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Schanuel’s theorem for heights defined via extension fields

CHRISTOPHER FREI AND MARTIN WIDMER

Abstract. Let k be a number field, let 6 be a nonzero algebraic number, and let
H (-) be the Weil height on the algebraic numbers. In response to a question by
T. Loher and D. W. Masser, we prove an asymptotic formula for the number of
o € k with H(af) < X, and we analyze the leading constant in our asymptotic
formula. In particular, we prove a sharp upper bound in terms of the classical
Schanuel constant.

We also prove an asymptotic counting result for a new class of height func-
tions defined via extension fields of k with a fairly explicit error term. This pro-
vides a conceptual framework for Loher and Masser’s problem and generaliza-
tions thereof.

Finally, we establish asymptotic counting results for varying 6, namely, for
the number of ,/pa of bounded height, where o € k and p is any rational prime
inert in k.

Mathematics Subject Classification (2010): 11R04, (primary); 11G50, 11D45
(secondary).

1. Introduction

Let k be a number field. A well-known result due to Schanuel [12] shows that the
subset of k" of points with absolute multiplicative Weil height no larger than X has
cardinality

as X tends to infinity. Here d is the degree of k and the positive constant Sy (n)
involves all the classical number field invariants; for the definition see (1.2).

In the present article we generalize this result in various respects motivated by
a question of Loher and Masser. Let 6 be a nonzero algebraic number, let H(-)
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denote the absolute multiplicative Weil height on the algebraic numbers Q, and
write N (6k, X) for the number of @ € k with H(fa) < X.

Evertse was the first one to consider the quantity N (6k, X). The proof of his
celebrated uniform upper bounds [4] for the number of solutions of S-unit equations
over k involves the following uniform upper bound

N@©Ok, X) <5-2¢x3 41,

Later Schmidt [13, Lemma 8B, page 29] refined Evertse’s argument to get the cor-
rect exponent on X. Schmidt used a different height but elementary inequalities
between them imply

N0k, X) <36-23x%

But the constant is fairly large. Indeed, the constant’s exponential dependence on d
can be removed, as shown by Loher and Masser. More precisely, they proved

N0k, X) < 68(dlogd) X, (1.1)

providedd > 1,and N(6Q, X) < 17X 2. (In the special case 6 € k a similar result
was obtained earlier by Loher in his Ph.D. thesis [8].) By counting roots of unity
they also showed that an upper bound with a constant of the form o(d loglogd)
cannot hold, and hence regarding the degree their result is nearly optimal. Loher
and Masser’s result (1.1) played also an important role in the recent proof of a
longstanding conjecture of Erd6s on the largest prime divisor of 2" — 1 by Stewart
[16]. Stewart’s strategy builds up on work of Yu [21,22] on p-adic logarithm forms
in which Yu applies a consequence of (1.1) to obtain a significant improvement. It
is this improvement that makes Stewart’s approach work (cf. [22, page 378]).

All the proofs of these upper bounds for N (8k, X) rely in an essential way on
the box-principle, which works well for upper bounds but seems inappropriate to
produce asymptotic results. This may have motivated Loher and Masser’s following
statement [6, page 279] regarding their bound on N (6k, X): It would be interesting
to know if there are asymptotic formulae like Schanuel’s for the cardinalities here,
at least for fixed 6 not in k.

Our Theorem 1.1 responds to this problem for fixed 8 not in &k, and our Theo-
rem 1.4 generalizes Theorem 1.1 to arbitrary dimensions. Theorem 1.2 gives a sharp
upper bound for the leading constant in these asymptotics in terms of Schanuel’s
constant Sx(n). In Theorem 1.3, we shall see asymptotic results for varying 6 not
ink.

To provide a more general framework for Loher and Masser’s, and similar
questions, we introduce a new class of heights on P"(k), using finite extensions
of the base field k. As usual, these heights decompose into local factors, one for
each place v of k. However, at a finite number of non-Archimedean places, the
local factors of these heights do not necessarily arise from norms, and moreover,
their values do not necessarily lie in the value groups of the corresponding places
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v. Theorem 6.1 (in Section 6), from which we will deduce Theorem 1.4 (and thus
also Theorem 1.1), is a counting result, in the style of Schanuel’s, for these heights.

Our heights are special cases of the heights used by Peyre [11, Définition 1.2].
Peyre gives asymptotic counting results [11, Corollaire 6.2.18] but no error esti-
mates for his general heights. Therefore the main terms in our Theorem 1.4 and
Theorem 6.1 could likely be derived from Peyre’s result, although with a different
representation of the constant. Indeed, a significant part of this work consists of
finding the right representation which enables us to prove the sharp upper bound in
Theorem 1.2, as well as some invariance properties. Furthermore, Peyre’s approach
does not seem to provide comparable error terms, and the latter are essential for the
proof of our Theorem 1.3. A very recent result due to Ange [1, Théoréme 1.1] pro-
vides a Schanuel type counting result for another special case of Peyre’s heights.
Ange also gives a completely explicit and fairly sharp error term. However, his
heights require Euclidean/Hermitian norms at the Archimedean places and thus do
not include the usual Weil height.

Next we introduce some notation. We start with Schanuel’s constant Si (),
which is defined as follows

hi Ry 27 (2m)s \" ! el
Si(n) = 1y st 12
R AR ( m) (D (42

Here hy is the class number, Ry the regulator, wy the number of roots of unity in
k, ¢x the Dedekind zeta-function of k, Ay the discriminant, » = ry is the number
of real embeddings of k and s = s; is the number of pairs of complex conjugate
embeddings of k.

For each place v of k (or w of K := k(0)) we choose the unique absolute value
| - |y onk (or | - | on K) that extends either the usual Euclidean absolute value on
Q or a usual p-adic absolute value. We also fix a completion k, of k at v and for

each Archimedean place v of k we define a set of points (2o, ..., z,) € k*! by
[Kw:ky]
[ [max{izolv- 101wlz1lv. - -+ 1Blwlzale} T <1,
wlv

where the product runs over all places w of K = k(f) extending v. As these sets
are open, bounded, and not empty, they are measurable and have a finite, positive
volume, which we denote by V,,. Here we identify k, with R or with C, and we
identify the latter with R?. We define

V=V©kn =) " v. (13)

v|oo

Write O for the ring of integers of k and let 1z be the Mobius function for nonzero
ideals of Oy. For ideals A, B of Oy, we write (A, B) := A + B. Moreover, ;A
denotes the absolute norm of the fractional ideal A of k. For o € k, we also write
Ny (@) := My (¢ Oy). Analogous notation is used for K instead of k.
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For an ideal B of Oy, we write *B := Bk for the extension of B to Ok
(“up”). Similarly, for an ideal ® of Ok, we write °D := D N O for the contraction
of ® to O (“down”).

The dependence on 6 comes in two flavors; while V amounts only to the
Archimedean part the following constant captures both parts.

Let o be nonzero and in Oy, such that a8 € Ok, let® := «bOk,and D :=
°9. We define

4 Nk (D,"B)!
g (0. m) = (a)nz i

B|D

n+1
KH Z i (A) mkPn—H — P

. (14
T A MNP+l — 1 (14)

A|B~ID P|AB
In the product, P runs over all prime ideals of Oy dividing AB. It will follow
from Lemma 2.3 that this definition does not depend on the choice of «, and from
Proposition 2.2 that g¢ (8, n) > 0.

Theorem 1.1. Let 6 be a nonzero algebraic number, let k be a number field and
denote its degree by d. Then, as X > 1 tends to infinity, we have

Nk, X) = g0, NS ()X + 0 (Xzf’—ls) :

where £ :=log(X + 1) ifd = 1 and £ := 1 otherwise. The implicit constant in the
O-term depends on 0 and on k.

Let us briefly discuss some properties of the constant gx (9, 1) and then illus-
trate the theorem by some examples.

For any nonzero « in k we have 80k = «afk. Also, the height is invariant
under multiplication by a root of unity. Therefore N(6k, X) = N(¢abk, X) for
any o € k* and any root of unity ¢, in particular we have

gk(0, 1) = gi(Cab, 1). (1.5)

This can also be proved directly from the definition as we shall see in Section 2. By
Schanuel’s theorem we conclude that g;(¢«, 1) = 1. But, as is straightforward to
check, the theorem implies even gi (¢, 1) = 1 for ¢ a root of any unit in Oy and
o €k*.

The fact that H («) = H(ae~'6071) implies

g 0. 1) =g (07.1).

Next we consider the problem of uniformly bounding gx (6, 1). From Schanuel’s
theorem and the standard inequalities H(«)/H(®) < H(a) < H(O)H(x) we
conclude

H©®) ™ < g(6,1) < HO)™.
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This raises the question of the existence of bounds that are uniform in 6 or in d, or
even uniform in both quantities 6 and d. From (1.1) we obtain an upper bound that
isuniformin @, i.e.,ford > 1

68d logd
Sk

Now if we fix d > 1 and vary the fields k then by the Siegel-Brauer theorem
the right hand-side tends to infinity, so this bound really depends on A and not
only on d. However, intuitively one might guess that for most « € k one has
H(@a) > H(a), so one might even expect that g (6, 1) < 1 holds true, which, of
course, would be best-possible. We shall answer here all of these questions. We
start with the upper bound and confirm the intuitive guess.

g0, 1) =

Theorem 1.2. Let 6 be a nonzero algebraic number. Then gy (6, n) < 1. Moreover,
equality holds if and only if for every place v of k there is an a, € ky such that
|0]w = loty |y holds for all places w of K above v.

Let us now illustrate Theorem 1.1 with an example, and thereby explain also
the situation regarding lower bounds for g (6, 1). Let us first take k = Q, and
6 = /p for a prime number p. Then we get the asymptotics

2 24
VP So(h)X? 2Py

Cni(p+ )

p+1
More generally, if p is inert in k and & = ,/p then we get the asymptotics
2p/? 2d
—Sr(1) X4 1.6
SO (16)
Letting p tend to infinity shows that there is no lower bound for g (6, 1) that is
uniform in 6. Likewise, fixing a p and taking a sequence Q, k1, ko, . .. of number
fields with p inert in k; and [k; : Q] — oo shows that there is no lower bound for
gk (0, 1) that is uniform in d.
The fast decay of gx(,/p, 1) as p runs over the set Py (which we define as the
set of positive rational primes inert in k) suggests another problem. Let

VPik = {/pa:pePrackl= ] Jpk

pePy

The above set has uniformly bounded degree, and thus, by Northcott’s theorem, we
may consider its counting function N (/Prk, X) := |{8 € /Pik : H(B) < X}|.
Now if d > 2 then the sum over the terms in (1.6) converges, so it is natural
to ask whether the asymptotics of N (v/Pik, X) are given simply by summing the
asymptotics of N(,/pk, X) over P;. The following result positively answers this
question.
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Theorem 1.3. Let k be a number field of degree d. Then, as X > 3 tends to infinity,
we have

Sk(1)X*loglog X 4+ O (X*) ifd =2,
N /Fkk, X)= 2 pd/2
( ) ( P #) Sk DX + 0 (X¥71L)  ifd =2,

where L = loglog X if d = 3 and L = 1 ifd > 3. The implicit constant in the
O-term depends on k.

The case d = 2 is just slightly more difficult than d > 2 and requires addition-
ally Chebotarev’s density theorem and partial summation. However, it is not clear
to us how to handle the case d = 1.

Finally, let us mention that Theorem 1.1 can also be used to count the elements
in the nonzero, e.g., square classes k*/(k*)?. Each class has the form y - (k*)? with
some y € k*. To count the number N(y - (k*)?, X) of elements in this square
class with height no larger than X we note that H (yaz) = H (ﬁa)z, and thus
N(y - (k)% X) = (1/2)(N(y7k,~VX) — 1). E.g., the square class (Q*)> has
asymptotically (6/72)X elements whereas the square class 11 - (Q*)? has asymp-
totically only V11 /m%) X elements of height bounded by X.

Next we generalize Theorem 1.1 to higher dimensions. Let N (6k", X) be the
number of points & = («y, ..., o) € k" with H((O«y, ..., 0u,)) < X. Of course,
here H : Qn — [1, 00) is the (affine) absolute multiplicative Weil height, defined
by

H(i, ..., o)™ = TT max{l, |wily, ..., o},
weMg
where K is any number field containing wyq, ..., w,, the index w runs over the set

Mk of all places of K, and dy, := [K,, : Q] denotes the local degree, where Q,,
is the completion of QQ with respect to the place below w.

Theorem 1.4. Let 0 be a nonzero algebraic number, let k be a number field, denote
its degree by d, and let n be a positive rational integer. Then, as X > 1 tends to
infinity, we have

N(6k", X) = g0, m)Sk(m) X4 *D + 0 (Xd<"+1)—12) ,

where £ := log(X + 1) if (n,d) = (1, 1), and £ := 1 otherwise. The implicit
constant in the O-term depends on 0, on k, and on n.

Of course the invariance property (1.5) remains valid for arbitrary n instead
of 1. Ange [1, Corollaire 1.6] has shown a related result (although with different
choice of the height); instead of fixing one 8 he allows a different 6 for each coor-
dinate and his error term is completely explicit and quite sharp. On the other hand
he requires that a (positive) power of each 6 lies in the ground field k.
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So far we have counted elements 6« in 6k™ of bounded height. What if we
replace the set 0k by 0 + k? Or 0k? by 61k x 6,k? More generally, we suppose

Ly, ..., L, are linearly independent linear forms in n variables with coefficients in
Qand 0y, ...,0, are in Q. Suppose we want to count elements of bounded height
in the set

{(Li@) +61,....La(e) +6,) : € K"}.

Now let o := (w1/wo, . .., wy/wp) € k" and define @ := (wo, ..., ®,). Then

[Kw:Qu]

H((L1(@ + 61, La@) +6,)) =] Tmax {ILo@lu, . [£a @)1}

where Lo(w) = wp and L;(®) = Li(wi,...,wp) + 0wy (for 1 < i < n),
which give us n + 1 linearly independent linear forms. Here the right hand-side
defines a special case of a so-called adelic Lipschitz height Has (introduced in
[19]) on P"(K), where K is any number field containing k, and the coefficients
of Lo, ..., L,,and the product runs over all places w of K. Thus, we need to count
the points P = (wp : - - - : wy) € P"(k) with wg # 0 and Hy(P) < X.

These generalizations of Loher and Masser’s problem naturally motivate our
general theorem (Theorem 6.1), which is as follows. Given two number fields k C
K and an adelic Lipschitz height Hys on K, we give an asymptotic formula for
the number of points P € P"(k) with Har(P) < X, as the parameter X tends to
infinity. To be more accurate, we also impose a minor additional assumption on
the adelic Lipschitz height Hys, which seems fulfilled in all natural applications, in
particular, it holds in the aforementioned examples.

The special case K = k of our general theorem follows from a result in [19].
There, a complementary result was proved, in the sense that points of P (K') defined
over a proper subextension of K /k were excluded from the counting (which is
insignificant for the main term but was needed to obtain good error terms).

Now already with general linear forms as above it seems unlikely that the main
term can be brought into an as civilized form as for Theorem 1.4 (see also the
remark in [18, page 1766 third paragraph]). Indeed, a considerable part of our work
consists of finding the simple representation of the constant in the special case of
Theorem 1.4. However, it turns out that the given representation is not so convenient
for theoretical considerations. Indeed, even the most obvious properties, such as the
invariance property (1.5), are not immediately clear from the present definition. In
Section 2 we establish a representation of g (6, n) as a product of local factors
(Proposition 2.2), which is a first step in the proof of Theorem 1.2 and also reveals
the invariance property (1.5).

At any rate, a situation involving linear forms similar to the above turns up if
we want to count solutions of a system of linear equations with certain restrictions
to the coordinates of the solutions. Here is an example. Consider the equation

V2x +43y ++/52 =0, (1.7)
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defined over K = Q(ﬁ, V3,353). Using arguments from [18] one can easily
compute that the number of solutions (x, y,z) € K 3 with H((x, v,2)) < X'is
asymptotically given by

(@—(ﬁ+f—ﬁ)2

/480

But what about the number of such solutions whose first two coordinates are ratio-
nal? This question reduces to counting the elements (wg : w1 : w2) € ]P’Z(Q) with
bounded adelic Lipschitz height

8
) Sk)X* + 0(X?).

[Kwi@w]

} [K:Ql
w

1
NL) = Vv s (1 12.5M4 4. 5*1/2) xX3+o0 <X2) (1.8)

V201 4+ 3wn
NG

Applying our general theorem gives the following asymptotic formula

Hr(eo : o) : wz>)=]"[max{|wo|w, @1, [@2]u,

w

for the number Ny (X) of solutions (x, y, z) of (1.7) of height bounded by X and
with x, y € Q. Here V~ denotes the volume of the set of points (2o, z1, z2) in R3
that satisfy the inequality

max({|zol,|z11,1z2], 17221 +v/3z21/+/5) max{|zol, 211,221, |V 221 — /3221 /+/5) < 1.

For the computations we refer the reader to the appendix.

Finally, by Northcott’s theorem there is no need to restrict to a fixed number
field, and one could also consider all number fields of a given fixed degree simulta-
neously. Let us define the set

Ok(n;e) = {(Oay,...,0a,) : [k(ay,...,a,) 1 k] =e}.

So Theorem 1.4 gives the asymptotics for the counting function N (6k(n; 1), X) =
N (0™, X), and more generally, one could ask for the asymptotics of N (6k(n;e),X).
The special case 8 € k was considered in [5,9,10,14,15], and [17]. Indeed, it is
likely that the methods from [19] and [17], combined with those of the present
article, are sufficient to solve this problem, provided #n is large enough. On the
other hand, it would be interesting to know whether Masser and Vaaler’s approach
from [9] can be combined with ours to handle the case n = 1.

The plan of the paper is as follows. In Section 2 we establish a product repre-
sentation of g (6, n), and we use this to deduce some of its properties. This product
form is also the starting point in the proof of Theorem 1.2, which we give in Sec-
tion 3. Then in Section 4 we state and prove some basic facts about lattice points,
which are required for the proofs of Theorem 6.1 and Theorem 1.3. Section 5 pro-
vides the necessary notions such as adelic Lipschitz systems to state our general
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theorem. Then in Section 6 we state the general theorem (Theorem 6.1), and in
Section 7 we give its proof. From Theorem 6.1 we deduce Theorem 1.4, which is
done in Section 8. The proof of Theorem 1.3 is carried out in Section 9. Finally, in
the appendix we calculate formula (1.8) using Theorem 6.1.

By a prime ideal we always mean a nonzero prime ideal. By £ <Oy, we mean
that E is a nonzero ideal of Of. An empty product is always interpreted as 1, and
an empty sum is interpreted as 0.
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2. Product representation and invariance properties of the constant

In this section, we use a product representation for the constant g (6, n) to derive
some of its properties. Let ®, B be nonzero ideals of Ok or Oy, respectively. For
convenience, we define

gnK(g’ uB)(n-H)/[K:k]

Q(QaB) ::q(g, B,n) = ka

Clearly, ¢(®, B) is multiplicative in B, by which we mean that ¢g(®, B1B;) =

q(®, B1)g(®, By) whenever (By, By) = 1. Moreover, g(®, B) = ¢((®,"B), B),

and if By | By, then g(“B,D, B)) =M B! and ¢(*B1D, B,) =M Bq(D, B, ' By).
We now define local factors at prime ideals P of Oy, by

@ = Pl (4 m P”—l)i @, P/)
gp(Y,n = P 1 k j:Oq ) .

Let vp denote the P-adic valuation on k, normalized by vp(k*) = Z. The infinite
sum converges, since

4(D. PI) = W pr®ig (9, prr() @.1)

holds for all j > vp(°®). Clearly, gp(®D,n) = gp(Dp,n), where Dp :=
]_[;Blp ‘,]3”‘13@) is the part of ® lying over P.
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Lemma 2.1. Let ® be a nonzero ideal of Ok and D = °D. Then

n+
> q®@.B) Y (4) I1 u ng@ n).

n+1 __
BID AlB-1D WA plap TP

Proof. We start by investigating the expression

i (A) M P P
S(D, B) := -
AlBZ,D M A PHB My Prtl —

for a given ideal B of Oy dividing D. Clearly,

S(D, B) — HM Z f(A)

1
P|B Ny Pt AlB-1D
where "
i (A) M P — Iy P
F(A) = I1 .
M A PIA MNP+l —1
PiB

The function f is multiplicative and f(Oy) = 1. For any prime ideal P dividing
B~ 1D, we have

M P! if P| B,

P) =
7 —(MP" —1)/(Ou P —1) if P{B.

Moreover, f(P¢) =0ife > 1. We use

Yo =[] a+rey

AlB~'D P|B-'D
to obtain
N PP — N P MPprtl — oy P MP — 1
S(D, B)Zl_[ m, pr+l — 1 1_[ M, pr+l — 1 1_[ mkp
P|B k P|B~'D k P|(B~'D,B)

P{B
10 My PP — 9y P 1—[ My PP — I P I M P — 1
N N Prtl — 1 sﬁkP”Jrl Oy P NP

P|D P|(B~'D,B)

Let T(D, B) := S(D, B)/ ]_[P|D %. Then the expression on the left-

hand side of the Lemma is given by

My PP — 9y P
(M7 g v

P|D B|D
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Since both T (D, B) and ¢(®, B) are multiplicative in B, this is equal to

gnkPn—H — O P" vp(D)
p q(®, PJ)T(D PJ) 2.2)
fl’|_l[)( NP+l — 1 JZZ(:)

Elementary manipulations show that

N P, P
O P"—=1)OGP—1)

if j =0,

WP —DHOWP-1) |,

i if1<j<vp(D),
k k

T(D, P/)=

o
> WP j=vp(D).
Jj=vp(D)

Using (2.1), this shows that each of the factors in (2.2) has the form

(ﬁ@P—qxﬁ@P"—1)< M P — N, P

o0
PhH) = .
M P+l — 1 (mum—nmup—n+2;“©’ 9 gr@m).

Lemma 2.1 with ® := a6 Ok yields the following formula for g (0, n).

Proposition 2.2. If « is nonzero and in Oy with a6 € Ok then

g6, n) = [ [¢r@0Ok, n). 23)

L% ( "

The next lemma shows that g (8, n) does not depend on the choice of «.

Lemma 2.3. Let A be a nonzero ideal of Oy and ® a nonzero ideal of Ok . Then
gp (”A@, n) =My P”UP(A)gp (D, n).

Proof. We have

: ‘ﬁkP”j if0 < j <wvp(A),
YAD, P/) = .
q( ) ‘ﬁkP’”’P(A)q(@, Pf_”P(A)) if j > vp(A).

The lemma follows by inserting these expressions for ¢(*A®D, P/) in the definition
of gp(MAD, n). O
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Given nonzero «, 8 € Oy, such that a8, B0 € O, then we have

M(@)" [ [2r(BOOK, ) =[] 2p(@BOOK, n) = u(B)" [ | 2 (@0 Ok, ),
P P P

which shows the independence of g (6, n) from the choice of «.
To see invariance property (1.5) directly from (2.3), we need the following
lemma.

Lemma 24. Let o € k*. Then

Vb, k,n)

V(ot@, k, I’l) = W

Proof. For any Archimedean place v of k, the map ¢, : k*! — k"*! defined by

&v(20,21-- -5 2n) = (20, lt|vz1, - - -, |0t|y2s) 1s a linear automorphism ofkl’}Jrl (con-
sidered as RIKRI+Dy of determinant || Therefore, [a | "V, (28, k, n) =
Vo (0, k,n). O

Lemmas 2.3 and 2.4 imply that

gk(ab, n) = g (0, n) (2.4)

for every nonzero o € Oy, and hence for every o € k*. In particular, it suffices to
prove Theorem 1.2 and Theorem 1.4 for integral 6.

3. Proof of Theorem 1.2

We start off by estimating the volume V (6, &, n).

Lemma 3.1. We have
V@, k,n) <Nk (@) /KK

Moreover, equality holds if and only if for every Archimedean place v of k the
absolute values |0|y, are equal for all w | v.

[Ky ky]
|0| [K:k]
w .

Proof. Let v be an Archimedean place of K ,and let p, = p,(0) ;=[]

Consider the functions fv(l), U(z)

wlv

: k"1 — TR given by

(1) [Kw:ky]
o, -y za) =] [ max{izolv, 101wlzily, - 1Olwlzaly} KA
wlv

FPzo, ... zn) = max{|zolvs polzilvs - - - s Polzalv} -
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Then £” (tz) = |t], f1” (z) holds forall € ky,z € k"', and i € {1, 2}. Moreover,
fv(l) > fv(z) as functions on kl’}“, with equality if and only if |0, is constant on
w | v.

Now Vol{z € k"t : fV@) < 1} < Volfz € k"' ¢ P @) < 1}, with
equality if and only if fu(l) = fv(z). Evaluating both volumes gives

—nlky:R] 2"+l if v is real,

Vy < 3.1
v= Py a1 if v is complex, G-
with equality if and only if |8],, is constant on w | v. Thus,
_ n[Ky:R]
V©.kn) < [T101 T =9k @) K,
w|oo
with equality if and only if the condition in the lemma is satisfied. O

Let us recall some simple facts, which will be used in the sequel without further
notice. Let A, B be ideals of Oy, and let 2, 2B be ideals of Ok . Moreover, suppose
that P is a prime ideal of Oy and that I3 runs over all prime ideals of O above P.
Then:

o vp () = maxgyp{ (20 /e,
o A=A,

o A | ¥,

e “(AB) ="A"B,

e A | “Aifand only if ° | A.

Lemma 3.2. Let © be a nonzero ideal of Ok and P a prime ideal of Oy. Then
gr(D,n) < Ng(@p)" /1N,
with equality if and only if D p = "D p.

Proof. Lemma 2.3 and the fact that gp(®,n) = gp(®p,n) imply equality if
Dp = “YDp. Therefore, let us assume that vp(°D) =: [ > 1 and that Dp is a
proper divisor of **® p = “P!. Again by Lemma 2.3, we may assume that *P { D.

Let |

U=
[K : k]

> fpvp(D),

PBIP

where the sum runs over all prime ideals ‘3 of Ok lying over P,and fiz = fpp =
[Ok /B : O/ P] is the relative degree of I3 over P. Then the right-hand side in
the lemma is just 9 (P)™. Since vp(°D) =1 > 1, we getu > 0. Let ep = exq|p
be the ramification index of 3 over P. As D p is a proper divisor of “*Dp, we
conclude that vp(D) < epvp (°D) for at least one 3 | P. Thus,

Z fpvp(®) < Z fypegpvp (D@) =[K :k]-1I,
BIP BIP
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and therefore u < /. Similarly, we have

q(@’ Pj) _ mk(P){’K—% (Z‘B\P fp miﬂ{vm(ﬁ),jem})—j

’

for any j > 0. By our assumption that *P { D, we have vp(®D) < jesg for some
P | Pandall j > 1. Replacing all the minima in the above formula by their second
arguments yields . '

q(D, P7) < W PI", (32)

Similarly, replacing the minima by their first arguments yields
q(D, PY) < M(P)" D, (3.3)

and the inequality is strict if and only if j < /. Let 1 < L </ be the integer with

L—1<u<L.Weuse(3.2)for j < L and (3.3) for j > L to estimate ¢(®, P/)

in the definition of gp(®, n). This shows that gp(®, n) is bounded from above by
1

mk prtl 1

with a strict inequality whenever [ > 1. To prove the lemma, it is enough to show

that this expression is bounded by 9T P™** (with strict inequality if / = 1). To this
end, let & be the function given by

(;ﬁkPLn-H — O, PLr o, pOrtDu—Lntl _ mkp(n—i-l)u—L—H) ,

h(x):= xnu+n+1 — +x(n+1)u—L+1 _ x(n+1)u—L+n+1 +an _ an—',-l‘

Hence, we need to show that 2(T; P) > 0, with a strict inequality if / = 1. With
u:=u—L+1¢€(0,1]and

h](x) = xnu+n+1 — +x(n+1)u _ x(n—H)LH-n +x" — xn+1,

we have h(x) = x"L=Dp (x). If it = 1 then h;(x) = 0. We observe that i = 1 is
impossible if [ = 1, since u < [. Let us assume that 0 < & < 1 and prove that, in
this case, h1(x) > O forall x > 1.

The function /1 (x) is in fact a polynomial in x /XK1 We have

n—+1

. {(n—{—l)u—l-n N {(n—l—l)u .
n

By Descartes’ rule of signs, 41 (x) has at most three positive zeros (with multiplic-
ities). Since h1(1) = h{(1) = h{(1) = 0 and lim, . h1(x) = 00, we have
hi(x) >0forx > 1. L]

We can now easily finish the proof of Theorem 1.2. After multiplying with a
suitable element from k* we can assume that 6 is an algebraic integer and choose
o := 1. From Proposition 2.2, Lemmata 3.1 and 3.2, and the observation that

Nk O)FT = [Nk (00x)p) *H,
P
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we immediately get that gx(6,n) < 1. Now gx(6,n) = 1 holds if and only if we
have equality in Lemmata 3.1 and 3.2. This is the case if and only if 0O = “°0 O
and for each Archimedean place v of k the |6|, for w | v are all equal. The
condition for equality in Theorem 1.2 is just a uniform reformulation of these two
statements.

4. Preliminaries on lattices

In this section we establish a basic counting result for lattice points, which will be
used in the proofs of Theorem 6.1 and Theorem 1.3.

For a vector x in R we write |x| for the Euclidean length of x. For a lattice
A in R™ we write A; = A;(A) (1 < i < m) for the successive minima of A with
respect to the Euclidean distance.
Definition 4.1. Let M and m > 1 be positive integers and let L be a non-negative
real. We say that a set S is in Lip(m, M, L) if S is a subset of R™, and if there are
M maps ¢1, ..., ¢un : [0, 1! — Rm satisfying a Lipschitz condition

60 — ¢l < Lix—ylforx,ye [0, 11" i=1,....M, (@D
such that S is covered by the images of the maps ¢;.
We can now state and prove our counting result.

Lemma 4.2. Let m > 1 be an integer, let A be a lattice in R™ with successive
minima Ay, ..., Aym,andleta € {1, ..., m}. Let S be a bounded set in R™ such that
the boundary 9S of S is in Lip(m, M, L), S is contained in the zero-centered ball
of radius L, and 0 ¢ S. Then S is measurable and we have

Vol § L1 L1
[SNA| — ——| < c1(m)M max , .
det A )Lla—l Ala—lkam—a

The constant c1(m) depends only on m.

Proof. Applying [19, Theorem 5.4] proves measurability and gives

i

<ci(m)M max

Vol §
SNAI- .
det A O<i<m—1A1---A

First we assume L/A; > 1.
Then we conclude

Lt LA~ 1
max <
O<i<m—1Ap---Aj — O<z<m —a )La

La 1
max { }

-1 Lm—
= max A a—1’ A a—l)\‘ m—a | °
1 1 a
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Next we assume L/X; < 1. Then we have |S N A| = 0. Moreover, by Minkowski’s
second theorem,

V01S< (m) Lm
detA_ClmA

Sy

Furthermore,

Lm Lm Al Lm—l La—l Lm—l
< — = < max .
m O]

A A A -Am L Ay A )»1”_1’ Ala_lkam_“

We recall the following lemma, which is a special case of [3, Lemma VIII.1].

Lemma 4.3. Let A be alattice in R™ . Then there exist linearly independent vectors

V1, - .., Uy in A such that |v;| = A; for 1 <i <m.
Lemma 4.4. Let A be a lattice in R™. Then there exists a basis u1, ..., uy of A
such that

lu;| < Com)A;™ det A for1 <i <m,

where Co(m) is an explicit constant depending only on m.

Proof. Letvy, ..., v, be linearly independent vectors as in Lemma 4.3. By alemma
of Mahler and Weyl (see [3, Lemma 8, page 135]) we obtain a basis uy, ..., u, of
A such that |u;| < max{1, m/2});. Observing that |u;| < |uj]--- |um|/)»’1"_1,the
lemma follows from Minkowski’s second theorem. O

The following result will be used only for the proof of Theorem 1.3 in Sec-
tion 9.

Lemma 4.5. Let Ay and A be lattices in RY, and consider the lattice A == Ay x
Ay in R% . Then we have

A (A) = min {11 (A1), A1 (A2)},
Aa1(A) = max {A1 (A1), A1 (A2)}.

Proof. The first assertion is obvious. For the second assertion we choose, by Lem-
ma 4.3,d +1 linearly independent elements v; = (wﬁ.l), w}z)) eAN(l<j<d+1)
with |v;| = A;. Clearly, not all of them can lie in R? x {0}, and similarly not all
of them can lie in {0} x R, Suppose v, ¢ R? x {0} and vj, & {0} x R4. Hence

vj,| = |w§.12)| > A1(Az) and |vj,| > |w§;)| > A1(A1). This proves the lemma. [J
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5. Adelic Lipschitz heights

In [9] Masser and Vaaler have introduced what one may call Lipschitz heights on
P"(K). This notion generalizes the absolute Weil height and allows so-called Lip-
schitz distance functions instead of just the maximum norm at the Archimedean
places. Nonetheless, this notion is sometimes too rigid, as one often also needs
modification at a finite number of non-Archimedean places. This leads naturally to
the concept of adelic Lipschitz heights, introduced in [19].

5.1. Adelic Lipschitz systems on a number field

Let K be a number field and recall that Mg denotes the set of places of K, and that
for every place w we have fixed a completion K, of K at w. We write dy, = [Ky, :
Q4] for the local degree, where Q,, denotes the completion of (Q with respect to the
unique place of (Q that extends to w. The value set of w, 'y, := {|a|y : @ € Ky} is
equal to [0, co) if w is Archimedean, and to

{0, P’ TP = e, Py

(topologized by the trivial topology) if w is a non-Archimedean place correspond-
ing to the prime ideal B3, of Ok . For w | oo we identify K, with R or C, respec-
tively, and we identify C with R?.

Definition 5.1. An adelic Lipschitz system A on K (of dimension n) is a set of
continuous maps

Ny : K" =T, we Mg (5.1
such that for w € Mg we have:

(i) Ny(z) =0if and only if z = 0,

(i) Ny(az) = |alyNy(z) foralla € K, and allz € K"+,
(iii) if w | oo:{z: Ny(z) = 1}isin Lip(dy(n + 1), My, L,,) for some M,,, L,,,
(iv) if w1 oo Ny(z1 + 22) < max{N, (z)), Ny(z)} forall z;,z; € K{;‘)Jr].

Moreover, we assume that the equality of functions
Ny (z) = max{[zolw, ..., |Zn|w} (52

holds for all but a finite number of w € M.

If we consider only the functions Ny, for w | oo then we get a Lipschitz system
(of dimension ») in the sense of Masser and Vaaler [9].
For all w € M there are ¢,, < 1 in the value group I'}} = I";,\{0} with

1

cw max{|zoly, ..., |Znlw} < Ny(@) < Cuw max{|zo|w, - -, [Znlw} (5.3)
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forallz = (z9,...,2,) in K{}ﬁ'l . Due to (5.2) we can and will assume that
cy =1 (5.4)

for all but a finite number of places w. We define

_ _dw
clin._ ]_[ LIS (5.5)
wfoo
and
Cyfi=max{c,'} = 1. (5.6)
w|oo

For a prime ideal ‘B of Og we write v for the corresponding valuation on K,
normalized by vgy(K*) = Z. For a nonzero fractional ideal 2l of K and a non-
Archimedean place w of K, associated to the prime 3, we define

|9A ]y = N (P) R/

so that ||, = |aOkly for o € K*. For w € Mg let o, be the canonical embed-
ding of K in K, extended component-wise to K"*!. For any nonzero w € K"+!,
let i pr (@) be the unique fractional ideal of K defined by

Ny (0yp®) = lin (@)

for all non-Archimedean w € Mg, and we set by convention ixr(0) := {0}.
Moreover, set

Ok (@) :== w00k + -+ + 0, Ok,
so that Ok (w) is simply ianr(@) for any adelic Lipschitz system with (5.2) for all
finite places. Now by (5.3) we get

1

cw max{|woly, ..., lonlw} < liv(@)|w < Cyw max{|woly, .-, |©plw}. (5.7)

Recall that ¢, = 1 up to finitely many exceptions and let
Far .= {2 : 2 nonzero fractional ideal of K and ¢,, < ||, < C;I for all w { 0o}.

By unique factorization of fractional ideals, Fs is finite. Moreover, for any @ €
K"t! we have

iv(w) = Ok (w)F(®) (5.8)

for some §(w) € Fs. Taking the product in (5.7) over all finite places with multi-
plicities d,, shows that

e 0k @) < Nein@) < PN Ok @), (59)
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5.2. Adelic Lipschitz heights on P (K)

Let \V be an adelic Lipschitz system on K of dimension n. Then the height Hyr on
K™*1 is defined by

Hy@) = [] Nu(ouw(@)ia,
weMg

Thanks to the product formula and (ii) from Definition 5.1 Has(w) is invariant
under scalar multiplication by elements of K*. Therefore Hys is well-defined on
P"(K) by setting

Hpr(P) == Hy (),

where P = (wo : -+ : wp) € PY(K) and @ = (wo, ..., w,) € K" We note that
by (5.3), (5.5) and (5.6) we have

N | .
(checit) H(P) = Hy(P) = CRRCTH(P), (5.10)

where H(P) denotes the projective absolute multiplicative Weil height of P.
Hence, by Northcott’s theorem, {P € P*(K) : Hx(P) < X} is a finite set for
each X in [0, 00).

6. The general theorem

Let k € K be number fields and let A be an adelic Lipschitz system of dimension
n on K . Recall that the functions N, n, and K are all part of the data of A/. From
N we obtain an adelic Lipschitz height Har on P"(K). Our goal in this section is
to derive an asymptotic formula for the counting function

Ny (P (k), X) == [{P € P"(k) : H\v(P) < X}|.

Let us set some necessary notation first. For each Archimedean place v of k we
define a function N, on k"*! by

Ny(z) = ]_[Nw(z)%. 6.1)

wlv

Let NV = N'(\, k) be the collection of functions N,, where N, is as in (6.1) if v
is an Archimedean place of k and

Ny(z) :== max{|zolv, ..., [2Znlv}

if v is a non-Archimedean place of k. From now on we assume that N is an
adelic Lipschitz system (of dimension n) on k (the conditions (i), (ii) and (iv) are
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automatically satisfied but (iii) may possibly fail). Hence there exists a positive
integer M~ and a positive real number L o~ such that the sets defined by N, (z) = 1
lie in Lip(dy(n+ 1), M s, L zr) for all Archimedean places v of k. The sets defined
by Ny(z) < 1 are measurable and have a finite, positive volume, which we denote
by Vy, and set

V=T (6.2)
v|oo
We denote by o1, ..., g4 the embeddings from k to R or C respectively, ordered
such that 0, y54; = 0,4; for 1 <i <s. We define
o k— R xC' =R (6.3)
o(w) = (01 (w), ..., Gr+s(a)))

and extend o component-wise to get a map
o k" — R™ (6.4)

where m =d(n +1).
For nonzero fractional ideals C of k, and © of K, we define the following
subsets of R™:

@) ={o®@:wek™ O w) = C,inw) =D},

Ac@®):={o(w):we K", Op(w) = C.in(w) D},
A@®):={ow): 0 ek iy c D}

Note that by (5.8) we have
D e “CFy (6.5)

whenever A () is non-empty, where “C Fr denotes the finite set of fractional
ideals of the form “C§ with § € Fs.

Let R be a set of integral representatives for the class group Clg. For any
C € 'R, we choose a finite set S¢ of nonzero fractional ideals of K such that

Sc contains all © with AL(D) # .

Moreover, we choose a finite set 7 in the following way. For any © € Sc, let Tc o
be the set of all nonzero ideals 2 of Ok such that A¢ (D) # (. This set is finite,
since, similar as above, we have AD E € “C Fs for some ideal € of Og whenever
Ac (D) # . Then we choose T to be any finite set of nonzero ideals of Ok such
that

T contains all the sets Tc » for C € R and ® € Sc.
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We define

&
@Y T @ Y Bt s 69

CeR DeSc AeT E<Oy

where

AQD,CE) = AQD)No ((CE)”“) .

Note that the infinite sum in (6.6) taken over all nonzero 1deals E converges abso-
lutely, as det A(AD, CE) > QM CE)"*!. Although gk seems to depend on
the choice of R, S¢ and T, we will see that this is actually not the case. Of course,
one could impose a minimality COHdlthH to render the choice of the sets Sc and T
unique, but for the calculation of gk it is convenient to have more flexibility for
the choices of these sets. From Theorem 6.1, (5.10), and Schanuel’s theorem it will
follow that g?f > 0.
Finally, we define

d(n+1)—1
) 67

An = An(k) = |Fp | MEES ((LN/ + c"‘f) cf
We can now state the theorem.

Theorem 6.1. Let k € K be number fields, d = [k : Q], let N be an adelic
Lipschitz system (of dimension n) on K, and suppose that N' = N'(N, k) is an
adelic Lipschitz system (of dimension n) on k. Then, as X > 1 tends to infinity, we
have

Na (P k), X)=awg ' (n + 1 IR Vgl x40+ 4 0 <|T|ANXd<”+1>—1£) :

where £ = 1+10g(Cme 2X)if (n,d) = (1, 1) and £ = 1 otherwise. The implicit
constant in the O-term depends only on k and on n.

The hypothesis of A/’ being an adelic Lipschitz system is a minor one. For in-
stance, this hypothesis is certainly fulfilled when the functions N,, of A/ are norms,
as we shall prove in the appendix (see Lemma A.1).

7. Proof of Theorem 6.1

The proof of Theorem 6.1 makes frequent use of arguments from [9] and [19] (some
of which can be traced back to [12], or even to Dedekind and Weber).

Letq :=r +s — 1, X the hyperplane in R4*! defined by x1 + - - - +x441=0
and § = (dy,...,dgq1) withd; = 1forl <i <randd; =2forr +1<i <
r+s=q-+1. Themapl(n) := (d loglo1(n)l. ... dg+1loglog 1)) sends k*
to R?*!. For g > 0 the image of the unit group (’)* under / is a lattice in ¥ with

determinant /g + 1Ry.
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We now define a set Sg(7) using our adelic Lipschitz system N on k. Let F
be a bounded set in X and for r > 0 let F (¢) be the vector sum

F(t) := F + 8(—00, log]. (7.1)

We denote by exp the diagonal exponential map from R4*! to (0, 00)?*!. Any
embedding o; (1 < i < g + 1) corresponds to an Archimedean place v, and thus
gives rise to one of our Lipschitz distance functions N; := N, from A/'. We use
variables zi, ..., z4 41 with z; in Ré (1) Exactly as in [9] we define Sg(¢) in R™

form = Z‘?H diin+1)=d(n+1)asthesetofall zy, ..., z; such that

i=1
(M@)™, . Noti 240" € exp(F (). (7.2)
We note that

0¢& Sp(z). (7.3)

Using (ii) from Definition 5.1 it is easily seen that Sr(¢) is homogeneously expand-
ing, i.e.,

Sp(t) =tSp(1). (74)
Moreover, if F lies in a zero-centered ball of radius 7 then
Sp(t) € {(21, ..., 2g41) : Ni(z) <exp(rp)tforl <i <gq-+1}.

The latter set lies in the the zero-centered ball of radius \/mC }{}f, exp(rp)t, and thus

Sr(t) € Bo (\/%C}&f, eXp(rF)t) . (1.5)

Note that for ¢ = 0 we automatically have F = {0}, and our set Sg(¢) is precisely
the set defined by N;(z) < t.

We now specify our set F' when g > 0. We choose a basis uq, ..., uy of
the lattice /(O)) as in Lemma 4.4. Set F := [0, Duy + --- 4+ [0, Duy. So F is
measurable of (g-dimensional) volume

Vol(F) =+/q + 1Ry (7.6)
(and this remains true for ¢ = 0). From the argument in [19] following (8.2), we

see that A (l(Ol’:)) > ¢4 for some positive constant ¢; depending only on d. With
the estimate from Lemma 4 .4, we get

juil < Co(q)c; " Vol(F) < CaRe, (1 <i<q) (1.7)
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for some positive constant C4 depending only on d. Note that F lies in the zero
centered ball of radius gCy4 Ry, and this remains trivially true for ¢ = 0. Therefore
by (7.5)

Sk(t) € Bo(kt), (7.8)
where
k1= /mC\ exp(gCaRe). (7.9)

Lemma 7.1. There exists a constant cx(n) depending only on k and n, a positive
integer M, and a positive real L with M < ck(n)Mj]\?,—l, L < cr(n)(Lnr + cinfy,
such that

39Sk (1) € Lipm, M, Lt) and Sp(t) € Bo(Lt). (7.10)

Proof. The second part follows immediately from (7.8) and (7.9).

Let us now prove the first part. For ¢ = 0 our set Sg(¢) is precisely the
set defined by N,(z) < ¢, where v is the single Archimedean place of k. So the
boundary of Sg(¢) is the set {z : Ny(z) = t} = t{z : Ny(z) = 1}. By assumption
N is an adelic Lipschitz system, and thus the latter set lies in Lip(m, Mas, Last).
This proves the lemma for g = 0.

Suppose now that ¢ > 1. Then we can find 2¢ linear maps v; : [0, 1]97! — X
parameterizing o F that, because of (7.7), will satisfy a Lipschitz condition with
constant (¢ — 1)Cy4 Ry (for g = 1 this is simply interpreted as |0 F/| < 2). The claim
now follows from [19, Lemma 7.1] by a simple computation. O

We conclude from [9, Lemma 4], (7.6), and (7 4) that Sg(¢) is measurable and
has volume

Vol Sp(t) = (n + 1) R V™. (7.11)

Lemma 7.2. We have

Ny (B (0, X) =gt 30 3 [Ag@) 0 sp (X012 VK))
CeR DeSc

Proof. Let P € P" (k) with homogeneous coordinates (wy, ..., w,) =@ € kntl \{0}.
Recall the definition of the adelic Lipschitz system N”’. The functions N, (or N;)
will denote those associated with A/, whereas N,, will denote a function associated
with the adelic Lipschitz system A on K.

Now

iN(@) = O(w) (7.12)
Suppose ¢ € k*. Then we have

N (ew) = iy (®).
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Hence the ideal class of i\ (@) is independent of the coordinates @ we have chosen.
In particular, we can choose @ such that iz (w) = C for some unique C in R. Thus,
® is unique up to scalar multiplication by units 7, and moreover, i ;r(w) := 2 € Sc.
The set F(oo) = F + RR§ is a fundamental set of R4*! under the action of the
additive subgroup [(Oy). Because of Definition 5.1, (ii) we have

log N (0 (@) " = log N; (010)% + d; log |oi ]
for 1 <i < g + 1. Hence, there exist exactly wy representatives @ of P with
(dilog Ni(01®), . .., dgs110g Nyt 1(0441@)) € F(00).
But the above is equivalent with
(Ni(o1@)™, ... Ng11(0g41@)%+1) € exp(F (00)).
Furthermore
exp (F(t0)) = {(X1, ..., Xg+1) € exp(F(00)) : X -+ X1 < 1§ }.
Hence, for all wy representatives @ of P as above, the inequality

[T Noou@)®/® =TT ] Nuwlow@)® A <g

v|oo v|oo wlv

is equivalent to

ow € Sr(tp).

On the other hand,

[T Mo (0w (@)@ /5 = Ngip () /KA = g1~ 1/1KQL

wfoo
As

Hy(P) = [ ] [T Nw(0w@)®™/ D TT Nu(ow(@)®/K9,

v|oo wlv wfoo

the claim follows. 0

Lemma 7.3. We have
Ny P k), X)
=o' Y Y k@ Y wB)|A@D, CE) 0 $p (XD VIKY)|

CeR DeSc AeT E<O

where E runs over all nonzero ideals of Ok.
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Proof. We start off from Lemma 7.2 and we apply Mobius inversion twice to get
rid of the two coprimality conditions ¢ and *.
Directly from the definition we get

Ac@AD) = J AL ABD),
B

where B runs over all nonzero ideals of Ok . This is clearly a disjoint union. Note
that A5 (ABD) # ¥ only when ABD lies in the finite set Sc. Mobius inversion
leads then to

|AE@)NSE(XNDVED) =3 k@)Y | AL @ABDINSF (XD K
A B
= > uk @) [Ac@D) N 5 (XD VKA
A

where the sums run over all nonzero ideals in Ok . Next note that by definition of
Tc.» we have Ac(AD) = @ whenever A ¢ Tc n. As Tc.p € T we can restrict
the last sum to 2 € T and we get

AL®) NS (XMEDVIEA) =37 e (20| A @AD) NS¢ (X9, DK |
AeT

We now deal with the second coprimality condition ¢. Also directly from the defi-
nition we get

AQD, EC) = AQD) No ((EC)”“) = | Aecs@®) U (o).
B<Oy,

Again, Bruns over all nonzero ideals of Oy and the union is disjoint. As o (EC yrtl
is a lattice and Sy (X9x D /1K@ is bounded we conclude from the latter equality
that A gcp(AD) N SE (XN D /IK:QlYy is empty for all but finitely many B. Mdbius
inversion and (7.3) lead therefore to

[Ac@D) N 57 (XMDVIF)
= Z pk(E) Z |AEc3(Ql©)ﬂSF (X‘ﬁK@l/[KiQ])|
E0y B0,

= 3 ’A(QLD,CE) N Sk (xm,ml/[“@])).
E<O,

In view of Lemma 7.2 this proves the claim. O

We choose a positive real I" such that for any C € R and any ® € S¢

N C

I'= mK(Q)l/[K:k]'

(7.13)
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Before we proceed note that if S¢ is chosen minimal for all C € R (ie. S¢c =
(iv@) : @ € K", O(w) = C)) then it follows from (5.9) that we can choose

= C}:'\‘}_d, and moreover, |Sc| < |Fxr|.
Lemma 74. Let .1 = A (ARD, CE)) be the first successive minimum of the
lattice AR, CE), and let M and L be as in Lemma 7.1. Then we have
n+1
Vol Sp ()N D& X
~ detAD,CE)

m—1 ~
~ Mg DK (LX)"!
+0<M K (LX) )
Am—l
1

A@D, CE)N Sk (xm,(fgl/[’“@]))

where the constant in the O-term depends only on m. Moreover, with I" as in (7.13)
we have

. 1/d
J = M (@) (ro(e))
And finally, with k as in (7.9), if "o E > (KX)d/ I then
A@D, CE)N Sp (XmKZ)l/[Ki@l) _.

Proof. For the first assertion we use (7.3) and apply Lemma 4.2 with a = m.
Thanks to (7.8) and Lemma 7.1 the required conditions are satisfied, and using
(7.4) the first result drops out.

Now for the second statement we first observe that A; is at least as large as
the first successive minimum of the lattice o (CE). But it is well-known that the
latter is at least 9 (CE)'/4, see, e.g.,[9, Lemma 5]. Now as ® € S¢ and by the
definition of I we get 0, C > 'k (D)/1K:k] and this yields the second assertion.

The last claim follows upon combining the above estimate for A; with (7.3),
(7.8). O

We can now conclude the proof of Theorem 6.1. Let us first assume that (n, d) #
(1,1). Combining Lemma 7.3, Lemma 7.4 and (7.11) gives the main term as in
Theorem 6.1. The error term is bounded by

_ Dtk (L]
IPIPIP I LRy

CeR DeSc AT E<LO

M(LX)"™!
33PIPIPITIE=r i
CeR DeSc UeT E<LO
M(LX)"!
SIPIPIIC =
CeR DeSc AeT

M(Lx)"!
=0 (Z ISl T 1 =mgr=n7a | -

CeR
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This proves the theorem in the case (n, d) # (1, 1) except that the constant in the
error term is different from the one in the statement of the theorem. In particular,
it shows that the main term is independent of the particular choice of the sets Sc.
However, if we choose all the sets S¢ to be minimal then, by the remark just after
fi n—d

(7.13), we can choose I' = C ,and |Sc| < |Fs|. This, and not forgetting the
N

definition of M and L from Lemma 7.1, yields the desired error term.
We now assume (n,d) = (1, 1) (which of course means k = Q, R = {C},
wi = 2). Using also the last part of Lemma 7.4 we conclude

Ny (P'(Q), X) =
% oD k@ ) MQ(E)’ACZ[@,CE)OSF (Xngl/[K:@])‘

DeSc AeT ELZ

m@ES_KX/r
2
1 Vol Sg(1)MNg D@ X2
== ) uk@ ) pgk)
2 = det A(D, CE)

2
Vol S (1)Nx D T X2
4 DIDINDD
DeSc AT  E< det A(AD, CE)

NQE>KX/T

~ 1 ~
MNgDEQ L X
rol Yy y MTwOTIX

DeSc AeT EZ
NQEZkX/T

Now the first term gives the main term as before. For the second term we use
Minkowski’s first theorem to estimate the determinant in terms of A1, and then a
simple computation using Lemma 7.4 and (7.8) gives the error term O (|Sc||T|(1 +
k X/ T'). For the last error term we use again Lemma 7.4, and again a simple com-
putation yields the error term

O(ScITI(ML/T)X(1 + log(k X/ T)).

To get the right error term we choose again S¢ to be minimal so that we can take

in—1
I' = C/{fm ,and |Sc| < |Fs|. This proves Theorem 6.1.

8. Proof of Theorem 1.4

In this section, we deduce Theorem 1.4 from Theorem 6.1. Recall the simple facts
mentioned just before Lemma 3.2.

As mentioned after Lemma 2.4, we can and will assume that 6 is an algebraic
integer. Let K := k(6), and let \ be the adelic Lipschitz system on K of dimension
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n defined by

Ny (z) := max{|zolw, 10lwlz1lw, - - - [Olwlznlw},

SO
ivw) = Ok + 01Ok + -+ + 0w,k (8.1)

Lemma 8.1. We have
N(OK", X) = Ny (P" k), X) + 0 (X)),
where the implicit constant in the error term depends only on k, 6, and n.

Proof. The points & = (w1/wy, ..., w,/wo) € k" with H(fa) < X are in one-to-
one correspondence with the projective points P = (wp : -+ : w,) € P*(k) with
wg # 0and Hy(P) < X.

If n > 1 then we can apply Theorem 6.1 with n — 1 and the adelic Lipschitz
system given by the norm functions (see Lemma A.1 in the appendix)

Nu((z1s -, zp) = max{|0]wlz1lw, - O]wlznlw) (8.2)

(with R, S¢ and T chosen in such a way that |T| is minimal) to see that the number
of such points P with wg = 0is O(X ndy This trivially remains true forn = 1. [J

Since the functions N,, are norms, the adelic Lipschitz system N satisfies the
hypothesis of Theorem 6.1. As our choice of R, S¢ and T in Theorem 6.1 will
depend only on &, n and 6, we obtain

Ny (P (k). X) = o (n + 1) P R Vgl X40HD 1 0 (Xd<”+1>—1£) , (8.3)

where £ := log(X + 1) if (n,d) = (1,1) and £ := 1 otherwise. The implicit
constant in the error term depends only on k, 6, and n.
We notice that
Vv = Q7). k, n), (8.4)

with V (6, k, n) as in (1.3). To prove the theorem, we need to compute gkN . First
we choose the sets R, S¢ and T. Denote

D :=°00k).
For R we choose any system of integral representatives for the class group Cly with
(C,D) = O forall C € R. (8.5)
We will see in Lemma 8.2, (i), that
Sc :={"COO0k,"B) : B O, B | D} (8.6)
is a valid choice for S¢. For T, we take the finite set

T:=J) | TeoU A<D Ok : A | 60k). (8.7)
CeR VeS¢
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Lemma 8.2.
() Let w € kK"t with Oy (w) = C. Then iy (®) € Sc.
(ii) Let A be an ideal of Ok and B an ideal of Oy. Then °(A, “*B) = (°2, B).
(iii) Let B be an ideal of Oy with B | D. Then °(6Ok,“B) = B.
Proof. (1): We have wgOg + - - - + 0,0k = *O(w) = "C, so
iv() = C (wo(“C)_l +6 (a)l(“C)_l Fo wn(“C)_1)>
—uC (wo(“C)_l, GOK) .
Moreover, since 0Ok | “*D, we obtain

<a)o(“C)_1, 9(’)K> - (wo(”C)_l, ”D,G(’)K> — 00k, “B),

for B := (woC~!, D) | D.
(ii): Let P be a prime ideal of Oy and “*P = H&B e its factorization in Ok .
Then
vp(@LYB)) = mgx{ [min{vgp(), vp(“B)}/ep1}

= migx{min{ [vp(R) /e, vp(B)}}
= min {mq%x{ g /ep}, vp(B)} =vp (A, B)).

(iii): By (ii), we have °(0Ok,“B) = (D, B) = B. O

The first step in our computation of gi\/’ is to evaluate the determinant of the
lattice A(AD, CE) = AQUD) No ((CE)*H).

Lemma 8.3. Let 2, B be nonzero ideals of Ok and Oy, respectively. Then
n+1 n
det A@L B) = (27°VIAdl) - AN B) - My (° (A00k, D7) N B) .

Proof. Letw = (wo, ..., wy,) € k. Clearly, cw € A, B) if and only if w; € B
forall0 <i <n,wy € A,and w; € Aforall 1 <i < n. For w; € Oy, we have

Bw; €A ifandonlyif A@OOk, )~ | w;Ok.

Therefore, we obtain

AR B) =0 ((Dam B) x (° (m(eoK, Ql)“) N B)") . 0
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Let A € T and let B be an ideal of O, with B | D. To facilitate further notation,
we define ideals A and A; of Oy by

A=A®, B):="(A00k,"B)) and (8.8)
A=A B) =" (AOOK, “BYOOk, AB)™") | A. (8.9)

For any ® = “C(0Ok, "*B) € S¢ and for any nonzero ideal E of O) we have
N CRAD)NCE) =9C - M(ANE). (8.10)

Clearly, we have (0Og, A0 Ok, "B)) = (0O, A" B). Furthermore, by our choice
of R with (8.5), we have (*C, §Ok) = Ok . Therefore, we obtain

N (°(@AD)O0k, AD) ) NCE) = MC - M (4 NE). 1)
Moreover, we have
N DD/ — o o+l Mk 00k, uB)(n+1)/[K:k]. (8.12)

Lemma 8.4. Let B be an ideal of Oy with B | D, let ® = “*C(0Ok,"B) € Sc, let
A € T, and let E be a nonzero ideal of O. Then

n+1 n+l
N g D KA —(n+1) Nk OOk, ¥B)KH
K _ (Z*SM) ntl) k00O, "B) '
det A(RID, CE) T(ANE) - (A NE)
Proof. We apply Lemma 8.3 and use (8.10), (8.11), and (8.12). ]

Lemma 8.5. We have

N N uk(E)
=c Nk OOk, "B) K D)l ’
8k OB|ZD k(00k, "B) Q%;,U«K( )Eg(;k N (ANE) . Nu(A ()

where A = A, B), Ay = A1, B), and ¢y := h 2’ D (JTAD "D and E
runs over all nonzero ideals of Oy.

Proof. Recall the definition of g,/(v in (6.6). The expression on the right-hand side
in Lemma 8.4 does not depend on C. With (8.6), a simple computation proves the
lemma. O

The inner sum over E in Lemma 8.5 can be handled by the following lemma.

Lemma 8.6. Ler J1 | J be nonzero ideals of Oy and let

. uk(E)
§i= Z M (JNE)-Np(Jy NEY

E<O
If h #—Ok then & = 0. If 1 = O then
1 l—[‘ﬂkP”“ — WP

S hn D) by P
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Proof. Let f(E) := ur(E) - Y (J, E) - Mp(J1, E)". Then f is multiplicative and

Clearly, this Dirichlet series converges absolutely for all » > 0. Let us compute
its Euler product expansion. For any prime ideal P of O, we have f(P¢) = 0 if
e > 2. Moreover, f(O;) = 1 and

Pt it P,
f(P)y={-%P if P | J and PJ[Jl,
-1 if P{J.

We obtain the formal expansion
f(E) 0 P! M P 1
= l— ——— 1-— | | 1 - .
Z mk ES 1_[ ( mk Ps 1_[ mkps mk Ps

E<LO PlJy PJ(IJ PYJ
P1Jy

Since the infinite product [ 1 (1 — WP ) converges absolutely for s > 1, we

obtain § = 0 whenever J; # O. If J| = O and s = n + 1, the expression
simplifies to

3 fe) 1 l—lmkpnﬂ—mkp

ME"T fe(n+1) M Prtl —1 O

E<O, Pl

Recall the definition of A and A; from (8.8) and (8.9). We have A; = O if and
only if A(0Ok,“B) = (0Ok, A"B), which is equivalent to A0 Ok, “B) | 00k,
or

A 00k OOk, “B)~!. (8.13)

Recall that, by (8.7), the set T contains all ideals 2l of Og with 2 | 6Ok . Also, for
every 2 with (8.13), we have A = °(A(0 Ok, “B)) | D. We obtain

N W 2L 1 N PP — N P
g =c1y MO0k, "BYKH Y " ——T] ——s0(A, B),
B|D A|D M A P|A Mt —1

where ¢1 == G (n+ 1) 'eo = 22TV g (n 4+ 1) TAD "D and

(A, B) == > pux@).
2 with (8.13)
2(RAOOk,“B))=A
If so(A, B) is not zero then there is at least one 2 with

A="(A00,"B)) € °Ok.,"B) = B.
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For the last equality, we used Lemma 8.2, (iii). We replace A by B! A to obtain

Nk OOk, B)l M Pt — o P
g =y s mkAl"[ : Cs(A, B),

1 _
BID B AB-1D P|AB Ny pr 1
where
s(A, B) := > 1k Q).
20 with (8.13)

2(AOOk,“B))=AB

Lemma 8.7. Let J, R be nonzero ideals of Og and J a nonzero ideal of O. Then
°(JR) = JPRifand only if

I (OR) K and 34 (P) (“VR) &' for all prime ideals P | J. (8.14)
Proof. Clearly,
I (PR) R = JRI M (JOR) <= "R | J°R
and

I (P71) (PR A = JRT(PTIR) = @R £ (PT1Y) PR O

Lemma 8.8. If A | B~'D then s(A, B) = ui(A).

Proof. By Lemma 8.2, (iii), we have °(6O, *B) = B. By the previous lemma,
"QUOOk,"B)) = AB is equivalent to

A[A*B (00k, “B) " and A 1 * (P—lA) UBOOK,"B)"! forall P | A. (8.15)
Clearly, conditions (8.13) and (8.15) imply
A (60k (60k.“B) ™", “A“BOOK, “B)™" ) =(00x 00k, "B)™, *4) (8.16)

and
Afu (P_1A> for all prime ideals P | A. (8.17)

In fact, (8.13) and (8.15) are equivalent to (8.16) and (8.17). Indeed, (8.16) imme-
diately implies (8.13) and the first part of (8.15). For the second part of (8.15), we
use that every 2 | 00k (6 Ok, uB)~! satisfies (2, *“B(0Ok, *B)~ ") = Ok. Thus,

sSAABy= > ux@= > ux@.
A0k A<LOk
(8.13) and (8 15) (8.16) and (8 17)
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By inclusion-exclusion for (8.17), we obtain

s(A, B) =) i (F) >, i ).

FlA A(OOk (OOk,“B)~1, %(F~1A4))

The last sum is 1 if F = A. Moreover,
F'A|B™'D =200k) 00k, B)) " |® (9(9K(6(9K, “B)_1> :
so F # A implies that

(GOK(OOK, upy-1. u(F—IA)) £ Ok.

This shows that the last sum is O whenever F £ A. O
We obtain
8/?/ — Z Nk 00k, “B)('H‘l)/[K:k] wi(A) l_[ M P — 9 P ’
BID B ap TWA piAp Ny prtl —1

and Theorem 1.4 follows by substituting this and (8.4) in (8.3).

9. Proof of Theorem 1.3

In this section we will use not only Landau’s O-notation but also Vinogradov’s
symbol <. All implied constants depend solely on k. As we will encounter expres-
sions like log log X we assume throughout the entire section that X > 3. Our main
task will be to prove the following proposition.

Proposition 9.1. Suppose p € Py. Then, as X > 3 tends to infinity, we have

dj2 2d—1

2
P qx* 10 <W + X% log X + X4 1og p) .

p?+1

N (J/pk*, X) =
We choose the adelic Lipschitz system A" (of dimension 1) on K := k(,/p), defined
by

Ny /((z0, 1)) := max{|zolw, [v/Plwlzilw}

for any place w of K. Recall the definition of CR? and Cji\nff from (5.5) and (5.6),
and note that we can take

chn =it = /p. 9.1)

The adelic Lipschitz system N on K leads to an adelic Lipschitz system A on k
as in Section 6. Note that for any Archimedean v from k and N, from N’ we have
Ny((20, z1)) = max{|zolv, /Plz1]v}. Thus we can also take

cit = /p. (9.2)
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Lemma 9.2. We have
N (VPk*, X) = Nar (P! (0: X ) = 2

Proof. The map @ +— (1 : «) is a one-to-one correspondence between k* and
]P’l(k)\{(O : 1), (1 : 0)} Moreover, H(,/pa) = Hpr((1 : @)). Hence there is a one-
to-one correspondence between {o € k* : H(,/pa) < X} and {P € P! (k)\{(O :
1),(1 :0)} : Hy(P) < X}. As Hy((O - 1)) = Hy((1 : 0)) = 1 the claim
follows. O

We can now basically follow the proof of Theorem 6.1 using our specific adelic
Lipschitz system. However, to get the good error terms regarding p an additional
idea is required. We will use the same notation as in Sections 6 and 7. In particular,
recall the definition of the set Sz (¢) introduced in (7.2). As in (8.5), we choose
a system R of integral representatives for Clg such that (C, pOy) = O for all
CeR.

Lemma 9.3. We can choose Sc := {*C, ,/p"C}.

Proof. Asin (8.1) we have inr(@) = woOk + /pw1 Ok . So if Oy (w) = C we get
J/P'C Cin(w) CHC. As /pOk is a prime ideal this proves the lemma. O

With this choice of the sets Sc we directly verify that I' from (7.13) can be
chosen to be

r:=p92 (9.3)
From now on C is always in R, D is always in S¢, and 2 will always be in T'.
Lemma 9.4. We can choose T such that |T| < 2.
Proof. Recall that we may choose T = Ucer Upes- Tc,». By definition we have

Te.o ={B 0k : Ac(DB) # 1)}
={B IOk : AL(EDB) # @ for some € < Ok}
C{B A0k : DB € S¢ for some € I Og}.

Now using that S¢ = {*C, ,/p"C} and that ,/pOy is a prime ideal we see that
Te,o € {Ok, /pOk} forany ® € Sc. Thus |T| = |Ucer UpescTe,ol <2. O

Lemma 9.5. Let o be as in (6.3). We have
ARID,CE) Co(CE) xo(CE).

Moreover, if ©® = ,/p"C then we have

A@D,CE)Co (CEp(CE, p(’)k)_1> x o (CE).
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Proof. The first assertion is clear from the definition. For the second assertion we
could use the last equality in the proof of Lemma 8.3, but we prefer to give a direct
argument here. Note that cw € A (/AD) implies D | iy (@) = (wOk, /pw10k).
As ® = /p"C we conclude ./pOk | woOk, and thus pOy | woOy. Therefore
wo € CE N pOy. This proves the second assertion. ]

Next we use a trick, simpler but reminiscent of those used in [20, Section 6].

To this end we introduce a linear automorphism @ of determinant 1 on (R” x (CS)2
by

® @, 2) = (p~" 20, p' ') ©4)

Lemma 9.6. Write A := ARAD, CE). If® = Y“C then we have

AM(®A) > p~ /4 (CE)Y,
Aa+1(®A) > p' 4O (CE)'.

IfD = . /p"C then we have

pVMM(CE)Y if pO; | E,

M(PA
: )Z{p‘/“fﬁk(CE)‘/d i POt E.

p/AM(CE)YY if pOy | E,

}\d+1(<I>A) > {p3/4mk(CE)l/d lprk'fE

Proof. By Lemma 9.5 we have ®A C Aj x Aj, where Ay = p1/4O’(CE) and
Ayis p~40(CE) if ® = “C and p~'/*0 (CEp(CE, pOp)~') if ©® = /p*C.
Recall the fact (already used in Lemma 7.4) that 1, (o A) > D A4 for any nonzero
ideal A of k. Using this and applying Lemma 4.5 the result follows from an easy
computation. O

Lemma 9.7. There exist constants c; = c1(k) and M = M (k) depending solely
on k such that, with L = clp_1/4t, we have ®Sp(t) € Bo(L) and the boundary
ddSFp(t) € Lip(2d, M, L).

Proof. The adelic Lipschitz system N on K leads to an adelic Lipschitz system A/’
on k as in Section 6. The latter is used to define S (7).

Now notice that applying ® to Sg(¢) gives the same as defining Sg(¢) using
the standard adelic Lipschitz system defined by N, (zo, z1) = max{|zolv, |z1]v} for
all v and then homogeneously shrinking this set by the factor p~!/4. The claims
then follow immediately from Lemma 7.1, (7.9), and (7.8) applied to the standard
adelic Lipschitz system. O
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Lemma 9.8. Let £ := X /M (E), and let & := X4~ /(pd=D129 (E)2~1/4).
Then we have

Vol S¢ (1N DX
1/Qd)\| _ F
ARD,CE)NSF (XmK@ )‘ ~ det A(AD, CE)
4o S+ & f POt E
e+ ptT12E  if pOL I E T

Moreover, there is a constant y = y(k) > 1 depending only on k, such that
IAQD, CE) N S (XN DV CDY| = 0 whenever W E > (ypX)©.

Proof. First note that
‘A (2{@, CE)N SF(X‘.YZKEDI/(Z")>‘ - ‘CDA(SZ[@, CE)N ®Sp (X‘.YIK@”W))‘ .

Now we apply Lemma 4.2 with @ = d + 1 combined with Lemma 9.7 to conclude
_ Vol Sp ()N DX
~ detAAD,CE)

p—d/4ngnK®1/2 p—(2d—1)/4X2d—1;ﬁKgl—l/(Zd)
+ 0O | max s .
(PN A(PA) gy (@A)

‘CDA(QKQ, CE)N &Sy (XmKQ‘/@"))‘

Finally, we use Lemma 9.6 to estimate A1 (P A) and Az41(PA), and the first claim
follows from a simple computation. The second claim follows from Lemma 7.4
combined with (9.2) and (9.3). O

We are now in the position to prove Proposition 9.1. In the introduction we
already computed the main term, see (1.6). Proceeding exactly as in the proof of
Theorem 6.1 in the case (n,d) = (1, 1), we obtain

2pd/2
pl+1
Vol ®Sp (XN D/ (24
Ol 22 2 Guoa@d.CE)
CeRDeSc UeT  ELO; ’
M E>(ypX)d

Y Y Y aa

CeRDeSc AT  ELO;
M E<(ypX)d

Ny (P (k); X) = Sp(1)x

+0 Z Z Z Z pd/281+pd—1/252

CecRDeSc AeT  E<O;
ME<(ypX)*
pO|E
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For the first error term we apply Minkowski’s second theorem and Lemma 9.7 to
get the upper bound

Vol @SF (XNgD/@D) LA
W OARD. CE) O AM(PA) A1 (PA)E

where L <« p~/4XMNgD!/) Summing the above over the finite sums can be
handled by Lemmata 9.3 and 9.4. Now for the infinite sum over the ideals E, we
apply Lemma 9.6, and a straightforward computation (using the dichotomy P | E,
P { E) yields the upper bound

Xd
<L —%5-
p3d/2

For the second error term we note that

Xd
Y oa= Y S—<«xlog ((pr)d) < X log X + X4 log p,
E<0 E<0O, TWE
<0 [ep
W E<(ypX)d M E<(ypX)d

and

X2d—1 211/d X2d—1
2, &= gmp 2 METT <y
E <Ok

ELOy
N E<(ypX)d

Then we apply Lemmata 9.3 and 9.4 to conclude

2d—1
IS 51+52<<X"logX+Xd10gp+ﬁ~

CeRDeSc AeT  ELO;
M E<(ypX)d

Similar straightforward calculations yield

a2 x4
Z p / gl < T/ZIOgX7
E<0, p

ME<(ypX)?
pO|E

and

2d—1

X
d—1)2
>, P &<« 32T
E<O
M E<(ypX)4
pOk|E
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Thus, applying again Lemmata 9.3 and 9.4, we see that

X2d—1

SYY Y e < X log X +
CeRDeSc AT ELO ’

ME<(ypX)?
pOL|E

Combining these estimates and Lemma 9.2 completes the proof of Proposition 9.1.
We can now sum N(,/pk*, X) over all p € P;. The next lemma tells us that

we can restrict the summation to p < X 2,
Lemma 9.9. For any a € k* and any p € Py we have H(/pa) > /p.
Proof. Let x € K and let B3 be the prime ideal ,/pOk . Then

—vp(xOk)/(2d)
H (@) = max(1, Ny~ PeO0/@0 = may f1, pd |

In particular, if vp(xOg) < 0 we get H(x) > ,/p. As H(x) = H(1/x) for any
nonzero x whatsoever, it suffices to show that the order of ,/paOk at B is nonzero.
As p is inert in k the order of «Ok at ‘B is even. Hence the order of ,/paOk at ‘B
is odd. O

We can now prove Theorem 1.3. Clearly, we have

N (\/P_kk, X) =1+ Y N(/pK. X)

PePy
];§X2
2p?/? 2 2d-1 d d
=I;;pd+lsk(1)x +0 W+X10gX+X10gp
p<x?
2pd/2 o x2d-1 J
= Zpd+15’<(1)x +o| Y @ |10 > x%logx
pePy pePy pePy
p<X2 p<x2 p<x2

By the prime number theorem we have

> X%log X < X2,
PEPy
p<x2

A straightforward calculation yields

2d—1 x2d-1 ifd >4,
a7 < X3loglogX ifd =3,
rep, P x4 ifd = 2.

p<x2



SCHANUEL’S THEOREM FOR EXTENSION FIELDS 393

To handle the first term let us start with the simpler case d > 3. Then we have

2 2 dj2 2 dj2
y P -y = X 40| Y b S (D)X
PEPy p pePy pe+ pePy Pt
p=x2 p>X2
2
=X P x40 (x1).
PEPk 41

This finishes the proof of Theorem 1.3 ford > 3.
Let us now assume d = 2. It remains to show that

2p
Z e loglog X 4+ O(1).

PePy
p=x?

Clearly, we have

2p 2
= —+ O0().

p<x2 p<x2

By an explicit version of Chebotarev’s density theorem (see, e.g., [7]) we know that
for T > 3 (using Li(T) = T/log T 4+ O(T/(log T)%))

Y= R (-
" 2logT (logT)? )"

PEP
p=T

Applying partial summation we get

Z Z (m+1)10g +0(1) = loglog X + O(1).

pEPk
p=X2

This completes the proof of Theorem 1.3 for d = 2.

A. Appendix

We will now apply Theorem 6.1 to deduce the formula (1.8). We start by proving
our claim that A/ is an adelic Lipschitz system whenever all the functions N, of
N are norms. To this end we shall use the following simple observations.
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Let f1, f», f : R? - Rand F : [0,1]9"! — RY be functions that satisfy
a Lipschitz condition with Lipschitz constant L, Ly, Ly and L respectively.
Then we have:

L [f(F(t) — f(Ft)| < LyLplt—t|forallt, t' [0, 1]971.

2. Suppose that f(F(t)) > ¢ > Oforallt € [0, 119" and let « < 1. Then
|f(F©)* — f(FW)Y| < |a|c* 'LyLp|t —t| forall t,t' € [0, 11971, (We
use the convention that 00 = 1.)

3. Suppose that | f1 (F (1), | f2(F®)|, | f(F®)|, |F(t)| < C forallt € [0, 1197
Then, forall t, t' € [0, 1177},

@ |AFEW®) LEF®) = filtFW) L(FWE)| < C(Lyp + Lp)Lrlt—t],
®) [f(FO)F® — f(FENFE)| < CLp(Ly+ DIt —t].

Here 1. is obvious, 2. follows from the mean value theorem and 1., and 3. (a) and
(b) are consequences of the identity fg — f'¢’ = (f — f)g + f'(g — g) and 1.
(note that the assumption |F (t)| < C is needed only for (b)).

Lemma A.1. Let N be an adelic Lipschitz system (of dimension n) on K and as-
sume that for every Archimedean place w of K the function Ny, satisfies a Lipschitz
condition. Then N’ = N'(N, k) is an adelic Lipschitz system (of dimension n)
onk.

Proof. The conditions (i), (ii) and (iv) in Definition 5.1 are obviously satisfied. It
remains to prove (iii). Given an Archimedean place v of k, let p : [0, 1]demtD—1
S%+D=1 pe the (normalized) standard parameterization via polar coordinates of
the (d,(n + 1) — 1)-dimensional unit sphere in kﬁ“. Then p is Lipschitz. The sub-
set of k;’“ where N, (z) = 1 is parameterized by the function v : [0, 1]dem+D—1
kﬁ“ ,defined by ¥ (t) := 1/N,(p(t)) - p(t). Let us show that ¢ satisfies a Lipschitz
condition.

For any Archimedean place w of K extending v, the function N,, is continuous
and nonzero on the compact set Shm+D=1"whence 1 « N Ny(p®) <n 1 on

dw
[0, 11%®+D=1 Thus, N, (p(t))”®&A is bounded, and by 2. satisfies a Lipschitz
condition. Hence, by 3. (a) also Ny(p )~ is Lipschitz. By 3. (b), we conclude

that v satisfies a Lipschitz condition. O
Note that any norm || - || on RY satisfies a Lipschitz condition. This follows
from the reverse triangle inequality |||x|| — [|y]|| < |lx — y|| and the equivalence of

all norms on R?. Thus, if all the functions N,, are norms then Lemma A.1 applies
and so N/ = N’(N, k) is an adelic Lipschitz system (of dimension n) on k. More
generally, let By, := {z € K;’)“ : Ny(z) < 1} be the compact star-shaped body
corresponding to N, . Let ker(B,,) be the convex kernel of B,,, that is the set of all
z € By, such that for all z € B, the line segment [z, Z'] is contained in B,,. Then
0 € ker(By) and By, is convex if and only if ker(B,,) = B,,. Moreover, [2, Lemma
1] tells us that Ny, is Lipschitz whenever 0 is in the interior of ker(By,).
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Let us now show how the formula (1.8) follows from Theorem 6.1. We use the
adelic Lipschitz system A/ (of dimension 2) on K := Q(+/2, v/3, /5) defined by

V2z1 + 32 }
w

N&]
for any place w of K. Hence all the N,, are norms so that, thanks to Lemma A.1,
we can apply Theorem 6.1. With the notation from Section 6, we have Ny (X) =
Ny (P*(Q), X) + O(X?), as already mentioned in the introduction. Here the error
term accounts for the projective points of the form (0 : w; : wy). With Theorem
6.1, the only remaining task is to calculate g@/ .

Ny (20, 21, 22) : = max {IZolw, 1211w, 122]w,

Lemma A.2. We have
1
N:—(l 2.5/ 4-5—1/2).
T A *

Proof. For some tedious computations in K, we use the computer algebra system
Sage!. We use the same notation as in Section 6. Clearly, we can choose R = {Z)}.
For any @ = (wp, w1, w2) € Q, we have

\/zan + \/§a)2
—~O.
NG

If Og(w) = Z then wgOg + w10k + 02Ok = Ok, s0 in(w) 2 Ok. On the
other hand, we clearly have iy (@) C (v/3)"' Ok . Thus, we can choose

iN(@) = 0Ok + 01Ok + w020k +

Sy = {(fs)_lz):@ | ﬁoK}.

Moreover, if @ € Az((+/5) D), for some nonzero ideal A of Ok , then i \r (@) =
(+/5)7'®1, for some nonzero ideal ®; | v/50k. In particular, ©2 | ®;. This
shows that T 7.(J5)-1D is contained in the finite set

T:={9l:9l|x/§(’)1<}.

With (6.6), we obtain

1 \3/8
= 2 mK((«/E) @) Y k@IE@D),  (AD

DIV30k AV/350k

1 http://www.sagemath.org
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where
o0

(n)
S(B) =) el _
n=1 det A <(¢§) 1%,nz>

Let us evaluate this sum for any ideal B of Ok dividing 5Ok . Elementary manip-
ulations show that A((«/g)_1 B, nZ) is the sublattice of Z> consisting of all

1 A\3
w = (wg, W, w2) € (nZ N («G) %) such that v2w; + V3w € B. (A2)

We have 50k = i]3%£]3%,where
P im (5. VIS~ VIO + V6~ 1) o = (5.7T5 — VIO + 6+ 1)

are distinct prime ideals of Ok with inertia degrees equal to 2.
For B = Ok, the first condition in (A.2) amounts to @ € (nZ)>. Then the
second condition is always satisfied, and det A3 'Ok, nZ) = n3. Therefore,

o0

1
E(OK) = Z ,U;f;l) = @ (A.3)

n=1

If B = B, then the first condition in (A.2) is equivalent to @ € (nZ)>. For
the second condition, we find that —(\/§)*1«/§ = 3 mod P, so this condition
is equivalent to wy = 3w; + a, for an a € P N nZ = lem(5, n)Z. Therefore,
A((+/5)71B1, nZ) has the basis

{(n,0,0), (0, n, 3n), (0,0, lcm(5, n))}

of determinant n2lem(5, n). A similar computation shows that —(W3)V2=2
mod P», so
{(n,0,0), 0, n,2n), (0,0, lem(5, n))}

is a basis of A((v/5)~ 95, nZ) of the same determinant. Thus,

L pm 12—
EP) = ,; n2lem(5,n)  ¢(3)53 —1°

(A4)

For B = PP, = V50k , the first condition in (A.2) is again equivalent to @ €
(nZ)3. The second condition is equivalent to w; = —(3)"'V2w; mod B1Po.
By the Chinese remainder theorem and what we have seen before, this is equivalent
to

w)=2w; mod5 and wy;=3w; mod35,
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sow] = wy =0 mod 5. Thus, A((v/35)~'B1P2, nZ) = nZ x (Ilem(5, n)Z)? has
determinant n lem(5, n)?. We obtain

R w(n) 1 5-1
R ; nlemG,n)?  ¢(3) B -1 (A-5)

In the other cases, that is ‘13% | B or ‘,]3% | B, we have °((+/5)"1B) = 5Z, so the
first condition in (A.2) is equivalent to @ € (lem(5, n)Z)3. In this case, the second
condition is always satisfied, so we obtain det A ((v/5)~ '8, nZ) = lem(5, n)? and

o0

2B =) k) (A.6)

3
— lem(5, n)

A simple computation shows that

3/8

me (v3) on) =5 o ((v8) ) =5
Nk (Ox)® =1.

To prove the lemma, just substitute this and (A.3) — (A.6) in (A.1). ]
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