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Geometric elliptic functionals and mean curvature

Luis J. ALIAS, JORGE H. S. DE LIRA AND MARCO RIGOLI

Abstract. We introduce an extended notion of mean curvature for graphs via
the Euler-Lagrange equation of a geometric elliptic functional. We then draw
some geometric conclusions for Killing graphs with prescribed weighted and
anisotropic mean curvatures with the aid of a general form of the weak maximum
principle and a sufficient condition for an appropriate notion of parabolicity.

Mathematics Subject Classification (2010): 49Q20 (primary); 53C21, 53C42
(secondary).

1. Introduction

In this paper we introduce a generalized notion of mean curvature for hypersurfaces
in Riemannian manifolds endowed with a Killing vector field. More precisely, the
Riemannian manifolds we consider are warped products of the form M x,R, where
o is the norm of a Killing vector field and M is a complete Riemannian manifold.
This generalized mean curvature characterizes critical hypersurfaces ¥ C M x, R
of geometric functionals of the form

/ Fe 1dx, (1.1)
)

where the Lagrangian F is integrated against some weighted measure e~/ dX on X.
We assume that the Lagrangian is conserved by the flow generated by the Killing
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field Y in the sense that £y F|x = 0. This last assumption guarantees that, if
the critical hypersurface is a graph over some domain in M, the Euler-Lagrange
equation for the functional (1.1) can be written in terms of a partial differential
equation on M. For details, see Theorem 2.1 in Section 2 below.

As expected, when considering the Riemannian product M x R, an appropri-
ate choice of the Lagrangian and of the measure yields the usual definition of the
mean curvature of the graph X of a function u € C*°(M) via the well-known mean
curvature equation

. Vu
div| ———— | =nH,
V14 |Vul?
where n = dimM and H is the standard mean curvature of the graph in the direction
of the normal

V= (vt )
= — | —Vu — 1,
V1+|Vul? ds

where s is the coordinate on R. Here the operators div and V are defined on M.

One of the main goals of this paper is to elucidate the interplay between con-
stant or assigned mean curvature graphs, in the aforementioned warped products,
and the analysis of weighted elliptic operators defined on the smooth metric mea-
sure space (M, e~/ dM) where the weight is appropriately related to the warping
function. The interplay comes from the following remark. Let the weighted diver-
gence operator be

diveX =e/div(e™/X), X eI Tm,

that naturally appears in connection with the weighted volume form e~/ d M on M.
It turns out that solutions of the weighted mean curvature equation

Vu
divf| —— ) =nHy,
f(\/l—HVulz) /

define, at the same time, graphs with prescribed weighted mean curvature in M x R
and graphs with prescribed mean curvature in warped products M x, R provided
that f = —logo.

One of the main issues in this context is the existence and uniqueness of en-
tire graphs with constant mean curvature in M x, R, where M is non-compact.
Quite recently, H. Rosenberg, F. Schulze and J. Spruck [26] proved that if M has
non-negative Ricci curvature and sectional curvatures bounded from below, then an
entire minimal graph lying into a half-space in the Riemannian product M x R is
a slice of the form M x {c} for some ¢ € R. The same conclusion holds for entire
graphs with constant mean curvature lying into slabs of a warped product M x, R
if one adds the assumption that the warping factor is uniformly bounded up to its
second derivatives, [12]. Both results are based on Liouville-type properties for the
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mean curvature equation and rely on refined gradient estimates essentially due to
N. Korevaar [21]. In [12] a version of the maximum principle [23] is also used
for guaranteeing that, under those assumptions, entire graphs with constant mean
curvature are indeed minimal.

In this paper we derive a maximum principle for a wide class of quasilinear
elliptic operators that includes the generalized mean curvature operator. This allows
us to prove a number of non-existence and uniqueness results for entire graphs with
either assigned or constant generalized mean curvature in warped product spaces.
An interesting feature of these results is that the influence of the warping factor
dictates what should be the regions where the maximum principle holds. In rough
terms, these regions are bounded by the graphs of powers of the distance from a
fixed origin of M. This specific power is, in turn, related to the growth rate of the
mean curvature. Thus these radial functions can be understood as barriers bounding
the regions that play the role of slabs or half-spaces. Moreover, these functions yield
global quantitative height estimates for entire graphs.

In the statement of the results, B denotes the geodesic ball in M with radius
R centered at some point o € M and r(x) = distys (o, x), x € M. The following is
a corollary of Theorem 4.1 in Section 4:

Given a positive function ¢ € C*°(M) consider the warped product manifold
M = M x, R. Assume that

supo < +00
M

and
log 0
lim inf 198 /g, @ -
R—>+c0 R2-S

for some 0 < ¢ < 2. Then any constant mean curvature graph ¥ in M lying
between the graphs of the radial functions £Br¢ outside a compact in M,
for some B > 0, is minimal. In particular, if ¢ = 0, the sectional curvatures
of M satisfy Ky > — Ky for some positive constant Ky and Ricyy > 0, then
Y = M x {c} for some c € R.

The precise notion of graphs into warped products is formalized in terms of Killing
graphs in Section 2. In Section 3, we prove the maximum principle we alluded to,
following techniques introduced in our previous works [1,24,25]. This new form
of a general weak maximum principle, stated as Theorem 3.2 in Section 3, holds
for possibly unbounded functions and extended divergence-type operators. As we
mentioned above, these operators include those coming from the Euler-Lagrange
equations of the elliptic functionals we are considering in Section 2. In the same
spirit we have also given a sufficient condition for a related notion of parabolicity
as expressed in Theorem 3.4 in Section 3. Since these results are interesting in their
own and could be used in different contexts, we have given self-contained proofs.
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This enlarged notion of parabolicity adapted to the generalized mean curvature
operator bears fruitful consequences like the next result, that is a particular case of
Theorem 4.6 in Section 4:

Let M, 0 and M be as above. Suppose that

supo < 400
M

and
1

fBR Y

Then any constant mean curvature graph % lying into a slab of the form
M X [s1, s3] with s1 < s7 is of the form M x {c} for some c € [s1, s2].

¢ L' (+00).

Another consequence of the parabolicity is the following (see Theorem 4.13 in Sec-
tion 4 for a more general statement):

Let X be the graph of a function u in M x, R. Suppose that
o’ e L' (M,dM)

and that |Vu| = O(o™") as r — 400. If the mean curvature vector of the
graph points in the same direction of the positive orientation of the factor R
and u is bounded from above, then there exists ¢ € R such that ¥ = M x {c}.

The geometric applications of the analytical theorems in Section 3 are gathered
together in Sections 4 and 5 where we specialize our approach to the cases of the
classical, weighted and anisotropic notions of mean curvature.

Killing graphs with constant anisotropic mean curvature are interesting exam-
ples of extremal hypersurfaces for certain choices of the functional in (1.1). In Eu-
clidean space the compact minimizers of these functionals, known as Wulff shapes,
have been studied by Jean Taylor [29] who gave a rigorous existence proof using
Geometric Measure Theory to deal with the so-called crystalline functionals, which
is singular; this type of functionals is not covered in the present paper. There is a
further approach to the problem called the level set approach especially used for the
anisotropic curvature flow [15]. Finally, the anisotropic volume preserving mean
curvature flow has also been studied in the case of vector spaces with a Minkowski
norm by B. Andrews [2].

In spite of a massive list of distinguished contributions, the differential geomet-
ric aspects of the anisotropic mean curvature have still to be unfolded in depth. To
the best of our knowledge some of the main contributions on the subject are, among
others, due to T. Colding and W. Minicozzi [9], M. Koiso and B. Palmer [19,20],
and Y. He and H. Li [16]. This line of research is concerned, for instance, with the
stability of the Wulff shape as well as with the study of critical compact hypersur-
faces for higher order anisotropic mean curvatures. Furthermore, Koiso and Palmer
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wrote a beautiful series of papers on capillary problems involving elliptic paramet-
ric functionals associated to the same type of Lagrangian we define in equation
(5.25) below.

Another important trend has been developed by H. von der Mosel, U. Clarenz,
S. Hildebrandt and others [7,8,17,18]. They emphasize the analytical side, for
instance, the existence and regularity of solutions of the Plateau problem and so on.
In [22], we combine both approaches to formulate the notion of anisotropic mean
curvature in general Riemannian manifolds. There we prove that, if the ambient
Riemannian space is endowed with a Killing field, then it is possible to guarantee
the existence of critical points for Lagrangians conserved by the field flow. This is
the starting point of the present research.

ACKNOWLEDGEMENTS. The authors would like to thank the anonymous referee
for his/her valuable suggestions and corrections which contributed to improve this
paper. This work was started while the first and third authors were visiting the De-
partamento de Matematica of the Universidade Federal do Ceard, Fortaleza, Brazil,
and it also benefited from two visits of the second and third authors to the Depar-
tamento de Matematicas of the Universidad de Murcia, Spain. The authors would
like to thank both institutions for their hospitality.

2. A variational setting for a generalized mean curvature

Let M be an (n+1)-dimensional Riemannian manifold ‘with metric and Riemannian
connection respectively denoted by g = (-, ) and V. The norm derived from
g is denoted by | - |. In what follows we fix a differentiable positive function
F : TM\{0} — R satisfying the homogeneity condition

F(y,tn) =t F(y,n), 2.1

for all (y,n) € TM, n # 0, t > 0. According to [8], we refer to F as to a
parametric Lagrangian. The parametric Lagrangian F' allows us to introduce a
parametric functional F as follows. Given an oriented n—dimensional Riemannian
manifold Q and ¥ : Q — M an immersion, we define

Fly] :fQF(t/f, N)y*dM, 22)

where the volume element y*dM is induced by the immersion ¥ and N is a unit
normal vector field along . The classical example of such a functional is the
volume of the immersion, which corresponds to the Lagrangian F(y,n) = |n|.
Another important class of examples are provided by functionals of the form

Frlyl= fQ e T F(y, N)y*dM, (2.3)
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for some differentiable function f € C*°(2). We briefly comment on the ellipticity
of the functional later in Section 3. ~

Given an arbitrary vector field Q € I'(T M) an important example is the fol-
lowing generalized version of Hildebrandt’s functional

Frivi+ [ 1o Nvat. 4
Note that with the choices f = 0, F(y, n) = |n| and Q(¥) = 1 the critical points
of this functional, in the case of M = R” x R, model capillary surfaces. We refer
the reader to [8] for further details.

Here we are mainly concerned with hypersurfaces described as graphs in war-
ped product spaces. Specifically, given a complete Riemannian manifold (M, o)
and a positive function o € C>°(M), we consider the warped product space M =
M x, R, that is, the product manifold M x R = {(x,s) : x € M, s € R} endowed
with the Riemannian metric

g=0+ Qz(x)dsz.

In this setting, the coordinate vector field % is a non-singular Killing vector field

on M. Given a smooth function u defined on an open domain 2 C M, the graph of
u is the hypersurface given by

2w) ={(x,ux)):x e QM xR.

More generally, assume that M is a Riemannian manifold endowed with a non-
singular Killing vector field ¥ with complete flow lines such that the orthogonal
distribution

yeM—Dy={velyM: (Y(y),v) =0} C TyM (2.5)

is integrable. It is easy to verify that the integral leaves of D are totally geodesic
hypersurfaces in M. Let M be a fixed integral leaf. The flow ®: M x R — M
generated by Y takes isometrically M = My to the leaf My = ® (M) for any
s € R, where ®; = ®(., s). The Riemannian connection in M with the metric
induced by its inclusion in M is denoted by V.

Next, we consider an open, relatively compact domain €2 in M with smooth
boundary and we suppose that the immersion ¥ : @ — M is of the form

v(x) =Y (x) = @(x,u(x), xeg, (2.6)

for some C*° function u : 2 — R. In this case, the hypersurface

) = ¥ (Q) 2.7

is the Killing graph of the function u.
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Our first result gives a characterization of critical Killing graphs for the func-
tional F¢ in (2.3). Towards this end we assign local coordinates YW =35y =

xl,...,y" = x" to a point y = P(x,s), if x1, ..., x" are coordinates of the
point x € _Q. We associate local coordinates yo, R U no, ..., n" to points
(y,n) € TM by setting
0
o
n=mn-+4"-
ay y

In terms of these coordinates, the metric in M is written as
Gupdy®dy?, for 0<a, B <n,

where
g,’jZO’ij, for lfi,jfl’l,

are the components of the metric o induced on Q by the inclusion & C M. Fur-
thermore, we have

Zoo=1Y’, Zi=0, for 1<i<n.

The components of the contravariant version of the metrics in M and  are respec-
tively denoted by g*# and o'/,

Finally with £y we will indicate the Lie derivative in the direction of Y. Recall
that

divy X = e/ div (7 ),
for X e T'(TM) and f € C°°(M). We are now ready to state:

Theorem 2.1. Suppose that £y F |y, = 0 for any Killing graph ¥ in M, with F as
in (2.1). Then the Euler-Lagrange equation of the functional (2.3) is

. Vy
divX — (X, ——) =0, (2.8)
2y
withy = |Y|~2 and
9F 9
= Olj—.—.' (29)
ant dx/

Moreover, a critical Killing graph v, for (2.3) constrained by some Lagrange mul-
tiplier n'H, satisfies the equation

v
div, X — <X, —V> = —nH. (2.10)
2y

In this case, we say that the Killing graph has prescribed generalized mean curva-
ture 'H.
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The proof of Theorem 2.1 is rather technical and, for the reader’s convenience,
is postponed to the Appendix. Now we discuss some important examples of this
general formulation which we are going to consider in the sequel.

Example 2.2 (Killing graphs with prescribed mean curvature). We fix F(y,n) =
|n| and we choose f = 0 obtaining

Flvl = / i,
Q

that is, the induced Riemannian volume of the graph X (u#). With these choices we
recover the classical setting of Killing graphs with prescribed mean curvature, [11].
As we will see next, the Euler-Lagrange equation (2.10) becomes

. (Vu Vy Vu
div| — )| —{—, — ) =nH. 2.11)
w 2y W

Indeed, since the flow of ¥ preserves the length of vectors in M, the Lagrangian F
is preserved along the flow lines of Y. In particular, £y F' = 0. Moreover we have

e
= —8upn".
o o

Recall that the components of n(y) = N along the graph X («) are given by

where
W=,y+ |Vu)?.

Hence we conclude that the components of X are, in this case, given by X' = —
that is, X = —%. Therefore, (2.10) becomes (2.11).
Example 2.3 (Killing graphs with prescribed weighted mean curvature). Now

we fix F(y,n) = |n| and choose a general weight e~/. This choice yields the
weighted volume of Killing graphs defined by

ut
W’

Flvl = f e yrd i
Q

whose critical points are f-minimal graphs in the sense that the weighted mean
curvature

1,-
Hf=H+;(Vf,N>

vanishes on X (u), where H is the classical mean curvature of X (u). In this case,
the prescribed generalized mean curvature equation (2.10) becomes

. Vu Vy Vu
d]Vf W — g,w =l’le (212)
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Example 2.4 (Regularization of the 1-Laplacian). Given a constant A > 0, we
define a positive definite symmetric tensor g € I'(T*M ® T*M) by

y \2
g(v, v) = o (myv, myv) + A<v, m> )

Here m : M — M stands for the projection w(y) = x if y = ®(x,s). We then
consider the perturbation of the classical volume Lagrangian F(y, n) = |n| given

by
Fi(y.m) =+/g(n. n).

Evaluating the corresponding functional at a Killing graph v, we have

fx[llfu]=/ VIVul> +ry dMm,
Q

where y = |Y|~2. The Euler-Lagrange equation (2.8) for this functional is

di Vu Vy Vu 0
V|—) " {—, ————=)=0.
VIVul2 4+ Ay 2y /IVul2+ 1y

Note that as A — 07 this operator becomes the 1-Laplace operator that describes
the level set formulation of the mean curvature flow in M [15].

As pointed out by U. Clarenz and H. von der Mosel in [8], this kind of func-
tional is used for numerical computations and surface processing involving the
anisotropic mean curvature [7]. For more examples of integrands and applications
in numerical analysis we refer to [13] and [14].

Example 2.5 (Killing graphs with constant anisotropic mean curvature). Con-
sider the 1-form in M defined by
O = (Y(),n). for neTyM.

Note that £y® = 0. Given a differentiable function a, we consider the Lagrangian
F defined by

F@JD=a<®<%O)¢ﬁmn) 2.13)

where g is the tensor defined in Example 2.4 above. In this case, and following the
notation of Theorem 2.1, we obtain (see Section 5 for details)

X = (a’(@)@w/g(N, N) —a(®)

Vu

1
W)W’ 14
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and therefore from (2.10) we have

. 1 , Vu
1 , Vu Vy\ '
- <<a(®)m —a (0)0+/g(N, N)) W §> =nHp,

where Hp is the anisotropic mean curvature of X (u). This example generalizes to
M the Lagrangians in R3 studied by M. Koiso and B. Palmer in [19,20].

It is worth pointing out that the different versions of the prescribed generalized
mean curvature equation (2.10) that we have obtained in the examples above share
some structural properties. In the Section 3 we will develop the analytical tools
to deal with these equations with a unified approach. In Sections 4 and 5 we will
apply these analytical results to draw geometric conclusions about the uniqueness
and non-existence of solutions to these equations.

3. A form of the weak maximum principle

In this section, we prove a generalized form of the weak maximum principle for a
class of divergence-form elliptic operators in a Riemannian manifold including the
quasilinear geometric operators presented in Examples 2.2 to 2.5 in Section 2. The
main novelty here is that the principal part of these operators might also depend on
the point x € M.

Throughout this section (M, (-, -)) denotes a complete Riemannian manifold.
We let r = r(x) be the geodesic distance in M from some fixed origin 0 € M and
we denote with B = Bpg(0) the geodesic ball centered at o with radius R. We
consider on M the following operator

Lu = divg (|W|—‘<p(x, \Vu)h(Vu, -)3) , G.1)

where ¢ denotes the musical isomorphism, ¢ € C®(M), h is a positive definite
symmetric 2-covariant tensor field on M and ¢ : M X ]R(J)r — R(J)r satisfies ¢ (-, t) €

CO%(M) for every t € R} = [0, +00) and ¢(x,) € CO(R}) N C'(RT) for every
x € M, where RT™ = (0, +00). Note that L can be alternatively written as

Lu = ¢®div <67¢|Vu|71(p(x, [Vul)h(Vu, -)ﬁ)

div (|Vu|*1<p(x, \Vu)h(Vu, -)ﬁ) — V" o(x, [Vuh(Va, V).

We assume that, for some continuous functions 2_ and %, defined on R(J)r , the
tensor A satisfies the following bounds

O<h_(r) <h(X,X)<hi(r) (3.2)
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forevery X € Ty M, with |X| = 1, and every x € dB,. Moreover, we also assume
that ¢ satisfies the following structure conditions:

) ¢x,0)=0, for every x € M,
i) @(x,t) >0, on M x RT; (3.3)
i) @(x, 1) < A(x)®, on M x Rt,

for some 8 > 0 and A(x) € CO(M), with A(x) > 0. Furthermore, assume that

Aoy 11 G
W () AP~ ¢l |

for some Cg > 0.

Remark 3.1. Note that condition ii) in (3.3) is just an ellipticity condition for the
operator L. In Sections 4 and 5 we verify that the operators given in the Examples
2.2 to 2.5 in Section 2 accomplish the requirements on ¢ and % for suitable choices
of them.

Under these general assumptions on L, we give here a proof of a version of the
weak maximum principle that we shall use in our geometric applications. Since the
result is interesting in its own and could be used in different contexts, we present
the proof in detail in order to make this section as self-contained as possible.

Theorem 3.2. Given ¢, i € R we let

T=pn+(c—DA+6) 3.5)
and we assume that
>0, ¢—1>0. (3.6)
Let u € C*(M) be a function such that
~ u(x)
u = limsup < +00. 3.7

r(x)—>—+o0 r(x)g

Suppose that
log [ hy(r)e™?
liminf 28 J8e "+ = do < +o0. (3.8)
R—>+00 Rs—T
For & € R suppose that the set
Qe ={xeM:ulx)>E)} 3.9
is non-empty. Then
0 if¢=0
(14 @)” ~ M8 145
inf ——— Lu(x) <{ Cody max{u, 0}°(¢ — 1) if¢>0and 1 <0 (3.10)

2 hy(r(x) noe ,
Codo max{u,0}°¢°(¢ — ) if¢>0andt>0.
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Proof. We begin by observing that if a is any constant and u, = u + a, then
Lu, = Lu

and
Qe ={xeM:u,x)>&+al
Furthermore, if ¢ > 0 then 1, = %, and if ¢ = 0 then U, = u + a. So in order to
estimate
. (LT nH
inf —————
Q. hy(r(x))

we may replace u with a suitable translate u,. Next, fix b > max{u, 0}. It is easy
to see that there exists a constant a such that

Lu(x)

Uq(x)

—————— <bon M 3.11)
(I +rx)s

and u,(xg) > O for some xo € M. This is obvious if u is bounded above and in
particular, due to (3.7) if ¢ = 0. On the other hand, if u is not bounded above, and
therefore ¢ > 0, then by (3.7) there exists R > 0 such that

u(x)

m < b on M\BR,

and it is clear that there exists a € R such that u,(xg) > 0 for some xg € B % and
ET; ((); )))g < bon By and on all of M. We will assume that a constant a has been
selected in such a way that (3.11) holds. In accordance to the observation made
above, we are going to replace u with u, and, for the ease of notation, we suppress

the subscript a. Furthermore, if £; < & and

. (It
lnfi
Q  hy(r(x))

Lu(x) <D
then

. (L Fr))H
lnf—
Q  hy(r(x))

so that, without loss of generality, we may suppose £ > 0. Next, let

Lu(x) <D

K —int ST
Q2 hi(r(x))

and suppose K > 0, otherwise there is nothing to prove. In this case u# is non-
constant on any component of ¢ and

(1+rx)”

) Lu(x)> K >0 on £¢. (3.12)



GEOMETRIC ELLIPTIC FUNCTIONALS AND MEAN CURVATURE 621

We fix 6 € (1/2, 1) and we choose Ry > 0 large enough so that Bg, N Q¢ # ¥ and
|Vu| # 0 on it. Given R > Ry we let ¢y € C°°(M) be a cut off function such that
0<y <land

1 on BQR
0 on M\ Bgr

V< —C
R(1—0)

v
v

for some constant C > 0. Let also A € C'(R) and F (v, r) € C'(R?) be such that
O0<A<land

A=0 on (—oo, &]
{ %>0.2 >0 on (& +00) (.13)
and
oF + +
F(v,r) >0, 8—(v,r) <0 on Ry xRy. (3.14)
v
Finally, we let Z be the vector field defined on Q¢ by
Z =y F @, eVl o(x, [VuDh(Vu, -, (3.15)
where v is given by
v=a(l+r) —u (3.16)

and o > b is a constant so that v > 0 on ;. Indeed, according to (3.11) and the
assumption & > 0, so that # > 0 on ¢, we have

(@—b)(1+7r) <v<a(l+r) on Q. (3.17)

Note that Z vanishes on 9(€2¢ N Bg) and it extends to a continuous vector field
on the whole of M by defining it to be zero in the complement of Q¢ N Bg. In
what follows we proceed as if Z were of class C!. This will allow us to better
explain the underlying reasons of the argument of the proof. Having done this, it
is an easy matter to provide a proof for the general continuous case using the weak
formulation of the divergence theorem (see for instance [24] for a similar case).
We now compute the divergence of Z. Note that, from iii) in (3.3), we have

1/8

to(x, 1) > AX) o, "% on M x R (3.18)

Furthermore, from the properties (3.2) of &

|h(Vu, Vv)| < Vh(Vu, Vu)y/h(Vv, Vo) < hy(r(x)|Vu||Vol. (3.19)
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We compute

e?divZ = ' nw)F (v, r)Lu
+(L+ YA F (v, r)|Vu| " o(x, [Vul)h(Vu, Vi)
+1/f1+8k/(u)F(v NIVul Yo (x, [Vu)h(Vu, Vu)

+1/f1+5x(u) (v MNIVul " o(x, [Vu)h(Vu, V)
+w1+5)\(u) (v MIVul " o(x, [Vuh(Vu, Vr),

that yields

?divZ = YA F (o, KA +r) " hy(r)
—( +5)1/f5k(u)F(v rex, [VuDhy (n)|Vy|

—HDH‘S}»(M) (v Vul " o(x, [Vu)h (w ac(l 475~ lw—vu)
+x/f‘+5x(u)a—r(v, MIVulo(x, [Vu))h(Vu, Vr),

where to obtain the last inequality we have used (3.2), (3.12), (3.13), (3.16) and
(3.19). Using now (3.2), (3.14) and (3.18) we obtain

divZ = —(1 + OVOA@)F (v, r)e(x, [Vu)hy ()| VY|
+y A F (v, 1)K (1 +7)*hi(r)

—w”%(u)a—F(v, PG, |Vul)|Vulh_(r)
+ac(l+r)s™ le“x(u) (v NIVul Yo (x, [Vu)h(Vu, Vr)
+w1+5/\(u) (v MIVul " o(x, [Vu)h(Vu, Vr)

and therefore

?divZ > —(1 4+ O)YOrw)F (v, r)e(x, |Vuhy ()| V|
+y @ F v, 1K (1 +r>‘“h+<r>

oF
A | 5@, ) e ;13890( |Vu]) 172

—y ) —v(v, Nacd +rS Hvul " o, [Vu)h(Vu, Vr)

IF
W(Uv r)

+y ) a—IZ(W) \Vul " o(x, [Vu)h(Vu, Vr).




GEOMETRIC ELLIPTIC FUNCTIONALS AND MEAN CURVATURE 623

Hence, we have

e?divZ > —(1 4 8)Y° L) F (v, e (x, [Vuhi (r)| V|

aF (3.20)
+ ¥ |-, B(x, Vu, ),
v
where
—( F(v,r) _
B(x,Vu,r)—A 5P, [Vu)! TV 4 2 K (4 7) Py (r)
(x) %—v(v,r))
(o) (321)
S (v,r
+ x;’;i—ag(ur)g*l IVul " o (x, | Vu)h(Vu Vr).
W(U,")‘
Using (3.4) we obtain
1 F(u,r _
B(x,Vu,r)> Tﬂ;mx,|w|)””5+(—)1<(1+r) " hy(r)
CO W(U’r)‘
) (3.22)
A -1 -1
S —ac(1+r) T |Vu| " ox, |[Vul)h(Vu Vr).
8 (w.r)

Next, we consider different cases.

Case 1: 7 < 0. We choose
F(v,r) = e 900+

where g > 0 is a constant that will be specified later. We use (3.16), (3.17), (3.6)
and o > 0 to obtain

9 (v, 1)
0>~ _gc(l+rS'>—a(c—o)1+r)! (3.23)
5w,
on Q¢ and
F(v,r) .
—(1 +r)°. (3.24)
[swn]

Also note that

IVul o (x, IVuDh(Vu, Vr) < o(x, [Vulhi(r).
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Inserting (3.23) and (3.24) into (3.22) and using (3.5) we deduce

1 K
B(x, Vu,r) > |:T/8g0(x, IVu)! T2 = (1 4 r)le~DU+D
C q
0

(3.25)
—als =)+ o, W)] hy ().
At this point we need to estimate the right-hand side of (3.25) so as to have
B(x, Vu,r) = Ag(x, [Vu)' T Phy () (3.26)

where A is a positive constant independent of Vu, r and x. For this purpose we use
the next lemma whose proof is a calculus exercise.

Lemma 3.3. Let §, 0, B,  be positive constants and let f be the function defined
on Rg by f(s) = ws' T8 — Bs + 0. Then the inequality f(s) > As' /% holds on
Rar provided
5ﬂ1+1/8
A<w— ———F—.
(1+ 3)1+1/8Q1/3

Applying Lemma 3.3 with s = ¢(x, |Vu|) and x fixed it is easy to verify that (3.25)
holds independently of x if we can choose a positive A such that

1 q1/85(a(§—‘5))1+1/‘3

A= cl/s (14 8)HIBKIE (3.27)
0

where r = r(x). Thus, if ¢ € (0, 1) and we choose

K1+ 89 1—9
q = d+9) and A=—- (3.28)
Cod%(a(c — )9 cg/‘s

then A > 0 and it satisfies (3.27).
We insert (3.26) and the expression for d F'/dv into (3.20) to obtain

divZ = (= (14 HYPAW F 0. (. IVuDh+ () VY]
+gAY ) (1 4+ 1) F @ e V) ).

We integrate this inequality on Q¢ N Bg, apply the divergence theorem and recall
that Z vanishes on 9(€2¢ N Bg) to obtain

gA

146 Q:NBg

< / VA F (v, (e, [VuDho (Ve ?.
QeNBgr

YA @) (1 4+ 1) TF (, n)ex, [Vu) TR (r)e™®
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We write
YoA@)F (v, 1o (x, [VuDhy (r)|Virle ™ = g1g2
with 1 ] 1
g1 = Q@) F @, P)hy ()™ [V |(1 4 r) T e T ?
and

_ IR T g
g2 = @) F (v, r)hy ()™ Yoo (x, [Vul))(1 4-r) e 137,

Applying Holder’s inequality with conjugate exponents 1 + & and 1 4 1/ to the
integral on the right-hand side we obtain

/ VoA F (v, 1)@ (x, [Vu)hy (r)|Virle™®
QeNBR

< ( f M) F (v, r)hy () [V o (1 +r>’5e¢)
Q:NBR

3
1+8

X</ x(u)F(v,r)m(r)w”%(x,|Vu|>>%ﬁ<1+r>_fe_¢) ’
Q:NBR

and after some simplification from the above we get

qA 1468
(—) / YIA@) (1 4+ 1) TF (, n)ex, [Vu) TR (r)e™®
1446 Q:NBg

< / AW F @, (1 + PP Vg R (e,
QeNBR

Let R > 2Rp;then R > R/2 > Ry and using the properties of A and ¢ we deduce

A 1+48
E= (q—) f (W) F v, P)p(x, [Vu) oh, (r)e?
146 Q:NBg,

(3.29)

<C" 1 +oR)[(1 — )R] IHD / F(v,r)hi(r)e?.
QeN(Br\Bgr)

Using (3.17) for v and the expression of F on Q¢ N (Bg \ Byr)
F(U, r) < e*(](d*b)(l#»gR)é'*f,

thus from (3.29)

E < 6R37—1_8e_q(a_b)(1+9m§r/ h+(l’)e_¢
Br
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for some constant C > 0. Now observe that, since |[Vu| # 0 on Q¢ N Bg,, it follows
that £ > 0. From assumption (3.8), for every fixed d > dj there exists a strictly
increasing sequence Ry ' +oo with Ry > 2Ry and such that

log/ hi(r)e ® <dR;™; (3.30)
Br,
and from the above inequality with R = R; we obtain
0<E < ’C\R,ft_l_‘se_q(“_b)m%k)gI/ hy(r)e™®
Br,
< 5R2z—1—aedR,?’—q(a—b)(1+9Rk)§*f’

where the constant C > 0 is independent of k. In order for this inequality to hold
for every k, we must have
d > (a —b)ghs™ ",

hence, letting 8 — 1,
d > (a—b)g.

We set o = tb,t > 1, and we insert the choice (3.28) of ¢ in the above inequality,

solve with respect to K, and let # ' 1 to obtain

5 Lis 5 (148

K <Codb°(gc—t _
< Codb®(c — 1) 1o =1

Therefore, minimizing with respect to ¢ > 1 and letting d — do, b — max{u, 0},
we obtain
K < Codomax{, 0}°(¢ — )9,

In other words,

14 )~ ~
g LD < Codo max{a, 0}’ (¢ — 7)! 2. (3.31)
Qe hy(r)

This finishes the proof when ¢ > 0 and t < 0.
For ¢ = 0 (and necessarily T < 0 by (3.6)) we can improve the above estimate
as follows. We apply (3.31) to the function u — u on the set

{x eEM:ulx)—u>E& —ﬁ} = Q,
observing that u/—\ii = 0 and that Lu = L(u — u), to obtain

1 3
inf ﬂLu <
Q hi(r)
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Case 2: 7 > 0 (and necessarily ¢ > 0 by (3.6)). We choose

F,r) = Fv) = e 1"
where ¢ > 0 is a constant to be specified later. Noting that the exponent of v is
positive by (3.6), a computation yields

S

oF —
So.r) = =g =T/ F ) <0,
v

while clearly, 0 F /or = 0.
Using estimate (3.22), recalling that v > (@ — b)(1 + r)S (see (3.17)), and
proceeding as in Case 1, we estimate

1
B(x,Vu,r) = [WW’ Va1 —ag (141 p(x, [Vul)
0

(3.32)
(@ = B)TSKA + 1SV | ).
q(¢ —1)

According to Lemma 3.3, for every r > 0 fixed, the right-hand side of the above
inequality is bounded from below by Ag(x, |Vu|)! T3k (r) provided
A< 1 - ql/Sg(ag)PH/S(g_T)l/S .
= Cé/s (1_|_5)1+1/8(K§)1/5(a_b)t/(zSg)

(3.33)

Since the right-hand side of the above inequality is independent of r, for every such
A we have B(x, Vu,r) > Ap(x, |Vu|)'T1/%h (r). In particular, if 9 € (0, 1) and
we choose
POK (148 (a —b)¥/s 11—
_ s4+48) (-0 and A —

Co8(s)! (s — 1) ¢,

(3.34)

then A > 0 and it satisfies (3.33). Substituting into (3.20), and using the expression
for d F /dv, we deduce that

divZ = e“”( — (1 + )Y 2@ F )g(x, [Vuhy ()| V]

+q%Aw1+5A<u>vf/§F(v><p<x, |Vu|)1+”5h+(r>>.

We now proceed as in Case 1, repeating, with minor adaptations, the arguments that
lead to (3.29), to conclude instead that

0<E= f Mu)F@)p(x, [Vu)! T30 (r)e™?
QEQBRO
(3.35)

< C460R)™[(1 — 6) R+ / F()hi(r)e™?,
QeN(Br, \Bory)
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where C is a constant independent of k and 6. Using the inequality
F(v) < e—q(Ol—b)(gfr)/g(l-i—QRk)g*T
valid on Q¢ N (Bg, \ Byg,),and (3.30), we conclude that for every k we have
0<E < aRirflfSedR,f_r—q((x—b)(g_’)/g(l-i-ORk)g_’.

Again, this forces
d>q(a— b)(g—f)/ggg—f'

Therefore, setting « = tb,t > 1, letting & ' 1, inserting the value of ¢ given by
(3.34), solving with respect to K and letting & ' 1,d \{ do, b \ max{u, 0}, we
obtain
5(86)°(c — 1) t'T0

1 +8H -1’
hence, again minimizing with respect to ¢t > 1, we conclude that

K < Codp max {if 0}

K < Codp max {ﬁ,O}sg‘S(g —1).
In other words,

(A +r)H ~ 18 8
inf ——— Lu < Codpmax {u,0f ¢°(¢c — 7).
Qe hy(r) {0}

This finishes the proof when T > 0. O

3.1. A criterion for parabolicity

In this subsection we derive a parabolicity criterion for the operator
Lu = ®div(e™?|Vul o (x, [Vuh(Vu, -)%) (3.36)

defined in (3.1). Recall that a Riemannian manifold (M, (-, -)) is said to be parabolic
if the only subharmonic functions on M which are bounded from above are con-
stant; that is, if the only solutions u of the inequality Au > 0 which are bounded
from above are constant. Following this terminology, we say that the Riemannian
manifold (M, (-, -)) is L—parabolic if the only solutions u of the inequality Lu > 0
which are bounded from above are constant.

The following result establishes a sufficient condition for L-parabolicity of a
complete manifold (M, (-, -))

Theorem 34. Let (M, (-, -)) be a complete manifold, o € M a fixed origin and
r(x) =disty(x, 0). Let L be the operator defined in (3.36) with h and ¢ satisfying
the assumptions (3.2), (3.3) and (3.4) above. Let h (r) be defined in (3.2). If

1

(faBt h+(r)e—¢)
then (M, (-, -)) is L-parabolic.

- ¢ L' (+00) (3.37)

5
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The proof of Theorem 3.4 requires the following technical lemma

Lemma 3.5. Let L be the operator defined in (3.36) with h and ¢ satisfying the
assumptions (3.2), (3.3) and (3.4). Let k € CO(R) and let u be a non-constant C'
solution on M of the differential inequality

Lu > IVuI_lgo(x, [Vul)h(Vu, Vu)x (u). (3.38)

Assume that there exist functions a € C Y1) and B € Co(n) defined on an interval
I D u(M) such that

a(u) >0, (3.39)
o' (u) + k(wa(u) > Bu) >0 (3.40)

on M. Then, there exist Ry > 0 depending only on u and a constant C > 0
independent of o and B, such that, for anyr > R > Ry

-1
(/B Buw)p(x, IVMI)IVMIh(r)€_¢)

r ()1+8 NN (341)
o(u 8
([ (o) )
( & \Ja, T By
Proof. We consider the vector field
Z =aW)e ?|Vu| o, [Vu))h(Vu, ). (3.42)

We compute the distributional divergence of Z and we use our assumptions on «, 8
and (3.38) to obtain

divZ > (o/(u) + K(u)a(u))e_¢|Vu|_1g0(x, [Vu|)h(Vu, Vu)
> Bwe ?|Vu| " o(x, [Vu)h(Vu, Vu).

Using (3.2) we immediately obtain
divZ > ,B(M)e_¢|Vu|<p(x, [VuDh_(r). (3.43)

Integrating over B; and applying the divergence theorem gives
/ (Z,Vr)e? = / B)Vule(x, |Vulh_(r)e?. (3.44)
dB; B:
On the other hand, using Cauchy-Schwarz inequality and (3.2), we have

/ (Z,Vr)e—¢5/ a()o(x, [Vuhy(r)e . (3.45)
3B, 9B
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We observe that assumption iii) on ¢ in (3.3) implies (see (3.18))
_1 1+1
to(x, 1) = A(x) dg(x, 1) 5. (3.46)
Hence,

a@)e(x, |[Vul)hi(rye™®
a@)  hy@r)
Bu)TH h_(r)T+s

N I I S

< A(x)TH e~ |Vl (x, |V ) T e~ 155 Bu) T () T4

Thus, applying Holder’s inequality with conjugate exponents p = 1 + § and g =
1+ % we obtain

/ (Z,Vr)e™? < / a(W)e(x, |Vul)hi(r)e?
J0B;

B,
s (347

1
1+8 1+8 +5
< (/ A(X)Ol(u) hy(r) e_> ( |Vu|g0(x,|Vu|),3(u)h(r)e_¢)1+s '
‘ a

op, B  h_(r)? B,

We set
G(R):/B Bh_(r)|Vulp(x, [Vul)e™? (3.48)

and we observe that, since u is non constant, there exists Ry > 0 sufficiently large
such that, for any R > Ry, it holds that G(R) > 0. Using the coarea formula and
putting together (3.44) and (3.47) we obtain

1

5
h+(r)e_¢) (3.49)

a@)'? hy ()’

Bw)® h_(r)°

G(R)'+ < G'(R) ( / A(x)
JBg

for R > Ry. In particular the term within the parentheses of the above inequality is
positive and we can rewrite (3.49) in the form

1
hy@) e N G'(R)
</BBR A" O gy ¢ = G (320

on [Ry, +00). Hence, using (3.4),

1
_1 (u)! o _ g G'(R)
c.? / ¢ h ¢ B
’ (aBR pap 0 ) = G

Proceeding as in Lemma 1.1 of [24] we then obtain (3.41) with C = °cy)~t. O
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We are now ready to prove Theorem 3 .4.

Proof of Theorem 3.4. Let ¢ > 0 and set a(t) = €*', and B(t) = ¢e*'. Hence
(3.39), (3.40) are satisfied with x = 0. If u is a solution of Lu > 0 which is
non constant and with u* = sup,, u < o0, applying (3.41) of Lemma 3.5 for
r > R > Ry we have

8

1 " 1
>C (3.51)
eSuo(x, |Vul)|Vulh_(r)e=? / " 1
¢ [ ¢ e [VuD)|Vulh—(r) © (g o)’
Letting r — +o0 and using (3.37) we obtain the desired contradiction. O

4. Killing graphs with prescribed mean curvature

In this section, we deal with the equation of Killing graphs with prescribed mean

curvature
v Vy V
div () = (22X ) m. 4.1)
w 2y W

presented in Example 2.2.

Recall that 7 = r (x) denotes the geodesic distance in M from some fixed origin
0 € M and Br = Bg(0) stands for the geodesic ball centered at o with radius R.
We prove the following:

Theorem 4.1. Let M be a complete Riemannian manifold endowed with a complete
Killing field Y and let M be an integral leaf of the Killing foliation. Assume that

sup |Y| < +o0 (4.2)
M

and

longR Y| B

lim inf =0, 4.3)

R—>4o0 R2—s—n
for some u, ¢ € R, suchthat ¢ > 0and2 — ¢ — u > 0.
Then there are no Killing graphs vy, (x) = ®(x,u(x)), for x € M, lying
between the graphs ¢ +5(x) = ®(x, £Br(x)°) outside a compact in M, for any
B > 0, and with mean curvature H satisfying

= T o

for some C > 0.
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Proof. We reason by contradiction and we let v, (x) be a Killing graph over M
satisfying the hypothesis of the theorem. Then u is a solution of

v
Lu= divlogﬁ<Wu) —nH onM 4.5)

with y = |Y|~2. Since H has constant sign, passing to —u if necessary, we may
assume that H (x) > 0 on M. To apply Theorem 3.2 we observe that M is complete,
we let ¢ =log ,/y = —log|Y| and we choose & to be the metric on M, so that 4
and s are both identically equal to 1. Define

t

vy + 2

Then ¢ clearly satisfies i) and ii) in (3.3), while it satisfies iii) with the choices

px,t) =

=1 and A(x)=[Y(x)|.

Thus, assumption (3.4) is guaranteed by (4.2). Since v, (x) lies between the graphs
Y, —pg(x) and ¥ g(x), we have

u = limsup

< B < +o0.
r(x)— 400 r(x)

c =
We now let 7 = p+2(¢—1) and observe that (3.6) is satisfied and (4.3) corresponds

to (3.8) with dy = 0.
Because of assumption (4.4), we have

A+r(x)*Lu(x)>C >0

on M. Next, we choose any & such that ¢ is non-empty to get, by applying Theo-
rem 3.2, the desired contradiction, since

inf(l +r(x))*Lu(x) <O0.
Qs

This concludes the proof of the theorem. O
The reasoning in the above proof also shows the validity of the next:

Corollary 4.2. Let M be a complete Riemannian manifold endowed with a com-
plete Killing field Y and let M be an integral leaf of the Killing foliation. Assume
that

sup Y| < +o0

M
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and | f
0 |Y|
liminf —228s 71 _

liminf —25=- 0, (4.6)

for some 0 < ¢ < 2.

Then any constant mean curvature Killing graph ¥ (x) = ®(x, u(x)), for x €
M, lying between the graphs ¥¢ +p(x) = ®(x, £Br(x)°) outside a compact in M,
for some B > 0, is minimal. In particular, if ¢ = 0, the sectional curvatures of M
satisfy Ky > — Ky for some positive constant Ko and Ricy; > 0, then (M) is a
leaf.

Proof. We only have to show the validity of the last statement. Since u is bounded,
by the main theorem in [12] we know that |Vu| is bounded. Thus u satisfies

. (Vu Vy Vu
divi — )| - (—, —) =0,
w 2y

where now the operator is uniformly elliptic because of the boundedness of |Vu|.
Since Ricys > 0, u is constant by [28, Theorem 7.4 ]. This finishes the proof. [

Note that if we consider the density on M given by e~/ with f = —log |Y| =
log ./y then (4.3) and (4.6) can be interpreted as conditions on the growth rate of
the weighted volume of geodesic balls in M. In what follows we are going to show
that this particular choice of weighted volume gives rise to a weighted isoperimetric
ratio with relevant geometric implications.

For instance, it is well-known that entire graphs with constant mean curvature
in the Euclidean space have to be minimal. I. Salavessa proved in [27] this result
by an ingenious way of relating the mean curvature of the graph with the Cheeger’s
constant. We adapt her reasoning to the present situation.

Proposition 4.3. Given a functionu € C*° (M) suppose that the mean curvature H
of the graph of u has constant sign, say H > 0. Then

1
inf H < — , 4.7
1}{14 _nclogﬁ ( )

where
¢ . VOllog \/7(8 Q)
= inf ————
PEVT T ol Voligg 7 (Q)
with Q running on the relatively compact domains with smooth boundary in M, is
the weighted Cheeger’s constant.

Proof. Since we can fix H > 0, integrating (4.5) over a relatively compact domain
2 with smooth boundary yields

Vu
inf n Hvol Q) < — Y|,
Qn logﬁ( )_/BQ<W ‘)>| |
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where
Voliog (%) = / ¥
Q

and v is the unit normal along 92 C M. Then using Cauchy-Schwarz inequality
we get
1 voliog /7 (382)

infH < .
Q n Voljog «/7(9)
This implies
1
inf H < —c¢ )
l}rll/l T n log /¥
with € running on the relatively compact domains with smooth boundary in M. O

Of course (4.7) also holds if H > 0. Hence, turning back to Salavessa’s result,
in case M = R" x R, the Killing vector field Y is the coordinate vector field on the
R factor and H > 0, the above yields

infH =0.

M
This shows that there do not exist entire constant mean curvature graphs in M =
R” x R but the minimal ones. This can indeed be extended to the more general

setting of Killing graphs. We have:

Proposition 4.4. Let voliog /7(0By) = [ g, |Y| and suppose that

voligg 7 (3B,) < Ce”" on Ry 4.8)

for some constants C > 0,a > 0, o« € (0, 1]. Then

=0 ifae(1
Clog /7 {Sa ifa=1. 4.9)

Proof. Proceeding as in Cheeger, [6], with the aid of the coarea formula, we obtain
the (weighted) Cheeger’s inequality

2
€l
@ < Af“’m(M) (4.10)

where s
Aloe \Y Y
WMy = inf Ju IVoFIY] 4.11)

pecon. [ @Y
9#0
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Then, adapting the proof of Theorem 7.8 of Bianchini, Mari, Rigoli, [5], one sees
that

=0 if e (0,1)
a

ALY (M) 2 4.12)
<— if a=1.
4
Thus (4.9) follows from this latter and (4.10). O

As an immediate consequence we have:

Corollary 4.5. Let M be a complete Riemannian manifold endowed with a com-
plete Killing field Y and let M be an integral leaf of the Killing foliation. Suppose
that

o
/ Y| <Ce” on Rf
0B,

for some constants ¢ > 0_, a >0,a € (0,1). Then any constant mean curvature
Killing graph v : M — M, ¥ (x) = ®(x, u(x)), for x € M, is minimal.

We now comment about the sharpness of assumptions (4.3) and (4.6) in The-
orem 4.1 and Corollary 4.2, respectively. Towards this aim, let us consider M =
H" xR and Y the coordinate vector field on the IR factor, as before. It is well-known
that the Cheeger’s constant of H" is n — 1. Therefore, we expect that the constant
mean curvature with respect to an appropriate orientation of an entire graph is in
the interval [0, ”T_l].

However, in this case (4.6) is satisfied if and only if ¢ € [0, 1). Thus, from
Corollary 4.2, we deduce that every graph with constant mean curvature and lying
between V¢ +g(x) = P (x, £Br(x)¢), for some B > 0 and ¢ € [0, 1), is, in fact,
minimal.

On the other hand, if ¢ € [1, 2) there do exist constant mean curvature graphs
with H € (0, ”n;l] lying between the two graphs v 14, for some 8 > 0, outside
a compact set in H". To see this, let H" be represented as the model space with
metric of constant negative curvature —1, which we realize in polar coordinates
(r,0) € (0, +00) x S" ! as

(-,-) = dr* + sinh®(r)d6?,

d6? being the standard metric on S" 1.
Then, for any H € (0, (n — 1)/n] the smooth function

r(x)
ux) = /
0 \/1

sinh! =" (¢) fot nH sinh" ! (t)dt

2dt 4.13)
— sinh?1 =" (7) (fot nH sinh"_l(r)dr)
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defines an entire graph over H" with constant mean curvature H . Furthermore,

ue _

r(x)——+o00 r(x) -
where
nH if0<H<@n-1)
1 < < n - n
Crn=\+@0—1?>—n2H?
400 if H=(mn-1)/n.

This means that for H € (0, (n — 1)/n) the graph lies between the graphs

Y1420, (x) = (x, £2CqHr(x))

in H" x R outside a compact set of H".
We further note that this example also shows that condition (4.6) cannot be
relaxed to

log [ IY]
limin o RY.
R—+o00 R2=S
Indeed, in the above case we have
o dog [ 1Yl logvolBg  [+o0 if ¢ e(1,2)
liminf —————— = liminf ——— = )
R—>+400 R?S R—400 R?¢ Cn—1) if¢=1

for some C > 0.

We conclude this section with the following observation: if ¢ = 0, i.e., u is
bounded, and H (x) has constant sign, proceeding as in the proof of Theorem 4.1,
we arrive to (4.5) with u bounded above and H (x) > 0. Thus if (4.2) holds and

¢ L' (+00), (4.14)

Jos, 1Y

we can apply Theorem 3.4 to conclude that (M, (-, -)) is L-parabolic. As a conse-
quence we have

Theorem 4.6. Let M be a complete Riemannian manifold endowed with a complete
Killing field Y and let M be an integral leaf of the Killing foliation. Assume that

sup Y| < +o0 4.15)
M

and
¢ L' (400). (4.16)

Jan, 1Y
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Let Y, (x) be a Killing graph with mean curvature of constant sign whose image
lies in some slab of the form

D(M x [sl,s2]) = {<I>(x,s) xeM, ands; <s < sz}.
Then the graph is a leaf.

Remark 4.7. Note that condition (4.16) is much stronger than

log [ Y]
lim inf Lﬁ =0, (4.17)
R—+o00
which is nothing but (4.3) with ¢ = u = 0. For instance, if
/ Y]~ CeP™ as R— 400 (4.18)
dBg
for some C > 0 and 0 < € < 2 then
log/ Y| ~CR*€ as R — +oo. (4.19)
Bpr

Hence, (4.17) is satisfied. But clearly, (4.16) is not met.

4.1. The case of weighted Killing graphs

If we fix F(y,n) = |n| and choose a general weight e~/ we obtain the setting of
Killing graphs with prescribed weighted mean curvature. In this case, the Euler-
Lagrange equation becomes

v vy v
divy (W”> _ <2—V W”> = nH;, (4.20)
y |

and we obtain the corresponding versions of Theorem 4.1 and Corollary 4.2, with
the same proofs, and with the density ¢ in the operator L defined in (3.1) now given
by ¢ = f +log.,/y = f —log|Y|. Specifically, the corresponding versions are
stated as follows:

Theorem 4.8. Let M be a complete Riemannian manifold endowed with a complete
Killing field Y and let M be an integral leaf of the Killing foliation. Assume that

sup |Y| < +o0 4.21)
M

and :
log [ 1Yle™/

lim inf

=0, 422
R—+00 R2—s—1 ( )



638 Luis J. ALiAS, JORGE H. S. DE LIRA AND MARCO RIGOLI

for some ., ¢ € R, such that ¢ > 0 and 2 — ¢ — u > 0. Then there are no Killing
graphs Y, (x) = ®(x, u(x)), for x € M, lying between the graphs ¥c +5(x) =
@ (x, 207 (x)%) outside a compact in M, for any > 0, and with weighted mean
curvature Hy satisfying

C

1 2 o 423

for some C > 0.

Corollary 4.9. Let M be a complete Riemannian manifold endowed with a com-
plete Killing field Y and let M be an integral leaf of the Killing foliation. Assume
that

sup |Y| < +o0

M

and s
log |Y]e™
lim inf fBR— =0, 4.24)
R—+00 R2-s
Jor some 0 < ¢ < 2.
Then any constant weighted mean curvature Killing graph ¥ (x) = ®(x, u(x)),
for x € M, lying between the graphs V¢ +p(x) = ®(x, £Br(x)*) outside a com-
pactin M, for some B > 0, is minimal.

In order to emphasize the geometric nature of assumptions (4.22) and (4.24)
on the growth rate of the weighted volume of geodesic balls in M, we digress about
some examples which illustrate the sharpness of our results and the differences
between the mean curvature case and its weighted counterpart.

For the sake of simplicity we suppose that the metric in M is rotationally sym-
metric. More precisely, we suppose that M = M is a model space with pole at o
and Gaussian coordinates (r, 0) € Rt x $*~! in terms of which o is expressed by

o =dr? + £%(r)de?, (4.25)

for some £ € C®(RY), for & > 0 in R, satisfying £'(0) = 1, and 49 (0) = 0,
foreachk = 0, 1, 2, ... and where d9? denotes the canonical metric in S"~!.

We also assume that the norm of the Killing field does not depend on 6. In
this case, the ambient metric g of M is written in terms of cylindrical coordinates
(s,7,0)as

g =0’ (nds® +dr® +§%(r)de?,
with o € C*® (R(‘)Ir ),0 > 0on Rar . Note that M is a doubly-warped product with
respect to warping functions of the coordinate r. This includes space forms as well
as Riemannian products of space forms and the real line as particular examples of
ambient manifolds. Here Y = 9/ds, with |Y| = o(r), and we further assume that
the density is a radial function, that is, f = f(r). Let

x(r) = o(r)E" 1 (r)e IO,
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In this geometric setting, for a fixed ro € R,

£'(ro)  0o'(ro) F(ro) = x'(ro)
§(ro)  o(ro) x(ro)

is the weighted mean curvature of the Killing cylinder r = r¢ in M calculated with

respect to the orientation — %. Below we prove the existence of non-minimal entire

graphs with constant weighted mean curvature.

h(ro) = (n — 1)

Proposition 4.10. Let M with metric in cylindrical coordinates (s, r, 0) given by
0*(r)ds® +dr* + £%(r)db*
as above. Assume that x (r) — +00 asr — +o0 and

r——+00

lim A(r) >0 and lim h(r) > 0.
r—0t

Then, there exist non-minimal entire rotationally symmetric graphs with weighted
constant mean curvature Hy # 0, for every n|Hy| € (0, infg+ B(r)), where

x(r)
fo x(0dt

Remark 4.11. As we will see in the proof, the assumptions on & guarantee that
infg+ B(r) > 0, so that (0, infg+ B(r)) is not empty.

B(r) =

Proof. Given a radial C? function u = u(r), equation (4.20) for constant weighted
mean curvature Hy becomes

div _ WOVt Yy
f+log /v v+ u/z(r) - f-

Integrating on the geodesic ball B, with respect to the weighted measure
e~ /=102 \/Y 4 M and using the divergence theorem we obtain

|Y|e_f=/ nHYle ™/
B,

u/
/
9B,y +u'?
Hence, using the co-area formula, we have

u'(r)
N

and it follows that

r(x)
u(x) =u(r(x)) = f \/

o(ME" eI = nHy / o(E" (t)e T Ddr

-1 1
()x ' (1) fy nHpx ()dT dt 4.26)

2
= x20 (fy nHyx (@)
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provided
nlHy| < %élfB(l"). (4.27)

Observe that, by de I’'Hopital’s rule,

/
lim BG) = tim 22 <o, (4.28)
r—0+

r—0t X r)

On the other hand, since x (r) — 400 asr — 400, by the same rule we also have

. . x'(r)
lim B(r) = lim >0
r—+00 r—>+4o00 y(r)

(4.29)

Therefore, I = (0, infg+ B(r)) # . Hence (4.26) defines a radially symmetric
Killing graph with constant non-zero weighted mean curvature H s, for every

anfl el
This finishes the proof. 0

Observe that the example after Corollary 4.5 corresponds to the choices o = 1,
&(r) = sinh(r) and f = 0, for which one has
: hnfl . hnfl
inf By =inf om0 O _ gy SO Oy
R+ R+ g sinh" = (r)dt  r—+oo [Fsinh" ™ (1)dt

In contrast with Salavessa’s result we have:

Proposition 4.12. There exist entire Killing graphs in Euclidean space with con-
stant weighted mean curvature which are not minimal.

Proof. First note that £(r) = r and o(r) = 1. Then fix any &« € R, and &£ > 0 and
let
¢
(1+r)e
A simple computation gives
in+f B(r) =¢.
R

Defining u(x) as in (4.26) for n|Hy| € (0, €) we obtain a graph lying between the
graphs 1 +g(x) = £pr(x) outside a compact set in R”". O

We end this section with some comments about the necessity of (4.24). First
observe that in the examples in the proof of Proposition 4.12 condition (4.24) is
satisfied only for ¢ € [0, 1). As for the asymptotic behavior of u as r — 00, an
easy computation shows that

u(ry~Clogx(r) as r — 4oo,
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for some constant C > 0. For instance, consider again the case of M = H" and
choose f(r) = —r® for some « > 1 and r > 1. Moreover, fix either o(r) = 1 or
o(r) = cosh(r). These choices correspond respectively to the Riemannian product
H" x R and to the hyperbolic space H"*! = H" xcosn, R.

The above prescription gives us a graph i, for which
u@r) ~Cr% as r — +oo

for some constant C > 0. In particular, v, (x) lies between the graphs V. +o¢ (x)
outside an appropriate compact set of H" if and only if ¢ > «. On the other hand,
(4.24) holds only for ¢ < 2 — o which is excluded by our previous request. This
shows the necessity of (4.24) also in this setting.

4.2. An application of the parabolicity criterion

In this subsection, we consider an intrisic weighted Laplacian operator defined on
a Killing graph. We then apply Theorem 3.4 directly to such a graph with the
Riemannian metric induced from the ambient space.

Theorem 4.13. Let M be a complete Riemannian manifold endowed with a com-
plete Killing field Y and let M be an integral leaf of the Killing foliation. Assume
that

|Y|> e L'(M, dM). (4.30)

Let ¥, (x) = ©(x, u(x)), for x € M, be a Killing graph on M such that
1
|Vu| =0 (m) as x — o0. 4.31)

If the mean curvature vector field points in the same (respectively, opposite) direc-
tion of Y and u is bounded from above (respectively, below), then u is constant and
the graph is a leaf of the foliation.

Proof. Let & = (M) C M and denote by V> and Ay the gradient and the
Laplace operators on X with respect to the induced metric. Then

VEu=(Vs) =yr', 4.32)
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where | denotes the tangential projection over X. Consider a local orthonormal
frame {e1, ..., e,} with respect to metric on X. Then

n n
Az =3 (Vo) = Y (Vorr el

i=1 i=1
n —_ —_
—y Z(VeiYT, e,~>+<V7/, YT>
i=1

n _ n _ \V/
=y Z(Vel.Y, ei> -y Z(V€i<Y’ N)N, €i>+ <7)/’ yYT>
i=1 i=1

vz
— nHy(Y, N) + <V2u, —y>
y
That is,
As.jogyit = nHy (Y, N), (433)

where Ay jog, is the operator given by
As logytt = Asu — (Vzu, V¥ log y) = e?divs, (e_“bvzu) ,

with ¢ = log y. Here divy denotes the divergence on X with respect to the induced
metric.

We can now apply Theorem 3.4 to the operator L = Ax jogy On (Z, (-, -)x),
with p(x,¢) =¢t,6 = land h = (-, )y, so that A, = 1, provided that condition
(3.37) is satisfied. Note that in the present case condition (3.37) becomes

o 1
faB, YPdT ¢ L (400), (4.34)

where B; is the geodesic ball of radius ¢ with respect to some fixed origin in the
complete manifold (%, (-, -)x).
According to [24, Proposition 1.3], condition (4.34) is satisfied if

Y? e L'(Z,dx). (4.35)

Now observe that
(v)x =, m+|Y*du ®du.

dY = /1 +|Vul2|Y|2d M.

On the other hand, by assumption (4.31) we have |Vu|?|Y|> < C on M, for some
constant C > 0. It follows that

dX <14+ CdM,

Hence, by (6.1) below,
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and assumption (4.30) implies (4.35). Therefore, Theorem 3.4 can be applied to the
operator Ay jogy -
Finally, note that our assumptions on the mean curvature vector field guarantee
that
(u — C)AE,logyu <0

for some constant c. Hence, by Theorem 3.4 u is constant. This finishes the proof
of Theorem 4.13. O

5. Killing graphs with prescribed anisotropic mean curvature

Throughout this section, we consider the Lagrangian F given by

F(y.n) =a (@ (%)) Ve m .1)

which is defined in Example 2.5. We are going to prove that the prescribed gener-
alized mean curvature equation (2.10) may be written as (2.15). We have

= () s (o (51)) e ()
=0 (1)) sz
e () (20 () +o ([ )
=(0 (1)) sz (s 02 ([50]1)
e (o () (0 (i) - (5 ])
(o) g (5 o) = (o G G s i)

However, along a Killing graph

0
—, =0 52
[ o n} (5.2)
and
—Inl=0
from which we conclude that
oF
—1| =0.
as 5
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To see the validity of (5.2), observe that

so that

i
because MW and s do not depend on s.
Hence, we may apply Theorem 2.1 in order to compute the generalized mean
curvature of Killing graphs relatively to the Lagrangian F defined in (5.1) that, in
this case, corresponds to the anisotropic mean curvature of X, that we denote by

Hpr. We have
]

1 p
—/8M, ) = ——8apn

an“ g(n,n)

9 a nP 1
—® (i) = ®ﬁ_n_ =—0,—0 <i) n_"‘z’
an“ ] an*Inl  Inl Inl/) Inl

where the ®,’s are the components of ®. It follows that

and

0 1 No
—a(®) = c/(@) (—@ - @—) ,
ane Inl %

where to simplify the notation we have set ® and ®, for ® <|—Z|> and O (%),

respectively. These formulas imply

oF Ve, 1 Ve,
(@0, g, n) +a(®) gas” —d©e g, m)
an 7] g(m,n) nl Inl
or equivalently
oF /g, m)
- — d(©)0, g| n| n
' IZI NAUR)) n? 63
+ <a(®)7ga5 - a’(®)®7’§ag> —.
g, n [n] [n]
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In particular we have

oF «/g(n,n) ( In| , NIIUR)) ) n’
= = d©e X0 ij—d@eXl e )L
oy~ @0 O e s — @0 o |

However ®; =0 and g;; = o;; for 1 <1i, j < n. Hence we obtain

5ii 0F _( @1 Ll _a/@)@vg(n, 77)) ﬂ
' V&, ) Inl Inl
We observe that along the graph ¥ of ¢ : Q2 — M setting n = N it holds that
. ui
==y =1

In the notations of Theorem 2.1 we then obtain

Vu
= (a (©)O/g(N,N) —a(@)m> W 54)
Therefore from (2.10)
. 1 e S @
1 u V)/
(o i) .32,
that is, equation (2.15) in Example 2.5. Note that
1 1
ON)yg =— = ——
Wl = 3 = s
and .
VEWN, Nz = 37y |Vul? + 1y
imply
1 1 ,
w (40 Gy < @ovsm )
B 1 . ( 1 ) _ kil ( 1 )
iy + VP \Vy +1VulP ) (g vap)t \Vr Vel )

In terms of the notation of Theorem 3.2 we choose & the metric on M, so that s_
and & are both identically equal to 1, and we choose

t 1 Ay +12 1
(x,1) = — . (55)
N e a(VVJrfz) (y+t2)%a (vy+f2)
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so that

1 1 p . —1
W (a(®)W —a (©)0/g(N, N)> = [Vul" ¢(x, |Vul).

In the particular case when a = 1 we have
t
p(x, 1) = ——=.,
VAy +12

while in the case A = 1 we obtain

t 1 1 d !
P = Vy +12 (a (\/)’+t2)_ S (WHZ))'

We are now able to apply Theorem 3.2 to obtain a non-existence result for graphs
with prescribed anisotropic mean curvature.

Theorem 5.1. Let M be a complete Riemannian manifold endowed with a complete
Killing field Y and let M be an integral leaf of the Killing foliation. Assume that

sup |Y| < +oo0, 5.6)
M
and | f
og [, Yl
liminf —= 28— — 0, (5.7)

R—>to0 R2—s—n

for some u, ¢ € R, ¢ >0, suchthat2 — ¢ — u > 0.

Then there are no Killing graphs ¥ (x) = ®(x, u(x)), for x € M, lying be-
tween the graphs yc +5(x) = ®(x, £Pr(x)°) outside a compact in M, for any
B > 0, and with anisotropic mean curvature Hf satisfying

C
Hp| > ——— 5.8
HE = o (58)
for some C > 0, provided
Y(w,z) >0 forevery (w,z)eRT xRT, 59
and
T = sup T (w, z) < +o00, (5.10)
(w,z)eRT xR+
where

T(w,2) =a(@) — (- DZw+ Dd'@)z.

Remark 5.2. As we will see in the proof, condition (5.9) corresponds to the ellip-
ticity condition ii) in Theorem 3.2.
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Proof. We reason by contradiction and we let ¥ (x) = ®(x, u(x)) be a Killing
graph over M under the hypothesis of the theorem. Then u satisfies

v
Lu= div(|Vu|_1(p(x, |Vu|)Vu> —Vul e, |Vul) <2_V w> — nHp
y

with y = |¥Y|~2. We choose f =log,/y = —logl|Y| and ¢(x, t) given by (5.5).
Now, the proof goes along the same lines of the proof of Theorem 4.1, with the

choices
*

§=1 and A(x):%|Y(x)|.

Clearly ¢ satisfies i) in Theorem 3.2. Condition ii) is guaranteed because of (5.9),
observing that

. 1 Ay + 12 J 1 Tw, )
- = ¥
Vy +12 (y+t2)% Vy +12

with
1

Jy +1%

Finally, iii) is granted because of (5.10) and the choices of § and A(x).

On the other hand, assumption (3.4) is satisfied because of (5.6). As in Theo-
rem 4.1, (3.6) is satisfied with T = u + 2(¢ — 1), while (5.7) corresponds to (3.8)
with dp = 0. The rest of the proof is the same as in Theorem 4.1. O

w=y and z=

Similarly to the previous section, we have

Corollary 5.3. Let M be a complete Riemannian manifold endowed with a com-
plete Killing field Y and let M be an integral leaf of the Killing foliation. Assume
that

sup |Y| < +o0,
M

and
Io Y]
liminf ) fBR =

R—+o0 R2-¢ 0, 1D

for some 0 < ¢ < 2.

Then, under assumptions (5.9) and (5.10), any Killing graph ¥ (x) =
D (x, u(x)), for x € M, with constant anisotropic mean curvature lying between
the graphs Y¢ +5(x) = ®(x, £Br(x)°) outside a compact in M, for some B > 0,
is minimal.



648 Luis J. ALiAS, JORGE H. S. DE LIRA AND MARCO RIGOLI

5.1. An anisotropic Weingarten map

In this subsection, we interpret the anisotropic mean curvature as the trace of a
tensor which plays the role of the Weingarten map in the anisotropic setting. In
particular, this shows that our definition of generalized mean curvature extends the
usual one for immersed hypersurfaces. To accomplish this, we must assume that F
is horizontally constant, i.e., the total derivative DF of F in T M has no horizontal
component.

In order to give a precise meaning to this statement, we fix some terminology
and basic facts on the geometry of the tangent bundle M.

The canonical projectiont : TM — M, (y,n) = y,determines the vertical
distribution

.)€ TM — V. = kerml iy € Ty TM, (5.12)

which is integrable with integral leaves given by the fibers 7~ !(y) = TyM . The
Riemannian connection V in M determines a horizontal distribution

(y,n) € M+ Hyy =ker K¢y C Ty TM, (5.13)
where the map K : TTM — T M is defined by
Kyp(Usl) =V U, for ¢ eTyM, (5.14)

where U € I'(T M) is a vector field in M with U (y) = 5. It turns out that horizontal
and vertical subspaces are orthogonal with respect to the Sasaki metric (-, )57 in
T M defined by

VW) g = (Y, V) +(KV, KW), Y, W e (TTM). (5.15)

Orthogonal projections onto vertical and horizontal subspaces are respectively de-
noted by 7Y and 7. In terms of the local coordinates defined earlier in Section 2,
the vertical and horizontal lifts of tangent vectors in M are given by

( 9 )V 9 (5.16)
— - = , .
dy .m an .m
9 )“ 3 9
— =— —Tyom— (5.17)
k k kl r ’
<8y y.m dy v.m) an .m

for 1 < k < n+ 1, where I'}; are the Christoffel symbols of V calculated with

respect to the local chart y!, ..., y**!. Vertical and horizontal lifts preserve the
metric in the sense that

(U vh) = (0 VY = W), (5.18)
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for any vector fields U, V € I'(TM). This implies that the fibers 7~!(y), for
y € M, are totally geodesic. Thus, the coordinates (nk )ZI} defined above consist
of a global normal coordinate system for each fiber. More precisely, it holds that
the Riemannian connection D in T M determined by the Sasaki metric satisfies

DyvVY =0, (5.19)

forany U, V € [(TM).

Definition 5.4. Given a cross-section x (x) = (¥ (x), N(¥(x))), for x € X, of the
fiber bundle ¥*T M, we define a covariant tensor Ar € T'(T*X ® T*X) by

Ap(U, V) = (D,uywDF, ¥ V)"), 7 0 X (5.20)

for any vector fields U, V € I'(T' ¥). We also define the tensorAﬂF eN(TXRT*Y)
by
(AU, V)= Ar, V), for UVer@s). (5.21)

We observe that the tensor A% is well-defined taking tangent vector fields over
tangent vector fields, due to the degree one homogeneity of F'. We also remark that

the tensors Ap and Afw are symmetric.
In local coordinates we have

9\ _aykay 9°F

0
A — U= | =TT . 522
F (W*ax, w*8x1> 9xt 9xJ 877]‘8771 <) ( )

Definition 5.5. The tensor Ar € ['(TX ® T*X) defined by
(AU, V) = <A§AU, V> = Ar(AU,V), for U,V e I(TY), (5.23)

is the anisotropic Weingarten map, where A € ['(TX ® T*X) is the usual Wein-
garten map of ¥ corresponding to the normal N.
Definition 5.6. A parametric Lagrangian F : T M\{0} — R is said to be horizon-
tally constant if t"DF = 0.

Note that, in Euclidean space, this amounts to imposing that F'(y, n) = F(n).

Definition 5.6 is particularly meaningful since it enables us to recover the
anisotropic mean curvature defined, in variational terms in Theorem 2.1, as the
trace of the tensor Ar. Indeed, we have the following result whose proof can be
found in [22].

We follow the notations of Section 2.

Theorem 5.7. If the parametric Lagrangian F : TM — {0} — R is horizontally
constant, then the anisotropic Weingarten map is given by

VA = —VX (5.24)

with X as in (2.9). In this case nHr = trAf.
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In the particular case of a Riemannian product M = M x R for which ¥ = %,
the Lagrangian

F(y,n) =a(®)n]| (5.25)

with a € C*(R) and © = (Y, |—Z|), is horizontally constant. Note that (5.25) is a

special case of (5.1) with A = 1. In this case we easily verify that

7YDF = a(®)— +d'(©) (Y - ®i> .
7] 7]

Here, ' denotes derivative with respect to the real variable ®. Furthermore, the
parallelism of Y implies that F' is horizontally constant. Indeed, given any vector
field U € I'(T M), we have
h / S

DF,U> =d(©)(VyY.n)=0.

( L =d©(.)
Hence, in this setting the anisotropic mean curvature is the trace of the anisotropic
Weingarten map.

6. Appendix: proof of Theorem 2.1

Let €2 be a relatively compact domain in M with smooth boundary. Since F is a
degree-one homogeneous function with respect to the second variable, we have

Frly] = /Q Fp, Nye~ ! ydm
Vil A A Yt _
=/F (w, M ai " da )e_fw/detg,-_,-dx
*oxl

.../\w*axn

0 a —f
= F w’w*@/\/\w*ax—n e dx

where we have used the fact that

0 d
VJdetg; = det<1/f,.<W w*w> =

Observing that

ol d

Iﬁ*@/\.../\lﬁ*axn .

8ij» for 1< i,j <n,

are the components of the metric induced on €2 by the immersion i, we compute

O b (AN (8
1/[*8161 1'//*8)6"_ ax! "5 axn s

9 AL A +Z 9 A A 9 A 9 A 9 AL A
ox! Ixn = "ox! oxi—=1  9s  Qxitl xn
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Hence,
’ o Ny o _|o D 2
oxl T oxn T |ox! T T gxn |33—S|
0 0 d noo 0
— === A...A Yy, —
ds||ox! axn ;U “oxi
0 0 0 0 1 d
= |— A...A — Y= PVu|=—|—A...A—|WN
dx! dx"||ds s VY ox! axn

1
= —,/deto;;WN =: GWN,
N

where we have set .

G = 7,/(16'[0,'1'

Y
= Jy +1Vup.
1
Jdetgi; = ﬁ\/y—HVulz,/detoij. (6.1)

We also conclude that the coordinates of the point (¥, ¥, ai—l Ao APy %) inTM
are given by

and

0
W= 'y— - o, Vu
as

It follows that

YW=u, yl=x! .yt =x"

and _ _
"’ =yG, n'=-Gu'.
Next, we consider a variation of the immersion ¥ :  — M defined by

Yr(x) = ®(x, ul(x) + tv(x)), for xeQ, t e, (6.2)

where v : Q@ — R is a compactly supported C?> function. Differentiating, one
obtains

de”'F _ _,dF IF dx'’ IF d IF d
—yOF d ) e S o f T _ 2 i
di as ar Ve e T e )—e Bn"dt( ')
oF oF
ey e
35 v on le
where we used the fact that f does not depend on s.
Noting that
Ji_ N i (6.3)

G 2y Jdeto
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we obtain
oF oF . a L OF 0 L oF
f_Gvi= _f—.Gcr”vjz—. e ol —Guv)|— — (e 7ol —G v
an' an' dax/ on' dax/ an'
B e 0 L OF
=— (e oV —Gv) - — (od— ) e TGv
ox/J on' ox/ on'
8F det
—o'/ —fi— ( Wdeta); e/ Gu
877 )/ /deto
_ D (O G\ (2 (0T g OF (Vdeto)
ax/ anl dxJ an 877 Jdeto

+ o' (f] J/) I Gu.

However, by equation (3.4.9) in [30] (see also in [10, Chapter 1]), we have

(«/deta)
Jdeto ij’
and thus,
8FG‘_8 _f~8FG
i WG an’ v)
d
x/
F

JOF BF ,  LOF |\ g
— = (0" +o =Tk —o—f;)e/Gv
0 an on' ant

L9 v,

Hence, we finally have

de 'F F OF
¢ :eifa—v—i. effa’JLGv
dt as axJ

L OF L o0F : L OF y;
+ (O'I‘IT> €_fGU — O'ljwfje_fGU — O'UTﬁe_va.
3 J

n' n' 2y
Letting
OF 9
X:a’/F FE (6.4)
L A
one has
de—fF oF B . ; . OF v
eI v (e xIGu)+ (X = XIf)) eI Gv -0 = T TG
d as U ox) v)H XX j)e Gumot o e Gy
_ s 9F 3

. \%
——— <e_fX]Gv) —|—dinXe_va —(X, Yy e Gu.
as ax/ 2y
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Now we use the assumption £y F'|y = 0, that is,

aF

—| =0.
ds Iz

Thus, since v is compactly supported in 2, we get

dt

0 ; \Y
Frlv] = / - (e*fX-/Gv) +diviXe G — <X, §>eva

\V4 .
= / (lefX — <X, 2—;//>) e_fGU

1 v
= / — (dinX — <X, _)/>) ve f/detodx.
QY 2y

We conclude that the Euler-Lagrange equation for unconstrained critical points of
F is given by

t=0

. Vy
diveX —{X,—)=0
2y

where
OF d
_ i o - 6.5)
U (Vfﬂﬁ*d%/\/\vf*dxin> X
But each derivative 38_,1; is homogeneous of degree zero, so that
OF 0
X = O’l] F a—J . (66)
T l.n %

This proves the validity of equation (2.8). To deal with the second part of the
theorem we have to consider the modified functional

Frlyl+ Velyl,

where

Vil ]=/ H L e~ Tam
v Qn ﬁe

is the volume enclosed by the graph with respect to the measure e~/ d M. It is then
a standard procedure to derive the validity of (2.10) (see, for instance, [3] and [4]).
This concludes the proof of the theorem. O
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