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Sharp Estimates for the Ornstein-Uhlenbeck Operator

GIANCARLO MAUCERI - STEFANO MEDA - PETER SJOGREN

Abstract. Let £ be the Ornstein-Uhlenbeck operator which is self-adjoint with
respect to the Gauss measure y on R?. We prove a sharp estimate of the operator
norm of the imaginary powers of £ on L?(y), 1 < p < oo. Then we use this
estimate to prove that if b is in [0, co) and M is a bounded holomorphic function
in the sector {z € C : |arg(z — b)| < arcsin|2/p — 1|} and satisfies a Hérmander-
like condition of (nonintegral) order greater than one on the boundary, then the
operator M (L) is bounded on L” (). This improves earlier results of the authors
with J. Garcia-Cuerva and J.L. Torrea.

Mathematics Subject Classification (2000): 47A60 (primary); 47D03, 60G15
(secondary).

0. — Introduction

The purpose of this paper is to obtain a sharp functional calculus for the
Ornstein—Uhlenbeck operator acting on the L” spaces with respect to the Gauss
measure on R?, i.e., the probability measure y defined by

dy (x) = 7~ exp(— |x]*) dr(x),

where A denotes Lebesgue measure on R?. The Ornstein—Uhlenbeck operator
! A+x-V
—_—— x .
2

is essentially self-adjoint on L?(y). Its closure £ has spectral resolution

Lf=) _nP.f VfeDom(L),

n=0
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where P, is the orthogonal projection onto the linear span of Hermite poly-
nomials of degree n in d variables. Suppose that M : N — C is a bounded
sequence. The operator M (L), defined by

ML) f =Y Mm)P.f VfeL Xy,

n=0

is bounded on L2(y) by the spectral theorem. We call M (L) the spectral
operator associated to the spectral multiplier M. If M (L) extends to a bounded
operator on LP(y) for some p in [1, 00), we say that M is an L”(y) spectral
multiplier.

The operator £ generates a markovian semigroup. It is well known that the
existence of an H™ functional calculus in L? for such generators is related to
the growth of the L? operator norm of their imaginary powers (see, for instance,
[1], [2] and the references there, [7] and [11]). However, the imaginary powers
of our operator £ are not well defined since O is an eigenvalue. For L, or
more generally for any selfadjoint operator G, we shall replace the imaginary
powers by the operators gf, defined by

. S .
gf = / Clu dgé- Yu € R,
o+

where {&; : { € R} is the spectral resolution of G.
On the one hand, the lower bound

lre, = e Wy e R,

i<t
where ¢ = arcsin|2/p — 1| and 1 < p < oo, is implicit in [7]. This estimate
has been reproved and extended to more general operators in a recent paper by
W. Hebisch, Mauceri and Meda [8].

On the other hand, it is known [7, formula (2), p. 417] that there exists a
constant C such that
Il = € A+ D2 i € R,

One of the main results of this paper shows that the factor (1 4+ |u[)*/> can be
deleted here, so that the lower bound given above is sharp; see Theorem 4.3
below.

As a consequence, we may improve the H functional calculus for £ in
LP?(y) proved in [7, Theorem 1 (i)], by reducing the degree of smoothness of
the multiplier needed on the boundary of the critical sector S¢; ={zeC:
argz € (—(]b;f, (p;)}. The precise statement of our result (Theorem 1.2 below, in
particular the case b = 0) involves the Banach spaces H °°(S¢;; J), defined in

Section 3, of all bounded holomorphic functions in the sector S¢; satisfying
a Hormander-like condition of order J on the boundary. It may be worth
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noticing that Theorem 1.2 requires holomorphy in a sector whose aperture qb;,"
is smaller than that prescribed in M. Cowling’s result [1] for generators of
general submarkovian semigroups.

Now, observe that for every p in (1, 0co) the L?(y) spectrum of £ is N [4,
p. 115]. Thus the spectral projections P, are bounded, though not uniformly,
in L?(y). Therefore it is natural to speculate whether holomorphy in the whole
sector S¢; is really needed for L”(y) spectral multipliers of £. An application of
the Dunford functional calculus shows that if M : N — C is a bounded sequence,
which is the restriction to N of a function holomorphic in a neighbourhood of
infinity, then M (L) extends to a bounded operator on L”(y) for all p in (1, co).
Thus, it seems reasonable to conjecture that a bounded sequence M, which is
the restriction to N of a function holomorphic and bounded on the intersection
of S¢§ and a neighbourhood of infinity, and which satisfies a Hormander type
condition on the part at infinity of the boundary of S¢;§ is an LP(y) spectral
multiplier of L.

In fact, a stronger result holds. Our main result, Theorem 1.2 below, states
that if b is nonnegative and M is a bounded sequence which on NN (b, 0o0)
coincides with the restriction of a function which is holomorphic and bounded on
the translated sector b +S¢;§ and satisfies Hormander-like conditions of suitable
order on the boundary of b+S¢;, then M is an L?(y) spectral multiplier of L.
The statement of Theorem 1.2 is contained in Section 1, where we also show
how to reduce its proof to the problem of establishing for each nonnegative b
a suitable bounded holomorphic functional calculus in L?(y) for the operator

Ly, =L—DIL.

Since L, does not generate a symmetric contraction semigroup, the required
functional calculus for £, is not a direct consequence of the results in [11], [3]
and [7, Section 2]. To overcome this difficulty, we proceed as follows.

First, in Section 2, we consider a self-adjoint operator G acting on L?(X),
where X is a o-finite measure space, and we prove that if G has a functional
calculus of Laplace transform type in L”(X), a control on the growth of |||g¢' l»
as |u| tends to infinity implies that G admits a bounded functional calculus in
L?(X) on suitable sectors. The proof combines results of Meda [11, Theorem 1],
Cowling and Meda [3, Theorem 2.1] and [7, Theorem 2.2].

Then, in Section 3, we prove that for every p in (1, 00) \ {2} the oper-
ator £, admits a functional calculus of Laplace transform type in L”(y) (see
Theorem 3.2 below).

Finally, in Theorem 4.3 we show that for every nonnegative b there exists
a constant C such that
0.1) (o), < Ce™ VueRr.

The proof of Theorem 4.3 follows closely the strategy of that of [7, Proposi-
tion 3.1 and Proposition 3.2], and it is contained in Section 4, except for the
proof of claim (4.11), which is rather technical and is deferred to Section 5.
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As a consequence of the analysis performed in Sections 3, 4 and 5, we

obtain the bounded holomorphic functional calculus in L?(y) for the operators
Ly, b >0, required to conclude the proof of Theorem 1.2.

1. — The multiplier result for £

Suppose that J is a positive number and that v is in (0,7/2). Let Sy
denote the open sector

{zeC:argz e (—y,¥)}
and let ¢ : R — [0, 1] be a smooth function, supported in (1/4,4) and equal
to one on [1/2,2]. We denote by H”(R) the standard Sobolev space on R,

modelled over L?(R), and by H *°(Sy; J) the Banach space of all M in H*°(Sy,)
for which there exists a constant C such that

(1.1 sug 1% M(e"wt-)HHJ(R) <C, s e{-1,1),
t>

endowed with the norm
||M||1/,;J = inf{C : (1.1) holds}.

Condition (1.1) is called a Hormander condition of order J [9]. Note that (1.1)
implies that SUP.es,, IM(z)| <2C, if J > 1/2.

If bis in RT and 0 is in (0, 7/2), let b+ Sy denote the translated sector
{zeC:argz—b) € (-0,0)}.

Suppose that f : (b, 00) — C. We shall denote by , f the function defined by
b f(X) = f(b+x) VxeR'.

We denote by H*(b+Sy; J) the Banach space of all M in H*(b+Sy) such
that , M is in H>°(Sy; J), with norm

1My p.s = ll6Mlly.s
We note that requiring that a function M is in H*(b+Sy; J), for some b > 0,
is weaker than assuming that M € H*°(Sy; J). Indeed, one has the following

ProrosITION 1.1. For every J, b > 0 the space H*(Sy; J) embeds continu-
ously in H*(b + Sy; J).
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Proor. Let J, b > 0. Given M in H*(Sy; J) we shall prove that M is
also in H*(b+Sy; J), with a corresponding norm estimate. We must estimate
the H’(R) norm of the functions s > @(s)M (b + e*Vts), uniformly in ¢ > 0.
Notice that these functions are supported in (1/4,4).

We choose the plus sign in the exponent and fix + > 0. Let ' be the
contour defined by the boundary of the triangle S, N{Rez < 1056 4 10¢}, taken
in the positive sense. For z in the segment I, = {b+e'Vts: 1/4 <5 <4}
clearly

1 M(z
M = [ MO
2mi r —Z
Observe that for z € I, and ¢ € T, one has |¢ — z| > ¢b, for some ¢ > 0, and
that the length of I' is at most Cb + Ct.
In the case r < b, we differentiate the above Cauchy formula and get

MO @) <Cb M| < Ct7 M|,

de.

for z € I; and ¢ > 0. This immediately implies the required estimate.

Assume now t > b. We introduce a function n in C°(R) supported in
[1/10,10] and with n(r) = 1 for 1/8 < r < 8. Define n on I' by letting
i(eVtry = n(r) when e'Vtr € I' and letting 77 = O on the other two sides of
the triangle.

Write

/M(c) i =/ (1= A@©) M) d§+/ IOME)
r¢—z r §—z r ¢—z

= M\(2) + M2(2).
For z in I; and ¢ in " with 7(¢) # 1, it is easy to see that |{ — z| > ct for
some ¢ > 0. To deal with the derivatives of M;, we can therefore differentiate
under the integral sign and get

M) <C M|y, Vzel,

which implies the required estimate as before. _
In M, we make the change of variables ¢ = ¢'Vtr, getting

) n(r)M(e"‘ptr)
My(b+ ¢Vt :—/ .
2(b+etis) r—e iV-lp —g

_/ n(r)M(eVir)
) s+bt~lcosyy —r —ibt~siny

dr.

This is the convolution in R, taken at s + bt~!cos Y, of the two functions
g (r) = n(r)M(eVtr) and K,(r) = (r — ibt~'siny)~'. The assumption M €
H>(Sy; J) implies that g, e H J(R), uniformly in . As seen via Fourier trans-
form, convolution by K, defines a bounded operator on L?(R), uniformly in .
The same boundedness then also holds on the Sobolev spaces H*(R), for inte-
ger and fractional £. Since multiplication by ¢ causes no problem, the required
estimate follows. The argument for s > @(s)M(b + e~Vts) is similar. O
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For every nonnegative number b let £, denote the self-adjoint operator
L — bZ. The main result of this paper is the following.

THEOREM 1.2. Suppose that p is in (1, 00) \ {2}, that b is in [0, 00), and that
Jisin(1,00). Let M : N — C be a bounded sequence and assume that there exists

a function M in H>® b + Srb;; J) such that

Mk) = Mk) Yk e NN (b, 00).

Then M (L) extends to a bounded operator on L (y) and there exists a constant C
such that N
M@, < € (1Ml + [[M] 5., )

for all M as above.

STRUCTURE OF THE PROOF. We may extend M to a function on (—o0, b] U
(b + S¢;), which vanishes on (—o0, b]. We abuse the notation and denote by

M this extension. Clearly

ML) =Y M) P; + M(L).
j<b

Note that by spectral theory

ML) = yM(j —b) P,
j>b

=, M(Lp).

Then .
WM < D AIMG NP + ML),
Jj<b
< C Ml + NM (L)l

Note that , M vanishes on (—oo, 0] and its restriction to Rt is in H*® (Sda;; J).
Thus, to conclude the proof of the theorem, it suffices to show that operators of
the form M (L), where M : R — C vanishes on (—o0, 0] and is the restriction
to RT of a function in H® (S¢,’§; J ) for some J in (1, o0), are bounded on

LP?(y). As we announced in the introduction, the proof of this result will follow
from the analysis carried out in the next sections. We summarize the main steps
of the argument.

By Theorem 3.2, the operator £, admits a functional calculus of Laplace
transform type in LP(y) (see the beginning of Section 2 for the definition).
Furthermore, by Theorem 4.3 below there exists a constant C such that

(L) Nerey < Ce®M VueR.
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Thus, £, satisfies the hypotheses of Theorem 2.1 (ii) (with ¢; in place of 9),
so there exists a constant C such that

oM (L)l < C [6M]|
=C [[M]| ., -

The proof of the theorem is complete, except for the auxiliary results established
in the following sections.

2. — An abstract result

We say that a function M : R™ — C is of Laplace transform type if there
exists a function m in L*°(R™) such that

(2.1 M) = ,\/Oom(s)e—“ ds Vi e RY.
0

Note that M then extends to a bounded holomorphic function in the sector Sy
for all @ in (0, /2). In particular, M is bounded on RT.

In this section we consider a (possibly unbounded) self-adjoint operator G
on L?(X), where X is a o-finite measure space. Let {E¢};er denote the spectral
resolution of the identity for which

gf:[mgdggf Vf € Dom(G).

If pis in (1,00)\ {2}, we say that G admits a functional calculus of Laplace
transform type in LP(X) if there exists a constant C such that for every M :
R — C, which vanishes on (—oo, 0] and whose restriction to R* is of Laplace
transform type (as in (2.1)), the operator M(G), initially defined on L*(X) N
LP(X), extends to a bounded operator on L”(X), and

(2.2) IMDllrx) = Cllmlloo-

E.M. Stein [13] proved that infinitesimal generators of diffusion semigroups
admit a functional calculus of Laplace transform type in L? for all p in (1, 00).
This result was subsequently extended to generators of symmetric contraction
semigroups by M. Cowling [1]. In Section 3, we shall show that £, admits a
functional calculus of Laplace transform type, although it does not generate a
symmetric contraction semigroup.

For the statement of the next result, we need the following notation. Recall
that the Mellin transform M f of a function f in L'(R*, d¢/¢) is defined by

) d
Mf(u)=/0 f(;);"“?; Vi € R.
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Let M be a complex-valued function, bounded and Borel measurable on R*.
Given a positive integer N, we denote by My : R™ x RT — C the function
defined by

My(t,¢) = )Y e M(©),
and by MMy(t,-) the Mellin transform of My (¢, -).

THEOREM 2.1. Suppose that p is in (1, 00) \ {2}, and that G is a self-adjoint
operator on L*(X) which admits a functional calculus of Laplace transform type in
LP(X).

(1) Foreach positive integer N there exists a constant C such that for every bounded

Borel measurable function M : R — C which vanishes on (—o00, 0]

e ¢]

MO, = C[ sup [MMy (¢, )] Il du.

oo t>0

(i1) Suppose further that 0 is in (0, w/2), and that there exists a constant C such
that

IgM I, < Cce®™  vueR.

Then for each J in (1, 00) there exists a constant C such that for every M :
(—00, 0]USy — C which vanishes on (—o0, 0] and whose restriction to Sy is
in H®(Sg; J)

M, < ClIM]lg,,-

Proor. The proof of (i) is very similar to the proof of [3, Theorem 2.1].
There the following formula was proved:

1 o iu +
23 M@= m/_wm(ocw)g A V¢ eRY,
where
c(u) = sup |IMMy(t, u)|, a,(t) = MMyt u) Yu e R VteRT,
t>0 C(u)
and

Au(g)z/oooau(t)tg'e_“ﬂ% Ve e RY.

We extend A, to R, by requiring that the extended function vanishes on
(—o00,0]. Here we abuse the notation and denote this extension also by A,.
Since G admits a functional calculus of Laplace transform type in L?(X), the
operator A,(G) is bounded on L?(X). Then (2.2) implies that

Al < C llaulloo
<C.
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Thus,
/ NALD N, c) NG N, du < C/ c@) 161, du,

which is finite by assumption. Since M vanishes on (—o0, 0], at least formally,

M©) = /0 M@ e,

1 © oo y
(by (2.3)) = m /0+ /_OO A, c(u) '™ du dE;

! - iu
T 2iD(N + 1) /_OO Au(G) c(u) G du.

It is not hard to justify the last equality. Indeed,

[ e

(& f.8)] du 52||au||oo/O+ atgcho)] [ et

< 2aulloo 1 £ lllglls / @) |G, du
o0

< OQ.

Note that the second inequality here follows from the elementary fact that
L =162 = 1G4 M- Thus,

IM@), = AG) e(u) G duf|

1 o0
2T(N + 1) H\/_m
m .
<c / c(u) 11, du,

—0Q0

as required.

To prove (ii), first we observe that it is not very hard to check that the
conclusion of [11, Theorem 4] holds under the slightly weaker assumption
that the multiplier m (we keep the notation of [11]) satisfies Hormander like
conditions (1.1) of nonintegral order ¢ > 8/2 + 1, instead of a corresponding
Hormander condition of integral order o« > /2 + 1 (see the beginning of [11,
Section 2] for the definition).

Then the proof of (ii) is, mutatis mutandis, the same as the proof of [7,
Theorem 2.2]. Note however that (ii) is not a corollary of [7, Theorem 2.2], for
the family of operators fooo e ' d&; is neither a strongly continuous semigroup

of operators on L”(X), nor a family of positive operators on the Banach lattice
L*(X). O
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3. — Functional calculus of Laplace transform type for £,

Suppose that p is in (1, 00) and that b is in [0, c0). In this section we
shall prove that the operator £, has functional calculus of Laplace transform
type in L?(y) (see Theorem 3.2).

Let I1, denote the projector _;_, P;. Since I, =7 — > ,_,P; and each
P; extends to a bounded operator on L?(y), we conclude that IT, also extends
to a bounded operator on L”(y).

First, we prove a technical lemma, of independent interest, concerning
estimates of the norm of the operator tL,e~"“0T1, in LP(y).

Lemma 3.1. Suppose that p is in (1, 00) \ {2}, that b is in [0, 00), and that 0 is
in (0,7/2). Set 8 = [b]+ 1 — b andt, = —log /min(p — 1, p’ — 1). Then there
exists a constant C such that for every z in E, N Sg with Re z > 21,

llzLpe 0TI, ||, < C e b Re/2,

Proor. Throughout the proof of this lemma we shall denote by ¢ the real
part of z. A duality argument shows that it suffices to prove the lemma in the
case where p is in (1, 2).

Recall that by Nelson’s result [12] #, is the minimum of all ¢# such that
£ maps LP(y) into L%(y). By arguing much as in [7, Proposition 3.2], we

e—t

get
Jese oy ],

IA

leLpe 0T, £
Seo-nen]
j>b 2

) 1/2
— (C 1R G -bre 0 o r,2) "

j>b

Since z is in Sy, |z|> < (1 4 tan®)? 2. Furthermore, there exists a constant C
such that x2¢=2 < Ce™ on R*. Thus,

. 1/2
leoe oty £, < € (39 |17 1],2)
Jj>b

= (Y 7y g])
j>b
< C e t=2p)/2 (Z o~ 2p(i=b) Hpijzz)l/z

j>b

< Ceﬂsbt/Z(Z o2 ||7Djf|‘22)1/2

j>b

1/2

< CoW ot ],

(by Nelson’s result) <Ce | fll, VfeL*(y)NL(y) Vte[2t,, 00).
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A density argument then shows that if z is in Sy, then
lzLoe P pll, < Ce™™2 Vi € [21,, 00),

as required. O

THEOREM 3.2. Suppose that p is in (1, 00) \ {2}, and that b is in [0, 00). Then
the operator L, admits a functional calculus of Laplace transform type in LP (y).

PrOOF. A duality argument shows that it suffices to prove the required result
for p in (1,2).

Suppose that M vanishes in (—oo, 0] and is of Laplace transform type as
in (2.1). By spectral theory

M(Lb):/ m(s) Lp e 50 T, ds,
0

where the integral converges in the weak operator topology of L2(y). Observe
that

| mo crearnas| <imi [ tsceeom,
2tp P 2tp s
© s, ds
(by Lemma 3.1) < ||m||oo/ e b —
2t s

= Clmlle-

Thus, to conclude the proof of the theorem it suffices to show that there exists
a constant C such that

| [ o e amas]| = cmi
Observe that

2tp 2tp 2tp
/0 m(s) Lye 0T, ds :/0 e’ m(s) Le FT1,ds—b /O e’ m(s) e FT1, ds.

Clearly
o c 2 2 c
|7 e meyeena] < e i, [ e e, ds
0 0
(e7*~ is contractive on LP(y)) < 21,7 |lm|| oo Tl -
Furthermore

[ o morcena] = |7 emr et
0 » ) )

scf| [ e me e as]
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2 .
Now observe that the operator |; » e’ m(s) Le"* ds is of Laplace transform

type, and corresponds to the L>®°(R™) function m; defined by
mi(s) = " m(s) 1, () Vs €RY.

Therefore [13, Cor. 3] (or [1]) implies that

2tp
’H/ " m(s) Lo~ ds H‘ < Clmills
0 p
< Clml o,

concluding the proof of the theorem. O

4. — Estimates for imaginary powers of £,

In this section we improve the estimates of ||(L, ’f{”p obtained in [7,

formula (2)]. The strategy we adopt is similar to that of [7, Proposition 3.1
and Proposition 3.2], where uniform bounds of || ([l +&eI)"||,, for ¢ € (0, 1],
were obtained. However, there are significant differences.

REMARK 4.1. Recall that for every p in (1, o)\ {2} the Ornstein-Uhlenbeck
semigroup {e~'*};~¢ extends to a contraction semigroup on L”(y) in the Ep-
person region E, [5], where

E,={x+iyeC:siny| <tan¢, sinhx}

and ¢, = arccos|2/p —1|. In [7, Section 3] the authors made use of the
transformation 7 : (C\R) U (-1, 1) — C, defined by

1+ w
1—w’

T(w) = log

where logw is real when w > 0, to straighten the part of the boundary of
E, close to the origin. Indeed, T maps S;, \ [1,00) onto the interior of
E,N{z € C: [Imz| < '} and the ray RTe'?» onto JE,N{z € C:0 < Imz < 7}.
We denote by z, the point t(e'??/2), which is on the boundary of E,.

We consider a path in E, which starts at the origin and runs along the the
boundary of E, up to the point z,. To be more specific, let «, : [0,1/2] — C
be the path™™ a, (1) = t(e'?rt)

(D'We take the opportunity to correct a misprint in the definition of « p in [7, beginning of p. 426].
The path o), is the map 7 — (1), not t > €% ¢, as erroneously written there.
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For every u in R let J? : R — C be the function which vanishes on
(=00, 0], and is defined on R by

- { / ' B Ziu )
4.1 JPin) = i e=t7d L e,
@D © =it W ¢ T T ¢

REMARK 4.2. The restriction of J Pt to RT agrees with [7, formula (8)].
For every ¢ in R, let r#** denote the smooth function defined on the complement
of the diagonal in R? x R? by

4.2)
(Ix1P+1y12) /2
; e —d/2— Ity P+w x—y 2 | +iulog r(w
P = /w 421 g () o~ [P rw ey tiutog ) 4
‘L'*lootp
where
1 d
(4.3) g(w) =w AW erw) T (w).
T(w)

In [7, Proposition 5.2] the authors proved that if ¢ is in (0, 1], then J 1””‘([24—81)
is a singular integral operator and

TP(LeT) f(x) = / rPMx,y) fdy(y) Ve CPMRY) Vx ¢ supp(f).

Thus, the kernel of J7(L+¢T) agrees with r/+" off the diagonal of RY x R.
It is not hard to show that the same holds for all ¢ in R, i.e., that J?“(L+¢T)
is a singular integral operator whose kernel coincides with 7" off the diagonal
of R? x RY.

THEOREM 4.3. Suppose that p is in (1, 00) \ {2} and that b is in [0, 00). Then
there exists a constant C such that

H’(ﬁb)lf”’p < C et Yu € R.

ProoF. Since L, preserves the class of real functions, it suffices to prove
the required estimate in the case where u is positive. A proof of this fact may
be found in [7, Remark 2.4].

Let w, : [1,00] — C denote the path w,(t) = z,t. Note that the path
o, + w, (ap is defined in Remark 4.1) starts at the origin, runs along the
boundary of E, up to the point z, and then goes to oo along the ray Rz,.
Observe that

. { oo
C*lu — : / szu e*{'.&‘ ds
r'd+iu) Jo

(by Cauchy’s theorem) = ; 7" et dz V¢ e RT.
I +iu) Japto,
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For every real number u, let A, ,, B, , : R — C be the functions which vanish
on (—00,0] and are defined on R* by

é'. /Ziue*CZdz and B, ,(()= L/ Ztet7dz.
i) Jap, op

A= F 0w T(1+iu)

By the spectral theorem
(Lo = Apu(Lp) + By u(Lp).

We shall estimate separately the norms of A, ,(L;) and of B, ,(L;) as operators
on L?(y).

First we estimate ||B, ., (Lp)ll,. Observe that |w,(t)™| = e “*2% for all
t > 1, so that

—uargzp

IT(1+iu)|

dz

(4.4) IBp,u(Lp)llp <

—zL
/ 2L e 0 |,
@p

b L 3 1 d S . 1 N f 1 < C e(n’/Z—argzp)u
(by Lemma 3.1 and Stirling’s formula) = C <7227

(since argz, > ¢, ) < Ce " Wy eRY

for some positive e.
Next we estimate ||A, ,(Lp)|l,. Note that

iu

Z

A, (Lp) = JPU(Ly) — ——L  p=Ly T,
p,u( b) ( b) F(1+lu)e b

where JP is defined in (4.1).

Observe that IT, is bounded on L”(y), that e ** is contractive for all z
in E, and that argz, > ¢,. These facts and Stirling’s formula imply that

iu
ML e~ rkp I'Ibm < Ce" YueR'.
' +iu) I
Therefore, to conclude the proof of the theorem, it suffices to show that
(4.5) 1P (Ly)ll, < C e Yu e RT.

By Remark 4.2 (with —b in place of ¢) the kernel of J?(L;) agrees with r”}"
off the diagonal (see (4.2)). Following the approach used in previous papers on
the subject [7], [6], to estimate [|J7(Lp)|l, we decompose JP“(L;) as the
sum of a “local part” and the remaining “global part”. Specifically, we consider
the set

L= {(x, VeRI xR x —y| < min(1, |x + yl_l)},
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and denote by G its complement in R? x R?. We shall call L and G the local
and the global region, respectively. Let ¢ be a smooth function on R? x RY
which is equal to 1 in L, vanishes off

{(x, VER! xR |x —y| <2 min(1, |x + yl_l)},
and satisfies the estimate
Ve (x, )| + | Vyp(x, )| < C lx —y[7".

The global part glolb (L) of the operator JP-“(L,) is the integral operator
defined by

4.6) JE(L,) f(x) = / PP ) (1= e, ) FO)dy () Vf € (R,

The local part J/:*(Ly) of JPi#(L,) is then defined by

I L) = TP [ — TR Y e CR®Y).

piu

It is easy to show that Ji.~ (Lp) is a singular integral operator whose kernel

agrees with r” poiu , @ off the diagonal.

Now we estimate [|J5: l“([,h)|||,,. By [6, Theorem 3.7], |||lel"(£;,)|||p is
bounded by a constant times the sum of ||J?'“(Lp)||l2 and the constants ap-
pearing in the standard Calderén-Zygmund estimates of the kernel r”,“¢ in the
local region L. To obtain these Calderén-Zygmund estimates we argue as in
[7, Proposition 4.1 and Lemma 5.1], but with a twist: in the integrals defin-
ing the operator JP"(L;) and its kernel r”," we use the path &,(r) = tz,
for 0 < ¢ < 1, instead of the path a,(t) = t(te'?r), for 0 < t < 1/2.
The integrals do not change because the integrands are holomorphic. Since
|, ()| = e~ @rTer) | because argz, = ¢, +€,, for some €, > 0, one obtains
an additional factor e~ both in the estimate of the norm on L?(y) of the
operator and in the standard Calder6n-Zygmund estimates of its kernel. This
extra exponential decay when u tends to infinity is more than enough to cancel
the polynomial factor in the estimate

12" (L + 6D, < € (1 +w) e Yu e RT Ve e (0,11,
obtained in [7, Proposition 3.1]. Therefore

4.7 N Lp)ll, < C e Vu e R

loc
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It remains to estimate the norm of Jg’fo'g' (L) on LP(y). Since the cut-off

1 — qb is supported in the global region G, it follows from the definition of

Jatob (Lp) given in (4.6) that

(48) [T o) f )] = / P73 e | LF O dy (o),

where G, is the x-section of the set G. We need to improve the estimate of the
growth of |r?(x, y)| as u tends to infinity obtained in [7, Proposition 4.3].

The expression (4.2) for the kernel r”,"(x, y) contains an oscillatory inte-
gral. To write it in a more compact form, we introduce the following notation.
For each function g analytic in the unit disk, consider the oscillatory integral
I(u,v,0;g), depending on the parameters u, v, o and defined by

1/(20)
4.9) I(u,v,o0;g) = / l‘_d/z_lg(crt) M Ftv.0) gy
0

where
F(t,v,0) = —v(t™ ' +1—2)+i(tang,)v(t~" — 1) +ilog(t(cte?)) + .
If we set
(1) = g-p(1e'%?),
ax,y) = % Ix +yl1x =y,
o, y)=Ix—=yl/Ix+yl,
0px, ) = 5 (1xP 7 — cos gy I+ ] lx = 1)

it is straightforward to see that

eitp /2 a(x, y)
ptu —ug, —d/2 ’ .5 Op(x,y)
(x,y) = N e P o(x,y) I (u, » ,o(x,y),g_b> exrth,
Hence,
‘ o (x, y)‘ < CkP(x,y) €9,
where

4.10) k" (x,y) = (14 u) V2 e o (x, y) =4/

I <u, “(xu’ Y o(x. y): §h> ’

Note that we have used Stirling’s formula and that k”}"

x and y. Thus, by (4.8),

(x, y) is symmetric in

Jh (L) fo)] < C /G kP (x, y) 2P F ()| dy (y) YV € CRRY).
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To estimate the norm on L?(y) of the operator
I = [ R G @S0y () VS € CERD,

we use the isometry U, : LP(A) — LP(y) defined by U, f(x) = e'x‘z/”f(x),
and estimate the norm on L”(X) of the conjugate operator U/, ITUP.

It is easy to check that the kernel of this conjugate operator with respect
to Lebesgue measure is

kf’bm(x, y) er(x,y)*IXI2/P*\y|2/P/ < kf’bi“(x, ) eqp(x,y)’

where 9
COS
2 (I = P = b4 vl 1 = 1)

We claim that the following is true:

qp(xs Y) =

(4.11) sup/ K2 (x, y) eV dy < C e Yu > 1.
xeRd J Gx

Assuming this claim for the moment, we complete the proof. The claim implies
that the norm of the integral operator with kernel k" (x, y) %) on L*(1)

is bounded by C %" Since the kernel is symmetric, the same bound holds for
the norm on L'(X) and, by interpolation, on L”(X). This proves that

(4.12) I (Lolly < C e Yu > 1.

By [7, Proposition 3.1] the same estimate holds also for 0 < u < 1.

Now, (4.7) and (4.12) imply (4.5). Thus, to complete the proof of Theorem
4.3, we only need to prove claim (4.11). This we shall do in Proposition 5.5
below. a

5. — Proof of claim (4.11)

To prove claim (4.11), we need to estimate the oscillatory integral I (u,v,0;g),
defined in (4.9), for u > 1. For the reader’s convenience we recall that

1/(20)
I(u,v,0;8) = / 1742 g (ot) P9 gp,
0

where the function g is analytic in the unit disk, F is given by
F(t,v,0) = —v(t™ " +1—2) +i(tang,)v(t™" —1) +ilog(z(ate'??)) + ¢,

and t(w) = log(l + w) — log(1 — w), as before (see Remark 4.1).
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The function F is smooth in the set {(f,v,0) e RXxRxR:¢t >0, o >
0, to < 1}. For our purposes, it is convenient to replace F with the function

d(t,v,0)=F(t,v,0)—ilogo.

which extends to a smooth function in a neighbourhood of each point (1, v, 0),
as we shall prove below (see Remark 5.2). Note that

, 1/Q20)
(5.1) I(u,v,0:8) = e’”‘Og"/ 1= g(or) " dr.
0

For the sake of brevity, we write v, = (2tan¢,)~!' and
(1) =log(t(te'%)) — iy,
so that

52)  ®(tv.o)=—v +1—2)+ i%(l‘l — 1) +i(p(or) —logo).
P

LEMMA 5.1. The following expansions hold

2 4 5
(5.3) T(w) = 2w + gw + O(w>)
15 2ig 4
(5.2) (p(t):logZ—l—logt—l-gt e+ 0(")
/ 1 2 2i¢p 3
(5.3) Q) = ;-i—gte P+ O(t”)
" 1 2 2i¢ 2
5.4 10 (t)=—t—2+§e P+ O(t),

as w and t tend to 0. Moreover the function (t,0) — @(ot) — logo extends to a
smooth function in a neighbourhood of (1, 0).

Proor. The first two expansions follow from the McLaurin expansion of
w > log(1 + w). The last two expansions are obtained by differentiating (5.4).
The last statement is a straightforward consequence of (5.4). O

REMARK 5.2. The function ® extends to a smooth function in a neighbour-
hood of each point (1, v, 0), by (5.2) and Lemma 5.1. For future reference, we
give here the expressions for the first and second derivatives of & with respect
to t:

@’ _ -2 , vV -2 . ’
(tv,o)=viE " —1)— zg(t +1)+io¢g(o1),
(5.7) b

Vv
CD;/t(t’ v,0) = —2v73 4 iv_t—3 + iUZ(P”(O’t),
p

Observe that Re ®(1, vy, 0) = 0, ®/(1, vy, 0) = 0 and ®/,(1, v,, 0) = —2v, # 0.

t
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LeEMMA 5.3. There exists a constant ¢, > 0 such that

(5.8) ¢p + ¢, min(1, 1%) < arg(z(t €'?)) < 7/2
(5.9) Re (1, v, 0) < —;(t — 1)? — ¢, min(1, 02 12)
(5.10) |t¢'(t)| = ¢, min(1, ")

forallt > 0,v > 0and o > 0. Moreover
(5.11) 0 < arg(¢'(t)) <m/2 vVt € (0, 1).

PROOF. Let us write p(t) = |t(te'??)|, 6(r) = arg (t(te'?r)) and y(t) =
Im(z(te?r)), for the sake of brevity. We prove first that y'() > 0, '(t) > 0
for all + > 0 and p'(t) > O for all ¢ in (0, 1). Indeed, since y(r) = arg(l +
te!?r) —arg(1 —te'%r), the inequality y’(t) > O for t > 0 follows from a simple
geometric consideration. Thus, as ¢ increases from 0 to oo, the point (te'%r)
moves on the boundary curve of E, from 0 to i (see Remark 4.1). This curve
is the graph of the equation x = f,(y), where

. sin y
f(y):arcsmh( >, 0<y<m.
P tan ¢,

It is easily verified that fl;’ < 0 in [0, ], so that x is a concave function of
y. This implies that 6'(¢) > 0 for all ¢ > 0.
An elementary computation shows that

. 1 1 t
Ret(te'?r) = ~log( 1 :
eT(te™) 2 og( +4cos¢p 1+t2—2tcos¢p)

Since the 7 derivative of the last fraction here is positive for 0 <7 < 1 and
negative for ¢ > 1, the same is true for the ¢ derivative of Re 7 (te'%r). It follows
that p’(z) > 0 for 0 < < 1.
Now, to prove (5.8), we observe that by (5.3)
arg(t (¢ /%)) = arctan Imz(te'%r)
e = - L _
& Re t(t €'%r)

in2¢, t>
= arctan (tan ¢p + M— + 0(t4)>

cos? ¢, 3
2
= ¢, + (sin 2¢p)% + 01

> ¢p + Ct2,
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for some ¢ > 0, if ¢ is sufficiently small, say ¢ < fo. Since arg(z(te')) is
strictly increasing in (0, 00), there exists ¢’ > 0 such that

7/2 > arg(t(te'?)) > ¢, + ¢ vt > 1.

By choosing ¢, = min{c, ¢'}, we obtain (5.8).
To prove (5.9) we only need to observe that

Red (1. v, 0) = —%(r — 1) —Img(ot)
v .
=——(- 1)? — arg(r(a1e'?)) + ¢,

and apply (5.8). For (5.10) we simply observe that

o) = T gy _ g ity
T(te'?r) (1 — t2e%%r) T (te'?r)
Hence (5.10) follows, because ¢ +— |t(p’(t)| is a nonvanishing continuous function
on (0, co), which tends to 1 as ¢ tends to 0 and is asymptotic to 2/(w¢t) as ¢
tends to oo.
To prove (5.11) we recall that t(te'??) = p(1) €’ so that

p'(t)
p (1)

¢'(t) = (log p(t) +i6(1)) = +i60'(2).

Since p(t), p'(t) and 6’(¢) are positive for ¢ in (0, 1), it is clear that arg¢’(r)

is in (0, /2). O
PROPOSITION 5.4. Let v, = (2tan¢,)~'. Then there exist an interval J =

(vp—8,v,+6) C R™* and constants n € (0,3/4), ¢ > 0, such that for all analytic

functions g in the unit disk satisfying maxXo<j<or MaX)y|<1,2 |g(f)(w)| < 1 and for

every positive integer k, the following estimates hold for allu > 1 and v > 0:

(1) if0 < o < nthen

’

‘I(M,v,a;g)‘ick L,(W)av(d/z))

e +1,0) (M—l/Ze—cu((v—vp)2+0'2) n u—k)+ 1130(\))}
u3'y

(i) ifn <o <3/4then

‘I(M, v,0; g)‘ <C ((uu)—dﬁe—w@z/3

+v) 4 e—cuv—l) :
(i) ifo > 3/4 then

2/3
|[I(u,v,0;8)|<C (uv) 412 gcutvo) /3 j—euvo
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ProoF. Since, by (5.1)

1/20)
II(M, v, 0 g)l — / t*d/zflg(o_t) euCD(Z,U,G) dr|,
0

it suffices to estimate this latter integral. The function & extends analytically in
t to a function which is smooth in a neighbourhood of (1,v,,0) in C xR xR,
and by Remark 5.2 the point (1,v,,0) is a real solution of the critical point
equation

o (t,v,0) =0

such that ®/,(1, v,, 0) # 0. Hence, by the complex implicit function theorem, for
every (v, o) in a neighbourhood of (v,, 0) in RxR there exists a unique complex
number 7(v, o) in a neighbourhood of 1 in C, such that ®)(r(v, o), v, o) = 0.
In particular (vp, 0) = 1.
Since Re ® < 0 in a neighbourhood of (1,v,,0) in R x R x R by (5.9),
and
Re®(1,v,,0) =0, ®;(1,v,,00=0, @/ (1,v,,0)#0,

we may use the method of stationary phase with complex-valued phase depend-
ing on the parameters (v, o). We apply Theorem 7.7.12 in [10], with ¥ and
—i® in place of w and f, respectively (see also Theorem 7.7.5 in [10]). Thus
there exist a small neighbourhood ¢/ of (1,v,,0) in R xR xR and differential
operators L; = L; ¢, , such that for every function W € C2°(lf) the integral

o0
/ W(t, v, o)) g
0

has, for every positive integer k, the asymptotic expansion

2 172 =l .
(5.12) (—> "0 12N (L Yo (v, 0)uT + Re(u, v, o)
(@®])o(v. o) Z;’

for all u > 0. Here, for a function G (¢, v, o), the notation Gy(v, o) stands for
a function of (v, o) only, which is in the same residue class modulo the ideal
generated by ®;(z, v, o) in the algebra of germs of functions smooth at (1, v,, 0).
Moreover (5.12) does not depend on the choice of the representatives. Each
L; is a linear differential operator in ¢ of order at most 2j, whose coefficients
are rational functions of afcb(t, v,0), 2 <€ <2j+2, all with denominator
(D7 (1, v, 0))3/. The remainder term satisfies the estimate

(5.13) R, v,0)] < C(®) W] 2k 1"

We claim that, if the function (¢,v,0) — G(¢,v, o) extends analytically in ¢
to a function which is smooth in a neighbourhood of (1,v,,0) in C x R x R,
then we may choose

(5.14) Go(v,0)=G(t(v,0),v,0).
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Indeed, by Taylor’s formula
G(t,v,0) =G(t(v,0),v,0)+ (t —1(v,0)) R(t,v,0)

with R smooth. Hence G(¢,v,0) and G(t(v,0), v, o) are in the same residue
class modulo the ideal generated by ¢ — #(v, o). Thus, to prove the claim, we
only need to show that r — (v, o) is in the ideal generated by ®/(z, v, o). But
this is obvious, because the function (t —t(v, 0)) /®;(t, v, 0) is smooth since
@/ (t(v,0),v,0) # 0 for (v, o) sufficiently close to (v, 0).

Now we consider three intervals

I=(1_€71+€)7 J=(Up_8,\)p+8), KZ[O,T]),

with € € (0,1/2), § in (0,v,/2) and n > O to be chosen later, such that
I'xJxK C U. Let ¥ be a function in C°() such that y;(t) = 1 for
tell=(1-¢€/2,1+¢€/2). Since

1:w]®lj®1](+w]®ljc®1[(+(l_w])®1®1](+1®1®1[(C7

we may write
1/Q0) !
/ [7d/271g(0't) euCD(I,V,U) dr = le(l,{,\),a)’
A .
J:l

where
o0
Li(u,v,0) = 1](\)) IK(o’)/ Yr(t) t—d/2-1 g(o_t)emb(t,v,g) d
0
o0
L, v,0) =15 (v) lk(‘f)/ Vi@ =P g(anet ) di
0
1/(20)
L(u,v,0) = 1K(a)/ (1= (1)) 427 g(o1)e @) gy
0
1/(20)
[4(M, \),O‘) = KC(G)/ t_d/z_l g(o.t)emb(t,v,a) dr.
0

Note that in the first two integrals we may take oo as the upper limit of
integration, because the support of 1, is contained in (0, 1/(20)) for all o < n,
provided that € and #n are sufficiently small.

Caskt (i). To prove the estimate for 0 < o < 1 we must estimate I;(u, v, o)
for j =1, 2, 3. Consider first /;(u, v, o). We shall apply the method of stationary
phase described above, with W(z,v,0) = ¥,(1) t=4/2"lg(ot). Then we may
choose €, § and n so small that |#(v,o) — 1| and |o¢(v, 0)| are less than 1/2
and |9}, (t(v,0),v,0)| = c >0 for all (t,v,0) in I x J x K. Indeed, the first
two estimates are obvious and the third follows by continuity from the fact
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that |®7 (1, v,,0)| > 0. Hence the coefficients of L; are analytic functions of
(t,v,0) in I x J x K. Now,

2
LiV(t,v,0) = an(t,v,0) 8"y,

m=0

where the functions a, are analytic in all their variables, because they are
products of coefficients of L; and derivatives of t=42"1g(ot), of order at most
2k. Thus (am)o(v,0) = an(t(v,0),v,0) by (5.14). Since () is constant
near the point 1, it is an easy matter to see that

(L), 0)| < C(@) llgllckgy  Yi=0.... .k
Thus by (5.12), (5.13) and (5.14)

L, v,0)] < G [ Re®twnrd =12 Ly k] L) @) V= L.

We claim that it is possible to choose § and n so small that there exists a
constant ¢ > 0 such that

(5.15)  Re®(t(v,0),v,0) < —c ((v — )t 02) V(v,0) € J x K.
Assuming this claim for the moment, it follows immediately that

(5.16) |1, v,0)| < C (u—”ze—”(“—”p)z*“) +u—") L) (@) V= 1,

which is the desired estimate for I;.
It remains to prove (5.15). We shall first verify that near (v, 0)

(5.17) Re ®(1(v,0),v,0) = —c ((Imt (v, 0))" +0?)

for some ¢ > 0. Indeed, since ¢ is bounded away from 0, by Lemma 5.3 and
Taylor’s formula

—co? >Re d(t,v,0)

1
=Re [®(t(v,0),v,0)+ E@;’t (t(v,0), v,o)(t—t(v,a))2+0((t—t(v, a))3)},
as (v,0) = (vp,0). By choosing t = Re #(v, 0) we obtain that

Re ®(1(v,0),v,0) < —col 4 (Imt(l),o'))2 % Re @7, (t(v,0),v,0)+0 (Imt(v,a))}
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and (5.17) follows , since

lim 0 Re @/, (t(v,0),v,0) = Re ®/,(1,v,,0) = —(tang,) ' < 0.

v,0)=(vp,

To conclude the proof of (5.15), we need to compute the Taylor expansion of
t(v,0) at (vp,0). Observe that T is an odd function, which implies that ¢ is
also odd. Hence ®;(¢,v,0) is an even function of ¢ and the same is true of
t(v, o). To find the first order Taylor expansion of (v, o) at (v,,0) in powers
of v—v, and o2, we compute the partial derivatives g—;(l, vp) and ;f—tz(l, vp)
of t(v,0), by differentiating the identity

@, (t(v,0),v,0) =0

with respect to v and o2 and evaluating the result at (vp, 0) by means of (5.3).
We obtain that

1 j .
t(v,0) = —ile%(v —vp) + ;Tpez"/’l’az +0(w—vy)*+ot)

as (v, o) tends to (v,,0). Hence,

%(v—vp)—}— +0((v—vy)" +0%).

2
Imt(v,0) = — MG2
2v 3

P Vp

Therefore,

1
(v, 0))" +0% = 50 = v +0° +0(v = v,)* +07)
p

> c((v—v,)? +0?),

for some ¢ > 0 and for all (v, o) € J x K, provided that § and n are sufficiently
small. The claim (5.15) follows by (5.17). This completes the proof of estimate
(5.16). Now we fix § so that all the previous assumptions which depend on it
hold. For the rest of the proof, § shall remain fixed.

Next we estimate I»(u, v, ). Here [t—1] <€, [v—v,| >dand 0 <o <.
We claim that it is possible to choose € and 1 so small that there exist positive
constants ¢ and C such that for all (f,v,0) in I x J x K

(5.18) Re®(r,v,0) < —cv(t — 1)?
(5.19) |®)(t,v,0)| > c(v+1)
(5.20) | (t,v,0)| < C(v+1).

Indeed, (5.18) follows from (5.9), because r < 1 + €.
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To prove (5.19), we only need to observe that by (5.5) and (5.7)

|1t v, 0)| = [Im P (2, v, 0)| =

20 = v+ v = D?| + 0™

2v,1%
>c(w+1),

because |v — v,| > 8 and we may choose € and 5 small. The proof of (5.20)
uses (5.6) and (5.7) and is straightforward. Thus,

3 Y g(or)

<C n~t
2 ooy | SC0tD

Hence, integrating by parts, we obtain that

3 Yy~ g (or)
dt D/ (t,v,0)

|Lu,v,0)|<C Le® L (v,0) u_l/ et Re®wo) gy
I

5.21 00
( . <C1lL:RLv, o) u w4+ 1! / efcuv(t—l)z d

—00

<CLe®Lv,o)u v,

Now we fix € so that all the previous assumptions which depend on it
hold. For the rest of the proof, € shall remain fixed.

Next, we estimate I3(u, v, o). Here the cut-off 1 — v; vanishes in (1 —
€/2,1+€/2). We consider the integrals over (0,1 —¢€/2) and (1+¢€/2,1/(20))
separately. To estimate the first integral, we observe that when ¢ € (0, 1 —€/2)
there exist positive constants ¢, C such that

(5.22) Re®d(t,v,0) < —cvt!
(5.23) |®/(t,v,0)] = ct™ (vt~ +1)
(5.24) |®/ (1, v,0)| < Ct 72wt~ +1).

Indeed, (5.22) follows from (5.9), because t < 1 — €¢/2. To prove (5.23), we
observe that by (5.7) and (5.5)

V2|®(t, v, 0)|

v

|Re (¢, v,0)| + | Im @) (7, v, 0)|

SV 2= D)+ | 2 D)+ 17 = 0%
2vp

>ci b (w1 — 06?0
>c t! (vf1 + 1),

if n is sufficiently small. Finally, using (5.6) and (5.7), it is easy to see that

| (t,v,0)] < C 172wt~ + 1) 4+ 0(c?),
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from which (5.24) follows. Now the inequalities (5.23) and (5.24) imply that

B (A=Y@ g(on)
ot d)(t,v,0)

< C

for t € (0,1 —€/2), 0 <o < n and v > 0. Integrating by parts and using
(5.22), we obtain that

1—€/2
’/ (1= 1)1~ g(o1) ") dr
0
is bounded by

1-¢/2 ~
(5.25) u! / =42~ g™ gyl < €y ()~
0

To estimate the integral over (1+4¢€/2,1/(20)), we observe that there exist
positive constants ¢, C such that

(5.26) Re®(t,v,0) < —cvt
(5.27) |®/(t,v,0)| = ct™ (vt 4 1)
(5.28) |®/ (¢, v,0)] < Ct™>(vt + 1),

for all t € (1 4+€/2,1/(20)), v > 0 and o > 0. Indeed, (5.26) follows from
(5.9), because t > 1+ €/2.
To prove (5.27) we write

@ (t,v,0) =w(v, 1) +iog'(o1),

where w(v, 1) = —v(l —t~2) — i(tan dp)v(1 + t=2), and we observe that there
exists a positive constant a such that

n<arg(w(t,v))<%7r—a Vit >1+e.
Moreover, by (5.11),
0 <arg(iop(on)) <m/2 Vi€ (0,1/(20)).
Therefore there exists a constant ¢ > 0 such that
|®;(t, v, 0)| = ¢ (log'(an)]| + [w(z, v)])

Hence (5.27) follows, because |w(z,v)| > cv and |o¢/'(ot)| > c[,t_1 for all
o >0 and all 7 in (0, 1/(20)), by (5.10).
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Finally, estimate (5.28) is straightforward.
Now, the inequalities (5.27) and (5.28) imply that

B A=y @)= g(on)
ot P(t,v,0)

S C tid/z’

fort e (14+€/2,1/(20), 0 <o < n and v > 0. Integrating by parts and using
(5.26), we obtain that

1/20)
’/ (1 =y (0) 7> L g(or)e @) dr’
1+€/2

is bounded by

1/Q20)
(5.29) ¢ (2cr)‘{/2+17|g(lv/2)| e“'””/<2“)+/ 42wt gz | < € pam,
u 20 (3=+1) I+e/2 u(uv)

Considering large and small values of uv separately, we conclude from (5.25)
and (5.29) that

(5.30) |13, v, 0)| < CL(o) u™" (uv) V@D,

Now we fix 1 so that all the previous assumptions which depend on it hold.
The proof of case (i) of the proposition follows from the estimates (5.16), (5.21),
(5.30) of I;(t,v,0), for j =1,2,3.

It remains to prove cases (ii) and (iii). We prove case (iii) first.

Case (iii). We claim that if o > 3/4, then there exists a constant ¢ > 0
such that

(5.31) Re d(f,v.0) < —c (3 T (va)2/3> Vi e (0, i) .
t 20

Indeed, since ¢ < 2/3, by (5.9) there exists a constant ¢ > 0 such that

v v 2.9
Re®d(t,v,o0) < —c— —c|—+0o"t
2t t
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This proves (5.31). Thus

1/Q20)
| La(u, v, 0)| < max |g] / (P ReRONO) gy
[0,1/2] 0

1/Q2o)
<C e—cu(va)2/3 / t—d/2—l€—cuv/t dr
0

2/3 o
< C e~ / (uv)—d/2/ §@/2-1 p=s g

cuvo

< C efcu(vo)z/3 (ul))id/z efcuva’

which is the desired estimate when o > 3/4.

CasE (ii). When n <o <3/4, we write

2/3 1/(20)
Iy(u, v, o’) = / _|_/ t_d/z_lg(ot) eu‘:D(t,v,a) dr.
0 2/3

Estimating the first integral as in the previous case (with o = 3/4), we obtain
that

23 d/2—1 ) a2 2/3
‘/ ‘= /2— g(ot) ol (t,v,0) dt‘ < C (uv)~ / e—cu(v+u ).
0

To estimate the integral over (2/3,1/(20)), we write ®(t,v,0) = H(t,v) +
i(p(or) —logo), with

H(t,v) = —v[(t™" +1—2)+i(tang,)(t"' = 1)].

Thus, the absolute value of the integral over [2/3, 1/(20)] is equal to

glor)e

1/(20) e . 1 0
—d/2-1 iup(at) 9 puH@Y) g
2/3 MHt/(l‘, U) at

Integrating by parts, we may write this integral as a linear combination of two
boundary terms of the form

tfd/27lg(o.t) eutb(t,v,o) ) 2 1
, with t=—-, —,
uH/(t,v) 37 20
and the integral
1/ —d/2-1 iugp(at)
(5.32) / 00 | s oD i
2/3 at th’(l‘, V)

By (5.9) we have that for ¢ in [2/3,1/(20)] and o > 5

Re ®(t,v,0) < —cp 202 < —c,
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for some ¢ > 0. Moreover
|H/(t,v)| = |Im H/(z, v)| > (tan,) v

for all ¢, v > (0. Hence the absolute value of the boundary terms is bounded by
Ce “*v~". Since

0

ot

t‘d/z‘lg(ot) eiugo(al)
wH!(t, v)

—uRe ®(t,v,0)

<Cvle

] euH(t,v)

< C v—le—cu’

the same bound holds also for the integral in (5.32). This concludes the proof
of the proposition. O

We are now ready to prove claim (4.11), which, for the reader’s conve-
nience, we state again as a proposition.

PRrROPOSITION 5.5. Suppose that 1 < p < 2. For every by > 0 there exists a
constant C such that
sup [ kPiM(x,y) eV dy < Ce®™  VYu>1 Vb e (0, bl.

xeRd J Gx

Proor. We recall that

K e, y) = (1 + |u) /% e o (x, y) =4

/ (u, a(xu, y) Lo y): §_b> ’

where a(x,y) = Cow” Ix +yl lx = yl, o(x,y) = Ix = yl/Ix + yl, §-»() =
g_p(te'®r) and g_,, 1s as in (4 3). In particular g_; is analytic in the unit disk

and maxo< <ok MaX|y|<1/2 |g b(w)| < C, uniformly with respect to b in (0, bg].
kf iu

Thus we may apply Proposition 5.4, obtaining an estimate of the kernel
by a sum of several kernels, supported in subsets of the global region. We shall
verify that each of them satisfies the desired estimate.
We begin with the estimates corresponding to case (i) of Proposition 5.4.
Let the regions G” and G"° be defined by
< 8}.

a(x,y)

G"={(x,y) € G:0o(x,y) <n} G"~5={(x,y)eG": — v,

Define the kernels k; : R x RY - R, i =1,2,3,4 by

ki, y) =u""o(x, y) P a(x, y) WA eear ) g (x, y)

2
ky(x, y) = u20 (x,y) "4 exp{—cu Ka(xu’ Y _ v,,) +o(x, y)Z] }lGﬂ,s(x, y)

7(1’/21

s (X, y)
a(x, Y)_l lGn\Gn,(S(X, y).

ky(x,y) =u*o(x,y)

ka(x,y) =u"o(x, y) 92
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We have that
P 1y < C (14 [ul) 2% (ki + ko + ks + kg).

Therefore, it suffices to show that for i =1,2,3,4

sup ki(x,y) e ¥ dy < Cu'/? Yu > 1.
xeRd G)rg

We shall use the following facts, whose proof can be found in [7, proof of
Proposition 4.4]:

F1: there exists a positive constant A such that

(5.33) lx =yl =

V(x,y) edG.
Z T (x,y)

F2: Let m¢ denote the orthogonal projection onto the hyperplane orthogonal to
& = x/|x|. For every n in (0, 1/2) there exist positive constants B, Cy, C, ¢

such that
(5.34) x| > B, Cilx] <|x+y| < Calx| V(x,y) e G"
and
2
(5.35) gp(x.y) < —c W V(x,y) € G".
x—y

Using these facts and the change of variable z = |x|(y — x), one easily sees
that for d > 2

L eyl dem i gy

sup/ ki(x, y)e??* P dy < Cu~! sup /
xeRd J(GM)x [x|=B J]x—y|>

I+]x]
§Cu_l/ B |z|"%e " dz
|Z|Zm
<Cu',
which implies the desired estimate. When d = 1 one can reach the same

conclusion with a slightly different estimate.
Next we consider k,. We observe that, by F2, there exist two positive
constants D, D, depending on p, and such that

Ix — y| < Canlxl, Diu<|x|lx—y|<Dyu V (x,y) e G".
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Thus, using F1 and F2, it is easy to see that

xerd J(GM8),

is bounded by

—y[\"4/2 x| g (7)1
(5.36) Cu~"/2 sup / ('x y') o= (v ryl=p ) =TT gy
lx|>B x|
[x—=y|=Canlx]|
Dy uslx|[x—y|<Dyu

where u, = 4v,/cos¢,. We change variables, letting y = |x|z 4 x. Rotating
the z coordinates, we can also assume that the z; axis is parallel to §. Writing
z = (z1,7), we then have |7rg(y)| = |x| lng(z)] = |x| |z/}. Since |z] ~ u/|x|?,
it is easily seen that the expression in (5.36) is dominated by

} dz.

We claim that, if 5 is sufficiently small, there exists a constant C such that

4

X

Cu~4th2 sup |x|2d/ exp —cu
Ix|=B lzI<Can u

u 2 2
<I2E +z| |z| — M”W) + 12|

(5.37) exp {—v [(|2§'+Z| |z —/L)2+IZ'|2” dz<Cv™¥? VYv>0 VueR.
lz|<Can

This claim implies immediately that

sup ka(x, y)etr™ dy < Cu'/?,
xerd J(GM0)x

which is the desired estimate.
To prove (5.37), we consider the change of variables 7; = [2& + z| |z],

Zj =2z, j=2,...,d, assuming |z| < C,n and z; > 0. Then
0z Z 0126 4z
L ] —1+IZIL.
8Z1 |Z| 821

Here |2& + z| > 1 if n is small, and |8 |26 + z| /8zl| < 1. So for z;/ |z] > 2Csn,
we conclude that 9Z,/0z; > Cn. For such z, we can thus make the change of
variables, and the Jacobian 9z/07 will satisfy [9z/3Z] < (Can)~'.

Hence, that part of the integral in (5.37) which corresponds to z1/|z| >
2C;,n is at most

(Cam)~! /eXP (—v((Zl —w’+ ]Z’ﬁ) dz < cvi2,
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Considering instead z;/|z] < —2C,n, we get the same estimate. Finally, when
lz11/ 1zl < 2C,n, we have |z’| > c|z| for some ¢ > 0. The corresponding part
of the integral in (5.37) is then at most

/exp(—czv2 lzI*)dz < C p=4/2,

This proves (5.37).
To estimate the contribution of k3 we observe that, by arguments similar
to those used in the estimate of k,, we obtain that

sup/ s k3(x,y)eq”(x'y) dy < Gy u*k sup |x|d |z|_d/2dz
(G™M%)x

xerd |x|=B /l>1u/x|25|z|sD2u/|x|2
< Cru "2 vk eN.

The desired estimate of k3 follows, if we choose k sufficiently large.
Next, using F1, F2 and the change of variables y = |x|z 4+ x, we obtain
that

sup [ katx, et dy,
xeRrd J(GMx

is dominated by

Cu'? sup |x|_2/A
1+[x

[x|=B

NEAGK
Bl b

T dy

[x — y|\—@+2)/2
o)
|x]

<lr—yl<Canla|

(5.38)

kPl @
=Cu V2 sup |x|d_2/ |z|~@FD/2¢ I dz.
|x|>B mﬂﬂfczn

Passing to polar coordinates z = rw, where r is in R" and |w| = 1, we see
that (5.38) is equal to

Can 2 2
Cu'/? sup |x|d_2/ B pld=9/72 /d 1e""“' Ie (@) do (w) dr
sd—

Ix|=B FIAFD
1/2 1 Can 3/2
<cuV sup x|~ / A r32dr
=8 FI+TD

<Ccu '
which is the desired estimate.

Next, we pass to the estimate in the region G;’/4 ={(x,y) e G:n <
o(x,y) < 3/4}, which corresponds to case (ii) of Proposition 5.4. Here
k”,"(x,y) is dominated by C (1 + |u|)1/2e¢p“ times

1/3 2/3 5
a(x, y) 42 gmen P ae s pmeate) 4 g y) T e = ks(x, y) + ko(x. ¥),
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say. We observe that a(x, y) > ¢ (14 [y[*) for (x,y) in G3, and g,(x,y) <0
for all (x, y). Hence,

) _ oy 1/3 _ 2
sup ks(x, y) eP® dy < Ce™" / sup [ e~V dy
xeRd (62/4)16 xeRd

<Cce '’

Moreover,

_ o)
SUP/ ke(x, y) e dy < C e Sup/ (L4 |y te FoT dy
xeRd /(G3p)x verd J(GY

<Ce /(1 Pyt ee e gy
< Ce—Cu

as is easily seen by computing the last integral in polar coordinates. This proves
the desired estimate in G} .

It remains to prove the estimate in the region G*/* = {(x,y) € G 1 3/4 <
o(x,y)}, which corresponds to case (iii) of Proposition 5.4. Here k”,"(x, y)
is dominated by C (1 + Iul)l/ze‘P;“ times

—d/;2 _.,1/3 W2/3 . g s
kr(x,y) = (a(x’y)a(x’y)) 12 g—cul(a(x.)o (x.y) 77 ,—ca(x.y)o(x.y)

We observe that a(x, y)o(x,y) =Cp |x — y|2. Since [x —y| > ¢ > 0 for (x,y)
in G354 and g,(x,y) <0 for all (x,y), we get

sup [y, et dy < cem ™ sup [ e ay
xerd J(G3/H)x epd
<ce'”?,
This concludes the proof of the proposition. O
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