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Solutions of the focusing nonradial critical
wave equation with the compactness property

THOMAS DUYCKAERTS, CARLOS KENIG AND FRANK MERLE

Abstract. Consider the focusing energy-critical wave equation in 3, 4 or 5 space
dimensions. In a previous paper, we proved that any solution which is bounded in
the energy space converges, along a sequence of times and in some weak sense,
to a solution with the compactness property, that is a solution whose trajectory
stays in a compact subset of the energy space up to space translation and scaling.
It is conjectured that the only solutions with the compactness properties are sta-
tionary solutions and solitary waves that are Lorentz transforms of the formers. In
this note we prove this conjecture with an additional non-degeneracy assumption
related to the invariances of the elliptic equation satisfied by stationary solutions.
The proof uses a standard monotonicity formula, modulation theory, and a new
channel of energy argument which is independent of the space dimension.

Mathematics Subject Classification (2010): 35L05 (primary); 35L71, 35B15,
35B33,35J61 (secondary).

1. Introduction

In this work we consider the energy-critical focusing nonlinear wave equation in
N =3, 4,5 space dimensions:

02u — Au— |u|"2u =0 (r,x) el xRV L

Up=0 = UQ € H! Oiup=0 = U1 € L?, )
where [ is an interval (0 € I), u is real-valued, H! = HI(RN), and L? =
L*(RN).
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The equation is locally well-posed in H' x L2. If u is a solution, we will
denote by (T—(u), T+ (1)) its maximal interval of existence. On (7_(u), T+ (u)),
the following two quantities are conserved:

Elul = E@@), o) = ~ [ (vuldx + + [(@u2ax — X2 [ 1u#a
[ul = E(u(?), ’u())_§/| ul X+§/(zu) X—W/IMI x
(the energy) and

Plu]l = P(u, o;u(t)) = /uVudx

(the momentum).
Denote by X the set of non-zero stationary solutions of (1.1):

2i={0eA'®)\ (0)s1. a0 =]0I720}. (12)

The only radial elements of ¥ are i)LNTf2 W (Ax), for A > 0 where the ground state
W is given by

1
W(x) = N (1.3)
X
In [18], the authors have proved the soliton resolution for spherically symmetric

solutions of equation (1.1) in the case N = 3. Namely, any bounded radial solution
u of (1.1) has an asymptotic expansion of the following form

J

L X
u(t,x) = J W( ) + v (t, x) +e(t, x),
;Aj(t)% Aj(0) k

where vy is a solution to the linear wave equation, J is a natural number (J > 1 if
T, (u) is finite), t; € {—1,+1},and,as t — T (u),

0 <h(t) ... <Ary(1), (et), de(r)) —> 0in H' x L.

The proof is based on the classification of radial solutions of (1.1) that do not satisfy
an exterior energy estimate, and the “channel of energy” method, which consists, in
a contradiction argument, in bounding from below the H' x L? norm of the solution
outside a well-chosen light cone. This work uses several properties that are specific
to the radial case (in particular, it relies heavily on the fact that W is the only non-
zero radial stationary solution of (1.1) up to scaling), and to space dimension 3,
where the exterior energy estimates for the free wave equation are the strongest.
Much less is known in higher dimensions, and in the nonradial case. The
existence of elements of X that are not spherically symmetric, and with arbitrary
large energy was proved by Ding [11] using a variational argument (see also [25]
for the case of bounded domains). More explicit constructions of such solutions are



NONRADIAL WAVES WITH THE COMPACTNESS PROPERTY 733

available in [9,10]. However, only existence results are available, and the elements
of X are not classified.

Other particular solutions of (1.1) are solitary waves given by Lorentz trans-
form of stationary solutions: if Q € ¥ and £ € RN satisfies [£] < 1, then

t 1 1
=0(l-——+ 5 |——=—1)e-x) e+
Celt:0) Q(( JI— 12 2 (,/1—|e|2 ) x) x)

= 0¢(0,x —10)

is a global, non-scattering, bounded solution of (1.1), travelling in the direction £
(here and in the sequel | - | is the Euclidean norm on RY).

We expect that the soliton resolution for (1.1) is still valid without the radiality
assumption, namely that any solution u that is bounded for positive time can be
written, as t — T4 (1), as a finite sum of solitary waves modulated by space trans-
lations and scaling, a linear solution, and a remainder that goes to 0 in H' x L2.
One major difficulty in the proof of this conjecture is the lack of classification of
solutions of the stationary equation.

The main result of our previous paper, [18, Theorem 1], is a first step in the
classification of arbitrary large, bounded, nonradial solutions of (1.1). It implies that
for any bounded solution of (1.1) there exists a sequence of time t, — T (u) such
that u(#,) converges, in some weak sense and up to scaling and space-translation,
to the initial data Q,(0) of a solitary wave. The proof of [18] is based on the notion
of solutions of (1.1) with the compactness property, which first appears in [22] and
plays an important role in the compactness/rigidity method initiated in [29] (see
also [30,31,49]), and more generally in the classification of bounded solutions of
dispersive equations (see e.g. [48]).

Definition 1.1. We say that a solution u of (1.1) has the compactness property when
there exist A(f) > 0,and x(¢) € R ,and t € (T_(u), T4 (u)) such that:

K= {(ﬁ*l(z)u (1, A1) 4 (0) , AT (D) (1, A (1) ~+x(t))) , te(T-(u), T+(u))}

has compact closure in H' x L2,

The null solution, as well as the solitary waves Qg, with Q € X, for |[£| < 1
have the compactness property. We conjecture (rigidity conjecture for solutions
with the compactness property) that these are the only solutions of (1.1) with the
compactness property.

This conjecture was settled in [13, Theorem 2] for radial solutions. Again, the
uniqueness of the radial stationary solution W plays an important role in the proof.
Without the radial assumption, one has the following weaker result from [18]:

Proposition 1.2. Let u be a nonzero solution with the compactness property, with
maximal time of existence (T—, T+.). Then

(@) Elu] > 0and |€] < 1, where £ = _Zm
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(b) T = —ocoor T4 = +o0.
(c) there exist two sequences {tni} > two elements Q% of ¥ such that lim,,_, 1 t,jt =
T+ and
. N_
Jim 237 2 5+ (59) = €7 ()] .
2% ) e (550 () -+ (59) — 0 ()], = 0.

L2

It is essential, in order to prove the soliton resolution conjecture, to improve the
classification of solutions with the compactness property. In this paper, we prove the
rigidity conjecture for solutions with the compactness property, under an additional
nondegeneracy assumption on the energy functional at the stationary solution Q"
given by Proposition 1.2. This condition is related to the invariances of X.

If Q € X,thenx — Q(x + b), where b e RN, x — Q(Px),where P € Oy,
v s AN/2— 1Q(M) where A > 0 and x > IxIN — Q(|X|2) are also in ¥ (Oy is the

classical orthogonal group). We will denote by M the group of isometries of L e
(and H') generated by the preceding transformations. We will see that M defines
a N’-parameter family of transformations in a neighborhood of the identity, where

N(N —1
N =2N+1+ %
If 0 € ¥ welet
N+2
Lp=—-A———|0|72 1.5
0= N 2IQI (1.5)
be the linearized operator around Q. Let
ZQ:{feHl(RN) s.t.LQf=0} (1.6)

and

Zo = span{ (2 = N)x; 0 + x%0,,0 = 24jx - V0,8,,0, 1 = j < N,
N2 (1.7)
(xj0y —xi0)Q. 1= j <k =N, —5—0+x-V0}.

The vector space Z~Q is the null space of L g generated by the family of transforma-
tions M defined above, so that Zp C Z¢ (see Lemma 3.8 for a rigorous proof). We

note that Z is of dimension at most N', but might have strictly lower dimension if
QO has symmetries. For example,

~ N -2 )
Zw = span TW—I—x-VW, W, 1<j<N
is of dimension N + 1. We will make the following non-degeneracy assumption

Zp = Zop. (1.8)

If Q satisfies (1.8) and 6 € M, then 0(Q) also satisfies (1.8). Furthermore, W
satisfies (1.8) (see [19, Remark 5.6]).
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The main result of this paper is the following:

Theorem 1.3. Let u be a non-zero solution with the compactness property. Assume
that Q or Q™ (given by Proposition 1.2) satisfies the non-degeneracy assumption
(1.8). Then there exists Q € X such that u = Qg, where £ = — P[u]/E[u] satisfies
|€| < 1 by Proposition 1.2.

The nondegeneracy assumption (1.8) is classical in spectral theory and geo-
metrical analysis. The null directions generated by all the geometric invariances,
including the Kelvin transform, appear for example in [32,39]. It is known that W
is nondegenerate: see for example [19], where it is established as a consequence
of [43]. C. Musso and J. Wei [41] have recently established the nondegeneracy
of the solutions constructed in [9, 10]. There is no known example of a stationary
solutions of (1.1) that does not verify (1.8).

The main new ingredient in the proof of Theorem 1.3 is an exterior energy
argument. Unlike our previous papers on equation (1.1) using a similar method,
the space dimension is not restricted to N = 3 (see [13-15,17]) or to odd space
dimension [16], but works the same way in any low space dimension. We refer to
the sketch of proof below for more details. As usual, the restriction N < 5 is merely
to avoid a nonlinearity with a low regularity, and it is very likely that the proof
adapts to higher dimensions using the results of [4] and additional technicalities to

deal with the fact that the potential | Q| v isnot Clif N > 6.

With an additional a priori bound on the H! x L? norm of the solution u,
the stationary solution Q in the conclusion of Theorem 1.3 is equal (up to scal-
ing, space-translation and sign change) to the ground state W: see Corollary 4.9
in Section 4 below. This implies the rigidity theorem [16, Theorem 2]. We take
this opportunity to mention that there is a mistake in the statement of [16, Theorem
2]. We refer to Corollary 4.9 for a corrected version of this result. See also the
corrected arXiv version.

We next sketch the proof of Theorem 1.3, which is given in Section 4.

The first step (see Section 4.1) is to use the Lorentz transformation to reduce
to the case of a zero momentum solution. For this we need to know that the Lorentz
transform of a solution of (1.1) with the compactness property is a solution of (1.1)
with the compactness property. This fact, proved in Section 6 is not obvious since
the Lorentz transformation mixes space and time variables. In this section, we also
clarify a few facts about Lorentz transformation of solutions of (1.1). This also uses
precise properties of the Cauchy problem for (1.1) (proved in Section 2).

We next apply Proposition 1.2 to u (see Section4.2). Since by the first step
£ = —Plu]/E[u] = 0, this yields a stationary solution Q € X and a sequence
t, — T4 (u) such that {(u(tn), 8,u(t,l))}n converges to (Q, 0) up to space transla-
tion and scaling. Reversing time if necessary we can assume that Q satisfies the
nondegeneracy assumption (1.8). We must prove that u equals Q (after a fixed
translation and scaling). We argue by contradiction: if this is not the case, we con-
struct in Section4.3, using a continuity argument, a solution w of (1.1) with the
compactness property which has the same energy as Q, is close to Q for positive
times, but it is not a stationary solution.
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We next use the main result of Section 5 that states that any nonstationary
solution w which has the energy of a stationary solution Q and remains close to Q
satisfies 74 (w) = 400 and has an asymptotic expansion of the form

w(t) =S+e Y+ 0@ "), ast — +oo, (1.9

where § € X, Y is an eigenfunction of the linearized operator L, the number —w?

is the corresponding negative eigenvalue (with @ > 0) and @t > w. It is in this
part of the proof that we use the nondegeneracy assumption (1.8). The proof uses
modulation theory in the spirit of [19], where this result is proved for Q = W.
However new technical difficulties arise because Lg might have more than one
negative eigenvalue and more invariances must be taken into account.

We finally reach a contradiction (see Section 4.4) by proving that there is no
solution w with the compactness property and the expansion (1.9). This is the core
of the proof of Theorem 1.3. The idea is to use a channel of energy argument which
is based on exterior energy estimates for the linearized equation 3?1 + Lsh = 0
instead of the free wave equation Btzu — Au = 0. This argument, which is the
main novelty of the paper, has the advantage of working in any space dimension
N > 3, whereas the usual channel of energy method depends very strongly on the
dimension N.

Apart from the sections mentioned above, Section 3 is dedicated to preliminar-
ies on stationary solutions. We recall there is a result of Meshkov [40] on the decay
of eigenfunction of the linearized operator at a stationary solution which is crucial
in our proof. We thank T. Cazenave for helpful discussions on this topic and for
mentioning Meshkov’s work to us.

We conclude this introduction by giving some references to related works. The
defocusing energy-critical wave equation was treated in many papers, including
[2,3,23,24,27,42,44,45,47]. The works [19, 30] classify the dynamics of the
focusing equation below and at the energy threshold E[W] (see also [20]). For
the classification of the dynamics of solutions with energy E[u] < E[W] + ¢,
see [13,16,33-36]. For examples of nonscattering bounded solutions of (1.1) in this
energy range, see e.g [12,26,37,38] and references therein. The works [14,17,18]
classify the dynamics of large energy solutions. Finally, we would like to point out
that the exterior energy estimates and the channel of energy argument were also
used in the context of wave maps [5-7,28] and subcritical or supercritical wave
equations [15,46].

Notations. 1If N is an integer and R > 0, we will denote by B" (R) be the ball of
R¥ | centered at the origin with radius R.

We let Oy = Opn(R) be the orthogonal group, which is the group of N x N
real orthogonal matrices such that AT A is the identity matrix, and by SOy the
special orthogonal group, i.e.. the subset of A € Oy such thatdet A = 1.

We denote by S = S(R") the space of Schwartz functions on RY .
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2. Preliminaries on well-posedness

In this subsection, we recall the exact definition of a solution of (1.1) and give some
sufficient conditions for a function u to be a solution. These conditions will be used
essentially in Section 6 on the Lorentz transformation. The classical Cauchy theory
2 2N+2)
for (1.1) uses the space L%(R, LW (RY)). We will rather use the Cauchy
2(N+1)

theory developed in [30], based on the space LV = (RN+1) which is invariant
under Lorentz transform. Let us emphasize that both Cauchy theories give the same
definition of solution of (1.1) (see Claim 2.4 below).

We first recall the Strichartz estimates [21]. Let I be an open interval contain-
ing 0 and (wo, wy) € H' x L2 Let

sin(t\/—A)wl_{_/ sin ((t—s) v _A)h(s)ds, fortel.
—_ 0

w(l):COS(tV—A)UJO‘I‘ﬁ M

2AN+1)
Then, if D;/zh eL N (I x RY), we have

1/2
sup [[(w, 8yw) (1) 1,2 + | D]

2AN+1) + [lwll 2v+n)
tel L N=T (IxRN) L N=2 (IxRNV)
+ ||lw 2AN+2
” ”L%(I,L Svjz)(RN)) (2'1)

<c <||<wo, w12 + | D]

2(N+1) )
L N3 (IxRN)

and if h € L'(1, LA(RN))

12
su w, o,w) ()| 1 + ”D w| 2AN+1) + lw| 2w+
te? l(w, dw) ()|l g1y 12 e LD L ri l ||L D vy
+ lwll vy2 2042 2.2)
LN=2(I,L"N=-2 (RN))

< € (Nwo, w12 + Wl (1,2 ) -

Definition 2.1. Let / be an open interval containing 0, and (ug, uy) € H' x L2,
We say that u is a solution of (1.1) in 7 if

(u, 8,u) € CO(1, H' x L),

2(N+1) 2(N+1)
N-2 =N N
=2
we Ly (1L (RY)),
2(N+1)

2N+1)
DYy e ¥ (I,L N (sz))

loc
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and
u(t) = cos (t —A) uo—{—%u]
| 2.3)
N fl sin ((l — S)\/I) |u|ﬁu(5‘) ds.
0 v=a

Recall from [30] that for any initial data (ug, u;) € H' x L2, there is a unique solu-
tion u of (1.1) defined on a maximal interval of definition Iyax (u) = (T— (1), T4 (u))C
R, that satisfies the blow-up criterion

Ty () < 00 = flull 200 = +o0. 2.4)
2 (0.7 () <RY)

More precisely, if u € L ey ((O Ty (u)) x RN) then T (1) = +o00 and u scat-

ters, in H! x L2, to a linear solution as t — +00.
Note that by the Strichartz estimate (2.1), any solution u# belongs to the space

N+2 2(N+2)
LY>? (Imax(u)’ L N_+2 (RN)> .

loc

Since by Holder and Sobolev inequalities

2(N+I) xﬁ-%
lall ey = Csup o). ) A ] i
L N=2 (IxRN) tel H'xL LN=2(I, L N-2")

we also have, in view of the Strichartz estimate (2.2), the following variants of the
blow-up and scatttering criteria:

Ty (u) <00 = ||u|| N2 ( = 00, (2.5)

O.T4 )L N7 (RN))

andif u € LN -2 ((O T, (u)), L Sy (]RN)>, then Ty (u) = 400 and u scatters to
a linear solution as t — 400.

Remark 2.2. Let u be a solution of (1.1) in the sense of Definition 2.1. If (ug, u1) €
CSO(RN), then u € C®(Inax x RY) and is a classical solution of (1.1). By the
Strichartz estimates and a density argument, one can check that if (uo, u;) is a
general element of H! x L2, the corresponding solution u satisfies (8,2 — ANu =

4
|u| ¥-2u in the sense of distributions.

We next give three sufficient conditions for a function u to be a solution. The
first one is [30, Remark 2.14] and we omit the proof.

2(N+1) .
Claim 2.3. Letu € L N (I xRN) be such that (u, 3;u) € CO(H' x L?). Assume
that there exists a sequence (u) of solutions of (1.1) such that
sup || (u — ug, ou — dur) ()l g1y 2 —> 0
tel k— 00

sup ||ukll 2wv+n < 00.
k L N=7 (IxRN)

Then u is a solution of (1.1).
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Claim 2.4. Let / be an open interval containing 0, and (ug, u1) € H'x L?. Assume

¥ AN . . . .
that u € L, (I, L2 (R )) satisfies the integral equation (2.3). Then u is a

solution of (1.1).

Proof. By the definition of a solution, it is sufficient to check:

2(N+1) 2(N+1)

el (LRY), DPuer™ (LRY).
- . o i 2 N - . .
Since by our assumptions on u, |u|¥2u € L, . (1, L*(R")), this follows immedi-
ately from the Strichartz estimate (2.2). O

We next prove that a solution of (1.1) in the distributional sense, that satisfies an ap-
propriate space-time bound, is also a solution of (1.1) in the sense of Definition 2.1.

Lemma 2.5. Let (ug, uy) € H! x L%, I be an open interval such that 0 € I,

N+2 2(N+2) .
welV? (1, L5 (RN)> and (u, dyu) € C° (1, o' x L2>.

loc

Assume furthermore (u, ;u) ;=0 = (uo, u1) and

021 — Au = |u|"2u in D'(I x RY). (2.6)
Then u is a solution of (1.1).

Proof. In view of Claim 2 4, it suffices to check that u satisfies the integral equation

(23). Let I = I N (0, 400). We prove (2.3) for t € I, the proof of (2.3) for

t € I N (—o00,0) is exactly the same. Let

sin(t+/—A)

——u
V—=A

Then (v, 3v) € COI, H' x L?), (v, 3;v) ;=0 = (0, 0), and

v(t) = u(t) — cos(tv/—A)ug —

1.

%0 — Av = |u|"2u in D'(I x RV). .7
Leth € C°(I4 x RN). Let, for 7 € R,
H@) = — /+°° sin ((t — s)\/—A)
; J—A

so that H € C* (RN*!) (with compact support in x), H(t) = 0 for large ¢ and
32H — AH = h. Let ¢ € C®(R) such that 9(0) = 1 if & > 1,and (o) = 0 if
o < 3.Ifa e (0, 1], welet

h(s)ds,

Ht,x) =¢ (2) H(t, x).
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Note that HY € C§° (RVF1). By (2.7),

f/ U(t,x)(alz—A)H“(t,x) dtdx:/f |u|ﬁu(t,x)Ha(t,x)dtdx. (2.8)
RN+1 RN+

By dominated convergence and Fubini’s Theorem,

lim // | T2 u(t, x)HO (1, x) didx
]RN+1

a—0

+o0 4
:/ / |u|¥2u(t, x)H(t, x) dtdx
RN Jo
“+00 s . _ /A
_/ // Mﬁu(t,x)sm((t $) A)h(s,x)a’xdtds
0 0o JRN

VA
oo S gin ((r — s)v/—A
—/ / / (( ) )Iulﬁu(t,x)dth(s,x)dsdx,
RN Jo v =A
where at the last line we have also used the self-adjointness of = in( \/% 4) .Asa

conclusion, the right hand-side of (2.8) satisfies:

lim f/ | T2 u(t, x) HO(t, x) didx
RN +1

a—0

+o0 -
/ / / sin (t S)\/—)|u|ﬁu(s,x)dsh(t,x)dfdx- (2.9)
RN

We next consider the left-hand side of (2.8):

// u(t, x) (82 — A)YH(1, x) drdx

// v(t, x) ( <£> H(t, x) (2.10)
RN+1
+ e < )BZH(t x)—|—g0( >h(l x)) dtdx.

Assume that we have proved:

1 t
lim // v(t, x)—ztp” (—) H(t,x)dtdx =0 (2.11)
a—0 ) JrRN+1 a a

1 t
lim // v(t, x)—¢ (—) o,H(t,x)dtdx = 0. (2.12)
a—0 RN+1 a a
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Then, by (2.8), (2.9) and (2.10)

+00 tsin((l‘—s)A/_A) 4
Lo [t sk v dis

+00
:/ / v(t, x)h(t, x)dtdx.
RN Jo

Since A is arbitrary in Cgo (IJr x RN ), we deduce, in view of the definition of v,
the desired integral formula (2.3).

It remains to check (2.11) and (2.12). We only prove (2.11), the proof of (2.12)
is similar. Using that d,v € C 0(1, L?) and V=0 = 0;v};=0 = 0 almost everywhere,
we deduce

(2.13)

1
Viel, v()eL*R")and lim —[v(1)l| 2 = 0.
t—

Let ¢ > 0 and agp such that ||v(#)];2 < et for t € (0,ap]. Then (using that
¢"(t/a) =0fort >aort <0),

'// v(t, x)iZq)” (L) H(t,x)dtdx
RN+1 a a

which concludes the proof of (2.11), and thus of Lemma 2.5. O

a
t
§C/ Zdr < cs,
0o a

3. Properties of stationary solutions

This section concerns the set ¥ of non-zero stationary solutions of (1.1). More
precisely, in Subsection 3.1, we give the asymptotics, for large x, of an element Q
of ¥. We also study the set M of transformations, mentioned in the introduction,
leaving X invariant. Subsection 3.2 concerns the linearized operator L . Finally, in
3.3, under the nondegeneracy assumption (1.8), we choose modulation parameters
in M in order to satisfy some orthogonality properties.

3.1. Kelvin transformation and asymptotic behaviour

Recall that X is the set of non-zero functions Q in H! (R™) such that

—AQ =10|720Q 3.1)

in the sense of distributions on RY .

We fix an arbitrary one to one map ¢ from {(i, j) € N2, 1 <i<j<N}to
{1, 2,..., W} Ifc = (cl, e, CN(N—])) S ]RN(A?I),We write
2

Pe =exp ([pi,jli<i,j<n) € SO, (3.2)
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where Dii = 0, Pi,j = €C¢G,j) ifi < j, Pi,j = —C¢(j,i) lf] < 1. This defines a

parametrization of the special orthogonal group SOy by Rw in a neighborhood
of the identity matrix.

Let A= (s,a,b,c) e RV =R xR¥N x RN xR

=N e’ Pe(x —a|x|2)
! (b + 1 —2(a,x)+al?x]? ] (3-3)

NWN-=1)

. We let, for f € H',

(N=2)s

Oa(f)(x) =e 7

X
— —alx|

|x|
Proposition 3.1. Let Q € X. Then

(@) Qe CPMRN)ifN =3,4and Q € C*(R%) if N =5.
(b) We have:

Vo e NV st |al <4, 3C, >0, [2Q0)| < Colx|™N 27l x| > 1.

é X > ;Q <L>
[V =25\ Jx|?

is also in X, Furthermore,

(c) The function

A2 A ]\%N2 /\%Nz 2
1O =121 5 =107 5 =102l
N-2 LN=2

L

NWN=1)

(d) Let A = (s,a,b,c) eRY =R xR¥N xRN xR

04(Q) isin X. )
(e) If Ay, Ay € BN (¢) (¢ > 0 small), then

04, 004, =04y, (0a) ' =64,

. Then the function

where A3, A4 € RN and the maps (A1, Ay) — Az and A| — A4 are C*®
from (BN/ (8))2 (respectively BN (&)) to a neighborhood of 0 in RN,

Remark 3.2. In the cases N = 3, 4 when the nonlinearity is smooth, the estimates
of point (b) holds for all multi-index «. Furthermore, one can adapt the proof of
this estimate to prove

1 by 1

where P is a homogeneous harmonic polynomial of degree k > 0. This polynomial
can be a non-zero constant. In this case, |x|V 72 Q(x) converges to some non-zero
real number. This is the case of the explicit radial stationary solution W. If the
degree of P is positive, then |x|V ~20(x) tends to 0 as |x| — o0o. The existence
of solutions of (3.1) such that (3.4) holds with nonconstant P follows from the
existence of changing sign solutions of (3.1), proved in [11], and the Kelvin trans-
formation given by (c). To our knowledge, the existence of solutions of (3.1) such
that (3.4) holds with P of arbitrary degree is still an open problem.
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Remark 3.3. Point (d) of the proposition gives a parametrization of an open neigh-
borhood of the identity in M. Note that it includes space translations (s = 0,
a = ¢ = 0), scaling (@ = b = ¢ = 0) and space rotations (a = b = 0, s = 0),
as well as additional tranformations which can be constructed by conjugating space
translations with the Kelvin transformation (b = ¢ = 0, s = 0). However, the
Kelvin tranformation defined in (c) cannot be described by this parametrization.

By [50],if Q is an H' solution of (1.1), then Q is locally bounded. By Sobolev
inequalities, point (a) follows. The remainder of this subsection is devoted to points
(b), (c) and (d).

3.1.1. Kelvin transformation

We first prove:

Lemma 34. Let Q € L% RNy N H'(RN) such that (3.1) holds in the sense of
distributions on RN \ {0}. Then Q € (C®° N HHRY) if N = 3,4 and Q €
(CI: NH D (RY) if N = 5. Furthermore Q satisfies (3.1) in the classical sense on
RY.
Proof. By (a), it is sufficient to prove that Q satisfies (3.1) in the sense of distribu-
tionson RV . Let ¢ € C(‘)’O(RN).

Let v € CSO(RN) such that ¥(x) = 1is [x] < 1 and ¥(x) = 0is |x| > 2.

B fQAw /QA[ +1—w(§>)w(x)}

/IQIN 20 w( ))(p(x)dx (3.5)

+ [ oa(v(2)ew) dx

where we have used, in the first integral of the last line, the fact that Q satisfies
(3.1) in the sense of distributions outside the origin. By the dominated convergence
theorem,

tim [ 101720 (1= v (5)) e dx = [ 10177 0px) ax.
Moreover
/ 0wa (v () ew) ax = f Q(x)gizmzf (5)perax
+ %/ 0(x)VY (g) Vex)dx (3.6
+ [ e (2) spw s,
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We have

N+2

N
lfﬂ(X)IN+2dX)

N+2

‘ [ 0w 5av (5) ptar| <

e

N

5—1
< 1Ol 2~ &2 IIAWII e l@llLee —> 0.
LN-2 e—0

Bounding similarly the other terms in (3.6), we get

lim / 0wa (v () o) dx =o,

—/QA¢=/|Q|ﬁQ¢,

which shows as announced that Q satisfies (3.1) in the sense of distributions on
RN . O

and thus

Let us prove point (c) of Proposition 3.1.
We first note that the Kelvin transformation

Teofe x|V 2f(lez)

is an isometry of L e that satisfies, for any smooth function f,
ACTf) = — = ). 0
( f)—W(Af) W , forx #0. (3.7)
If feCyr (]RN \ {0}), then 7 f € Cg° (]RN \ {0}) and by integration by parts,

1A == [ AT Ty

— [ on (55) £ () e == [ arr = st

where we have used that the fact that the Jacobian determinant of x — ﬁ is \x\%

Using the density of C§° (RN \ {0}) in H', we deduce that 7 is also an isometry of
Hl

Combining the preceding argument with Lemma 3.4, we get that if O is a H'
solution of (3.1) on RN, then Q = TQ is also a H'! solution of (3. 1) on RV,

The equality [ Q 7= i |V Q|? follows from a simple integration by parts, which
concludes the proof of (c).
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3.1.2. Asymptotic behaviour

Let us prove point (b) of Proposition 3.1. Let Q and O be as in the proposition. By
(a) and (c), Q can be extended to a C* solution of (3.1). As a consequence,

o(i) <
|x[?

- |x|N—2'

1
Q)| = W

More generally, writing for || < 4

o 1 ~( x
wow= 3 () () (2(35)):
o) y£a<y> 2 ) P\

and using that 9% @ is locally bounded, we obtain the desired estimate. 0

3.1.3. Transforms of stationary solutions

It remains to prove point (d) of Proposition 3.1. Let M be the group of one-to-one
maps of RV U {oo} generated by

the translations 7, : x — x + a, where a € RV
the dilations D) : x — Ax, where A > 0;
the linear isometries P € Oy (R);

X

the inversion J : x +— e

We adopt the conventions 7, (00) = D; (c0) = P(00) = J(0) = 00, J(00) = 0. If
@ € Mand f € H', we denote by

Op(f) = | det g (¥)| T f(p(x)).

We note that ©yoy, = Oy 0 ©, and

Or,(H(x) = f(x +a), Op (Hx) =1*"1f0x), Op(f)x) = f(Px),

and that ®;(f) is the Kelvin transform of f. We deduce that {®w’ peM } is
exactly the group M of isometries of H! generated by space translations, scaling,

linear isometries and the Kelvin transform mentioned in the introduction. In view
of point (c) of Proposition 3.1,

feX = 0,(f) X
We next prove that the transformations 64 defined by (3.3) are in M. Letting

&S P.(x — a|x|2)
1 —2(a, x) + l|a?|x|?’

pa(x) =b+ (3.83)
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—2N
i‘ - alxl‘ . As a consequence, for any f €

we see that ‘det(goil(x))‘ = eNs K

Hl

OA(F) = | det gy ()| f(pa(x)) = Oy, (f) (3.9)

and thus that it is sufficient to show that ¢4 € M. For this we notice that the
function v, defined by

x —alx|?

Val) =JoTqo /) =17 2(a, x) + lal?|x|?

is in M. Since
DA = Tb (9] PC o Dgs o wa (310)

we obtain that ¢4 is an element of M, which concludes the proof.
3.14. Composition and inverse of the transformations

It remains to prove point (e) of Proposition 3.1. We use the notations 7, D, , ¥, of
the preceding subsection. By direct computations, if a,b € RN, P € Oy, A > 0,

TpoDy =DyoT,-1,, TpoP=Po TP_I(b)’ PoD),=DyoP (3.11)

'(//aOD}L=D)LOl//)La, waOPZPO'l//P—l(a) (312)

Va0 Tp(x) = Tg o M o Dy, o Y, Where (3.13)
wl=141aPb)® = 2(a,b), a=ula—lal’h), (3.14)

B =ub—bPa), Mx)=pn "2(a x)—2(b,x)a+x. (3.15)

Note that u is well-defined if a # b/|b|?, which is the case if |a| < 1 and |b| < 1,
and that M € SOy, as can be checked directly by computing M* M. Moreover, it
is easy to see that (a, b) — («, B, u, M) is C* in a neighborhood of the origin of
R2N

Let A; = (a;,bj,cj,s;) € BN (e) (j = 1,2), A = (a,b,c,s) € BV (e).
Then by (3.10),

©a, 0Qa, =Tp 0 Py 0o Dysi 0y 0Tp, 0 Py o Desy 0 Vg,

and
gogl =Y _q0D,~s0P_oT_p.
Point (e) then follows from formulas (3.11),..., (3.15) and the fact that ¢ +— P, is

a local diffeomorphism, in a neighborhood of the origin from R M to Oy.
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3.2. Properties of the linearized operator

This subsection concerns the linearized operator L around a non-zero stationary
solution Q, and the quadratic form associated to L. In Subsection 3.2.2, we prove
a coercivity property of this quadratic form and give some consequences. We then
consider, in Subsection 3.2.3, the vector space Z¢ defined in the introduction. We
finally give, in Subsection 3.2.4 the precise asymptotics of an eigenfunction associ-
ated to a negative eigenvalue of L.

3.2.1. Preliminaries and notations

Let O € ¥. We denote by

N+2
Lo=—-A- —+ IQIN (3.16)

the linearized operator at Q, and by

_ 1 2 72 2
So(f) = 2/|Vf| 2(N 2)/IQ| /Lgff (3.17)

the corresponding quadratic form, defined for f € H' (RV).
Claim 3.5. Let V be a subspace of H' (R") such that

VieV, ®o(f) <O. (3.18)

Then dim V is finite.

Proof. Indeed, by Proposition 3.1, if f € V, then ||f||H1 < Cf 1Jr|x|4|f(x)|2dx
By Hardy’s inequality and Rellich-Kondrachov Theorem, the injection
71 2 (N 1
H — L7 (R"Y, dx
1+ |x|*
is compact. Thus the unit ball of V' is compact, which proves the result. O

Since by Proposition 3.1 | Q| N2 (x) < it is classical (see [8, Section 8]) that

Ly is a self-adjoint operator with domain H? (RV). By [8, Theorem 8.5.1] and
Claim 3.5, the essential spectrum of L is [0, +00), and L o has no positive eigen-
value and a finite number of negative eigenvalues. We will denote this eigenvalues
by —a)%, —a)p,where

0<w =... Zwp,

and the eigenvalues are counted with their order of multiplicity. Note that p >
4
1 because LpQ = —ﬁ|Q|mQ. The spectrum of L is exactly [0, +-00) U
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{—w?}j: 1...p- Let us consider an orthonormal family (Y;) j=1..., of eigenvectors of

L ¢ corresponding to the eigenvalues —a)?:

0 ifj#k
LQYj = —L()?Yj, /RN Yij :8jk = {1 lfj ik (319)

By elliptic regularity, these functions are C3 (C® if N = 3 or N = 4). It is well-
known that they are exponentially decreasing at infinity (see Proposition 3.9 below
for their precise asymptotics).

The min-max principle implies

VfeH' ®RY), /Y1f=/Y2f=...=/Ypf=O=><l>Q(f)ZO. (3.20)

Let
Zo = {feHl(RN), s.t.LQf=0}. (321)

Note that the elements of Z¢ are not assumed to be in L2. By Claim 3.5, Z¢ is
finite dimensional. Let (Z;) j—1...» be a basis of Zy. We have

Vi=1...m, Vk=1...p, /Zij:O. (3.22)
Since the functions Zi, ..., Zy, Y1, ..., Y, are linearly independent, one can find,
by an elementary linear algebra argument, Ey, ..., E, € C§° (RV) such that

Vi=1...m, Vk=1...p, /Eij=0, Vi k=1...m, /EjZk=8jk. (3.23)

3.2.2. A coercivity property

In this part we prove the following positivity property of L:

Proposition 3.6. Let (Yi)i=1..p, (E}) j=1..m be as above. There exists a constant
¢ > 0 with the following property. If f € H'(R") and

Vk:l...p,/ka:0 and Vj:l...m,/Ejfzo (3.24)

then
Do (f) = &l f3:- (3.25)
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We will also prove the following consequences of Proposition 3.6:

Corollary 3.7. There are constants gy, C > 0 with the following property. Let
S € ¥ such that

IS = Qll g1 < €. (3.26)

Then .
IS=Qllj<C) /(S—Q)E,- : (3.27)

i=1

Furthermore, if A € RN is small,

104(Q) — Qlly1 = ClA] (3.28)

where the transformation 0 4 is defined in (3.3).

Proof of Proposition 3.6. The proof is quite standard, we give it for the sake of
completeness.

Step 1. We show that for all f € H'(RV),

/Ylf:...:/Ypf:0:>d>Q(f)ZO. (3.29)

Indeed, by (3.20), (3.29) holds if f € H'(RV). Assume that f is in H' but not in
L?, and that the orthogonality conditions in the left-hand side of (3.29) hold. Let
x € CS°(RY) such that x (x) = 1if [x| < I and x(x) = 0 if |x| > 2. Let

Je(x) = x(ex) f(x),
so that f, € H'(R"). Then

p

fe =8+ ZakSYk, where for all k, oy, = / feYk, /gng =0.
k=1

loge | = ‘/fsyk

< c/ () Ye()] dx —> 0.
lx|>1/¢ e—0

‘We have

- '/ (x(ex) = 1) F (@) Vi) dx

By the definition of g, and the fact that (3.29) holds in H ! we have Dp(ge) = 0.
Thus

p P
Do (fe) = Po(ge) + ) e Po(Yi) = D af, DoY) — 0.
k=1 k=1
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Since
1
Bo(fi) = = / IV (X () FC) P dx
2(N 2)/()((8)6)) 2 (X)IQIN 2(x)dx " Do(f),
we obtain as announced ®o(f) > 0.

Step 2. We show that for all f € H'(RV),

[T A P

— 0= (f =00rdp(f) >0).

H={geHls.t./ngz...zngp=0}.

(feHand ®p(f) =0) = f € Zp. (3.31)
Let f € H such that ®o(f) = 0. Denoting also by @ the bilinear form

1 N+2 4
CDQ(f’g):EfoVg—m/@“"zfg,

we get by Cauchy-Schwarz for @ ¢ (using that by Step 1, ® is nonnegative on H),

Indeed, let

We first prove

Vhe H, ®g(f,h)=0. (3.32)
Letg € H', and write g = h + Zle BiYi, with h € H and B = [ gYi. Then

p
Po(f.8)=Po(fiM+) i Polf Vo).

0 by (3.32) k=1 0 since feH

In particular,
Vg € CO(RY), /fLQg =0, (3.33)

i.e. Lo f =0 in the sense of distribution. Thus f € Zg. Hence (3.31).
Combining (3.31) with the definition of Ey,... ,E,,, we obtain

<feH, ®Q(f):0and/fE1:...:/fEm:O):>f:0

and (3.30) follows (using again that ® is nonnegative on H).
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Step 3. We conclude the proof of Proposition 3.6, arguing by contradiction and
using a standard compactness argument. If the conclusion of the proposition does
not hold, there exists a sequence { f,}, in H'! such that

Vn, Vke{l,...,p), Vjell,...,m}, ffnYk:fanjzo
(3.34)

1
v, 0<®g(fn) = —and [ fullyr = 1.

Extracting a subsequence, we can assume

fn —— f weaklyin H'. (3.35)

n—oo

In particular, [ |V f > < lim sup, o [ IV fn|?. Furthermore, using the fact that,

by Proposition 3.1, lim|y|— oo 1x|? 0| v (x) = 0, we get by Hardy’s inequality and
Rellich-Kondrachov Theorem:

. A0 A4 0
lim | [Q[V=2f7 = [ [QIF=2 f~.
n—>oo

Combining with (3.34), we obtain

Do(f) <0. (3.36)
Since by (3.34) and (3.35)

/lez...:/fY :/fElz...:/fEmzo,

we deduce by Step 2 that f = 0. As a consequence, lim,_, o [ |Q|ﬁfn2 = 0.
Since 0 < ®p(f,) < 1/n, we obtain lim,_ s f |V fu |2 = 0 which contradicts the
equality || full g1 = 1 in (3.34). The proof is complete. ]

Proof of Corollary 3.7. In all the proof, C > 0 is a large, positive constant, depend-
ing only on Q and the choiceof Z1, ..., Z,,, E1, ..., E, and that may change from
line to line. Let

g=S—-0, oz,-:/gYi, ﬂjz-/gEj, i=1,...,p, j=1,...,.m (3.37)

p m
h=g=Y a;¥j—> B;Z;. (3.38)
i=1 j=1
Note that
/hY,-:O, /hEJ-:o, i=1,....,p, j=1,...,m. (3.39)
14 m

Il < Ikl +C lail +C 1851 (3.40)

i=l j=l1
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Furthermore,

—Ag=|S|VES — |Q|F2Q

A > N+2 (34D
=10 +g"2( @+ - Q1720 = T 2IQ|N 2g + Ro(g),
where
_4
Ro(g) =10 +g|"2(Q +¢8) — 0|V ZQ——IQIN (342)
satisfies the pointwise bound
=N =~ N+2
[Ro(@)] = € (1017 g +1g177). (343)
By (3.43),if || g _Nz < 1 (which holds by (3.26) if g is small enough),
IR ()l A Cligl? L2 < Cligl- (344
-2
By (341), Lo(g) = Rp(g), and thus, by the definition (3.38) of #,
p
Loh+) ajw}Y; = Rog. (3.45)

j=1

Multiplying (3.45) by Y; and integrating over R, we get, using also (3.39) and
(3.44),
Vi=1l....p. lajl<Cligl (3.46)

Multiplying (3.45) by h and integrating over RV, we obtain, using (3.39), (3.44)
and Proposition 3.6, ”h”i']l < C||g|| Al 2N2 and thus

Al 1 < Cligh3- (3.47)
Combining (3.46) and (3.47) with (3.40), we deduce

m m
gl g < Cllglizy +C D 1Bl = Ceoliglh g +C Y 1Bil,
i=1 i=1

and thus, if ¢g > 0 is chosen small enough, the conclusion (3.27) of the corollary.
It remains to prove (3.28). By (3.27),

104(Q) = Qi = —Q)Ei| < ) — Ei)

’

and the conclusion follows from Lemma A.3 in the appendix. O
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3.2.3. Null directions

We next check that the vector space EQ defined in the introduction is included in
Zg.

Lemma 3.8. Let Q € X. Then the following functions g are in H'NC>®®RN) and
satisfy Log = 0:

N -2

S0+ Vo (3.48)
2~ N)xjQ + [x1%05,0 — 2x;x - VQ, k€ {l,..., N} (3.49)
anQ’ j:11"'7N’ (3.50)

(X0 — )0, 1 < j <k <N. (3.51)

Proof. The fact that the functions defined in (3.48)...(3.51) are smooth follows
immediately from the fact that Q is smooth (see Proposition 3.1). Furthermore, by
Proposition 3.1 again, all the functions (3.48), (3.50) and (3.51) are in H I 'We have

_4_
2

() = [T o) o (e)
Vb eRY, —AQ(+b) =0 +b)|720(x +b)
Ve e RY,  —AQ(Px) = |Q(Pex)| 72 Q(Pex).

Vs e R, —A (e

Differentiating these equalities with respect to s, b or ¢, and taking the resulting
equality at 0, we get (3.48), (3 50) and (3.51).

To get (3.49),leth = 3) (Iylﬁ 0 (#)) , and observe that by points (a) and
(c) of Proposition 3.1 and (3.50), 4 is in H' N C* and satisfies:

N +2 A ))
AN — h=0,
( HET T 2<|y|2

at least away from the origin. Let g = ll%h <‘ ‘2) Since the Kelvin transforma-
tion is an isometry of H', we get that g is in H'. Using that Ag= ‘N+2 (A h)(IXIz)
we obtain
N
Ag + +_|Q|N2g 0 (352)

outside x = 0. An explicit computation gives g(x) = —(N —2)x;Q + |x|28xj o0-
2xjx-V Q. Thus g is smooth and must satisfy (3.52) also at x = 0, which concludes
the proof. O
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3.24. Estimates on the eigenfunctions

Consider the radial coordinates:

X
r=lxl, 6=_—es"L
x|

In this section we recall the following result of V. Z. Meshkov [40]:

Proposition 3.9. Ler Q € ¥ and Y € L>(RY) such that Y # 0 and

LoY = —?Y, (3.53)

e~ X
Y(x) = N—1 <V <_> + q)(x)> )
x|z x|

where V € L2(SN~1) is not identically 0, and

with w > 0. Then

/ |D(r, 0)>do < Cr~1/2. (3.54)
SN*I

As an immediate consequence of Proposition 3.9, we obtain:

Corollary 3.10. Let Y be as in Proposition 3.9. Then there exists a constant C > 0
such that for large r,

—2wr

CrN-1"

/ Y (r, 0)2do > =
SN—l

Proposition 3.9 is Theorem 4.3 of [40]. The proof of this result uses the following

bound:
—2wr

Vr > 1, / Y (r,0)>do < C (3.55)
SN—I

FN-T°

which follows from estimates of S. Agmon [1]. We give a proof of (3.55) for the
sake of completeness, refering to [40] for the rest of the proof of Proposition 3.9.

Proof of (3.55). By scaling we can assume @ = 1. By elliptic regularity (and since
|Q|ﬁ e C'(RM)),wehave Y € C*(RV) N H>(RN). Let

+00
G(R) :/ fN VY 0> + Y (r, 0))> dorN L dr. (3.56)
R SN—

Step 1. Bound on G We show that there exists C > 0 such that

VR >0, G(R)<Ce 2R, (3.57)



NONRADIAL WAVES WITH THE COMPACTNESS PROPERTY 755

By (3.53),
oo N+2 4 > N—1
/ / (AYY + ——|Q|V2Y* —Y*)dOr" " 'dr =0.
R SN—I N—2

Integrating by parts and using that ¥ € H'®RN) to prove that the “boundary term”
at infinity is zero, we obtain

400
—/ / (VY2 +y?)dorV='ar
SNI
N+2 [T
tv 3 - / / 101722 a0 rV"Tar — RN~ ‘/ (Y3, Y)(R. 6)d0 =0,
SN-1 SN

and thus
G(R)=—RN_1/ (Y3, Y)(R,0)dO
SN

L
s / / 101722 do rNdr,
SN—-1

Furthermore, differentlatmg the definition (3.56) of G, we obtain

(3.58)

G'(R) = —RNI/ IVY (R, 0)> + (Y(R, 0))>d6.
SN—I

Therefore
2G(R) + G'(R)
_ RN / (|VY|2 L Y24 2Y8,Y) (R,0)do
SN—I
AN +2) [+
N_-2
By Proposition 3.1 (b),

/ 10172y dorN " dr.
SN-1

C [t C
2G(R) + G'(R) < —4/ / Y2(r,0)dorN"ldr < —G(R). (3.59)
R R SN-1 R4

Thus
d c
—R[log G(R) +2R] <= (3.60)

Integrating, we obtain that log (62R G(R)) is bounded from above, which yields
(3.57).

Step 2: end of the proof. Let forr > 0.

b(r):rN_lf Y (r, 0)| d6.
SN—l
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By Step 1, b(r) and b'(r) are integrable on (1, +00). Thus b(r) converges to 0 as
r — +o00. Hence, for R > 1,

/OO b'(r)dr

R

5/ ((N— 1)rN—2/ Y (r, 0)|> dO
R SN71

+rN1/ 10, Y (r, 0) Y (r, 0)|d9> dr
SN—l

< CG(R) < Ce 2R,

Ib(R)| =

which gives (3.55). ]

2(N+2)
We will also need the following estimate on the L™~ = norm of Y, which is essen-
tially a corollary of Proposition 3.9 and its proof:

2(N+2
77(1\] 2)wR

’

2(N+2) e
VR > 1, / [ Y(x)| V2 dx <C
Ix|>R RaN

where gy = 4(N 1) if N =3,4and g5 =

Proof. We assume as before = 1. Let for J = (j,k),1 < j < k < N,
dp; = XjOx, — XiOx,;. We notice that the derivatives dy, are tangential to the spheres
rSN=1 and that the tangential component of the gradient, Vrv, satisfies |Vrv| <
% Y7 |Va,v|. Furthermore, each dp, commutes with A.

Step 1. Estimate on G
Fix J = (j, k) with 1 < j < k < N. In this step we prove

—2R
e
VR > 1, (1Y R 0) + 106, Y (R, 0)2) db < C
=1 [ (YRR + 1, Y (R OF) db <

(3.61)

Let
+00
G(R) = / / Vg, Y (r, 0)|* + 199, Y (r, 0)|* d0r™ 1 ar.
R SN—I
Using the argument of Step 2 of the proof of (3.55), we see that (3.61) will follow

from:
VR>1, Gy(R)<Ce R (3.62)

We next prove (3.62). We have

N +2

N+2 4
A(ang)—89,Y+m|Q|N7289,Y=—89, —|Q|N Y. (3.63)
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Proceding as in Step 1 of the proof of (3.55), we obtain
400 .
2Gy(R) + G, (R) §C/ / |Q|7=2(3p, Y)2d6 rV ' dr
R SN-1

e 4 (3.64)
+C/ / )ag, (|Q|m) Yagjy‘derN*Idr.
R SN-1

< C/R4. In view of (3.57), we

By Proposition 3.1 (b), |Q|ﬁ + ‘891 (|Q|ﬁ>

obtain
too 4 C +0o0
f f |07 (8, Y)*d0 r~dr < 27 / VY 2o rVar
R SN-1 R2 Jx GV
Ce—ZR
< .
)
and

C +00
erNldrf—/ / IVY > +|Y?d0 rNar
R3Jp  Jsn—i

Ce*ZR
S R3 .

[, Joloryar

By (3.64), we deduce
—2R

Ce
26(r) + G (R) < ——5—.

and thus

;iR (eZRGj(R)> < %.

Integrating between 1 and R > 1, we obtain (3.62).

Step 2. We prove the conclusion of the lemma in the case N € {3, 4}. By Sobolev
embedding on the sphere SV,

11 20v2) =CIfIl 2w-n :
L N=2 (§N-1) H N+2 (§N-1

IfN =3o0r N =420 <1 By(361),

N+2
2(N+2 N=2
/N | IY(r, 6)| V-2 d6 < C (/N I 1Y (r,0))* + |30 Y (r, 9)|2d9)
SN— SN—

C _2N+D)
< ———€ -2
— (N-DIN+2)
r N=-2
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where we have denoted |39 Y |> = )" ; |3p, Y |*>. Multiplying by ¥ ~! and integrating
between R and oo, we obtain the desired estimate when N = 3 or N = 4.

2(N+2) _ 14

Step 3. We next treat the case N = 5. Note that =5~ = 5. Since V=1 _ 8

N+2 — 7
1, it is tempting to differentiate a second time the equation (3.53) on Y to obtain L?
estimates on 8§Y and use a Sobolev inequality on the sphere S* to bound the L'4/3

>

norm. This is not possible because of the low regularity of | Q| 3 , and we will rather
use directly the equation (3.53) to get a bound on AY, then the H?-critical Sobolev
inequality on R,

Using the Sobolev inequality || f||14(s4) < CIl fll 154y We obtain, by Step 1,
and the same proof as in Step 2,

+o0 +00 2
/ |Y(r,t9)|4d9r4dr§/ (/ 1Y (r, 0)* + |89Y(r,t9)|2dt9) ridr
R 4 R s+

Ce 4R
< —-.
T

(3.65)

Let ¢ € C®°(R) such that () =0ifr <0and () = 1ifr > 1. Let
Yr(x) = ¢(lx| — R)Y (x).

By (3.57), and equation (3.53) (noting that all derivatives of x +— ¢(|x| — R) are
uniformly bounded for R > 1),

VR > 1, / (Y,% VYR + |AYR|2> dx < Ce2R.
RS

Using the H?-critical Sobolev inequality in R>, we deduce
f Y1%)dx < / Y (x)dx < Ce 1O, (3.66)
|x|>=R RS

The conclusion of the lemma follows from (3.65), (3.66) and the interpolation in-
equality
5

6 s
Il e = [FA AR TS O

3
3.3. Choice of the modulation parameters

Recall from the introduction the definition of Zp. By Lemma 3.8, Z9 C Z¢. The
nondegeneracy assumption (1.8) means that these two vector spaces are identical.

As before, we denote by Zj,...,Z,, a basis of Z¢p and Ej....,E,, elements of
Cg° such that (3.23) holds.
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Let A € R, Recall from (3.3) the definition of 84. We will denote by «9;1
*
the inverse of 64, and by (0;1> its adjoint. An explicit computation shows that

—1\* / Ni2
(02) @) = [det gy ()| 7 g (patx))

—(N+2) eSPc(x _ |x|2(1) (367)
glb+ T
1 —2{a, x)+ |al*|x|

X
— — |xla

(N+2)s
=e 2

In this subsection we show the following:

Lemma 3.12. Assume (1.8). There exists a neighborhood U of 0 in RN "La neigh-
borhood V of Q in H™', and a C', Lipschitz continuous map ¥ : V — U such
that,

VieV, Vi=1...m, <f ( wm) (E))H - /QE —0. (368
Remark 3.13. If f € H', then (3.68) is equivalent to

Vi=1...m, /(w)(f) Q)E,-:O. (3.69)

We will often use (3.69) instead of (3.68), but will also need (3.68) which has the
advantage of making sense for any f € H~!

Proof of Lemma 3.12. By Corollary A.2 (with = E; which is an element of S)
and (3.67),

<I>:(A,f)eBNte)xH_l(RN)n—)«f( )(E] /Q ) eR™
j=1l..m
is well defined and C!. Using Corollary A 2 again, we can differentiate
—1\*
o0 =[o(6:") &)~ [ ok,
under the integral sign, which yields:
oD N -2
—’(0,Q>=—f x-VO+——0Q|E
as 2
90, 2
500,00 == [ (W =200~ +Pa, 0 + 2xx - VO) E
1

—/axl.QEj

= /(Xeaxk — X0y, ) QEj,
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with ¢ (k, £) = i, where ¢ is the map appearing in the definition (3.2) of P.. By the
nondegeneracy assumption (1.8), we deduce that the differential map d;® (0, Q)
with respect to the first variable A is onto from RN to R”. If m = N’, this map
is an isomporhism of RV " and we can directly apply the implicit function theorem.
In the general case, Let L : R" — RV _be a right inverse of d;®(0, Q) (so that
di®(0, Q)L is the identity of R™), and <I>(B f) = ®(L(B), f). Then (taking a
smaller ¢ > 0 if necessary),

d:B"(e)x H ' > R"

satisfies the assumptions of the implicit function theorem. We deduce that there
exist a neighborhood ¢/ of 0 in R™, a neighborhood V' of Q in H™ ' and a C! map
W : V — U such that

VieV, (W), f) = (L), f)=0.

Letting W(f) = L o lTJ, we obtain a C! map that satisfies (3.68). It remains to
prove that W is Lipschitz-continuous on V. For this it is sufficient to prove that the
differential of W is bounded on V. Differentiating the relation ® (W (f), f) = 0
with respect to f, we obtain:

@19) (V(f), f) o (d¥(f)) + (3:) (¥(f), f) =0.

Next, note that (825)((1}(]‘), f) is the map g +— ((g ( q;(f)) (E; )>H*],H1)j=l...m’

and that (9, EIVD) (\3 (f), f) is an isomorphism of R, uniformly bounded (as well as
its inverse) on V. Finally, we obtain that W ( f), as a bounded linear operator from
H~! to R™, is uniformly bounded for f € V), which yields the result. 0

We conclude this section with a technical estimate, which says that under the non-
degeneracy assumption (1.8), in a neighborhood of a a non-zero stationary solution
0, the distance of a H' function f to X is well estimated by the distance of f to
0w () (Q), where W is the map constructed in Lemma 3.12.

Lemma 3.14. Let Q € X such that the nondegeneracy assumption (1.8) holds.
There exists a small constant 3 > O with the following property. Let f € H' and
S € ¥ such that

If = Qlig +1If = Sl < e (3.70)
Then, if A =V (f) is given by Lemma 3.12,

I f = 0a(D g1 =CIIf = Sllg- (3.71)
Proof. We will prove

IS =04l =Cllf = Slg, (3.72)

which obviously implies (3.71) (with a larger constant C).
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Since the map W of Lemma 3.12 is Lipschitz-continuous, we have |A| < Ce;.
Taking &3 > 0 small, we can use Corollary 3.7. By (3.28) and assumption (3.70),

lox' & =0 ., =S =61l
H!
<If =Sl +12 = 0a@ll i +1f = Qg BT

< Ce.

By (3.27) in Corollary 3.7

. (3.74)

/ 0 (S) — Q)E;

-], <c3°

By the definition of A = W(f), we have f (9;1(]‘) — Q) E; = 0 for all i, and
(3.74) implies

HQT(S)—QHH1 SCi: /(9;1(8)—9;(]‘)) Ei'

<Cl61 ) =0 (POllgi =CUIS = Flig,

which concludes the proof. O

4. Proof of the main result

In this section we prove Theorem 1.3. Let, for f € H!

d(Z, f):=inf{|lf — Qllg. Qex}. 4.1)
We will use the following proposition, proved in Section 5 below:

Proposition 4.1. Let QO € X satisfying the nondegeneracy property (1.8). Then
there exists g = 8o(Q) with the following property. If u is a solution of (1.1) with
maximal time of existence T and such that

E(u, 0u) = E(Q,0) (4.2)

luo — Oll g + llurll 2 < o 4.3)

sup d(X, u(?)) + [|0u@)| 2 < do, 44
1€[0,T4)

then T+ = +oo. Furthermore, there exists S € X, of the form S = 04(Q) with
A € RN close 100, such that one of the following holds:

S

u
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or there exists a (non-zero) eigenfunction Y of L, with eigenvalue —w* such that,
for some T > w,

| @), iu(®)) — (S + €'Y, —we™'Y) <Ce ", (4.5)

||I-'11><L2

Remark 4.2. Proposition 4.1 remains valid if Q = 0. In this case, S = 0 and
the linearized operator Ls = —A has no eigenvalue, so that (4.5) is impossible.
The conclusion of the proposition means that the only small solution of (1.1) such
that E[u] = 0 is 0, which is an immediate consequence of the critical Sobolev
inequality.

We will also need the fact, proved in Section 6, that the Lorentz transform of
a solution with the compactness property is also a solution with the compactness
property (see Proposition 6.2 for a precise statement).

We let u be a non-zero solution with the compactness property, so that there
exist A(t), and x(¢) such that

K={(A%—‘ (O)u (£, (1) +x (1), A2 ()0 (1, A7) - +x(t))), te(T_(u), T+(u))}
has compact closure in H' x L?

4.1. Reduction to the case of zero momentum

By Proposition 1.2, there exist Q € X, 4 € BN (1) and s, — T (u) such that

tim %21 () (50, ) 2 5)) = Qe O

n—oo

(4.6)

WY 500 1t 5 ) - 3 65)) = Qe O] =0
By Proposition 6.2, we get that u_, is well defined and has the compactness prop-
erty. Furthermore, in view of the proof of Lemma 6.12 (see Remark 6.15), there
exists a sequence of times {t,} such that (u_4(t,), d;u—_¢(t,;)) converges to (Q, 0)
(up to scaling and space translation). We deduce P[u_¢] = 0. As a consequence, it
is sufficient to prove Theorem 1.3 assuming

Plu] =0,

which we will do in the sequel.

4.2. Existence of the stationary profile

By Proposition 1.2, (1.2), and since P[u] = 0, there exists a sequence t,‘f — Ty (u)
and Q € X such that

Tim 255 6hu (6265 - +x6h) — 0+ [awh] 2 =0,

4.7
where Q verifies (1.8).
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Let M(Q) = {0(Q), 6 € M}.Tf (f,g) € H' x L?, we let dg be defined by

do(f,g) =inf{llf —60(Dllg + gl 6 €M} (4.8)
Claim 4.3.

(a) dg is continuous on H' x L%

(b) M(Q) isclosed in H';

© Y(f,@) e H' x L7, do(f,8) =0 < (f,8 € M(Q) x {0}.
Proof. Point (a) is elementary, and (c) follows immediately from (b). Let us
prove (b).

Let {Q,}, be a sequence in M(Q),and S € H' such that lim,, | Q,, — Sl =
0. We fix a small constant & > 0 and choose ng such that

Vn,pzno, [1Qn— Qpllg <e.

Forn > ng,welet A, = V(Q,) € RN/, where W is given by Lemma 3.12 with

Q = Qp,- Note that the sequence {A,},>,, is bounded in RV (by Ce¢). Extracting,
we can assume )
lim A, = A € RV with |A| < Ce.

n—oo

By Lemma 3.14 with f = S = Q,, O = 0Oy,, and taking ¢ smaller than the
constant g, of Lemma 3.14, we have

Qn = 04,(Qny) — 04(Cny).

Thus S = 04(Qy,) € M(Q) since Q,, € M(Q). O

4.3. Existence and properties of an asymptotic compact solution

We first prove two lemmas. We must show that (ug, u1) € M(Q) x {0}. We argue
by contradiction.

Lemma 4.4. Let u be as above, and assume that (ug,u;) ¢ M(Q) x {0}. Let
81 > 0 be a small parameter. Then there exists a solution w of (1.1) such that w
has the compactness property and

do(wp, wi) = 1 4.9)
vVt € [0, T4 (w)), do(w(@),drw(t)) < d. 4.10)

Proof. Step 1: construction of w. By Claim 4.3, (c), and since (ug, u1) ¢ M(Q) x
{0} we have dg (1o, u1) > 0. Choose 8; small, so that §; < dg(uo, u1). We have

Jim dou)), dqu(t)) =0. (4.11)
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By continuity of dg, if n is large, there exists #, such that

0<ty, <t 4.12)
Vi€ (ta, t;71,  do(u(), du(r)) < 8 (4.13)
do(u(ty), du(ty)) = 8. (4.14)

We let Vo

Wy (s, y) =1 2 (tn)u(tn + A(tn)s, x(tn) + )\(tn))’)’
where A(7), x(7) are given by Definition 1.1. By the compactness property, extract-
ing subsequences in n if necessary, there exist (wo, w1) € H' x L? such that

Tim_|(ws (0) — wo, 8w (0) = w12 = 0. (4.15)

By Lemma 6.10 (a), w has the compactness property.
Step 2. Proof of (4.9) and (4.10).

The equality (4.9) follows directly from (4.14) and (4.15) by the continuity of
do.
To prove (4.10), it is sufficient to prove that for all s in [0, 74 (w)), there exists
N (s) such that
Vi > N(s), ty+Aty)s <t (4.16)

The desired property (4.10) will then follow from (4.13), (4.15) and the continuity
of d 0.

We prove (4.16) by contradiction. Assume that there exists s € [0, Ty (w))
such that (4.16) does not hold. Then, since ¢, < t,f , extracting subsequences if
necessary, there exists a sequence s, such that

Vn, s, € [0, s]and t, + A(ty)s, =t . 4.17)
Extracting again subsequences, we assume
lim s, = 50 € [0, s].
n—oo
By long time perturbation theory,
lim |[(wy, (sn), 05wy (51)) — (W(seo), asw(soo))||H1xL2 =0,
n—>oo
that is

lim (,\N/Z*l(t,,)u (15, 2(tn) - +x(t0) s AN (60, (7, Mty) - —{-x(tn)))

n—oo

= (w(soo)7 8sw(soo))

in H' x L2. By (4.11) and the continuity of dg, we deduce dg (W(5x0), dsw(So0)) =
0. By Claim 4.3 (c), w(so0) € M(Q) and dsw(so) = 0, which contradicts (4.9).
The proof of the Lemma is complete. O
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We can choose §; in Lemma 4.4 so small that dg (wo, w1) = 81 < &y, where §y is
given by Proposition 4.1. As a consequence, there exists O € M (Q) such that

I (wo, w1) — (O, 0) |l 1,12 < So-

Since Q satisfies the non-degeneracy assumption (1.8), this is also the case for é
Combining with (4.10), we see that w satisfies the assumptions of Proposition 4.1.
By the conclusion of this proposition, 7 (w) = 400 and, since (wg, w) ¢ M(Q)
(by (4.9)), there exists § € M (Q) and Y such that

LgY = —0%Y, Y#0, w>0 (4.18)
Vi>0, (@), el gryz2 < Ce ™", (4.19)

where w1 > w is close to w and
e(t) =w(t) — S —e Y. (4.20)
We next prove:

Lemma 4.5. There existro, T > 0 and a constant C > 0 such that for alltg > T,

—_ot
sup  [|(Ve), 3e) 2 jmros oty < Ce . (421)
t>T_(w)

Remark 4.6. The bound (4.21) is valid for all ¢t € (T_(w), +00). However we will
use it only for 7_(w) < t < 1o

Remark 4.7. In the supremum in (4.21), ¢ can be negative, and thus, if |7_(w)]
is large, e~®" can be very large. However, in the region {|x| > ro + |to — ¢},
e~ 'Y (x) is small (see Claim 4.8 below).

Proof. We notice that f () = w(t)— S satisfies Btzf—i—LSf = Rs(f),where Rg(f)
is defined in (3.42). Thus £(¢) = f(t) — e~ “'Y satisfies

N +2
32e — Ae = N—+2|S|ﬁe+RS (e+e7'Y). 4.22)

In the sequel, we denote by x4 the characteristic function of the set {(t, X) €
RN*L st x| = ro+ |t — tol}. We will need the following bounds, proved in
Appendix D, which are consequences of the estimates obtained in Section 3.2.4.

Claim 4.8.

N+2  2(N+2) N+2 2(N+2) N+2  2(N+2)
N—

XrosyS € LNIL N1 = [N <R,L N2 (RN)), Xrope “'Y € LN1L N2
c

Ixr0a0S| wig 2gvsn < T [xroane™ Y| wag 20ve2

< Ce@W0tr0)

N=2] N=2
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By Strichartz estimates and the local well-posedness theory for (1.1),

N+2 2(N+2)

weLV? ((T_(w), to0), L°N=2 )

loc

N+2

5 2(N+2) . .
Thus e € L ((T_ (w), +00), L N2 ) Using Claim 4.8, we deduce

_ N+2 4
(RS (e +e7Y) + 518172 3) Xromo € LI ((T_(w), +00), Lz) .

We define € as the solution, in the integral sense, of the following equation:

N+2 4
3%F — AT = Rs (e + e @Y)+ ——|S|¥2¢
t ( S( +€ )+N—2| | )Xro,to (423)
(€, 0,8) M=ty = (&, 0€) It=ty-
By Strichartz estimates,

&, 3,8) € C° <(T_(w), +oo), H' x L2)
and (4.24)
_ %—*5 2N42)
Fe Ly ((T-(w), +o0), LW).

By finite speed of propagation and equations (4.22) and (4.23), ¢ = € almost every-
where for (x, t) such that |x| > rg + |t — ty], and we can rewrite (4.23) as

N+2 a4
3 — AE = (Rs E+eY) + —IS| N425) Xro.to

N-2 4.23)

(€, 018) 1=y = (€, 01€) j1=1¢-

We shall prove that there is a large constant C > 0 such that if o and #( are large,

IEl nao avia + sup IE@), BED) 1,2 < Ce™@ 0. (4.25)
LN=2 ((T-(w).+00):L N2 ) 1oT_(w)

We will use a bootstrap argument. Let I C (7—(w), +00) be an interval such that
to € I and

_ o+
IEll w2 w1y < Me™® fo (4.26)
LN (I;Lizvfz )
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(M will be specified later). We will write x = X010, L(1) = L5 (I = (]RN )
to lighten the notation. By Strichartz estimates, (4.19) and equation (4.23"),

€l Ly + sup 1E@), JE@) | g1y 2 < Ce 0
tel

+C ||RS(§+e_th)X”L1(1’L2) “4.27)
4

 isive|

+ 151 ¢ LY(1,L2%)

(here and until the end of the proof, C denotes a large positive constant, that may
change from line to line and is independent of M). By the pointwise bound (3.43)
on Rg and Holder’s inequality

”RS(E +e V)X ”Ll(l L?)
(”SX”L(I) H(‘9 +e th)X”L(I) + ”(8 +e Yy ”L(l))
Combining with Claim 4.8 and the bootstrap assumption (4.26), we obtain

” Rs(E+e ™Yy ||L1(1,L2)
(4.28)

1
==
o

<M26—2w+t0+e—2w(to+ro)>+M%+%e % 2‘” t0+ %a)(lo-‘rro) .

On the other hand, using again Holder’s inequality, Claim 4.8 and the bootstrap
assumption (4.26),
o N2 )= C . ot
|isiwteex],, , 0 = CUSKIEG Bl < SMe ™. @29

L\(1,L?) — 5

Combining (4.27), (4.28) and (4.29), we obtain that there exists a constant Cy > 0
(independent of the choice of M) such that

€Ly + sup 1E@), BE) 112
rel

M M? N2 N2
S CO (e—w+l() + _ze—a)+t0 + ﬂ —26!) to + MN+26 et 26!)+l()
g e (4.30)
0

I _ _N42

+ ——e 2w(to+ro)+e N5 @ (to+ro) )
2

o

We let M = C¢ + 3, choose ro > 0 so large that
CoM

17
o
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then choose 7' > 0 large, so that

6—N
2

M? N+2 _ N+2 1
CO( — €_2w+T+MN_+2€_N_+2w+T+ e—2w(T+r())+e N 2w(T+r0) a)+T <1
2
rO I’O

Then,iftg > T,

(4.26) = sup [|(€(1), el g1y p2 + €N L) = (M — De~®™™.  (431)
tel

By (4.24), €1l L(tg—n.104+m) = Me="10 for small positive . Letting
_ —ot
o = sup {f > to, I€llLg.0) < Me™® to},

we obtain by (4.31) that ||g]| 1 ((z,0)) < (M — 1)e““+’°, and thus ¢ = 400 and, by
4.31),

sup |(€(1), 0@ g1y 2 < (M — l)e—wﬂo‘

o<t

Using a similar argument for times ¢ < 7y, we deduce (4.25). Since ¢ = ¢ in the
region |x| > rg + |t — ty|, we obtain the conclusion (4.21) of the Lemma. O

4.4. End of the proof

We next close the proof of Theorem 1.3 by an energy channel argument. Let w be
the asymptotic solution, satisfying the compactness property, defined in the preced-
ing subsection. We will prove that

liminf |3, w(z 0,
zir?_l?w) 10 w(t)ll 2 >

contradicting Proposition 1.2. Let r € (T—(w), 0]. We have
Jw(t) = —we 'Y + 9,e(t).

Hence
1

) 2
f Bt )| dx
ro+t—to|<|x|<ro+|t—to|+1
1

r0+|t t()H—l 2
/ Y2(r,0)e 2 dorVN " dr
ro+|t—to| SN 1

Q|>—-

2
EXIe x)|2dx>

/ro+|t fo|<|x|<ro+|r—to|+1
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By Corollary 3.10 and Lemma 4.5 we deduce that if 70 > T, and rp is as in
Lemma 4.5,

1 [ fro+li—nol+1 1/2 .
I, w(®) 2 > = / e 20 p20r gy —Ce @10
C ro+|t—to|

\%

> Le—w(fo-i-ro) _ Cze_w+t0,

Ci

for some constants C1, C>. We have used the fact that 7 is negative, so that |t —#| =
to —t. We fix tgp > T such that 2%,16_“”0 > Che~ @ =™ and obtain

1
Vi e (T-(w), fo],  [[dwl2 = ———e @00,
2Cy

Since P[w] = 0, we must have £ = 0 in Proposition 1.2, which shows that

Tim 3wl 2 =0,
a contradiction. The proof is complete. 0

4.5. Rigidity result with an additional bound on the solution

We prove here the following consequence of Theorem 1.3, which is a corrected ver-
sion of [16, Theorem 2]. See also the corrected arXiv version arXiv:1003.0625v5,
where a proof independent of Theorem 1.3 is given. We recall from (1.3) the defini-
tion of the radial stationary solution W, that satisfies the nondegeneracy assumption
(1.8) (see e.g. [19, Remark 5.6]).

Corollary 4.9. Let u be a solution of (1.1) with the compactness property. Let
L = —Plu]/E[u]. Assume that one of the following holds:

2N —2(N — D¢
limsup [ V()| < W= DI o 2, 4.32)
t—T+(u) — |2
or
2 2
limsup [Vu()|7> + (N = D][du@® |3 < ———=|VW|7,.  (433)

t—T%(u) V1 |l),|2

Then there exist xo € RN, 1y € {—1, +1} and Ay > O such that

N _
u(t, x) = 10h¢  Welhot, Aox + x0),

where £ = —Plu]/E[u] is an element ofBN(l) by Proposition 1.2.
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Remark 4.10. Note that

- 2N —2(N — 1)¢? 4N —1
n - b
0é4<1 N1 — 22 N

which shows that Corollary 4.9 implies Theorem 2 of the arXiv version of [16].

Proof of Corollary 4.9. Let u be as in Corollary 4.9, and QT € X be given by
Proposition 1.2. According to Theorem 1.3, and since W satisfies the nondegen-
eracy assumption (1.8), it is sufficient to prove that Q7 is equal to W up to sign
change, space translation and scaling. We recall (see [16, Proof of Lemma 2.6]):

0cTand [VOI2, < 2IVWI2,

Nz

= Jip € {—1,+1}, >0, xg € RV st. 0(x) = i 71W()»0x). (4.34)
We are thus reduced to prove
IVO™II7, < 2IVWI3.. (4.35)
Recall that N
IVOtI7, =107 i

Let j = 1...N. Multiplying the equation —AQ" = |Q+|ﬁ Q7 by x;9,,0"
and integrating by parts, we obtain

1
185, 071172 = S IVO I

We deduce by direct computations

N — (N =€ )
IVOF )7, = ———=—IIVOT]
L L2 N /1 — |€|2 L2
¢
18, QF ()17, = VO™,

N1 — €2

Thus we see that (4.32) or (4.33) implies, together with the conclusion (1.4) of
Proposition 1.2, that (4.35) holds, which concludes the proof of Corollary 4.9. [

5. Convergence to a stationary solution by modulation theory

This section is devoted to the proof of the Proposition 4.1.

We divide the proof into two steps: in 5.1, we prove that u converges expo-
nentially to a stationary solution; in 5.2, we conclude the proof. The proof relies
on modulation theory and precise asymptotics on approximate linear differential
systems.



NONRADIAL WAVES WITH THE COMPACTNESS PROPERTY 771

5.1. Exponential convergence to the stationary solution

In this subsection, we prove the following proposition, which is the first of two steps
of the proof of Proposition 4.1.

Proposition 5.1. Let u satisfy the assumptions of Proposition 4.1. Then T4 = +o0.
Furthermore, there exist S € X, of the form S = 04(Q) with A € RV close to 0,
and w, C > 0 such that

Vi >0, (@) —S,u@)lgi 2 <Ce .

In all Section 5.1, we consider a solution u as in Propositions 4.1 and 5.1, and two
small parameters, g, ro > O such that

0 <d) <rp < 1.
5.1.1. Modulation of the solution

By our assumptions on u,

luo — Qllg1 < do. (5.1)
Let ro > 0 be such that By (Q,r9) C V, where V is the neighborhood of Q in
H~! given by Lemma 3.12. Let

Ty = inf{t € [0, 7o) st. lu(t) — Qll 1 > ro}. (52)

If |u(®) — Qllgn < roforallt € [0, Ty), we let Ty = T. We can choose &y such
that 0 < 89 < ro/2, which implies by (4.3) that Ty > 0.
Ift € [0, Tp), we let A(¢) = W (u(t)) (¥ given by Lemma 3.12), so that

Vi=1,...,m, /h(t,x)Ej(x)dxzo, (5.3)

where
h=0"w - Q. (5.4)
By Lemma 3.14 and (4.4)

Vi €[0,To), Nh@)lg = [u@®) =040 (Q)] g1 < Co. (5.5)

Since ue CX([0,T4), H ' (RV)), we know by Lemma 3.12 that A € C1([0, Tp),R™).
Furthermore (using the Lipschitz continuity of the function W of Lemma 3.12),
lA@®)|| < Cro. Let

aj(z)=/h(z)Y-, ﬁj(z)=/atu(z)(9;(1t))*r, j=1L....,p (56

8(t) = (5.7)
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Lemma 5.2. There exists C > 0 such that
1
vt € [0, Tp), el (1B:u() | 2 4+ A 1) < 8@) < CllR@) | g1 (5.8)

Proof. The inequality at the right-hand side of (5.8) follows immediately from the
definition of § (7). Let us show the other inequality.

By conservation of the energy, we have, for ¢ € [0, Tp),

E(Q.0) = E(t), d,u(0) = E (034, (1), u(®)) = E(Q + h(t), du(r))

and thus
E(Q,0) = E(Q,0) + % /((’itu(t))2 + Qoh() + O (Ilh(t)lliNzN) . 69
Hence:
/(a,u(t))2 + @9 (h(t) — Xp:aj(t)yj> < Cllh@)7, +C8@).  (5.10)
=
By the definitions of A, i and « ;, we have

/(h(t) - Xp:aj(t)yj)Ek =0, k=1,....m,

J=1

P
/ (no - Za.,-(t)x,-)yg =0, t=1,...p.

Jj=1
By Proposition 3.6,

2

h—Xp:Olej
j=1

p
<Cdg (h —~ Zajyj) :
j=1

H!

Hence, by (5.10),

/@mﬂ+

< CllhlP,, + C8*@).

h— ianj
j=1

2
H1
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Noting
2 2
) p p p p
IO =D ¥ +h =) a;Y; 2 Nl it | =3 ey
Jj=1 Jj=1 gt \J=l Jj=1 Al
p 2 p 2
<ali-San| +2(Swnnly)
Jj=1 Al j=1
» 2
<2(h=) a;¥;| +C8%
J=l Jid
we obtain the left-hand inequality in (5.8). O

Lemma 5.3. There exists C > 0 such that
Vi €[0,To), (A0 < Cs@).

Proof. Note that A(t) = W (u(t)), where W is a C! map from H~! to RV, Differ-
entiating, we obtain

, du
A = @¥) @)

and thus, using the uniform bound of dW in the proof of Lemma 3.12,

At <C”d—u < Cé(t
A"(D] < T <Cé@),

du
<C|=
=c|G

H-! L?

where the last inequality follows from Lemma 5.2. O

5.1.2. Reduction to an approximate finite-dimensional linear differential system

Lemma 5.4. Under the assumptions of Propostion 4.1, let oj, Bj and § be defined
by (5.6),(5.7). Then aj, B; € C([0, Tp), R) and

o0 - B ()] = C8*0) (5.11)

B0 — wla;(0)| = € (140180 +8®)). (5.12)

Proof. We have

() = —/QYj+/u(t) (010y) (v and ;) =/a,u(z) (930y) .
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and the fact that o ; and 8 are C Ifollows from the fact that u € C2([0,Tp), H ' (RV),

A e CY(0, Tp), RN /) and Corollary A.2 with = Y;. Differentiating under the
integral defining «j, we obtain

o (1) :/a,u(t) (GA(lt)>*(Yj)+/u(t)% ((93)) @»)- (5.13)

Bj ()

We note that the second integral is equal to

/ i @) (6am)” [%(( ) ))]

‘We have

(6ac)” (% ((e)" 0 )))

e (a0)" (738) ) e
= i (0a) ),

where, in view of point (e) of Proposition 3.1, t +— B(t) isa C! function such that
B(0) =0.
Using Corollary A.2, we get that

o) (5 ((ab)" )

is a linear combination of terms of the form T*Y;, where T is one of the trans-
formations defining Z: Oy s XjOx, — XkOx;, (2 — N)xj + |x|28Xj —2xjx -V and
NT_Z + x - V, we deduce:

/ 2 (0a0)” [% ((90) @p }=Z f V(D ZiY) =0,
k:1

where for k = 1...m, y,(t) € R. Using the definition of &, we get 9;(11) (u(@)) =
h(t) + Q and thus

V”(”%( (03n) @) ‘ Vh“) (o)’ %((9;5))*@)‘
(QA(t))* % ((97(11))* (Yj)>
%((9&0) 7)

< C|A'(1)|8(1) < C8%(1),

= CllhON 2n,

< Cs(r)
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by Lemmas 5.2, 5.3, and Corollary A.2. Hence (5.11).
We next prove (5.12). We have

B(1) :/a,zu(z) (GA(II))*(Yj)Jr/atu(z)% ((eg(lt))*yj), (5.14)
and

< Clloru(@)| .2

% ((62ir) 72)

9 1/ i \*
‘/ g ((0n) Vi)
< Clau®l214 @),

by Corollary A.2. By Lemma 5.2 and 5.3, the right-hand term of (5.15) is bounded
by C8%(¢) for a constant C > 0. Let us consider the first term in the right-hand side

of (5.14):
fa,zu (9;1)*(1@) :f(Au+|u|N4—zu) (e;l)*(yj).

We fix ¢ and denote, to simplify the notation,

12 (5.15)

O Py (x — a(@)|x[?)
1 —2(a(t), x) + la(®)?|x|?’

p(x) = @ap)(x) =b(t) +

Recall that N
| det ¢/ (x)| = M |i—| — x| (5.16)
and (see (3.9))
_2 Zoys —(N=-2)
Oa(f)(x) = |det¢/(x)|g7f(¢(x)) =7 |;C_| —alx| Sfp(x)).

Using that, by the definition (5.4) of #,

1= 0400 +h) = | det(¢(x))| T (Q + h)(p(x)),
Au = | det(/ (x))] 2 (A(Q + 1)) (g(x)).

we obtain
[afu (o),
;o Nt2 4
= [ [detg (x)| 2V (Au + [u| ¥2u)(x)Y;(p(x)) dx

= [ 1detg/ ol (AQ + b 10+ WTHQ + ) (00T (00 d

= / ‘dew/ (fp‘](y))

2

¥ (=Loh + Ro()(»)Y;(y) dy,
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where R is defined in (3.42). Hence

fafu (o) v = —/ LohY; +f (1 - 1det<p’<<p—1<y>>(’%) Loy,

2
¥ f )dew/«a—l(y)))N Ro(h)Y.

= Cllh||*> ,y < C&2. Note that x =

(5.17)

LN-2
o () = lez =a+¢é P,C| b|2 Thus
1 B ‘ e*P_.(y —b)
lo=1(»)| ly — b
and
') e P_c(y —b) e
[ panv R 2 = :
lo= (I ly — bl ly — bl
As a consequence (see (5.16))
“1(y) -
det(e/ o™ L —ale™' o)
le= (I
—1 —4
oo 1 (O
|‘P71()’)|4 |(p_1(y)|2

2
=¥ (|a|2|y —b*+ 2<a, eP_.(y— b)) + ezs) .

Let us denote by g(A, y) the expression on the last line. Note that g(0, y) = 1 for
all y,and that |[V4gl| < Cx(1+ |y|4) if A stays in a bounded set K of RV . Hence,
if |[Al <1,

et/ o] -

vy (‘det (cp’(so’l(y)))

Going back to (5.17), we get

/a2u(9A )*(Y)) — /hY

4
< CIAI/ |QIV=2|h Y| + IVAI (IVY;] + IYjI)) 1+ yh?*

1| =clar(t+rt).

Similarly,

2
N) < CIA|(1 + |yP).

+C |+, IROMI Gy,

= ¢ (50141 +820))
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by Lemma 5.2 and the decay properties of Y;. Combining with (5.14) and (5.15),
we get (5.12). ]

5.1.3. Exponential decay for a linear differential system

In this subsection, we consider approximate ordinary differential systems of the
form (5.11), (5.12).

Lemma 5.5. Let 0 < wy < ... < wp be real numbers. There exist 3 > 0,C3 > 0
(depending only on the wjs) such that the following holds. Let Ty € [0, 4+o00] and,

consider, for j =1...p,a;, B; € CI([0, To), R). Let

P
y@) = | Y a0 +18;0)?
-

J

and assume

[Vllo = sup y(r) <o0 (5.18)
t€[0,Tp)
Viel...p, Vtel0,Tp), |a;(t) —Bi®)| <e3y() (5.19)
Vjiel...p, Vtel0,Tp), |ﬁ}(t) — w?aj(t)| < &3y(1). (5.20)
Then
To
/ y(@)dt < C3lY lloo- (521)
0
If moreover Ty = 400 then
lim e?'y(t) = 0. (5.22)
t——+00

Proof. Step 1. We let
P 2
Ex(t) =) (B;() + wjo;(1)".
j=1

Note that |
y2(1) = 5(E+(t) + E_(1)). (5.23)

Ift € [0, Tp),

S

Ey(t) =2 (Bj(t) £ ;i) (Bj (1) £ wja; (1)).

j=l1
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By (5.19) and (5.20):

P
EL()=2) w;jBj0)+ w,-a,-(z))2|

j=1

p
< 22((1)]- }a; —,Bj‘ —I—a)jI,B} —a)?ajl) |,Bj —I—a)joej|
Jj=1

)4 P 2
<2 Z(,Bj + wja;)? Z (wjla} = Bjl+wjlB; — w?“ﬂ)
=1 =

< Ce3y/ EL()y(1).

Chosing €3 small enough, we get

E,(t) = 201 E4 (1) — %\/Em)y(r) (5.24)
and similarly
E' (1) < =201 E_(t) + %\/E_my(r). (5.25)

Step 2. We show that for all 7 € [0, Tp),

Ei(t)> E_(1) = VYt € [1, Ty), EL(t) > E_(1). (5.26)

We argue by contradiction, assuming that there exist T € [0, Tp) and ¢ € (7, Tp)
suchthat £, (t) > E_(r) and E4(t) < E_(¢). Let

o:=inf{t € [, Ty) st. EL(t) < E_(t)} > 7. 5.27)

Ift € [tr,0],then E4(¢) = E_(t), and thus, by (5.23), E_(¢) < yz(t) < Ei(1).
Combining with (5.24) (respectively (5.25)) we get

ROESNG (5.28)

and |
E' (1) < §w1E+(t) (5.29)

Thus, if # € [r,0], E/ (t) > E’ (¢), which contradicts the facts that E () >
E_(r)and EL(0) < E_(0). Step 2 is complete.

Step 3. We show (5.21). By Step 1, there exists t € [0, Tp) such that:

Vte (0,7), E_(t) > EL(t) and Vte (r,Tp), E_(t) < EL(2). (5.30)
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We take T = 0if V € [0, To) E_(t) < E4(t) and T = Ty if V¢ € [0, Tp), E_(t) >
E+ (D).

Estimate on [0, 7). Assume T > 0. Then
Vi €[0,7), E4(t) <y*(t) < E_(1). (531)

Hence by (5.25), E’ (¢) < —%E_ (z) which yields, (using (5.23) again to get the
last inequality)

Vi e[0,7), y2(0) < E_(1) <e 3VE_(0) <22 |y |2, (532)

AS a consequence
T T = 4ﬁ
/y(r)drsﬁuynoof T dt < =Y oo (5.33)
0 0 w1

Estimate on [t, Ty). Assume T < Ty. Then
Vielt, o), E_(t) <y*(t) < E4+(). (5.34)

By (5.24), E/ L) = 3“)' E (), which gives, fixing T € (z, Tp),

Vielr,Tl, E4(T) =3 T DE (1) > e31T-Dy2p), (5.35)

As a consequence

T T T
/ y (tdt 5/ VE+(0)ei” Dy < «/§||y||00/ ploa=1) 4
! —00
4v2

= —”V”oo

3w

Letting T — Ty and combining with (5.33), we get (5.21) with C3 = ‘[.

— 3w
Step 4. In this step, we assume Ty = +o00 and prove (5.22). We first note:
vVt >0, E_(t) > E4(1). (5.36)

(in other words, the parameter T of Step 3 is equal to +00). If not, by Step 2, there
exists T > O such that forall t > 7, E;(¢) > E_(¢). Then by (5.24) and (5.34),

E < 3’”1 E on [t, +00) which implies

3
Vi>1, E(t)>e2?"DE, (7).

Since E(t) > 0, this is a contradiction with the fact that y is bounded. Hence
(5.36). As a consequence of (5.36), the estimate (5.32) is valid on [0, +00) which
concludes the proof. O
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5.1.4. End of the proof of the exponential convergence

We are now ready to conclude the proof of Proposition 5.1. Let u be as in this
proposition. We proceed in several steps.

Step 1. Closeness to the stationary solution. Recall from (5.2) the definition of
To. We show (assuming that ro and §o/ro are small enough) that 7o = T, where
by definition 7y = T (u). By the definition of A(#), and since the function ¥ of
Lemma 3.12 is Lipschitz-continuous, we have

vt €10, To), (A =< Cro. (5.37)
Chosing ro small, we see that (5.11) and (5.12) imply that o; and B; satisfy the
assumptions of Lemma 5.5. Thus, by (5.21),
To
/ 8(t)dt < C3 sup (8(!) + ||8,u(t)||L2) <Céo (5.38)
0 1€[0,Tp]

(the second bound follows from (5.5) and (5.8)). By Lemma 5.3, since by the
assumptions of Proposition 4.1, ||u(0) — Q|| < o ,

vt € [0, Tp), |A(t)] <|A0)|+ C8y < C', (5.39)
for some constant C’ > 0. Recalling (5.5):
Vi €[0,T0), |u®) —60aQ| 51 < Céo. (5.40)
and combining with (5.39), and (3.28) in Corollary 3.7, we obtain
Vi €[0,Tp), |lu@®) — Qlljy < Céo. (541
Taking &o/ro small enough, we deduce:
Vi €[0,T0), lu() — Qlig =ro/2, (542)

which, by the definition of Ty, implies Ty = T, concluding Step 1.

Step 2. Global existence. We next show T = +o00.

Assume by contradiction that 7' is finite. Since by Step 1, T} = Tp, we have
lu(®) — Qllz1 < ro forall t € [0, Ty). This gives a contradiction by a standard
local well-posedness/stability result around Q if rq is small enough.

Step 3. Convergence to a stationary solution. We conclude the proof of Proposi-
tion 5.1, proving that there exist Ay € RN ’, close to 0, and w, C > 0 such that
S = 04,(Q) satisfies

Vi >0, Nu@) —Slg +18u@®l, < Ce™.
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Indeed, by Lemma 5.5,
lim e“"/?5(t) = 0. (5.43)

t—+00
By Lemma 5.3, A(¢) has a limit Ag as t — 400, and
IA@) — Aoll < Ce™1'/2, (5.44)
Let S = 64,(Q). Then
@)l 2 + Nlu@) — Sl < 10u @)l g2 + lu(®) — Oy (Dl g1
+ 11041 (Q) — 04, (D)l g1
<Cs@) + H (O 9;019A(,)QHH1 < Ce™®1/2,

where the bound by Cé(¢) at the second line follows from Lemma 5.2. O

5.2. Expansion of the solution
We next conclude the proof of Proposition 4.1, showing:

Proposition 5.6. Let u be a solution of (1.1) such that T4 (u) = +o00, and there
exist S € X, and C, ¢ > 0 such that

Vi >0, fu@)—Sllg + 0@l < Ce™*. (5.45)
Then u satisfies the conclusion of Proposition 4.1.

Remark 5.7. The proof of Proposition 5.6 bears some similarities with the one
of Proposition 5.1, however the settings of the two proofs are different and it is
convenient to separate the two results. Note that in the proof of Proposition 5.6, in
contrast with the proof of Proposition 5.1, the solution is expanded around the limit
S of u(¢) (not around the stationary solution Q which is close to the initial data),
and is not modulated. Note also that in Proposition 5.6, we do not need to assume
that § satisfies the nondegeneracy assumption (1.8).

Proof.

Step 1. LetYy,...,Yp,01,...,0p,2Z1,..., 2y, E1, ..., Ey be as defined in Sec-
tion 3.2.2 (with Q = §). Let

O’,‘(l‘)=/Y[(u—S), p_,-(t):/Ej(u—S), i=1...p, j=1,...m.

Define:
14 m
h=u-S, g=u-S=Y o¥i—> pjZj (5.46)
i=1 j=1
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and note that
vVt >0, /gYi:/gEj:O, i=1l...p, j=1,...m. (547

By energy conservation, E(u, d;u) = E(S,0). In view of expansion (5.46), we
obtain

1 2 1 - 2 2 3
5||atu||L2+cbs<g>—5;wia,- < ClIRI

(see (5.9), (5.10) for a similar argument) and thus, by (5.47) and Proposition 3.6,
2 L 2 2 1 2 3
ll0ruell; —;wiffi +Ellg||H1 ECllhllL%, (548)
We let

® = sup {a >0, t_l)iTooem (||8,u(t)||Lz + ||h(t)||1_'11) = 0} € [0, oo].

By assumption (5.45), w > 0. We note that
)4
— : ta . —
w=supia>0. lim e ]Z:;wj(m_o . (5.49)

Indeed, let us temporarily denote by @ the right-hand side of (5.49). Clearly, w < .
Leta < @. Then

P
D lojn)] < Ce™™.
j=1

By (5.48) and the definition of w,
oru + —a 5
|| t (t)||L2 ||g(t)||l2 <‘€ l+( e 4(Ut'

As a consequence, ()] = |[ E;jdu(n)| < Ce™ + Ce™'. Integrating, we
get [pj()] < C (e*‘” + e it ) Combining these estimates with the expansions
(5.46) we deduce a < w. Since a is arbitrarily close to @, we deduce & < w,
concluding the proof that w = ®.

In the sequel, if w is finite, we will denote by w™ a positive number such that

@~ < w, arbitrarily close to w and that may change from line to line. If ® = oo,
™ is a large positive constant that may change from line to line.
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Step 2. Let j € {1,..., p}. We prove that there exists C > O such that
Vi 20, oy +loh(n)] < C max (e*wﬂ, e*Zw”> . (5.50)
Furthermore, if 2w > w}, there exist §; € R, and C > 0 such that

Vi >0, |ojt)—Sje <Ce™® ' (551)

G]/-(t) + a)ije_‘”j’

Indeed, let 0, +(¢) = a;.(t) T wjoj(t). Using

o} (1) :/Yja,zu = —/YjLS(h)—/Ysz(h),

/(1) — aj(z)‘ < C||h|| <Ce 27,
2

we get

Thus
‘U},i(f) F wjffj,i(t)} <Ce 2, (5.52)

Let us prove (5.50). We have

< Ce—(2w7+wj)t‘

d , _,.
)
Integrating between ¢ and 400, we get
|oj+()] < Ce 1. (5.53)
Similarly

d -
— (e”'aj_(1))| < Ce@i=2 )t (5.54)

dt

Integrating between 0 and ¢, we obtain

|o0j,—(1)] < Ce ™" + Ce . (5.55)

Combining (5.53) and (5.55), we obtain (5.50).
Next, we assume 2w > w; and prove (5.51). We can take ™ < w so that
20~ > wj. By (5.54), ¢“i'o; _(t) has a limit £ as r — 400, and

|oj—(t) — e @i'e;| < Ce™ 1. (5.56)

Combining (5.53) and (5.56), we get (5.51) with §; = —jjéj. Step 2 is complete.
Step 3. In this step, we assume that

Viell,...,p}, o;#o, (5.57)

and we prove that u = S. We will need the following Claim, whose proof is
postponed to the appendix.
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Claim 5.8. Let S € X. There exists v = v(S) > 0 such that for all solutions u of
(1.1) such that T4 (u) = +o00 and

dim e () = Sl + 18,0 2) = 0. (5.58)

we have u = S.

By Claim 5.8, it is sufficient to show w = co. We prove this by contradiction,
assuming that @ < oco. We will prove that there exists @™ > @ such that, for all
jefl, ..., p},

o] + [o(1)] < Ce™™, (5.59)

contradicting the definition (5.49) of w.
Let j € {1, ..., p}. We distinguish two cases.
If o < wj, then (5.59) follows from (5.50), taking w < ot < max(w;, 2w™).
Assume now @ > ;. In this case, (5.51) holds. Furthermore, by assumption
(5.57),w > wj, and thus

Tim " (lo; ()] + 10} (0)]) = 0.

As a consequence, the real number S in (5.51) must be 0, wich proves again (5.59),
concluding Step 2.

Step 4. In this step, we assume that there exists k € {1, ..., p} such that v = wy.
We define the following subsets Jo, J+ and J_ of {1, ..., p}:

Joz{j, a)jza)}, J_={j, w;j <a)}, J.,.:{j, wj >a)}.
We first prove that there exists @t > w such that

jeJUJ.=3C >0, Vi >0,

00|+ |ojn| = e (5.60)

If j € Jy, then (5.60) follows from (5.50). If j € J_, then (5.51) holds. By the

definitions of J_ and w, we must have §; = 0 in (5.51), and (5.60) follows again.
We next notice that if j € Jy, then (5.51) holds for some S; € R. Furthermore,

in view of (5.60) and the definition (5.49) of w, there exists j € Jy such that §; # 0.

We let
Y(x) =) S;Y;,
J€Jo

and note that Y # O and LpY = —w?Y. By (5.51), (5.60) and the above consider-

ations,
P

o} — 2ot ()| = cem (5.61)

j=1



NONRADIAL WAVES WITH THE COMPACTNESS PROPERTY 785

and

<Ce @', (562)
L2

V>0, +

H!

aj’- (DY +we 'Y
1

J

p

P

ZUj(l‘)Yj —e Y
j=1

It remains to prove:

< Ce @', (563)

m
Ve =0, gl + Y 1ol +
- p

j=1

)4
du(t) — Za;.(r)yj
j=1

Note that d;u = 0;h = Zf’zl olY; + 27:1 p;Zj + 0,g, and, from (5.47) and the
orthogonality properties of the functions Y; and Z;,

m
Viell,...,pl /Yi (Zp}zj+3zg> =0.

Jj=l

As a consequence,

2
p m
2
N3l =D 0>+ | 03z + drg (5.64)
i=1 j=1 12
By (5.48),
m 2 )4 ’ )4 ) o 1 ) -
’ / _
Z/szj+8,g +Z"i _Zwiai +E||g||H1 <Ce™ 1,
j:l L2 i=l1 i=l1
Combining with (5.61), we deduce
m 2
_ +
gl + > 0iz; +og| <e 2. (5.65)
Jj=1 L2

Since fork = 1...m, p; = fEk(Z’;’Zl p}Zj + 3;g), we obtain |p;| < Ce=®'1,
and thus
()] < Ce™™". (5.66)

Combining (5.64), (5.65) and (5.66) we get (5.63), which concludes the proof of
Proposition 5.6. O
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6. Lorentz transformation

In this section we prove that the Lorentz transform of a solution of (1.1) with the
compactness property is well-defined and is a solution of (1.1) with this property.
We consider without loss of generality a Lorentz transformation with a parameter
£ which is parallel to ¢; = (1,0, ...,0). We first need some notations. Let £ €
(=1, +1).If (s, y) € R x RN we define (¢, x) by

s+4Lyr y1+4s y’)
Vi—2 12
where x' = (x2.....2n).¥ = (y2. ... yx). Thus (s, y) = ¢ (t. x) = (%

LZZ, x/ ) We recall that the Lorentz transform of a global solution u is defined

(1, x) = ¢u(s, y) = ( (6.1)

A 1=t
by
t,) (t_“‘ ol ) (6:'w0).  ©2
ue(t,x) =u , X ) =u ,x) ). .
VI—2 J1-@22 ¢
2(N+1)

When u is global in time, u, is well-defined (say, as an element Llolz’z (RN+1y)
and, at least in the distributional sense, a solution of (1.1). In this section we prove
that 1, is indeed a solution of (1.1) in the usual sense:

Lemma 6.1. Let u be a global, finite-energy solution of (1.1), and £ € (-1, +1).
Then uy is a global, finite-energy solution of (1.1).

The conclusion of Lemma 6.1 seems to be folklore knowledge and has been
used in the literature before without any proof that we were aware of. We provide a
proof here to close this apparent gap.

Next consider a solution # = u(s, y) of (1.1) with the compactness property,
and (s, sT) its maximal interval of existence. Recall that s* = +o0 or §sT = —00.
If sT < oo, then s~ = —oo and by [30, Lemma 4.8], there exists y™ € RN such
that u is supported in the cone

{(s,y) € (—oo,sT) x RN st. |y —y+| < |s —s+|}.

In this case we call yT the blow-up point of u for positive time, and let
" x) =Ty ).

If t~ is finite, we define similarly y~ the blow-up point of u for negative times, and
let

T, x7)=¢e(s™,y).
If sT = 00 we let 1= = +00. If the solution u is not global in time, we extend it
to R as a function u letting:

u(s,y) =0 if' s ¢ Imax ()
E(S, )’)=M(Sv )’) lfS EImax(U)-
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The main result of this section is the following proposition:

Proposition 6.2. Let u be a solution of (1.1) with the compactness property, s*,

yi, 1, x*E and u be as above. Let
t—4f€x; x1— 0t ,) — , N—1
ug(t,x)zg( , ,x'), te@,tT), x=(1,x)eRxR . (6.3)
1-¢2 JV1-¢2

Then uyg is a solution of (1.1) with the compactness property, with maximal interval
of existence (t~,tT).

Remark 6.3. If ¢ is finite, then x is the blow-up point of u, for positive time. A
similar statement holds for negative times.

Remark 6.4. In this paper, we will only need to apply the Lorentz transformation
to solutions of (1.1) with the compactness property. Let us mention that is always
possible, adapting the argument of this section, to define the Lorentz transform of a
solution which is global in at least one time direction.

Remark 6.5. In Lemma 6.1 and in Proposition 6.2, as well as in all this paper, a
solution of (1.1) is a solution of (1.1) in the sense of Definition 2.1.

6.1. Lorentz transform of global solutions

In this subsection we prove Lemma 6.1. We start with the easier case of scattering
solutions.

Lemma 6.6. Let u be a global solution of (1.1) scattering in both time directions.
Let uy be defined by (6.2). Then uy is a global solution of (1.1), scattering in both
times directions.

We first recall from [30, Lemma 2.2 and Remark 2.3] the following claim:
Claim 6.7. Let h € L' (R, L2(RM)), (wo, wy) € H! x L%, ¢ € (=1, +1) and
sin(t/~A) /, sin (£ —s)v/=A)

——wi +
0

\/—_A ﬁh(é‘)dé‘, teR. (64)

Then (wyg, d;wy) € C° (R, H' x L2) and there is a constant Cy (depending only on
£) such that

w(t)=cos(tv/ —A)wgy +

sup | (we(), dwe@) w2 < Ce (1o, wll iy 2 + Ikl L1 12)) -
t

Proof of Lemma 6.6. Since u scatters in both time directions, we get
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. 2(N+1)
By Claim 6.7, (ug,du¢) € C° (R, H' x L2). Furthermore, since u € L V-2 (RN+1),

2(N+1) 1 N2 ey -
upe L2 (RNTY If (ug,u;) € (Cg°(RY))?, itis easy to see that (u¢(0),0,u¢(0)) €
(Cy° (RM))2 and that u, satisfies (1.1) in the classical sense, so that u, is a solution
of (1.1) (in the sense of Definition 2.1). In the general case, we will use Claim 2.3

to prove that uy is a solution.
Let (uf, u%) € (CS°(RM))? such that

fim H (uo,ul) (uo,ul)H —0. (6.5)

k—o00 H'xL?

Let u¥ be the solution of (1 1) with initial data (”0’ ) Then by long-time pertur-
bation theory (see [30]), u* is global for large k and

2v+1) N+2 2N+2) =0. (6.6)

lim Huk — u)
L7N=2 RN+)NL N—(R,L N-2 (RN))

k—o00

Since
sin ( —At)
V—=A

(1641720 (5) = 72 u(s) ) ds,

uk—uzcos< —At) (ulé—uo)—}— (u]f—ul)

4 /‘ sin ((s — t)«/—A)
0 V=A
we deduce from (6.6) and Claim 6.7

sup H <ullf — Uy, Btu’g — 8,ug) (),‘)HHI — 0. 6.7)

teR x L2 k—>o00

Since ulg is a solution of (1.1) in the sense of Definition 2.1, and

+1) 2(N+1D)

L N-2 (RN+1)

Je], 2 gover, = 1]
¢ (]RN+1)

is, by (6.6), uniformly bounded, we get by Claim 2.3 that u, is a solution of (1.1),
concluding the proof. O
We next prove Lemma 6.1.
2(N+1)
Note that u is well-defined, as an element of L, » * (RY +y,

We denote by (s, y) the time and space variables for u and (¢, x) the time and
spaces variable for u,. This variables are related by (6.1). We note that

x> — % = |y]* —5? (6.8)

and

Is| + 1yl < ce(lt] +IxD), |zl 4 x| < ce(Is| 4 [y]), where cp =
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Step 1. Estimate at infinity. We prove that there exist B > 0 and a scattering
solution v of (1.1) such that

x| > |t| + B = ue(t,x) = v(t, x) a.e. (6.10)

Let A > 0 be a large constant. Denote by x4(y) = x (%), where

| =

x €CPRY), x(y =1iflyl>1, x() =0ifly| <

Let

(uo, u1) = (xalo, xAU1)-
Let 5o > O be the small constant given by the small data theory. We choose A
large, so that ||(@o, #1)|l g1;2 < 80. Let u be the solution of (1.1) with initial
data (o, u1) at s = 0. By the small data theory, & is a scattering solution of
(1.1). By Lemma 6.6, the Lorentz transform 4 of u is a scattering solution of (1.1).
Furthermore, by finite speed of propagation,

(s, y)=u(s,y) i.e. iig(t, x)=u,(t, x) for almost all (s, y) s.t. |y| > A+|s|. (6.11)

We claim
[x[ > ceA+ |t = |y| = A+ s]. (6.12)
Indeed, by (6.8), (6.9),
Iyl — 5] P —s?  xP—1? - lx|? — 2 lx| — |¢]
y — |5 = - - == 9
Iyl + s I+ 1s] = ce(lx| + [2]) ce

and (6.12) follows. The desired conclusion (6.10), with v = 1y and B = c¢¢A,
follows from (6.11) and (6.12). Note that (6.10) implies

2N+2) :
/ </ lue(t, x)| -2 dx> dt < oo. (6.13)
R |x|>|t|+B

Step 2. Local estimate. Let (T, X) € R x RN . We show that there exist ¢ > 0 and
a scattering solution v of (1.1) such that

x = X|<e—|t—T| = ue(t,x) = v(t, x). (6.14)

Indeed, let (S,Y) = CIDZ_I(T, X). Letyr € Cgo(]RN) such that Y (y) = 1if [y| < 1
and ¥(y) = 0if [y| = 2. Let (o, i) = ¥ (557) @(S, ), du(S, )). Choose
n > 0 small, so that ||(iio, u1) |l 1,2 < o (8o is again given by the small data
theory). Let u be the solution of (1.1) with data:

@(S), 8,u(S)) = (uo, u1).
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Then ¥ is globally defined and scatters. By Lemma 6.6, its Lorentz transform i is
a scattering solution of (1.1). Note that by finite speed of propagation,

ly =Yl <n—Is =S| = uet, x) = us(t, x). (6.15)
Furthermore, by (6.9), |y — Y|+ |s — S| < c¢ (Jx — X| + |t — T|), and thus
Ix—XISCE—It—TIZHy—YISn—ls—SI- (6.16)
¢

The desired conclusion (6.14) follows from (6.15) and (6.16) with v = u, and
& =n/ce. Again, (6.14) implies

1
T+e 2(N+2) 2
/ / lug(t, x)| V2 dx | dt < oo. (6.17)
T—¢ [x—X|<e—|t—T|

Step 3. End of the proof. Combining Step 1 and 2, we get that (uy, ojug) €

N+2 2(N+2)

COR, H' x L?). By (6.13) and (6.17), us € LY (R,L N2 (]RN)>. Further-

loc

more, by Steps 1 and 2 and Remark 2.2, u, satisfies 8,2145 — Auy = u? in the
distributional sense, which (in view of Lemma 2.5) yields the result. O

6.2. Lorentz transform of nonglobal solutions with the compactness property

Recall that a solution with the compactness property is global in at least one time
direction. We treat the case of solutions that are global backward in time, an ana-
loguous result holds for solutions that are global forward in time.

Lemma 6.8. Let u be a solution with the compactness property. Assume that the
maximal interval of existence of u is of the form (—oo,s™) with sT € R. Let
y©,tT, xT, u be as in the introduction of Section 6. Define uy by (6.3). Then uy is
a solution of (1.1), with maximal interval of existence (—oo, t1), and such that

suppuy C {(t,x) eRNlsrt <ttt and |x —x+| < |t —t+| }

The proof is very close to the proof of Lemma 6.1 and we will only sketch it. To
deal with the fact that the solution is not global in time, we will need the following
technical claim:

Claim 6.9. Let u be as in Lemma 6.8. Let i be a globally defined, scattering solu-
tion of (1.1). Let S € (—o0, sT).

(a) Let Y € RY and assume
W, 3;1)(S, y) = (u, du)(S,y)if |y — Y| < &.

Let D = D(S,Y,e) = {(s.y) e Rx RV sit. |[y—Y| <& —|s — S|}. Then
(st,y") ¢ D and

(s,y) € D =>u(s,y) = u(s, y). (6.18)
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(b) Let A > 0 and assume
W, 3;1)(S, y) = (u, du)(S, y) if |y| > A.

Let D'=D'(S, A)={(s, ») eR x RN st. |y| > A+ |s — S|}. Then (s*,y") ¢
D’ and
(s,y) € D' = Ui(s,y) = u(s, y). (6.19)

Proof. We prove only (6.9). The proof of (6.9) is very similar.

If st > S+e¢,then D C (—00,s7) x RN and u = u on D. The conclusion
(6.18) follows immediately by finite speed of propagation.

Assume S < s < S + ¢. By finite speed of propagation,

((s, y) € Dands < s+> = u(s,y) = u(s,y) =u(s,y). (6.20)

Since u scatters, we have ||| aw+1y < 00 and thus by (6.20) [lu|| 2v+1) <
L N=2 (D) L N-2 (DN{s<sT})

0o. By the finite-time blow-up criterion, |ju|| 2w+1 = +00. Thus

L N=2 (Jy—yt|<ls—st])

(st,y") ¢ D. We deduce that
Yo € CP(D), (pu, pdu) € C'R, H' x L?).
By (6.20) and a continuity argument,
VyeRY, (st y)eD=1i(sT,y) =uiT,y) =0. (6.21)

By finite speed of propagation, (s, y) = 0if (s, y) € D and s > s*. The proof is
complete. O

Proof of Lemma 6.8. Step 1. We first notice that
supp iy C {(z, x) € (=00, 1) x RY st |x — x| < |r — t+|} L (622)
Indeed
suppu C {(s,y) eR x RV st. ly =yt <|s —s+|} .

By (6.8),
x —xT| <t =17 <= ly—yFI<ls =57,
and the claim follows from the definition of u,.

Step 2. Let T < t+, X € RY. We prove that there exist ¢ > 0 withe < t+ — T,
and a scattering solution v of (1.1) such that

x—X|<e—|t—T| = ue(t,x) =v(t, x).
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As in Step 2 in the proof of Lemma 6.1, we let (S, Y) = ¢[1 (T, X). We distinguish
three cases.

Case 1: S > s*. In this case (S, Y) is not in the support of u, or equivalently
(T, X) is not in the support of uy. Thus uy; = 0 in a neighborhood of (7, X) and
the conclusion of Step 2 is obvious.

Case?2: S = s*. We cannot have Y = y* (which would imply 7 = ¢, contradict-
ing our assumptions). Thus again (S, Y) is not in the support of u, which implies
that (7, X) is not in the support of u,. Again, the conclusion of Step 2 is obvious.

Case 3: S < sT. Then (u(S), d,u(S)) = (u(S), du(S)) € H' x L?. The same
arguments as in Step 2 of the proof of Lemma 6.1 (using Claim 6.9) yields the
desired conclusion. We omit the details.

Step 3. Conclusion of the proof. By Step 1, for all ¢ in (—oo, t1), (ue(t), d;ue(t))
is compactly supported. By Step 2,

N+2 (N+2)

(e, dhuue) € CO(—o00, 1), H' x L) and e € Ly* ((—00,1%), LW

T®RY).

Again (using Remark 2.2), u, satisfies 8,2u e—Aug = |ug| N2 uy in the distributional
sense on (—oo, t1). Thus by Lemma 2.5, uy is a solution of (1.1) on (—oo, tT).
The fact that (—oo, tT) is the maximal time of existence of u, follows from the
inclusion (6.22) of Step 1. ]

6.3. Continuity of the Lorentz transformation in the energy space
We next prove the following continuity fact:

Lemma 6.10. Let {u,}, be a sequence of non-zero solutions of (1.1). Let Iax(un)
be the maximal interval of existence of u, and assume 0 € Inax(u,). Assume
furthermore the following uniform compactness property: there exist u,(s) and
yu(8) (defined for n € N, s € Imax(uy)), such that the set

K:{< V2 6 (5, () - H30()) 1 Pt (5, 1 (S) - +30(6)))
forneN, s e Imax(un)}

has compact closure in Hl x L2%. Let (uop, u1n) = (uy0), 8;u,(0)). Assume that
there exists (ug, u1) € H' x L? such that

Tim@on, u1a) = (o, un)ll g2 =0, (6.23)

Let u be the solution of (1.1) such that (u, o;u)(0) = (ug, u1). Then
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a. u has the compactness property.
b. If £ € (—1,+1) and t € Inax(up), thent € Inmax(une) for large n and

nlggo | (une, Or1ne) (t) — (ug, due) (Ol g1y 2 =0.

Proof of Lemma 6.10. Proof of point (a).
It is classical. We give a proof for the sake of completeness. We fix s €

Tmax ().
By (6.23) and the continuity of the flow of (1.1), s € Inax (1) for large n and

JHm G (), Osun () = (u(s), dsu ()l 12 = 0 (6.24)

Let
N/2—1
n

von(y) = 1 ($)un (5, n(8)y + yu(s)),

(6.25)
Vin(y) = w2 ()0t (5, ()Y + Yu(s)) -

Note that (von, v1in) € K for all n. Since K is compact and the u,,’s are not identi-
cally zero so that (0, 0) ¢ K, we obtain in view of (6.24) that there exists a constant
Co(s) such that

Vo, |ya(S)| + wa(s) + 1/, (s) < Cols).

We can extract subsequences, so that (y,(s), i, (s)) converges, as n — 00 to some
(y(s), n(s)) € RN x (0, +00). Passing to the limit in (6.25), we deduce, in view
of (6.24)

(12 0 (s, 1) - +3(8)) V2 (5)Bt s, u(s) - +y(s))> €K,

concluding the proof.

Proof of Point (b). We first prove:
Claim 6.11. Let {u,},, u, be as in Lemma 6.10. Assume furthermore

Imax(u) = (—00,sT), fors™ € (0, +00).

Let y* be the blow-up point of u at time s*. Let s € Inax(#), and & > 0. Then if
uy, is global for large n,

lim Vit (5) 1> + Biun(s))> dy = 0.

S ly=yFI>ls—sT|+e
If u, is not global for large n and y is the blow-up point of u,, at time s, then
(5772 3) £ 4ly =y > Is —s¥| + ¢} and

lim Vi, (9)” + (3, (5))* dy = 0.

=00 Jly—yt|>|s—st|+e
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Proof. Let n such that 0 < n < eands < sT —n. Letsp = sT —n. Let
~ ~ _vt
o, Tut) = o (2520) @n(s0). Byt (50)), where x & C®RY), and x(y) = 1

if |y| > 1, whereas x(y) = 0 if |y| < 1/2. Since (u(sg, ¥), 0;u(sg, y)) = 0 if
ly — yT| > n, we have

nli)ngo | (@no, Un) |l g1 2 = 0.
and thus
im G (s), stin () 15 g2 = 0. (6.26)
By Claim 6.9 (or simply finite speed of propagation if u,, is global),
[y = 3T = 20+ |s — s0l = Un(s,y) =, (s, ).

Since s < sg, we have 2n+|s —so| = 2n+s9—s = n+|sT —s|, and the conclusion
of the claim follows from (6.26). Ll

We can assume, without loss of generality, that we are in one of the following
three cases: u, is global for large n; Imax(u,) is of the form (—oo, s;“ ), where
s,;L € R for large n; or Imax(uy) is of the form (s,, +00), where s, € R for large
n.

Step 1. We prove that there exists T € Iax (1¢) such that T € Iax (uye) for large n.
If (1), is global for large n, then u,, is global for large n and the result is
obvious.
Assume that Imax () is of the form (—oo, 5,7) for large n, and denote by y;"
the blow-up point of u,, at s = s,7. Then

+ +
+ Sn +Zynl

Tmax (Une) = (_OO, t,j_) I N
Since u, has the compactness property, we deduce
supp (uon, u1n) C {ly — 31 < 5,7} < {Ivi1 =5 < Iyl}.

Since (ugy, U1,) converges in H' x L? to (ug, u1) # (0,0), we deduce that there
exists a constant M > 0 such that

va, |y 1 <M+s]t. (6.27)

As a consequence

+ + _ + _
IR i PO Ul U e LA U (6.28)
Ji-2 Ji—e Vi-e

If the domain of existence of u is of the form (—oo, sT) with sT < oo, then the
domain of existence of uy is of the form (—oo, t*) and any T < min <t+, — M)

1-02
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eM
— Finally,

satisfies the desired property. If u is global, we can take any T < —

if the domain of existence of u is of the form (s~, +00), then by standard long-time
perturbation s, — 400, and thus by (6.28), 7,7 — 400. Any T > ¢~ satisfies the
conclusion of Step 1.

If the maximal domain of existence of u,, is of the form (s, , +00) for large n,
the proof is identical and we omit it.

Step 2. We prove that there exists B > 0 such that

lim |Vitne (T, x) — Vug(T, x) 1> 4+ (1ne (T, x) — due(T, x))* dx = 0.

n—oo |x|ZB

Let x € C(‘)’O(RN),deﬁned by x(y) = 1for|y| > 1,and x(y) = 0 for |y| < 1/2.
Let

Gion, 1) ) = x () @or 1)) oo ) = x () o un) ().

We choose A large, so that

o
-2’

where again § is given by the small data theory. Then for large 7,

| Go, )|l g1y g2 <

| Gon, Win) | g1 2 < S0,
and i, is global. By Claim 6.9,
Iyl = A+ sl = u,(s, y) = Un(s, y),

and, if u, is not globally defined forward in time (respectively backward in time),
ly,7| < A+|s]| (respectively |y, | < A+]|s; |). Similarly, u = u for |y| > A+ |s]|
and, if u is not globally defined forward in time (respectively backward in time),
ly*t] < A+ |sT]| (respectively |[y~| < A + |s~|). As a consequence (for large 1),

|x| ZCKA+|I| :gne(t,x) =un@(tsx)y ;[e(t9x) =u£(t9-x)' (629)
By the small data theory,

hm i — Ul nio 2+ =0.
LN=2] N=2

~ ~ ~ ~ ~ 4 o ~L~
02 (lly — ) — Aty — ) = |ty | V210, — || V21,

HL‘L2

4
<Clu,—u 2N+2 | V2 + llu 72
< Clluy, ”L%_J—F%L% <|| n||L%+%L2(J</Vj22) ” ” 2L2(1<,vj.22) >

[\
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goes to 0 as n — oo, we obtain by Claim 6.7

sup || e (t) — e (t), Ortine(t) — Otte ()l g1y 2 —> 0. (6.30)
teR n—oo

The conclusion of Step 2 follows from (6.29) and (6.30).
Step 3. Let X € RN . We show that there exists 1 > 0 such that

lim |Vitne (T, x) — Vug(T, x) 1> 4 |81 (T, x) — 8yu¢(T, x)|* dx = 0.

n—oo |X—X|<)’]
We let as usual (S,Y) = ¢£_1 (T, X). We distinguish two cases

Case 1: S € Inax(u). In this case, S € Imax (1) for large n. We let € CgO(RN)
such that ¥ (y) = 1 if |y| < 1 and ¢ (y) = 0 if |y| > 2. Define:

-~ y—Y ~ ~ y—Y
(uon,um)(y):l/f(T) (uon,u1n)(y), (o, u))(y)=v (T) (uo, u1)(y),

and choose ¢ > 0 so that ||(uo, 1)l g1, ;2 < 0/2. As in Step 2, we get that u is
global and scattering, that i, is global and scattering for large n and (using Claim
6.9) that

= X < = =t = T| = Tt %) = upe (2, ) and (1, x) = ue (1, ).
ce
Using as in Step 2 Claim 6.7, we get

sup [ (tne (t) — we(t), dttne(t) — due()|l g1 g2 —> 0.
teR n—00

and the conclusion follows.

Case2: S ¢ Inax(u). We assume to fix ideas

Imax(U) = (_OO, S+), S+ € R, S > S+,

. st eyt +
Using that T < ¢+, we get SE L and thus S —sT < £|Y] — .Asa
s F e S e L

consequence, since S > s,

Y —y* > [S =57

This implies (u, 9,u) = (0, 0) close to (S, ). Since by Claim 6.11 (u,, d,u,) — 0
close to (S, Y), locally in H 1'% L2, the result follows.

Step 4. End of the proof. By Steps 2 and 3,
m (| @une(T), diune(T)) — (ue(T), due(TH N 152 = 0

The conclusion of Lemma 6.10 follows from global in time perturbation theory with
initial time ¢t = T'. ]



NONRADIAL WAVES WITH THE COMPACTNESS PROPERTY 797

6.4. Preservation of the compactness property by Lorentz transformation

In view of Lemmas 6.1, 6.8, the proof of Proposition 6.2 will be complete once we
prove:

Lemma 6.12. Let u be a non-zero solution of (1.1) with the compactness property.
Then uy has the compactness property.

We will need the following Claim, proved in Appendix C.

Claim 6.13. Let u be a non-zero solution of (1.1) with the compactness property.
Let (s7,5T) = Imax(u). Then there exist u(s) > 0, and y(s) € RY defined for
s € (s7, sT) such that

(@) ifs” <s <st,

1 2 oo 2 /
3 |V, yu(s, )|“dy < [Vs,yu(s, y)|=dy" dy
y1(5) N-1

2 2
= g |vs,yu(sv »l-dy.

(b) s +> y1(s) is continuous on (s, s ).
© K = ("2 @uls, 1) +36). k20565, 15) +y (). s€(s75H)]

has compact closure in H' x L2,

Remark 6.14. Of course in the setting of Claim 6.13 we could also choose y;(s),
v3(s) and w(s) continuous, but we do not need this fact in the sequel.

Proof of Lemma 6.12. We let y(s), ;u(s) and K be as in Claim 6.13. Let (t—,t™)
be the maximal interval of existence of uy.

Step 1. Lett € (t—,t"). We show that there exists s = s(¢) € (s, s™) such that

t = %. Let us mention that s(7) is not always unique.

Let f:5 > %\/'_Z;) Then f is continuous on (s, s*). We distinguish two

cases.

Case 1. u is global. Then by finite speed of propagation,

lim limsup/ |Vu(r, x)|* + (0:u(t, x))>dx =0,
[x|>t+R

R—00 t— 400

which implies |y(s)| < |s| + M for a large constant M. Thus

lim SEO)
s— 300 ,/1_52 -

and the result follows by the intermediate value theorem.
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Case 2. u is not global, say sT < oo. The maximal interval of existence of u, is

. +
[+ — b++z}1

(—oo0, tT), where . As before, we have:

1-¢2
. s+ Lyi(s)
lim ———— = —
s—>—00 /] — 62

Let y* be the blow-up point of u at s = s*. By [30, Proof of Lemma 4.8], y(s) is
bounded as s — sT. Let {s,}, be a sequence in (s, s ) that converges to s*, and
such that {y(s,)}, converges in RY . Then (see again [30]) u(s,) — 0 asn — oo
and (extracting subsequences if necessary),

(12 spuCn, 1Gs) - 430, 12 (5008050, 11G50) - +3(50) )

converges to a non-zero function as n — oo. Since the preceding function is sup-
ported in {y € RN s.t. |1u(s0)y +y(sn) — | < s, — s}, we get that y(s,) — y*
as n — 00, and thus (since {s,,}, is an arbitrary sequence that converges to s ),
lim+y(s) =yt

§—>S

Thus '

lim w =T,

s—st /1 — 02
and the statement follows again from the intermediate value theorem. Step 1 is
complete.

Step 2. We let, for t € Iax(u),

y(s(t)) + €s(t)e

MO =pG®), x)="—"7r—=71

Let

Ke= {AN/z—la)uz(t, A() - +x(0), ANt 2(0) - +x (D)), telmaxwe)} .

The aim of steps 2 and 3 is to show that K, has compact closure in H' x L2.
Let {z,}, be a sequence in Imax (U¢), sn = $(t;) € Imax(u). Let

un (T, 2) = 1N N su sy + w(sn)T, y(sn) + 1(sn)2).

Then (extracting subsequences if necessary), there exists (v, v1) € H' x L? such
that
lim [[(v4(0), 8;v(0)) — (vo, VDIl 15,2 = 0. (6.31)
n—oo

We let v be the solution of (1.1) with initial data (vg, v). Recall from Lemma 6.10
that v has the compactness property. In this step we prove that 0 € Inax(ve). If v is
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global, then vy is global and the result follows. We assume v is not global. To fix
ideas, we assume that

Imax(v) = (=00, §7), ST >0.
We denote by Y the blow-up point for v at s = ST. We have
supp(vo, v) C {ly — Y| < S*}. (6.32)
By the choice of y(s) in Claim 6.13,
[ vewm©atdz= [ 9out. Py
2120 y1Zy1(8n)

1 2 1 2
> g |Vs,yu(sn,y)| dy = § |Vr,zvn(072)| dz.

Letting n — oo, we obtain

1
f V.00, 2)*dz > = f |V2..v(0, 2)|* dz. (6.33)
z1>0 3
and similarly
1
/ |V:.v(0, 2)|* dz > 3 / |V2..v(0, 2)|* dz. (6.34)
71=<0

We prove by contradiction |Y 1+ | < St. If for example Y 1+ < —ST, then y; >
0= y; —¥," > ST and (6.32) implies

/ |Vs.yv(0, y)|*dy =0,
y1>0

which contradicts (6.33), since v is not identically O, proving Y1+ > —S*. Similarly
(using (6.34)), we get Y1+ < ST. Recalling that

ST+eyf
NS

we get T (vg) > 0, which concludes Step 2.

T (v) =

Step 3. By Step 2,0 € Iax(ve). By Lemma 6.10, 0 € Ipax (vye) for large n and

nll)ﬂgo | (vnes B:vne) (0) — (ve, B ve) (O) |l g1y p2 = 0. (6.35)
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Y (Sn)“l‘esn el

, we have x(t,) = and thus

Moreover, letting #, = w
14

AN ) g (b, A(tn)x + X (1))

VTR <tn—g()\(t;;)ilz;xl(tn))’)\(tn)x%)_gtn ,Wn)x,ﬂ/(tn))
»Y n )y ot
=uN2  s0u (sn—Lf 1 Zzl Y1(80)+ L% w(sp)x +y (Sn)) =Vne(0, )

and similarly,
AN () 1ag (1, 2n (1) X + X (£2)) = 3,000 (0, x).

Combining with (6.35), we get that
(W27 e s 20015 + 6@)), AV 200t i 1) + 50 )

converges in H' x L? as n — co. The proof is complete. U

Remark 6.15. From the proof of Lemma 6.12, we see that if (u(s,), d;u(s)) con-
verges, up to scaling and space translation, to (v, v1) € H! x L2, then (ue(ty),

d:ug(t,)) converges (again up to scaling and space translation) to (v¢(0), 9;v,(0)),

where v is the solution of (1.1) with initial data (vg, v1), and the sequence (#,), can
be taken as in Step 1 of the proof of Lemma 6.12.

A. Estimates on modulated functions

As in Section 3, we denote by A = (s,a, b, ¢) an element of RN ', where s € R,
a,barein RN and ¢ in ]R . Recall from (3.2) the definition of P,.

Lemma A.1. Let € S(RY) and q > 0. Then the function

q
es/? e P.(x — |x|%a)

F:(x,A)e]RNx]RN/r—> v b_|_—|2

\x\ |x|a‘ — |x|a

X
[x]

can be extended to a C™ function on RN*N'_ [f K is a compact subset of RN, there
exists a constant Cg > 0 such that

Vx e RN, VA e K, |F(x,A)|+|VaF(x, A)|+ [xV F(x, A)|

Ck
+ |xVyVAF (x, A)|+|VAF(x A)| < RESE D7 (A1)
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Furthermore

oF q

a—(x,O) =—Yx)+x-Vy(x) (A2)
s 2

oF 50

?(x,O) =qxj¥(x) — |x["—(x) +2x;x - Vi (x) (A3)
aj; 0x;

oF 0)=2a A4

a5, 0 = ¥ () (A4)

oF )

gj(x,O) = (x¢0x, — Xk 0DV (x), ¢k, €) =], (AS5)

where ¢ is introduced before (3.2).

2
Proof. Note that ‘i - |x|a) — 1—2{a, x)+|al2|x|2, whichis > 0 if a # x/|x|2.

x|
Thus F can be extended to a smooth function on the open set

{(x,A) eRY xRV st.x=0o0ra #* %}
x

Next, we notice

1 X
F()C,A):WG (W—G,A), (A6)

where

e95/2 Py

Gy, A) = f(b+ 5 ) G(0,A)=0.
|yl |yl

Obviously, G is smooth away from y = 0. We prove that G € C®°(RN x RV').

Let us fix a large M > 0. Let e > 0 be a small constant, depending on K, to be

specified. Using that f € S(RV), we get,if A € K,0 < |y| < ek,

c c
Gy, A)] < i S e
1o o B2 e (5 - )

Ck.m
< Iy[9T™ = Cg |y M.
|yl

As a consequence, G is continuous also at y = 0. Bounding similarly the deriva-
tives of G, we deduce that G is smooth and vanishes at infinite order at y = 0.
Going back to (A.6), we deduce that F' is smooth.

We next show the bound on F in (A.1). Since F is continous, it is bounded in
BN (1) x K. To get a bound for |x| > 1, we use (A.6). Lety = 25 —qa. If |x| > 1

x|
and A € K, then |y| < C) = 1+ maxsck |a|. Let

My = sup |G(y, A)| < oo.
lyl<Ck
AeK
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Then:

M;
FGe Ml <0, Kz 1 Aek,
X

which completes the proof of the bound on F in (A.1). The proof of the bounds on
the derivatives of F in (A.l) is similar and we omit it.
Finally, (A.2),(A.3),(A4) and (A.5) follow from explicit computations. O

As an immediate consequence of Lemma A.1, recalling

—(N+2) s 2
¢ P.(x — |xPa) g
b , feH",
f( * 1—2<a,x>+|a|2|x|2> /

(N+2s | X

— —lxla
X

ORIGIGE

we obtain:

Corollary A.2. There exists ¢ > 0 with the following property. Let € S(RV).
Then A — (9;1)*1// is a C' function from BN/(S) to H'(RN). Its derivatives at
A = 0 are given by (A.2), (A.3), (A4), (AS)withq = N + 2.

We finally prove the following estimate:

Lemma A3. Let f € Sand p > 1. There exist C, & > 0 such that for all A € RV,

*
o= [ () o], <cia

Proof. Indeed by the bound on V4 F in Lemma A.1,if |A| < ¢,

(= (62) 1) 0] = Tl

and the Lemma follows, integrating with respect to y. O

B. Nonexistence of solutions converging fast to a stationary solution

In this appendix we prove Claim 5.8. By standard long-time perturbation theory,
there exist &g > 0, M > 0 such that, for all solution v of (1.1), with initial data
(vg, v1) such that

llvo — Sl + llvillz2 = € < o,

we have

[—1,+1] C (T-(v), T4 (v)) and [SL}p ; (Ilv@) = Sligr + 18, v(@)[112) < Me.
te[—1,+

By induction, we deduce that for all integers T > 1, if v satisfies

€0

llvo = Slgr + llvillp2 =& < 7
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then

[T, +T] C (T_(v), T4 (v)) and [Sl;p . (lv@) = Sl + 130D 2) < MTe.
te[-T,+

Let v > O such that e VM < 1. Let u be a solution of (1.1) such that (5.58) holds.
Then for any large integer T

€0

lu(T) = Sllgi + 19:u(T) 2 < Ce™T < ik

Asa consequence,

sup Jlu(t) — Sl + 0u@®)l;2 < CeVTMT — 0.
1€[0,T] T—+o0

We deduce that (uq, #1) = (S, 0) and thus by uniqueness that u = S.

C. Choice of the translation parameter

In this appendix we prove Claim 6.13. Let u(s) > 0, 5(s) € R" such that
I?={(MN/2*1(s)u(s, () - 5, 1V (0)duls, 1) - +5()) s € (5 s*>}

has compact closure in H' x L2, Let

|Vs,yu(sa y)|2

D (s, = .
63 = 9, s, P dz

Note that ® is well-defined (since u# # 0), nonnegative, that s — (s, -) is contin-
uous from (s~, s1) to L'(RY) and that [ ®(s, y)dy = 1 forall s. If s € (s7, s ™),
the function

+00 , 1 )2
F,: Y| — d(s,v)d —e 1) d
s Y ; (/Rm (s, y) y+3ﬁe ) Vi

is strictly decreasing and satisfies

4
lim Fy(Y) = <
ym_Fs () = 3,

lim Fy(Y;) =0.
Y|—>+o0
We let y; (s) be the unique element of R such that F;(y(s)) = % We define

y(s) = (y1(s), y2(5), ¥3(5)).

Let us prove that y, u satisfy points (a), (b) and (c).
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Proof of (a).
2 +oo |
3 =/yl(y) /RN DG, ydy dy + —= NG /yl(s) e Tdy
/yl(s) /RN 06, y)dy' dy1+%
Thus s 5
§_§S/y1@/w @Gy dy < 5

and (a) follows.

Proof of (b). Lets € (s—, s™) and let {s,,}, be a sequence in (s, s*) converging to
s. We have

L] Lt
&, y)dy dy, + —— / e Midy ==
() JrN- 3V Jyis)

/ / 1 oo,
D (sn, y) dy' dy1 + —= e dy
yi(sp) JRN-I " 3\/_ ¥1(Sn)

y1(sn) , 1 2
0 :/ (/ (s, y)dy + e 1) dyi
yi(s) RN-1 3/

/ / (D(sp, y) — (s, y)) dy'dy.
Y1(sn) RN-1

Hence (since @ (s, y) > 0),

y1(Sn) 5
/ e 1 dy
y1(s)

which shows that y; (s;,) — y1(s) asn — oo, concluding the proof of the continuity
of s > yi(s).

Thus

<3vr / |® (50, ) = (s, M| dy — 0,

Proof of (c). We prove that there exists a constant C > 0 such that

Vse(s7,s%),  Fi(s) = Culs) < yi(s) < Ji(s) + Cp(s). (C.

If not, we can find a sequence {s,,}, in (s, sT) such that, for example

Vi,  yi1(sp) > y1(sp) +nu(sy).
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We have

~ 2
/ //LN(sn) |Vs,y”(sna usn)y + y(sn))| dy
yizn

2
/ |vs,yu(sna Z)| dz
212 Y1 (sp)+niu(sn)

1
z/ |wwaWaz—/|wwaWw,
21=2y1(80) 3 Jrw

which gives a contradiction, since by the compactness of the closure of K, the first
term in the preceding inequalities goes to 0 as n — ©0.

The compactness of K follows easily from (C.1) and the compactness of K.
We omit the proof.

D. Some space-time estimates

In this appendix we prove Claim 4.8. By Proposition 3.1, (b)

N-2
+00 1 1/2 N+
SXrotoll vz 20v+2 <C / (/ 761)6) dt
” ro 0||LWL N=3 e x>0+l —tol |x|2(N+2)
Es
1 * C
<C < / N df) = NAT
(ro+ 1t —10)) >+ o
which yields the first inequality of the Claim.
By Lemma 3.11,
e Y xrouto | mx2 20vi22
LN-2] N=2
i Es
+oo 2N+2) 2 N2 *
=C / (/ |Y| N2 dx) e N2 gt
—00 |x|=ro+It—1ol
N-2
oo 1 2N+2) 3 N2 N¥2
<C / (e—Ww(ro-i-lt—to\))z e~ NI gy
- —oo (It —to] +ro)an/2
N+2 N+2 N+2 .
We note that ¢~ N=2@1—0I=¥=591 < ,=¥=3®0 Hence (using that gy > 2)
N=2
+00 dt Nt
—wt —w(ro+to)
e 'Y v+ < Ce /
le™ Y xeo] 3, 20 oo (ro + |t — 10N /2

< Ce—w(ro-l-fo)’

which yields the second inequality of the Claim.
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