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Heights of points with bounded ramification

LUKAS POTTMEYER

Abstract. Let E be an elliptic curve defined over a number field K with fixed
non-archimedean absolute value v of split-multiplicative reduction, and let f be
an associated Lattès map. Baker proved in [3] that the Néron-Tate height on E
is either zero or bounded from below by a positive constant, for all points of
bounded ramification over v. In this paper we make this bound effective and
prove an analogue result for the canonical height associated to f . We also study
variations of this result by changing the reduction type of E at v. This will lead
to examples of fields F such that the Néron-Tate height on non-torsion points in
E(F) is bounded from below by a positive constant and the height associated to
f gets arbitrarily small on F .

Mathematics Subject Classification (2010): 11G50 (primary); 37P30, 14H52
(secondary).

1. Introduction

By Kronecker’s Theorem the standard logarithmic height h of an algebraic number
vanishes precisely at zero and roots of unity. The height h is a non-negative function
and so one can ask whether the height of non roots of unity can get arbitrarily
small in the set of algebraic numbers. The classical example to see that this is the
case is the sequence {21/n}n2N, because we have h(21/n) =

1
n log 2. Northcott’s

famous theorem from 1950 (see [13]) implies that an upper bound on the degree of
an algebraic non root of unity yields a lower bound for its height. An interesting
question is which other properties of an algebraic number yield a lower bound of its
height. Of course, one can ask the same question for all kinds of height functions.
If E is an elliptic curve defined over the algebraic numbers, then we denote bybhE
the Néron-Tate height on E . Moreover, for a rational function f 2 Q(x) of degree
at least 2, we denote bybh f the canonical height associated to f . A point is called
preperiodic if its forward orbit is finite. The set of all preperiodic points of f will
be denoted by PrePer( f ). We will adopt a notation from Bombieri and Zannier
(see [6]) to these heights.
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Definition 1.1. Let L be a subfield of Q and f 2 Q(x) with deg( f ) � 2. We say
L has the Bogomolov property relative to bh f if and only if there exists a constant
c > 0 such thatbh f (↵) � c for all ↵ 2 L \ PrePer( f ).

If E is an elliptic curve defined overQ, we have a similar definition. We say L
has the Bogomolov property relative to bhE if and only if there exists a constant
c > 0 such thatbhE (P) � c for all P 2 E(L) \ Etor.

As we have bhx2 = h, the case f = x2 yields the definition of Bombieri and
Zannier. Let Qtr be the maximal totally real subfield of Q. Furthermore, let K be
a number field with non-archimedean place v 2 MK . Denote by Kab the maximal
abelian field extension of K , and by Knr,v the maximal algebraic extension of K
which is unramified above v. Now we can summarize the known examples of fields
with the Bogomolov property relative tobhE in Table 1.1. Of course, such examples
may depend on the choice of the elliptic curve E .

Field Restrictions Reference
finite extensions of Qtr none Zhang [19]
Kab E/K Baker, Silverman [3], [16]
totally p-adic of any type p � 3 Baker, Petsche [4]
finite extensions of Knr,v E/Kv a Tate curve Baker [3]
Q(Etor) E/Q Habegger [9]

Table 1.1. Fields with the Bogomolov property relative tobhE .

For the definition of a totally p-adic field we refer to Section 2. The result of Baker
is not stated explicitly, it can be found in [3], Section 5, Case 1. Notice that the
result of Baker and Petsche is effective. In their paper they also prove an effective
lower bound forbhE on Qtr , whenever E is defined over Qtr . The results of Baker
(see [8]), Zhang, and Baker and Silverman (see [5]) are also true in the setting of
abelian varieties. The generalization of a Tate curve in case of finite extensions of
Knr,v is an abelian variety which is totally degenerate at v. In this paper we will
prove an effective lower bound for Baker’s result.

For an elliptic curve E , defined over a field K with non-archimedean abso-
lute value v, and any e 2 N denote by ME

e (v) the set of points P such that the
ramification index ew|v is bounded by e for all w | v in MK (P).

Theorem 1.2. Let E be an elliptic curve defined over a number field K with split-
multiplicative reduction at a finite place v on K . Then there are effective com-
putable constants c0, c0T > 0, depending on the degree of K , e, v and the j-invariant
of E , such thatbhE (P) � c0 for all P 2 ME

e (v) \ Etor, and such that there are less
than c0T torsion points in M

E
e (v).

Northcott’s motivation for his theorem was to prove that an endomorphism of
an algebraic variety has only finitely many preperiodic points of bounded degree.
Here the degree of a point is the degree of the smallest number field over which the
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point is defined. A strong relation between elliptic curves and dynamical systems
in dimension one is given by Lattès maps. Let f be a Lattès map associated to
the elliptic curve E . It is easy to see that the Bogomolov property of a field F
relative to bh f implies the Bogomolov property of F relative to bhE . The converse,
however, is not true in general as we will see in Example 5.7. This example shows
also that the Bogomolov property relative to bhE is not preserved under finite field
extensions, a fact that is also known for the standard logarithmic height h. (The only
known counterexample is the field extension Qtr (i)/Qtr . See [2] for the first proof
of this, [1] for a very short proof and [14] for a proof using dynamical heights).
Hence, it is worth studying fields with the Bogomolov property relative to bh f . In
Proposition 2.4 we present a condition when a lower bound forbhE can be transfered
to a lower bound forbh f . In complete analogy to the definition of ME

e (v) above we
define Me(v) as the set of algebraic numbers ↵ such that the ramification index ew|v

is bounded by e for all w | v in MK (↵).

Theorem 1.3. Let E be an elliptic curve defined over a number field K , with split-
multiplicative reduction at a finite place v on K . Further let f be a Lattès map
associated to E . Then there are effective computable constants c, cP > 0, depend-
ing on the degree of K , e, v and the j-invariant of E , such thatbh f (↵) � c for all
↵ 2 Me(v) \ PrePer( f ), and such that there are less than cP preperiodic points of
f in Me(v).

The precise formulation of these results can be found in Theorems 4.1 and 4.2.
The paper is organized as follows: In Section 2 we will give a brief introduction
to Lattès maps and their associated canonical height and we will compare these
heights with the Néron-Tate height on elliptic curves. In Section 3 we will prove
three lemmas which are needed for the proof of our main results. These proofs are
given in Section 4. In the last section of this paper we study the behavior ofbhE andbh f on ME

e (v), respectively Me(v), when E has any reduction type at v.

ACKNOWLEDGEMENTS. The author would like to thank Sinnou David for sharing
his idea to prove Theorem 4.1 and Sara Checcoli, Walter Gubler, Joseph Silverman,
Emmanuel Ullmo and the anonymous referee for helpful comments and sugges-
tions.

2. Heights and Lattès maps

In 1993 Call and Silverman introduced a canonical dynamical height function re-
lated to rational maps over Q. A very brief introduction to these heights can be
given by the following theorem, which we will treat as a definition of the canonical
height.
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Theorem 2.1. Let f 2 Q(x) be a rational map of degree greater than one. There
is a unique height functionbh f , called the canonical height related to f , satisfying

i)bh f ( f (↵)) = deg( f )bh f (↵) and ii)bh f = h + O(1)

for all ↵ 2 Q [ {1}, where we set h(1) = 0.

For a proof of Theorem 2.1 and additional information on these heights we
refer to [17, Chapter 3.4]. In this paper we will work with a special class of rational
functions.
Definition 2.2. Let K be a field with characteristic different to 2 and 3, and E an
elliptic curve over K with given endomorphism9 6= [0] of degree greater than one.
Consider a finite covering ⇡ : E ! P1K . A map f is called Lattès map associated
to E if the diagram

(2.1)

commutes. If it is necessary to be more precise, we call such a Lattès map associ-
ated to E , ⇡ and 9.

We talk of a Lattès map over a field K if it is associated to an elliptic curve over
K . Let E be given in (dehomogenized) Weierstrass equation with an diagram (2.1),
then up to composition with an isogeny ⇡ is one of the following maps (see [17,
Proposition 6.37 and Theorem 6.57]). Note that in cases where the j-invariant of E
is 1728 or 0 there are more then one admissible choices for ⇡ .

⇡(x, y) =

8>>><
>>>:

x in any case
x2 if jE = 1728
x3 if jE = 0
y2 if jE = 0.

We have the following well known correspondence between the Néron-Tate height
of an elliptic curve and the canonical height associated to a Lattès map.

Lemma 2.3. Let K be a subfield of Q, E an elliptic curve over K and f a Lattès
map associated to E with diagram (2.1). Then we have

bh f � ⇡ = deg(⇡)bhE ,

wherebh f is the canonical height to f andbhE is the canonical height on E .
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Let E : y2 = x3 + Ax + B be an elliptic curve defined over a field K of
characteristic 6= 2, 3 and let � 2 K ⇤. The elliptic curve

E� : y2 = x3 + � 2Ax + � 3B

defined over K (� ) is the twist of E by � . Notice that this is a Weierstrass equation
of the curve given by y2 = � (x3 + Ax + B). If A, respectively B, is equal to zero,
then E� is defined over K (� 3), respectively K (� 2). E and E� are isomorphic over
K and an isomorphism is given by

g� : E!̃E� ; (x, y) 7! (� x, �
p

� y).

As g� is an isomorphism, it commutes with multiplication by m 2 Z. This gives
a simple relation between the canonical heights on E and E� . For any P 2 E we
have

bhE (P) =

1
2
lim
n!1

1
4n
h
�
x
�
[2]n P

��

=

1
2
lim
n!1

1
4n
h
⇣
� �1x

�
[2]ng� (P)

�⌘
=
bhE�

�
g� (P)

�
.

(2.2)

Proposition 2.4. Consider a field K ✓ Q. Let E be an elliptic curve defined over
K and f a Lattès map related to the diagram (2.1). If there is a positive constant
c > 0 such that for every elliptic curve E 0 defined over K , which is K -isomorphic
to E ,bhE 0(P) � c is true for all P 2 E 0(K ) \ E 0

tor, then we have

bh f (↵) � deg(⇡)c for all ↵ 2 K \ PrePer( f ).

In particular this relation is true if c only depends on the j-invariant of E .

Proof. The strategy for the proof is the following. Take an arbitrary ↵ 2 K \

PrePer( f ) and a point P 2 E(K ) with ⇡(P) = ↵. As ↵ is non-preperiodic, we
know that P is not a torsion point. Twist E by a suitable � such that g� (P) 2

E� (K ) and E� is defined over K , then use Lemma 2.3, (2.2) and our assumption
to conclude

bh f (↵) = deg(⇡)bhE (P) = deg(⇡)bhE� (g� (P)) � deg(⇡)c.

In order to prove the existence of such a � we have to consider four different cases
depending on the representation of ⇡ . We will examine the case ⇡(x, y) = x2.
Notice that this can only occur if jE = 1728, so we can assume E : y2 = x3 + Ax .
For fixed roots we have P = (

p

↵, 4p↵
p

↵ + A). Twisting by
p

↵(↵2 + ↵A) yields
gp

↵(↵2+↵A)(P) = (↵3 + ↵2A,↵2 + ↵A) 2 Ep

↵(↵2+↵A)(K ). The elliptic curve
Ep

↵(↵2+↵A) is defined over K , since B = 0 and
p

↵(↵2 + ↵A) 2 K 1/2.
The other cases follow similarly.
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Definition 2.5. Let p be a rational prime and e, f 2 N. We call a subfield L of Q
totally p-adic of type (e, f ) if for every ↵ 2 L and all w 2 MQ(↵), with w | p,
the ramification indices ew|p are bounded by e and the residue degrees f w|p are
bounded by f .

The next corollary follows immediately from Proposition 2.4 and [4, Theorem
6.3].

Corollary 2.6. Let f be a Lattès map associated to an elliptic curve E over Qtr ,
with j-invariant jE . Then we have

bh f (↵) �

1
108

�
h( jE ) + 10

�5 for all ↵ 2 Qtr
\ PrePer( f ).

Corollary 2.7. Now let K be a number field, p an odd prime and E an elliptic
curve defined over K having no additive reduction at all places of K lying above
p. If L/K is a totally p-adic field of type (e, f ), for e, f 2 N, and f a Lattès map
associated to E with diagram (2.1), then we have:

i) bh f (↵) �
25
256

⇣
log p
6eM

⌘3 ⇣
log(6eM) +

log p
3e +

1
6h( jE ) +

32
5

⌘
�2

for all ↵ 2 L \

PrePer( f )
ii) |PrePer( f ) \ L| 

24eM
5 log p

⇣
log(6eM) +

log p
3e +

1
6h( jE ) +

32
5

⌘
+ 2,

where M = max{p6f +1+2p3f , 72e⌫}, with ⌫ the maximum of 0 and� ordw( jE )
for all places w 2 MK lying above p.

Proof. In [4, Theorem 6.7], Baker and Petsche prove effective positive constants
c(e, f , p, jE , K ) and c0(e, f , p, jE , K ) such thatbhE (P) � c(e, f , p, jE , K ) for all
P 2 E(L) \ Etor and |Etor(L)|  c0(e, f , p, jE , K ). In general, the reduction type
of an elliptic curve over a place v is not preserved under K -isomorphisms. So we
cannot apply Proposition 2.4 to prove i). By the multiplicativity of the ramification
index and the residue degree, every extension of L of degree n is a p-adic field of
type (ne, nf ). Let ↵ 2 L be arbitrary and P 2 E(K ) with ⇡(P) = ↵. Then P
is defined over a p-adic field of type (6e, 6f ), since the degree of ⇡ is at most 6.
Moreover, P is a torsion point if and only if ↵ is preperiodic. So, if ↵ 2 L is not
preperiodic, then bh f (↵) � 2c(6e, 6f , p, jE , K ) which is exactly the statement i).
By the Riemann-Hurwitz formula, there are at most 2 deg(⇡) critical values of ⇡ .
Using this, the effective bound c0(e, f , p, jE , K ) and the arguments above, a short
calculation proves statement ii).

Notice that the assumption on E to have no additive reduction over the places
v | p can be achieved for all elliptic curves after a finite extension of the field of
definition. In Section 4 we will prove that we can drop the necessity of the bound f
in Corollary 2.7 if E has multiplicative reduction at a finite place v | p.
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3. Helpful calculations

Lemma 3.1. Let K be a number field with non-archimedean valuation v | p, and
let E be an elliptic curve defined over K . The set E(Knr,v) \ Etor is not empty.

Proof. Write E in short Weierstrassform E : y2 = x3 + Ax + B, with v(A),
v(B) � 0. First we consider the case p 6= 2. Let w be any valuation on Knr,v

which extends v. Then, as v - 2, for all ↵ 2 Knr,v with w(↵) = 0 we also have
p

↵ 2 Knr,v . For all n 2 N set

xn =

8><
>:
np if v(B) = 0
np +

p

A if v(A) = 0, v(B) > 0
np + 1 if v(A), v(B) > 0.

Then yn =

p
x3n + Axn + B 2 Knr,v for all n 2 N. Hence, there are infinitely many

points (xn, yn) 2 E(Knr,v) with [K (xn, yn) : K ]  4. By Northcott’s theorem E
has only finitely many torsion points of bounded degree. This proves the lemma in
the case p 6= 2.

In case where p = 2 we define yn = 2n if v(B) = 0 and yn = 2n + 1 if
v(B) > 0 for all n 2 N. Let xn 2 K be such that (xn, yn) 2 E(K ) for all n 2 N.
This means that xn is a root of fn(x) = x3 + Ax + (B � y2n). The discriminant of
fn is equal to1( fn) = �4A3 � 27(B � y2n)2. By choice of the yn , n 2 N, we have
v(1( fn)) = 0 and hence xn 2 Knr,v for all n 2 N. As before we conclude, using
Northcott’s theorem, that there is a non-torsion point in E(Knr,v).

We will also need a small result concerning ramification indices, which we will
state as a lemma.

Lemma 3.2. Let K be a field with discrete valuation v and let L/K be a finite and
K 0/K any field extension. We choose any field which contains L and K 0 and build
the compositum LK 0 in this field. For all places w0

| v on K 0L define v0
= w0

|K 0

and w = w0
|L . If the residue field k(v) is perfect, then we have ew0

|v0  ew|v .

Proof. Denote by M the maximal unramified extension of Kv inside Lw. Then
M/Kv is unramified and Lw/M is totally ramified (see [11, II Proposition 10]).
Hence, we have ew|v = [Lw : M]. See for example [12, II Satz 7.2], for the fact
that K 0

v0
M/K 0

v0
is also unramified. Thus, we know ew0

|v0  [(K 0L)w0 : K 0

v0
M].

Using the equation (K 0L)w0 = LwK 0

v0
we get

ew|v = [Lw : M] �

⇥
(K 0L)w0 : K 0

v0M
⇤

� ew0
|v0

as desired.

The real Lambert-W function W : [�
1
e ,1) ! R is given as the multivalued

inverse map of F(x) = xex , where e = 2.71828 . . . is Euler’s number. We have
W (�1

e ) = �1, but elements in (�1
e , 0) have two pre-images under F . Thus, W
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has two branches in the interval [�1
e , 0). The upper branch W0(x) tends to 0 for

x % 0 and the lower branch W�1(x) tends to �1 for x % 0. We do not need deep
information on the Lambert-W function and take it mainly as an useful notation.
For more information on this function we refer to [7].

Similarly as in [4] we will use the following lemma.

Lemma 3.3. Let a, b > 0 be positive constants with b � a and let r : R+ ! R be
given by r(x) = ax � b� log x . Then r(x) is positive for all x > �

1
aW�1(�ae�b)

and we have the inequalities

5
8

< �

1
a
W�1

�
� ae�b

�
<
8
5a

✓
log

1
a

+ b
◆

.

Proof. The function r(x) obviously tends to plus infinity, so we have to find the
roots of r(x) in order to prove the Lemma. We have

ax � b � log x = 0
, e�ax x = e�b

, �axe�ax = �ae�b

, x 2

⇢
�

1
a
W0
�
� ae�b

�
,�
1
a
W�1

�
� ae�b

��
.

Our assumption on b provides that W0(�ae�b) and W�1(�ae�b) are defined. As
we have �

1
aW0(�ae

�b)  �
1
aW�1(�ae�b), we know that r(x) � 0 for all

x � �
1
aW�1(�ae�b). As r(x) is strictly increasing on [�

1
aW�1(�ae�b),1),

this proves the first part of the lemma. Now let y be in the interval [�1
e , 0). By def-

inition we have y = W�1(y)eW�1(y). Multiplying this equation by �1 and taking
the logarithm yields

log(�y) = log(�W�1(y)) + W�1(y)

= W�1(y)
✓
1�

log(�W�1(y))
�W�1(y)

◆


e� 1
e

W�1(y).

As �W�1(y) � 1, this leads to the inequality

W�1(y)  log(�y) 

e� 1
e

W�1(y).

Applying this to �
1
aW�1(�ae�b) and using b � a gives us

e
(e� 1)a

✓
log

1
a

+ b
◆

� �

1
a
W�1

�
� ae�b

�
� 1�

log a
a

�

e� 1
e

.

The estimation e
e�1 < 8

5 concludes the proof.
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4. Proof of the main results

From now on we fix the following notations. Let K be a number field with non-
archimedean absolute value v | p and E an elliptic curve over K with j-invariant
j . By d we denote the degree [K : Q] and by dv the local degree [Kv : Qp]. Let
further f be a Lattès map associated to E . For a fixed e 2 N we define

Me(v) :=

n
↵ 2 Q|ew|v  e for all w 2 MK (↵), w | v

o
and

ME
e (v) :=

n
P 2 E(Q)|ew|v  e for all w 2 MK (P), w | v

o
,

where ew|v is the ramification index of w over v. Let further bh f be the canonical
height related to f andbhE the Néron-Tate height on E . Based on an idea of Sinnou
David we will proof:

Theorem 4.1. If E has split-multiplicative reduction at v | p, then there are effec-
tive computable constants c0( j, d, e, v), c0T ( j, d, e, v) > 0 only depending on j , d,
e and v, withbhE (P) � c0( j, d, e, v) for all P 2 ME

e (v) \ Etor and such that there
are less than c0T ( j, d, e, v) torsion points in ME

e (v). More precisely, we have

i) bhE (P) �

log p
2d c�3 log 2

(8c3�2c)(e! ordv( j�1))2
> 0 for all P 2 ME

e (v) \ Etor
ii) |Etor \ ME

e (v)| < 1
3
�
e!c ordv( j�1)

�3
+

1
2
�
e!c ordv( j�1)

�2
,

where c :=

l
10d
log p

⇣
log( 6d

log p ) +
1
6h( j) +

32
5

⌘m
.

Note that since E has multiplicative reduction at v | p, h( j) is at least log pd .
Hence, c � 1. We will also prove the dynamical analogue, which states the follow-
ing.

Theorem 4.2. If E has split-multiplicative reduction at v, then there are effective
computable constants c( j, d, e, v), cP( j, d, e, v) > 0 only depending on j , d, e and
v, with bh f (↵) � c( j, d, e, v) for all ↵ 2 Me \ PrePer( f ) and such that there are
less than cP( j, d, e, v) preperiodic points in Me(v). With the notation of Theorem
4.1, we have

i) bh f (↵) �

log p
2d c�3 log 2

2(8c3�2c)(e! ordv( j�1))2
> 0 for all ↵ 2 Me(v) \ PrePer( f )

ii) |PrePer( f ) \ Me(v)| < 4
3
�
e!c ordv( j�1)

�3
+

�
e!c ordv( j�1)

�2
.

Proof of Theorem 4.1. Let P be a point in ME
e (v), w | v a valuation on K (P)

and kP(w) the residue field of K (P)w. We choose a minimal Weierstrass equa-
tion for E over K (P)w with discriminant 1. Then eE is the reduction of E mod-
ulo w and eEns is the set of all non-singular points in eE . We set E0(K (P)w) :=

{P 2 E(K (P)w)|eP 2
eE(kP(w))ns}. E0(K (P)w) is a subgroup of E(K (P)w)
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of index ordw( j�1) = ew|v ordv( j�1) (see [18, Corollary IV.9.2]). So we have
ew|v ordv( j�1)P 2 E0(K (P)w). From the choice of P it is clear that Q :=

e! ordv( j�1)P 2 E0(K (P)w) for all w | v. Recall that w(.) is the unique valu-
ation on K (P) extending the usual p-adic valuation on Q, and ordw(.) =

ew|p
log pw(.)

is the normalization of w(.) to a function onto Z.
We take the local heights �w on E(K (P)w) \ 0 normalized such that we have

the equation

bhE (P) =

1
[K (P) : Q]

X
w2MK (P)

dw�w(P) 8P 2 E(K ) \ 0.

For Q 2 E0(K (P)w) and w | v, w 2 MK (Q) we have

�w(Q) =

1
2
max{w(x(Q)), 0} +

1
12

w(1) �

1
12

w
�
j�1

�
=

1
12

v
�
j�1

�
. (4.1)

See [18, Theorem VI.4.1]. Notice that E has split-multiplicative reduction over
K (P) at every w | v. Hence, we can use w(1) = w( j�1).

We define the set 3s = {i Q|i 2 N, i  s}, for all s 2 N, such that 3s consists
of exactly s points. Nowwe will estimatebhE (P), respectivelybhE (Q), using bounds
for the local heights. For a given absolute value w we set w+ to be the maximum
of w and 0.

If w is archimedean, then we can use a theorem of Elkies improved by Baker
and Petsche (see [4], Appendix A). Namely

X
R,R0

23s
R 6=R0

�w(R � R0) � �

s
2
log s �

16
5
s �

1
12

w+
�
j�1

�
s. (4.2)

For a non-archimedean w 2 MK (P), with w( j�1)  0, E has potential good re-
duction at w (see for example [15, Proposition VII.5.1]). Let K 0/K (P) be a finite
extension such that E has good reduction over K 0 at a w0

| w. Then the equation
we have used in (4.1) shows that �w0 is not negative on E(K 0

w0
). As �w0 and �w

coincide on E(K (P)w), �w is a non-negative function.
For non-archimedean absolute values w with w( j�1) > 0 [10, Proposition

1.2], gives the inequality

X
R,R0

23s
R 6=R0

�w(R � R0) �

1
12

✓
s

ordw( j�1)

◆2
w
�
j�1

�
�

s
12

w
�
j�1

�
.

Thus, for an arbitrary non-archimedean absolute value we will use the estimation
X

R,R0
23s

R 6=R0

�w(R � R0) � �

s
12

w+
�
j�1

�
. (4.3)
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With (4.1), (4.2), (4.3) we get:
X

R,R0
23s

R 6=R0

bhE (R � R0) =

X
R,R0

23s
R 6=R0

1
[K (P) : Q]

X
w2MK (P)

dw�w(R � R0)

�

1
[K (P) : Q]

X
w|1

dw

✓
�

1
2
s log s �

16
5
s
◆

�

1
[K (P) : Q]

X
w|1

dww+
�
j�1

� 1
12
s

�

1
[K (P) : Q]

X
w-1,w-v

dw
s
12

w+
�
j�1

�
+

X
R,R0

23s
R 6=R0

1
[K (P) : Q]

X
w|v

dw
1
12

v
�
j�1

�
.

The last sum consists of exactly s2 � s terms. Hence, the above is equal to

�

1
2
s log s �

16
5
s �

s
[K (P) : Q]

X
w-v

dww+

�
j�1

�
12

+

s2 � s
[K (P) : Q]

X
w|v

dwv
�
j�1

�
12

.

We know that for all w | v we have v( j�1) = w( j�1) = w+( j�1). Thus, we can
use the definition of the standard logarithmic height h to obtain

X
R,R0

23s
R 6=R0

bhE (R � R0) �

dvv
�
j�1

�
12d

s2 �

✓
1
12
h( j) +

16
5

◆
s �

1
2
s log s

�

log p
12d

s2 �

✓
1
12
h( j) +

16
5

◆
s �

1
2
s log s.

(4.4)

If P is a torsion point, then the left hand side is equal to zero. Clearly h( j) is greater
than or equal to dvv( j�1)

d �
log p
d , so we can apply Lemma 3.3 to deduce that the

right hand side is greater than zero for

s �

48d
5 log p

✓
log

✓
6d
log p

◆
+

1
6
h( j) +

32
5

◆
.

As s is a natural number, we get a contradiction for s = c. This shows that there
cannot exist a torsion point P 2 ME

e (v) such that the order of e! ordv( j�1)P is
greater than or equal to c. Hence, there cannot exist a torsion point P 2 ME

e (v) of
order greater than or equal to c ordv( j�1)(e!). Using |E[k]| = k2 and 0 2 E[k], for
all k 2 N, we get that there are less than 1

3
�
e!c ordv( j�1)

�3
+

1
2
�
e!c ordv( j�1)

�2
torsion points in ME

e (v).
From now on we assume that P is no torsion point. Then 3s is defined for all

s 2 N and so (4.4) is valid for all s 2 N. The definition of 3s and the propertybhE (kQ) = k2bhE (Q) for all k 2 Z leads us to
X

R,R0
23s

R 6=R0

bhE (R � R0) =

 
2
s�1X
i=1

i2(s � i)

!
bhE (Q) =

✓
1
6
s4 �

1
6
s2
◆bhE (Q). (4.5)
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If we further use (4.4) and the definition of Q, we find that the height bhE (P) is
bounded from below by

C 0( j, d, e, v) := max
s2N

log p
2d s �

⇣
1
2h( j) +

96
5

⌘
� 3 log s

(s3 � s)
�
e! ordv

�
j�1

��2 .

C 0( j, d, e, v) is obviously positive. In what follows we will give a lower bound
for C 0( j, d, e, v). Let cW := �

6d
log pW�1

⇣
�
log p
6d H( j)1/6e32/5

⌘
, where H( j) is the

multiplicative height of j , be the greatest root of the real function r(x) =
log p
2d x �⇣

1
2h( j) +

96
5

⌘
�3 log x (see Lemma 3.3). Then we know that this function is strictly

positive for all x > cW . In particular, we have r(2x) �
log p
2d x � 3 log 2 for all

x � cW , with equality if and only if x = cW . Again by Lemma 3.3 we have
1 < 2cW < 2c. With this we finally deduce

C 0( j, d, e, v) �

r(2c)�
8c3 � 2c)(e! ordv( j�1)

�2 �

log p
2d c � 3 log 2�

8c3 � 2c
��
e! ordv

�
j�1

��2 > 0,

which concludes the proof.

Proof of Theorem 4.2. We will combine Lemma 2.3 and Theorem 4.1. E is as-
sumed to have split-multiplicative reduction at v, and hence ⇡ has degree two. Let
↵ be a point in Me(v) and take a point P 2 E(K ) with ⇡(P) = ↵. Then for all
w | v in MK (P) we have either ew|v  e or ew|v = 2e0 with e0  e. Now we can
start exactly the proof above with Q := e!2 ordv( j�1)P instead of e! ordv( j�1)P .

If ↵ is preperiodic, then P is a point of order less than e!2c ordv( j�1). So there
are less than 83

�
e!c ordv( j�1)

�3
+2

�
e!c ordv( j�1)

�2 choices for P . As every ↵, that
is no critical value of ⇡ , has exactly two pre-images under ⇡ , and there are exactly
4 critical values of ⇡ (see [17, Lemma 6.38]), we get

|PrePer( f ) \ Me(v)| <
4
3

⇣
e!c ordv

�
j�1

�⌘3
+

⇣
e!c ordv

�
j�1

�⌘
+ 2.

If ↵ is no preperiodic point, then P is not a torsion point and we have

bh f (↵) = 2bhE (P) �

log p
2d c � 3 log 2

2
�
8c3 � 2c

��
e! ordv

�
j�1

��2 > 0.

This concludes the proof.
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5. Corollaries and additional results

Now we want to study the behavior of the canonical height bhE on the set ME
e (v)

if E has not split-multiplicative reduction at v. If E has multiplicative or potential
multiplicative reduction at v, then it has split-multiplicative reduction after a finite
field extension. So Theorem 4.1 will be true in this case after a small adjustment
of the constants. In the case of good reduction of E at v the criterion of Néron-
Ogg-Shafarevich will show that there are infinitely many torsion points and points
of arbitrary small positive height in ME

e (v) for all e 2 N. If E has additive potential
good reduction at v, then we can prove that Theorem 4.1 is true for e = 1, i.e. for
the field Knr,v .

Corollary 5.1. Let c0( j, d, e, v) and c0T ( j, d, e, v) be the constants given in Theo-
rem 4.1. If E has nonsplit-multiplicative or additive potential multiplicative reduc-
tion at v | p, then we have

i) bhE (P) � c0( j, kd, e) for all P 2 ME
e (v) \ Etor

ii) |Etor \ ME
e (v)| < c0T ( j, kd, e).

Here k  48 is the smallest degree of a field extension K 0/K such that E over K 0

has split-multiplicative reduction at a place v0
| v, v0

2 MK 0 .

Proof. By assumption there is a field extension K 0/K such that E over K 0 has split-
multiplicative reduction at a place v0

| v of K 0. Assume furthermore that the degree
of K 0/K is minimal with this property and denote this degree by k. Following the
proofs of [15, Proposition VII 5.4 c) and Corollary A.1.4 a)] we find that k  48.

Let P be a point in ME
e (v) and w0

| v0 an extension of v0 to K 0(P). Denote
the restriction of w0 to K (P) with w. Then by assumption and Lemma 3.2 we have
e � ew|v � ew0

|v0 . Thus, we can apply Theorem 4.1 with d replaced by kd.

We have proven a lower bound for the canonical heights bhE and bh f on sets.
Our main interest concerns lower bounds on fields. For a field L lying inside Me for
some e 2 N, Theorem 4.1 and Theorem 4.2 give us lower bounds for the canonical
heights on E(L) \ Etor and L \ PrePer( f ). But we can achieve much nicer bounds
if we additionally assume that L/K is normal. In this case the term e! in our bound
can be replaced by e. Formally:

Corollary 5.2. Let E be an elliptic curve over K with split-multiplicative reduction
at v | p and let c be as in Theorem 4.1. Let further L/K be a Galois extension with
L ⇢ Me(v), for a fixed e 2 N. Then we have

i) bhE (P) �

log p
2d c�3 log 2

(8c3�2c)(e ordv( j�1))2
> 0 for all P 2 E(L) \ Etor

ii) |Etor(L)| < (c ordv( j�1)e)2.

Proof. In the proof of Theorem 4.1, e! was an upper bound for the lowest common
multiple of all ew|v , w 2 MK (P), which does not depend on P . Now let K 0(P) be
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the normal closure of K (P). From our assumption we know that K 0(P) is contained
in L ⇢ Me(v). Thus, we have ew0

|v = ev  e for all w0
2 MK 0(P) lying above

v. Exactly as in the proof of Theorem 4.1 we achieve that there is no torsion point
in E(L) of order greater than c ordv( j�1)e. Let P be a torsion point in E(L) of
maximal order k  c ordv( j�1)e. We claim that all torsion points in E(L) lie in
E[k]. Assume this is not the case, then there exists a torsion point P 0

2 E(L) of
order not dividing k. The order of the point P + P 0

2 E(L) is exactly the smallest
common multiple of the orders of P and P 0, and hence it is greater than k. This is a
contradiction to the maximality of k, proving the claim. We can conclude that there
are less than k2  (c ordv( j�1)e)2 torsion points in E(L).

Statement i) follows exactly as in the proof of Theorem 4.1.

Remark 5.3. Obviously Corollary 5.2 similarly holds for places v where E has
potential multiplicative reduction. Moreover, both corollaries have a dynamical
analogue for Lattès maps associated to E . This can be seen by combining the
respective proof with the proof of Theorem 4.2.

In the case where E has additive reduction at v and e = 1 we can also use our
computation from Theorem 4.1. The following proposition is actually a remark of
Joseph Silverman in an email to the author.
Proposition 5.4. Let v | p be a finite place of K where E has additive reduction.
With c as in Theorem 4.1, we have

i) bhE (P) �

log p
2d (c+2)�3 log 2

(8(c+2)3�2(c+2))144 > 0 for all P 2 ME
1 (v) \ Etor

ii) |Etor \ ME
1 (v)| < (12c + 24)2.

We will prove below that c � �1 in the setting of Proposition 5.4 (which is not
quite obvious from the definition).

Proof. The proof is almost the same as in the case of split-multiplicative reduction.
Let P be in ME

1 (v) and w | v a place of K (P). By assumption v is unramified
in the extension K (P)/K . Hence, E has still additive reduction at w over K (P).
Fix a minimal Weierstrass equation of E over K (P)w, and denote the discriminant
of E by 1. Then E0(K (P)w) is a subgroup of E(K (P)w) of order at most 4
(see [18, Corollary IV 9.2]. Thus, we have Q := 12P 2 E0(K (P)w) for all w | v
on K (P). The explicit formula for the local height �w on E0(K (P)w) gives us

�w(Q) �

1
12

w(1) �

1
12ev|p

log p > 0 for all w | v on K (P).

This follows from the fact that w(1) = 0 if and only if E has good reduction at w
([15, Proposition VII.5.1]), which is not the case as we have noticed above. Define
the set 3s := {i Q|i 2 N, i  s} for all s 2 N such that 3s consists of exactly s
points. As before we get the lower bound

X
R,R0

23s
R 6=R0

bhE (R � R0) �

log p
12d

s2 �

✓
1
12
h( j) +

log p
12d

+

16
5

◆
s �

1
2
s log s.
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Using Lemma 3.3 and the definition of c we find that the right hand side is greater
than 0 for s greater than c +

8
5 < c + 2. Lemma 3.3 also tells us c +

8
5 > 5

8 which
implies c + 2 � 1. Thus, there cannot exist a torsion point of order greater than
12c+24. Notice that ME

1 (v) = E(Knr,v), and therefore ME
1 (v) is an abelian group.

As in the proof of Corolarry 5.2, we conclude that all torsion points in ME
1 lie in

the set E[k], for a k  12c + 24. This implies part i i). If P is not a torsion point
we conclude

bhE (P) �

log p
2d (c + 2) � 3 log 2�

8(c + 2)3 � 2(c + 2)
�
144

> 0.

This again follows exactly as in the proof of Theorem 4.1.

Our results show that Knr,v has the Bogomolov property relative to bhE if E
has bad reduction at v. In order to construct other examples of fields lying inside
some Me(v) the following Lemma might be helpful.

Lemma 5.5. Let L/K and M/K be field extensions such that L ⇢ Me(v) and
M ⇢ Me0(v) for a non-archimedean absolute value v on K . Then LM ⇢ Mee0(v).

Proof. Let F ⇢ M be any subfield with [F : K ]  1. Moreover we choose any
w0

2 MLM , with w0
| v, and define w = w0

|L and v0
= w0

|F . With Lemma 3.2 we
conclude ew0

|v0  ew|v  e. This leads us to ew0
|v = ew0

|v0ev0
|v  ee0. The fact that

for every ↵ 2 LM there exists such a finite extension F/K with ↵ 2 LF concludes
the proof.

Proposition 5.6. If E has good reduction at v | p and f is an associated Lattès
map, then neither of the statements in Theorem 4.1 and 4.2 is true.

Proof. Lets start with Theorem 4.1. By the criterion of Néron-Ogg-Shafarevich all
points of orderm with p - m are unramified above v (see [15, Theorem VII 7.1]). In
particular, there are infinitely many torsion points in E(Knr,v) and hence in ME

e (v)
for all e 2 N.

Take an arbitrary point P0 2 E(Knr,v) \ Etor and let {Pn}n2N be a sequence
of points in E(K ), satisfying [m]Pn = Pn�1. This is possible by Lemma 3.1.
By [15, Proposition VIII 1.5 b)], all Pn are in E(Knr,v) \ Etor and we have

bhE (Pn) =

1
m2
bhE (Pn�1) =

1
m2n

bhE (P0) ! 0.

Thus, there are points of arbitrarily small height in ME
e (v) for all e 2 N.

Contradictions for the statements in Theorem 4.2 follow quickly. If P is
in E(Knr,v), then ⇡(P) is in Knr,v . The degree of ⇡ is finite so the equation
PrePer( f ) = ⇡(Etor) shows that there are infinitely many preperiodic points of f
in Knr,v . Also with Lemma 2.3 and the above we conclude thatbh f can get arbitrary
small on Knr,v

\ PrePer( f ).
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Example 5.7. As usual let K be a number field, E : y2 = x3 + Ax + B an elliptic
curve defined over K , and let f be a Lattès map associated to E and ⇡(x, y) = x .
The following example shows two things. Firstly, the Bogomolov property relative
tobhE is in general not preserved under finite field extensions. Secondly, a field can
have the Bogomolov property relative tobhE but not relative tobh f .

We will use the theory of twists of an elliptic curve. Assume that E has additive
reduction at a finite v 2 MK , and that there is an element � 2 K such that the twist
E� has good reduction at v 2 MK . (One might choose K = Q, v = p � 3,
E : y2 = x3 + p2x and � = p�1). Let g� �1 : E� ! E be the isomorphism from
(2.2). Notice that p� cannot be an element in Knr,v , since the reduction type of E
at v changes if we extend K to K (

p

� ). As E� has good reduction at v, Proposition
5.6 yields a sequence {Pi }i2N in E� (Knr,v) such that bhE� (Pi ) ! 0, as i ! 1.
The elements g� �1(Pi ) all lie in E(Knr,v(

p

� )), and from the definition of g� �1 we
know that ↵i := ⇡(g� �1(Pi )) is in Knr,v . Using Lemma 2.3 and (2.2) we get

bh f ( ↵i|{z}
2Knr,v

) = 2bhE ( g� �1(Pi )| {z }
2Knr,v(

p

� )

) = 2bhE� (Pi ) ! 0,

as i ! 1. But Knr,v has the Bogomolov property relative to bhE , as E has bad
reduction at v (see Proposition 5.4).

We can give a complete classification of finite extensions of Knr,v having the
Bogomolov property relative tobhE .
Lemma 5.8. Let K be a number field with non-archimedian absolute value v. Let
↵ be an algebraic number and let w1, . . . , wn be a complete set of extensions of v
to K (↵). Then we have Knr,v(↵) = \

n
i=1K (↵)nr,wi .

Proof. By Lemma 3.2 it follows immediately that the left hand side is contained in
the right hand side. Let � 2 \

n
i=1K (↵)nr,wi be arbitrary and let w be an extension

of v on K (↵,�). We denote the maximal unramified subextension of K (↵,�)w/Kv

by Lw, and set w0
= w|Lw and w00

= w|Lw(↵). Then, by the choice of �, it is
ew|w00 = 1. Hence, we have⇥

Lw(↵) : Lw
⇤

� ew00
|w0 = ew|w0 =

⇥
K (↵,�)w : Lw

⇤
,

since K (↵,�)w/Lw is totally ramified. But Lw(↵) is contained in K (↵,�)w and
hence theses fields are actually equal. In particular � 2 Lw(↵) for all w 2 MK (↵,�),
w | v. This enables us to choose a number field L ⇢ \wLw such that � 2 L(↵). It
follows from our construction that L ⇢ Knr,v , and hence � 2 Knr,v(↵).

If we combine this lemma with the preceding results we obtain:

Theorem 5.9. Let E be an elliptic curve defined over the number field K with non-
archimedean absolute value v, and let ↵ 2 Q. Then Knr,v(↵) has the Bogomolov
property relative tobhE if and only if there is aw 2 MK (↵),w | v, such that E/K (↵)
has bad reduction at w.
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