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Infinitely many sign-changing and semi-nodal solutions
for a nonlinear Schrodinger system

ZHIIE CHEN, CHANG-SHOU LIN AND WENMING ZOU

Abstract. We study the following coupled Schrodinger equations which have
appeared as several models from mathematical physics:

—Aul-l—)»]u]:mu?—i—ﬂu]u% x € Q
—Au2+A2u2=u2u§+ﬁu%u2 x e
Uy =ur =0 on 0%2.

Here 2 is a smooth bounded domain in RN(N =2,3)or Q = ]RN, Ay A,
/1, Ko are all positive constants and the coupling constant f < 0. We show that
this system has infinitely many sign-changing solutions. We also obtain infinitely
many semi-nodal solutions in the following sense: one component changes sign
and the other one is positive. The crucial idea of our proof, which has never
been used for this system before, is to study a new problem with two constraints.
Finally, when €2 is a bounded domain, we show that this system has a least energy
sign-changing solution, both two components of which have exactly two nodal
domains, and we also study the asymptotic behavior of solutions as § — —oo
and phase separation is expected.

Mathematics Subject Classification (2010): 35J20 (primary); 35J50, 35J60
(secondary).

1. Introduction

In this paper we study solitary wave solutions of the coupled Gross-Pitaevskii equa-
tions (cf. [8]):

9
—iECDI:Ad>1+u1|<bl|2d>1+ﬂ|d>2|2d>1 xeQ t>0
B]
—iadbzzAd>2+u2|d>2|2d>2+ﬂ|<b1|2d>2 xeQ >0 (1.1)
<I>j=<I>j(x,t)e(C j=1,2
D(x,1)=0 x€ed t>0 j=1,2,
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where @ = RM(N =2, 3) or Q ¢ R¥ is a smooth bounded domain, i is the imag-
inary unit, u1, 2 > 0 and B # O is a coupling constant. System (1.1) arises in
mathematical models from several physical phenomena, especially in nonlinear op-
tics. Physically, the solution ®; denotes the j  component of the beam in Kerr-like
photorefractive media (cf. [1]). The positive constant  ; is for self-focusing in the
7" component of the beam, and the coupling constant f is the interaction between
the two components of the beam. Problem (1.1) also arises in the Hartree-Fock
theory for a double condensate, i.e., a binary mixture of Bose-Einstein condensates
in two different hyperfine states |1) and [2) (cf. [14]). Physically, ®; are the cor-
responding condensate amplitudes, p; and B are the intraspecies and interspecies
scattering lengths. Precisely, the sign of u; represents the self-interactions of the
single state |j). If w; > O as considered here, it is called the focusing case, in
opposition to the defocusing case where 1 ; < 0. Besides, the sign of B determines
whether the interactions of states |1) and |2) are repulsive or attractive, i.e., the in-
teraction is attractive if 8 > 0, and the interaction is repulsive if 8 < 0, where the
two states are in strong competition when S is negative and very large.

To obtain solitary wave solutions of system (1.1), we set & (x, 1) = ity ()
for j = 1,2, where u j(x) are real-valued functions. Then system (1.1) is reduced
to the following elliptic system

—Aui + Aup =u1u?+ﬁu1u§ x e
—Auy + huy = poui + fuiuy X €Q (12)
uy =uy =0 on 9%2.
Here, for the case Q2 = RV the boundary condition | = u; = 0 on €2 means
ui(x),ux(x) - 0 as |x| > 4o0.

It is well known that finite energy solutions of (1.2) correspond to the critical points
of C? functional Eg: HO1 (Q) x HO1 (2) — R given by

E _l 2 2 2 2
ﬂ(ul, us) =3 V| + Aui + [V | + Aous dx
Q

1
- —/ (Mlu?—i—/xzu‘z‘) dx — E/ u%u%dx.
4 Ja 2 Ja

Definition 1.1. We call a solution (u1, u) nontrivial ifu; # 0 for j = 1,2, a solu-
tion (u1, up) semi-trivial if (uy, uz) is type of (uy, 0) or (0, up). A solution (uy, us)
is called positive if u; > 0in  for j = 1,2, a solution (u1, uy) sign-changing
if both u; and u» change sign, a solution (u1, up) semi-nodal if one component is
positive and the other one changes sign.

(1.3)

Definition 1.2. A nontrivial solution (u1, u3) is called a least energy solution, if it
has the least energy among all nontrivial solutions, i.e., Eg(uy, u2) < Eg(vy, v2)
for any nontrivial solution (v, v3) of (1.2). A sign-changing solution (u1, u3) is
called a least energy sign-changing solution, if it has the least energy among all
sign-changing solutions.
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In the last decades, system (1.2) has received great interest from many mathe-
maticians. When € is the entire space R", the existence of least energy and other
finite energy solutions of (1.2) was studied in [2,5,6,10,16,19-22,27,31] and refer-
ences therein. In particular, when 8 > 0 is sufficiently large, multiple radially sym-
metric sign-changing solutions of (1.2) were obtained in [22], where the radial sym-
metry of RV plays a crucial role in their proof. Under assumptions A; > 0, u; > 0
and 8 < 0, Liu and Wang [20] proved that system (1.2) has infinitely many non-
trivial solutions. In fact, they studied a general m-coupled system (m > 2). Remark
that whether solutions obtained in [20] are positive or sign-changing is not known.

When Q@ ¢ RY(N = 2, 3) is a smooth bounded domain, there are also many
papers studying (1.2). Lin and Wei [17] proved that a least energy solution of (1.2)
exists within the range B € (—o0, o), where 0 < By < /iru2. In case where
A =A2 > 0,u; = u2 > 0and B < —puy, Dancer, Wei and Weth [13] proved
the existence of infinitely many positive solutions of (1.2), while the same result
was proved for the case .| = Ap < 0 by Noris and Ramos [24]. When 2 is a ball,
an interesting multiplicity result on positive radially symmetric solutions was given
in [32]. Remark that, since A1 = X and 1 = p2, so system (1.2) is invariant under
the transformation (u1, uy) +— (uz, u1), which plays a crucial role in [13,24,32].
Later, by using a global bifurcation approach, the result of [32] was reproved by
[3] without requiring the symmetric condition ©1 = w2, but in their proof the
assumption A; = A plays a crucial role. Under assumptions A; > 0, u; > 0
and B < 0 without requiring A1 = A or ;1 = W2, Sato and Wang [28] proved that
system (1.2) has infinitely many semi-positive solutions (i.e., at least one component
is positive). Note that all the papers mentioned above deal with the subcritical case
N < 3 (i.e., the cubic nonlinearities are all of subcritical growth). Recently, Chen
and Zou [9] studied the existence and properties of least energy solutions of (1.2)
in the critical case N = 4.

In a word, for N = 2, 3, a natural question, which seems to be still open
for both the entire space case and the bounded domain case, is whether (1.2) has
infinitely many sign-changing solutions when 8 < 0. This is expected by many
experts but no proof has yet been obtained. Here we can give a positive answer to
this open question. Since the results in the entire space case are slightly different
from those in the bounded domain case, in this section we only state our results in
the bounded domain case for the sake of brevity. The results in the entire space case
will be given in Section 6. Our first result is as follows.

Theorem 1.3. Ler N = 2,3, @ C RV is a smooth bounded domain, i, 2,
i, 2 > 0 and B < 0. Then (1.2) has infinitely many sign-changing solutions
(Un.1, Un,2) such that

lun,1llLe@) + llun2llLe@) — +00  as n — +oo.

Remark 1.4. Comparing with [3,13,24,32] where infinitely many positive so-
lutions were obtained, we do not need any symmetric assumptions A; = Ay or

M1 = HU2.
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Remark 1.5. All the papers mentioned above and this paper deal with the focusing
case (1, u2 > 0. For the defocusing case 1, up < 0, related results can be seen
in [8,25,26,29,30]. In particular, Tavares and Terracini [29] studied the following
general m-coupled system

3 2
{—Auj —,ujuj—ﬂujzi#jui =AjplU;j

1.4
uj € Hy(Q) j=1,....m, 4

where €2 is a smooth bounded domain, 8 < 0 and ; < 0. Then [29, Theorem
1.1] says that for each fixed 8 < 0 and wy, ...,y < O, there exist infinitely
many A = (A1g,.... Amp) € R"and u = (uy,...,um) € H} (2, R™) such
that (u, A) are sign-changing solutions of (1.4). That is, for each fixed § < 0 and
M1,y m < 0, Aj g is not fixed a priori and appears as a Lagrange multiplier
in [29]. Our result is different from [29, Theorem 1.1] on two aspects: one is that
we deal with the focusing case p; > 0, the other one is that A ;, u; and 8 are all
fixed constants in Theorem 1.3. To the best of our knowledge, our result for system
(1.2) is new.

As pointed out before, Lin and Wei [17] proved for 8 € (—oo, Bp) that (1.2)
has a least energy solution which turns out to be a positive solution. Since (1.2) has
infinitely many sign-changing solutions for any 8 < 0, another natural question is
whether (1.2) has a least energy sign-changing solution, which has not been studied
before. Here we can prove the following result.

Theorem 1.6. Let assumptions in Theorem 1.3 hold. Then (1.2) has a least energy
sign-changing solution (uy, up). Moreover, both uy and u, have exactly two nodal
domains.

Theorems 1.3 and 1.6 are both concerned with sign-changing solutions. Be-
sides positive solutions (see [3,13,32]) and sign-changing solutions, as defined in
Definition 1.1, it is natural to suspect that (1.2) may have semi-nodal solutions.
Here we can prove the following result.

Theorem 1.7. Let assumptions in Theorem 1.3 hold. Then (1.2) has infinitely many
semi-nodal solutions {(un,1, Un,2)}n>2 such that

(1) un,1 changes sign and u, > is positive;

(2) NunallLeo) + llun2llLe@) — +00 as n — +00;

(3) un,1 has at most n nodal domains. In particular, uy | has exactly two nodal
domains, and (u2,1, uz,2) has the least energy among all nontrivial solutions
whose first component changes sign.

Remark 1.8. Recently, we found that [28, Theorem 0.1] proved that (1.2) has in-
finitely many semi-nodal solutions for any 8 € (—,/u1u2,0). Theorem 1.7 im-
proves [28, Theorem 0.1] on two aspects: one is that we can obtain infinitely many
semi-nodal solutions for 8 < —,/u1u2; the other one is that, in [28] no properties
of the form (3) can be obtained by their approach. Our proofs in this paper are
completely different from [28].
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Remark 1.9. Similarly, we can prove that (1.2) has infinitely many semi-nodal so-
lutions {(vy,1, vn,2)}n>2 such that v, 1 is positive, v, 2 changes sign and has at most
n nodal domains. In the symmetric case where A1 = Ay and w1 = o, (Un,1, Un,2)
obtained in Theorem 1.7 and (v, 1, v,,2) may be the same solution in the sense
of un1 = vy and u, 2 = v, 1. However, if either A1 # Ay or w1 # w2, then
(Un.1, Un,2) and (vy 1, vy 2) are really different solutions.

We give some notations here. Throughout this paper, we denote the norm of

1
LP(Q) by |ulp = ([, [ulP dx)7, the norm of H, () by |lull> = [o(IVul*+u?) dx
and positive constants (possibly different in different places) by C, Co, C1, ... De-

note ”””/2\; = fQ(|Vu|2 + Aju?) dx for convenience. Since we assume Ay, Ay > 0

here, || - ||, are equivalent norms to || - ||. Define H := HO1 (2) x HO1 (2) with norm
2 . 2 2

I uz) 3y = a2, + luall2,

The rest of this paper is organized as follows. In Section 2 we give the proof of
Theorem 1.3. The main idea of this proof is inspired by [29], where a new notion of
vector genus introduced by [29] will be used to define appropriate minimax values.
Some arguments in our proof are borrowed from [29] with modifications. Remark
that the ideas in [29] can not be used directly, and here we will give some new ideas.
For example, to obtain nontrivial solutions of (1.2), the crucial idea in this paper is
turning to study a new problem with two constraints. Somewhat surprisingly, up to
our knowledge, this natural idea has never been used for (1.2) in the literature; see
Remark 2.3 below. In Section 3 we will use general Nehari type manifolds to prove
Theorem 1.6. By giving some modifications to arguments in Sections 2 and 3, we
will prove Theorem 1.7 in Section 4.

In Section 5, we will study the limit behavior of solutions obtained here as
B — —oo by applying results in [26] directly. It turns out that components of
the limiting profile tend to separate in different regions. This phenomenon, called
phase separation, has been well studied for L°°-bounded positive solutions of (1.2)
in the case N = 2, 3 by [26,32,33]. For other kinds of elliptic systems with strong
competition, phase separation has also been well studied, we refer to [7,12] and
references therein. The main result of Section 5 is Theorem 5.1.

Finally in Section 6, we will introduce existence results of infinitely many
radially symmetric sign-changing and semi-nodal solutions in the entire space case.
The main results are Theorems 6.1 and 6.2. The main ideas of the proof are the
same as those in Sections 2-4. However, we will see that some ideas and arguments
are quite different from those in the bounded domain case.

After this paper was submitted, we learned from Z.-Q. Wang of a recent work
[18], where infinitely many sign-changing solutions of the general m-coupled sys-
tem (m > 2) were obtained via a quite different method. We should point out that
our approach here also works for the general m-coupled system (m > 2).

ACKNOWLEDGEMENTS. The authors wish to thank the anonymous referee very
much for careful reading and valuable comments.
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2. Proof of Theorem 1.3

In the sequel we assume that assumptions in Theorem 1.3 hold. Since we are

only concerned with nontrivial solutions, we denote H := {(u1,us) € H :

ui #

0 for i = 1, 2}, which is an open subset of H. Write # = (u1, u3) for convenience.

Lemma 2.1. For any (u1, uz) € ﬁ if

2
2 22 4, 4
8] ([Qulu2> > ol Pl

sup Eg (vViiuy, V/iuz) =

11,0>0

then

Proof. By (2.1) there exists ¢ > 0 such that
1
alpl [ o = ulatl, L1 [ uhid = alial
Q o Q
which implies

1 1
Ep (Viur, Vatuz) = St |}, + etz

4

1 2
= St + 3

This completes the proof.

Lemma 2.2. Forany u = (uy, u3) € H, if

2
2 2,2 44
18] (/ u1u2> < pipalutlyluzly,
Q

2
lJurlly, =11M1|u1I4 0Bl [ ui u2
luzll3, = palualy — nlBl fquiuj

then system

has a unique solution

M2|u2|4“u1 ”M + |'3|||”2||A2 fQ u ”2

n@) =
ol |flualy — B2 (fo u? )

plur|fllually, + 181l Jouiug

rh(u) =
ol Alual — 112 (fo u22)?

1
—ozt||u2||i2 — 400 ast — 4o00.

(2.1)

1 1
- - (tzullullj +0‘2f2,u2|u2|1> + EWZWI/ ulu3
Q

(2.2)

(2.3)

2.4)
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Moreover,

sup Eg (Vtiui, v/uz) = Eg (vn(ﬁ)ul, vtz(ﬁ)uz)

11,1p>0
1 - o
= 2 (0@ 1, + @i, @5)
_ L plalilal, + 21811l el fo i + mialilld,

4 il [$uald — |12 ([ uPu)?

and (t1 (i), 1 (1)) is the unique maximum point of Eg(\/tiu1, /thu).

Proof. 1t suffices to prove (2.5). Recall that (¢1 (1), t2(i)) is the solution of (2.3),
we deduce that

2t1t2|ﬂ|f 2 Z(u)|,3|/ 2+t22 l(u) ﬁl/

()
/2
e
1 (i

2
= i lur g + B ulunly — llu2ll3,-

i, — 2
y e m(ﬁ)

Hence for any #1, > > 0,

Eg (Vtiuy, \/_”2)— t1||”1||)Ll leluzllx2

1
v (t1M1|”1|4+t2M2|u2|4) §t1t2|'3|f ”1’42

h_ 2+ (2 = —2 Y o2
2 4;() MU\ T an®@) &

1
=7 (@, +n@iul,)

=Eg (\/ n(uy, vtz(ﬁ)uz) .
Therefore (2.5) holds and (1 (i), t,(i)) is also the unique maximum point of
Eg(/tiu1, /tuz) in [0, +00)%, O
Define

M*:={ueH : |uls>1/2, |uzls > 1/2};
My = {i e M* : i satisfies (2.2)} ;

2 2.6
Mg = {ﬁe./\/l* C g — B2 </ u%u%) >0}; (26)
Q

=(ieH : uls=1, lwls=1}, Mg:=MnMj.

IA
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Then Mg = MnN M;}* By taking ¢; € C§°(S2) such that |g;|4 = 1 fori = 1,2
and supp(¢1) Nsupp(¢2) = ¥, we have (¢1, ¢2) € Mg, namely Mg # @. Itis easy
to check that M*, /\/l;}, ./\/lz* are all open subsets of H and M is closed. Define a

new functional Jg : M* — (0, +o00] by

4 2 2 2.2 4
1 ol I3 4218113, lu2ll3, [ whud+ iz},

if 1 e M%*

bV 2 B>
Jpliy=14 w2 — 1B (g uiu3)
+00 if i e M\ MF".
By the Sobolev inequality
lul}, > Clulj. Yue Hy(Q), i=1,2, @2.7)

where C is a positive constant, it is easy to check that Jg is continuous on M*
and infpq« Jg > C1 > O for some constant C; independent of 8 < 0. Moreover,
Jg € CI(M;’;*, (0, 400)), and since any i € Mg is an interior point of M%*, a
direct computation and (2.4) yield that

J5 (i) (g, 0) :tl(ﬁ)/gz(VM1V<P+Mu1<ﬂ)+t1(ﬁ)t2(ﬁ)|ﬁ|/9bt1bt%§0, (2.8)
Jé(ﬁ)(O, V) =t (i) /Q(Vusz + Aour ) + 11 ()12 ()| B /Q M%”z‘/f (2.9)

hold for any u € Mg and ¢, ¢ € HO1 (2) (remark that (2.8)-(2.9) do not hold for
ue ME*\ Mp). Note that Lemmas 2.1 and 2.2 yield

Jp(ui,uz) = sup Eg (Vi /uz), V(ui,uz) € M. (2.10)

11,1,>0

To obtain nontrivial solutions of (1.2), we turn to study the new functional Jg re-
stricted to M g, which is a problem with two constraints.

Remark 2.3. To obtain nontrivial solutions of (1.2), in many papers (see [9,13,16,
17,27,32] for example), people usually turn to study nontrivial critical points of Eg
under the following Nehari manifold type constraint

{1 uz) € H ¢ Ep(ur, uz)(uy,0) = Ep(ur, u2)(0, ug) = 0},

which is actually a natural constraint for any 8 < /w12 (see [27, Proposition
1.1] for example). To the best of our knowledge, our natural idea (i.e., to obtain
nontrivial solutions of (1.2) by studying Jg|a1,), has never been introduced for
(1.2) in the literature.

In the following, we always let (i, j) = (1,2) or (i, j) = (2, 1). Recall that
t; (i) is well defined for i € MZ For any it = (uy, us) € ./\/l; let w; € HO1 (2) be
the unique solution of the following linear problem

— AWy + Ay + |Blt GGy = it Giyuy, by € Hy (). (2.11)
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Since |u;j|4 > 1/2,s0 w; # 0 and

1
1¢3~ — 7. (12 e 2 ~2
/ ; Wi iti( ) <||w,||;” + |,3| J(u)/ ujwl) >

- 1
w; = o;w;, Wwhere oj = ——5— > 0.

fQ ”?d’i

Then w; is the unique solution of the following problem

Define

—Aw; + Aw; + |Bltj(uiw; = et (@u;,  w; € Hy (),
Jo ww;dx = 1.

Now we define an operator K = (K1, K») : ./\/lz — H by
K () = (K1 (u), K2()) := w = (wy, wy).

Define the transformations

o, :H— H by o1(uy,uz) = (—uy,uz), ox(uy,uz) := Wy, —uz).

Then it is easy to check that

K(oi (i) = 0;(K(u)), i=1,2.
Lemma24. K € C/(M*%, H).
Proof. Tt suffices to apply the Implicit Theorem to the C' map

W M x Hy(Q) xR — Hy(Q) xR, where

Wi, v, @) = (v F A+ (|ﬁ|zj(ﬁ)u§v . ozmti(ﬁ)u?) , f Wy —
Q

867

(2.12)

(2.13)

(2.14)
(2.15)

(2.16)

).

Note that (2.13) holds if and only if W(u, w;,@;) = (0,0). By computing the
derivative of W with respect to (v, «) at the point (i, w;, ;) in the direction (w, @),

we obtain a map @ : Hol(Q) xR — Hol(Q) x R given by

(D(II)’ &) ::Dv,a\p(ﬁ’ wi’ ai)(a)7 6[)

= (w +(=A+21)7! (|,3|tj(ﬁ)u§uv — Quit; (ﬁ)u?) , / U3 dx> .
Q

If ®(w, @) = (0, 0), then we multiply the equation

— AW + XD + | Bl (@)uid = apit; (i)u]
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by w and obtain
o117, < &m(ﬁ)/ ujwdx = 0.
Q

So w = 0 and then c?e,u,-t,-(ft)ui3 = 0in Q. Since u; > 0, () > 0 and |u;|4 > 1/2,
we see that @ = 0. Hence & is injective.

On the other hand, for any (£, ¢) € H} () xR, let vy, v, € Hy () be solutions
of the linear problems

— Avy + hvr + Bl @uGor = (A +20) f,
— Avy + Ajvz + |,3|tj(ﬁ)M§U2 = witi (@)

Since |u;|4 > 1/2,50 v2 # 0 and then [, ulvpdx > 0. Letag = (c—Jq u?vl dx)/
fQ u?vz dx, then ®(v; 4+ apva, a9) = (f, c). Hence @ is surjective, that is, ® is a
bijective map. This completes the proof. O

Lemma 2.5. Assume that {ii, = (un.1,upn2) :n > 1} C Mg is bounded in H and
up — U = (u1, uz) € Mg weakly in H. Then there exists w € H such that, up to
a subsequence, W, := K (ii,) — W strongly in H.

Proof. Recall the definition of Mg in (2.6), we deduce from (2.4) and (2.7) that
there exists Cop > 0 independent of i € Mg such that

2 2 2.2
o willwlly 1Bl fqutuz g R
1 (u) = f2 o 2 —Iluill3, = Co. Vi € Mg. (2.17)
Mi12 — |I3|2 (fgu1u2) Hi

Since i, — u = (uy, us) € M,g weakly in H, so up to a subsequence, u, ; — u;
strongly in L*(€2). Then

2 2
i a2 2 .2 _ a2 2.2
Jim (muz 18] (/Qu,,,lun,z pip2 — 1Bl L >0,

where the assumption u € Mg is used. Hence we may assume that #; (ii,) are
uniformly bounded for any n > 1 and i = 1, 2, and up to a subsequence, t; (ihy) —
t; > 0. Recall that w,, ; = oy ;Wy,;, where «, ; and W, ; are seen in (2.11)-(2.12).
By (2.11) we have

~ 2 - 3 - - -
VB2, < puits i) / w3 i dx < Clibnla < Clib .
Q

which implies that {w, ; : n > 1} are bounded in HO1 (€2). Up to a subsequence,
we may assume that w, ; — w; weakly in HO1 (£2) and strongly in L*(S2). Then by
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(2.11) and Holder inequality we get
/QVlIJn,iV(ﬁ)n,i —w;)dx + A ./;z Wp,i (Wy,i — ;) dx
— 1Bt (in) /Q yy Wi (B i — ;) + paiti (i) /Q uy (Wi — Wi)dx — 0
as n — oo. Hence
013, = /Q (Vi i Vi + A @) + o) = 113, +0(1),  (2.18)
that is, w, ; — w; strongly in HO1 (£2). Again by (2.11) we know that w; satisfies
— AWy + A + |Bltju b = it

Since |uj|4 = 1,80 w; # 0 and then fQ u?i)i dx > 0, which implies that

1 1
fim e = lim = Fam
Jou nlwnt Jo u; Wi
Therefore, w, ; = oy Wy, — o;w; =: w; strongly in HO1 (). O

To continue our proof, we need to use vector genus introduced by [29] to define
proper minimax energy levels. Recall (2.15) and (2.6), as in [29] we consider the
class of sets

={ACM: A isclosedand 0;() € AVii € A, i =1,2},
and, for each A € F and k1, k» € N, the class of functions

fi + A— R&~! continuous,
Fi o)(A) = f=(f1, ) : A— HR’“—‘ [i(0i(@))=— f; (i) for each i
i=I filoj@) = fi(G@) for j # i

Here, we denote R? := {0}. Let us recall vector genus from [29].

Definition 2.6 (Vector genus, see [29]). Let A € F and take any k1, k, € N. We
say that y (A) > (ky, ko) if for every f € F, ky) (A) there exists i € A such that
f@) = (fi(u), f2(u)) = (0,0). We denote

rél) = {A e F:y(4) = (k1. k).
Lemma 2.7 ([29]). With the previous notation, the following properties hold.

(i) Take A; x Ay C Mandletn; : S5 1 :={x e Rk : |x| = 1} > A; bea
homeomorphism such that n;(—x) = —n;(x) for every x € S5 i =1, 2.
Then Ay x Ay € Tk,
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(i) We have n(A) € T%® k) whenever A € T* 1K) and a continuous map 1 -
A— Missuchthatnoo; =0;0n, Yi =1, 2.

To obtain sign-changing solutions, as in many references such as [4,11,34], we
should use cones of positive functions. Precisely, we define

7),' 2={I;=(M1,M2)EHZM,'ZO}, P =

2
P; U =P5). (2.19)

i=1
Moreover, for § > 0 we define Ps := {ii € H : dist4(iz, P) < 8}, where

dist4 (4, P) := min{dist4(u,-, Py, distg(u;, —P;), i=1, 2}, (2.20)
dists(u;, £P;) = inf{|lu; —v|s : v e £P;}. ’
Denote u™ := max{0, u}, then it is easy to check that dist4(u;, £P;) = |uf|4.

Lemma 2.8. Let ki, ko > 2. Then for any 8§ < 2=Y* and any A € T*1-K2) there
holds A\ Ps #£ 0.

Proof. Fix any A € I'®1-k2)  Consider

f=fi, )1 A— Rb7Tx R f,-(ﬁ):(/ |u,-|3u,-dx,0,...,0). (2.21)
Q

Clearly f € F, k,)(A), so there exists # € A such that f(#) = 0. Note that
i€ AC M,we conclude that

/(uj)“dx =/(u;)4dx =172, fori=1,2,
Q Q

that is, dist4 (i, P) = 271/* and so i € A\ P; for every § < 271/4, O

Lemma 2.9. There exist A € T'®152) and a positive constant ¢¥1'%2 € N indepen-
dent of B < 0 such that sup 4 Jg < k2 for any g < 0.

Proof. Take nonempty open subsets By, B, C €2 such that By N By = . Let
{op: 1<k <k}C HO1 (B;) be linearly independent subsets, and define
Aj = {u € span{(p’i, . ..,(p,ii} Dlulg = 1}.

Clearly there exists an odd homeomorphism from S%~! to A;. By Lemma 2.7-(i)
one has A := A; x Ay € I'k1-k2)  For any i = (uy,uz) € A, since u; € HO1 (B;),
souy - up =0, which implies i € Mg and

Jp(ii) = (allurli, + pallualy,)

4p 2
Since all norms of a finite dimensional linear space are equivalent, so there exists
Cr; > O such that ||u; |y, < Cx;luilsa = Cy, for any u; € A;. Hence there exists
cki%2 ¢ N independent of 8 < 0 such that supy Jp(u) < ckk forany B < 0. O
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For every k1, kp > 2and 0 < § < 2-1/4 we define

cgy®i=inf  sup Jp(i), (2.22)
’ Aery 1" e A\P
where
ri = {A e Tk qup Jg < ckrke 4 1} : (2.23)
A

Lemma 2.9 yields F/(Sk‘ *2) £ ¢ and so cgl’;skz is well defined. Moreover,

ki.,k2 ky,k
Cgs =¢ %2 forevery B < 0 and § > O.

Recall that infoq Jg > Cq, so cg";;l@ > C; > 0. We will prove that cgtékz is a

critical value of Eg provided that § > O is sufficiently small. As we will see in

Remark 2.14, we can not replace I“/(gk' k2) by ['*1-%2) in the definition of c/’;{gkz.

Lemma 2.10. For any sufficiently small § € (0,27 '/%), there holds
disty(K (i1), P) < 8/2, Vii € M, Jg(ii) < K% 1, disty(it, P) < 6.

Proof. Assume by contradiction that there exist §, — 0 and u, = (un 1, un2) €
M such that Jg(ii,) < c**2 + 1, disty(if, P) < 8, and dists(K (ii), P) > 84/2.
Without loss of generality we may assume that disty(ii,, P) = dista(un.1, P1).
Recall the definition of Jg, we see that u, € Mg and

. 1 wollunll, + willun 2l
Kk 1 > JgGia,) > — DA e (2.24)

M2 — |/3|2 (fQ u%,luz,z)

This implies that i, are uniformly bounded in H. Up to a subsequence, we may
assume that u, — u = (uy, up) weakly in H and strongly in LY(Q) x LY(Q).
Hence |ui|4 = 1 and u € M. Moreover, since (2.7) yields ||u,,,l-||%, > C > 0,
where C is independent of n, so we deduce from (2.24) that '

2 2
2 22 . 2 2 2
_ -1 _
wipnn — 1Bl <‘/§2u1u2> nlm (Ml,uz |B] (/Q“n,lun,2> ) > 0,

that is, u € Mg. Write K (iip) = Wy = (Wn,1, Wy,2) and wy, ; = o jWy,; as in the
proof of Lemma 2.5. Then by the proof of Lemma 2.5, we see that #; (i1,) and o, ;
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are all uniformly bounded. Combining this with (2.13), we deduce that
diss(un 1. Pl s =y = € [ (90 P ot a2
Q
-2 -2 = 2 - 3\2
< C [ (VP i )P+ 12 )
Q
= _Can,lﬂltl(ﬁn)/ u?z,lwy:1 dx
Q

— 3. - - 131,,,—
< C/(un,l) wn,ldx = C|un,1|4|w”s1|4
Q
. 31— 31w~
= Cdistq(upn.1, P1) |wn,1|4 = C5n|wn,1|4'

So dist4 (K (1), P) < dista(wy,1, P1) < C(Sz < 8,/2 holds for n sufficiently large,
which is a contradiction. This completes the proof. O

Now let us define a map
ViMg— H, V():=iu—K(®u).

We will prove that (y/# (id)u, /t2(4)uz) is a nontrivial solution of (1.2), if u =
(u1, up) € Mg satisfies V(u) = 0.

Lemma 2.11. Let ii, = (un,1, Un2) € Mg be such that
Jg(uy) > ¢ <00 and V(i,) — 0 stronglyin H.

Then, up to a subsequence, there exists ueM g such that Uy, — il strongly in H
and V(i) = 0.

Proof. Without loss of generality we may assume that Jg(ii,) < ¢ + 1 for all
n > 1. Then by the proof of Lemma 2.10, up to a subsequence, we may assume
that ii, — u = (u1,up) € Mg weakly in H. By Lemma 2.5, there exists w € H
such that, up to a subsequence, w, = K(u,) = (wp.1, wp2) —> W = (wy, wy)
strongly in H. Recall V (i,) — 0, we get

/ Vi, ;i V(uni — u;) :/ V(wn,i — wi)V(up; — u;) +/ Vw;V(uy,; — u;)
Q Q Q
+/ V(un,i — wp,i)V(un; —u;) = o(l).
Q

Then similarly as (2.18) we see that u#,, — u strongly in H. By Lemma 2.4 we have
V(i) = limy, 00 V(iiy) = 0. L

Lemma 2.12. Recall Cy > 0in (2.17). Then

J5@)IV @] = CollV @Iy, forany ii € Mg.
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Proof. Fix any u = (uy,uz) € Mg, write w = K (i) = (w, wy) as above, then
V(u) = (u; — wi, up — wy). By (2.13) we have fQ u?(ui —wj)dx =1—1=0.
Then we deduce from (2.8)-(2.9), (2.13) and (2.17) that

JE@)[V ()]
2
Zti(ﬁ)/ (VuiV(Mi —w;) + A U — wp) + 1) Blu; (u; — wi)u%) dx
o ‘

1

i

5.

fi(ﬁ)/ (VuiV(ui —w;) + A i — wp) + 1) | Blwi (u; — wi)u%) dx
1 & ‘

1

Il
.MN

li(ﬁ)/ (Vui V(i — wi) + jwi (uj — wi) — Vw; V(g — w;)
Q

i=1

—Aiw; (U — w;) + o it (ﬁ)u?(ui —w;))dx

|
-M“

Il
-

n(ﬁ)/ V(i = )P+ hali — wiPdx = Coll VDI
Q

This completes the proof. U

Lemma 2.13. There exists a unique global solution n = (n1,1n2) : [0,00) X
Mg — H for the initial value problem

d - - - -
En(l, u) ==V u), n0Ou =ueMep. (2.25)

Moreover,

(i) n(t,u) € Mg foranyt > 0andu € Mg.

(i) n(t, 0;(w)) = o0;(n(t, u)) foranyt >0,u € Mgandi =1,2.
(iii) For everyii € Mg, the map t — Jg(n(t, 1)) is non-increasing.
(iv) There exists 8y € (0,2~ 1/*) such that, for every § < &, there holds

n(t, i) € Ps whenever u € MgNPs, Jg(u) < Kk 4 1 and t > 0.

Proof. Recalling Lemma 2.4, one has V(i) € C'(M%, H). Since Mg C Mjg
and M;} is open, so (2.25) has a unique solution 7 : [0, Tmax) x Mpg — H, where
Tmax > 0 is the maximal time such that n(¢, i) € M;’; for all ¢t € [0, Tihax) (note
that V (-) is defined only on /\/l;;). We should prove Tmax = +o00 for any u € Mg.
Fixed any u = (uy, up) € Mg, one has

4 [ ni(t, i) dx = —4 / ni(t, 4)> (i (¢, i) — Ki(n(t, i))) dx
dt Jo Q

:4—4/ nit i) dx, VO <t < T,
Q
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that is

d -
7 |:e4t (/Q n; (t, u)4dx — 1>:| =0.

Recalling o, 7; (0, Wrdx = Jo u;‘ dx = 1, we see that
f ni(t,i)*dx =1 forall 0 <7 < Tpmax.
Q

So n(t,u) € M, thatis n(t,iu) € M N M5 = Mg forall t € [0, Trpax). As-
sume by contradiction that T, < +o0o, then either n(Tiax, 4) € M\ M; or
lim; 7, In(t, @) |lg = +00. If n(Tmax, ) € M\ ME, then the definition of
Jg yields Jg(n(Tmax, #)) = +00. Since n(t,u) € Mg for any t € [0, Tinax), We
deduce from Lemma 2.12 that

Tmax d
Jp (1 (Tiax, 1)) = Jp(1(0, i) +/0 EJﬁ(n(t, u)) dt

TmaX
= Jp(u) —/O Jp(n(t, w)[V (n(z, u))lde
TmaX
< Jy(ii) — Co /0 IV (e, @12 di < Jy(i) < +oo, (2.26)

a contradiction. So lim,—, 7, [In(, u)||g = +oo. Similarly as (2.26), we see that
Jg(n(t, u)) < Jg(u) < +oo forallt € [0, Trnax), and so

(lelm(t, ﬁ)llil + plina(t, ﬁ)llt) < Jg(n(t,u)) < Jg(u) < +o00,
Ay

which means that ||n(z, ﬁ)”%{ are uniformly bounded for all [0, Tipax), also a con-
tradiction. Hence Trax = 400 and (i), (iii) hold.

By (2.16) we have V (0;(i1)) = o;(V (4)). Then by the uniqueness of solutions
of the initial value problem (2.25), it is easy to check that (ii) holds.

Finally, let 8y € (0,2~ !/%) such that Lemma 2.10 holds for every § < 8. For
any ii € Mg with Jg(ii) < cF1*2 + 1 and dist4 (it, P) = 8 < &, since

o - d - - - . -
n(t,u) =u+ tan(O, uy+ot)=u—tVw)+ot)=0—-1u+tK@u)+ o(t),
we see from Lemma 2.10 that

dists(n(t, 1), P) = dista((1 — )i + tK (i@) + o(t), P)
< (1 — t)dists (@i, P) + tdista(K (it), P) + o(t)
<(1 =18 +18/2+0(t) <8

for ¢ > 0 sufficiently small. Hence (iv) holds. O
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Now we are in a position to prove Theorem 1.3.

Proof of Theorem 1.3.
Step 1. Take any § € (0, §g). We prove that (1.2) has a sign-changing solution

(i1, u2) € H such that Eg(iiy, i2) = Cl;}l,(’skz'

Write c]é{ékz simply by c in this step. We claim that there exists a sequence
{tiy :n > 1} C Mg such that

Jg(iin) — ¢, V(i) — 0 asn — oo, and dist4(iin, P) > 8, Vn e N. (227)
If (2.27) does not hold, there exists small ¢ € (0, 1) such that

V@3 =&, Yue Mg, |Jp(id) —c| < 2e, disty(ii, P) > 8.

Recall the definition of ¢ in (2.22), there exists A € Ff;‘l *k2) Such that
sup Jg <c+e.
AP

Since sup, Jg < ckrka 4 1,50 A C M. Then we can consider B = 1(2/Cy, A),
where 7 is in Lemma 2.13 and Cy is in (2.17). By Lemma 2.7-(ii) and Lemma
2.13-(ii) we have B € I'ki:k2), Again by Lemma 2.13-(iii), we have supp Jg <

supy Jg < ckik2 4 1 thatis B € F/gkl’kz) and so supp\p; Jg > c. Then by Lemma
2.8 we can take i € A such that n(2/Co, ii) € B \ Ps and

c—e < sup Jg—e < Jg(n(2/Co, ih)).
B\Ps

Since Jg(n(t, 1) < Jﬂ(ﬁ) < kil 1 for any t > 0, Lemma 2.13-(iv) yields
n(t, u) ¢ Ps forany ¢ € [0,2/Col. In particular, u ¢ Ps and so Jg(u) < ¢ + &.
Then for any ¢ € [0, 2/Cp], we have

c—e < Jg(n(2/Co, 1)) < Jg(n(t,u)) < Jg(u) < c +e,

which implies ||V (n(t, #))||3, > ¢ and

d . S . .
EJ/S(U(I, u)) = —Jg@, u)[V(n,u))l < —CollV(n(, i3 < —Coe

for every ¢t € [0, 2/Cp]. Hence,

2/Co
c—e<Jﬂ(n(2/Co,ﬁ))§Jﬂ(ﬁ)—f Coedt <c+e—2e=c—g¢,
0

a contradiction. Therefore (2.27) holds, and by Lemma 2.11, up to a subsequence,
there exists u = (uy, uz) € Mg such that i1, — u strongly in H and V(x) = 0,
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Jp(u) = ¢ = cﬂ 3 k2 Since disty (i1, P) > 8, so distq(u, P) > §, which implies that
both u; and u; are sign-changing.
Since V (i) = 0, s0 u = K (). Combining this with (2.13)-(2.14), we see that
u satisfies
—Auy + Ay + Bl @usuy = aypity (@3,
—Auy + huy + 1Bl (@) udus = axpat )u3.
Recall that |u;|4 = 1 and #; (i) satisfies (2.3). Multiplying (2.28) by u; and in-
tegrating over €2, we obtain that «; = o = 1. Again by (2.28), we see that

(1, tn) := (t1(@)uy, /t2(i)uy) is a sign-changing solution of the original prob-
lem (1.2). Moreover, (2.5) and (2.10) yield

(2.28)

. ki k
Eg(iy,iiz) = Jp(ui, uz) = cgs>.

This completes the proof of Step 1.
Step 2. We prove that (1.2) has infinitely many sign-changing solutions (uy 1, #,,2)
such that
||un,] ||Loo(Q) —+ ||un’2||ch>(Q) — +00 as n — +o0. (229)
It suffices to prove that

lim inf % = +oo. (2.30)

k1—>000<§<2-5/4

Assume by contradiction that there exist k{ — o0, 8, € (0, 275/4] and a

ki k2

posmve constant C such that Cgs, = C for every n € N. Then there exists A, €

F /3 k2) such that

sup Jg<C+1, VneN
An\Pﬁn

Let {¢r}x C HO1 (£2) be the sequence of eigenfunctions of (—A, HO1 (R2)) as-
sociated to the eigenvalues {Ay}x, then Ay — 400 as k — +o00. Define maps
= (g].85) : An > RN x R~ by

gr(u) = (/ QUL ..., /‘Pk” 2M1,f |M1|3M1) (2.31)
gy (u) = (/ §01u2,---,/ wkz—zuz,/ |u2|3u2>~
Q Q Q

Then g" € Fn 1,)(An) and so there exists u" = (uf, u3) € A, such that g" (u") =
0. As in the proof of Lemma 2.8, firstly this means u” € A, \ Ps, and so Jg (") <
C + 1 for every n € N. Secondly, we have u| € span{gi, ..., gakr;_z}L and so
Jo IVUl> > Ay fq |u'!|*. Recall that

1
C 1>J =n > n4’
STl U Y
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we see that /| are uniformly bounded in HOI(Q). Up to a subsequence, we may
assume that u| — u; weakly in HOl (£2) and strongly in L?(€) N L*(Q). Since

1
/ |u’1’|2§ f |Vu’l’|2—>0 as n — 400,
Q Agr1 Ja

so u1 = 0. On the other hand, u" € A, C M yields lu{la = 1 for any n, so
|uila = 1, a contradiction. Therefore (2.30) holds and so (1.2) has infinitely many
sign-changing solutions (uy, 1, u,2) such that Eg(uy, 1, u,2) — +00 asn — 00.
By standard elliptic regularity theory, we see that u, ; € L°(£2). Since

4 4 2 2
4Eﬁ(un,l, Up2) = Nvl|un,1|4 + M2|un,2|4 —2|B] / Uy 1Un 2
Q

< w1 un1 17 0o + 12l QA ln2llF )

s0 (2.29) holds. Here |2| denotes the Lebesgue measure of €2. This completes the
proof. O

Remark 2.14. If A € T *1:k2) \ Fg("kZ), we can not consider the set n(2/Cp, A) in

the proof of Theorem 1.3, because 7(¢, -) can not be defined on the whole M for
any t > 0 and so n(2/Cp, A) is not well defined. Hence we can not replace F/(gkl k2)

by [k1.k2) in the definition of c/;{ékz. Define
Fg‘l’k” = {A e rk1k) sup g < +oo} .
A

Then for any A € I'y ", the set B = n(2/Co, A) is well defined. Take ii € A

such that n(2/Cy, i) € B\ P;s as in the proof of Theorem 1.3. Then, since we do
not know whether Jg (1) < M1k 4 1 holds or not, it seems impossible for us to

prove ii & Ps, which plays a crucial role in the proof of Theorem 1.3. Therefore we

can not replace Fg{] k2) by ngk' *2) in the definition of c];‘ ;Skz either.

3. Proof of Theorem 1.6

In this section, let k; = k; = 2 and take § > 0 small enough such that cé’% is a
critical value of Eg. Write cé% by ¢ for simglicity. By the proof of Theorem 1.3 we
see that (1.2) has a sign-changing solution U = (U, U) such that

Ep(U) =c < *2 G.1)

We will prove that U is a least energy sign-changing solution. To do this, let us
define

¢:= inf Eg(u), 32
¢ i p(u) (3.2)
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where
Np = {L? = (uy,up) € H : bothu; and u; change sign,

EL (i) (uy,0) =0, Ep@i)(0,uy) = 0}. (33)

Then any sign-changing solutions belong to N/ 5. In particular, Ue N g and so
¢ < EglU) =c¢ =< c>2. To prove the opposite inequality ¢ > ¢, we need the
following lemma.

Lemma 3.1. Let ii = (uy, uz) € N, then

Eg(ui,up) = sup Eg (,/tf‘u?‘ =\t U ,/t;u; —,/t2_u2_>. 34

+ &
15.65>0

Proof. Note that Ej;(ié)(u7", 0) = 0 and E}, (i) (0, uy) = 0 yield

+ 4 +2 +2. 2 .
il = a2, +|ﬂ|/9|u,. 22, i=12.

Then

[+ + [o— - [+ + [o— -
2|ﬂ|/Q fHruy =t Iyuy —+/ty uy

=2|Blt;F 1" /Q WH ) + 21816ty /Q W (uy)?

2 2

2l [ Pa? + 2l [ )

<161 [ + 7] [P+ [+ 6] [ i)’
Q Q
1[0+ 2] [ e’ + a1 {602 + 607 [ e
Q Q
=816 [ D+ 181602 [ s
Q Q
19167 [ e+ 1916)* [ wis?

= O aluf 13+ @O maluy 1 + G palud 1§+ () paluy |

+\20,,+ 112 —\211,,— 112 201,112 —\20,,— 112
— DU E, = @ 13, = G 13, — @) s 12,
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Hence for any tl ) > 0 we deduce that
Eg (,/tfu? =/t U ,/t;u; — ,/t2_u2_>

1
+ —1, =12 +12 )
= S I, 4 Sl I, + S I, + S e 1

— D o a2+ ol 1+ ) alus 1]
1 2 2
+ §|ﬁ|/ Jitul = Jiruy| Wl =t us
Q
2 t+ ( +)2 2
2|5 113, +Z lue; 113,
i=1

l _ _
= 7 (e 0, + e 12, 4 1 13, + s ||i2) = Ep(u1, u2).

Letting (t1+, o, t2+, t,) = (1,1, 1, 1), we completes the proof. O

Lemma 3.2. ¢ = ¢ and so U is a least energy sign-changing solution of (1.2).

Proof. Take any u = (u1, uy) € N,g such that Eg (1) < ¢*?% + 1. We define
A=A xAy; A ={uce span{u u;} o ulg =1}

As in the proof of Lemma 2.9, one has A € %2 For any v = (v1, v2) € A, there
exist b;, d; € R such that v; = biu;r + d;ju; . Then by (2.10) and Lemma 3.1 we
have

Jp(W) = sup Eg(Vrivi, V)

t,0>0
= sup Eg (\/E (blu-li_ + dl”l_) , Vb (bgu; + dzuz_))
t,0>0
= sup Eg (Vulbiluf — Vuldiluy, Vialbaluy — Vildaluy)
t,0>0
< Eg(uy, uz),
(2,2)

that is, sup, Jg < Eg(ui) < 2+ 1andso A € g, which implies

c=chy < sup Jp@®) < Epii), Vi € Nj with Eg(ii) < ™ + 1.
veA\Ps

Hence ¢ < ¢, thatis,c =c=E 5((7 ). Since any sign-changing solutions belong to
N, 8,50 U = (U, Uy) is aleast energy sign-changing solution of (1.2). O
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To continue our proof, we need a classical result by Miranda.

Lemma 3.3 ([23]). Consider a rectangle R = []jlai, bi] C R* and a continuous
function ® : R — RY, & = (®y,..., D). If Djly,=¢, > 0 > D;ly,=p, holds for
every i, then ® has a zero inside R.

Lemma 3.4. Both Uy and U, has exactly two nodal domains.

Proof. Since U1, U, both change sign, so both U; and U; have at least two nodal
domains. Assume by contradiction that U has at least three nodal domains 21, €2,
and Q3. Without loss of generality, we assume that U; > 0 on 1 U €2;. Define

+. - )
ul = x Ui, u; = x,Ui, usz:=yxaUi,

where
1, xeQ,

xax) = {0’ r e R\ Q.

Then u, u3 € H} () \ {0}. By E{(U)(uf,0) = 0 and E4(0)(0, Us) = 0 we
have

w13, = paluy |y — 18I fQ w)*Us3, (3.5)
1U 15, = m2lU5 13 — 1B /Q UL (U (3.6)
Let N N
I N A [
a := —min —l - >0
2 Mllul |4 M2|U2 |4

From (3.5)-(3.6) one has a < 1/2. Forany b> 1, we define ®=(f,", ", 5", /5 ):
[a,b]* —> R* by

2
o+ —r—
LU =y, U,

El

£t = A v a2 E +2
fr@l g g = luylly, — oy |4+|/3|/(M1)
Q

O P
tuy =\t u

2
U;).

et g ) =10, — 5 2l U1 + IﬂI/
Q
Then for any (t1+, o, t2+, t,) € la, b1*,

1

+ +,2 + 4 +,2
Sl = WE I, = a1 = 113, > o,
1

+ +2 +,4
f2 Itzi:a = ||U2 ”M _aﬂ2|U2 |4 = )

+2
IUE)12, > o.
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Moreover, by (3.5) we have

2
i+ —
LU =y, U,

[l = 13, — bualuf 13 + 181 | @i)?

1 1 Q

2 _ —\2

= Nl 1, —bmluTIZ{JrlﬂI/Q(uT)z (5 () + 15 (U;))

2
< luyll3, —bmuﬁiww%(ﬁ) U3
= (1 =b)|uf|}, <0. 3.7)
Similarly, by (3.6) we have

2
£l < WUFIZ, — bualU5T1G + b1 /Q Ut (U3)

=(1-b)|US |3, <0.

(3.8)

Then by Lemma 3.3 there exists (t~1+ I t~2+ Jly ) € [a, b]* such that
@) =00 £ ) =0,
This implies that
(,/ffuf — i uy. iUy — f;U;) € Ng.

Remark that (3.7) and (3.8) hold for any » > 1, so we obtain that

<1, <1, <1, § <L
Hence
¢ < Eg (,/ffuf —Jiuy iU — f;U;)
1 /. - ~ .-
= < (e 0, + 771y 13, + 50051, + 510715, )
1 _ _
< 7 (e 03, + 0 13, + sl + 00503, + 10718, )
<! IULIZ, + 1U2113,) = Eg(Uy, Up) =

a contradiction. Hence U has exactly two nodal domains. Similarly, U, has exactly
two nodal domains. O

Proof of Theorem 1.6. Theorem 1.6 follows directly from Lemmas 3.2and 3.4. [J
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4. Proof of Theorem 1.7

The following arguments are similar to those in Sections 2-3 with some important
modifications. Here, although some definitions are slight different from those in
Section 2, we will use the same notation as in Section 2 for convenience. To ob-
tain semi-nodal solutions (u1, u») such that u; changes sign and u; is positive, we
consider the following functional

~ ! ! 81
Epur,u) = 5 (et + el ) = 5 (pertontf o+ ealef 1) + 57 [ e,

and modify the definition of H by

H :={(u1,u2) € H:uy #0, uj #0).
Then by similar proofs as in Section 2, we have the following lemmas.

Lemma 4.1. For any (u1,u3) € H, if |B| (fgu 142)2 > m,uzlu1|4|u2 |4, then
sup Ep(v/iuy, v/fouz) = +00.

11,12>0

Lemma 4.2. For any ii = (u1, u3) € H, if

2
181> ( /Q u%u%) < pipalurflud 1y, (4.1)

then system

||141||§1 =t1M1|M1I4 t2|,3|fgu u3 42)
luz 12, = tapalug 1§ — 1181 [ udu3 '
A2 2 Q Ui,
has a unique solution
@) = maluy I4IIM1II,\1 + Iﬁlllmllk2 Jquiu3
1(u
il Gl 14— 1812 (f u3u3)? (423)
by — Mllbt1|4||u2||A2 + |'3|””1”/\1 Jquiu3
2(u) =
il 3l 13— 18P (f ubud)
Moreover,
sup By (Virur, Viu2) = By (Vi@ V@)
t1,tp>0
1M2|M2 |4||”1||M +2|,3|||u1||M ||M2||,\2 Joudud + wilu[flu 2||A2 4.4

4 g palu 3ud 12— |BR(fo u2ul)?

and (t1(it), t2 (1)) is the unique maximum point ofgﬂ(\/ﬁul, Jhuo).
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Now, we modify the definitions of M*, M, z*, M and Mg by

M =HieH : fuils > 1/2, |u3ls > 1/2};
M = {# e M* . u satisfies (4.1)} ;

*

2
4.5
MEF = ﬁe./\/l*:mug—lﬁ|2</u%u%) >0}; ()
Q
M:=lieH : Jumls=1, [ufls =1}, Mp:=MnMj,
and define a new functional Jg : M* — (0, 4-00] as in Section 2 by

Ll 218113 )l S udud+plluallf, v
Tp(ii):=14 pipa — 1B12(f uud)? P
+00 if i € M*\ M.

Then Jg € C(M*, (0, +o0]), infaqx Jg > C1 > 0 where C; independent of f <
0, Jg € Cl(/\/lz*, (0, 400)) and (2.8)-(2.9) hold for any u € Mg and ¢, ¥ €
Hy (). Note that Lemmas 4.1 and 4.2 yield

Jp(ui,uz) = sup Eg (Viur, Vous), ¥ (@ui,uz) € M. (4.6)

11,1>0

For any u = (u1,u) € M;’;, let w; € Hol(Q), i = 1,2, be the unique solutions of
the following linear problem

— AW + MWy + |Bl2@uiwr = pit (iu3, w1 € Hj (), @7
— Ay + Aty + | Bl (@)utiy = patr () (u3)?, Wy € HY ().
As in Section 2, we define
- 1 1
w; = o;w;, where o] = 3~ > 0, oy = 7? > 0. (48)
Joui Jo@3)3 2

Then (w1, wy) is the unique solution of the problem

—Aw; + hwy + Bl @uiw = oyt (@3, wy € HY (),
—Aws + dwa + Bl @ uiwy = eapata (i) (u3 )3, wy € Hy (Q), (4.9)
Ja u?wl dx =1, fQ(u;)3w2dx =1.

As in Section 2, the operator K = (K1, K3) : M:‘; — H is defined as K (u) :=
w = (w1, wy), and similar arguments as Lemma 2.4 yield K € C L(M*, H). Since
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up, — uin L*(Q) implies u;t — u™ in L*(Q), so Lemma 2.5 and its proof with

obvious modifications also hold for this new K defined here. Note that
K (01()) = o1(K (4)). (4.10)
Remark that (4.10) only holds for o7 and in the sequel we only use 1. Consider
F={ACM:A isclosedand o1(4) € A Y u € A},

and, for each A € F and k; > 2, the class of functions
F,.1y(A) = {f c A — R f continuous and f (o7 (i1)) = —f(ii)} )

Definition 4.3 (Modified vector genus, slightly different from Definition 2.6).
Let A € F and take any k; € N with k; > 2. We say that y(A) > (kg, 1) if for
every f € F,.1)(A) there exists # € A such that f (@) = 0. We denote

r&b.—(AeF:y(A) > (k, 1}.

Lemma 4.4. With the previous notations, the following properties hold.

(1) Take A := A1 x Ay C M and letn : Ski=l 5 A bea homeomorphism such
that n(—x) = —n(x) for every x € S5V Then A e T*1D

(i) We have n(A) € r%®D whenever A € T®*1Y and a continuous mapn: A—
Mis suchthatnooy =01 07.

Proof. The conclusion (ii) is trivial, we only prove (i). Fix any f € F, 1)(A) and
take any up € Ap. Define ¢ : sh—1 . Rki—1 by ¢(x) := f(n(x),uz). Then

@ is continuous and ¢(—x) = —¢(x). So by Borsuk-Ulam Theorem, there exists
xo € SK—1 guch that @(xg) = 0, that is f(n(xg), uz) = 0. Hence y(A) > (k1, 1)
and A e T%.D, O

Now we modify the definitions of P and disty (&, P) in (2.19)-(2.20) by
P:=PiU—Pi, disty(ii, P) := min {disty(u1, P1), dists(u, —=P1)}. (4.11)
Under this new definition, ] changes sign if dist4 (i, P) > 0.

Lemma 4.5. Let k| > 2. Then for any § < 27'/* and any A € T*1D there holds
A\ Ps # 0.

Proof. Fix any A € I'®1:D_ Recall the map fi : A — R¥1~! defined in (2.21).
Clearly fi € F,1)(A), so there exists # € A such that fi(#) = 0, which means

Jo@DH* = [q)* = 1/2, that is, dists (i, P) = 271/4,s0i € A\ Ps for every
§ <2714, O

Lemma 4.6. Let k; > 2. There exist A € T*®1:V) and a constant ¢¥1'! € N inde-
pendent of B < 0 such that sup 4 Jg < ket for any g < 0.
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Proof. Let B; and {go,ic 1 <k <k} C HO1 (B;) be in the proof of Lemma 2.9.
Define

Ay = {u € span{(pll,...,w,il} D ulg = 1}, Ay = {C‘%z‘ :C= 1/|(/712|4}-

Then by Lemma 4.4-(i) one has A := A} x A; € %D The rest of the proof is
the same as Lemma 2.9. O

Forevery k; > 2and0 < § < 2-1/4 we define
cllgl(s = inf  sup Jg(u),
Aerg) e A\Ps
where the definition of F/(Skl’l) is the same as (2.23). Then Lemma 4.6 yields

1"(k1 D # () and so c];‘;sl is well defined. Moreover, c]; ;31 < ¢k for any g < 0 and
1) > 0. Under the new definitions (4.11), it is easy to see that Lemma 2.10 also holds
here. Now as in Section 2, we define a map V : /\/l* — Hby V(u) :=u— K ().
Then Lemma 2.11 also holds here. Recall from (4.5) and (4.9) that

/ W ur —wp)dx =1-1=0, Vii=(uy,u) e Mg
Q

Then by similar arguments, we see that Lemma 2.12 also holds here.
Lemma 4.7. There exists a unique global solution n = (1, m2) : [0, 00) x Mg —

H for the initial value problem

d . - - -
En(t, u) ==Vt u), n0u) =uecMg. 4.12)

Moreover, conclusions (1), (iii) and (iv) of Lemma 2.13 also hold here, and
n(t, o1()) = o1(n(t, u)) foranyt > 0andu € Mg.

Proof. Recalling V (1) € C'(M?*, H), (4.12) has a unique solution 7 : [0, Tinax) X
Mg — H, where Trax > 0 is the maximal time such that 5(z, i) € M:g for all
t € [0, Tyax). Fixed any u = (uy, us) € Mg, we deduce from (4.12) that

7 (nz(t 1) ) dX=—4/Q(772(t, ﬁ)+)3(772(t, u) — Ko(n(t, u))) dx

Q

d )
e [e‘” (/Q (2, i)Y dx — 1)} =0.

Since o (12(0, ii)+)4 dx = [o3)*dx = 1,s0 [, (n(t, ii)+)4 dx = 1 for all
0 <t < Thax. Recalling (4.10), the rest of the proof is similar to Lemma 2.13. [

that is
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Now we can give the proof of Theorem 1.7.

Proof of Theorem 1.7.
Step 1. Fix any k; > 2. We prove that c/];‘ ;31 is a sign-changing critical value of Eg
for § > 0 small.

By similar arguments as Step 1 in the proof of Theorem 1.3, for small § > 0,
there exists u = (u1, up) € Mg such that

(i) = ¢yl V@) =0 anddisty(ii, P) > 6.

Then u; changes sign. Since V() = 0, so # = K (1). Combining this with (4.9),
we see that i satisfies

—Auy + Ay + |Bla@usu; = aypity (@)uy,

N N (4.13)
—Auy + hous + |Blt1 uduy = arpuotr (i) ()3

Since |uil4 = 1, |u§r|4 = 1 and f; (u) satisfies (4.2), so a; = ap = 1. Multiply
the second equation of (4.13) by u, and integrate over 2, we get [lu, ||§2 =0,
so up > 0. By the strong maximum principle, up > 0 in Q. Hence (i1, tt) :=
(Vt1(@)uy, \/t2()uz) is a semi-nodal solution of the original problem (1.2) with
i sign-changing and i, positive. Moreover, (4.4) and (4.6) yield

- ~ ki1
Eg(iy, ii2) = Eg(ity, i) = Jg(ui, uz) = ¢4y < kit

Step 2. We prove that (1.2) has infinitely many semi-nodal solutions.
Assume by contradiction that there exist k? — 00,48, € (0, 275/ 4] and a

o K1 .
positive constant C such that cﬁl 8 = C for every n € N. Then there exists A, €

K1
ngl ) such that SUP 4,\ Py, Jg < C 4+ 1forany n € N. Let {g}x C HO1 (2) be as

in the proof of Theorem 1.3 and recall the map g} : A, — R¥1—1 defined in (2.31).
Then g} € Fn 1)(Ap). By the same arguments as in the proof of Theorem 1.3,
we get a contradiction. Therefore, (1.2) has infinitely many semi-nodal solutions
{tiny = (un.1, un.2)}n>2 which satisfy

(1) up, 1 changes sign and u, > is positive;
(2) Eg(up,1,up2) = cg’én < ™! for some 0 < 8, < 2~1/4. Moreover,

lun1llLoo@) + llun2llLe@) = +00  as n — +o0.

Step 3. We prove that u, 1 has at most n nodal domains.
Assume that u, 1 has at least n + 1 nodal domains 2,1 < k < n 4 1, then
Un,1 Xy € HO1 (2). For 1 <k < n,we see from Eg(ﬁn)(un,lxgk, 0) = 0 that

mmn,lmkﬁ:||un,1ka||§l+|ﬁ|f|un,1ka|2uﬁ,2, k=1,....n (414
Q
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Similarly E,’S (1n)(0, up 2) = 0 yields

4 2 2 2
M2|un,2|4 = ||Mn,2||)L2 + |/3|/ Uy 1Un -
Q

Then, similarly as Lemma 3.1 we have

2
n
218 /Q \Zkzl Vit 1 x| 1Vsun

n
2 2.2 2 2 2
=S 1B [ e P+ 1815° [ 2
k=1 v &

n

2 4 2 2 4 2
=2 (slon xeult = N xe 2, ) + 5% (n2lin 21 = 213, )

k=1

Recall that u, » is positive, so for #1, ..., #,,s >0,

n
Ep (Z \/Eun,IXka \/Eun,Z)
k=1
2

n
17 t
=Y <5||un,1mk||§l - fmun,lmi)

k=1

s , s? 4
+ Ellun,zlh2 - ZM2|”n,2|4

18I 2
+ 2 Jo ‘2221 Vitn, 1 X9y I\/Eun,2|2
n 2 )
7% 4 5 s s )
B ,; (E - Z) a1 Xl + (5 - z) lun 2113,

2 1 2
<32 lunaxaliZ, + lunll3,.

(4.15)

Now we define
A=A x {Cun,Z :C = 1/|”n,2|4}§
Ay = {u € span{up 1 xQ,. -, Un,1 X0, ) : luls = 1}
Then Lemma 4.4-(i) yields A € I'™D and similarly as Lemma 3.2, we deduce
from (4.6) and (4.15) that

1 = 2 1 2 1 2 2
sup Jj < Zk; it 13, + 20, < 5 (o113, + 21, )

- n,1 .1
= Eg(up) = CB.5, <",



888 ZHIJIE CHEN, CHANG-SHOU LIN AND WENMING ZOU

andso A € 1"}(3"’1), which implies
1 ) .
ks, < sup Jj < —Znun Xl + g lunal, < EgGn),  (4.16)
A\Ps,

a contradiction. Hence u, ; has at most n nodal domains. In particular, u5 | has
exactly two nodal domains.

Step 4. We prove that (12,1, 12 2) has the least energy among all nontrivial solutions
whose first component changes sign.
By similar arguments as in Section 3, we can prove that

Cﬁ’,fsz— inf Eg(u) = _inf Eg (i), 4.17)

ueN 1.p ieNy 1 p
where
./\/'2,143 = {ii = (u1,u2) € H : up changes sign and u; > 0, up #0,
E} ) (e, 0) = 0, Ef(@)(0, u2) =0},
Let & = (u1, up) be any a nontrivial solution of (1.2) with u; sign-changing. With-

out loss of generality we assume u;r # 0. Then by a similar argument as Lemma
3.4, there exists t]i, tzJr € (0, 1] such that

[o+, + [o—— [+, +
<t1 Uy — 4 ug, tzuz)eNz,l,g,

and so

Eﬂ(”21au22)—cz (,/t1 ul —\Jtyuy, 6 ug )

1
< (w3, + lui13) < Eg).

N

Hence (u7,1, u2,2) has the least energy among all nontrivial solutions whose first
component changes sign. This completes the proof. O

5. Asymptotic behaviors and phase separation
In this section, we study the limit behavior of solutions obtained above as 8 —

—oo. Fix any ki, k» € N such that k; > 2 and k» > 1. Then by the arguments
in above sections we know that, for any 8 < 0, there exists dg € (0, 2-1/4y and
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ug = (up,1,up2) € H such that iig is a nontrivial solution (either sign-changing
or semi-nodal) of (1.2) with

Eﬂ(iiﬁ) = c];"g;z < ke o 4o,

ki

Here cf1-%2 is seen in Lemmas 2.9 and 4.6. Recall that

= N 1 2 2
Eg(ug) = 7 lupilly, + llup2lly, ),

we see that i g are uniformly bounded in H. On the other hand, by Kato’s inequality
(see [15]) we have

u
Alug ;| = Aug; - | A

B.il

in (Hy (Q)).
Recall that 8 < 0, then it is easy to check that

—Alugi| + Milugil < wilug|®, lupi| € Hy (Q).

Hence by standard Moser iteration, we see that ug; are uniformly bounded in
L*>(R2) for any B < 0 and i = 1,2. Moreover, by elliptic regularity theory it
holds that ug; € C(2) N C 2(Q). The main result of this section is following.

Theorem 5.1. There exists a vector Lipschitz function ieo = (Uoo.1,Uc02) € H
such that, up to a subsequence,

(1) ug,;i = Ui in HO1 ()N CO""(Q)for every) <a < laspB — —oo;

(2) —Auooi + Ailtoo,i = Miugo,i in the open set {uso,; 7 0};

(3) Uoco.1 - U2 =0 and |B| fQ ”,23,1“?3,2 dx > 0as f — —o0;

4) ifk1, ko > 2, then us ; changes sign fori = 1,2. Moreover, if ki = ko = 2,
then {uso; # 0} has exactly two connected components, and U~ ; is a least
energy sign-changing solution of

—Au A+ riu = wiu®,  u € Hy (uoo; # 0}) (5.1)

fori=1,2;

(5) ifky = 2 and ky = 1, then ux,1 changes sign, {ux,1 7 0} has at most
k1 connected components and uoo > is positive in {uso2 # 0}. Moreover, if
(k1,k2) = (2,1), then {uso,1 # 0} has exactly two connected components,
Uoo,1 IS a least energy sign-changing solution of (5.1) for i = 1, {usc,2 # 0}
is connected, and u o is a least energy solution of (5.1) fori = 2.

Proof. Since ug; are uniformly bounded in L>°(2) for any B < O and i = 1,2,
then (1) — (3) follows from [26, Theorems 1.1 and 1.2]. Remark that, although
in [26] the results are stated for nonnegative solutions, they also hold for solutions
with no sign-restrictions; all arguments there can be adapted with little extra effort



890 ZHIJIE CHEN, CHANG-SHOU LIN AND WENMING ZOU

to this more general case, working with the positive and negative parts of a solution.
This fact was pointed out in the proof of [29, Theorem 4.3].

It remains to prove (4) — (5). First we consider the case ki, k; > 2. Since
ug; € C(Q)NC%Q) and ug,; changes sign, so there exists x;fi € 2 such that

u,g,,-(x;l.) = E?Eaéuﬁ’i(x) >0 and uﬁ,i(x;i) = xmeisrzluﬁ’i(x) <0, i=1,2.

Then Auﬁ,i(x;yi) < 0. Since ug satisfies (1.2) and < 0, so kiuﬁ,i(x;i) <
Wi ”/33,1' (x;’i) , which implies

uﬁ,i(x;{,-) = Igleaéuﬂ,i(x) > \Ai/ri, VB <O.

Similarly,
up,i(xg,;) = xmelsrzl ugi(x) < —v/Ai/mi, VB <O.

Combining these with (1), we see that u, ; changes sign, and so {uso,; 7 0} has at
least two connected components.

Now we let (k1, k2) = (2,2). Assume by contradiction that {u#., 1 7 O} has
at least three connected components 21, €2> and €23. Without loss of generality, we

assume that 1 1 > 0 on 1 U . As in the proof of Lemma 3.4, we define ul =

XQtoo 1, U] = XQyUoo1 aNd U3 i= Xqylico,1,then [|uco 1117, > lluy 5, +luy Il -
gy T(l)leorem 5.1-(2) and (3.3) it is easy to see that (u;r — U, Uxp) € ./\f,g for all
< 0,s0

1 2 2 . 1 2 2
7 (s 13, o 2l2,) = tim 2 (g3, + 2l

= lim Eg(upi,upr) = lim C%ﬂ
Pl p>—oo (52)

< lim Eﬁ(u;r — Uy, Uxo2)
p——00

1
2 -2 2
= 2 (0, + 0T 12, + 21, )

a contradiction. Hence {uo,; # 0} has exactly two connected components. If
u; € H()l({uoo’i # 0}) is any sign-changing solutions of (5.1), then (u1, uxo.2),
(oo,1, u2) € N forall B < 0, so similarly as (5.2) we see that [luce i [I7, < [lu;l3,,
that is, 1o ; has the least energy among all sign-changing solutions of (5.1). Hence
Uoo,i 1S a least energy sign-changing solution of (5.1), and (4) holds.

Now we consider k1 > 2 and k» = 1. Then u,1 changes sign as above. Since
ug,2 is positive, s0 o2 > 0 in {2 # 0}. Define

/\/}61,1,5 = {ﬁ = (u1,u2) € H : u; changes sign and has at least k; nodal
domains Qx(1 <k < k), us #0, upy >0,
Ep(@wixa, 0) =0, Y1 <k <k, E4@O,u) =0},
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Then the same arguments as (4.14)-(4.16) yield that
cylyy = _inf  Ep(D).

ueNkl,l,ﬂ

If {so,1 # O} has at least k1 4+ 1 connected components (1 < k < k; + 1), then

<uoo’1XUil_19k’ uoo,Z) € -/\/;cl,l,ﬁ VB <O.

Similarly as (5.2) we get a contradiction. Hence, {#~,1 # 0} has at most k| con-
nected components.

If (k1,k2) = (2,1), then {us,1 # 0} has exactly two connected compo-
nents. If {u2 # O} has at least two connected components €21 and €2;, then
(Moo, 1, Uso,2XQ) € ./\/'2,17,3 for all B < 0, and similarly as (5.2) we get a contradic-
tion. Hence {12 # 0} is connected. Finally, similarly as above, we can prove that
Uso,1 18 a least energy sign-changing solution of (5.1) fori = 1, and u 2 is a least
energy solution of (5.1) for i = 2. This completes the proof. O

6. The entire space case

In this final section, we extend some results above to the case where 2 = R . That
is, we consider the following elliptic system in the entire space

—Auq + Auy :;,Llu%—i—ﬁulu%, x e RV,
—Auy + Auy = Mzu% + ﬂu%ug, x € RN, (6.1)
ui(x), up(x) — 0 as |x| - +o0.

By giving some modifications to arguments in Sections 2-4 and introducing some
different ideas and techniques, we can prove the following results.

Theorem 6.1. Let N = 2,3, A, A, 1, 42 > 0 and B < 0. Then (6.1) has
infinitely many radially symmetric sign-changing solutions, including a special
(u1, up) such that both uy and uy have exactly two nodal domains and (uy, us)
has the least energy among all radially symmetric sign-changing solutions.

Theorem 6.2. Let assumptions in Theorem 6.1 hold. Then (6.1) has infinitely many
radially symmetric semi-nodal solutions {(u, 1, un,2)}n>2 such that

(1) upn,1 changes sign and u, > is positive;

(2) un,1 has at most n nodal domains. In particular, uy | has exactly two nodal
domains, and (u2,1, u22) has the least energy among all nontrivial radially
symmetric solutions whose first component changes sign.
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Remark 6.3. Let assumptions in Theorem 6.1 hold. Lin and Wei [16] proved that
(6.1) has no least energy solutions. Later, Sirakov [27] proved that (6.1) has a
radially symmetric positive solution which has the least energy among all nontrivial
radially symmetric solutions. Combining these with the introduction in Section 1,
our results here are completely new.

Define H, := H'(RN) x H!(R") as a subspace of H := H'(RV) x H'(R")
with norm || (ur, u2) 3, = llutll3, + lluzll},, where

Hr1 RN := {u e H'@®RY) : uis radially symmetric} ,
3, :=/ (IVul* + rju?) dx.
RN

Since the embedding H,(RY) < L*@RY) is compact, by replacing H} (Q), H
with Hr1 (RN), H, respectively in all definitions appeared in Sections 2-4 and using
the same notations, it is easy to see that all arguments (with trivial modifications) in
Sections 2-4 hold for system (6.1) except those in Step 2 of proving Theorems 1.3
and 1.7. Hence we only need to reprove Step 2 in the proofs of Theorems 1.3 and
1.7. The following ideas and arguments are quite different from those in Step 2 of
proving Theorems 1.3 and 1.7, and also can be used in the bounded domain case.

Proof of Theorem 6.1. Assume by contradiction that there exists ng € N such that
(6.1) has only ng radially symmetric sign-changing solutions. Fix any k, > 2, we
define

L= max [0 02 < ky <o 42} 4 1.

For any k; € [2,n9 + 2] and 0 < § < 2-1/4 similarly as (2.22)-(2.23) we define

/];1 /‘32 = inf  sup Jg(i), (6.2)
Aerg 2 ieA\Py
where
Fék} k2) {A e rkik) sup Jg < l} ) (6.3)

Lemma 2.9 yields that F(kl k2) # 0, cﬁ ; 5 is well defined and cﬂ' k2 ckike for

each k| € [2, ng + 2]. Noting that 1"(k1+1 k2) Fék} *2) e have

k2 no+1,k; no+2,ky
DS S S (6.4)

By repeating the arguments in Section 2 we can prove that there exists §; €(0,271/4)
such that, for any 6 € (0, §;),

n(t,u) € Ps whenever u € MgNPs, Jg(u) <landt >0, (6.5)
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and so cgllkg is a radially symmetric sign-changing critical value of Eg for each

ki € [2,no + 2] (that is, Eg has a radially symmetric sign-changing critical point
u with Eg(i) = c];'}i%). Fix any a § € (0, §;). By (6.4) and our assumption that
(6.1) has only ng radially symmetric sign-changing solutions, there exists some
2 < Nj < ng + 1 such that

cpi =yt =z (6.6)
Define
K:={ueM : uissign-changing, Jg(u) =c, V(u)=0}. (6.7)

Then K is finite. By (2.16) one has that 0; (#) € K if u € K, thatis, K C F. Hence
there exist k < ng and {ii,, : 1 < m < k} C K such that

K= {I/_Zma Ul(ﬁm), UZ(ﬁm), _lzm 1 <m <k}

Then there exist open neighborhoods Oj,, of i, in H,, such that any two of

O;,ml, 01(0,;m2), O’z(O[im}) and —OL;m4,Where 1 < my,my, m3, myg <k, are dis-

jointed and

k
Kco:=|{]0;,U0(0;,) Uo(0;,)U—0;,.

m=1
Define a continuous map f : 0 — R\ {0} by

Fay =1t ielUf_ 0; Ua(0z),
T -1, ifieUr_ 01(0;,)U—-0z, .

Then f(o1()) = — f (i) and f(oa2(it)) = f(z_i). By Tietze’s extension theorem,
there exists f € C(H,, R) such that f|p = f. Define

f@) + f(o2@) — f(o1() — f(—u)

F@u) = 2

then F|o = f, F(o1(il)) = —F (i) and F (02 (it)) = F(ii). Define
K; = :ﬁeM:jnf li — vllg <t}.
velkl

Then we can take small z > 0 such that Ko, C O. Recalling V(i) = 0 in K and
IC finite, there exists C > 0 such that

IV@)g <C, ViieKyy. (6.8)
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For any ii € Ky, we have F(ii) = f(ii) # 0. That is F(Ka;) C R\ {0}. By (6.7)
and Lemma 2.11 there exists small ¢ € (0, 1) such that

||V(z_i)||%1 >e, Vue Mg\ (K;UPs) satisfying |Jgu) —¢| <2e.  (6.9)

Recall Cg in (2.17), we let
C
o = —min{l,r—j}. (6.10)
2C

By (6.2)-(6.3) and (6.6) we take A € Iy} *"** such that

sup Jg < cg‘lzl’kz +ae =cC+ae. (6.11)

A\Ps

Let B := A\ Ky, then it is easy to check that B C F. We claim that y (B) >
(N1, k2). If not, there exists ¢ € F(n, k) (B) such that g(u) # O for any u € B.
By Tietze’s extension theorem, there exists g = (g1, §2) € C(H,, RNi—1 » Rk2—1y
such that g|p = §. Define g = (g1, g2) € C(H,, RV~ x R=1y py

g1@) + g1 (o2(u)) — g1(o1 () — g1(—u)
4 9
&2(l) + g2(01 () — g2(02(uh)) — go(—ii)
2 :

gi(u) ==

&) =

then g|p = g, gi(0i () = —g; (i) and g;(0j(it)) = g;(u) for j # i. Finally we
define G = (G, G2) € C(A, RMt1-1 x Rka—1) py

G1(i) == (F (i), gi(i)) € RMTIL 0 Go(id) = ga(ii) € RR™L

By our constructions of F and g, we have G € F(ny,+1.4,)(A). Since y(A) >
(N1 + 1,kp), s0 G(ii) = O for some u € A. If u € Ky, then F(ii) # 0, a
contradiction. So# € A\K,; = B,and then g(&) = g(it) # 0, also a contradiction.
Hence y (B) > (N1, k2). Note that supg Jg < sup, Jg < [, we see that B C Mg

and B € F%l’kz). Then we can consider D := n(t/(25), B), where 7 is in Lemma

2.13 and C is in (6.8). By Lemma 2.7-(ii) and Lemma 2.13 we have D € [ Vik2)
and supp, Jg < supg Jg < [, thatis D € I‘g’\;l’kz). Then we see from (6.2)-(6.3)
and (6.6) that

By Lemma 2.8 we can take # € B such that n(r/(26), u) € D\ Ps and

¢—ae < sup Jg —ae < Jg(n(r/(2C), D).
D\Ps
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Since J,g(n(&ii)) < Jg(u) < [ forany t > 0, (6.5) yields n(t,u) ¢ P;s for any
t € [0, 7/(2C)]. In particular, u ¢ Ps and so (6.11) yields Jg (i) < ¢ + ae. Then
for any r € [0, /(2C)], we have

¢ —ae < Jp(n(t/(20), i) < Jp(n(t, i) < Jp(ii) < &+ ae.
Recall that i € B = A\ Ky;. If there exists T € (0, r/(25)) such that n(T, u) €

K., then there exist 0 < t; < tp < T such that n(t1, 1) € 3K, n(t2, i) € K,
and n(t, u) € Ko, \ K; forany ¢ € (11, 12). So we see from (6.8) that

<2C(tr — 1),

15}
/ V(n(t,u))dt
1

T < In(t, i) — n(tz, i) |g = ‘
H

that is, ‘L’/(2§) < tp —t; < T, a contradiction. Hence n(t,u) ¢ K, for any
t € (0, t/(2C)). Then as Step 1 in the proof of Theorem 1.3, we deduce from (6.9)
and (6.10) that

- /(2C)
¢ —ae<Jg(n(z/Q2C), ) < Jg (i) — / Coedt < ¢+ ae —2ae=¢ — as,
0

a contradiction. Hence (6.1) has infinite many radially symmetric sign-changing
solutions. This completes the proof. O

Proof of Theorem 6.2. It suffices to prove that (6.1) has infinitely many semi-nodal
solutions. This argument is similar as above, we omit the details. U

References

[1] N. AKHMEDIEV and A. ANKIEWICZ, Partially coherent solitons on a finite background,
Phys. Rev. Lett. 82 (1999), 2661-2664.

[2] A. AMBROSETTI and E. COLORADO, Standing waves of some coupled nonlinear
Schrodinger equations, J. Lond. Math. Soc. 75 (2007), 67-82.

[3] T. BARTSCH, N. DANCER and Z.-Q. WANG, A Liouville theorem, a priori bounds, and
bifurcating branches of positive solutions for a nonlinear elliptic system, Calc. Var. Partial
Differential Equations 37 (2010), 345-361.

[4] T. BARTSCH, Z. L1U and T. WETH, Sign changing solutions of superlinear Schrodinger
equations, Comm. Partial Differential Equations 29 (2004), 25-42.

[5] T. BARTSCH and Z.-Q. WANG, Note on ground states of nonlinear Schridinger systems,
J. Partial Differential Equations 19 (2006), 200-207.

[6] T. BARTSCH, Z.-Q. WANG and J. WEI, Bound states for a coupled Schrodinger system,
J. Fixed Point Theory Appl. 2 (2007), 353-367.

[7] L. A.CAFFARELLI and F.-H. LIN, Singularly perturbed elliptic systems and multi-valued
harmonic functions with free boundaries, J. Amer. Math. Soc. 21 (2008), 847-862.

[8] S. CHANG, C. LIN, T. LIN and W. LIN, Segregated nodal domains of two-dimensional
multispecies Bose-Einstein condensates, Phys. D. 196 (2004), 341-361.



896

[9]

[10]
(1]
[12]

[13]

[14]
[15]
[16]
[17]
(18]
[19]
[20]
(21]

(22]

(23]
(24]

[25]

[26]

(27]
(28]

[29]

(30]

(31]

ZHIIE CHEN, CHANG-SHOU LIN AND WENMING ZOU

Z. CHEN and W. Z0U, Positive least energy solutions and phase separation for coupled
Schrodinger equations with critical exponent, Arch. Ration. Mech. Anal. 205 (2012), 515
551.

Z. CHEN and W. Z0U, An optimal constant for the existence of least energy solutions of a
coupled Schrodinger system, Calc. Var. Partial Differential Equations 48 (2013), 695-711.
M. CoNTI, L. MERIZZI and S. TERRACINI, Remarks on variational methods and lower-
upper solutions, Nonlinear Differential Equations Appl. 6 (1999), 371-393.

M. CoNTI, S. TERRACINI and G. VERZINI, Asymptotic estimates for the spatial segrega-
tion of competitive systems, Adv. Math. 195 (2005), 524-560.

N. DANCER, J. WEI and T. WETH, A priori bounds versus multiple existence of positive
solutions for a nonlinear Schrodinger system, Ann. Inst. H. Poincaré, Anal. Non Linéaire
27 (2010), 953-969.

B. ESRY, C. GREENE, J. BURKE and J. BOHN, Hartree-Fock theory for double conden-
sates, Phys. Rev. Lett. 78 (1997), 3594-3597.

T. KATO, Schridinger operators with singular potentials, Israel J. Math. 13 (1972), 135-
148.

T. LIN and J. WEI, Ground state of N coupled nonlinear Schrodinger equations in R",
n < 3, Comm. Math. Phys. 255 (2005), 629-653.

T. LIN and J. WEL, Spikes in two coupled nonlinear Schrodinger equations, Ann. Inst. H.
Poincaré, Anal. Non Linéaire 22 (2005), 403-439.

J. Liu, X. L1u and Z.-Q. WANG, Multiple mixed states of nodal solutions for nonlinear
Schrodinger systems, Calc. Var. Partial Differential Equations 52 (2015), 565-586.
Z.L1U and Z.-Q. WANG, Multiple bound states of nonlinear Schrodinger systems, Comm.
Math. Phys. 282 (2008), 721-731.

Z. L1U and Z.-Q. WANG, Ground states and bound states of a nonlinear Schrodinger
system, Adv. Nonlinear Stud. 10 (2010), 175-193.

L. MAIA, E. MONTEFUSCO and B. PELLACCI, Positive solutions for a weakly coupled
nonlinear Schrodinger system, J. Differential Equations 229 (2006), 743-767.

L. MAIA, E. MONTEFUSCO and B. PELLACCI, Infinitely many nodal solutions for a
weakly coupled nonlinear Schrodinger system, Commun. Contemp. Math. 10 (2008), 651—
669.

C. MIRANDA, Un’osservazione su un teorema di Brouwer, Boll. Unione Mat. Ital. IT Ser.
3 (1940), 5-7.

B. NoRrIis and M. RAMOS, Existence and bounds of positive solutions for a nonlinear
Schrodinger system, Proc. Amer. Math. Soc. 138 (2010), 1681-1692.

B. NoORIS, H. TAVARES, S. TERRACINI and G. VERZINI, Convergence of minimax and
continuation of critical points for singularly perturbed systems, J. Eur. Math. Soc. (JEMS)
14 (2012), 1245-1273.

B. NoRris, H. TAVARES, S. TERRACINI and G. VERZINI, Uniform Holder bounds for
nonlinear Schrodinger systems with strong competition, Comm. Pure Appl. Math. 63
(2010), 267-302.

B. SIRAKOV, Least energy solitary waves for a system of nonlinear Schrodinger equations
in R", Comm. Math. Phys. 271 (2007), 199-221.

Y. SATO and Z. WANG, On the multiple existence of semi-positive solutions for a nonlinear
Schrodinger system, Ann. Inst. H. Poincaré, Anal. Non Linéaire 30 (2013), 1-22.

H. TAVARES and S. TERRACINI, Sign-changing solutions of competition-diffusion elliptic
systems and optimal partition problems, Ann. Inst. H. Poincaré, Anal. Non Linéaire 29
(2012), 279-300.

H. TAVARES and S. TERRACINI, Regularity of the nodal set of segregated critical config-
urations under a weak reflection law, Calc. Var. Partial Differential Equations 45 (2012),
273-317.

S. TERRACINI and G. VERZINI, Multipulse phases in k-mixtures of Bose-Einstein con-
densates, Arch. Ration. Mech. Anal. 194 (2009), 717-741.



SIGN-CHANGING AND SEMI-NODAL SOLUTIONS 897

[32] J. WEI and T. WETH, Radial solutions and phase separation in a system of two coupled
Schrodinger equations, Arch. Ration. Mech. Anal. 190 (2008), 83-106.

[33] J. WEI and T. WETH, Asymptotic behaviour of solutions of planar elliptic systems with
strong competition, Nonlinearity 21 (2008), 305-317.

[34] W. Zou, “Sign-changing Critical Points Theory”, Springer-New York, 2008.

Department of Mathematical Sciences
Tsinghua University

Beijing 100084, China
chenzhijie1987@sina.com
wzou@math.tsinghua.edu.cn

Taida Institute for Mathematical Sciences
Center for Advanced Study in
Theoretical Science

National Taiwan University

Taipei 106, Taiwan
cslin@math.ntu.edu.tw



