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Bubble tower solutions for a supercritical elliptic problem in R"

WENIJING CHEN, JUAN DAVILA AND IGNACIO GUERRA

Abstract. We consider the problem

—Au4u=ul +ru9 u>0mRN

u(z) — 0 as |z] > oo
where p = p* + e, with p* = Y2 while | < ¢ < Y22 if N > 4, and
3<g<5if N=3,A>0,and ¢ is a positive parameter. We prove that for

& > 0 small enough, the problem has a solution with the shape of a tower of
bubbles.

Mathematics Subject Classification (2010): 35J61 (primary); 35B33, 35J08
(secondary).

1. Introduction

We are interested in the elliptic equation

—Au4u=uP+rxu4 u>0in RY
ux) —> 0 as |x| — oo,

(1.1)

where N > 3,A > 0and 1 < g < p. This problem arises in the study of standing
waves of a nonlinear Schrédinger equation with two power-type nonlinearities, see
for example Tao, Visan and Zhang [28].
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If p = g, equation (1.1) reduces to

(1.2)

—Au+u=uP u>0in RV
ux) —> 0 as |x| — oo

after a suitable scaling.

Thanks to the classical result of Gidas, Ni and Nirenberg [15], solutions of
(1.1) and (1.2) are radially symmetric about some point, which we will assume is
always the origin.

It is well known that problem (1.2) has a solution if and only if 1 < p < %—f%
Existence was proved by Berestycki and Lions [2], while non-existence follows
from the Pohozaev identity [26]. Uniqueness also holds and was fully settled by
Kwong [16], after a series of contributions [4,17,21-24]. See also Felmer, Quaas,
Tang and Yu [10] for further properties.

Concerning (1.1), the work of Berestycki and Lions [2] is still applicable if
l<g<pc< %—f% and one obtains existence of a solution. If p, g > %—f% there is
no solution, again from the Pohozaev identity.

Recently, Dévila, del Pino and Guerra [5] proved that uniqueness does not hold
in general for (1.1)if 1l < g < p < % More precisely if N = 3, the authors
obtained at least three solutions to problem (1.1) if 1 < g < 3, A > 0 is sufficiently
large and fixed, and p < 5 is close enough to 5.

Let us mention some contributions to the question of existence for (1.1) when
one exponent is subcritical and the other one is critical or supercritical. If 1 < g <
p= N—t% in (1.1), Alves, de Morais Filho and Souto [1] proved:

e when N > 4, there exists a nontrivial classical solution for all A > Oand 1 <
q < 33

e when N = 3, there exists a nontrivial classical solution for all A > 0 and
3<qg<5;

e when N = 3, there exists a nontrivial classical solution for A > 0 large enough
and 1 < g < 3.

Moreover, Ferrero and Gazzola [11] proved that for g < %—J_“z < p, there exists A >

2 —
0, such that if A > X, then (1.1) has at least one solution, while for g < %—f% < p,

there exists 0 < A < X such that if A < A, then there is no solution.
In this paper, we are interested in multiplicity of solutions of (1.1), and for this
we take an asymptotic approach, that is, we consider

—Au+u=u? + 4 u>0 inRY
(1.3)
u(z) >0 as |z|] = oo,

_ N+2

where p = p* +e, with p* = 75,

A > 0and ¢ > 0 are parameters, and g satisfies

l<g< if N >4, 3<g<S5ifN=3. 14

Our result can be stated as follows:
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Theorem 1.1. Let A > 0 and let q satisfy (1.4). Given an integer k > 1, there exists
g0 > 0 such that for any ¢ € (0, &9), there is a solution u.(z) of problem (1.3) of
the form
. 8—[<j—1>+ﬁ](A7)_NTf2
T

2
ue(2)=(N(N=2)) % »_ 7= (1+o(1)), (1.5)
Jj=1 <1+8N4_2[(j1)+p*1_q](Aj)—2|Z|2> :

where the constants A*; > 0, forj = 1,2,...,k, can be computed explicitly and
dependonk,N,q.

8%[071#%1 gﬁ[(iﬂnﬁ]

The expansion (1.5) is valid if% <z <C
with some i € {1,2,...,k},and o(1) — O uniformly as ¢ — 0 in this region.

The solutions described in this result behave like a superposition of “bub-
bles” of different blow-up orders centered at the origin, and hence have been called
bubble-tower solutions. By bubbles we mean the functions

k]

N-2

2 N=2
o, with ay=(NN-2)7, (16)

wy(z) =aNn————x—
2 +1zH7

where ;& > 0, which are the unique positive solutions (except translations) of

* .
—Aw=w? inRVN,

w(0) = [l

p* p 0 A

Figure 1.1. Left: u(0) vs. p for X large and fixed. Right: u(0) vs. A for p = p* + ¢,
& > 0 small and fixed.

Based on numerical simulations we present bifurcation diagrams for solutions of
(1.3) where ¢ satisfies (1.4). In Figure 1.1 (left) we show the bifurcation diagram
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as a function of p for a fixed large A, and in Figure 1.1 (right) we show the diagram
as a function of A for p = p* + ¢, & > 0 small and fixed. In both diagrams we
observe branches of solutions, with the upper part having unbounded solutions as
& — 0 or A — oo. We believe that the solutions constructed in Theorem 1.1 are
located on these upper branches, and are shown in the diagrams for the cases of 1
and 2 bubbles.

Bubble-tower solutions were found by del Pino, Dolbeault and Musso [6] for
a slightly supercritical Brezis-Nirenberg problem in a ball, and after that have been
studied intensively [3,7-9,13,14,18-20,25]. In particular we mention the work of
Campos [3] who considered the existence of bubble-tower solutions to a problem
related to ours:

—Au=uPE + 49 u>0inRV
uiz) — 0 as |z] > o0
w1thN 5 <q<p* _%,NEB’.

For the proof of Theorem 1.1, we consider a variation of the so-called Emden-
Fowler transformation:

2
U(x):<p2_1>p rl’*lu(l")

with
r=lzl=e 2 %, xe€(—00,400).
Then finding a radial solution u(r) to (1.3) corresponds to solving the problem

Lo(v) = agetvP e + )»,BNe_(p*_Q)xvq in (—o00, +00)

v(x) >0 for x € (—o0, +00) (1.7)
v(x) > 0 as |x| - oo
where
Low) = - +v+ (—2— ze—ﬁxu (18)
0 N_2 '

is the transformed operator associated to —A + I, and «,, By are constants, see
(2.5).
Under the Emden-Fowler transformation the bubbles w,, take the form

N—2 N2

W - &) = <—N4f 2>Te—<x—f> (14 7209)" T )
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2
with u = e W2t , and solve

W' — W+ WP =0 in (—00, +00)
W'(0) =0
Wx)>0, Wkx)—0 as |x]— oo.

In Section 2, we build an approximate solution to (1.7) as a sum of suitable pro-
jections of the transformed bubbles W centered at 0 < & < ... < & with
& — oo. After the study of the linearized problem at the approximate solution
in Section 3, and solvability of a nonlinear projected problem in Section 4, we per-
form a Lyapunov-Schmidt reduction procedure as in [3,12,18]. Then the problem
becomes to find a critical point of some functional dependingon0 < & < ... < &.
This is done in Section 5 where Theorem 1.1 is proved.

From the technical point of view, one difficulty is due to the form of the lin-
earized operator. As r — oo dominates —A + I (or Lo as x — —oo after the
change of variables) while near the regions of concentration the important part of

the linearization is A + p*wﬁ*_] . This is taken into account in the norm we use
for the solutions of linearized problem, and it is more naturally written for the func-
tions after the Emden-Fowler transformation. This is different from many previous
works, but is already contained in [5].

2. The first approximate solution

In this section, we build the first approximate solution to (1.3). In order to do this,
we introduce U, as the unique solution of the following problem

—AU, +U, =wl inRV
Iz Iz W @)
U,(z) >0 as |z] = oo

where w), are the bubbles (1.6). We write U, (z) = wy,(z) + R, (z). Then R, (2)
satisfies

—AR, () + Ry (2) = —wyu(z) in RY, R, (z) > 0 as |z] = oo.
We have the following result, whose proof is postponed to the Appendix:
Lemma 2.1. If0 < u <1 then:

(@ 0<Uu(z) <wy(z), for zeRVY;

(b) Uu(z) = CMNTJ lz|~N*+2) | for |z| = R, where R is a large but fixed positive
number;
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(c) Given any small u > 0, we have

N-=2
2
IR, (2)] < C |’:|N_2 for N >3, |z>1 22)
,u*N_é for N > 5
Ru@)| < Cplogl forN =4 |z < % 2.3)
w2 for N =3
7 1
M_Mﬁ for N > 5
1 +120"7 .
< 1 Bop<t a4
RN =€ g L N g SEkIsL QY
Z
M% for N =3

We define the following Emden-Fowler transformation

p*—l % _2 _p
v(x>=7<u(r>>=< 2 ) rrTu(r), r=lzl=e¢ 7%

with x € (—o00, +00). Using this transformation, finding a radial solution u(r) to
problem (1.3) corresponds to solving problem (1.7), where

20*—q)
* _

2¢
pr— 1\ pI pr— 1\ I

*

Define Vi (x) = 7 (U,)(r), with r = e T
solution of the problem

You o= eiﬁé. Then Vg (x) is the

{ﬁovs(x) =W —§7  in(—00, +00)

Ve(x) = 0 as |x| — oo.

Note that Ly is the transformed operator associated to —A + Id and given in (1.8).

We write Ve(x) = W(x — &) + Re(x), where W is given in (1.9) and Rg (x) =
T (R,)(r). By the Emden-Fowler transformation and as a consequence of Lemma
2.1, we have the following estimates:

Lemma 2.2. For £ > 0 we have:

(@) 0 < Ve(x) < W(x —&)=0( ") forx e R;
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(b) The inequality

N+6 —& N -2
Ve(x) < CeN-2"¢ holds for —oo < x < — logR, (2.6)
where R > 0 is a fixed large number as in Lemma 2.1;
(c) For N > 3 there is a positive constant C such that
e x5l if x<0

R:(0)| =C .
| Re ()] o—lv—ElpwEminlrE) e 4 s )

Define Zg(x) 1= 0gVe(x) = 9¢W(x — &) + 0¢Rg(x). Note that 9: W(x — &) =
O (e *=¢l) and

wWx—§) = N 2“7 (Bwp (),
2 ~ L
Ze(x) = —mu’f (Zﬂ(r)) with  Z,(2) = 0, U,(2), 2.7
0 Re () = —— 2“7 (8 Ru(r)) . (2.8)

Then from (6.1), (2.8) and Lemma 2.2 (c), we have for N > 3,

e~ 1§l if x=<0
dgR:(x)| = C i
| Re (x)) oIl wminlx&) i s )

Therefore Zg (x) = O(e *=&ly  forV x € R. Moreover, from (6.2) and (2.7), we
find

6
1Ze ()] < CeV2%e™t,  for —oo <x <~— log R,

for a fixed large R > 0.
Let n > 0 be a small but fixed number. Given an integer number k, let A ;, for
j=1,..., k,be positive numbers satisfying

1
77<Aj<;. 2.9)

Set

WD ¥ U-D+wrn2w—g
Ui =ée 1Ay and pj=e¢ 1A (2.10)
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forj:2,...,k.We0bservethat“/L'—:TlzsﬁA[(—;flforjzl,,_”k_l‘Deﬁne
k points in R as pu; = e‘ﬁs&j for j = 1,...,k. Then we have 0 < & < & <
... < & and

-t = loge — MRlog b =2k O
Set

Wi=Wkx—§&), Rj=Rg(x), Vi=Wj+R;, V=Y V. (212
j=1

Looking for a solution of (1.3) of the form u = ZI;: 1 Un; + ¢ corresponds to
finding a solution of (1.7) of the form v = V + ¢, where V is given by (2.12) and
¢ = 7 () is a small term. We can rewrite problem (1.7) as a nonlinear perturbation
of its linearization, namely,

Le(p) =N(@)+E in(—00, +00)
¢(x) >0 for x € (—o00, +00) (2.13)
¢(x) =0 as |x| — oo
where
Le(¢) = Lo(@) — ae(p* + &)™ VI T 1p — hgBye” W —D¥yi~lg,
N(@) = ace™ [(V 4+ 9)7 ™+ — VI — (p ey v elg]
+ABye™ PO (V4 )T — VI — qVi!g]
and

E = ape™ VP — Lo(V) + ABye P —Dxya
k
= e VI N W e DTV
j=1

where Ly is defined by (1.8).

3. The linear problem

In order to solve problem (2.13), we first consider the following problem: given
points &€ = (&,...,&), find a function ¢ such that for certain constants
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C1,C2, ..., Ck

k
Le(@)=N@ +E+ ) c;Z; in(—00,+00)
j=1

Jim ¢ =0 G.1)
fRz]qs_o Vizl,.. .k

where Z;(x) = Zg; (x) = 0g; Ve, (x) forj=1,2,...,k.
To solve (3.1), it is important to understand its linear part, thus we consider the
following problem: given a function 4, find ¢ such that

k
Le(@d)=h+ Z c;jZ; in(—o00,+00)

Jlim ¢(x)_0 (3:2)
JuZi$p =0, Vie1,....k

for certain constants c;.
We now analyze invertibility properties of the operator £, under the orthogo-
nality conditions. Let o satisfy

N+2)2g —1) 3qg — p*
0 < 0 < min q—],l,( +2)Qq ), =P . 3.3)
N+6 2
We define a real number M as follows:
. 4
0 if 1 > +o
M = N~2 (3.4)

4
0, if 1 <
max{0, y} if1 < N

2+0

where y satisfies

(-Gt )

We define the following norms for functions ¢, / defined on R:

k —1
Il = sup e~ T2+ (x)| + sup <Z le_g”) 6 ()] (3.5)

xS—M xeR

k —1
1Allex = sup (Ze "'x—ff) R ().

xeR j=1
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The choice of norm here is motivated by the presence of 2 regimes in the solution
of the linearized problem. Near the concentration points &£; we have a right-hand
side of the form |h(x)| < Ce~°* =%l and near these points the dominant terms in
the linear operator £, are

_¢// +¢— O(g(p* + E)engp*-H?_]d),
so we can expect the solution ¢ to be controlled by |¢p(x)] < C e~ =¢il . For
2 4
ﬁ) e”¥2"¢. Since the
right-hand side is controlled by e~?*~il we can control ¢ using as supersolution
e(ﬁ-ﬁ-o)x e

x < 0 the dominant part of the linear operator is (

—o&1 Actually this will be a supersolution for the whole linear operator
for x < —M , where M is defined in (3.4).
The main result in this section is solvability of problem (3.2).

Proposition 3.1. There exist positive numbers g and C such that if the points 0 <
& < & < ... < & satisfy (2.11) then for all 0 < ¢ < &y and all functions
h € C(R; R) with ||h||« < 400, problem (3.2) has a unique solution ¢ =: Te(h)
with ||¢ ||« < +00. Moreover,

ol < Cliallsx  and |cj| < Cllhllx. (3.6)

We first consider the simpler problem

k
Lo(@) — ac(p* +&)e™ VP g=h+ 3" ¢;Z; in (—00, +00)
j=l1

Jim g =0 (3.7
fuZi¢p=0 Viel,.. .k

for certain constants cj, where Lo is defined by (1.8).

Lemma 3.2. Under the assumptions of Proposition 3.1, for all0 < ¢ < gy and any
h, ¢ solution of (3.7), we have

ol < Clihlls (3.8)
lejl < CllA . (3.9

Proof. To prove (3.8), by contradiction, we suppose that there exist sequences ¢,
hy,, &, and c’} that satisfy (3.7), with ||¢, ||« = 1, |hnllsx — 0, &, = 0. We get a
contradiction by the following steps.

Step 1: c;? — 0 as n — +400. Multiplying (3.7) by Z!' and integrating by parts
twice, we get

k
Zcﬂ/zﬂz.ﬂ

J Jt
j=1 R

— _/Rh,,z;‘ +/R[£o(z;’) — o (p* +g,,)e8nxvp*+€"—1z;1]¢,,.

(3.10)
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Note that f]R Z;?Zlf‘ = C4;j + o(1), where §;; is Kronecker’s delta. Then (3.10)
defines a linear system in the c’js which is almost diagonal as n — oo.

Since Z}' (x) = 851;1 Vfi" (x) = O (e *~&'l), we then have

k
‘/ hnZ! §C||h,,||**/ <Ze—a|x—s,|> A
R R

(3.11)
< Cln]l s / e Vldy < Cllinon.
R

Moreover, Z satisty Lo(Z]') = p*WP*_l(x - fl.")aginW(x — &), so we get

= o(D)lI@nlls. (3.12)

fR [£0(Z) = e, (b + ey v Tl zi g,

From (3.10)-(3.12), we obtain
il < Clihnlls + 0D 1@l (3.13)
Thus lim c;? =0.

n—oo

Step 2: Forany L > O0and anyl € {1,2, ..., k} we have

sup |pn(x)| > 0 asn — oo. (3.14)
xelg)'—L &' +L]

Indeed, supposing not, we assume that there exist L > 0 and some ! € {1, 2, ..., k}
such that |¢,(x,)| = ¢ > 0, forsome x,; € [§' — L,&" + L]. By elliptic
estimates, there is a subsequence of ¢, convergmg uniformly on compact sets to a
nontrivial bounded solution ¢ of Lo(¢) = p* WP 1 (x —&)¢, where & = llrrc}o &'

By nondegeneracy [27], it is well known that ¢ = cZ; for some constant c #0.
But taking the limit in the orthogonality condition [, Z]'¢, = 0, we obtain ¢ = 0,
which is a contradiction. Thus (3.14) holds.

Step 3: ||onll« = 0 as n — oco. Let us first assume the following claim:
Forany L > Oand j € {1, 2, ..., k} we have

& -1
sup (Ze_""“s-?') | ()] — 0 (3.15)

]R\U’;.:] (7 —L.&}+L]

sup e~ (WX |4 ()] S 0, (3.16)
x<—-M

asn — +00.
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By the definition of || - ||« in (3.5), using (3.14), (3.15) and (3.16), we then get
that ||¢, ||« — 0as n — o0.
Now we prove the above claim. We note that

k k
ha+ Y Z% < (Collhnlles + 0(lgnll) Y e 7751 with  Co > 0.
j=1 j=1

For x € R\ u’;zl (€7 — L, &7 + L] let us define

k
Un(x) = | Collhnlles+e75 sup @) +o(llgulle) | Y e 7!
U_ (&7 =L & +L] j=1

k el n
+0 Y e
j=1

with o > 0 small but fixed and 0 < ¢ < o. Then by choosing suitably large L > 0
we get

LoWn(x)) = ae, (p* + &p)e* VP Hen—1 (x)
> Lo(dn(x)) — e, (p* 4 £2)e VP T~ 1g (1),
On the other hand, we have that forany L > O and j € {1, 2, ..., k}
Un(€) — L) = ¢u(§} — L) and (5] + L) = ¢u(&] + L).

Moreover, there exists R > 0 large enough, such that 1/7,1(R) > ¢,(R), and
Y (—R) > ¢, (—R). By the maximum principle, we get

¢n(x) < Yu(x) for x € [-R, RI\NUS_, [€] — L, &} + L].
Similarly, we obtain ¢, (x) > —v,(x) for x € [-R, R]\ U’}:1 [£7 — L, &} + L.

Thus 3
|fn ()] < Fux) for x € [-R, RINUE_ [€7 — L, &7 + L.

Letting R — +o00, we get

|60 (X)) < Pu(x) for x e R\US_ [£] — L, &} + L],

Letting 0 — 0, for x € R\ U’;Zl [é;’ — L, &;’ + L], we have that

~olx—g]

|0 () < | Colln s + €7F sup [fn (X)] 4 0(ll@n ll+)
U 167 —L.&7+L] j

e

k
=1

So (3.15) holds.
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For x < —M,with p > 0 small and C; > 0 to be chosen later, we define

Yn(@) = Ct (Collhnllen + 0l l)) € F27%e 78 4 pera,
By the maximum principle, we get
On(x) < Yn(x) for x € [-R, —M]
if R > 0 is large enough. By a similar argument, we obtain ¢, (x) > —,(x) for

x € [-R, —M]. Thus |¢, (x)| < ¥, (x) forx € [-R, —M]. Letting R — +o00, we
get |, (x)| < ¥, (x) for x € [—oo, —M]. Letting p — 0, we have

_4 _en
6 (X)] < C1 (Collnllss + 0(llgnll)) e F2T%e =8 for x € [—o0, —M].

So we obtain that (3.16) holds.
Moreover, estimate (3.9) follows from (3.13) and (3.8). ]

Proof of Proposition 3.1. From Lemma 3.2, for ¢ and # satisfying (3.2), we have

161l = € (Whllos + le™ @™ =0V, )

e (T e P B
In order to establish (3.6), it is sufficient to show that
le™ P DV ) < o(D) 1]l (3.17)
Indeed,

k —1
le=P DTy i~lg|,, < sup (Ze o= 5/) ‘e‘(” “”qu_lqﬁ‘

x<—-M j=1

k —1
+ sup (Z —olx é'J) ‘e—(P*—Q)XVq—I(p‘ (318)

x>-M

= 01+ Q>

Now we estimate Q1 and Q» respectively. We first have
01 <C sup Pl (x)le- P DX Y]
x<-M

< Ce~@=Dé sup e—(ﬁ-i-d)xedélw(x”.
x<—M

(3.19)
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For Oy, if —M < x < & we have

k
e~ (P —x -1 < Ze*(p*fq)xef(qfl)leéﬂ < Co2a=p"=Dx ,~(g=Dé
j=1
< C max {e—(P*—Q)El , e_(q—l)é'l } )

If x > & we have

k
e~ (P —0x 91 < Ze—(p*—q)xe—(q—l)lx—éjl < Ce— (P —D)x < Ce— P —Dé1
j=1
Thus we find

k -1
0> < C max {e—(P*—L])El , e—(tl—l)%l} sup (Z e—a|x—§j|> lp(x)].  (3.20)

x>-M j=1
From (3.18), (3.19) and (3.20), we get
e~ Valg,, < Cmax =P8 Va6, = o()@]..

So estimate (3.17) holds.
We now prove the existence and uniqueness of a solution to (3.2). Consider
the Hilbert space

H:{qseHl(R) : /zj¢:0, Vj:1,2,...,k}
R

with inner product

@, ) = fR @'Y + $y)dx.

Then problem (3.7) is equivalent to finding ¢ € H such that
¢.9) = / e (p™ + )V 5 1g 4 agye TRVl
R
(<2 it +h|yd 3.21)
N 5) ¢ Ve k| Ydx 3.

for all » € H. By the Riesz representation theorem, (3.21) is equivalent to solve

¢=K(@) +h (3.22)
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with 4 € H depending linearly on 4 and K : H — H being a compact operator.
Fredholm’s alternative yields there is a unique solution to problem (3.22) for any &
provided that

¢ =K(p) (3.23)

has only the zero solution in H. Problem (3.23) is equivalent to problem (3.2)
with 7 = 0. If h = 0, estimate (3.6) implies that ¢ = 0. This ends the proof of
Proposition 3.1. O

We now study the differentiability of the operator 7, with respect to & =
(&1,...,&r). Consider the Banach space C, = {f € CR) : |fllsx < }
endowed with the || - ||« norm. The following result holds.

Proposition 3.3. Under the assumptions of Proposition 3.1, the map & +— T is
of class C'. Moreover |DgTe(h)|lx < Cllh|lxx uniformly on the vectors & which
satisfy (2.11).

Proof. Fix h € Cy and let ¢ = T.(h) for & < gy. Let us recall that ¢ satisfies

k
Le(p) =h+ ZCij in (—oo, +00)
j=1

lim ¢(x) =0
|x]—o00
JoZi¢ =0 Vi=1,....k

for certain constants c;. Differentiating the above equation, formally ¥ = 05 ¢ and
dj = 0¢;c; should satisfy

ok

Le(Y)=h+ ) d;Z; in(—00,+00)

j=1
lim Y(x)=0

|x|—o00

fRYZj—i—(pag,Zj:O Vi=1,...,k
where

h=ae(p+e)(p+e—1)e VP T2 21040 (g—1)Bye” P D VI 2144135 7).

k
Letn =Y — ) b;Z;, where b; € R is chosen such that fR nZ; =0, thatis,
i=1

k
Zbi/Ziijf YZj=/ a$1¢zj=—/¢a§,zj. (3.24)
= JR R R R
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This is an almost diagonal system, it has a unique solution and we have
bi] = Cli¢ll (3.25)

Moreover, 1 satisfies

k
Lo =g+ Y djZ; in(—00,+00)
j=1

lim n(x) =0 (326)
[x]—00
fenZ; =0 Vi=1,... .k

_ Kk
with g = h—)Y_ b;L.(Z;). By Proposition 3.1, there is a unique solution n = T (g)
i=1
to (3.26) and

1l < Clg - (3.27)

Moreover, we have

Igllex < ClEXVP T2 Z10 || + Clle™ P D VIT2Z10| s

k
+llcrdg Zillas + Y 1Bil 1 L6 (Z0) s (3.28)
i=1

= CUI#llx + lal + 1bil) = CliAlls,

because |bi| < Cl|@l«, 1]l < Clihll and [c7] < CllA]xx-
By (3.25),(3.27),(3.28) and || Z; ||« < C, we obtain that

k
195 @1l < il + Y 1Bl Zills < CllAlss-
i=1

Besides, ¢, ¢ depends continuously on £ in the considered region for this norm. [

4. Nonlinear problem

In this section, our purpose is to study the nonlinear problem. We first have:

Lemma 4.1. For ||¢]+ < 1 we have

IN@ e = € (g1 + g 202 (1)

19N @l = € (gl 4 g1, (42)
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Proof. By the fundamental theorem of calculus and the definition of || ||.«, we have

[N (D) [l
k -1 1 ) *
< ag(p*+e) sup Ze olx—§;| / [(V+t¢)p +e=1_ yp +e—1]¢dt
xeR i=1 0
k -1 . 1
+XigBn sup Ze olx—§jl e~ (PTa)x / [(V +t¢)q_1 _ Vq_l:l¢dt
xeR i=1 0
=: Ni + M.
Using

la|?= || + b2 ifg>1

lla + b7 —lal?] < C
min{|a|97'|b], |b|7} if0<q <1

if p* > 2 and for ||¢||« < 1, we have

xeR

k -1
Ny < C sup <Z —olx S/) esxvp*+g_2|¢|2
k -1
+C sup (Z —olx— 5,) esx|¢|p*+8

xeR

< Clpl2 +Cloll ™+ < Cloll?.

Similaﬂy, if 1 < p* < 2, we find that Ny < C||¢||f*. Thus we get N| <

C||¢||fknm{p *’2}.. Moreover, by similar computations as Nj, we can conclude that
N < Cllg|I™™92} Thus we get (4.1).
If we differentiate N (¢) with respect to ¢, we have

IpN (@) = as(p* + &)e™ [(V )P el Vp*+s—1]
+MBge” PO [V gy - vaTt ]
By a similar argument as for || N (¢) ||, (4.2) holds. 0

Lemma 4.2. Let 0 > 0 satisfy (33) and 0 < & < & < ... < & satisfy 2.11). If
q satisfies (1.4) then there exist T € (%, 1) and a constant C > 0 such that

IE|lsws < CeT, 10 Ellss < Ce".
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Proof. We have

*

k p
E = a,¢ <VP*+€ _ V”*) e — v 4 v = (Z Wj>
=

k ok . (4.3)
+ (Z Wj> =Y WP |+ aBye PV
j=1 j=1
=:E1+Ey+ E3+ E4+ Es.
k
Estimate of E1: |Ey| = ‘80{86“ Jhvpre og th‘ <Ce Y e ol

j=1
Estimate of E>: By the Taylor expansion, we have

2¢e
-1\ I x
|E2|='((p ) e”—l)vl’
2
k

1
= sx/ ¢ dt + 0(e)e®™ | VP < Ce|loge| Ze_""'x—fj\_
0 i=1

=

Estimate of E3: Since

k r k
|E3| = |VP" — (Z Wj) <CVPTUY R ().
j=1 =1

J

Thanks to Lemma 2.2, for x < 0, we have

k k
Jj=1 =
For0 <x <&

k
|E3| < cvP! Ze—lx—sjle—ﬁmin{x,sj}
=1

k
<C Ze—dlx—€j|
j=1

Ifx > & ,for0 <o < p* — 1, we have

2
eV ifN >4

1
&5 if N =3.

k
|E3| < cvP! Ze_lx_sﬂe_ﬁ min{x,£;}
=

2 2
< CcvP —lg=w=h < CeVF=(N-2) § e~ ol —§;1

k
j=1
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Therefore we get for x € R
2
k g N+2=(N-2)q
|E3| < Z ol
1

: £ 5—q

Estimate of Eq: If —00 < x < @,we have

*

k p
(Z W(x — s,>> — W —£)”

gt
:p<J

k
+Y W — &)

=

IA

| E4]

P*lk

M»

IA

Wx — éj))

1 j=2

M»

1 j=1

103

if N >4

if N =3.

ZW(x —&pr

j=2

YW —&)+ Z Wx — )7

Jj=2

pr-1-0 , 4 0 &
W(x — sp) (Z W(x —&)) ) Y W —§)

Jj=2

with 6 a positive number satisfying 0 < 8 < p* — 1 — o. Note that

k 0
(ZW(X — &) ) Y W —g) <Cet
Jj=1 j=2
Moreover,
Z W(.X — )p < Cg Ze_olx E]
j=2
Thus
10 o L +&
|E4] < Ce™ 2 Ze“"x_gfl, for —oco <x < ,

j=1

with0 < 0 < p* —1—o. Similarly, for S=0¥8 < ¢ < 8l withj =2, ..,

k—1

k
and x > w we get |E4] < Cs# > e~ 7*=&jl Therefore for x € R we have

j=1

k

146 .

|Eql <Ce 3 Y el 5,
j=1

where0 <9 < p* —1—o0.
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The estimate of Ej5 is similar as the previous ones and we get

_ k
q-0 .
|E5| < C max{e, e»*~4} E e =&l
j=1

From (4.3) and the previous estimates, for 0 < 0 < p* — 1 — o, with o satisfying
(3.3), we have

2 146  4=C .
max { ¢|loge|, eNt2Z-WV=-2q  ¢72 gr*—q if N >4

[Ellws = C

L 146 4C .
max { &|logel, 59,672 ,er*—4 if N =3.

Therefore if g satisfies (1.4), we find that there esists T € (%, 1) such that || E |4+ <
Ce'. Differentiating E with respect to &; fori = 1,2, ..., k we have

k
0z, E = o (p* + E)esxvp*-l-s—la& V-p* Z Wix — gj)p*_laéi Wx —§))
j=1
+ ABnge”PTOYYa gy,

The proof of estimate for |0z E || 44 is similar to that for || E||. O
Proposition 4.3. Assume that 0 < & < & < ... < & satisfy (2.11). Then there

exists C > 0 such that for ¢ > 0 small enough there exists a unique solution ¢ =
¢ (&) to problem (3.1) with ||p||« < CeT for some T € (%, 1) satisfying Lemma 4.2.

Moreover, the map & — ¢ (&) is of class leor the || - ||« norm, and || 9g@ ||« < Ce".
Proof. Problem (3.1) is equivalent to solving the fixed-point problem
¢ =T:(N(@) + E) = As().
We will show that the operator A, is a contraction map in a proper region. Set
Fy={peC®) : gl <ye}

where y > 0 will be chosen later.
For ¢ € F,,by Lemmas 4.1 and 4.2, we get

IAs(@)llx = ITe(N(P) + E)llx < CIN(@)llss + 1 E |5
<C (Vmin{p*,Z}gmin{p*fl,l}t + ymin{q,2}8min{q71,l}t + 1) et

Then we have A.(¢) € F, for ¢ € F, by choosing y large enough but fixed.
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Moreover, for ¢1, ¢ € F,,, we write

1
N(¢1) — N(¢2) = /0 N'(¢n +t($1 — $2))dt (¢1 — ¢2).

By Proposition 3.1 and using (4.2), we find
A (P1) — Ac(@2) I« < CIIN (1) — N(¢2) [l4x

min{p*—1,1} min{g—1,1}
<C ((mélvé ||¢i||*) + (mélvé ||¢i||*) ) lé1 — P2l
=1, =1,

< Ce"|l¢1 — 2ll«

for some ¥ > 0. This implies that A, is a contraction map from F, to F,. Thus
A has a unique fixed point in F, .

We now consider the differentiability of & +— ¢(£). We write B(§, ¢) =
¢ — T.(N(¢) + E). We first observe that B(¢, ¢) = 0. Moreover,

dpB(&, 9)[0] =0 — T (0(3p(N(¢)))) =6 + M(9),
where M () = —T,(0(95(N(¢)))). By a direct calculation we get
IM )]l < ClIO(3p(N(@))llsx < Ce*[10]]-

So for ¢ > 0 small enough the operator d4B(€, ¢) is invertible with uniformly
bounded inverse in || - ||«. It also depends continuously on its parameters. If we
differentiate with respect to &, we have

9B, ¢) = —(0:Te)(N(P) + E) — Te (9 N)(§, @) + O E),

where all these expressions depend continuously on their parameters. The implicit
function theorem yields that ¢ (£) is of class C' and

ded = —(3p B, ¢) " '[0: B, $)]
so that

18l < C (IN (@)l + I Ellss + (9 N)(E, @) llsx + 10 Ellsx) < Ce™. O

5. The finite-dimensional variational reduction

According to the results of the previous section, our problem has been reduced to
finding points & = (&1, &2, ..., &) such that

cj¢6)=0 forall j=1,...,k. 5.1
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If (5.1) holds, then v = V + ¢ is a solution to (1.7), and u = ,I;:l Uy, +¢ is the

solution to problem (1.3) with ¢ = 7~ (¢).
Define the function Z, : (RT)* — R as Z,(¢) := I.(V + ¢), where V is
defined by (2.12) and I, is the energy functional of (1.7) defined by

1 [t 1/ 2 \2 [T _ 4
I.(v) = 5‘/;00 (lU/(X)|2+|U|2)d)C+5 (m) /_Oo " N2%v2dx

1 +oo *
_7058/ eexlv|p +8+ldx
prte+l  Jo

1 oo *
—m)\.ﬁ[\/‘/ e_(p _q)x|U|q+1dx.
—0o0

We have the following fact:

Lemma 5.1. The function V +¢ is a solution to (1.7) if and only if ¢ = (&1, ..., &)
is a critical point of I, (&), where ¢ = ¢ (&) is given by Proposition 4.3.

Proof. Fors € {1,2,...,k} we have

05, Ze(§) = 0g,(Is(V 4+ ¢)) = DI;(V + §)[0¢, V + 0, ¢]
k k
= ZC‘/’/ ZjlogV + 05,01 =) ¢ (/ ZjZ,dx +0(1)),
= R 1 R

j=

where 0(1) — 0 as ¢ — 0 uniformly for the norm || - ||«. This implies that the above
relations define an almost diagonal homogeneous linear equation system for the c;.
Thus & is the critical point of I ifand only if c; = Oforall j =1,2,... k. O

Lemma 5.2. The expansion Z.(&) = I.(V) + o(¢) holds as ¢ — 0, where o(¢) is
uniform in the C'-sense on the vectors & satisfying (2.11).

Proof. By the fact that DI.(V + ¢)[¢] = 0 and using the Taylor expansion, we
have

1
ZE - L(V)=1L(V +¢)— (V) = / DI (V + t$)[¢*1tdt
0
1 +00
- / tdr / (N($) + E)pdx
0 —00
+(p* +e)a€/ tdt/ o [VP el _ (V4 1)P +8—1] $2dx
0 —00

1 +00
+,\/3qu tdt/ e (P [V‘I’l - (V+t¢)q’l]¢2dx.
0 —00
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Since ¢l < Ce® and |Ellw < Ce® with T > 1, we get Zp(§) — L(V) =
0(&%%) = o(¢) uniformly on the points £ which satisfy (2.11).
Moreover, differentiating with respect to &;, we have

1 p+oo
0, (Ze(§) — (V) = / / 3, [(N(¢) + E)plrdxdt
0 J—oo
1 +o0 . .
+ae(p* +8)f tdt/ e g, ([V” (V4 1g)? +s—1] ¢2) .
0 —00
1 —+00 .
+M3Nq/ tdt/ e PTmDY Y, ([Vq“ - +z¢)q—1]¢2> dx.
0 —00
By the fact that [|0z¢[l« < Ce” and [0z E || < Ce” with T > 3, we deduce that
8& (Z(6) — I.(V)) = 0(821) = o(¢g). 0
We now consider the energy functional of problem (1.3), which is defined by

1 1 X A
J<u>=—/ <|Vu|2+u2>—7/ |u|”“+€——/ o+,
2 JrN p¥+1+4+¢e Jry q+1 Jry

By a direct calculation, we have that

2 \V ! g
I.(V) = (—) J(U), (5.2)

N —1 WN_1

where V is defined by (2.12), wy_1 is the volume of the unit sphere in RY and
U(z) = Y5_, Uy, (2) with Uy, satisfying problem (2.1).
We give the following expansion of J(U), whose proof is in the Appendix.

Lemma 5.3. If (2.9) and (2.10) hold we have the expansion
JWU) =a;+ae — (A1, ..., Ar)e+azeloge + o(e) 5.3)

where

N-2

N+2—(N-2)q

k k—1
Ne2ov-2 Aryi
(A1, ..., Ay) = aa A 2 —das E log A; + ag E (—) , 54
v : i=1 s =\ A
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and as ¢ — 0, 0(¢) is uniform in the C'-sense on the A;’s satisfying (2.9), and

k P*+1/ 1
a = g S
PTNTY O v U+ 2PV
k p*+]/ 1
a) = —————=U 7d2
T2 Jav (T 12V

k pr+1 / 1 aN
— o log —-dz,
prAUN Jmy (12PN T (1 4 )T

a3:M(ap*+l / ;(@
4N N Jjy (14 2DV

k726G —1) 2
XE:(N>Q +N+Q—%N—Dq)

i=1

A 1
aqs = dZ,
N q+1 / (14 |Z|2)7(N72;(q+1)

RN
4N N Jjy (L4 2N )
— p*+1/ ! !
ag = o dz.
VSR () RN

We are now ready to prove our main result.

Proof of Theorem 1.1. Thanks to Lemma 5.1, we know that

k
u =

Uy, +¥ withy =T "'(¢)

Jj=1

is a solution to problem (1.3) if and only if & is a critical point of Z. (&), where the
existence of ¢ is guaranteed by Proposition 4.3. -

Finding a critical point of Z, (&) is equivalent to finding one of Z, (&), which is
defined as

~ N-—1\""Toy_ a
IE@)=—(T) Z‘Ig<s>+;l+a2+asloge.

On the other hand, from Lemmas 5.2 and 5.3, using (5.2), we have

2

N—-1 1
L&) = I(V) +o(e) = (ﬁ) EJ(U) +o(¢)

2\t
= [a1 +a28—g0(A1,...,Ak)£+a3810g£] + o(e)
N —1 WN_]
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as ¢ — 0, where p(A) is defined by (5.4) and o(¢) is uniform in the C I_sense. Then
we have

Ze(§) = o(A) +o(1), (5.5)
where o(1) is uniform in the C!-sense as ¢ — 0.
If we sets1 = Ay, = %,we can write p(Aq, ..., Ag) as
N+2-(N-2)q k N-2
o(s1, ..., 80 =ass; — ask log s —Z |:a5(k—j+1)logSj—a6sj2 ]
j=2

with
N42—(N-2)q
¢ =ass;, ° — ask log s
and
~ . M .
¢j =astk — j+1)logs; —a6sj2 ., J=2,...,k
‘We note that
2
Dask NFI=(N-2q
5 = ( 5 ) ! (5.6)
as(N +2— (N —2)q)
is the critical point of ¢, and
2
2as(k — j + 1)\ 72
= (2RI TN (5.7)
(N —2)ag

is the critical point of ¢ ;. Moreover
@1 (51) <0, (ﬁf;(fj) <0, j=2,...,k.

So (51, 82, . . ., Sk) is a nondegenerate critical point of ¢(sy, ..., sx). Thus
A* = (51, 5251, 535281, ..., Sk X ... X 5251)

is a nondegenerate critical point of ¢(A). It follows that the local degree
deg(Vo(A), O, 0) is well defined and is nonzero, where O is an arbitrarily small
neighbo~rhood of A*. Hence from (5.5), for ¢ > 0 small enough, we have that
deg(V:Z:(§), O,0) # 0, where O is a small neighborhood of £* = (§f, ..., &)
and

log (5;5j=1...51), for¥V j=1,... k.

1 N-2
g =G0+

log — —
p*—q %

So &* is a critical point of Z; (&), which implies there is a critical point of Z.
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Furthermore, if for some i, |[x — &;| < Co with some Cy > 0, then we have
¢ = o(W(x — &)). Thus ¥(z]) = T (¢ (x)) = o(wy,) for Fui < Iz < Cp;.
Moreover, from (c) of Lemma 2.1, we get that R, = o(w,,;) for é,u,- <|z| < Cu,;.
Therefore we obtain (1.5) holds with

where §; are given by (5.6) and (5.7). This finishes the proof. ]

6. Appendix

6.1. Proof of Lemma 2.1

In order to prove Lemma 2.1, we introduce the Green function. For a fixed z € RN,
let G(z, y) be the Green function of —A + I, which satisfies

—AG(z,y)+ G(z,y) = 8.(y) inRN,
G(z,y)—>0 ly| — oo.

We have the following:

_c B
Lemma6.1. |G(z,y)| < { =" for 0<ly—zl <1
ly—zl 2 e for [y -zl = L.

Proof. By radial symmetry, we can write G(z,y) = G(r) withr = |y — z|. Since
G (r) is singular at zero and tends to zero at infinity, we can verify that G is given
by

N -2 2-N
Gr)=—"—F——=r 7 Kna2(),
(2m)2T(3)? ’
where K N2 (r) is a Modified Bessel Function of the Second Kind, see [15]. For
N = 3, the function G has the explicit form G(r) = 7—. In general, we have that
KN%z r) ~ rs 2 )( Yz for r close to 0, and KN z(r) ~ /ﬂe_’ for r large.
Using these estlmates, we obtain the result. O

Proof of Lemma 2.1. (a) It is a direct consequence of the maximum principle.

(b) Define the barrier function Q(z) = ,u# |z|~ V42 1t satisfies —AQ(z) +
0(z) > cu¥|z|_(N+2) for all |z| > R with R > 0 a large constant, here c is
posmve constant. Since Q(z) = u A R~W+2) for |z] = R and Up(z) fwpu(z) <

AN = |z| (N=2) for all |z| > 0. Set (z) = AQ(z) — U,.(z) for some constant
A > 0, we then have —A¢(z2) + ¢(z) > 0 for |z] > R, and ¢(z) > 0 for |z] = R by
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choosing suitable constant A. By the maximum principle we get U, (z) < AQ(z) =
AT 12"V for |z] = R.
(c) Using the representation

R, (z) = / G(y — Dwyu(y)dy
RN
and standard convolution estimates we can obtain the stated bounds for R, . |

Set Z,,(z) = 0,Uu(2),  Zu(2) = 9w, (2); then Z,,(2) satisfies

2M(Z) -0 as |z] — oo.
We can write ZAZ) = 7u (2) + 0, R, (2); then 9, R, (z) satisfies
—A@uR.(2) + 0, Ry (2) = —0,wyu(z) inRY
0uRu(z) > 0 as |z| — oo.

1

We observe that | — 3, w,(z)| < Cu™ w,; then we have:

Corollary 6.2. One has
|0 R ()| < Cu ' Ru(2)| forVz e RN, (6.1)
Moreover, by the maximum principle, we have that
~ N—-4
Zu@)| = Cu" 7 |2~ for |z] = R, (6.2)

where R is a large positive number but fixed in Lemma 2.1.

6.2. Expansion of energy

Proof of Lemma 5.3. The proof is very similar to the one in [20]. The difference is
that we have more terms in the energy and the initial approximation is also some-
what different. We have

1 1 '
JU) = [5 /RN(WUFJFUZ)— p*+1/RN U’ +1]

+|: ! /Up*ﬁ-l_;/ Up*+1+a:|_L/ Uat!
p¥+1 Jrn p*+14+¢ Jrn qg+1 Jrn

= J1+ o+ J3, (6.3)

k
where U = ) Uy, with Uy, = wy; + Ry
j=1
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As in [20] but using the estimates of R;, in Lemma 2.1 we can get

ki1 1
J :—ap+f 4
PTNTY ey T 2PN

k—1 N2
Ai+1) 2 prh 1 1
_EZ<T1 ay . Nz V- —dz+o(e).

=1 N(1+1z1) 2

(6.4)

As in [20] we also obtain

k | 1
J = —O[p + / 4(12
PTE  2N ey  2N

k o *H/ ! log oN dz
prAT N Jey (12PN T (4 )T
(N=2?%( i I :
- —d log A;
t+eé AN ¥y /RN 1+ |Z|2)N 2 ; 0g Ai (6.5)
(N —2)? p*+1/ 1
A N |
T\ e

ko6 —1) ’
* ;( N -2 +N+2_(N_2)q>€10g8+0(8).

We will do with detail the estimate of the term J3.
2
Given 6 > 0 small but fixed, let uy, ..., ux be given by (2.10); set o = %
and pg+1 = 0. Define the following annulus

A; == BQO, Juini—)\BQO, Juipi+1), for i=1,... k.

k
We observe that B(0, §) = le A;. On each A; the leading term in »_ Uy, is
=t
U, . Then we have

q+1 k
carvn=i3 [ (v 3 0) —vg- ey 3,

j=1j#l
+1
ﬂ;/m Uit +(q + 1)2 U;{IUM

Al j=1,j#l
q+1
U,
/RN\B(O 8) (Z )

= L1+ B2+ 33+ J34.
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By the mean value theorem, for some ¢ € [0, 1], we have

g +1) < k T ’
J31 = AT Z/A <Um +1 Z Uw) ( Z UHj)
=1 A j I

j=1j#l

k k
q—1 q—1, 72
Ch E /wm w +C)» E /wm Wy,
Jil=1,j#l i, j.l=1, i,j#l

IA

Now

k k q—l q+1
2: q—1,2 _ Z q
/A Wi ;= (wly "wy wij
)

jI=1, j#l ji=1, j#l Y Al
J J# J k}# . , (6.6)
q q
< Z (/ wzlwu_,) (/ wqujl) )
JI=1 A N A A
and
k k it 2
q+1 q+1
Z /wzllwij < Z (/ ijr]> (/ wz;rl) . (6.7)
i =1, i,j#l i jl=1, i, j# \Y A Al
If j > [ we have
N=2 N2
24 2
Iu,.
/w:]uwl/«jdz — ot / M . J oz
+ q + 2
Ay NS 1 ST T (M g ) (M 1219 (6.8)
N-=2
-\ "z _N=2, ., Nt2 1 1
_ <&) T g [ adz o) |,
1 RN (1 4 [z]2) 774 Izl
while for j </ we have
N=2 N2
= 4 2
l,(,.
/wlqlvlwﬂjdx:oz;{,Jrl / ol ; J ; >dz
724q 2
A R S|z S R =1 (Ml ] ) (,u I
N-=2
7 N2, 842 1 1
B <ﬂ> “l a oy =
Kj (1+|ZI2) 74 (1+ (’” )2|z|2)

\/m<\2|<\/r
M H

"3 _N-2,, Ni2 1
< (ﬂ) I 74t Ol;]V—H / —NdZ,
Ki (I+1z9) 2

#l+1< < [Hi=1
N =

|
[

(6.9)
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and for i # [ we have

=

N2y (ﬂ) ifi<l—1<I
g+22 | \ i
/ it < Cp; Y M2 (6.10)
A Hi ifi>1+1>1
MI—1
From (6.6)-(6.10), (1.4) and (2.10), we get J3,1 = o(¢).
Moreover,
J3o = )‘Z/ wq+1 +AZ[ (U‘”l w‘”l)
N+2—(N-2)q
=eA, ° dz + o(e).

1
A /

(N=2)(g+D)
S ()

From (6.8) and (6.9), we have

k k
J33 = C)»Z/A Z 2 Uu; < CAZ/ Z wi wy; = o(e).
=1 =1

Lj=1,j#l Al j=1,j#1
Finally,
k q+1 k 1
fa=2 /RN\B<0,5) (]; Uﬂj) 2:: /RN\B«) 5) wij 2= 0te).
Thus we get
J3 = —sAw )L / ! dz + o(e). (6.11)
e
From (6.3), (6.4), (6.5) and (6.11), we obtain (5.3). O
References

[1] C. O. ALVES, D. C. DE MORAIS FILHO and M. A. S. SOUTO, Radially symmetric so-
lutions for a class of critical exponent elliptic problems in RN , Electron. J. Differential
Equations 07 (1996), 12 p.

[2] H.BERESTICKI and P. L. LIONS, Nonlinear scalar field equations. I. Existence of a ground
state, Arch. Ration. Mech. Anal. 82 (1983), 313-345.



(3]
(4]
(5]
(6]

(7]
(8]
(9]
(10]
(11]
(12]
(13]

(14]

[15]

[16]
(17]
(18]

(19]

[20]
[21]
[22]
[23]
[24]

[25]

(26]

BUBBLE-TOWER SOLUTIONS 115

J. CAMPOS, Bubble-tower phenomena in a semilinear elliptic equation with mixed Sobolev
growth, Nonlinear Anal. 68 (2008), 1382—-1397.

C. V. COFFMAN, On the positive solutions of boundary-value problems for a class of non-
linear differential equations, J. Differential Equations 3 (1967), 92-111.

J. DAVILA, M. DEL PINO and I. GUERRA, Non-uniqueness of positive ground states of
nonlinear schrodinger equations, Proc. London Math. Soc. (3) 106 (2013), 318-344.

M. DEL PINO, J. DOLBEAULT and M. MUSSO, “Bubble-tower” radial solutions in the
slightly supercritical Brezis-Nirenberg problem, J. Differential Equations 193 (2003), 280—
306.

M. DEL PINO, J. DOLBEAULT and M. MUSSO, The Brezis-Nirenberg problem near criti-
cality in dimension 3,J. Math. Pures Appl. (9) 83 (2004), 1405-1456.

M. DEL PINO and I. GUERRA, Ground states of a prescribed mean curvature equation, J.
Differential Equations 241 (2007), 112-129.

M. DEL PINO, M. MUSSO and A. PISTOIA, Super-critical boundary bubbling in a semi-
linear Neumann problem, Ann. Inst. H. Poincaré Anal. Non Linéaire 22 (2005), 45-82.

P. L. FELMER, A. QUAAS, M. TANG and J. YU, Monotonicity properties for ground states
of the scalar field equation, Ann. Inst. H. Poincaré Anal. Non Linéaire 25 (2008), 105-119.
A. FERRERO and F. GAZZOLA, On subcriticality assumptions for the existence of ground
states of quasilinear elliptic equations, Adv. Differential Equations 8 (2003), 1081-1106.
A.FLOER and A. WEINSTEIN, Nonspreading wave packets for the cubic Schrodinger equa-
tion with bounded potential,J. Funct. Anal. 69 (1986), 397—408.

Y. GE, R. JING and F. PACARD, Bubble towers for supercritical semilinear elliptic equa-
tions, J. Funct. Anal. 221 (2005), 251-302.

Y. GE, M. MUSSO and A. PISTOIA, Sign changing tower of bubbles for an elliptic prob-
lem at the critical exponent in pierced non-symmetric domains, Comm. Partial Differential
Equations 35 (2010), 1419-1457.

B. GIDAS, W.M. NI and L. NIRENBERG, Symmetry of positive solutions of nonlinear
elliptic equations in RN, In: “Mathematical Analysis and Applications”, Part A, Advances
in Math. Suppl. Studies 7A, Academic Press, New York-London, 1981, 369-402.

M. K. KWONG, Uniqueness of positive solutions of Au — u +uP = 0 in R®, Arch. Ration.
Mech. Anal. 105 (1989), 243-266.

K. MCLEOD and J. SERRIN, Uniqueness of positive radial solutions of Au + f(u) =0 in
R", Arch. Ration. Mech. Anal. 99 (1987), 115-145.

A. M. MICHELETTI, M. MUSSO and A. PISTOIA, Super-position of spikes for a slightly
super-critical elliptic equation in RY, Discrete Contin. Dyn. Syst. 12 (2005), 747-760.
M.Musso and A. PISTOIA, Sign changing solutions to a nonlinear elliptic problem involy-
ing the critical Sobolev exponent in pierced domains, J. Math. Pures Appl. (9) 86 (2006),
510-528.

M. Musso and A. PISTOIA, Tower of bubbles for almost critical problems in general
domains, J. Math. Pures Appl. (9) 93 (2010), 1-40.

W.-M. N1, Uniqueness of solutions of nonlinear Dirichlet problems, J. Differential Equa-
tions 50 (1983), 289-304.

W.-M. NI and R. D. NUSSBAUM, Uniqueness and nonuniqueness for positive radial solu-
tions of Au + f(u,r) = 0,Comm. Pure Appl. Math. 38 (1985), 67-108.

L. A. PELETIER and J. SERRIN, Uniqueness of positive solutions of semilinear equations
in R", Arch. Ration. Mech. Anal. 81 (1983), 181-197.

L. A. PELETIER and J. SERRIN, Uniqueness of nonnegative solutions of semilinear equa-
tions in R™, J. Differential Equations 61 (1986), 380-397.

A. P1sToIA and T. WETH, Sign changing bubble tower solutions in a slightly subcritical
semilinear Dirichlet problem, Ann. Inst. H. Poincaré Anal. Non Linéaire 24 (2007), 325—
340.

S. 1. POHOZAEV, Eigenfunctions of the equation Au + Lf (u) = 0, Sov. Math. Dokl. §
(1965), 1408-1411.



116 WENJING CHEN, JUAN DAVILA AND IGNACIO GUERRA

[27] O. REY, The role of the Green’s function in a nonlinear elliptic equation involving the
critical Sobolev exponent, J. Funct. Anal. 89 (1990), 1-52.

[28] T. TAO, M. VISAN and X. ZHANG, The nonlinear Schridinger equation with combined
power-type nonlinearities, Comm. Partial Differential Equations 32 (2007), 1281-1343.

[29] J. WEI and S. YAN, Infinitely many solutions for the prescribed scalar curvature problem
on SN, T. Funct. Anal. 258 (2010), 3048-3081.

School of Mathematics and Statistics
Southwest University

Chongging 400715

Peoples’s Republic of China
wjchen1102@gmail.com

Departamento de Ingenieria
Matematica and CMM
Universidad de Chile
Casilla 170 Correo 3
Santiago, Chile
jdavila@dim.uchile.cl

Departamento de Matemadtica

y Ciencia de la Computacion
Universidad de Santiago de Chile
9170125, Santiago, Chile
ignacio.guerra@usach.cl



