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General optimal L?”-Nash inequalities on Riemannian manifolds

JURANDIR CECCON

Abstract. Let (M, g) be a smooth compact Riemannian manifold of dimension
2 <m,letl < pand 1 < g < p. In this paper, we establish the validity of the
optimal Nash inequality

o »
|u|pdv> < At</ IVMIpdv>
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+Bopt (/ M dvg> )(/ |l dvg> ,
M M

and the existence of extremal functions for this optimal inequality.

Mathematics Subject Classification (2010): 35B44 (primary); 53B20, 53B21
(secondary).

1. Introduction and the main result

In 1958, Nash [14] showed the validity of the inequality

n+2 4
(/ |u|2dx> ' fc/ \Vu|?dx </ |u|dx>", (1.1)
n n Rn

for every function u € C3°(R") and some constant ¢ > 0. This inequality was
used to obtain a priori estimates for parabolic problems. The proof of the validity
of this inequality essentially involves techniques of Fourier-transform. In this paper
we are interested in a Nash inequality involving more general parameters. In order
to study the inequality (1.1) using more general parameters, the Fourier transform
is not appropriate. Thus we will use a combination of Jensen’s inequality and the
entropy inequality, as already observed by Beckner [3], to produce general Nash
inequality.
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Let Entg, (Ju|?) = fR" [u|? In(Ju|?)dx and p > 1. The entropy inequality
states that there is a constant ¢ such that

Entax(Jul?) < L 1n (c/ |W|de) ,
p M

for all functions u € C§°(R") with [lu||Lr®r) = 1. We define the optimal constant
of this inequality by

L(p,n) ' = inf

Jgn [VulPdx
ueCF®" | exp

s Nullpr@ny =17 .
(ZEntg, (jul?)) =

We produce therefore the optimal entropy inequality

Enty, (|u|?) < gln <L(p,n) |Vu|pdx> : (12)

R"l

The optimal constant L(p,n) was calculated by del Pino and Dolbeault [7] for
1 < p < n and by Gentil [9] forn < p.

Consider u € C{°(R") such that [jullzrgr) = 1 and 1 < g < p. Using
Jensen’s inequality, we find

—1In (/ |u|qu) =—1In (/ |u|q_p|u|pdx>
n Rn

< —/ In(ul =) ulPdx = Z=2 | inqui)jui?dz
Rn P Rn
When this inequality and (1.2) are coupled together, we obtain

2

p
“nlp—q)
(/ |u|qu> T sL(p,m/ \VulPdx |
n Rn

for all functions u € Cg°(R") such that |lufzr®r = 1. By homogeneity and
defining
g—_"P—9)
qp—qn-+np’
we obtain the general Nash inequality

p(1-06)

1
2 [
(/ |u|de) sL(m)/ |W|de(f |u|qu> "
n Rn Rn

for all functions u € C°(R") where 1 < pand 1 < g < p. The Euclidean optimal
Nash inequality states that, for any function u € C§°(R"), we have that

p(1-6)

1
(/ lul? dx)e < N(p,q,n)/ |Vul? dx (/ lu|? dx) " , (1.3)
n Rn n
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occurs, where

1-6
N(p,g.n)" ' = inf Vull? , om ]l ofns |11 my = 1
(p,q,n) weC®) {” ”LP(R )” ”L‘I(R ) l ||LP(R )

is the best possible constant in the above inequality. In particular, we have

L(p,n) > N(p,q,n)

forall p > 1 and n > 2. Making use of an asymptotic argument contained in
Bakry, Coulhon, Ledoux and Sallof-Coste [2] we can check that the optimal entropy
inequality will be achieved through the optimal Nash inequality, particularly

lim N(p,q,n)=L(p,n) .
q—>p~

Thus, Nash’s inequality (1.3) and the entropy inequality (1.2) are intimately related.
These inequalities are important tools which are needed to establish a priori esti-
mates to control the behavior of the solutions. In the famous paper of Nash [14],
the inequality (1.1) and the optimal entropy inequality (1.2) were used as a key
points in obtaining control over estimates of the solution of parabolic equations.
An interesting discussion on the use of methods involving the entropy inequality
and Nash’s inequality for obtaining estimates of ultracontractive semigroups can be
found in Coulhon [6]. Nash’s inequality is also a relevant instrument for studying
the smoothness properties of the Markov semigroup, (see Bakry, Bolley, Gentil and
Mabheux [1]).

Our main goal in this work is to study the inequality (1.3) in a Riemannian
context. For this purpose, consider (M, g) a smooth compact Riemannian mani-
fold. Combining inequality (1.3) with a local-to-global-type argument based on the
partition of unity, such as the one made by Druet, Hebey and Vaugon [8], produces
for each &€ > 0 a constant Bz, such that

1
9
(/ lu|? dvg> < ((N(p,q,n)+§)/ |Voul? dv,
M M
p(1=6)

0.
+Bg/ |u|pdvg> (/ |9 dvg) o
M M

for all functions u in the Sobolev space H L.r(M), where dv, and V, denote, re-

spectively, the Riemannian volume element and the gradient operator, for p > 1,

— _np=q) s der : :
l1<g<pandb = P Considering 0 < T < p, by direct computation, for
allu € H'"P(M) we have

(/ |u|Pdug)%§((N(p,q,n)he)(/ IVgu|? dvg>;
M M

T(1-0)

+B, </M|u|pdvg>;> </M|u|qdvg> "
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denote this inequality by

(N(N(p, q, n)i—i—s, BS)

where ¢ > 0 can be taken as close to zero as we wish. This inequality shows
that there exist constants A, B € R such that N(A, B) is valid for all functions in
HLP(M). We will use again an adaptation of the ideas in [8] and a local argument
in normal coordinates, to showing that

N(p.q.n)7 < A. (14)

Thus we can define the notion of best constant for the Riemannian Nash inequal-
ity. Due to the two constants of present in the Riemannian Nash inequality, the
optimality can be defined in two ways. We follow the more interesting one from
the viewpoint of partial differential equations (PDE’s) (see Hebey [10]). The first
Riemannian LP-Nash best constant is defined by

Aopt =inf{A € R : there exists B € R such that N(A, B) is valid} .

By (1.4), we have
N(p,q,n)? < Aopt .

Moreover, since N(N(p, q, n)i + &, B,) is valid for all ¢ > 0, it follows that

Aopt =N(p,q,n)? .

We note that the first Riemannian L”-Nash best constant is independent of the ge-
ometry of M. From this constant which we can define the first optimal Riemannian
LP-Nash inequality as follows: there exists a constant B € R such that, for any
ue H"P(M),

op T P
(/ Jul? dvg> < (N(p,q,n)p (/ |Vgul? dvg)
M M
T T(1-6)
P 0q
+B (/ lu|? dvg) (/ lu|? dvg> .
M M

We should note that the validity of this inequality is not evident because when we
make A — Agp the constant B = B(A) could diverge to infinity.

Independently, the validity of optimal Riemannian L”-Nash inequalities has
been widely discussed in some special cases over the last few years. The optimal
Nash inequality N(N(p, g, n)?, B) witht = p = 2 and ¢ = 1 was obtained for
some B by Humbert in [11]. Later, Brouttelande [4] proved Nash’s inequality for
T =p=2and 1 < g < p. Recently Ceccon-Montenegro [5] proved Nash’s
inequality for 1 < p =t <2and 1 < g < p. In this paper, we extend the validity
of optimal inequality N (N (p, g, n)?, B) for p > 2.
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Theorem 1. Let (M,g) be a smooth, compact Riemannian manifold without bound-
ary of dimension n > 2 andlet 1 < q < p. If 0 < © < min{p, 2}, then
N(N(p,q,n)r, B) is always valid for some B.

In view of this theorem, we can define the second Riemannian LP-Nash best
constant by

Bopi = inf{B eR; N (N(p, g.n)7, B) is valid} :

Since the non-zero constant functions belong to the Sobolev space H':? (M), the
constant Bop satisfies

Bopt = |M| 75, (1.5)

where | M| denotes the volume of M.

A non-zero function in H'-? (M) satisfying the equality N(N (p, g, n)% , Bopt)
is called an extremal function. The extremal functions for the Riemannian Nash
inequality in the case where T = p = 2 and ¢ = 1 were studied by Humbert [12].
In this work, Humbert found that the existence of extremal functions depends on
the geometry of the Riemannian manifold (M, g). However, when t < 2 we have
the existence of extremal functions regardless of the geometry of the Riemannian
manifold (M, g).

Theorem 2. Let (M, g) be a smooth, compact Riemannian manifold without
boundary of dimensionn > 2 andlet1 < g < p. If0 <7 < pandt < 2.

Then N(N(p, q, n)é , Bopt) admits an extremal function.

2. Proof of Theorem 1

The proof of Theorem 1 proceeds by contradiction. So, for each « positive in N,
suppose one has

vy = sup Jy(u) > N(p,q, n)é , 2.1
ucekE
where E = {u € H'"P(M) : ||VqulLr(my = 1} and

7 -G b
Jo(u) = /M lul? dv, /M lul? dvg -« /M lul? dvg | .

Our goal will be to use the method of Lagrange multipliers for the functional Jy;
this method requires that the functional J, is of class C!. Thus we will consider two
situations: assume first ¢ > 1. By using standard arguments, we find a maximizer
lig € Eof Jy,ie.

Jo(ilg) = vy = sup Jo(u) . (22)
uekE
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When g = 1, note that the functional J,, is not of class C ' In this case, we imitate
an idea of Humbert [11].
Define, for each ¢ > 0, the functional

Ja,g<u)=(/M|u|Pdvg) (/ ] dv) i (/ |u|"dvg)

It is clear that Jy ¢ is of class C I Choose now a sequence (&) such that ¢, — 0 as
o — 00, so that .
Vey.a = SUP Jo g, () > N(p,1,n)7 .
uek

As usual, the preceding inequality leads to a maximizer iy € E of Jy ¢, . From now
on, the arguments are similar in the two cases ¢ > 1 and ¢ = 1 by working with
the functionals J, and J, ¢, in each case. Thereby, we will focus our attention only
on the case g > 1.

One may assume i, > 0, since Vglig| = £V,iiy almost everywhere. By
(2.2), uy satisfies the Euler-Lagrange equation
T(1-0) (1 _ 9) T(1-6)
5 ~p—1 4 ~q—1
||Ma||Lp(M) ”uO‘HLq(M) uh= — 0 ””a”L/’(M) ||uoz||Lq(M) i 23)

1 ~
- O‘””a”Lp(M)”g = Vg Ap gla ,

where A, , = —divg(|Vg|p_2Vg) is the p-Laplace operator of g. Taking u, =
—de___ we have
el zpm)

: 1
A;lAaAp,gua + oAl ug_l +

6 1
”M(x”Lq(M)uq = gug “on M, (24

where |uq | Lrmy) = 1,
pU=0)

2]
A, = (/ ul dvg>
M

T,
Ao = ”ua”L‘I(M) “ua“LP(M) .

and

We now highlight two important consequences of the Euler-Lagrange equation.
Note that taking i, as test function in (2.3), we have
(1-6)
Vo = ||Ma||Lp(M)||”a||Lq(M)

Putting together the previous inequality, (2.1) and the observation that T < p, we

get
=p)1-0) =p)1-0)

e = v ol oyry Nalpoary  Miallzo(a

7(1—0) _r
= (”ua”Lp(M)”ucx”Lq(M) ) <ve® =N(p,q, n)_l s
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so that
N(p,q.n) <r;'. (2.5)

We also have, by (2.4), that aAg < 1. Therefore, taking a subsequence,

lim Ay =0. (2.6)
o—> 00
The proof of this theorem consists of three steps:
1) We will show that the sequence of normalized functions u,, has a point of explo-
sion when @ — oo. Hence u, will concentrate around its point of maximum, this
will be made precise in Subsection 2.1.

2) The concentration established in Subsection 2.1 will be used to obtain a global
and uniform estimate for the sequence u,,. Besides, the speed with which u, tends
to zero is of exponential type. This will be studied in Subsection 2.2.

3) In Subsection 2.3 we will use an appropriate test function to combine the optimal
Euclidean inequality involving u, with the Euler-Lagrange equation satisfied by
1. This will lead to a comparison between ||uy || La(m) and a piece of |[uy||zr. This
comparison, due to the speed with which the sequence u, goes to zero (Subsection
2.2), will generate a contradiction. With this the proof of Theorem 1 is concluded.

2.1. LP-concentration

Applying the Tolksdorf’s regularity [16] in (2.4), it follows that u, is of class
C'(M). Then we can consider x, € M a maximum point of uy, i.e.

Uy (Xg) = ”ua”Loo(M) .

Our aim here is to establish that

lim lim 1 ulb dvg=1. 2.7
0O—>0 —>00 B(xa,o'Aap)

From now on, ¢ will denote several possibly different positive constants indepen-
dent of «.
For each x € B(0, 0), define

1
ha(x) = g (expx&mo’;x)) :

. 1 (2.8)
£ 1
Po(x) = Ag U (eXPXW(Aé’X)> :
By (2.4) and the definition of 9, one easily deduces that
—1 % p—1 1-90 qg—1 __ l p—1
Ay Aphe@a + oAy @l +——0d7 = -} on B(0,0). 2.9)

0 0
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Applying the Moser’s iterative scheme, for p < n see ( [13] or [15]), or Morrey’s
inequality, for p > n,to this last equation, we see that for « large enough and o > 1

o p
2
AL NugllLony | = sup ¢f <c ol dhy = ¢ 1 ubdv, <c.
P
B(0,1) B(0,1) B(xq,Aq’)

Using the definition of A, and this estimate coupled together with

n\ P4
_ 2
1= /M uf; dvg < Hucxnioo%M) /M uzdvg = <||M(x||L°°(M) A(g )

produces

n

2
1 < lluglizoemy Ad <c¢ (2.10)

for « large enough. In particular, there exists a constant ¢ > 0 such that

f @l dhy > ¢ .11)
B(©,1)

for all  large enough.
On the other hand, using Cartan’s expansion in normal coordinates, we have
for each o > 0, that

/ cpg{’dxfc/ ¢£dha=c/ 1 ubdv, <c,
B(0,0) B(0,0) B(xq,0AL)

and we also have, by (2.4),

/ |V<pa|l’dx5c/ Vi, 0al? dha
B(0,0) B(0,0)

= cAa/ 1 |Veug|? dvg < cN(p,q, ),
B(xq,0 Ag )
for o large enough. Therefore by Cantor’s diagonalization process, there exists

¢ € WIP(R") such that, for some suitable subsequence, ¢, — ¢ in Wllo’cp (R™).
For each o > 0, we can conclude then

1 oul dvg
B(xq,0AL)

goquzlim/ 02 dhy = lim <1,
./B(o,a) a= Jpoqy) & 0 a—oo [y u dvg

and

f P dx = lim P dhg = lim 1 ulb dvg <1.
B(0.0)

@00 JB(0,0) =00 JB(xgq,0 AL)
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In particular,
e LIRHNLPRY) . (2.12)

Letn € C& (R) be a cut-off function such that = 1 on [0, %], n = 0on [1,0c0)
1

and0 < n < 1. Let ng o (x) = n((oAg)_ldg(x,xa)). Choosing uang,g as a test
function in (2.4), one gets

1, A, /M |Vgtta|"nZ , dvg + Aq /M Votta|P*Voty - V(12 it dvg

1—0 [, udnbo dvg
2 Sy ugdv,

1
<5 [ utn, dve.

_|_

(2.13)

‘We now show that

lim lim Aa/ Vgtta|P 2 Vgutg - Vo1l Vit dvg =0. (2.14)
M

T—>00 ad—>00

Taking uy as a test function in (2.4), we have

AO,/ |Vottg|Pdvg < g < N(p,q.n)~".
M

Therefore, by Holder’s inequality, it suffices to establish that
Aa/ Ul |Vena.o|? dvg < — . (2.15)
M ob

By the definition of the function 7, , We derive

1 c
A ul|Veng.ol? dvy, <c— | uf dv, = — .
o " al V8, 8 oP " a 8 ol

Therefore (2.15) holds and (2.14) is valid. Replacing (2.5) and (2.14) in (2.13), one

arrives at
O—>X0a—>00

6 lim lim (N(p,q,n) Aa/ |Veua|Pnl o dvg)
M

q.P
u o dv
+ {1 —6) lim lim —fM an;’ 8
0 —>00 a—>00 fM ug dvg

< lim lim [ ufnl, dv,.
M
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In order to rewrite this inequality in a suitable format, we first remark that

q
1 1 uydv
[y uinl & dvg 3 [y udnd o dvg B(xa,0 A )\B(xa,0 AL /2) e
Sy i dvg Sy i dvg Sy i dvg
:/ 903 dhyg
B(0,0)\B(0,5/2)

and by Cartan’s expansion, the above right-hand side converges to 0 as @ — oo and
o — 00, by (2.12). Thus,

q_p q.4q
u dv u dv
lim lim M — lim lim M

0 —>00 a—> 00 fM ul dvg 0—>00 A—>00 fM ul dvg

Consequently, we can write

6 lim lim (N(p,q,n) Aa/ |Veug|Pnl dvg)
M

T—>00 a—>00

q._49
£ (1=6) lim lim L Valee 4%

(2.16)
0 —>00 4—>00 fM ul dvg

< lim lim ubnl . dvg .
0T—>00 a—>00 M ’

On the other hand, we have the validity of N(N (p, ¢, n)% + ¢, B;). So, for each
e > 0,let B, > 0, with B, independent of «, such that

%
</ “{;775,0 dvg>
M

< (N(p,q,n)% +s) ((1 +8)Aa/ Vet Pn? , dv,
M

r(1-0)

z q.49 0q T

7 u dv z

+C(5)Aa/ ”g|vg77a,n|pdvg)1 Mgtﬁg +cAs
M Sy tadvg

where we have used the definition of A, and Young’s inequality. Then, using (2.6)
and (2.15) and letting « — 00,0 — oo in this order and letting ¢ — 0, one gets

1

7
lim lim uPnf dv
o—ooa—00 \ Juy alla,o ¢Vs

< lim lim (N(p,q,n)Aa/ [Veug|Pnl o dvg> (2.17)
M

0 —>00 a—> 0

e P(é*m
(fMuana,o* dUg) ¢

Ju ug dvg

lim lim
o—>00 00— 00
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Let
X = lim lim (N(p,q,n) A / IVguaI”nﬁadvg)
0—00 a—>00 M ’
. . fMugngadUg
Y= lim lim == —F7——
0 — 00 0—> 00 fM uadvg
and

Z = lim lim uPn? dv,.
0 — 00 —> 00 alo,a Vg

The inequalities (2.16) and (2.17) may be rewritten as
0X+(1-60)Y <Z

p(1-0)

Z <Xy 4

445

(2.18)

By (2.11),0one also has Z > 0, so that X, Y > 0. The assertion (2.7) follows readily
once one has proved that Z = 1. By Young’s inequality, (2.18) immediately yields

xy!'-? <z

p(1—0)

Z <Xy 4

These two inequalities produce

p(1-0)

x0y'=? < xy 4

’

which implies that ¥ = 1 because w —146>0.
On the other hand, using (2.10), we have

/ |l dvg < g |50 A ”
M\B(xq,0 A)

v oul dvg
M\B(xq,0 AL)

[y u& dvg

This estimate coupled together with ¥ = 1, allows to conclude that

<c

lim lim 1 ulb dvg =0.

0>000=>0 Jyn Bxy 0 AL)

Therefore, because Z < 1, it follows that Z = 1.
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2.2. Uniform estimation
For any constant A > 0 there exists a constant c¢; > 0, independent of «, such that

A n

dg(x, Xo) "t (x) < 1 AL 7 (2.19)

forall x € M and @ > 0 large enough.
Suppose, by contradiction, that the above assertion is false. Then, there exist
Ao > 0 and y, € M such that f,(y,) — oo as @ — 0o, where

_)‘()+L2

Fu@) = dg(x, x0) U (x) Ag © 7.

Assume, without loss of generality, that f,(yo) = Il fallLoear). From (2.10), we
have

g (Ya) e e
Jave) = eqmirm e dy (v, Ve el e agy < g s Yo lltrll g

so that i
dg(xou ya)”Ma”Zoo(M) — O0. (220)

Next, for any fixed 0 > 0 and ¢ € (0, 1), we show that

_r
B(ya, edg(Xas ya)) N B (xa, GlluallLo’é(M)) =0 (221

for a > 0 large enough. Clearly, this assertion follows from

_p
dg(Xas Ya) = O'”uot”Lo'é(M) + ed(xq, Yo) -

The above inequality is equivalent to
P
(1- S)dg(-xou ya)”utXHZOO(M) >0,

P
which is clearly satisfied, since dg (x¢, yo) | Ua ”ZOO(M) —ooasa—ooand 1—&>0.
We claim that there exists a constant ¢ > 0 such that

Ug (x) < citg(Ya) (222

for all x € B(yq, édg(xa, yo)) and a > 0 large enough. In fact, for each x €
B()’ou Sdg(xoz, ya)), we have

dg(xa Xg) = dg(xota Ya) — dg(xy Ya) = (1 — S)dg(xoca Ya) -
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Thus,

*0 n
,74,7

dg (Yo, ¥a) g V) Aa ' 7 = fu(Ya) = fa(x)

=

+

sl
9

= dg(x, o)t (1) Ay "

|
+
=

> (1 — &)dy (Yo, Xa)Pug (x)Ag 7,

so that

1 \*
Ug(x) < (_> g (Vo)

1—c¢

for all x € B(yq, dg(xy, Yo)) and a > 0 large enough. This proves our claim.

Define )
hy(x) =g (expya (Agx))
2 1
Vo (X) = Ag Ua (eXPya (AJZX))

for each x € B(0,2) and « > 0 large enough. From (2.4), it readily follows that

: 1-6 1
Mg ApngVa ALyl + 5 g-l =2 P~ on B(0,2).  (2.23)

In particular,

/ Vi Vel P2V, Y - Vi, ¢ duvp, < c / Pl duy,
B(0,2) B(0,2)

for any positive test functions ¢ € C(% (B(0, 2)). Thus, by Moser’s iterative scheme
or Morrey’s inequality, one deduces that

Abug(ye)? < sup yP < c/ Yl dup, =c/ 1 ul dvg.
BO.1) B(.3) B(ya. 1 AL)

By (2.22) and (2.10), we rewrite this last inequality as

u 0 P
<|| llL (Da)) 56/ L ul dvg (2.24)
luallLoo(ar) B(ya,1AL)

where Dy = B(yq, edg(Xq, Ya))-
Let k > 0 be a constant. By (2.10) and (2.20) we obtain that

1

kAL < ed(xy, Vo) » (2.25)
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for o large enough. Then, using (2.25), the concentration property (2.7), combined
with (2.21) and k = %,provides that

f 1 ulb dvg — 0.
B(yo. 3 Ad)

Then, by (2.24), we obtain

im Walz=my _ o (2.26)
a—00 |lug |l oo

1

Consider the function ny(x) = n(A; ;d[g (x, o)), where n € Cé (R) is a cut-off
function such that » = 1 on [0, %], n=0on/[l,o00)and 0 < 5 < 1. Taking Uanh
as a test function in (2.4), one has
1—6 [y, un& dv,

0 fM ug(dvg

=3 /M Pl dvg + pAg f |Voug|P™ Zuo,n Vgua - Veng dvg .

Al Ay f AL dvg+aA,§;/ uln? dvg +
M

Now, we will estimate each term on the right-hand side of this inequality. First note
that from (2.10), (2.22) and (2.25), we have

: litall 222D, \”
/M ulnd dvg < cllugllf s, (AL < c (#)

et |l Loo (a1

Of course, by Holder’s and Young’s inequalities

'/ |Vg”a|p_zua7]5_lvgua - Vel dvg
M

=< 5/ |Vg’/‘<>l|p77£(7 dvg +C8/ |Vgna|p”g dvg .
M M

Also, by (2.10), (2.22) and (2.25), it follows that

/ VgnalPufl dvg < Ag(Aq ,,),,/ 1 ub dvg
B(ya. Ad) 227)
5 Nt llLoo D)\ ’
= C””cx”ioo(D )(Acg)n <c|—7—" .
. el Loo ()
Consequently,
q.p
5 u dv
Aa/ [Voue|Pnk dvg + Al / ubn? dvg + W
M M Sy ua dvg 2.28)

< <||Ma||L0°(Da))p
lteee |l Loo (o)
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On the other hand, the non-sharp Riemannian Nash inequality produces

(/ 1 ub dvg) (/ (ugnb)? dvg>
B(ye,3AL)
179)
fc<f |Voual?nl dvg) (/ (uank)? d”g> K
M (2.29)

p(1-0)

+e (/ Ve rlalPul dvg) (/ (Ul dvg> K

p1-6)
+c</ (ugnk)? dvg) (/ (uanb)? dvg) "

Due to (2.27) and (2.28), we can estimate each term a the right-hand side of (2.29).
Indeed, by hypothesis we have p > g > 1, s0

p(1-6

)
2 q
(/ |vgua|p775 dUg) </ (uanéj)q dvg)
M M

r(1-06)

u dv %4
< A, f [Veug|Pnk dvg fM an g
fMua dvg
p= 9>)

N p(1+
SC<||Mo¢||L (Da)> ’
llttg Nl Loo (ar)
p(-6)
]
</ |vg77a|p ub dUg) </ (uanp)q dvg>

a1-6)

P
q.P 0q
Sy uane dv
EAa/ |Vg77a|p145 dvg W
M fM ug dvg
ltte Nl oo (D) PO+ B
< 22700
et Nl Loo(ar)
and because p > t, we have

(/ (uang)p dvg) </ (”anp)q dvg)

p(1-0)

q. P 4 1+
< Aa/ uPn? dv Ja tana dvg \ " - (””a”L‘X’(Da))p
— a'la 8 q = —_—
M S e dvg |t |l oo (a1

p(1-06)

/7(1 9>)
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Substituting these three estimates in (2.29), one gets

1 1-9
Jll ))

7 (+
lugllLoo (D) \” 9q
/ Ly e Vs SC(n [ ’
By 3 A7) el Lo (m)

p(O+20-2)
Uy || LoD q
f L ul dvg < ¢ (M) .
B(ya,3AL) lugll Lo ()

Combining this inequality with (2.24), we obtain

so that

—146 p(1-6)
)
et |l oo (ar)

By definition & < 1 and by hypotesis ¢ < p, so that
1-6
—1+0+M:(1—9)<3—1) >0,
q q

but this inequality contradicts (2.26).

2.3. Conclusion of the proof of the Theorem 1

In the sequel, we will perform several estimates by using the uniform estimation.
Let us suppose that the radius of injectivity of M is grater than r > 0 and
let n € Cé (R) is a cut-off function as in the previous section, define n,(x) =

n (M) From the Euclidean Nash inequality (1.3), we have

p(1—0)

1
4 9
(/ ubng dx) sN(p,q,n)(/ IV(uana)lpdx> (/ uldnd dx) .
B(0,r) B(0,r) B(0,r)

Expanding the metric g in normal coordinates around x,, one locally gets

(1 — cdg(x, xa)z) dvy <dx < (1 + cdg (x, xa)2> dvg (2.30)

and
IV tan)1? = Ve(utana)l” (14 cdy(x, 50)%) -

Thus,
1
6
</ Mgﬂgdx>S<AaN(P,q,n)/ |vg(ua77a)|p dvg
BQO,r) M
PPN (S (2.31)
JB0.r) Ualla dx\ 7

+ A/ \Y Pdy(x,x0)°d >
CAg M| g (Uama)|[Pdg(x,xy) dvg fMug dvg
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On the other hand taking u, as a test function in (2.4), and enclosing (2.5), we have
N(p,q,n) Aq f Vgual? dvg <1 —aAf .
M
Coupling the above inequality together with inequality

|vg(ua77a)|p = |Vgl4<>t|p77é¢7 +c|navgua|p_1|uavg77a| +C|uavgrla|p )

in (2.31), we obtain

1
7 z
</(0 )ugn{; dx> < (l—aAé’ +cFy +cGy
B(0,r
-9 (2.32)

f q qd p(e
UygNedx\ Y1
teA, / uldvg | (L2Q0 2T
B\ B, ) Jas tadvg

Fy = Aa/ Vot |PnEdy (x, x4)? dvg
M

where

and
Gu = Aa/ Vettal?" 12~ | Venal dv.
M

We now estimate F, and G,. Note that by (2.4), taking u, as a test function, we
have

Aa/ |Vqttg|Pdvg < g < N(p,q,n)"".
M

Using this uniform limitation, Holder’s inequality, the definition of ¢, and uniform
estimation (2.19), we have

1

p—1
7 P
Gy < <Aa/ IVgualpdvg) Aa/ ubdv,
M B(xa,}’)\B()Ca,%)

2
<c Aa/ ubdg(x, xq)Pdv,
B(xg.1)\B(xe,5)

1

<c Agf N 1 ehx|Pdh
B(O,r Aq ")\ B0, 24—)

2 5 2
< Ad ( / |x|P<”>dx) <cAL,
R"\B(0,1)

(2.33)
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for A sufficiently large and normal coordinates around x, . Similarly, we have

A / Vit~ 0Pty (x, xa) dvg
M

p=1 1
< (Aa/ IVguo,lpdvg) ' <Aa/ ué’dg(x,xa)pdvg>p
M B(xy,r)

1

2 v

< cAy (/ _1 ¢5IXI”dha>

B0,rA, ")
1 2

2 2
<c AL (1 +/ |x|P<1—“dx>p <c AL .
R"\B(0,1)

Taking uad§ n as a test function in (2.4), one easily checks that

(2.34)

Fy = Aa/ |Vt |PnEdy (x, x4)? dug
M
< c/ ugdg(x,xa)zdvg + cAa/ |Vgua|”_1n£uadg(x,xa) dvg +cGqy .
B(xq,r) M
Therefore, by (2.33) and (2.34),
2
F, 50/ u{)l’dg()c,xo,)2 dvg + cAj .
B(xq,r)

Applying now the uniform estimation (2.19), one gets

2
/ ubd,(x, xo()2 dvg, < cAg (1 +f 1 (po’,’lx|2dx)
B(xq.r) B(0,r Aq ")\B(0,1)

2 , (235
<cAg (1 + / |x|2_)‘pdx> <cAf
R™\B(0,1)
for A large enough. Consequently,
2 2
F, <cAl and G, <cAl. (2.36)

Using ideas similar to (2.33) for p > 1, we obtain

2
Aa/ ubdv, < cAo,/ ubdg(x, xq)Pdvg < cAi <cAl.
B(xa,r)\B(xa,%) B(xasr)\B(xuq%)

Putting this estimate and (2.36) in (2.32), one arrives at

1 q.q p(1-0)
? z 2 ughe dx\ %
(/ ulnl dx) < (1 — oAl +cAO';) M . (237)
B(xq,r) fM Uy dvg
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On the other hand, by (2.30) and the mean value theorem, we obtain

1

1
7 7
(/ ubnb dx) > </ ubnbdv, — c/ ubnbd,(x, xa)2dvg)
M M M

>1-— c/ ub dvg — cf u({l’ngdg(x,)co[)2 dv,
M\B(xq,r) M

and
q.aq 5 \252 p4=t)
fB(xa,,) ugtg dx '\ % - [y udnd dvg—{—ch udndde (x, x5)% dvy
[y ud dvg - [y ud dvg
pU=6) 5
- [y udnd dvg\ " +CfMuandg(x,xa) dv,
—\ [y ud dv, [y ud dvg
u d X, Xg)” dv
+CfM a'hx ( oz) g
[y ud dvg
Replacing these two estimates in (2.37), one gets
aAp - cA” fM udnddy (x, x4)* dvg
Ju ug dvg
—|—c/ ulnldy (x, x)* dug —{—c/ ub dv,g .
M MN\B(xq,r)

By uniform estimate (2.19), compactness of M and taking Ap —n = 2, we have

Ap—n 2
/ ub dvg < c/ uld(x, xy)"" dvg < Ag” =cAf .
M\B(xq.r) M\B(xq.r)

So, by this inequality and (2.35), one concludes that

O[A; < CAP fMuanad (x, xa) dvg
Ju ug dvg

By uniform estimation (2.19) and A greater enough, we obtain

(2.38)

[oy udndde (x, x4)? dvg - fB(xa,r) ugdy (x, xo)* dvg

fMuZ dvg - fMuZ dvg

2
— Al / L @llxPdhe
B0,y A, ")

2 2
< cAl (1 + c/ |x|“4dx) <cAl.
R\ B(0,1)
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Introducing this inequality in (2.38), we readily deduce that

z 2
aAl <c AL .

Finally, because 0 < 7 < min{p, 2}, we get at the contradiction

2-t
a<c Ay

3. Proof of Theorem 2

By Theorem 1 we have that

po
(/ lu|? dvg)
M
z T 7(1—6)
T P P 0q
< |N(p,q,n)r (/ |Vg“|pdvg> + Bopt (/ |u|? dvg) (/ |u| d”8> .
M M M

is valid for all u € H'“?(M).
Leta > 0 and ¢y = Bopt — o~ 1. Define

7 —” b
Jo(u) = (/ lu|P dvg) </ |u|qdvg) — Cq (/ lu|? dvg) .
M M M

By definition of Bopt, we have

Vg = sup Jy(u) > N(p,q,n)% )

ueE

where E = {u € H"P(M) : ||VeullLrm) = 1}. This supreme is well defined.

By the observation made in the proof of the Theorem 1, we will present the
proof only in the case ¢ > 1. In the case ¢ = 1 we follow the ideas contained
in [11]. Using standard arguments, we find a maximizer i, € E of J,, therefore

Jo(lly) = vy = sup Jo(u) .

uekE

Since J, is of class C', the function i, satisfies the Euler-Lagrange equation

T—pb _r(d-6) 1
g ikl o Nl ainy 6
(1 _ 9) t(1-6)+6q

T
~ 5 ~ ~g—1 ~ T=p  ~p—1
9 ||”a||2p(M)””a”Lq(M)9 ”g _COC”uO‘”LI’(pM)ug

= Ve Ap glla,
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where Ap o = —divg(|Vg|? _ZVg) is the p-Laplace operator of g. Provided that
Vglitg| = £V, ity almost everywhere, we can assume i, > 0 and following Tolks-

dorf (see [16]) we have that ii, € C'(M). Taking uy = |ﬁ7“ , we find

lite | L7 a1y
-1 ;_7 p—1 1-0 —q g—1 1 p—1
Ay AgAp gy +coAqull™ + Tllualqu(M)ua = 5ua on M, (3.1)

where |lugllLrn =1,
p(-6)

0q
Ay = (/ ul dvg)
M

. T
Ao = Vg ””a”Lq(M) ||”a||Lp(M) -

and

Taking a subsequence, we can assume that there exists A € R such that

lim Ay =A.

o—> 00

Then, we have two possibilities:

i) A=0or
(ii) A > 0.

We will show that (i) cannot occur. Otherwise, A = 0 would lead to (2.6) of Theo-
rem 1. Therefore we can follow step by step the proof of Theorem 1 and will regain
the same result as in Section 2.3, that is, we obtain

2-1

Ca S C A"

This results in a contradiction, because 0 < 7 < 2, ¢y = Bopt — a_l, A =0and
because of (1.5). Therefore (ii) occurs. Using u, as a test function and using, (ii)
and (2.5) in (3.1), we see that there is ¢ > 0 such that

/ |Voug|Pdvg < c
M

for all . Since ||uy |l L) = 1, up to subsequences uy, — ug in H'“P(M). Using
again that |luy||zrmy = 1 for all o, we have |lug|lLr(my = 1. Furthermore, by
equation (3.1), we have that

/ |Vgua|p_2Vguanhdvg < c/ ug_lhdvg ,
M M

for any test function 2 > 0. Following the iterative scheme due to Moser, we find
that

sup uy < c,

xeM
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for all . Applying the result of Tolksdorf in (3.1), we have uy, — uq in C'(M).

and for uy, =

z b 1 0
1>|N(p,g,n)? (/ |Vgua|pdvg)p + Bopt — — (/ ugdvg) !
M o M

On the other hand, we know that i, satisfies

g . z
([ azave)™ = (Npqum? ([ 19edorrane )’
M M
| 3 w-0)
+<Bopt——> (/ ﬁ{;dvg>p (/ ﬁgdvg) ! ,
o M M

, we have

iy
el Lr (ary

r(1-0)

Taking the limit in « in this inequality, we obtain

(1-0)

T 5 [
1>|N(p,g,n)r </ |Vgu0|pdvg>p + Bopt (/ ugdvg) !
M M

Therefore, ug is an extremal function for N(N (p, g, n) %, Bopt) -
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