is sequentially compact in the topology t. Indeed if {un, unt € X,

then {u,} is bounded in HS (Q) Up to subsequences, i, A win M(@RVN) and
up, — uin H 5() (and in L (2), by Sobolev embeddings) and the inequalities
defining X still hold for (u, u) by weak lower semicontinuity.

Since X appears as a sort of completion of H*(Q) in the weak topology of
the product LQ*(Q) x M(RN), it would be interesting to understand whether, as in
the case s = 1 (see [1, Proposition 2.3]), every pair (u, ;) in X can be actually
approximated in the topology t by a sequence of the form {(u, |(—A)%u8 1dx)).
We will not pursue this point here.

Note that, since the embeddings H(Q) — LZ*_f(Q) are compact (see for
instance [27, Lemma 10] for a simple proof), the functionals F, as extended to X
by (3.2) are continuous and Proposition 3.1 below show that there are no further
maximizers in the space X.

As a consequence, we have that the I't-convergence of functionals in this
space implies the convergence of maximizers {u.} of F; to the maxima of F'; this
will allow an alternative proof of the concentration for the sequences {u,}.

Proposition 3.1. For any ¢ > 0, let (u., ) € X be such that

sup  Fe(u, u) = Fe(ug, fig).
(u,pyeX

Then fie = |(—A)Zii,|*dx.
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Proof. We observe that the supremum is attained at some (u,, i) because X is
sequentially compact and F is sequentially continuous (due to the compact em-
bedding H*(Q2) — L2 ~¢(Q)).

Clearly, we may suppose jis(RY) = 1. Indeed, if we have A, = ji.(RY) <
1, then we may consider the pair (i, o /1:) Which belongs to the space X and
satisfies (jige/Ae)(RY) = 1 and

FE(I/_tb‘v lls/)\s) = FS(I/_té‘v lls) = (ul:I,Llf)ue(X Fe(u, ).

Since u, # 0, by the definition of X we have 0 < ||(—A)%L78||Lz < 1. Hence, if we
set
1

o = ae) i= — 5 3.3)
AP
we may consider a new pair (i, fig) given by
~ —_ ~ s - 2
iy = J/aily and [l ‘= )(—A)fug dx.
Note that (i1, fi) belongs to the space X and it satisfies
~ o~ 2 - - e
Fe(ug, ug) =a 2 Fg(ug, ,ue) =«a 2 max Fg(u,p). 34
(u,eX

Clearly, (3.3) and (3.4) imply that o = 1, (i, |(—A)%128|2dx) is a maximizer and
litell sy = 1. Since 1 = [[(=A)3iig|%dx < ji.(RY) = 1, we have ji, =
[(—A) 3 il |2dx and the proof is complete. O

3.1. Proof of the I'"-convergence result

We first recall the definition of I'*-convergence adapted to our framework (see [12]
for further details).

Definition 3.2. We say that the family {F,} ' "-converges to a functional F : X —
[0, 00), as € — O, if for every (u, ) € X the following conditions hold:

(i) for every sequence {(u., is)} C X such that u; — u in LZ*(Q) and g A %
in M(RV)
F(u, n) > limsup Fg(ug, ;Lg);

e—0
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(ii) there exists a sequence {u, i)} C X suchthatu, — u in LZ*(Q), e A M in
M(RY) and
Fu, ) < hmi(l)lfFa(ﬁs» /18)
E—>

The '*-limsup inequality (i) easily follows from the concentration-compactness
alternative stated in Section 2 (see the forthcoming Proposition 3.3). The proof of
the I'*-liminf inequality (ii) (i.e., the construction of a recovery sequence) is more
delicate. In the case s = 1 it is proved in [24], following the strategy adopted
in the proof of [1, Theorem 3.1]. As already mentioned in the introduction, both
in [1] and in [24], the authors prove the existence of a recovery sequence and the
I"*-liminf inequality, working in two separate cases (u, u) = (u, |Vul?dx + 1)
and (u, u) = (0, > ,u,,-8xl.) and cover the general case by means of compactness
and locality properties of the I'*-limit. Here, we follow a different strategy and
we explicitly construct a recovery sequence using the optimal functions given by
Theorem 2.1.
The proof of the I'*-limsup inequality (i) is given by the following result:

Proposition 3.3. For every (u, ) € X and for every sequence {(ue, e)} C X
such that (ug, jLe) = (u, ), we have

F(u, ) = limsup F (ue, pe).

e—0

Proof. Let {(ue, te)} be a sequence in X such that (ug, ®e) = (u, p); clearly,
o= 1(=A)2ulPdx 4+ jt + Y52 1y, for some i € My (RY), {i;} € (0, 1)
and {x;} C RNV, Up to subsequences, there exists a measure v € M(RY) such

that |u, |2*dx A v, and by Theorem 2.2 there exists a set of nonnegative numbers
{v;}jes such that (up to reordering the points {x;} and the {1t ;})

¥ 2*
v=lu¥dx + Y v;8; and v; < S*u 7. (3.5)
Using the Holder inequality, we have

FS(”S7M£):/Q|MS

hence, the definition of v and (3.5) yield

*é’

2%
lirnsung(ug,,u,‘9 <11msup</ |u8 dx) |S2|2*

e—0t e—0
_ " 2*
<v@ = [ P 83 uf < Faw. o
@ i=1

Now, we will prove the I'*-liminf inequality (ii).
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It is convenient to define a relevant subset of configurations X C X as follows

- . s |2 !
X:= {(u, M)GHS(Q)XM(RN)I/L=)(—A)7M dx+,ll+2u18xj, n(RY) <1t
=

For any pair (u, ©) in X we will prove the existence of a recovery sequence
{(it, i)} C X for the I'"-liminf inequality, as stated in the following proposi-
tion.

Proposition 3.4. For any (u, ) € X there exists a sequence {(ug, fLe)} C X such
that (iig, fie) = (u, p) and

limi(glfFe(ﬁa, He) = F(u, ). (3.6)
E—

Finally, we will prove the I " -liminf inequality in the whole space X, by a diagonal
argument using recovery sequences for the elements of X. .
In order to prove Proposition 3.4, first, for any point x j in € we construct

a sequence {v{} that concentrates energy at x j (see forthcoming Proposition 3.5).

Then, we show that we can glue such sequences {v]}into a sequence {u g‘} such that
it concentrates at any finite set of points {x;} in Q (see Corollary 3.6). Thus, the
sequence {u g‘} will be the recovery sequence for a pair (0, 1) € X when p is purely
atomic. _

Finally, for any pair (u, 1) in X, we will able to join the function u to the se-
quence {u f}, adding suitably their corresponding measures, to obtain the desired re-
covery sequence {(u, fic)} satisfying (3.6). More precisely, combining the lemmas
in Section 2.1 with a careful choice of the supports of the approximating functions
{u?} will give an admissible sequence {(u, tts)} S X. Then, a precise calculation
still based on Lemma 2.4 and Lemma 2.5 will give (3.6).

We start with the following result:

Proposition 3.5. For any xo € Q there exists a sequence {v;} C H () such that

(i) {(ve, [(=A)2 v 2dx)} € X and t-converges to (0, 8y,) as & — 0;
(ii) lime—o distg (spt ve, {xo}) = 0;
(iii) limaso [o [vs|*> ~6dx = S*.

Proof. We assume that xg is an interior point of €2 and we construct the sequence
{ve} modifying the extremal functions u for the Sobolev embedding S* given by
Theorem 2.1.

Let u € H*(R") be defined as follows

¢ vx € RV,

M(X) = N-2s°

(14 |x —x0l?) 2

where the positive constant ¢ is chosen so that ||ul| 75 = 1.
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.. _ N-=2s
If, for any positive €, we set ws(x) := €&~ 2 u(x/e), then we have

/ el dx = §* and |we | = 1, 3.7)
RN

[
. . . * e
by scaling invariance of L  and H* norms.

Moreover, the function w; satisfies w, — 0 in Lz*(RN )and [(—A) 3 we|?dx X
8y, in M@RN) as ¢ — 0, since a direct calculation for any p > 0 gives

— * _— s 2 — -
we 222 0in 12 (RN\Bp(xo)>and’(—A)7w8 20 0in L1<RN\Bp(xo)>. (3.8)

We want to localize the sequence w, in smaller and smaller neighborhoods of xp.
For any fixed positive p, take a cut-off function ¢ € C§° (R™) such that ¢ = 1
in By(x0),9 =0in RN \ B2,(x0) and 0 < ¢ < 1. For any ¢ > 0, we define

Ve (x) := @(x)we (x)
and we claim that, as ¢ — 0,

e — 0in L¥(Q), || s — 1 and / 5" Cdx —> §*. (3.9)
Q

The first convergence result in (3.9) is a direct consequence of (3.8). In order to
prove the second one, note that ||u|| ;5 = 1, hence Lemma 2.4 yields

s 2
e o = /R e ewwe/e)| ax

e—0

s 2
= /R{N‘(—A)f(fp(sy)u(y))‘ dy — 1.

The last convergence result in (3.9) is more delicate. We split the integral into two
parts, namely /; . and I . given by

2% —
I ¢ ;:/ |(pr| ‘dx and b, :=/ |<pw8
QN{we <1} QN{we>1}

Since |w8|2*_8 < 1in N {w, < 1} uniformly in ¢ and |(pws(x)|2*_
& — 0, we deduce that /| , vanishes as ¢ goes to 0.
For I, . first we want to prove that

|2*7de.

¢ > 0a.e.as

=0. (3.10)

Lo ({we=1})
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*_

2% —¢
Note that, for & small enough, we have {w, > 1} € B,(xp) and then ‘”we —1=

# —11in N {w, < 1}. Hence, (3.10) follows once we show that

i o = 1] =0 s

Clearly, on N {w, > 1} the function w, satisfies

e e _ N-2s\¢
I <w, < (maxwg)” = (ce™ 2

and thus we obtain (3.11) and in turn (3.10) as ¢ — 0.
Combining (3.10) with (3.7), I . can be estimated as follows

2 |
L, Z/ |§0w8| “dx Z/
QN{w,>1} QN{w,>1}

wg
=/ |we | dx +o(1) =3 5%,
Nfwez1)

|we

Thus, (3.9) holds for any p > 0 small enough, whence a diagonal argument as
o \ 0 gives a sequence {v.} such that (3.9) holds, since v, — 0 in L¥(Q) and
limg_,o distg (spt Ue, {x0}) = 0.

Note that, by Proposition 2.3, v, also satisfies

)
‘(—A)i 3| dx — 0 inL! (]RN \ Bp(xo)> as e — 0. (3.12)

Finally, for any ¢ > 0, we set vy (x) := H%jlx')x .

Claim (i) readily follows from (3.9) and (3.12). Claim (ii) holds by construc-
tion, since the function v, has the same property. Finally, a simple calculation of
the L2 ¢ norm of the function v, gives

/ |v8|2*_€dx = || ||;li2*_s)/ |1~)€|2*_8dx — S* ase = 0,
Q Q
which proves claim (iii).

To complete the proof, we observe that the case of xo € 92 can be obtained by
a standard diagonal argument taking an approximating sequence of points {x;} C Q
converging to xo and the optimal sequences corresponding to each xy. O

Corollary 3.6. For any finite set of distinct points {x1,x2, ..., x,} C Q and for
any set of positive numbers {jL1, 2, ..., Uy} S R such that Z/’ wj < 1, there

exists a sequence {u?} C H*(Q) such that
@) {(u?, I(—A)%ufﬁdx)} C X and t-converges to (0, Z'}-:l Mjdy;) ase — 0;
(ii) lim,_ disty (spt ut, U j}) —0;

2*

(iii) lime—o fo [ > ~*dx = $* 3 n /.
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Proof. Letusset A; := By, (xj)N§2 forany j =1,2...,n,with radiir, and r; such
that dlSt(AJ, A;) > 0. By Proposition 3.5, there ex1sts a sequence {(vg, /LE)} Cc X,
with ul = [(=A)>v![%dx such that (ul,ul) 5> (O, 8x), sptvi C Aj,
distg (spt vl {xj}) > Oase — O and

lim/|v1| * forj=1,2,.

e—0

Letus setuf :=)j_, /L.

Estimating the energy of the sequence {|(—A) Tu ?) 12dx)} gives

s 2 n
(—A)qu‘ dx= M/
fuleotuf ax=3 s ]
n

D DR/ (CNECCINERT)

ij=li<j

s 2
(—A)fvg‘ dx

(3.13)
L2RN)

We claim that the last sum in the formula above converges to zero as & goes to zero.
Indeed, by the Cauchy-Schwarz inequality, we get

‘((—A)“f’v CSEY

L2(RN)

. IR
) (/Hi‘(—A)fvé‘ dX> (3.14)

)
5(/ ‘(—A)fvé
RN
s o2 > ) 2
—1—(/ (—A)ivg’ dx) / ‘(—A)fvé dx | ,
RN H;

where, for i and j fixed, we have divided the whole space R" into two complemen-
tary half-spaces H; and H; such that A; C H; and A; C H;.

Note that f [(— A)Z v; |2dx is smaller than 1 uniformly with respect to ¢ be-
cause {(vg, [(— A)zvg |2dx)} C X. Thus, (3.14) becomes

‘<(_A)%vé’ (_A)%v‘g>L2(RN)

s o2 : ) 2
5(/ ](—A)fvg dx) +(/ ‘(—A)fv; dx>.
H; Hj

On the other hand, since the measure |(—A)% vg |>dx converges to dy; in M@RN)

as ¢ — 0 and spt vg C Ajforall j=1,2,...,n,Proposition 2.3 yields

)
/‘(—A)ng
H;
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that in turn implies

<( A, (=AY 1>L2(RN) 0 ase — 0. (3.15)

Combining (3.13) and (3.15) with the fact that each vg concentrates energy at x,

in the sense of Proposition 3.5, we deduce that the constructed sequence
{I(=A)2ul|?dx) satisfies

)
[CISERT

n
- Z (jdy; in M(RV).
j=1

Finally, since Zl- nj < 1, by (3.13) we also deduce that fRN |(—A)%u?|2dx <

1, for small &, hence {(u?, |(—A)7u|?dx)} C X for small &, and claim (i) is
completely proved.
Note that (ii) follows by construction, because of Proposition 3.5.

Moreover, since spt v are mutually disjoint and v{ satisfies Proposition 3.5
(iii), we have

2% L

e—0

2*—g

noo2e 2*
/ ul dx:Zsz / v/ dx —= S*Z,ujz,
Y j=1 Aj j=1
which concludes the proof of claim (iii). ]

Now, we are in position to prove the I'*-liminf inequality for the set of con-
figurations X as stated in Proposition 3.4. The main contribution is given by the

sequence {(u2, |(—A)2u?|?dx)} built in Corollary 3.6, but we have to carefully
modify it in order to obtain the desired recovery sequence {(it¢, fie)}.

Proof of Proposition 3.4. Let (u, n) be any fixed pair in X,ie,u € H(Q) and
=|(— A)2u|2dx+u+zj 1 1j0x; € M@RN), with w(RV) < 1, and let {u?}
be the corresponding sequence given by Corollary 3.6.

For o > 0, take a cut-off function ¢, in C§° (RN such that ¢, = 0in By, (x),
forj=12 ngogzlinQ\Usza(xj) with p, - 0as o — O,
Yo =1-— 1</>( 1), € C°(By), ¢=1onB,0<g < 1.

Now, we can deﬁne the sequence {(i¢, its)} as follows

He=ile o = UQy + U,  [e=fleo = fi + |(—A)2 (upy + ul)|dx

and we claim that this is a recovery sequence for (1¢,, |(—A)% (ugog)lzdx + 4+

’}: | Wjdy;) as ¢ — 0. Note that we will play with two positive parameters,
namely ¢ (which is the parameter for the atomic part of ;) and ¢ (which will control
the diffuse part of ). We will take limits in these parameters in the following order:
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first ¢ — 0, then 0 — 0. The recovery sequence for (u, i) will be actually given
by a further diagonal argument.

First, we claim that {(ie, te)} C X for ¢ and o small enough. Since we
have u, € H*(2) (because ¢, is a multiplier in H*(2); see [23]) and e >
[(—=A) 3 ii¢|?dx, this claim reduces to proving that

e (RY) < 1. (3.16)
In order to check (3.16), for any ¢, 0 > 0 we compute
s 2
i (R =B + [ =80 o+ dx
s 2 s 2
=ﬁ(]R{N)+/ (=) wgo) dx—i—/ |a)i )| ax GAD
RN RN

F (=) (ugs), (—A)2ul) 2w

We can treat the last three terms in the right-hand side of equation (3.17) as follows.
For fixed o > 0, Corollary 3.6-(i) and Proposition 2.3 yield

s 2 1
li —A)2uf| dx = 3 3.18
lim | (=870 x;m (3.18)
Again by Corollary 3.6 u? — 0 in H*(2), hence we have
. s 5 A —
ggr%)((—A)z(u%), (—A)3u >L2(RN) — 0. (3.19)

Finally, from the definition of ¢, and Lemma 2.4, we have

lim [ =25 o)

o—0 JrN

2 .2
dx:f ‘(—A)‘fu‘ dx. (3.20)
]RN

Thus, combining (3.18), (3.19), (3.20) with the fact that w(@®N) is strictly less than
1 (recall that (u, i) € X ), we can deduce the inequality in (3.16) for ¢ and o small
enough.

We prove that {(u./1.)} T-converges to (u, ), i.e.,

fie = uin L¥(Q) and [ — win M(RVY). (321)

Clearly, |ugps — ulz* = |1 - goglz*lulz* < |u|2*, thus, {ug,} strongly converges
tou in L2, as 0 — 0, by Lebesgue’s dominated convergence theorem, and then
the first convergence result in (3.21) follows from the fact that the sequence {uf}
weakly converges to 0 in L2(2) as & goes to 0.

The second convergence result in (3.21) is a consequence of the convergence
in the sense of measures of the sequence {|(—A) Tu ;“ |2dx} to the finite sum of Dirac
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masses Z/’ M jdix;s together with the fact that u;‘ —0ase —» Oand up, — u in

H¥(Q)aso — 0 by Corollary 3.6 and Lemma 2 4, respectively. Indeed, by arguing
as in (3.17), (3.20) and (3.18), for any ¢ € CS(RN), we have

s 2
lim lim Ydpe = lim lim 1//d;1+/ v ’(—A)f(u(pg +u?) dx
0—>0e—0 JrN 0—>0e—0 JrN RN
s |2 !
=/ wdﬁ+/ tﬁ‘(—A)fu dx+/ wd Y sy,
RN RN RN J

= vdu,
RN

which establishes (3.21).

In order to complete the proof, it remains to show that the energy Fg (i, fie)
satisfies the liminf inequality stated in (3.6). Since dist(spt (ues), U i By, (x j)) >
0, we can split the integral in Fg (i, fL¢) as follows

r dx:/ |u<p5|2*_8dx —I—/
Q Q

By the dominated convergence theorem, we have

lim lim/ lugs | ~Cdx = / jul* dx. (3.23)
0—=0e—0 Jo Q

On the other hand, taking Corollary 3.6-(iii) into account, we have

)

Finally, combining (3.22), (3.23) and (3.24), we obtain (up to the diagonal argument
on ¢ and o mentioned at page 834)

- - A A 2 —¢
Fe(ug, fLte) = ‘Wﬂa + ug U dx. (3.22)
Q

2% g n 2%
A N S*ZM; as & — 0. (3.24)
j=1

Ug

0%
2

n
1imingg<ﬁe,na>=/ uldx + 8y "7 = Flu, ). 0
&—> Q -

J

Completion of the proof of the T' " -liminf inequality. In view of Proposition 3.4, the
I"*-liminf inequality in Theorem 1.1 holds for any (u, 1) € X . Thus, it is enough to
check that X C X is t-sequentially dense by an explicit approximation and that F
is continuous with respect to this approximation, in order to conclude by a standard
diagonal argument.

For any pair (4, u) € X, we consider the sequence {(u,, i,)} defined as

s |2 . &
Uy, '=cyu and W, = c,zl (—A)fu’ dx—i—cﬁu—kc,%Zujéxj,
j=1

where {c,} C (0, 1) is any increasing sequence such that ¢, /1 asn — oo.
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Clearly, the sequence {(uy, j4,)} is in )Z', since, foranyn € N, u,, € HS(Q) and
W, is a measure with a finite number of atoms such that p,(RV) < c,% w(@®Y) <

c,% < 1. Moreover, (u,, uy) 5 (u, u) as n — o0, because u,, — u in HS(Q)

(hence weakly in Lz*(Q)) and, for any ¥ € C8 (RN,

[ v = [ ve
RN RN

2 s |2 ~ 2 n— o0
=2 / w‘(—A)m‘ dx+/ Vdii+ Y piv(x) ) = / vdpu.
RN RN = RN

) 3 <
(—A)fu‘ dx+/ Vendiv ¢y Y wiv(x))
RN j=1

Finally, evaluating the functional F, we have

2*

n 2*

Fup, ) = / c,% lul* dx + S*Z <c,%,uj) :
Q i
j=1

*

n 2
2% 2% * 7
c ul“dx + S ; — F(u, ), asn — oo.
1 (/QI | E u,) 2 .

j=1

3.2. Concentration of optimal functions

Here we show that, due to the I'"-convergence result, the maximizers {u;} for the
variational problem (3.1) concentrate energy at one point xo € Q when & goes to
zero. The key result is the following optimal upper bound for the limit functional F
on the space X.

Lemma 3.7. For every (u, u) € X, we have
F(u,p) < 8* (3.25)
and equality holds if and only if (u, u) = (0, dy,) for some xo € Q.

Proof. We adapt the argument in the proof of [1, Lemma 3.6] for the case s = 1,
using the well-known convexity trick by P.L. Lions.
For every (u, ) € X, by the Sobolev inequality (2.1), we have

*
2*

2% * — % * s |2 27 * —
F(u,,u)E/Q|u| dx+5*Y u? <s /RN‘(—A)ZM‘ dx) +5> ul.
Jj=1 j=I1
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Now, by the convexity of the function ¢ +— tzT, for every fixed s € (0, N/2), we
get

*

2
s 12 7 o2
F(u,u)fS*(/ ‘(—A)iu‘ dx) +S*X:,uj2
RN =
2*

o0 %
<5 ([ oo s3] = s ue) <5

which proves (3.25).

Note that equality clearly holds if (u, ) = (0, éy,), for some x¢ € Q.

Assume that equality in (3.25) holds for some pair (u, u) € X. Then, each
inequality in (3.26) is in effect an equality. In particular, we deduce ;i = 0. Ifu # 0
then we also deduce by convexity that v ; = O for every j. In turn, this fact yields
u = |(—A)%u|2dx and u € H“(Q) is optimal in Sobolev inequality (2.1), which
contradicts Theorem 2.1. Thus, u = 0, equation (3.26) and the strict convexity
implies that o = 8, for some xo € Q as claimed. O

(3.26)

Proof of Corollary 1.2. Now, by Theorem 1.1 and standard I' " -convergence prop-
erties, it follows that every sequence of maximizers of F, which is in the form
{(ug, |(—A)%u$|2dx)} in view of Proposition 3.1, must converge (up to subse-
quences) to a pair (u, ) € X which is a maximizer for F,i.e.,

(ué‘a

By Lemma 3.7, we have the upper bound F(u, 1) < S* for every (u, u) € X and
the equality is achieved if and only if (u, ) = (0, 8y,) for some xo € Q2. Hence,

(—A)2u,

2
dx) 5 (u, w), with F(u, u) = max F.
X(©Q)

it follows that (u,, |(—A)%u8|2dx) = (0, 8x,), which is the desired concentration
property for the energy density. O
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