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A perturbation result for the Riesz transform

BAPTISTE DEVYVER

Abstract. We show a perturbation result for the Riesz transform: if My and
M are complete Riemannian manifolds which are isometric outside a compact
set, we give sufficient conditions so that the boundedness on L” of the Riesz
transform on M\, implies the boundedness on L? of the Riesz transform on M.
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1. Introduction

Let (M, g) be a Riemannian manifold. The Riesz transform problem, namely giving
conditions on p and on the manifold such that the operator d A~!/2 — the so-called
Riesz transform — is bounded on L7, has recently undergone certain progress. A
pioneering result which goes back to 1985 is a theorem of D. Bakry [2] which
asserts that if the Ricci curvature of M is non-negative, then the Riesz transform
on M is bounded on L? for every 1 < p < oo. However, it is only recently that
some progresses have been made to understand the behaviour of the Riesz transform
if some amount of negative Ricci curvature is allowed. A general question is the
following:

Question 1.1. What is the analogue of Bakry’s result for manifolds with some
(small) amount of negative Ricci curvature?

Here, the smallest of the negative part of the Ricci curvature Ric_ should be
understood in an integral sense, i.e. Ric_ € L" (du), for some value of r and some
measure di. A partial answer has been provided by T. Coulhon and Q. Zhang
in [11], where it is shown essentially that if the negative part of the Ricci curvature
is smaller in an integral sense than a constant ¢ (depending on the geometry of the
manifold under consideration), then the Riesz transform is bounded on L? for every
1 < p < oco. However, this result is not entirely satisfying, since it does not say
what happens if the integral of the Ricci curvature is bigger than the threshold ¢:
thus, it does not cover the case of manifolds having non-negative Ricci curvature
outside a compact set. Unlike manifolds with non-negative Ricci curvature, man-
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ifolds with non-negative Ricci curvature outside a compact set can exhibit several
ends, as well as more complicated topology (although it is far from being clear
how to quantify this), and it has been known for already some time that Bakry’s
result stated as such cannot hold for manifolds with non-negative Ricci curvature
outside a compact set. Indeed, as is shown by G. Carron, T. Coulhon and A. Hassell
in [5], the Riesz transform on R"#R", the connected sum of two Euclidean spaces,
isbounded on L? ifandonly if 1 < p < n (1 < p <2ifn = 2). In the same paper,
the authors also prove that if the manifold has only one end and is isometric outside
a compact set to R”, then the Riesz transform is bounded on L? forall 1 < p < oo.
The method of the proof — using the so-called b-calculus — was pushed further by C.
Guillarmou and A. Hassell in [17] in order to study the Riesz transform on asymp-
totically conical manifolds: (a particular case of) their result is that when we “glue”
(that is, perform a connected sum construction) together several conical manifolds
of dimension 7, then if there is more than one end, the Riesz transform is bounded
on L? iff 1 < p < n; and if there is only one end and the manifold is isometric
outside a compact set to a conical manifold My, then the range of boundedness of
the Riesz transform is the same as it is on M. The results cited above are in fact
perturbation results for the Riesz transform, and one can reformulate them in the
following way:

Theorem 1.2 ([5], [17]). In the class of connected asymptotically Euclidean (or
more generally asymptotically conical) manifolds of dimension n, the boundedness
of the Riesz transform on LP is stable:

1. Under “gluing” (that is, connected sum construction), and change of both the
metric and the topology on a compact set, if | < p < n.
2. Under change of both the metric and the topology on a compact set, if p > n.

It is however a result very specific to the class of manifolds under consideration: the
proofs rely on a precise study of the kernel of d A~!/?, using the difficult techniques
of b-calculus, for which we need a precise description of the structure at infinity of
both the manifold and the metric. There is thus no hope to generalize these proofs
to general manifolds with non-negative Ricci curvature outside a compact set.
Then G. Carron proved in [4] a key perturbation result, which is more general.
For n > 2, let us say that a Sobolev inequality of dimension n holds on (M, g) if

2 = ClV fll2, Vf e Co(M). (Sn)

Let us define:

Definition 1.3. The Sobolev dimension ds(M) is the supremum of the set of n such
that the Sobolev inequality (S,,) of dimension # is satisfied on M (in the case where
no Sobolev inequality is satisfied on M, we let by convention dg = —00).

The Sobolev dimension needs not be equal to the topological dimension of M,
in fact if dg(M) # —oo, one has only the inequality

ds > dim(M)
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(see [21]). For asymptotically conical manifolds, the Sobolev dimension and the
topological dimension coincide, but H”, the hyperbolic space of dimension n, has
ds(H"™) = 4o00. Let us introduce the following definition:

Definition 1.4. Two manifolds My and M, are said to be isometric at infinity if
there are two compact sets Ko and K1, of My and M respectively, such that My\ Ko
is isometric to M1 \ K.

Notice that by [3, Proposition 2.7], if My and M are isometric at infinity then
ds(Mp) = ds(M;). Carron’s perturbation result [4] states as follows:

Theorem 1.5. Let My and M| be complete Riemannian manifolds (not necessarily
connected), isometric at infinity, which satisfy ds > 3 and with Ricci curvature
bounded from below. Assume that the Riesz transform on My is bounded on L? for

some p € (d;i—fl, d5>. Then the Riesz transform on My is bounded on LP .

The fact that the manifolds are not supposed to be connected in this result
allows one to get boundedness results for the Riesz transform when performing
connected-sum constructions: for example, as a corollary, Carron recovers the fact
that the Riesz transform on R"#R", the connected sum of two copies of R”, is
bounded on L? for 1 < p < n (under the limitation that n > 3). Theorem 1.5
extends (1) of Theorem 1.2 to a much more general class of manifolds, namely
to manifolds with Ricci curvature bounded from below, and satisfying a Sobolev
inequality — the dimension parameter up to which we can “glue” together two
such manifolds while preserving the boundedness of the Riesz transform being the
Sobolev dimension dg. Thus, we see that rather than the topological dimension, an
important quantity from the point of view of the perturbation theory for the Riesz
transform is the Sobolev dimension.

A way to rephrase Carron’s result is that for p < ds, the boundedness of the
Riesz transform on L7 is preserved under gluing and perturbation of both the metric
and the topology on a compact set. Thus, for example, the boundedness of the Riesz
transform on L” for any 1 < p < oo is preserved under gluing, perturbation of the
topology and of the metric in the class of manifolds whose ends are isometric to
H" at infinity. However, when dg < oo, Carron’s result does not say anything
concerning the generalization of (2) of Theorem 1.2: explicitely, when p > dg,
what happens for the boundedness of the Riesz transform on L? if we start with
a manifold with one end, and we change both the metric and the topology on a
compact set, without making any gluing, i.e. preserving the fact that the manifold
has only one end?

Let us mention at this point a perturbation result of Coulhon and Dungey [6]
which investigates what happens for the Riesz transform if we change the metric
and the Riemannian measure. Under quite mild conditions on the perturbation, they
show that the boundedness on L? of the Riesz transform is preserved under a change
of metric and of measure, for any 1 < p < oo. However, their main assumption is
that the underlying manifold is the same, that is they allow no change of topology
at all, and their method relies crucially on this assumption. As a consequence, it is
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not possible, using their result, to obtain either (1) or (2) of Theorem 1.2, even for
the case of the Euclidean space.

In the article [13], we used Carron’s perturbation result to answer Question 1.1
for the case p < dg: under the assumptions that M satisfies the Sobolev inequality

of dimension d > 3, that the negative part of the Ricci curvature is in LN L,
and that the volume of balls of large radius R is comparable to R¢, we show that
the Riesz transform is bounded on L” for 1 < p < d. If in addition there are no
non-zero L? harmonic 1-forms, we also prove that the Riesz transform is bounded
on L? forall | < p < oo. However, it is expected that this last assumption is too
strong to get the boundedness on the whole (1, 0o), more precisely in [13] we made
the following conjecture:

Conjecture 1.6. Let M satisfying the Sobolev inequality of dimension d, with

Ric_ € L3N L® and such that the volume of balls of large radius R is compa-
rable to RY. If M has only one end, then the Riesz transform on M is bounded on
L? forevery 1 < p < oo.

In other words, is the presence of several ends the only obstruction in this class
of manifolds to the boundedness of the Riesz transform on L? forall 1 < p < o0?
Motivated by this conjecture, we generalize in this article both Theorem 1.2 and
Theorem 1.5. We will assume that the manifold satisfies a Sobolev inequality so that
dg, the Sobolev dimension, is greater than 2, and we will be interested in extending
the mentionned perturbation results Theorems 1.2 and 1.5 to the case where p > dj.
First, we define the hyperbolic dimension of M to be (see Section 1)

Definition 1.7. The hyperbolic dimension dy (M) of M is the supremum of the set
of p such that M is p-hyperbolic.

Our main result shows first that dg — and not dg as Carron’s result seems to
indicate — is the relevant quantity to be considered when gluing is performed; and
secondly, we are able to generalize (2) of Theorem 1.2 under much more general
assumptions. Our result writes:

Theorem 1.8. Let My, M| be two Riemannian manifolds (not necessarily connect-
ed), isometric at infinity, whose Ricci curvatures are bounded from below and which
satisfy ds > 2. We assume that the Riesz transform on My is bounded on L? for

P € [po, p1) with
ds
dg — 1
po =2 if2 <ds <3,

<po<2 ifds>3,

and p; > %. Then the Riesz transform on M, is bounded on LP for p €
[po, min(dy (M), p1)). If furthermore M| has only one end, then the Riesz trans-

form on My is bounded on L? for p € [po, p1).

‘We now make a certain number of comments about this result:
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Remark 1.9.
1. We will prove in Section 1 (Proposition 2.11) that if the Riesz transform on M
is bounded on L? for p € (%, 2],then

ds(M) < du (M),

so that under this mild assumption our result indeed generalizes Carron’s result
(up to endpoints of the range of boundedness). Our result says that dg, and not
ds, is the relevant quantity to be considered when we perform a gluing. How-
ever, due to the fact that the behaviour of the Riesz transform is not known for
many examples, we do not know (although we think there exists) an example of
a manifold M on which the Riesz transform is bounded on L? for p € (po, p1)
with p; > ds and dy > ds. Nonetheless, we will see in Corollary 1.13 an
application using dy and not ds.

. In the case where M has only one end, this result extends point (2) of Theorem

1.2 to the class of manifolds satisfying a Sobolev inequality. This provides evi-
dence in favour of Conjecture 1.6, and it could be also a necessary tool to prove
it, in the same way that we used Carron’s result [4] in [13] in order to prove
boundedness of the Riesz transform on L? for p < ds.

. We expect that the hypothesis that M satisfies a Sobolev inequality is too strong.

A more reasonable hypothesis would be that My satisfies the relative Faber-
Krahn inequality, which is equivalent (see [15]) to the fact that My has the vol-
ume doubling property is doubling and that the heat kernel of the Laplacian
satisfies a Gaussian upper estimate.

. We are not able to treat the upper endpoint of the range of boundedness. How-

ever, in all the known cases (except when the interval of boundedness of the
Riesz transform has 2 as an endpoint, for example (1, 2] in the case RQ#RZ), the
range of boundedness of the Riesz transform is an open interval, i.e. the Riesz
transform is not bounded at the endpoints, and thus our limitation is not so dis-
turbing. We also need to assume the technical condition p; > dj—fz, which is
satisfied in most cases, and in all the interesting cases covered by Carron’s result,
when ds > 4.

. Recall that in Carron’s result, one needs to assume ds > 3. In our result, we can

allow dg = 3, but in this case we can conclude only for the p’s which are larger
that 2. Also, we need that p; > d;i—f2 = 3, thus Theorem 1.8 gives for example

that the Riesz transform on a manifold isometric at infinity to R? is bounded on
L? for all 2 < p < o0, but does not tell us anything about the Riesz transform
on the connected sum of two copies of R3, although we know that it is bounded
on L? for1 < p < 3 by [5].

Theorem 1.8 has a certain number of interesting corollaries, which we describe now.
The first three of them follow from Theorem (1.8) with the hypothesis “M; has only
one end”, and the last one uses the hyperbolic dimension dg. First, we recover a
particular case of a result of C. Guillarmou and A. Hassell [17] on asymptotically
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conical manifolds, without using the heavy machinery of b-calculus — as in [17],
this uses H.Q. Li’s result [18] about the Riesz transform on conical manifolds.

Corollary 1.10. Let M| be a complete Riemannian manifold, isometric at infinity
to a conical manifold My = R; X N, with (N, h) connected and compact of di-

mension n — 1 — that is, My is endowed with the metric g = di* + t2h. Let A be
the first non-zero eigenvalue of the Laplacian on N, and let

n

n +n—22
2 : 2

(with pg = o0 if A1 = n — 1 by convention). If n > 3, then the Riesz transform on
M is bounded on L? when 1 < p < po, and is unbounded on L when p > py.

po ‘=

Furthermore, we also have the following two new results:

Corollary 1.11. Let M be a complete Riemannian manifold with one end, isometric
at infinity to a manifold with non-negative Ricci curvature. We assume that on M
the following volume estimate holds: there is 0 € M and v > 2 such that

V(o,R) > CR", VR > 1,
then the Riesz transform on M is bounded on L? forall 1 < p < oo.

Corollary 1.12. Let M be isometric at infinity to a connected, simply connected
nilpotent Lie group (endowed with a left-invariant Riemannian metric). Then the
Riesz transform on M is bounded on L? for every 1 < p < oo.

Finally, we have the following corollary, which is also new:

Corollary 1.13. Let n > 3, and let N be a manifold which is q-hyperbolic for
some q > n, and which has Ricci curvature bounded from below. Then the Riesz
transform on M = N#R", the connected sum of N and R", is not bounded on
L? forn < p < o0o. In particular, the Riesz transform on the connected sum
R"#H" of an Euclidean space and a hyperbolic space is not bounded on L? for
anyn < p < oo.

The organization of this article is as follows: in Section 2, we review classical
results concerning the notion of p-hyperbolicity, and prove some results concerning
the hyperbolic dimension. In Section 3, we prove Theorem 1.8 and its corollaries.

ACKNOWLEDGEMENTS. This article is part of the PhD thesis of the author. The
author would like to thank his advisor G. Carron, for inspiring discussions and
support.
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2. About p-hyperbolicity

In this section we recall some notions concerning p-hyperbolicity that will be needed
in the sequel. General references are [8] and [14]. We will assume that the mani-

fold is connected. We will also assume that it is smooth, so that local elliptic theory

applies. In particular, we will make use of the local Sobolev injections, of the trace

theorems and of Poincaré inequalities for bounded domains. For references on this,

see [21] and [23]. Letus fix 1 < p < oo.

Definition 2.1. We say that a Riemannian manifold (M, g) is p-hyperbolic if for
every non-empty, relatively compact open subset U of M, there exists a constant
Cy such that

[isr=co [ 1wrr. gecEan.
U M
As in the case p = 2, we have the following:

Proposition 2.2. (M, g) is p-hyperbolic if and only if there exist some non-empty,
relatively compact open subset U of M and a constant Cy such that

[rr=co [ wers pecran.
U M
We write the proof for the reader’s convenience.

Proof. It is enough to show that for every smooth connected open set W containing
U, there exists Cy such that

/Ifl”wa/ VIR, f e CR M),
w M

Let V be a non-empty, smooth open set such that V. CC U and define Q :=
W\ V (V being the closure of V). Take V so that the boundary of every connected
component of €2 has non-empty intersection with V. We will need the following:

Lemma 2.3. There exists a constant Cq such that

1 1lp = CallV fllps VfeCpn(), 2.1)

where C}y_\ () is the set of smooth functions on Q taking value 0 on 3V (the
index D — N stands for “Dirichlet-Neumann”).

Let us assume for a moment the result of the lemma, and let us conclude the
proof of Proposition 2.2. Let p be a smooth function whose support is included in
U,suchthat p =1on V. Then

Hferowy < Hpflleowy + 11— p) fllLerw)-
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Since ||of ||Lrw) = Ilof|lLr (), Wwe have by hypothesis
llofleewy < CullV (N < Cu (I1FVellp + 110V fllp) -

On the other hand, |[oV f1|, < |lpllellV f1l»,and by hypothesis, since the support
of Vp is contained in U,

HfVellp = IVelleoll fllLrwy = CIIV fllp.
It remains to treat the term ||(1 — p) f||z»(w). Thanks to Lemma 2.3, we obtain

(L= p) fllLrawy < CUV (L= p) ) 1lp < C IV +1ollocl IV F1Ip) 5
and we bound as before ||V (of)||, by C[|V fllp. O

Proof of Lemma 2.3. Working separately with each connected component of 2, we
assume without loss of generality that €2 is connected. By contradiction, suppose
there exists a sequence of functions f, € C7 , (2) such that || f,[|L» = 1, and

IV fullLr = 0. Since WP (Q) is reflexive for 1 < p < oo, up to the extraction of
a subsequence we can assume that the sequence ( f;),cn converges weakly to f in
WLP(Q). But we have the compact Sobolev injection WLP(Q) < LP, therefore
(fn)nen converges strongly in L?, and as a consequence it converges strongly to
f in WhP(Q). The function f then satisfies Vf = 0 in the weak sense, and
this implies that V f = O strongly, hence f is constant since Q2 is connected. In
addition, the trace theorem for W!-? shows that f|3y = 0, and therefore f is zero.
This contradicts the fact that || /||, = 1. ]

We will also use another characterisation of p-hyperbolicity. Let us define
first:

Definition 2.4. If U is a non-empty, relatively compact open subset of M, we define
its p-capacity by

v

1)

= inf{ ), IVul? : u € C§°(M) such thatu|y = 1}.

Capp(U) = inf{fM [VulP : u € C§°(M) such that u|y

The last inequality in this definition follows from the fact that the “truncation” of a
function u up to height 1 on U decreases the energy [,, |Vu|?. For a detailed proof,
see [14, Corollary 7.5]. With this definition, we have the following characterisation
of the p-hyperbolicity:

Theorem 2.5. (M, g) is p-hyperbolic if and only if the p—capacity of some (all)
non-empty, relatively compact open set is non-zero.
For a proof, see [24, Proposition 2.1].

Remark 2.6. With the result of Theorem 2.5, it is easy to see that if M is p-
hyperbolic for some 1 < p < oo, then M has infinite volume.
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Corollary 2.7. A Riemannian manifold (M, g) is p-hyperbolic if and only if one of
its ends is p-hyperbolic.

Proof. 1t is enough to find a non-empty, relatively compact open subset 2 of M,
whose p-capacity is non-zero. We take Q2 such that M\ Q = M|\ By U...U Mg\
By, the M; being the (closed) ends of M, and the B; being non-empty, relatively
compact open subsets of M;. Using the fact that the p—capacity of a non-empty,
relatively compact open subset U is equal to

inf{/ [Vul? :u € Cg° suchthatu|U51},
M\U
we see that

k
Cap,(Q) = Y _ Cap)/'(B)).
i=1

By hypothesis, one of the M; is p-hyperbolic (M| for example), which implies
Capg]l(Bl) > 0, and therefore Capp(Q) > 0. ]

The main result of this section is the following proposition concerning p-hyperboli-
city and the Riesz transform:

Proposition 2.8. Let (M, g) be a Riemannian manifold, which is p-hyperbolic for
acertain 1 < p < 0o. We assume that the Riesz transform on M is bounded on L? .
Then A=V2 . LP — Lf;c is a bounded operator. Conversely, if the Riesz transform
is bounded on L1, q being the dual exponent of p, and if

AV2opp P

loc’
is a bounded operator, then M is p-hyperbolic.

Proof. Recall that the domain L? of A'/? is defined as the set of functions 4 in

L? such that % has a limit in L” when ¢ tends to 0. We will first prove the
following:

Lemma 2.9. For1 < p < oo, CSO(M) is contained in the domain LP ofAl/Z, and
AI/ZC(‘)’O is dense in LP . Furthermore, ifu € C{°(M), then ATV2ZAVZYy =y,

Proof. If u € C3°(M), we write

o0
A2y = ATV2 Ay = / eit‘/EAu de,
0

and we separate the integral in fol + /{° = I + L. In order to bound the L? norm
of 11, we use the fact that Au € L? and that ||e_’*/K||p,p < 1, which yields

1l < [1Aullp.
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For I», we use the analyticity of e VAonLP , which implies that

Jaes] <%
pp 12

Consequently, we obtain || I2||, < C||u||p, which gives that A2y e LP.

Let us now show that AI/ZC(‘)’O is dense in L”. First, (A + 1)C{° is dense
in L?: indeed, if v € L4 is orthogonal to (A + 1)C§° (where ¢ is the conjugate
exponent of p), then we have in the weak sense (A + 1)v = 0, and this implies by
a result of S.T. Yau (see [20, Theorem 4.1]) that v is constant, then that v is zero
since M is of infinite volume by Remark (2.6). So (A+1)C{° is dense in L”. Then,

A2 (A 4+ 1) is a bounded operator on L”: to see this, we write

AI/Z (A + 1)—1 — /00 AI/ZE—I(A—FU dr,
0

and we use the analyticity of e~'2 to say that

HAl/ze"AH << Vi > 0.

pp T AT
Now, we write
A2CE = A2 (A +1)7HA 4+ DY,
and since (A +1)C§° is dense in L”, and that AYZ (A + 1)7!is continuous on L,
we have to see that the range of AY2Z(A+1)"lisdensein L?. But (A + 1)~ LP =
Dy(A), the domain L? of the Laplacian. So we have to see that AI/ZDI,(A) is
dense in L. But D, (A) contains AV 2C8° by the first part of the lemma: indeed,
if g e C3°,
AA2g) = A (Ag),
and this is in L? since Ag € L?. Therefore AI/ZDP(A) contains A1/2A1/2C8° =
AC{°, which is dense in L” again by Yau’s result.

It remains to show that when u € C(‘)X’, then A—1/2A1/2

u = u. We write

0
A_1/2A1/2u=/ e VANV 4

0
* d
=/ - (e_t*/zu) dr
0 dt
—u— lim eV,
t—>00

By the spectral theorem, lim;_, o ™* vy converges in L to the projection of u on
the L?—kernel of A. But by Yau’s above-mentionned result and the fact that M has
infinite volume, the L2—kernel of A is reduced to {0}, and therefore

ATVZAVZYy =y O
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Now, we come back to the proof of Proposition 2.8. We consider the first part of
the proposition. Let 2 be a non-empty, open, relatively compact set in M. The fact
that the Riesz transform is bounded on L7 is equivalent to the inequality

IVull, < CllAYull,,  VueC.
Since M is p-hyperbolic, we also have the inequality
ullLr@) < ClIVullp, Yu € C§°.
Combining these two inequalities, we obtain
lullLr) < CHIAYull,,  Vu e C5°.
Fix u € C§°, and define v = AY2y. Since u € C;°, by Lemma 2.9 we have

ATVIAVZY, — gy

1/2 172

and thus v is in the L? domain of A~
we obtain

,and moreover A~ "/“v = u. Consequently,

AT 0] |10y < Clivl]p.

This is true for every v € AI/ZCSO, but by Lemma 2.9, A1/2C8° is dense in L7,
and thus we obtain that

AT 20| p@ < Cllvll,, Yo e LP,

which is the result of the first part.
For the converse, we start with the assumption that there is a constant C and a
non-empty, open, relatively compact set €2 such that

AT Y20 r@ < Cllvll,, Yo e LP.

Apply this to v := A2y foru e C§° (M) (which is licit by Lemma 2.9), and using
that A~1/2y = u gives

llullLr@y < ClIAY2ull,,  Yu e C(M).

But it is well-known that the boundedness of the Riesz transform on L4 for é + % =
1, implies the following dual inequality: there is a constant C such that

1A 2u)|, < C|IVull,,  Yu e C(M).
As a consequence, we get
llullLr@ < ClIVull,,  Vu € C(M),

i.e. M is p-hyperbolic. O
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To conclude this section, we prove an inequality, announced in the introduc-
tion, involving the hyperbolic dimension and the Sobolev dimension. First, recall
the definition given in the introduction:

Definition 2.10. The hyperbolic dimension dy of M is defined as the supremum of
the set of p such that M is p-hyperbolic.

By Corollary 2.7, the hyperbolic dimension is the supremum of the hyperbolic
dimension of the ends, and this implies that if My and M are isometric at infinity,
then

dy(Mo) = du (My).

Notice that (to the author’s knowledge) it is not known in full generality that the set
of p such that M is p-hyperbolic is an interval; of course, by Proposition 2.8, this
is true if the Riesz transform on M is bounded on L” for 1 < p < co. We have the
following consequence of Proposition 2.8, announced in the introduction:

Corollary 2.11. Let M satisfying ds > 2, and assume that the Riesz transform on
M is bounded on LP for p € (d;i—fl, 2]. Then

dy > ds.
More precisely, M is p-hyperbolic for every2 < p < ds.

Proof. Denote d = dg,and let2 < p < d. By Varopoulos [25],
ATV2 P o L,

and in particular
ATVZLp 5 Ll
ocC

By hypothesis, the Riesz transform on M is bounded on L7, g being the dual of p,
for every 2 < p < d. The result follows now from Proposition 2.8. O

3. Proof of the main results

This section is devoted to the proof of Theorem 1.8 and its corollaries, announced in
the introduction. We will extend the proof of [4, Theorem 1.5], in order to get rid of
the condition p < dg. For the convenience of the reader, we have divided the proof
in several subsections. First, in subsection 1, we introduce several definitions and
notations. In Subsection 2, we recall the construction of [4]. In Subsection 3, we
prove Theorem 1.8 in the case of several ends. In Subsection 4, we prove Theorem
1.8 in the case of one end. Finally, in Subsection 5, we prove the corollaries of
Theorem 1.8.
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3.1. Definitions and notation

Notation 3.1. we will write s( f) for the support of f.

Let K1 be a compact set of M; with smooth boundary, such that M; \ K is
isometric to the complement of a compact set of My, and K,, K3 compact sets of
M7 with smooth boundaries such that K1 C Ky C K3 and such that K; is contained
in the interior of K; fori < j.

We define 2 := M; \ K. Let (oo, p1) be a partition of unity such that p1|g, =
1,5(po) C 2 and s(p1) C K,. We also take ¢g and ¢; two smooth functions, such
that s(¢g) C 2,5(¢1) C K3 and such that ¢; p; = p; fori = 1, 2. Furthermore, we
assume that ¢y |, = 1.

supp po . Supp po

N\

sSupp po supp po

We denote by A the closure of a relatively compact, smooth open subset containing
s(dpp). We can arrange so that the distance between A and s(pg) is non-zero.
Moreover, we can arrange so that A is a disjoint union of connected “annuli” A;,
each annulus corresponding to an end of M.

3.2. About Carron’s proof of Theorem 1.5

G. Carron’s proof of Theorem 1.5 consists in building a parametrix for the Riesz
transform: the idea is to build first a parametrix for e—oVA ; then by the formula

o0
0

the parametrix for e—oVa integrated in time yields a parametrix for A~1/2, and by

differentiation in space, for the Riesz transform d A~!/2. Therefore Carron’s proof
is in two steps: first, the construction of a good parametrix for e~oVA , such that
when integrated in time and differentiated in space, it yields a parametrix bounded
on L7 for the Riesz transform. And secondly, one needs to prove that the error term
between the parametrix and the Riesz transform is also bounded on L”.

Explicitly, Carron takes for the parametrix of e~oVA,

E(a, 1) = goe "V pou + 9re= VB pu, Yu € C°(M),



950 BAPTISTE DEVYVER

where Ag is the Laplacian on My, and A is the Laplacian on K3 with Dirichlet
boundary conditions. Here, pou has been naturally identified to a function defined
on My. Then we have the following formula:

82
eV = E(o,u) — G [(——2 + A) £(o, u):| , 3.1)
do
where G is the Green operator of (— % + A) on R x M with Dirichlet boundary

conditions on the boundary {0} x M. Indeed, both the right and the left hand side
are solutions of the Dirichlet problem

Lo(t, x) =0, Vi, x) e Ry x M,
vlor.xm = (0, ) =u

where L is the elliptic operator L := _337 + A acting on functions on Ry x M,
and formula (3.1) follows by a uniqueness result for the solution of the Dirichlet
problem (for more details, see the related proof of [13, Proposition 5.2.1 ]). The

term G [(—a‘% + A) E(o, u)] is the error term in the parametrix of ¢=VA When

integrated and differentiated, the above parametrix for e~oVA yields a parametrix
for the Riesz transform, which is explicitely

i
—12 —12
R = Z¢idAi P + (doi)A,; " pi.
i—0

Let us explain why R is a good parametrix for p < dgs, i.e. is bounded on L”
if p < ds. First, dA, 12 is the Riesz transform on My, which is bounded by
hypothesis. Also, ¢1d Al_l/ 2 p1 is a pseudo-differential operator with compact sup-
port, and hence is bounded on L?; (dgo) A, 12 po 1s an operator with smooth kernel

and compact support, hence is bounded on L”. Finally, the operator (dgo) A, 1/2 00
is bounded on L? if p < dg, which comes from the facts that dgg is compactly
supported and that for p < dg,

AV LP > L

The second part of Carron’s proof is to show that the error term when we approxi-
mate d A~!/2 by R can be controled on L? if p < ds.

In order to improve Carron’s result, two things have to be done: first, to find a
parametrix for the Riesz transform which is bounded on L? for p > dg, and sec-
ondly, to improve the estimates of the error term in order to show that it is bounded
on L? for p > ds, and not only for p < ds.
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3.3. The case where M has several ends

In this subsection, we prove Theorem 1.8 in the case where M has several ends.
We first remark that under our hypotheses, the boundedness of the Riesz transform
of My on L? for p € [po, 2] is a consequence of Carron’s work [4] and we do not
improve it. We will only prove boundedness in the range [2, min(dg, p1)). We take

the same parametrix for ¢~V a5 in Carron [4]:
(o, 1) = poe™ "V pou + 17V pyu.

The main observation is that when p € [2, min(p1, dn)), the corresponding para-
metrix for the Riesz transform R = d fooo E(o, ) do is bounded on L?. Let us
explain this now. We have seen in the previous paragraph that

1
—1/2 —1/2
Ri=) eidd; o+ dena; !

and that under the hypothesis of Theorem 1.8, the operators @odA, 172 00,
¢1dA;1/2p1 and (dwl)Afl/zpl are bounded on L” for p € (po, p1). It remains
the operator (d(po)Aa 1 2,00. By the fact that My satisfies the Sobolev inequal-
ity, Mo is 2—hyperbolic. Thus by the result of Proposition 2.8 and interpolation,
(d(pl)Al_l/zpl is bounded on L? if p € [2, dy). Therefore, R is bounded for every
p € [2, min(p1, dy)). All that remains to be done is to show that the corresponding
error term is bounded on L? when p € [2, min(py, dg)), and for this we need to
improve the error estimates of [4].

Let p € [2, min(p1,dpy)); we choose some fixed ¢ > e ds 5 satisfying p <
g < min(p1,dy). We will also take d close enough to dg, such that the Sobolev
inequality of dimension d is satisfied on M. We will choose d later, depending on
p. According to [4], the error term in the parametrix of the Riesz transform is dg,
where

g—f / G(o,s,x,y) |:(——+A) E(C,u) (s,y)i| do dsdy,
RixRixM

G being the Green function of <—§% + A) on M x R, with Dirichlet boundary
conditions on M x {0}. We let

82
(_W + A) E(o,u) = Jo(o, )+ fi(o,.),

where the functions f; are defined by

fito, =8 (7% o) — 2dei, Ve~ N pyu).
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In [4], estimates on the f; are shown. However, since we do not assume p < dg, the
corresponding estimates for fy will not hold in our case. Instead, we will estimate
a modified function fy, that we define by

foo, )= [Z vy (A¢o>(e“ 2 pou— (e pou) )} ~2{dpo. VeV pou),
j J

where A = LI;Aj, each A; being connected and smooth (see subsection 1 for the

definition of A), and <e“’\/A_0 ,oou)A denotes the average of e=oVBo pou on Aj.
j
We first show estimates on f] and fo:

Lemma 3.2. Ifao =d (% — %) > 0, then there exists a constant C independent of

u such that

1 fo(o, i + 11 fo(o, Il <

C
_mﬂuﬂpy Vo >0 (3.2)

and

[1f1(o, I + 11 f1(o, IIp = Yo > 0. (3.3)

W | |M||p,
Proof of Lemma 3.2. We begin with fi. In [4], it is shown that for some constant

A>0,
fi(o, I+ 1 fi(e, Iy <e*|ull,, Yo >0,

which of course implies

[lullp, Yo > 0.

[l f1(o, M+ 1 fi(o, Iy < m
7 . -1/2 . q EONINE .
Now we turn to fp. Since dA,, is bounded on L9(Mj), and e is analytic

on L" for 1 <r < oo (see [22] or [10], this comes from the subordination identity),
we have

C
[[Ve Vo, . < =, Yo > 0.
(o2
Also,
— C C
|le™ Ao”p,qfi:— Yo > 0.

We get in particular

—o /A —Z /A —2 /A C
VeV 20| pg < [IVe™ 2V lgglle™2 llpg = —a Vo > 1.

We also have (cf. [4])

||V670m||LP(U)—>L‘I(F) <C, Yo <1,
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if U is an open subset and F a compact set at positive distance from U. Therefore
we get

_ C
||Ve G‘/A—0||LP(U)~>L‘1(F) < m, Vo > 0. (34)

Using the fact that for every compact F', LY(F) — LY(F)and LY(F) < LP(F),
and given that the support of pp and A are disjoint, we obtain

l1dg0. Ve 20 pou) || 1 + [1(dgo. Ve~ pou)||r < oyl

Vo > 0.

It remains the term |:ZJ 1A_/- (Ago) <e_”*/A_0,00u — (e_“\/A—O,oou>A >:| We have,
J

by the LY —Poincaré inequality on each A ;:

ZlAj<A<po><e“ AOpou—(eWA_Opou)A) <CIIVe™ "0 poul a4,
F J,

LI(A))

Sm“uﬂp

Hence the estimates for fo. O

Now, we decompose g into g1 + g2, with
g1(x) 2/ G(o,s5.x, ) fols, y) do ds dy
R+XR+XM

+/ G(o,s,x,y) fi(s,y)do dsdy,
R+XR+XM

and
&m=;é

We have, in an equivalent way (cf. [4]),

G(0, 5, %, Va0 (Bgo) () (7Y™ pou)  dor dsdy.

+X]R+><M J

$2

2 —r? /472 e 1A (]EO(S, D)+ fi(s, )) dr | drds,
0

81 = —= €
ﬁ R+XR+

2

W2
82 = Z —/ e YA <1A,-(A§00) (e_smpou> > dt| drds.
7 VI IRy xRy 0 ' Aj

J
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In order to conclude the proof of Theorem 1.8 in the case of several ends, we have to
show that ||dg1]|, + ||dg21lp < C||ull,. This will be done in the next two lemmas.
Let us begin with:

Lemma 3.3. There exists a constant C such that for every u € LP,
lldgillp < Cllullp.

Proof. According to [4, Proposition 2.1], it is enough to show that ||g1]] ,+||Ag1l]p <
Cllul|p. The term ||Ag1]|, is the easiest: defining h := fo + f1., we have

52
=t
Ag) = e /4 A (e_’Ah(s, ) dr | drds
0

\/— R+XR+
2 =
2 w2
=—— e’ / — (e "h(s,.))dt | drds
VT IR, xR, o dt
2 2 —iA
= — e h(s,.) —e 27 h(s,.)| drds.
ﬁ R+XR+

Hence, by (3.2) and (3.3),

4 2
||Ag1||p_ﬁ e © |17 (s, )l p drds
+ X4

4 2 C
= 77 w9 ) el

= Cllullp.

For |[g1]]p, using

—tA
lle™ 2 1,p <

C
cn)

(ST

t
and (3.2), (3.3), we have

§2

_2 &2
||g1||p_f [ e /0 e~ 2h(s, )l dr | ds dr
+ XN

$2

_2 /472 C
Ry xRy 0 max(l 1205 )(1+s)1+a

\/—

1

drdr | 1lull,.
R+XR+ max (1 tz(l__)) (1 +2r1)e

A

de | dsdr| |ullp
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We separate the integral in ft 2t ft> ,—2 = I1 + . The integral I; is finite if and

only if
d 1
2(50-5)-1) <

d
p>—:.

d—1

which is equivalent to

Since p > po > %, we can choose d close enough to dg so that the inequality

p > % is satisfied. For I,

IzS/OOe—rQ (/oo . l_l L dt)dr

0 -2 505 (/D)
[Tt ( [ ;;dt) o
~Jo re \Jr—2 50-3) (VD)*

The integral in 7 is finite if and only if

d ! 1 n o ]
J— _—— — > ,
2 p 2

and recalling that o« = d (% — é) we find that it is equivalent to

Once again, since we assumed g > %, we can choose d close enough to dg so
that g > ﬁ is satisfied. The integral in r is then

/Ooe_rz ! dr
0 r(x—2<%(l—%)+%—l) ’

which is finite if and only if

1
a—d(l——)—a+2<1,
p

d
p=>——=

d—1’

which is satisfied by one of our previous assumptions on d. O

which is equivalent to
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Now we turn to estimate dg, which will conclude the proof of Theorem 1.8 in
the case of several ends.

Lemma 34.
[ldgallp < Cllullp.

Proof. According to [4, Proposition 2.1], it is enough to show that ||g2||,+
[|Ag2llp < Cllul|,. We begin to show that ||g2||, < C||u||,. We have

52
2 —r? 472,,A VA
x=y — e e 14.(A ( - u)
g2(x) ;ﬁ&xﬂh fo (A/( @o)|e ?po B
_52

r2 —sy/A ) —tA
—E Opou) e 14, A@p)(x)de|drds,
«/_ ]R+><]R+ /o ( Aj (L4, 00)

therefore

52
2 _2f [»2f 1 s JR A
lgally < —/ . / [ eV g ) e 1, de | ar s,
P ;ﬁ Ry xRy o \lAjl/a; r

where we have defined x := Agy = A(go — 1). Using the fact that ||e_’A||1,p <
~!A on L?, and the fact that ¢g — 1 is smooth with

>(x)dt dr ds

J

C ..
m, the analyticity of e
12 P

compact support,

C

xllp =
’ max (l, t1+%(1_%))

Furthermore, we have for every p > 1,
d 1
1+ - (1 — —) > 1,
2 P

o0
/ lle™" x|, dt < oo.
0

||e_ZA , YVt > 0.

and consequently

So

||g2||p<CZ/

/ efs‘/xo|pou| dr ds
R+XR+ Aj
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According to Proposition 2.8, A, V2.pp 5 1P L]

loc loc» Which implies that

llg2llp = Cllullp-

Let us turn now to Agy: as for g1, we have

4 _
leallp = 32 [ e (= VBpun) | sgm)| aras
j T 2 Aj p
o0
< CZ/ (e s‘/A_Opou) ds,

7 Jo Aj

and by the argument already used,
Z/ V&) | ds = Cllull

which concludes the proof. U

3.4. The case where M has one end

In this subsection, we prove Theorem 1.8 in the case where M| has only one end. As
we have already explained, the parametrix R for the Riesz transform constructed
by Carron has a term which is unbounded on L? when p > dg: more precisely, the
term (dp)A, 172 po is unbounded on L? if p > dy. Hence, we have to modify the
parametrix. The main idea is the following: notice that since M has only one end,
d is the supported in A which is a connected annulus. Since A is connected and
smooth, the L? Poincaré inequality in A holds, i.e. there is a constant C such that

|+
V— — v

A < C|lIVllp, Vv € C®(A).

LP(A)

Applying this to Aal/zpou foru € Cg°(M), we get for p € [2, p1)

where in the last inequality we have used the fact that the Riesz transform on My is
bounded on L? if p € [2,, py). This implies that the modified parametrix

—12 1 172
A, Y — AO/ ool

—1
i < C|IVAy P poull, < Cllullp,

LP(A)

1
_ _ _ 1 _
Fu=)"g;idA, l/zpiu-i'(d(f)l)Al1/2P1M+(d¢0)<A ‘%u—(—' A / A, ”%w))
A

i=0
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is bounded on L7 for every p € [2, p1). The corresponding parametrix for e~oVA
is given by

S(o,u) =E(0,u) — (9o — 1) (i / e’ A0p0u>,
1Al J4

i.e., there holds
o0
Fu= d/ S(o, u)do.
0

The supplementary term that we have added to the parametrix of VA g

1
_ _ —0+/ Ao
=D (IAI ./Ae pOM) ’

which vanishes when o = 0, since A and the support of pg are disjoint by hypoth-
esis. So we have, as should be,

SO, u) = u.

Notice also that since ¢y — 1 is compactly supported, the integral with respect to o
of this supplementary term is analogous to the term G3 in the parametrix of A~!/2
constructed by Carron-Coulhon-Hassell in [5]: its kernel £(x, y) is non-zero only
if x isin K3 and y isin M| \ K.

Thus, we have constructed a parametrix F for the Riesz transform, which is
bounded on L? for p € [2, p1). As in the proof of Theorem 1.8 in the case where
M has several ends, it remains to show that the error term is also bounded on L?.

We will use the calculations made in the previous subsection. This time, we
have (with f and fo defined as in the previous subsection)

92 N 1
(—ﬁ + A) S(o,u) = fi(o, )+ folo, ) — (9o — 1)(—/ Aoe_a‘/A_(’pOu> ,
o |Al Ja

Define )
fo(o, ) = (go—1) (— / Aoe_a‘/A_",Oou) .
1Al J4

We have the following estimates on f7, fo and fy:

Lemma 3.5. Ifa = d (l

e %), then for all 0 > 0,

el

C
Ilf1(o, D+ [Lfi(o, Iy = i+

O-)H-oz

~ ~ Cc
I1folo, )1 + [l folo, Illp < mllullp,
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and

- - c
Ilfo(o, DI + [ folo, Hllp = mllullp-

Once this lemma is established, the estimate of the error term proceeds as in the
proof of Theorem 1.8 in the case where M has more than one end. All we have to
do is thus to prove the above estimates.

Proof of Lemma 3.5. We already proved the estimates on f; and fo in Lemma 3.2.
It remains to treat fo. First, by analyticity of e™° VAg ,

C
[agevm|| <=, (3.5)
o

p:p

and therefore, using the fact that fy(o, -) has compact support independent of u,
= = C
Il.foCo, 1 + 1 folo, Illp,p < -

The proof will be complete once we show that Ag e~7vA0 is bounded LP (M \
As) — L°°(A) when o — 0 (where § is a strictly positive constant, and where
As is the set of points whose distance to A is less than §). For this, we use the
subordination identity:

2ﬁ 0 [3/29
so that
o0
Aoe_m/—Aoz_L/ o (D orao) 41 (3.6)
207 Jo ot 13/2

According to [12, Corollary 5] (see also [21, Theorem 5.2.15]), the Sobolev in-
equality of dimension d on My implies

apd(x, y)
ot

C d2(x.y)
e ¢

15+

=

, Y(x,y) € Mg x My, Vt > 0, 3.7

where p? (x, y) is the heat kernel on Mp. So, if 2 is an open set and F' a compact
set such that d(F, Q) > & > 0, then

2

ap?(x, C
LASIR expl—c=), Vi>0VieF VyeQ (38
5+ t

at
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We claim that the estimates (3.7) and (3.8) imply the existence of a constant (de-
pending on the lower bound on the Ricci curvature of M and of §) such that, if
r<1,

Indeed, denoting k;(x, y) =
k;, then

9 _
P A

<C. 39
a7 (3.9)

LP(Mg\As)—L®(A)

2
dIH exp (—cd([ﬁ) ,and K; the operator with kernel
t2

K, : L' (Q) = L®(F) (3.10)

is uniformly bounded when ¢ — 0: this comes from the fact that for r < 1,

Kl 1 @)sror) = SUp ki(x,y)
xeF, yeQ

- 1 g2
< exp | —c—
d
(5t1 t

<C.

Furthermore,
K;: L®(Q) — L®(F) 3.11)

is uniformly bounded when # — 0. This is equivalent to the following estimate, for
all ¢ small enough:

Supf ke(x, y) = C.
Q

xeF

Butfors < landx € F,y € Q, there holds

(3.12)

cd*(x,y)
2 ot '

ki(x,y) < Crexp <——

We then use the fact that the volume of balls of radius » is bounded by ¢*" for a
certain constant a, since the Ricci curvature is bounded from below on M ; therefore,
we deduce that if 7 is small enough so that for every x € F,y € ,

—— >aq,
2t

then by (3.12),

sup / ki(x,y) < Ca.

xeF JQ
Finally, (3.9) is obtained by interpolation from (3.10) and (3.11). Using in addition
the analyticity of e /20 and the fact that e"280 . P L, we obtain that

J _
— 10

at

VvVt > 0.

= [|a0e™

o | |LF(M0\A5)»L°°(A) = 1 ’
LP(Mo\As)—L>(A) t
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In particular,

0 _
— 1o

<dC, vt > 0.
ot

LP(Mo\As)—L>(A)

Using (3.6), we then obtain

o

<C, Vo > 0,
LP(Mo\As)— L (A)

and reminding of (3.5), we have

HAO e~Vho + HAO e~Vho < 7C ,
LP(My\As)—LP(A) LP(Mo\As)~L'(A) — (1 +0)2
Vo > 0.

Using the fact that the support of fo(o, -) is compact and independent of u, we get

. _ c
[l foCo, )1 + [l fo(o, ‘)Ilpfmllullp, Vo > 0. -

3.5. Proof of the corollaries to Theorem 1.8
In this final subsection, we give the proofs of Corollaries 1.10, 1.11, 1.12 and 1.13.

Proof of Corollary 1.10. Using the result of H.Q. Li [18] and noticing that the conic
manifold M satisfies dg =dim(Mp) > 2 and that pg > ds, we can apply Theorem
1.8 to get that the Riesz transform on M is bounded on 2 < p < po. The bound-
edness on L” of the Riesz transform on M; for 1 < p < 2 follows from Coulhon-
Duong’s result [7] and the fact that M, satisfies a Sobolev inequality. Now, if the
Riesz transform on M; were bounded on L? for p > pg, then applying Theorem
1.8 reversing the roles of My and M|, we would get that the Riesz transform on Mg
is bounded on L4 for every g € (1, p), which is false by H.Q. Li’s result. Therefore,
the Riesz transform on M; cannot be bounded on L” for any p > po. O

Proof of Corollary 1.11. According to [19], a complete manifold with non-negative
Ricci curvature satisfies the parabolic Harnack inequality; the parabolic Harnack
inequality being stable under rough isometries (see for example [16, Remark 5.5 ]
and [9, Theorem 7.1]), M also satisfies it. This implies in particular (see [16, The-
orem 2.7]) that M satisfies the volume doubling property, as well as the Gaussian
upper estimate of the heat kernel p;(x, y): there are two positive constants C and ¢
such that for every ¢ > 0,

R i CoF)
P =y S\ )
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Given our hypothesis on the volume of geodesic balls, we get for every compact F,
there is a constant C (F') such that

C(F) ( d*(x, y)
—exp | —c
12 t

pi(x,y) < ) Vx e F,Vye M, Vt > 1.

Also, for small time, if n denotes the dimension of M, we have

C(F d?(x,
pi(x,y) < Q)exp(—c@), Vxe F,VYye M, Vt < 1.
t2

In [12, Theorem 3] implies that forevery x € F, y € M andt > 1,
‘apt(an)‘ < C(F) d2(x,)’)
< — -exp | —c———
o1 4V (y, V)2 ‘
C(F) ( dz(x,y))
< — v exp | —c———
rat! («/?-I—d(x,y))2 4

C(F) cd*(x,y)
S gSXPl 55— |-
(2l 2 t

For small time, we get by the same argument that

ap:(x,y) <C(F) cd?(x,y)
- exp| —=
ot — gatl 2t

), Vxe F,Vye M, Vt < 1.

Thus, as in the proof of Theorem 1.8 for one end, we get estimate (3.9), i.e. for
every t > 0,

Also, the hypothesis on the volume of balls implies (see [4]) that for every compact
set Fin M,forall1 < p < g < oo,and foreveryt > 1,

9 _
1o

<C.
at

LP(Mg\As)—L®(A)

_ CK
He tA||LP(F)—>L‘7(M) = tv(%_%)'

Finally, we see that the proof of Theorem 1.8 applies, which, together with Bakry’s
result asserting that the Riesz transform on a manifold with non-negative Ricci cur-
vature is bounded on L? for every 1 < p < oo, gives that the Riesz transform on
M is bounded on L? for every 2 < p < oo. As previously explained, M satisfies
the doubling property, as well as a Gaussian upper-bound for the heat kernel, and
therefore, according to [7] , the Riesz transform on M is bounded on L” for every
l<p<?2. O
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Proof of Corollary 1.12. 1t is known by [1] that the Riesz transform on a simply-
connected nilpotent Lie group is bounded on L? for every 1 < p < oo. Also,
a simply-connected nilpotent Lie group has only one end. The Sobolev inequal-
ity on a simply connected, nilpotent Lie group is proved in [10, page 56]. The
boundedness on L? of the Riesz transform on M for 1 < p < 2 follows from
Coulhon-Duong’s result [7] and the fact that M satisfies a Sobolev inequality. Fi-
nally, we can apply Theorem 1.8 to get that the Riesz transform on M is bounded
on L? for2 < p < oo. O

Proof of Corollary 1.13. By an interpolation argument, it is enough to prove that
the Riesz transform on M is not bounded on L? forn < p < q. We proceed by
contradiction: let us assume that the Riesz transform on M is bounded on L” for
acertainn < p < ¢q. Then, since M is g—hyperbolic according to Corollary 2.7,
by applying Theorem 1.8 we find that the Riesz transform on M#M is bounded on
L", forsomen <r < p. But M#M = (R"#R™)#(N#N), and since M#M is also
q—hyperbolic, Theorem 1.8 implies that the Riesz transform on the disjoint union
of R"#R" and of N#N is bounded on L, for some n < s < r. But we know,
according to [5] that the Riesz transform on R"#R” is not bounded on L* if s > n;
hence a contradiction. O
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