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Almost-periodic solutions to an initial boundary value problem
for model equations of resistive drift wave turbulence

SHINTARO KONDO AND ATUSI TANI

Abstract. In this paper we are concerned with the drift wave turbulence in a
strong magnetic field. The existence and the uniqueness of a strong Stepanov-
almost-periodic solution to the initial boundary value problems are established
both for the model equations of the resistive drift wave turbulence and for
the three-dimensional Hasegawa—Wakatani equations when the initial data are
Stepanov-almost-periodic in the magnetic field direction.
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1. Introduction

Tokamak is the most advanced magnetic confinement device, in which an axisym-
metric plasma is confined by a strong magnetic field (toroidal magnetic field); see,
for example, [34,46]. In tokamak, plasma is heated at very high temperature until
the thermonuclear fusion of the nuclei occurs. In general, if the electric fields are set
up in plasma by charge separation, both positive and negative charged particles ob-
tain the drift velocities. It has been well known that the spatial gradients in plasma
lead to the drift waves, whose turbulence is a natural cause of anomalous transport
bringing on the dramatic reduction in confinement time ([1,14,24]). Experimentally
it was found that low frequency fluctuations in tokamak turbulence plasmas are in
the frequency domain of drift waves ([50,51]). Besides, a vast variety of plasma
wave phenomena are found in the planet’s magnetosphere, where the anomalous
transport occurs ([4,19,42]). Thereby the analysis of such drift wave turbulences is
important from various point of view.

In order to study the resistive drift wave turbulence in tokamak, Hasegawa and
Wakatani ([22]) in 1983 proposed the following equations for the perturbations of
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the electrostatic potential ¢ and the plasma density n:

3 . e 9° 5
(— — (Vo x e)~V> Ap=——-5@—n)+h’e,

ot * 8x32
(1.1)
(3 — (Vo xe)- V) (n +logn*) = _c_18_2(¢ —n)
dat £ T opx axg

(Hasegawa-Wakatani equations) from the two fluids model in a homogeneous
strong magnetic field B = Bye and an inhomogeneous plasma equilibrium den-
sity n* = n*(|x']) (x = (x1,x2,x3) = (x/,x3)) (see, [21,23,32]). Here By is
the strength of a magnetic field (constant), ¢ = (0,0, 1),¢; = T,/ (€nwei), ¢ =
w/ (pszwc,-), T, is the electron temperature, e is the elementary charge, u is the kine-
matic ion-viscosity coefficient, 1 is the resistivity, w.; = eBy/m; is the cyclotoron
frequency, ps = /T, /(wci A/m;) is the ion Larmor radius and m; is the ion mass.
For simplicity we assume that c; and ¢, are positive constants.

Later in 2005 Das, Sen, Kaw, Benkadda and Beyer ([17]) studied the magnetic-
curvature-driven Rayleigh-Taylor instability for the plasma density, the electro-
static potential and the vector potential for electromagnetic perturbations, and de-
rived the model equations for it. By neglecting the effects of electromagnetic per-
turbations and gravitational drift, the model equations become

0 - c 02 2

- (Vo xe) V)Ap=———(@—n)+ A9,

ot n* 0x;

5 52 (1.2)
Z (Vo x &) - V) (n+logn®) =— - (¢ — )+ DA(n+log n®).

ot n* 9x3

Here D = m,T,v./(eBo)? is the diffusion coefficient, m, is the electron mass and
Ve is the collision frequency of the electron (see [39,40]). We also assume that D is
a non-negative constant for simplicity.

Concerning the mathematical issues for (1.2) and for (1.1) we have a few re-
sults [25-27]. In [25] we established the existence and uniqueness of a strong global
in time solution to the initial boundary value problem first for (1.2) and second for
(1.1) in the framework of periodic functions to the magnetic field direction. In [26]
and [27] we proved that the solution of Hasegawa—Wakatani equations converges
strongly to that of the model equations of drift wave turbulence with zero resistivity
as the resistivity tends to zero.

In this paper, we consider the initial boundary value problems for (1.2) first
and for (1.1) second in €2 x (0, co) under the initial and boundary conditions

¢(x,0) = go(x), n(x,0)=np(x) for x € Q,
(1.3)
¢(x,t) = Ap(x,t) =n(x,1) =0 forxel, t >0,
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when the initial data are Stepanov-almost-periodic in the direction ¢. Here Q =
woxR o={"eR*| x| <R}, do={x'eR?*| x| =R}, I = 0w x R, and
R is a positive real number.

We use the same letters n(x, t) and no(x) in place of n(x, 1) + logn*(|x'|) —
log n*(R) and ny(x) + logn*(|x’|) — log n*(R), respectively. Then equations (1.1)
and (1.2) become

2
(3—<V¢xe> V)Aqs:—” T 6 —n)+ern’,

" o 2 (14)
d ¢y 92 )
(E_(V(pxe) V) _Ea—x%((ﬁ—l’l) forx e, t>0
and
0 - ¢y 92 9
(5—(V¢X€)'V>A¢———*a 5@ —n)+c2A%,
(1.5)

) Vexd . V)n=_1P DA
<E—(¢xe)~ )”__*32(¢_n)+ n

forx e 2, t >0,

respectively, but (1.3) is unchanged.

The theory of almost-periodic functions was constructed by Bohr ([11]). His
theory is restricted to the class of uniformly continuous functions, and so its gener-
alizations have been until now. Among them Stepanov generalized the definition of
almost-periodic functions to the class of functions in L IOC (1 < p < 00) ([43,44)).
Certainly there are some structural affinities between (Stepanov-)almost-periodic
functions and purely periodic functions. Since (Stepanov-)almost-periodic func-
tions are effective in various applications, they are used for ordinary and partial
differential equations ([2,16,30,38]). For some other generalizations of almost-
periodic functions to partial differential equations see, for example, [5,48].

Concerning Stepanov-almost-periodic solutions of Navier-Stokes equations,
we have had some results. When the external force fields are sufficiently small and
Stepanov-almost-periodic in time variable, the existence and uniqueness of such
solutions of the initial boundary value problem for incompressible Navier—Stokes
equations were proved by Foias ([20]) in 1962 in three-dimensional case and by
Prouse ([36]) in 1963 in two-dimensional case. For compressible Navier-Stokes
equations, similar result was obtained by Marcati and Valli ([31]) in 1985 in three-
dimensional case. The basic scheme of the proof essentially consists of the follow-
ing steps ([37]): i) global existence on [0, +00) with zero initial data; ii) global
existence on (—o0, +00); iii) Stepanov-almost-periodicity by contradiction.

The aim of the present paper is to solve problems (1.5), (1.3) and (1 4), (1.3) with
Stepanov-almost-periodic initial data to the magnetic field direction in Sobolev-
Slobodetskii spaces. In the proof we apply the theory of Bohr—Fourier series of
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Stepanov-almost-periodic functions. However, the Riesz—Fischer theorem does not
hold true for Stepanov-almost-periodic functions ([6]), so that we should pay spe-
cial attention to this point. We solve the linear problem whit the Galerkin method
without relying on the Riesz—Fischer theorem and then the nonlinear problem by
the method of successive approximations. There have been no results to overcome
the difficulty caused by the inapplicability of the Riesz—Fischer theorem as far as
the present authors know.

Before describing the main theorem we introduce the function spaces and the
almost periodic functions that we use in the sequel ([2,3,7,9-11,16]).

Let  be a domain in R™ form = 1,2,3,.... By Wé(SZ) forl e R,and! >0
we denote the space of functions u(x), x € €2, equipped with the norm

WI(Q) Z ||DauHL2(Q) + ”u”Wl(Q)

|| <l

where
Z ||D§u||iz(m forl € Z
o=l
2 _
el ) = ‘D"‘u(x) D"‘u(y)
/ / IR dx dy forl ¢ Z.
la=[1] y
Here [/] is the integral part of [, o = (o1, a2, . .., @) is @ multi-index, and D¥u =
31l /ax{"9x52 ... dxy" is the generalized derivative of order |o| = o + a2 +

...+ap. Forl < p < oo, we denote by || - || Lr(q) the norm of the Lebesgue space
LP(Q).
The anisotropic Sobolev-Slobodetskii space Wl’l/ 2(QT) (Or =Q2x(0,T))

is defined as L2(0, T'; Wé(Q)) N L2(Q; 1/2(0 T)), equipped with the norm

||u|| 11/2 ||u|| +||M|| 01/2

(Qr) wy°(0r) Q1)

E/O Iy gy i+ [ NI 5,

Let X be a Banach space with the norm || - ||x. By SP(R; X) for1 < p < oo we
denote the subspace of L (R; X) equipped with the finite norm

loc

s+1
1l .y = SUP f luoll% dx.
seR Js

The function f(x) € L10C (R; X) is called Stepanov-almost-periodic (SP-a.p.) ([43,
44.,47)) if for any ¢ > O the set
1/p

s+1
E.(f) = 0€R|Sup</ Ifx+0)— fOI dx) <e

seR
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is relatively dense in R, that is, there exists L = L(¢) > O such that E.(f)N(a,a+
L) # ¢ for any a € R. By S.fp(]R; X) we denote the space of all SP-a.p. functions
from R to X.

Letwr =w x (0,T) and ! € Z, | > 0. We introduce the following spaces:

§I(R, X) = {l/l S SZ(R X) \ ”u”SI(R X) Z ||Dau||Sz(R X) }
|a|=0

Sip(®; X) = {u € 3'R; X) | D € S2,(R: %), Jol =0, 1,......1].
Sui2 (R Lz(a)T)> =3 (R L (a)T)) n3so (R L2 (a) w2, T))),
sL? (R Lz(wr)) =3, (]R; Lz(a)r)) nsY (]R L2( w20, T)))
Moreover we define the norm

2 2 2
heligeir = 1els @ 12ory) + 14050, 200 w2 0,1

For simplicity, by || - |I, Il - llsr, || - It and ||| - |||z we denote the norms in
52 (R; L2(a))) SP (R; Lp(a))) st (]R Lz(a))) and 52 (R Lz(a)T)) respectively;
1<p<oo,1=23).

For problems (1.5), (1.3) and (1.4), (1.3) with Stepanov-almost-periodic ini-
tial data in the magnetic field direction, we have the following main theorems.

Theorem 1.1. Let D > 0, n*(|x’|) € (a)) and n*(|x'|) > ny with n, being a
positive constant. Assume that (¢, ng) € S4 (R; L?(w)) x S2 (R; L?*(w)) satisfies
the compatibility conditions ¢o(x) = Agg (x) =no(x) =0 forx € I'. Then the ini-
tial boundary value problem (1.5), (1.3) has a unique solution (¢, n) = @P,nP) e

(85 (R: L2 @) 32, (R L2 (w3 W50, 7)) ) x S5 (R: L2@r) for any
T > 0.

Theorem 1.2. Let n* and (¢o, no) satisfy the same assumptions as in Theorem
1.1. Then the initial boundary value problem (1.4), (1.3) has a unique solution

@, n) € (Egp (R: L:(wr)) N 82, (R; L2 (w; W) (O, T)))) x S35\ (R: L2 (wr)) for

some T > 0.

In Section 2 we prove Theorem 1.1 by the following steps: i) in Section 2.1
the local-in-time existence and uniqueness of Stepanov-almost-periodic solution
to problem (1.5), (1.3) with Stepanov-almost-periodic initial data by the Galerkin
method and the method of successive approximations; ii) in Section 2.2 a priori
estimates depending on D of the solution and its extension up to any time interval.
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In Section 3 we prove Theorem 1.2 by the following steps: i) in Section 3.1 uniform
a priori estimates with respect to D and the extension up to 7'; ii) in Section 3.2
following Kato’s arguments ([25,35]) the existence by passing to the limit D — 0
via the uniform estimates; iii) in Section 3.3 Stepanov-almost-periodicity.
Throughout this paper, we denote by ¢ and C (¢) constants, independent of ¢ and
dependent on ¢ nondecreasingly, respectively, which may differ at each occurrence.

2. Proof of Theorem 1.1

2.1. Local-in-time existence and uniqueness
2.1.1. Auxiliary lemmas

Let X be a Hilbert space and ¢ € Sfp (R; X). Note that for any £ € R the mean
value

i 1 A .
ve =M {W(x)eﬂs”} = lim —— /A ¥ (x) e 5% dxs

exists in X ([12,49]), where i = «/—1.
Let {£¢}xen be a sequence in R such that & # & for k # k’. Foreachm € N,
it is easy to obtain

2

M me) = Y e
k=1 X

= Mool = 3 vl

and hence

> vy = M{v eIk}
k=1

This inequality implies that for any & > 0 there correspond at most a finite number
of & for which [[Yg |lx > &. From this fact it follows that every ||yz, [|x (# 0)
belongs to one of the enumerable set of inequalities

1 1
Vel >1 - =lvely> — for m=123....

and each of these inequalities is satisfied by at most a finite number of & . Therefore,
only for at most countable £ € R the quantity ¢ is a non-zero element of X.
We call o () = {S eR | lVellx # 0} the spectrum of v, and the formal series

el§%3 the Bohr—Fourier series of ¥, which is written as
Yoy Ve €5 the Bohr-F f v, which
Vo D pedt
sea(y)
Then the following lemmas hold (see [2,7,15,16]).
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Lemma 2.1. If ¢, ¥’ € 52 (R; X) have the same Bohr—Fourier series, then
||‘/f - ‘/f/” S2R:X) — 0.
Lemma 2.2. For any ¢ € Sgp (R; X) Parseval’s identity
2
Mz} = Y el
§ea(Y)
holds.

Let us consider a generalized trigonometric series
> ag i, @1

where A is a countable subset of R and {ag }seA C C. Let {yj }jeN be a basis of A
([12]). Bochner-Fejér sum S™ (x) associated with (2.1) is given by

m @ (h? [vil [V |
ST0= 2 L (1_(m!)2>"'<1_<m!>2>

vi=—mH2  vu=—(m!)?

m .
xag exp (12 vj% x) ,
Jj=1 '

where for £ € A

Y
J
ag if Ev,-—:%‘
" m!
* j=1
a:
& m

By introducing an increasing symmetric sequence { A}, en of A converging to A,
thatis, —A;; = A, Am C Apsr and A = U, Ay, S™(x) can be written as

S"x) =Y d{"ae't

€l

with constants d{" satisfying 0 < d{" < 1 and lim,, . d{"’ = 1. Note that d"’
depend on & and m, but not on ag ([16]).

We say that F C S;fp (R; X) is SP-equi-almost-periodic if for any & > 0O there
exists a relatively dense subset £, of R such that

s+1
sup/ ||f(x+0)—f(x)||§dx<8 for f € F, and o € E,.
seR Js
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It is well-known that Riesz—Fischer theorem does not hold for Saﬁg (R; X), where
1 < p < 00 ([6,29]), while the following lemma holds true (see [13,18]).

Lemma 2.3. A necessary and sufficient condition for a generalized trigonometric
series (2.1) to be a Bohr—Fourier series of a function [ € Sfp(R; X)(1l <p<
00) is that a sequence of the Bochner—Fejer sums {S™ (x)},,en associated with the
series (2.1) is bounded in S (R; X) and SP-equi-almost-periodic.

2.1.2. Linear problems

In this subsection we prove the following Proposition 2.4 with the help of Lemmas
2.1,2.3 and 2.6. For that first we prepare a priori estimates for Galerkin approxima-
tions (Lemmas 2.8-2.11), and second we apply Lemmas 2.1 and 2.3 to our problem

with the help of Lemmas 2.8-2.12. In the same way as that for Proposition 2.4 we
prove Proposition 2.5 with the help of Lemmas 2.1,2.3 and 2.7.

Proposition 24. Let D > 0 and n°(|x'|) € sz(a)). Assume that (Yo, ng) €
(ifp (R; Lz(w)) )2 satisfies the compatibility conditions yo(x) = no(x) = 0 for
x € I'and (f, g) € (5;131/2 (R; Lz(wT)) )2 satisfies f(x,t) = g(x,t) = 0 for
x € I', t > 0. Then there exists a unique solution (¥, n) € (325/2 (]R; LZ(a)T)) )2

to problem

B 8%n

oAV —n— =

ay €2 v —n 052 f

on ,9%n

E—DAn—n @zg for x € 2, andt >0 2.2)
V(x,0) = Yo(x), n(x,0)=no(x) for xeQ

Yx,t) =n(x,t) =0 for x €T, andt > 0.

Moreover, this solution satisfies the inequality

1l + Inllgsse < €T (Wollg2 + Imoliz2 + 11 Fllgaz + gz )
with C(T) being a positive constant depending increasingly on T .

Proposition 2.5. Assume that \ € 321;3/ 2 (R; L*(wr)). Then the problem

AP =1 for x € Q, andt >0
(2.3)
¢(x,t) =0 for x €T, andt >0
has a unique solution ¢ € §§p(R; Lz(a)T)) N :S%(R; Lz(a); WS/Z(O, T))), which
satisfies the inequality

181135 @20 + 18052 5 1200w 207y < € IV 2
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Note that the following lemmas are well-known (see, for example, [28,33,41,45]).

Lemma2.6. Let/ c R,1 >0,D > 0,§ ¢ Randn®(|x'|) € W21+1(a)). Assume that
(Yo, ng) € (W21+l (a)))2 satisfies the compatibility conditions up to order max{[l —
3/21,0} and (f, g) € (Wé’l/2 (w1) )2 satisfies f(x',t) = g(x',t) = 0 for x’' €

dw, t > 0. Then there exists a unique solution (¥, n) € (W22+Z’Hrl/2 (o71) )2 to
problem

0

Y e~ e =

an / 2 052 I

E—D(A—S)n—i-nén:g for x' e w, andt >0

Y (x',0) = Yo(x), ni',0)=nox") for x' €w,

Y, ) =n(x'1)=0 for x' € dw, andt > 0.

Moreover, this solution satisfies the inequality

n
||1,0||W22+1,1+1/2(wr) =+ || ”W22+l’l+l/2(wr)

= G (||¢0||W21+z(w) Flmollyi+ ) + 1y, + IIgIIWéJ/z(wT))
with cg being a positive constant depending on & .

Lemma 2.7. Assume that € WQZH’]H/2 (wr), I > 0and & € R. Then the
problem

(A’—gz)q&:w for x' € w, andt >0

o(x', 1) =0 for x' € 0w, andt > 0

has a unique solution ¢ € LZ(O, T; W;'H (a))) N W21+l/2 (0, T; sz(a))), which sat-
isfies the inequality

NP 20, 7wt @y T 1@y 14120 1oy = 6 IV Iy 2e00012,,

with cg being a positive constant depending on & .

Proof of Proposition 2.4. Let us fix the symmetric increasing sequence {A;; }neN
of A = o (o) Uo(ng) Ua(f) Uoa(g) converging to A. For & € A we consider
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problem
% — (A — 52)1#5 + noézng = fe
dng _ D(A — £%)ng +n°E*ng = gz forx’' € w, andt >0
ot (24)
(e, ng) li=o = (Voe, nog) forx’ €
(Ve, ng) = (0,0) for x’ € dw, and t > 0,

where (f¢, g¢, Yoe, nog) = M{(f, & Yo, no)e”$%3}. Lemma 2.6 implies that
problem (2.4) has a unique solution (¢, ng). Then it is obvious that (S)}, Si')

=D ten, dg(m)(l/fg, ng) el$¥ is a solution of problem

oS 928m
14 m o n m
— — 0 AST — =8,
o 2o 0x2
9S™m 328m
= —DAS)' —n°——=- =8 for x € Q, andt >0
ot 0x2 2.5)
<5$,5,',”) ’ 0= (S%,S,;’é) for x € Q
=l
( ,’;,5,',"):(0,0) for x €T, and? > 0,

where (8%, S, %, Sp) = ZseAm dém)(fg, gz, Yo, nog)eié’“.
Now we derive a priori estimates of (S)', S)'). For that we introduce the
following cut-off function 7, (x3) € C'(R) fors, § € R, § > 2:

1 on [s,s+35—1]
7” =
"0 on (00,5 —81ULs +26 — 1, +00),
O S 7’)3()(33) S 17
, c
s (x3)] < 5 2.6)
with a constant ¢ independent of §.

Lemma 2.8. Foranyt € [0, T]

lsp ]+ Ispl +|||vsp||[; + mespug

sl + sy ). e

2
= coss o+l

where C(t) is a positive constant depending increasingly on t.
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Proof. Multiplying (2.5)1 by Sw ns and integrating over Q° = wx(s—§, s+26—1),
we have, by integration by parts and Schwarz’s inequality,

dt Hs‘ﬁ( )‘/_

<0 H RSy (1)

+c ”VS,//( )\/_ o
75| ooy F € H »BS™(1)v/n®

L2(2°)

‘ W(t)

L2(Qf)

x <H335{;<t)
+|sro

L2(Q) L2(Q9)

m
oy sl + | S0

L2() HS‘I;}O) L2(9)
< 38{ (e - 812) sy |+ (g + 5%) sy v

2 2
relspo| +e|spol }

L2@) H U ||L°O(]R)) 08)

1751l oo )

for any ¢ > 0. In the last inequality, we used Young’s inequality, (2.6) and the
inequality

sup AN p sy <3815, for feSPR;LP(@) (1<p<o0). (29)

seR

Similarly, from (2.5), we have

HSm (t)\/n_s”LZ(QS) +D|vsy (ﬂﬁ”Lsz + Ha35m (t)/n®ny

<35{ (D [s83r | + |asSyr 01/n®

L2(Q5)

) (2.10)
re 4D [Srof +e|srol }

Adding (2.10) and (2.8) multiplied by & yields

L2(Q5)

( ONC WO EAONr ) N GO
D VSOV o + [0 |

< 33{52 (s + 5_2) H 338,';(;)” +5 D lassr o
e vee ([l + sy

re+ Dy Syl +e|spol }

L2(Q5)

) Ha33'"(t)«/n_<>
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Here we choose ¢(> 0) and § in such a way that
minfes, 1} > 38 ((c e+ (1 + 52) 5—2) .

Then, integrating this over [0, #] and taking the supremum over s € R, we obtain
(2.7) with the help of the inequality

1P < s0p | sl 2y for f € 5% (R: (@) @.11)
O
Lemma 2.9. For any 1 € [0, T
[vsgol +1vsrol+ |lasg]]

2
oSy |||+ 1ASTIE + 10,8111 2.12)
2
t)’

Proof. Applying the gradient to (2.5)1, multiplying it by VS:L’ ns and integrating
over 2°, we have, by integration by parts and Schwarz’s inequality,

+|

<o (|5, + st + (s + sz

where C(t) is a positive constant depending increasingly on t.

2 2

1d o om
oxrd MO

<o |aspo

oy €2 |ASE OV

ERA

L2(Qf)

| U H L®(R)

L2(QS)>

Il ooy + 95850y

L2(Q%) )

+ (c H 928™ (1)v/n®

L2(Q5)

+ s

L2(@)
(2.13)

x <H AST (1)

i)

L2(Q2%) L2(Q%)

1 2 2
<3 {(c+ 5 ) Jaszo ]+ Jusyoo]

e sol’)]

for any ¢ > 0. In the right most inequality, we used Young’s inequality, (2.6) and
(2.9).

+c (é + 5%) (H RSy (1)Vn®
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Similarly, from (2.5)2 we get

1d
53 1St OVl g + D |88 OV,

+ |vassyovnen

=D ||ASZ1(t)”L2(QS)

2

L2(Q5)

|83SIT(t)||L2(QS) |7 ||L°°(R)

i Hvags,',"(z)«/n_<>

VS () ”LZ(QS)

L2@) \ |’7; H L®(R)

_l’_

/ vn® - V&S, 935, 1 dx‘ +

/ Vn® - V893S, d3n dx (2.14)
Qs :

+ sz

L2(Q5) ( || AS:[" (t) HLZ(QS) ”775 ”LOO(R)

+| a38}T(t)HL2(QS) | LOQ(R))

< 33{ (e + 5%) <D |asz [ + | vassy @)/n®

)
+C(D,e,8) (||V5»T<f) P +]sre HZ) }

for any ¢ > 0, where C(D, ¢, §) is a positive constant depending on D, ¢ and §.
Here in the second inequality we used Young’s inequality, (2.6) and the inequalities

/ U VS S dx‘
< 3509 [T O] [3520) s Iees

< 33{8 HV83S,',”(t)«/n_°

2
+ S sup DT [0 g JnS7 01
€ Yew

for any ¢ > 0, and

/ V- VSIS, d

<35 {21? Hvags;j’(z)«/n_<>

2
relvsyolP].
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Adding (2.14) and (2.13) multiplied by & yields

d (ol om 2 m 2
G Hvsw(t)m v VSOV ey

2 2
+ 8202 H ASZ[ $ 2(Qs) +D ” ASI’:I" (l‘)ﬁ” LZ(Q.S)

V38 (1)y/n°
+|vasraoven, ..

< 38 {(e + ai2> (82 |asy@ H2 + D |AS" (1) H2)

i
n (cg + +c£ ) Hvagsm(t)\/n—0

+ce? a8y 0) H

+c<s+ )HSf(t)H +C(D, e, 3)(||vsm(r)|| Hs;"(t)HZ)}.

Here again ¢ (> 0) and § are chosen as

min{cy, 1} > 38 ((c + e+ (1 + cez) 5—2) .

Then, integrating this over [0, 7] and taking the supremum over s € R, we obtain

(2.12) with the help of (2.7) and (2.11).

The estimates of the derivatives of S{[} and S with respect to ¢ are easily

derived from the estimates above and equation (2.5).

O

The following arguments for the estimates of the higher order derivatives are
formal, since the regularity of the solution is not sufficient. However, one can justify

them by the method of difference quotients or mollifiers.

Lemma 2.10. For anyt € [0, T]

HA5$UWZ+uAs:awz+¢HVAS$Hﬁ++HVASfm?

scxn(H$

s+ |||z

2
/ s

where C(t) is a positive constant depending increasingly on t.

(2.15)
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Proof. The boundary conditions on I' in (2.5) yield that 8%/ 8x32 is a tangential
derivative on I', and hence

AS$(x, 1)=AS) (x,1) =0 forx eTl, andt > 0. (2.16)

Applying the Laplacian A to (2.5)1, multiplying it by ASZ’ ns and integrating over
QF, we have, by integration by parts and (2.16),

2.dr HAS‘/’( )‘/_

+e|vasy OV

L2(Q%) L2(Q%)

< & [0:8850)]

AS$ (@)

L2(Q%) H L2(99) |77§ ” L®(R)

+2Vn® - + An®

f LIZAS™ RV 328m
+ n®——n
s x3 x3 x3

+ ASf) ASy ng dx

<o HagAS:;(t)‘

AS:}} @)

L2(9) H L2(9) EA T

75 1l oo ()

+|n° “L‘X’(w) ||83A8m(t)”L2(Q° <H A8y (1) L2(Q)

+|aspo)|

12(9) |} ”LOO(]R) ) (2.17)

+e [ Vn®| aw) Hvagsg" (t)

asy@

75 1l oo ()

L2(Q) ‘ LA4(Q9)

L2(Q9) >

‘ nj || L®(R) )

+ |vsra

(190" s 270 g

><< [vasy@

Insllzoe ey + | AS} @)

L2(Q%) L2(Q%)

< 35: (s + ) [vasy (t)H +c|aspo H

1 1 ’
re(Le ) (Inasrol + Jaszol + [vspol”)]
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for any ¢ > 0. In the right most inequality, we used Gagliardo—Nirenberg and
Young’s inequalities, (2.6), (2.9) and the inequalities

103831 < clasy I, |vaisy| < closasy].

Similarly, from (2.5); we have

1d
o I A‘Srrzn(’)\/”_sni%sm +D ||VASZ1(t)\/’7_SHi2(QS)

2

+ H 83 AS8™ (1)y/no11y

|AS (1) ”LZ(QS) |

L2 (22%)

= D[asa87®] 2

(©29) 1 || Lo (R)

+ [[n° “LO"(w) |9sA8) (1) ||L2(QS) AS) (t)||L2(S2“') |75 L=[R)

195 ey [23850)

L4(Qs) ( ||VAS:1’1 (t) || LZ(QS) ”773 ”LOO(R)

+asyo] L2(Q%)

U8 H L®(R) )

[AST )| ooy 175 | oo

(2.18)

+ [ Vn® | e Hvags,’,"(t)

L2(2%) i

+ |vsra

L2 <||VASZ1(I) “Lz(QS) 1751l oo (w)

+[AST O 120

/
Ns ” L®(R) )

< 33{ (s + 5i2> cD | VAS! )|+ C(D, &, 8) |AS!®) |

+e (1 + D%) Hvsg(t)ﬂz }

for any ¢ > 0, where C(D, ¢, §) is a positive constant depending on D, ¢, §. In
the right most inequality, we used Gagliardo—Nirenberg and Young’s inequalities,
Sobolev imbedding theorem, (2.6), (2.9), (2.12) and the inequality

1S 15210 < cl|AS, Iz for 1 =0, 1.
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Adding (2.18) and (2.17) multiplied by De? yields

d (Ds |asy OV

IAST O )

29&

2
+De% | VAST OV,

2

+ |asasy Nz

L2(Q)

<3 (++ 52) o (*[aspol +clvaspor)
1 De (8 1 ;‘_z) |9: A8 ()| + ¢ De? H AS,';(z)Hz
+C(D,e,8) [AS) @) + ¢ (1 + i) |vsyo ”2

+Dc<8+ )(HAsm(’)H +HVSf(t)H >}

Choose ¢ (> 0) and § as

min{cy, 1} > 38 ((c T e+ <c T14 csz) 3—2) .

307

Then, integrating this over [0, #] and taking the supremum over s € R, we have

(2.15) with the help of (2.11) and (2.12).

O

Let VI (x,1) =S¥ (x X3+ o, t) Sy (x/,x3,t)foranycr #0 (o = Y, n).

Then (VW o Ve ) satisfies

8V$ Apm 32ym _ym
—Ve_ . _ ’
ot Vo 8x3 fo
3Vm va
— DAV]! — Vm forx e Q, andt >0
ot 3x3
(Vi Vi) | _ (VW, Vie)  forxe@
(VI/,(,, ) 0, 0) forx e, andt > 0.

The following lemma holds in the same way as in Lemmas 2.8-2.10.
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Lemma 2.11. Foranyt € [0, T]

us 2 m 2 m 2 m 2
o + o+ ||| [ + vk

= ([ + Do+ [+ [l
HW%(,)H%F”w;;(,)“uH)A% [2+Hatv;;(, (t2+|||Av,2';|||t2
+|||atv;:g|||,2sﬂr)(HVﬂw Ve G | [+ ‘f)

HAV:}}U(t)HZ +|avi o] +||[vavy, (tz +[Ivavmi?
co( oo+ bl [ + e
2 2
[V |||+ ][ v e t),

where C(t) is a positive constant depending increasingly on t.

Now we prove that {(Sm,Sf)}

(§3’3/2 (R; Lz(a)T)))2 and (53’3/2 (R; L2(a)T)))2—equi—almost—periodic with the
help of Lemmas 2.8-2.11 and the well-known fact (see [6,8,13,16])

s

sy~

o
| is a bounded sequence in the space
m=

< I¥llsrr:x) > (2.19)

SP(R; X)

-0 asm—> © (2.20)
SP(R; X)

for any ¢ € Sfp(R; X) defined on a Banach space X (1 < p < 00).
o0 ~
Indeed, the boundedness of {(S’”, S;l”)} | in (S3’3/2 (R; Lz(a)r)))2 follows
m=
from

[z 5. + Isml3 + s,

2

m
st H‘sg )
T

2
—5;,1/2

2 2 2 2
= ||1/f0||§2 + ||n0||§2 + ||f||§1,1/2 + ||g||§1,1/2 ,
T T

which is directly derived from (2.19) and Lemmas 2.8-2.10.
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Let for any o # 0
(FO" GO‘) (x’ t) = (.f? g) (x/’ .X3 +0, t) - (f’ g) (x/’x3’ t)’

(Yoo, Noo) (x) = (Y0, no) (x', x3 + o) — (Yo, no) (x', x3).
It is easy to see that

(Fog. Goe) = (eigo - 1) (fe.8¢).  (Woos, Noog) = (eié" - 1) (Voe» nog),

(Vi v ) oo = (Sp. 82 ) et (Ving: Vine ) @) = (St Sy, ) (0.
Then (2.19) yields

2 2 2
m m |2 m m
”v\ﬁoﬂ 52 + ”Vnoa ||§2 + vaa L1/ + vaa SL12
T T
2 2 2 2
=< ”\D00”§2 + ||N00||§2 + ”Fa”§1,1/2 + ”Ga”§1,1/2 .
T T

From this we find that (S}, S}/') is (53’3/ 2(R; L2(a)T)))z—equi—almost-periodic by
virtue of Lemmas 2.11 and 2.12:
Lemma 2.12. ([7]) Assume that (f,g) € (Su"/*(R; L2(wr)))* and (¥, no) €

(§§p(R; L? (a))))z. Then for any € > 0 the set

1/2
E. = {a €R| (n%ané +INoo 13 + 1 Fo 31,02 + ||Ga||§1,l,2) < e}
T T

is relatively dense in R.

2
Lemmas 2.3 implies that (¥, n) belongs to (ngf/ 2 (R; Lz(a)T))> . Moreover

(¥, n) is unique in the same class according to Lemma 2.1. Therefore from (2.20),
we have

(S{,f‘,S,’f) ~ (,n) in (§3’3/2 (]R; Lz(wr))>2 as m — 0o, (221)
Since

(830 SP.S7) = oo, £:)

~ 2 ~ 2
in <S2 (]R; L2(a))>> X (Sl’l/2 (]R; Lz(a)T)>) as m — oo
follows from (2.20), we conclude from (2.5) and (2.21) that this (i, n) is a solution
of problem (2.2). Thus the proof of Proposition 2.4 is complete.

Just in the same way as that for Proposition 2.4 we can prove Proposition 2.5
with the help of Lemmas 2.1,2.3 and 2.7.
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2.1.3. Nonlinear problem

In this subsection we prove local-in-time existence and uniqueness of Stepanov-
almost-periodic solution to problem (1.5), (1.3) with Stepanov-almost-periodic ini-
tial data by the method of successive approximations with the help of Proposi-
tions 2.4 and 2.5.

Let (¢*, n*) be the solution of (2.2) with f = 0, g = 0, Yo = Agy, and
¢* be the solution of (2.3) with ¢ = y*. Then Propositions 2.4 and 2.5 imply
that ¢* € 53, (R: L?(wr)) N 52, (R: L2 (w; W,(0, 7)), n* € Sop”*(R; L (wr))
satisfy the inequality

16155 s 20p) + 7] SR 20,1 T [n* ||§3T~3/2
(2.22)

< c(lIgolizs + llnolizz) -

By putting n® = ¢1/n*, ® = ¢ — ¢*, N = n — n*, the problem (1.5), (1.3)
becomes

LU SN X\ Y i .

o7 A D —n 8x32 =-n 8x32 (<I>+¢)
+(V(®+¢*) xé)- VA (P+9¢*) = F (D)

dN LN 02 .

8x32
+(V(®+9¢*)xé)-V(N+n*)=G(®,N) forxeQ, ands >0

(q)a N) |l=0 = (07 O) foerQ

(®, AP, N) =(0,0,0) forxel', andr > 0.

We shall solve this problem by the method of successive approximations. Let
(CD(O), N(O)) = (0,0) and (<I>(’”+1), N(’"“)) form = 0, 1,2, ... be a solution of
the initial boundary value problem

(m+1) 2 pA7(m4+1)
% _ CzAZCD(erl) _ no% — F (q)(m)>
ot 0x3

aN(m—H) <>32]\/(m-‘,—1)

—~DAN™D _p
dt x3

(cb(m—t-l)’ N(m+1)) — (0,0) forx € Q

t=0
(@D AQUmtD NHD) = (0,0,0) forxeTl, and >0,

=G<<D(m),N(m)> forxeQ, and¢t>0
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for a given (@™, N™) € <§2P(R; L*(wr)) N §§p(R; L?(w; W23/2(O, T)))) X
Sar 2 (R; L2 (wr)).

Obviously this problem is equivalent to the problem

APt — \ym+D)

(m+1) 2 N m+1)
qwmr cr AWmHD _ n<>8 N —F <q)(m)’ w(m))
at 9x3
JNm+D 92N m+D
(m+1) _ 0 — (m) pr(m)
—,— — DAN" —"T—G(q’maNm> (2.23)
3

forx e Q, andt > 0

(@D, gD N+

_0:(0,0,0) forx € Q

t

(¢(m+1)’ QoD N<m+1)) =(0,0,0) forx eT, andt > 0,

where (", WM Nm)y ¢ (EQP(R; L2(wr)) N 82, (R; L2 (w3 W50, T)))) x
2

(3’%3/2 (R; Lz(a)T))) is given and

002 (P + 9%

F(P,V)=—n
(@, ) e

+ (V(®+¢*) x &) -V (V+AgY).

It is easy to see (F (P, wm) G(@™, NM)) e (§;§1/Z(R; Lz(a)T)))z, so that
by virtue of Propositions 2.4 and 2.5, the problem (2.23) has a unique solution

(@ +D g m+D N m+D) satisfying the inequality

Z(m+1)(t) = Hq)(m—H)

) n H(D(m—i-l)

35 (R: L2 (@) 82 (R: L2 (w0: w2 0.1)) )

n qu(m—i-l)

ot [

5

|§3.3/2
t
<c (HF (Cb(m), ‘I’(m)>‘ <« T HG <d>(m), N(m)> H~1.1/2)
St S[
for any ¢ € [0, T']. It is easy to prove

Lemma 2.13. Let ! > 1/2, t > 0 and w be a bounded domain in R2. Then the
following inequalities hold:

12
1fglly1zq,y = Mgz, 18lwio.n for e W,"%(0.1), and g € W10, 1),

3/4
£Vl <l fllse IVelss < cllfliznlighih’ gl

for f € St (R; L%(w)), and g € §2(R; Lz(a))).
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From this lemma and by interpolation and Young’s inequalities one can easily ob-
tain

HF (q)(m)’ \11(’"))

§t1,1/2
82 *
e (X S L I,
0x3 312 S>(R; L*(w1)) S2(R; L?(; W, 7(0,T)))
T
+< (o] + o]
> SO(R; L2 (w; W, (0,7))) S2(R; L2 (w; W, (0,7)))

1/4

L3/ Hq,(m) 1o -
SUR; L2(w; W) (0,7)))

N Wi L Ap*
S3(R; L2 (w3 W1 (0,7))) H ¢
3/4

x W 4 Ap*||
H A9 S3(R; L2 (wT))

1/4
\I-’(m) + A(ﬁ* 32

SOR; L2(w:W;'(0.T)))

32

e/t |0 4 g H
S2(R; L2 (w; W57 (0,T)))

3/4

x W 4 Ap*|
H ¢ S2(R; L2(; W, 2 (0,T)))

for any ¢ > 0 and any ¢ € [0, T].
For || G (<I>(m), N ) || 51.1/2 we can get the similar estimate.
t

Consequently these inequalities and (2.22) yield
V) < B + cEH 4 (84 Cledt + cErT) 2(T) 4 er¥52 (1)

forany ¢ € [0, T], where E = |[¢ol|54 + [lnoll52. We choose first a positive constant
M in such a way that M > cE, second ¢ (> 0) as eM < M — cE, and finally a
positive constant 7’ (< T') so that

cE2TP/8 4 (C(s)T/ + cET/3/8) M+ cT?8M? < M — cE — M.

Then we conclude that z(T) < M implies z™TD(T’) < M. This means
that the sequence (@M wm N (’"))};’fzo is well-defined on (0, T”) and for all
m z"™(T") < M hold.

Now let us verify the convergence of (@M wm N ("’))}%OZO. Subtract from
(2.23) the similar equations for (&, W N and set <I>>(km+1) = pmt+h _
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o @it — gt _yom Nm+D — NmtD N Then we have

Aq>>(km+l) — \Ilim"'l)

(m+1) 2 5y (m+1)
ot ¥ ax3
—F (q)(m)’ w(m)) _F (q)(mfl)’ q,(mfl))
(m+1) 2z (m+1)
0N, 9°N.
Tk DANGED el T
ot * 3x3

=G (q;(m)’ N(m)) -G (cp(m—l)’ N(m—l))

forx eQ, and7T' >t >0

(‘:Dimﬂ)a lllimﬂ), NimH))

W= (0,0,0) for x € Q,

=l

(cbf:"“), gD, i’"“)) — (0,0, 0) forxeTl, and T’ > 1 > 0.

By the same way as above, we can deduce

q)>(km+l)

Z(m+1) (1) = H cpfkarl)

$5 (R;Lz(w,)) H 52 (]R;L2 (a); W;/Z(O,t)))

+ |wern (2.24)

1
~3.3/2 + HN4£m+ )
St

§t3,3/2

< (s FCe)+c (E n z(m)(t)) z3/8) 70 (1)

for any ¢ >0 and any ¢ € [0,T"]. Since we can find positive constants ¢ and 7" (<
T') satisfying e +C(e)T"+c (E + M) T"3/8 < 1, the sequence {(®"), W) N M)}
converges uniformly on [0, 7] to (®, ¥, N) as m — oo. Itis clear that (®,¥,N) €
~ ~ ~ 2

(Sgp(R; L2(w7) N $2(R: L2(w; W;/%(0, T”)))) x (S,flf/ 2(R; Lz(ww))) and
this (¥, N) is a solution of problem (1.5), (1.3).

The uniqueness of such a solution can be easily proved by making use of the
estimate analogous to (2.24).

2.2. Global-in-time existence and uniqueness

In this subsection we prove the global-in-time existence and uniqueness of Stepa-
nov-almost-periodic solution to problem (1.5), (1.3) with Stepanov-almost-periodic
initial data. In Subsection 2.2.1 we derive the a priori estimates of the solution
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(¢, n) established in Subsection 2.1. Then in Subsection 2.2.2 we prove the global-
in-time existence and uniqueness of Stepanov-almost-periodic solution to our prob-
lem with the help of a priori estimates established in Subsection 2.2.1.

Through this subsection, we put n° = ¢ /n* also and denote inessential con-
stants which are independent of D by the same symbol c.

2.2.1. A priori estimates

Let (¢, n) be a solution of (1.5), (1.3) belonging to
(Egp (]R; L2(wT)) N3 (]R; L2 (a); w32, T)))) x S/ (]R; Lz(w7)>
forany T > 0.
Lemma 2.14. For anyt € [0, T]
1A + IO + VA + DIIIValll} +1118:n]l17 < Ci(1). (2:25)

where C1(t) is a positive constant which depends increasingly on t, ||A¢oll and
llnoll, but not on D.

Proof. Multiplying (1.5)1 by A¢ ny and integrating over ¢, we have, by integra-
tion by parts and Schwarz’s inequality,

d
20OV 2y + 2 [VAGO V2 0,

|n; ”LOC(R) +c H 8311(1‘)\/11—0

< 2 103A¢ D 12(qs) APl 25y L2()

x (183 8GO 20y W15l owcey + NASO 220 175y )

. H 332¢ » (2.26)

L2(Q°) 1A (1) ”LZ(SZS) lIns ”LOO(R)

1 c 1
s%{(a+§>n&mﬂmﬁ+<g+ggH%mn&?

2

+cuA¢uNF}

for any ¢ > 0. Here we used Young’s inequality, (2.6), (2.9) and the inequality
[830] < cllagl.
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Similarly, from (1.5), we have

-~ ||n(t)\/n_s||L2(Qs + D | Va1 | 72, +H33n(t)\/n°77s

L2 Q%)

<35{ <D||83n(l‘)|| +Hagn(t)«/ﬁ ) (2.27)

+¢ (14 D) [n@I + ¢ llAg @I }
Adding (2.27) and (2.26) multiplied by &2 yields

d
< (82 || A(p(t)\/ﬂ”;(m) + ||n(t)\/ﬂ||i2(gs)) + 2y ||m¢(r)ﬁ||izm

L2(Q%)

<3562 (o4 = &} A¢>(z)||2+9||an(z>||2
= 52 3 52 103

e

+c (14 D) |n@®)|? }

) H s | + ¢ (s n 1) 1AG ()12

Choose ¢ (> 0) and § as
min{c, 1} > 35 ((c e+ (1 n 82) 5—2) .

Then, integrating this over [0, ] and taking the supremum over s € R, we finally
obtain (2.25) with the help of (2.11). [

Lemma 2.15. Foranyt € [0, T]

2
IVAS @12+ 1VnOI +|||a% |||+ 113211 + D l1ARIE
(2.28)

2 2 1
+ [IVasn|lly + llIo;nlll; < C2 Ly )

where C(t,1/ D) is a positive constant depending increasingly ont, 1/D, || Aol 31
and lnoll:-
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Proof. Apply the gradient to (1.5)1, multiply it by VA¢ n, and integrate over 2°.
Then we have by virtue of the integration by parts and Schwarz’ inequality

Hm(mm [ HA%(r)m

< czllA ¢l 2@ 13380 (D20

L2(Q5)

| UR || L®(R)
+c( IV @)l 3y IVAG O 40y + H832n(t)\/n°

v ) ([0

+ 19380 Ol 200y 15 ]| ooy )

BYTOUPRE 1 ,
< 38{c (e + —2> a0 + (c + —2> IV AG (1)l
(1 + )(\\a3n(z)dn_o +C1(t)) +C(e. 8)C1 (1) }

for any ¢ > 0, where C(e, §) is a positive constant depending on ¢ and §. In the
right most inequality, we used the Gagliardo—Nirenberg and Young’s inequalities,
(2.6),(2.9), (2.25) and the inequality [|Ag|5 < c | A%].

Similarly, from (1.5), we get (cf. (2.14)),

L2()

+ H 93(1) sl o @) (2.29)

L2(2%)

|| ViV 12 + D 8005 |2y + | V@0 Vom,
< 35{ (e + 3_2> <CD lAn()|? + Hvaw(t)«/;?

L2(Q9)

) +cllVApMI*  (230)

|

for any ¢ > 0, where C (D, ¢, §) is a positive constant depending on D, ¢ and 6.
Adding (2.30) and (2.29) multiplied by & yields

+C (D, e,8)|Va()|?

d
= (2 vaewvas ||iz(m S ACON P
+e2c H A2y iz | I | An() /i |32 + HV83n(t),/n_<>ns

< 35{c (s + 5—2) (e2 | A%(r)” +D ||An(r>||2)
" <c (c+) + 312) [vasnava| + ( <c " 812> +c> IV A2

+C (D, . 8) |Vn) >+ ¢ <1+8+82) Ci()+ C1(t)5+ C (e, 8) C1(0) }

L2(Q9)

()7
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Choose ¢ (> 0) and § as
min{cy, 1} > 38 (ce +ee+ (c+ 1)5—2) .

Then, integrating this over [0, 7] and taking the supremum over s € R, we obtain
(2.28) with the help of (2.11) and (2.25).

The estimates of the derivatives of A¢ and n with respect to ¢ are easily derived
from the estimates above and equation (1.5). O

Here again the following arguments are formal since the regularity of the so-
lution is not sufficient. However, one can justify them by the method of difference
quotients or mollifiers.

Lemma 2.16. Foranyt € [0, T]
2 2 2 2 2 2 2 1
| 8% @) Hano1P+||va%s|||+D 11V arlFHIBs ARl <C5 (1.5 ) . @31

where C3(t,1/ D) is a positive constant depending increasingly ont, 1/D, || Aol 3
and ||nolz.

Proof. Note that the boundary conditions on I' in (1.5) imply that 3%/ 8x32 and
(Vg (x,1) x &) - V are tangential derivatives on I', and hence

A%p(x,t) = An(x,t) =0 forx €T, t > 0. (2.32)

Applying the Laplacian A to (1.5);, multiplying it by A%¢ 7, and integrating over
QF, we have (cf. (2.17)),

2 dr ” ¢( )ﬂ L2(Q5) te HVA ¢(t)\/n_5 L2(Q25)
< e |82 o 2 0|, o 176l e
+( [D260)] . 0, 1726 Oliscer) + 198Ol [P0 0],
V7] H %9 0) H Loy 7o HV832¢(t) LX)
V0%l agy [0 0)] (QS))(HVAZW oy I

+| A%

P mm) 7] o 185An D) 12202

| U8 “ L®(R) )

175 1 oo Ry -

Insllzeqe) + | A% 0]

x( H 83A2¢(t)‘

LZ(Qx) LZ(Q“')

e |V g, | VOIR O

520

LZ(QS) L4(QS)
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Then we have with the help of Gagliardo—Nirenberg and Young’s inequalities,
Sobolev imbedding theorem, (2.6), (2.9), (2.28) and the inequalities

18015 < el Al linllze < cllanl,  |[Va3n| < cllosan,

+ o HVAzqs(t)m

HA2¢>( )\/ﬂ o)

<35 {(e ) HVA2¢(1‘)H +C(e.5) (1 L0 (t _)> HAZ‘”’)H o)
1 1 1\2 'y
+c ( 82> <||83An(t)|| + [|An()| >+C (¢, 8) (C2 (z B) +C, <t, B) )}

for any ¢ > 0, where C (e, §) is a positive constant depending on ¢ and §.
Similarly, from (1.5), we have (cf. (2.18)),

L2(Q5)

d ”An(t)\/n—SHLZ(QY + D [ VAR s [}, + Ha3An(t),/n—<>,7s o

< 38{ <8 + 8i2> cD[[VAn()|* + C(D, ¢, 8) <1 +C (t, %)) | An(r)|)?
1 1
+ (1 + E) cCs (t, 5) } (2.34)

for any ¢ > 0, where C (D, ¢, ) is a positive constant depending on D, ¢ and 6.
Adding (2.34) and (2.33) multiplied by Ds? yields

L (b ||, + lanoi ]
dt 775 LZ(QS) 77s LZ(QS)

2 2
D&% HVAqu(tL 1 Y N2V ION N s
93 An(t)y/n®
+ |t anyne, .
2 1 2
<38 {Dﬁ (e n 5_2) Hmzw)” +eD <g +tf ) IVAR@)|?

B
+Dé&>C (¢, §) (1 +C; <t —)) HAzqﬁ(t)H

2
n (c (D, &, 5) (1 +Co (t, %)) + De <e n §—2>> AR
D2C8Ct12C1511C1
+De"C (¢, 9) 2<,5) + 2(t,5> +( +D—8>c 2(t,5> .

2(Qs)
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Choose ¢ (> 0) and § as
min{cy. 1} > 38 ((c FDe+ 41+ c€2)8_2> .

Then, integrating this over [0, #] and taking the supremum over s € R, we have
(2.31) with the help of (2.11) and (2.28). O

By the standard arguments with the help of Lemmas 2.14-2.16 the solution
(¢, n) established in section 2.1 can be extended up to any time interval [0, T'].

2.2.2. Stepanov-almost-periodicity

Based on a priori estimates in Lemmas 2.14-2.16, we shall prove that (¢, n) €
(Egp(R; L*(w7)) ﬂggp(R; L2(a); W;/2(0, T)))) X EEI;?’/Z(R; LZ(a)T)) forany T >
0. Putting

(¢07 nJ) (-x’ t) = (¢7 }’l) (x/7x3 +Ua t)a
(¢00, n0s) (X) = (¢o, no) (x', x3 +0),
(®5, No) (x, )= (s — ¢, 05 — 1) (x,1),

(Pos, Noo) (x) = (oo — ¢0, nos — no) (X)

for any o # 0. Subtracting (1.5) for (¢, ny) from those for (¢, n), we have

IAD, . .
Py (Vg X &) - VAD, — (Vd, x €) - VAP
32
= —n°— (B5 — Ny) + 227,
8x3
Ny (Vog x &) - VNy; — (Vd, x &) -V
— xXe) - — xXe) - n
at 7 7 7 (2.35)
82
=—n<>—2 (®s — Ny) + DAN, forxeQ, and T >1>0
X3
D;(x,0) = Doy (x)  Ny(x,0) = Ny (x) forx € Q
D, (x,t) = ADs(x,1) = Ny(x,1) =0 forxel', and T >1>0.

In the rest of this subsection, we denote inessential functions determined from Lem-
mas 2.14-2.16 by the same symbol C ().

Lemma 2.17. Foranyt € [0, T]
1A (O)* + [No (DI + 1IVADG |2 + I[IVN, 17 < C (1), (2.36)

where C (t) is a positive constant depending increasingly ont, || A®o. || and || Noo || -
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Proof. Multiplying (2.35)1 by A®, 1, and integrating over Q°, we have, with the
help of (2.6), (2.9) and (2.28) (cf. (2.26)),
d 2 2
5 E || Aq)d (t)«/n_S”LZ(Qs) + 2 || VACIDO' (t)\/n_S“LZ(QA)
1 1 2
< 35{0 (s + 5_2> IVA®, ()] + (g + 5_2> 038 () /e

+C) VO, (0)|I* + (é + 1) C@t) IIAD, (1) }

(2.37)

for any ¢ > 0. Here we used the inequalities

(Vdy x &) - VAGAD, s dx
QS

< cIVOs (D)l Loe(s) IVAS @)l L2005y 1AL (D L2(qs) 115l Lo (r) »
@5 ll521: < clADs Izt (1 =0,1).

Similarly, from (2.35); we have

HN(, OV 20y + DI VNo OV [y + | 83N (/0

L2(Q5)

< 36{ = (D 183N ()1 + 85N (6)/n®

) +C0) 1A, (1) (2.38)

+CO IIVO, ()I* + ¢ (14 D) [N, ()] }
Adding (2.38) and (2.37) multiplied by £ yields

d
< (21290 OV 2@+ INe OV 2 0))
+82C2 HVA(I)O' (t)\/n_§||22(9\) + D HVNO' (t)«/n—3||i2(9v)

+|osNo 0 ymoms |

L2(Q%)

535{cs2< )umcb (r>||2+ 183N, (1)]I*

e

+ (24 1) CO IV 012+ (1 + D) [Ny )] }

) oo @]+ (e +6 + 1) cOO AR 0P
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Choose ¢ (> 0) and § as
min{cp, 1} > 38 (cs + (c +1+ 82) 8_2) .

By integrating this over [0, ¢] and taking the supremum over s € R, Gronwall’s
lemma and (2.11) lead to (2.36). ]

Lemma 2.18. Foranyt € [0, T]

2
IVA®, 01 + IVNo )12 + ||| 4206 |||+ AN IF = c ), 239)

where C (t) is a positive constant depending increasingly on t, ||A®ys |51 and
[ Noo 51 -

Proof. Applying the gradient to (2.35) |, multiplying it by VA®,, 5, and integrating
over 2°, we have, with the help of (2.6), (2.9), (2.28) and (2.31) (cf. (2.29)),

d 2 2 2
5 VA OV 2 gy + 2 HA Po (1)/n5

Lz(QS)
< 35{c (8 " i) HAZCD (z)”2 n (C(t) (1 + l) n i) IVAD,(O]>  (2.40)
= 82 ’ s e 82 “ :

- (1 - é) (c H 33 No (1)/n®

2 2 2
+C@O) 1AL )"+ C(@) VO @)l ) }

for any ¢ > 0. Here we used the inequalities

/ V[(Vos x &) - VAD, + (VO x &) - VAP] - VAD,1 dx‘

=< C( Vo (D)l Lo @5y IVADPG ()l 205y + IV Do () | Lo (25 ||VA¢(I)||L2(QS))

X (H A2d, (1) |’7; ”LOO(]R)) ’

lad 5 < c a2,

poiy 5@y + 135895 Dl 20

[Pollgs < clADs |

‘S"‘l 9
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Similarly, from (2.35), we have

d
o AL O Y PNTAONZN r

2

+ [ VasNo () o,

L2(Q%)

< 35{ (e + ;—2) (cD IAN, ()] + HvasNa ()/n®

)
+c[VAD,(0)|1* + (D + C (1)) [VNs (1))

+ AP 4+ IVD, ()] }

for any ¢ > 0.
Adding (2.41) and (2.40) multiplied by £ yields

d
< <€2 |V ARG (0) /5] 7 20y + |IVNU(t)\/m||iz(QS))

2 2
] IS ONCH BN PN SO NN

2

+ | VasNG () /nons

L2(2%)

< 38{c (s + aiz) <82 ”AZQDG(t) Hz +D IIANU(t)IIZ)

2

+ (c <8 + 82> + 8l2> HVE)gNa(t)x/n—<>

82 C82
+ (C(t) (e + 3) + +C) IVAD, (1))

+(cD+C®) VN (D)1

+ ((82 + s) )+ c) <||ACI>(, O + ||vq>(,(t)||2) }
Choose ¢ (> 0) and § again as

min{cp, 1} > 36 (ce +ce? + (c+ 1)8_2) .

(2.41)



ALMOST-PERIODIC SOLUTIONS TO EQUATIONS OF DRIFT WAVE TURBULENCE 323

By integrating this over [0, #] and taking the supremum over s € R, Gronwall’s
lemma, (2.11) and (2.36) lead to (2.39). O

The following arguments are also formal because of the less regularity of the
solution. However, as above one can justify them by using the method of difference
quotients or mollifiers.

Lemma 2.19. Foranyt € [0, T]

2
HA%U@H + IAN, IP<Cc@®, 42

where C (t) is a positive constant depending increasingly on t, | AP |52 and
| Noo 152+

Proof. Applying the Laplacian A to (2.35);, multiplying it by A2®, n, and inte-
grating over 2°, we have with the help of (2.6), (2.9) and (2.31) (cf. (2.33))

A Dy (1) /15 HVA2® vl
2 dr H /15 LZ(Q)+02 /s L2(©)

< 35{ (a n 5—2) HVAZCIDG(t)H + (g + é) C(t)( HAZQDJ(t)HZ

+ IVA®, (D) + |AD, (1)]|> + ||V<1>a<r)||2>

1 1 2 2
+C<g+8—2)(||83ANU(Z)I| + [ANG (1) >

for any ¢ > 0. Here we used the inequalities

(2.43)

/ A[(Vo x &) - VAD, + (VP, x &) - VAG] A2y dx

(

+ Voo () oo ()

IVA®, (1)l 12(qs)

D20 (1)

Loo(Q9)

L2(2%)

+| 20T

chU

+ VD, (t)”LOO(SP

D2ag ()|

L2(Q2%) )
x <HVA2<I>G(1?)

B

) ||<DJ||§2+1 <c ||Aq)a||§l (l=0,1),

sl ooy + | A2 1)

L2(Q%) L2(Q%)

1AD, |5 < cHAzcbg

INo 52 < cIANG I, |[VO3NG | < cllasan, .
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Similarly, from (2.35), we have

d
< [ANe OV 2y + DI VAN OV 120,

+| N ROWe |

Z(Qs

1
< 35{ (s + 5—2) D [VAN:(0)]* + (C(D. &, 8) + CO) AN, D> (2.44)
1
+ C(0) IVN () )1* + (g + 1) cm( IVADG()]1* + |AD, ()]

+ ||v<1>o<r>||2)}

for any ¢ > 0, where C (D, ¢, ) is a positive constant depending on D, ¢ and §.
Adding (2.44) and (2.43) multiplied by De? yields

d
= (D82 HAchg + }|ANg(t)ﬁ||iz(QS)>

TS

+De%c HVA2<I>U ()T

2 2
oy TP IVAN OV 120

n H 83 AN, (/o

LZ(QA

2
535{ <e+ )Hmch 0] +cp <s+1§8 )HVANU(t)n2
g2 1 5 2 )
w454+ cm(HA o ()| + IVAD, ()]
82
+||ACI)g(t)||2+||V<I>g(t)||2> + (Dc e+ +C(D, ¢, 8)+C(t))

X [ANG () 1? + C(2) IV N, (1) |I* }
Here ¢ (> 0) and § are chosen as

min{cy, 1} > 38 ((c T e+ <c +14 ce2) 3—2) .
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Integrating this over [0, ¢], taking the supremum over s € R and applying Gron-
wall’s lemma, we have (2.42) by virtue of (2.11) and (2.39).

Lemma 2.20. For anyt € [0, T]
VA @6 |7 + 111V, N, |7 < C(0), (2.45)

where C (t) is a positive constant depending increasingly on t, ||[A®o, |5 and
| Noo I 52.-

Proof. Apply the gradient operator to (2.35); and (2.35);, multiply them by
VA3 ®, ns and Vo, N, 15, respectively, and integrate over 2°. Then, integrating
these over [0, ¢] and taking the supremum over s € R, we have (2.45) with the help
of (2.6),(2.9), (2.11), (2.25), (2.28), (2.31), (2.36), (2.39) and (2.42). O

Let

) 5 \1/2
Eoo = o € R| (100013 + INoo 13) =t

2
Ee = {o eR| (n%mn@ + 1N Ol + ||| 72205 ||+ 11V AN 111

2 2 172
HIVAYP I+ 11V NG 17 )~ < e

fore > 0, ¢t € [0, T]. Applying Propositions 2.4 and 2.5 to (2.35) with the help

of Lemmas 2.12 and 2.17-2.20, one can see that E is relatively dense in R. Hence
(@.m) € (S3(R: L2wp) N 8% (R: L2 (3 W20, 7)) ) x S5 (R; L2 (@)

From the above all the proof of Theorems 1.1 is complete.

3. Proof of Theorem 1.2

3.1. Uniform estimates

Note that the estimate in Lemma 2.14 holds uniformly in D. The aim of this sub-
section is to get the D-independent versions of Lemma 2.15 and Lemma 2.16 for
n.

Lemma 3.1. There exists a positive constant T* independent of D such that the
estimate

2
IVA6 1 + Va1 + ||| A% || + Dl ARIE + 111V aan] |1
(3.1)

C*(0)C*(1) B
= C*(0) — c (1 + C*(0)) C*(t)t Ca(1)
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holds on [0, T*) for (¢, n) = (¢D, nD). Here c is a constant independent of D and

') = ¢ (IVAG 2 + IVm0l? + C1(6) (1 +0) + C1(0r)

Proof. Applying the gradient to (1.5),, multiplying it by Vn n, and integrating over
Q%, we have with the help of (2.6), (2.9) and (2.25) (cf. (2.30)),

- ||Vn<r)f iy + D [ AnO i 22y + [Vosn(yoms |

L2(Q%)

< 35{822 IAR)I? + <s n (Siz) Hvaw(t)\/:? g H A2¢(t)H2 32)

c 1
+ 3 IVR@)I1* + ¢ IVAS @) I* + ¢ (1 +D+ g) IVn@)|I* + ccl(n}
for any ¢ > 0. Here we used the inequalities

/V[(Wﬁ xE)-Vn]~Vnnsdx‘

<[P0, g 1V2OR 2 g0 Inllin

19l < cladlz,  I9ls < claglz <c|a%).

Adding (3.2) and (2.29) multiplied by 2 yields

d
= G N2V ION P IO NN [

+ e H A2¢(t)\/_ +D| A”(t)x/ﬂnisz)
+ Hvaan(t)\/n—ﬂs
< 35{ (28 + ) | A2¢(t)H + 5 D Ian@? (3.3)
+ (cs—i—e + >HV83n(t)\/n_°
+ <c (1+62) + z—i) IVAGO)I* + ¢ (1 +D+ %) IVn()|2

T 8% IVr@O)I* + ¢ (1 e+ ,92) Ci(1) + Ce, 5)C1(t)9},

29\

L2(Q5)

where C (¢, §) is a positive constant depending on ¢ and §.
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Now we choose ¢ (> 0) and § as
min{cy, 1} > 38 <2c€ 424 (c+ 1)3*2) .

Then integrating this over [0, ¢] and taking the supremum over s € R, we get, with
the help of (2.11) and (2.25),

1 1 !
IVa@)? < 3s{c (1 +D+—+ —3) / (IVa@I? + 1Va@)II*) de
£ £ 0
82
+c IVAGol* + ¢ Vnoll> + ¢ [ 1+ &> + o L)
te (1 te+ €2> C1(0)t + Cle, 5)C1(t)9t}

t
= cfo (IV2 @I + 1Va @) dr + C* () = V(0).

Differentiating V (¢) with respect to ¢, we have

dv() 2 4 dC*(r)
= = e (IO + 1RO ) + =
=c(vor+vm?) + %.

Since C*(¢) is increasing, one can derive from this inequality

_1<L) < (L_{_l)_‘_ 1 dc*(t)
a\vo) = “\vo VO?  dr

5 ( 1 +1>+ 1 dc ()
=N\~ c0?2 dr

Integrating this inequality over [0, ¢], we have

C*(0)C*(1)
0) —c(1+C*O) Cxnt

V) <
0=
Then we choose T* > 0 such that

C*(0) —c (14 C*(0)) CX(THT* =0.

This and the integral of (3.3) over [0, ¢] lead to the inequality (3.1). O
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Lemmas 2.14 and 3.1 imply that the sequence {(¢P, nP)}p-o has a subse-
quence converging to some function (¢, n) weakly in

(3 (R: L2 @) N 32 (R: L2 (@3 W30, 7)) )) x 32! (R: L2 (wr»)).

In order to prove the convergence of the full sequence {(#P, nP)}p=o, we prepare
the following lemma. For that, similarly as in Lemma 2.14, the arguments used are
formal since the regularity of the solution is not sufficient. However, one can also
justify them by using the method of difference quotients or mollifiers.

Lemma 3.2. There exists a positive constant T** independent of D such that the
estimate

cTo)ct @)
CT(0) —c(1+C7(0)) CT (1)t

AR + DIV AR||I? + [|133An]][? < (3.4)

holds on [0, T*) for (¢, n) = (¢D, nD). Here c is a constant independent of D and

') = (I1ano]? + Ca0) 1+ 1)+ Ca(0)r).

Proof. Applying the Laplacian A to (1.5),, multiplying it by An n, and integrating
over 2°, we have, by integration by parts (cf. (2.34)),

2

1d
T | A @) /s 320y + D |V AR 55 [ 3200y + H R An(1)y/n°n, e

< D[03An(®) 205y 1ARD ] 120

| U ” L®(R)

+ ||fl<> ||Loo(w) 103 An ()l 1205y 1A | 125y |77; ||LOO(R)

D) . . |Dinw)

+ (IIVAqb(t)II Lia VRO s +2 ‘ . ”

L2(szx>)

X I AR 20 115l ooy + (HM |20y 1856 Ol ()
+2 || vn® ||L4(w) 103V (@)l Laqs) + ”n(}”Loo(w) 103 A¢ (D L2(qs)

+ ||Al’l<> ||L2(w) 1031 (t) || oo sy + 2 || vn® ||L4(co) ”a3vn(t)”L4(QS))

x (183800l 2y 115l oy + 18RO N2y 17 ] vy ) -
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Here we used the condition (2.32). Then we have, with the help of Gagliardo—
Nirenberg and Young’s inequalities, Sobolev imbedding theorem, (2.6), (2.9), (3.1)
and the inequalities

Inllge < cllanl, lsnlize < clidsanll,  lglze < cllaglz: < c | A%

2

d 2 2 v
E ||An(t)\/n_5”[,2(ﬂv) +D“VAn(t)\/n_S||L2(QY)+H83An(t) I’lons L2(Q5)

D 1 2 4
< 38{ (8_2 +c <£ + 5—2>> I3 An) 1”4+ cllAn()|l
3.5

2 4
(D +Cle, o) 1An01? + ¢ [A% 0+ cCatn)?

+ Cl(e, 8)C4(t)}

for any ¢ > 0, where C (e, §) is a positive constant depending on ¢ and §.
Choose ¢ (> 0) and § as

min{ca, 1} > 38 (cs o+ 1)5—2) .

Then, integrating (3.5) over [0, ¢] and taking the supremum over s € R, we have
with the help of (2.11) and (3.1)

t
lan@)? < 38{ (cD +C(e, ) f (1an@I? + 1an@]1*) de
0

+ellAnoll? + cCalt) + cCat)31 + C e, 5)C4(t)t}

t .
¢ /0 (1an@I2 + 1an@]*) dr +Cto) = W),

Therefore, we obtain

cTo)ct @)

YO = Go—circocon

Now we choose T** > 0 such that
T (0) — c(1 + cTO)CTT™) T = 0.

This and the integral of (3.5) over [0, 7] lead to the inequality (3.4). ]
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3.2. Passage to the limit D — 0

Using Lemmas 2.14, 3.1 and 3.2, we prove that the sequence {(¢D, nP))p-o is a
Cauchy sequence in

(3‘4 (R; 12 (wT**)) ns2 <]R; L2 (a); W, T**)))) x §21 (R; Lz(a)T**)> .

Subtractlng (1.5) from those with D = D’ (0 < D’ < D < 1) and denoting by
= ¢P — d)D N =nP — n?, we have

(V¢D x E) VAT (VB xE) - VA

2
25
. 3
N _ (v Z)- VN — (V® x &) - Vn?
E_( qb xe>~ N—( xe)- n (3.6)
92 D
=—n —(CD N)+DAN+(D D)An forxeQ, and T**>¢>0
x3
®(x,0)=N(x,0)=0 forx € Q
D(x,1) = AD(x, 1) = N(x,1) =0 forxel, and T** >t >0.

It is to be noted that (3.6) except for (D - D ) AnP is of same type as (2.35). Hence

we can easily prove in the same way as in [25] that the sequence {(¢D ,n?)p-o is
a Cauchy sequence in

(54 (]R; Lz(a)T**)> N s? (]R; L*(w; W, (0, T**)))) x §1 (R; Lz(wT**)> .

Therefore, (¢,n)(x,t) = Dlim0 (qu D) (x,t) exists in the same function space that
—

(¢P. nP) belongs to, and this (¢, n) is our desired solution to problem (1.4), (1.3).
The uniqueness of such a solution can be easily proved.

3.3. Stepanov-almost-periodicity

Stepanov-almost-periodicity of the solution established in subsection 3.2 can be
proved in the same way as in subsection 2.2.2 by virtue of Lemmas 2.14, 3.1
and 3.2.

From the above all the proof of Theorem 1.2 is complete.
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