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Multiple positive or sign-changing solutions for a type
of nonlinear Schrodinger equation

WEI LONG AND SHUANGIJIE PENG

Abstract. This paper is concerned with the existence of multiple non-radial
positive solutions for

—Au+ (1 +BVO)u=uP 2y yeRN
u(y) >0 as |y| — +oo

where 2 < p < 2%, 2% = % for N > 2 and 2* = 400 for N = 2, B can be
regarded as a parameter and V (|y|) > 0 decays exponentially to zero at infinity.
We prove that, for any positive integer k > 1, there exists a suitable range of
B such that the above problem has a non-radial positive solution with exactly k
maximum points which tending to infinity as 8 — 400 (or 07).

Mathematics Subject Classification (2010): 35J20 (primary); 35J60 (sec-
ondary).

1. Introduction

In this paper we consider the following nonlinear Schrodinger problem
{ —Au+ A +BVO))u=uPu yeRVN

(1.1)
u(y) -0 as |y| > o0

where 2 < p < 2%, 2* = %forN > 2 and 2* = +oo for N = 2, 8 can be
regarded as a parameter and V (y) > 0 decays to zero exponentially at infinity.
Problem (1.1) arises from looking for standing waves W (¢, y) = exp(i Et)u(y)
for the following nonlinear Schrodinger equation in R,
ow

i = —AV 4+ VW — | WP 2y, (12)
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where i is the imaginary unit, £ € R and V(y) : RY — R is a continuous func-
tion. Problem (1.2) arises in many applications (see, e.g., [2,7,8]). For example,
in some problems arising in nonlinear optics, in plasma physics and in condensed
matter physics, the presence of many particles leads one to considering nonlinear
terms which simulate the interaction effect among them. The function V(y) rep-
resents the potential acting on the particle, which avoids the spreading of the wave
packets in the time-dependent version of the above equation.

Assuming that the amplitude u(y) is positive and vanishes at infinity, we see
that W (¢, y) satisfies (1.2) if and only if u solves the nonlinear elliptic problem (1.1)
with 1 + BV (y) = V(y) —

The study of the existence of ground states and higher energy solutions for (1.1)
has attracted considerable attention in recent years, and there are a lot of results in
the literature: one can refer to [2-4,6,12,16-18,20,21,24,25] and the references
therein. If 8 > 0 and

1nf V(iy) < lim V(y), (1.3)
yeR |y|—=+00
then, using the concentration compactness principle [20,21], one can show that
(1.1) has a least energy solution. See also for example [13,20-22]. But if (1.3) does
not hold, (1.1) may not have least energy solutions. For example, if V (y) satisfies

V() > inf V)= lim V().
yeRN [y]—~+o0

then it is easy to see that problem (1.1) has no least energy solutions. So, in this
case, one needs to find solutions with higher energy. For results on this aspect, the
readers can refer to [3,4,24,25] and the references therein.

Here we want to mention some results in [5], where Bartsch and Wang consid-
ered (1.1) with Q = intV~1(0) non-empty and u{y € R” : V(y) < My} < o©
for some My > 0. They considered the existence of the least energy solution, mul-
tiplicity of solutions and certain concentration behavior of the solutions for large
B > 0. Very recently, in [17], Lin, Liu and Chen showed that if V (y) satisfies

lim V(y) =0, and lim w =0, (1.4)
|yl 00 lyl>o0 [yl
then as 8 — 0, equation (1.1) has multiple positive solutions. In [25], Wei and Yan
used a construction argument and obtained a very interesting result, which says that
if

1 1
Vi) =V(yl) ~ ——|—O< m+9>, (m>1,6>0), asr=|y|— 4oo, (1.5)

(this is a special case of condition (1.4)), then for any g fixed, problem (1.1) has
infinitely many non-radial positive solutions.
Now an interesting problem left is the following case:

In [V (y)|

<0. (1.6)
Iyl=oo |y
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In this paper we will consider (1.1) under the assumption (1.6). Our aim is to prove
the existence of multiple positive solutions to equation (1.1).

For simplicity, we suppose that V(y) = V(|y|) is a positive continuous func-
tion in RY and satisfies the following decay assumption at infinity, which is a spe-
cial case of (1.6):

(V) There are a € R, a € (0, 1], such that

Vi) ~r%e ™, asr — 4o00.
Our main result in this paper can be stated as follows:

Theorem 1.1. Suppose that (V) holds and k > 1 is an integer. Then problem (1.1)
has a non-radial positive solution with exactly k maximum points provided that k
and B satisfy one of the following conditions:

() If2sin% < a, then p > ﬂ?‘for suitably large B} >_O;
(ii) If2sin T > a, then 0 < B < By for suitably small B} > 0.
Here B} and BT depend on a, k and N .

Remark 1.2. In fact, our result is true for more general problems with more general
Vy)
—Au+1+BV())u=fu) yeRN

u(y) - 0 as |y| - +oo

where f(¢) satisfies the following assumptions (see, for example [11]):

(fi) feCYR), £(0)= f/(0)=0, f(—t) = —f(t) forall 1 € R;
(f>) the following problem

—Aw+w=f(w), u>0 yecRV,
w(0) = max w(y) w e H' (RV)
RN

has a unique solution w, which is nondegenerate, i.e., denoting by L the
linearized operator

L: H? (RN> — L? (]RN), L) =—Au+u— f'(wu,

then
w .
Kernel(L) =spany —: i=1,--- ,N¢.
0X;
V) =VOLy) = VAL sl - lywD (0, 9" € R? x RV72) satisfies
(V") There is « € (0, 1], such that
V() ~ k(yDe P, as [y| - +o0,

where k(]y|) > O satisfies a1|y|* < k(ly]) < b1|y|b for some constants a; >
0, b >0anda,beR, a <b.
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Remark 1.3. In assumption (V) (or (V)), if « € (1,2), then part (ii) of Theo-
rem 1.1 is still true, which will be clarified in Remark 3.5 in Section 3 later.

There is a lot of literature concerning time-independent semilinear Schrodinger
equations. In particular, the singular perturbed equation

&2 Au+V)u = ul’2u, ueH' (RN) (1.7)

has been extensively studied. Solutions of (1.7) as ¢ — 07 are called semi-classical
states, which usually exhibit a concentration phenomenon, that is, the solutions may
concentrate at some points such at the critical points of V (y), see for instance [8—
11,14,15,18,19,22,23]. The solutions we obtain in Theorem 1.1 do not concentrate
near any fixed point, and they have multiple bumps separated far apart with each
bump resembling the shape of the solution of (1.8). Similar phenomenon was also
observed in [16,17,25].

Now, let us outline the main idea in the proof of Theorem 1.1.

We will use the unique ground state U of

~Autu=uP"', u>0 yeRN
u(0) = max u(y) ueH (RV), (1.8)
RN

to build up the approximate solutions for (1.1). It is well-known that U (y) = U(|y|)
is nondegenerate (see the definition ( f2) in Remark 1.3) and satisfies

, . N1, .U
U@r) <0, limr2eU@F)=C >0, lim =—
r—00 r—oo U(r)
Let
- 2(j —1 2(j —1
x1:<rcos U )ﬂ,rsin (Jk )ﬂ,O,...,o>eRN,j:1,2,...’k7

where r > 0 will be determined later.
Sety = (y,y"), y € R?, y" € RN=2. Define

HS={uzueH1 (RN>,uiseveninyi,i=2,--~,N,

. "o 2jm . 2jm "
u(rcosf,rsinf,y") =u|rcos 9+T T 9+smT , Y .

Denote

k
Ur(y) =Y Ui,
j=1

where U, (y) = U(y — x7).
To prove Theorem 1.1, it suffices to verify the following result:
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Theorem 1.4. If2sin % # o then (1.1) has a solution u = U, + w, provided that
one of the following conditions holds:

() If2sinT < a, then B > By for suitably large i > 0;
(ii) If2sin T > o, then0 < B < Bi" for suitably small BT >0,

Here B} and ,B_i" depend on a, k and N .
(1-8)Inp (148 Inp

—, -
a—2sin T’ a—2sin T

Moreover, r € [ ] for small § > 0, and w, € Hy satisfies

/RN |Vor > + |ay|* — 0, as p — +oo (or 07).

The idea of our proof is essentially inspired by [25]. The key part of the idea
is to establish a balance between two main terms in the expansion of the energy
functional, one is fRN V(y)U, (y)2 arising from the effect of V (y), the other is

fRN U )‘Z._IUX i (i # j) which is from interaction among the peaks. In [25], the
potential V (y) satisfies assumption (1.5), which means that V (y) decays to zero
algebraically at infinity. Hence the term fRN V (y)U,(y)? decays also to zero alge-

braically as r — +o00. The other main term f]RN Ufl-_lij (i # j) approaches
to zero exponentially as r — +o00. A balance between these two main terms
can be obtained for any fixed parameter 8 > 0. However, in this paper, since
the potential V (y) decays to zero exponentially at infinity, both of the main terms
Jen VOOU: (y)? and Jrw Ufi_lij (i # j) are exponentially small as r — —+00,
which implies that one term can control the other. In this case, we need to ad-
just the parameter 8 to keep a balance between these two terms. More precisely,
if 2sin ¥ < a, the term [y V(y)U, (y)? can dominate [py V(y)U,(y)?. Hence
we need the parameter § to be large. Otherwise, when 2 sin % > «, the term
f]RN V (y)U,(y)? is overwhelming, so the parameter 8 should be small.

This paper is organized as follows. In Section 2, we will make an energy
expansion for the functional corresponding to problem (1.1). In Section 3, we will
carry out a reduction procedure and study the reduced finite dimensional problem
to prove Theorem 1.4.

ACKNOWLEDGEMENTS. The authors are grateful to the referee’s thoughtful read-
ing of details of the paper and nice suggestions.

2. Energy expansion

The variational functional corresponding to (1.1) can be defined as follows

_1 2 2 1 1 N
I(u)—E/RN(|Vu| +(1+ﬁV(|y|))u>—;/RN|u|p, VueH (]R )
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In this section, we will give an energy expansion related to the approximate solu-
tions. In the sequel, we always assume

rES::Fl—&Mﬂ(1+&Mﬂ]

. ]T’ . jT
a—2sm§ a—ZSm;

(2.1
where « is the constant in expansion for V,and é € (0, 1) is a small constant.
The following result can be found in [1, Lemma 3.7].

Lemma 2.1. Suppose that u,u’ : RN — R two positive continuous radial func-
tions satisfy

7b,
IXI’ (

u(x) ~ [x|%e "X W (x) ~ x| Ve x| — o00),

where a,a’ e R, b’ > b > 0. Let & € RN tend to infinity. Then,

/ ugu' ~ e PEl|g,
]RN

where ug = u(y +§).

Lemma 2.2. For 8 > 0 large (or small) enough, there holds
/- V(y)Urz — Bﬂrae—(xr + 0 (e—(l—i-r)ar) ,
RN

where Bg € [C1, C2], C1, Ca and T are positive constants independent of B.

Proof. Set

/ J
Qj: y:(y/,y”)ER2XRN723 y_’x_ ZCOSZ ’j=1’2,...,k.
[y x|

For any y € Q; and j # i, we have

, Vy e,

‘y—xj‘ Z|y—xi

which gives |y .—xj|. > %|xj —xiif |y — xf| > %lxj — x'|. On the other hand, if
ly = x| < 31x/ — x|, then

i

. 1 .
oz 3

o]z -

So, we find

‘xl —x!

, VyeQi.

N —

(y—xﬂz
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Thus, for any 7 € (0, 1),
Ui = Ce =¥l g=U=mly=x7| 0 p=(I=nly=x'| ;= FIx/=x'|
< = 2.2
< Ce SN~ U=my=xl vy e -

Hence using (2.2), we know

A;{N ViyU,iU,; < Ck/ ViyU,iU,;

Q

< Ck/ V(y)Uyie s g (=mly—x’]
Q;
< Cke™™sin% / V(y —x)Ue =MD
RN
= Cke SN ¥ / V(y —xp)Ue U=bI
B(lfa)r(o)

+ Cke™M SN T / V(y —xp)Ue =M1,
RN\ B(1_0)(0)

On the other hand, using Lemma 2.1, we find

/ V(y —x)Ue 17MbI < C/ ‘y —x!
B(1—6)r (0) B(1—6)r(0)

ccf
RN

S Crae—ar

a _ i 1
o=l ,—(=mlyl gy

.|a i
y—xi| eyl e==nlylyy

and

/ V(y — xp)Ue=0-m < C/ V(y — xp)e= @bl
RN\B(lfo)r(O) RN\B(lfa)r(O)

< Ce—(2—n)(1—6)r/ Viy —xi)
]RN
<Ce ™™,

provided 2 — n)(1 — o) > «.
Thus, we see

/ V)U,iUy < Cke ™ SN T / V(y —xj)Ue U=mD
RN RN

— inZX — —
SCke nrsin - (rae ar +e ar)

< Ce—(l-i—r)ar’

(2.3)

where C, T are constants independent of §.
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Similarly, we have

ANwwui=ANvo—x§U2

=(1 + 0p(1) v
B(1—o)(0)

+ f 1% (y - x") U?
RM\B(1_0)-(0)

=B}3,1I”a€_ar +0 (e—(l-‘rr)otr) i

a i
eocly x\U2

2.4)

where Bg 1 € [C], C}], C{, C} are positive constants independent of 8 and og(1)
denotes a small data satisfying og(1) — 0 as 8 — +o0 (or 07). Combining (2.3)
and (2.4), we get

k 2
1% U2:/ 1% Ui
[, vy RN(w(Z; )

k

= k/ VUL +
RY i#]

— Bﬂrae—ar +0 (e—(l-‘rr)ar) . .

Proposition 2.3. There is a small constant T > 0, such that

1—

I(U) = A+ BBgrie ™™ — Bl/ngNe_zr sin T

+0 (‘Bef(H»r)ar + e*(l+‘[)2r sin %) ,

where A = (%—%)k fRN U?, and Bg, B/g € [C1, C3], Cy1, Cp are positive constants
independent of B.

Proof. Using the symmetry, we see

(2.5)
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By Lemma 2.1, we get
: 1
Ul =k | UM +k vl o
2 op
f Ux%Ujj 2<p<3)
i#]
U, 3
Z xt xJ (r>3)

Nz

k
= / <U‘”+PU;"1_1 > Ux,-) + kO (e*<1+f)\x27xl|)_
RN

i=2

(2.6)

Combining Lemma 2.2, (2.5) and (2.6), we have

1 1
1<Ur>=—/ (IVUrI2+<1+ﬂV<|y|)>U3)——f up
RN P JRN

:—k(/R UP+Z/ vy >_%k</RNUfl+pi2:f vy )

p 2 —(1+7)|x?—x|
+ EfRN V(yDU? + kO (e )

1 1 k . » 8
s )k UP =3 (Up Upo +U? U) _/ VAvhU2
(2 p) A@N 2/RN o Ut U, Un +2 ox (IlyhU;:
+ kO (e—<1+f>lx2—x1|>
=A—|—IBBﬁrae—Oér Cﬁ|x —x | —|x2—x

— A+,BBI3}’ae_ar —B;}r #e—% sin & +0 ('Be—(l-i-r)ar +e—(1+r)2r sin %) O

3. Proof of the main result

Let U
Zi=—X =12,k
J ar J

Define
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The norm of H'(RY) is defined as
lul? =t w), we H' (RY),

where (u1, u2) = [pn Vur - Vuz + (1 4+ BV (Iy))uius.
We define the following linear operator L on E, satisfying

(Lup,uz) = /RN Vuy - Vi + (1 + BV (IyDuruz — (p = DUF ujua. (3.1)

Lemma 3.1. There is a constant p > 0 such that
|Lull > pllull, YueckE

provided that one of the following conditions holds:

() If2sinf < a, then p > ,BTfoi’ suitably large B} >_O,'
(ii) If2sin T > a, then 0 < B < B for suitably small B} > 0.
Proof. We only prove the lemma for the case 2sin - < « since the other one is
similar.
We argue by contradiction. Suppose that there are u, € E, 8, — +o00, such

that
[Lunll = o(1), |lunll =1.

For simplicity, we use § to denote f, and x/ to denote

. 2(j — 1 2(j —1
xﬁ”:(rncos U . )n,rnsin U )H,O).

k
We have
/ Vity - Vo + (L+ BV (yDitng — (p — DU ung
RN (3.2)
= (Lun, ) = o(Dll¢ll, ¢ €E.
In particular,
/RN Vial? + (1+ BV (1yD)u2 — (p — DU 22 = o(1)
and
/RN Via? + (1 + BV Iy = 1. (33)

Set 4, (y) = un(y + x1). Then for any R > 0,

/ Vital? + (1 + BV Iy < 1,
Br(x!)
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which implies

/ Vi * + (14 BV 1yt < 1.

Bg(0)

So we can suppose that there is a u € H'(R"), such that as n — 400,
Up—u, in H' (RN>,

and
Uy —> u, in L? (RN).

loc

Since u, is even in y;,i = 2,..., N, it is easy to see that u is even in y;,i =
) _ ~

2,..., N. It follows from [y UN""Zu, = 0 that fpy UP~2§20, = 0. So, u

satisfies

oU

/ ur22Y%, —o. (34)
RN 3X1

Now, we claim that u satisfies

—Au+u—(p—DUP2u=0 in RV. (3.5)

Indeed, we set

~ oU
E:{ga:(pEHl(RN),/ Up_2—g0=0}.
RN 8X1

Forany R > 0, letp € Cg°(Br(0) N E be any function, satisfying that ¢ is even in
Vi, i =2,...,N.Then ¢1(y) = ¢p(y — xh e CgO(BR(xl)). Using (3.2), we see

—1
/ Vitn - Vo1 + (1 + BV (y))ungt — pUL " tngr = o(1),
Br(xl)

ie.,
/ Vi,V + (14 BV (ly + x' Niine — pUP ™ i,
BR(0)
k .
+0 ZUP—2(y+x1—xf)Uﬁ,,<p = o(1).
Br(0) j=2
Since

—2sin % +ad

< CArie ™ |liiy| = CB “ % =o(l)

/ BV (ly + " D)iing
Br(0)
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and
k . . 2_ .1
/ DUy ! =2 Uiing| < Cefem M=), | = o(1),
Br(0) j=2
we find
/I‘%N VuVe +up — pUP~lup = 0. (3.6)

On the other hand, since u is even in y;,i = 2,..., N, (3.6) holds for any ¢ €
Cgo(BR (0) N E). We know that ¢ = g—z is a solution of (3.4), and thus (3.6) is true

for any ¢ € H'(RV). So we have proved (3.5). [
Since U is nondegenerate, we see that u = chU] because u is even in y;,i =

2,...,N.From [py UP~28%u =0, we find
u=0.

As a result,
/ u,21 =o(l), VR >0.
Bg(x1)

Thus,

o(llunll = (Lun, un) = / IVun|* + (1 + BV (2)uy, — (p — DUPuy
RN

v

cllunl® + or(Dllun1* + o(1)
>c >0

provided that R and n are large enough.
As aresult, we get a contradiction. U

Let
J(w) =1U, +w)

I ) N
=5 [, (VU + 0F + @+ v, +0?) - [
RN p

U P,
B RN|r+w|

By a direct calculation, we have

1
J(w) = J(0) + (o) + E(Lw’ o) + R(w),

where

k k
I(w) =/ Z,BV(y)ija)—/ (Ur”‘1 - Zuxpj‘1> w
RN = RN

j=1
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and

1 _ —1 _
R(w>=——/ (|Ur+w|P—Uﬁ’—pr Ly PP =Dyp zwz).
p ]RN 2

We have the following estimates.

Lemma 3.2. There is a constant C > 0 independent of B such that
IR @] = 0 (Jlo]™n®r=11)

and _
IR @)l = O (Jlo™n12=2).

Proof. By direct calculation, we have
(K@), )=~ /RN <(U’ +or Ul - (p - 1)Ur”_2w> v
and
(R" (@)W, 6))=—(p =1 /RN ((Ur + )l - U,P‘2> VE.

Here we only deal with the case p > 3, since the situation 2 < p < 3 is similar.
Noting

(R @). )] < C/RN Uf Pyl < C (/RN (Uf3|w|2)ﬁ) v,

we find
p—1

IRl =c ([ wen) "

Considering that U, is bounded and 2 < % < p, we obtain

p—1

IR ()| <cC (fR |¢|5—”1) < Cllg|?.

For the estimate of | R” (¢)||, we have

R@wol=c [ v il

<c [ i =c (/R |¢|s>3 </RN W)S (/RN |s|3)3

= Clelislylisiéls-

Therefore,
IR"(@)| < Cllglls. O
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Lemma 3.3. For any t € (0, 1), we can find C > 0 independent of B such that
“l“ < C (IBe—(l—‘[)otr + e—min{p—l—r, 2—t}rsin %) .

Proof. Using Lemma 2.1, we have

k k
(I, @) = ‘f D BV, — (Uf“ - ZUff‘) @
RN 550 Jj=1

k
<k \% p=l _ p-l
<kt [ vowalol+ [ v} L

1 1
<kp / V2(|y+x‘|)U2]2 (/ a)2>2
N RN

| /R
c/ Y U0 el (p > 3)
RN iZj

|l

p=l p-l
Cf YU U ol @<p=3)
RN iZj

S Cﬂe—(l—r)ar ”Cl)” + Ce—min{p—l—t, 2—1’}" sin % ||(l)||

Hence
“l“ S C (ﬁe—(l—f)ar +e—min{p—l—r, 2—t}rsin %) . D

Proposition 3.4. Under the conditions of Lemma 3.1, for any r € S, there is a
unique w € E satisfying
J (w)|g =0. (3.7)

Moreover,
|o| < C (Ige—(l—r)ar + e—min{p—l—r, 2—1}rsin %) ’

where T is the same as that of Lemma 3.3.

Proof. By Lemma 3.3,/ (w) is a bounded linear functional on E. We know by Riesz
representation theorem that there is an [ € E, such that

l(w) = {l, w).
So, finding a critical point for J(w) is equivalent to solving
I+ Lo+ R (w) =0. (3.8)
By Lemma 3.1, L is invertible. Thus, (3.8) is equivalent to

w= A) = —L7 (I + R (w)).
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Set

Sr = {C() = E : ||C!)|| S ﬂe—(l—rl)ar +e—min{p—l—rl,Z—rl}rsin%}’

where 7 < 11 < 1.
Now we verify that A is a contraction from S; to S, . Indeed, we see

[A@)] < (I11l + IR (@)])
< ]l + Cllo|™n P~
<C (ﬂe—(l—r)ar + e—min{p—l—r, 2—1}r sin %)

. . min{2, p—1
+C (ﬂe—(l—fl)ar + e—mln{p—l—fl,Z—tl}r sin %) in{2,p—1}
< ﬁef(lf‘rl)(xr + efmin{pflfrl,Zfrl}r sin &

which implies that A maps S; to S,. On the other hand, for any w1, w; € §;,

[A(@) — A(@)]l = |[L7'R(@1) — L' R(w) |
< C|R(®1) — R(w)]
< C|R(bw1 — (1 —0)w)||[lwr — ws]

< Cllo1 + o2|lllwr — w2 ||

617

Hence, A is a contraction map in S, and the result follows from the contraction

mapping theorem.

O

Now we are ready to prove Theorem 1.4. Let @ = w, be obtained in Proposi-

tion 3.4, and define
Fr)=1U,+w), Vres.

It is well known that if r is a critical point of F(r), then U, + w, is a solution of

(1.1) (see [15,18]).

Proof of Theorem 1.4. Since
F@r)y=1U +w)
1
=1(U;) +1(w) + §<Lw, w) + R(w)

= 1U) + 0 (] + o]?)
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it follows from Propositions 2.3 and 3.4 that
_ a,—ar _ pr SN _opsinZ
F(r)y= A+ BBgre Bﬁr 2 e k
+ O(e—Z(H-r)r sin Z + IBZe—Z(I—I)ar)
= A+ (BBprie ™™ — Bgr%e_zr sin %)
+ 0(6—2(]+r)r sin ¢ + ,36_(]+T)ar).

(3.9

We first consider the case 2 sin % <a.
Define

Fi(r) = ,BBﬂi”ae_m _ Bl/sr%e—% sin 7 + O(ﬂe—(1+r)txr + e—2(l+r)r sin %)
We consider the following minimization problem:

min F(r).
res§

Supposing that 7 is a minimizer, we will prove that 7 is an interior point of S.
For any k > 0 satisfying

4
2sin — < «,
k
we can check that the function
1-N -
G(r) = BBprie™ — Byr 2 e >SNt

has a minimum point

- 1
=|——4o0o())In
] (a—ZSm% ol )> P
and ) _
13_7%_0%+2rsin%'
B Bg ar —a

By direct computation, we deduce that

e—(oz—2 sin )7 _

1-N

Fi (":) — o~ Zsin ¥ (Bﬁﬂ'}jae—(a—z sin )7 _ B’;?T>

+0 <ﬁe—(1+r)a7+ e—(1+t)27sin%>

T~ N—1 —2sin I =&
i =N [ 2sinTr 4+ 5= kil )
— e—zrsm%BkrT < k 2 _ 1) + 0 (ﬂ oz72sm% )

ar — 1

4

T
—2sin T

T T~ Zsin% 1
=ﬂa 'kBﬁrz —1+0 = < 0.
o r
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On the other hand, we find

1-6 — 17,‘371 B _N —2sinZ 1’.‘3,, InB
F <— - 1n/3) S T R
o — 2sin T

+0 (IBe—(l—i-r)ar + e—(1+r)2r sin %)

—2sin 7 +ad

B 1_8 1 ﬂ a,B a72sin%
= ——1n
P\ & —2sin T

1-N —2sin %+25in %8

JIE) 2 —
_ B;} ( 1H ,8> ,3 (x72sm?

o —2sin T
—2sin F+as—8) )

+ 0 <,3 a—2sin%
>0 > Fl(?))

and
143 1y B

146 —a H'.‘s,,lnﬁ 1-N —2sin% 2
A (s n8) = Bpprte T gy

o —2sin
+0 <1367(1+r)o{r + ef(l+r)2r sin %)

—2sin L —ad
1+6 a 4](7[
— B ln Ol—ZSm?
A (a —2sin ﬂ) p

I-N  _2sin T —2sin F8

1+6 T T
_B/ 1 a—Zsm?
ﬁ(a—Zsin% n,B) P

~2sin % —2§inﬂ%a—50
_|_ 0 ,8 a—2sin T

sin £ —2sin &
—2sin T 2sin kS

>—Cnp)y 7 g “F > F(F),

for some 59 > 0.
The above estimates imply that 7 is indeed an interior point of S. Thus

Ur + wp

is a solution of (1.1).
Now we investigate the case 2 sin % > «. In this case, we should solve (1.1)

for B > O sufficiently small.
We consider the following maximization problem:

max Fy(r).
res§
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We will prove that the maximizer 7 is an interior point of S.

For any k& > 0 satisfying

T

2sin — > «,
k

we find that
B.r 1’T[Ve—Zr sin %

G(r) = BBgrie ™ —

has a maximum point

1
Fr=——m D)1
" <a—2sin% +o( )> np

and
4 N-—1 ~ .
a-2sinyr _ 1 Bpin T A 27sing
B Bp or —a

By direct computation, we deduce that
FG) = e—27$in T (Bﬂﬂ;:ae—(a—Z sin )7 _ B[/g;;%)
L0 (ﬁe—(l+r)(x7 + ¢~ (1+D)%sin %)

- 2 sin IF N—1 25@%,4—60
%( Slnkr+ 2 _1 +0 ﬁ2sm?—a

_FGn T s ~
—e 2”ka;§1’

ar — 1
Z%Si?ﬁ =N 2sin% 1
:‘35'“7;—“313;» 2 —1+4o0|(= > 0.
o r
On the other hand, we see
1-36 0 "o mB N “2sinf oo ing
(= gy 8) = B T "

10 <1367(1+r)m 12 sin%)

2sin % —ad

a
B 120 11p) gonie
= —— N
P o —2sin T

I-N  2sin %725in %s

1-6 B v v
_ BI/B( 1[1,3) ,B ZSIHF—O(

o —2sin
2sin 7 —ad+38y

in £ —,

+ 0 ,3 2smk o

<0< Fi(F)
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and

1+34 —a Ing |-N —2sin X 148 InB
Fi (ﬁ ln,B = Bﬁﬁrae a=2sin _ Bl/sr—z e K a—2sin T
o — ZSIn -
k

+0 (ﬁe—(H—r)ar 4 e~ (+D)2rsin %)

a 2sin %ﬂxé
— B,B 1 +8 ll’lﬂ IBZSin%—a
o —2sin
1-N  2sinZ42sin Z6
/ 149 T T
_ Bﬂ 2 - — lnﬂ ﬂ s 13 o
o — 28In &~
k
2sin % +2sin T 8+89
+ 0 <ﬁ 25in%7a )
2sin - +ad

T

= CmBY BT < FI()

for some 59 > 0.
The above estimate implies that 7 is actually an interior point of S. Thus

Uy + wy

is a solution of (1.1). O

Remark 3.5. In assumption (V) (or (V")), if « € (1,2), then part (ii) of Theo-
rem 1.4 is still true. Indeed, in this case, we should modify the proof of Lemma 3.3
and obtain the following estimate on /

||l|| S C (IBe—(l—‘[)r +e—min{p—l—r, 2—r}rsin%) .

Hence, we have the following energy expansion

1—

F(r)y=A+ ’BBIBraefar _ B’/SrTNefh sin + 0(672(1+r)r sin + 132672(17r)r)

:A—I-,BBﬂraeiar _ Bér%efhsin% + O(e72(l+r)rsin% _‘_IBef(lJrr)ar).

Now proceeding as we have done to prove Theorem 1.4, we can complete the
proof.
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