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Propagation of strong singularities in semilinear parabolic
equations with degenerate absorption

MOSHE MARCUS AND ANDREY E. SHISHKOV

Abstract. We study equations of the form (x) u; — Au + h(x)|u|‘1_1 u=0ina
half space Rﬁ 1 Here g > 1 and h is a continuous function in RV , vanishing at
the origin and positive elsewhere. Let i (s) = e~ @0)/s ? and assume that w(s) /52
is monotone on (0, 1) and tends to infinity as s — 0. We show that, if  satisfies
the Dini condition and A (x) > h(|x|) then there exists a maximal solution of (x).
This solution tends to infinity as # — 0. On the contrary, if the Dini condition in
the half space fails and h(x) < h(x), we construct a sequence of solutions whose
initial data shrinks to the Dirac measure with infinite mass at the origin, but the
limit of the sequence blows up everywhere on the positive time axis.

Mathematics Subject Classification (2010): 35K58 (primary); 35K15, 35B44
(secondary).

1. Introduction and statement of results

In this paper we study the propagation in time of strong singularities in the initial
data, for positive solutions of equations of the form

ur — Au+h@ul 'u =0 in RYTH =R, xRV, 1.1)

We assume that g > 1,h € C(RV), h(0) = 0 and 4 > 0 when x # 0. By a ‘strong
singularity’ we mean a singularity that cannot be realized by a positive solution of
the heat equation. In contrast, an ‘ordinary’ singularity is any singularity that can
be described by a finite Borel measure ., singular relative to Lebesgue measure,
e.g. 8 (= the Dirac measure at a point § € RY).

Solutions with isolated singularities in the initial data, for equation

ur — Au+ u? 'y =0, (12)
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have been thoroughly investigated. Brezis and Friedman [3] proved that: (i) if
1l < g < NTH then, for every ¢ € R, (1.2) has a unique solution with initial
data cép; (ii) if ¢ > NT“ there is no such solution; (iii) the first statement holds
whenever the initial data is given by a finite Borel measure. The proof employs an
extension of the Keller-Osserman estimates to (1.2). Assuming that 1 < g < %,
Brezis, Peletier and Terman [4] provided a precise description of a positive solution
with a strong isolated singularity at the origin. Kamin and Peletier [7] showed that
this solution is in fact the limit as ¢ — oo of solutions of (1.2) with initial data
cdo. Marcus and Veron [8] proved that, in the class of positive solutions, there is
a unique solution with a strong isolated singularity at a given point. In fact they
proved a more general result: the initial data problem for (1.2) with initial data v
has a unique solution for every positive Borel measure v such that v = oo on a
compact set F C R (possibly empty) and v is locally finite in the complement of
F. For further results on solutions of (1.2) with strong singularities see [9,10,17]
and references therein. For a survey of results on positive solutions with strong
singularities for the corresponding elliptic equation see [12] and its references.

If equation (1.2) possesses a solution in Rﬁ“ for some initial data v — a pos-
itive Radon measure in RY — then the same holds with respect to equation (1.1).
Necessary and sufficient conditions on v in order that such a solution exists have
been provided by Baras and Pierre [1]. However if v has an atom with infinite mass
at the origin then it may happen that (1.1) does not have a solution in Rﬁ“ al-

though it would still have a solution in RY™" \ [x = 0] satisfying the prescribed
data on {(x,0) : x # 0}. In such a case the singularity at the origin propagates
along the time axis. This phenomenon may occur if the absorption term is too weak
at zero or, in other words, if 4(x) tends to zero as x — 0 sufficiently fast.

We consider coefficients 4 comparable to a function H : x h(|x|) where

i(s) = exp(—pu(s)) Vs >0, wuls):= ws(zs) (1.3)

and
(i) e C(0,00) is positive, nondecreasing;

(i1) hn(l) u(s) = 0. (1.4)

Our first result provides a sufficient condition for the existence of a maximal solu-
tion of (1.1) in Ri’“. Since the absorption term is positive for x # 0, it follows
that, if a maximal solution exists, it is necessarily a ‘large’ solution, i.e. it blows up
everywhere as ¢+ — 0. In continuation it will be shown that this condition is sharp.

Theorem 1.1. Suppose that
h>cH (1.5)

where c is a positive constant, H(x) = }_z(|x 1), w satisfies (1.4) and

5o (s) < 8w(s), fors € (0, 00) and for some § € (0, 2). (1.6)
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If

1
/ “6) 46 < oo, (1.7)
0

N

then every sequence of positive solutions of (1.1) in ]Rﬁ s locally bounded in this

domain. In particular, (1.1) possesses a maximal solution U in Ri’“ and U is a
large solution.

The next result shows that, under some additional assumptions on y, the Dini
condition (1.7) is necessary as well as sufficient for the existence of a large solution.
In fact, if the Dini condition fails we exhibit a sequence of solutions that tends to
zero as t — 0, except at the origin, and tends to infinity as x — O for every ¢ > 0.
The result applies to any g > 1.

Theorem 1.2. Suppose that
h<cH in RYH (1.8)

where c is a positive constant and H (x) = }_1(|x |). Assume that:
(1) w satisfies (1.4).
(i) The function u, defined in (1.3), is non-increasing and satisfies
—j+1
lim sup M <1 forsomea > 1. (1.9)
j—>00 wu(a=’)

(iii) w does not satisfy the Dini condition, i.e.,

1
/ @) s = 0. (1.10)
0

N

Let u j denote the solution of (1.1) with initial data

u;j0,x) =y;x)

where )
A~ X if |x|<r;
yi(x) =1 "/ nG) f = (1.11)
0 zf |x| 2 rj+1’
. — 1
rj= 277, Aj = rjz-h(rj))ﬁ (1.12)

and ¢1(x) is the first eigenfunction of — Ay in By such that ¢(0) = 1.
Let
Uoo = lim u; in Rﬁ“.
J—> 00

Under the above assumptions,

Uoo(t,0) =00 Vi >0, Uso(0,x) =0 Vx e RV \ {0}.
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Ifl <gqg< NTH we show that the previous theorem remains valid even if u ;

is a solution with initial data concentrated at the origin.

Theorem 1.3. Suppose that 1 < q < % Let uy denote the solution of (1.1) with

initial data kéo and put us, = klim uy. Under the assumptions of Theorem 1.2
—> 00

Uoso(t,0) =00 Vi > 0.

Examples. Given 8 > 0,letw; g € C 1(0, 00) be the function given by

1\ P
a)Lﬂ(S) = (ln ;)

for 0 < s < exp(—p) and is linear for exp(—p) < s. Furthermore let w; g €
C1(0, c0) be the function given by

! 1\\*?
)y, 8(8) = <ln ;) <ln <1n ;))

for 0 < s < exp(—exp(pB)) and is linear for exp(—exp(8)) < s.

The conditions of Theorem 1.1 are satisfied, for instance, if w(s) = s® for
some § € (0,2) or w = w1, or @ = wy g for some B > 1. The conditions of
Theorem 1.2 are satisfied, for instance, if w(s) = 1 or w = w1, or w = wy g for
some 8 < 1.

The problem of propagation of singularities with respect to semilinear elliptic
or parabolic equations with ‘fading absorption’ has been studied quite intensively
in the last ten years (see [10,11,13,18-21]). We refer the reader to [13] for a brief
description of these works. In [13] the authors treated the elliptic counterpart of the
present problem. In that case too it was shown that a Dini condition is necessary
and sufficient for non-propagation of strong singularities from the boundary data
into the interior of the domain.

In [20] Shishkov and Veron considered the same parabolic problem that is
studied here and proved that under the assumptions of Theorem 1.1 there exists a
solution of (1.1) in Rﬁ“ with a strong isolated singularity at the origin. The fact
that the singularity does not propagate even in the case of a solution that blows
up everywhere on the boundary — as in Theorem 1.1 — requires a more delicate
argument. The necessity of the Dini condition was not discussed in [20], but it
was shown that, in the special case where w is a constant, a solution that blows up
everywhere at = 0 must also blow up on the axis x = 0. To prove the sufficiency
of the Dini condition we estimate a sequence of supersolutions of (1.1) leading to a
large solution in a finite cylinder. The proof is based on an iteration method leading
to progressively improved local energy estimates. This basic approach has been
used, in various forms, in papers going back to the work of Oleinik and losifyan [16]
and, more recently, Galaktionov and Shishkov [5] dealing with certain analogues of
Saint Venant’s principle. The proof of the necessity of the Dini condition employs a
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result of [6] on the asymptotic behavior of positive solutions of semilinear parabolic
equations as ¢t — oo and similarity transformations. We construct a sequence of
subsolutions of (1.1), say {vx}, such that vy < uj and show that v (¢, 0) — oo. The
sequence {vy} is estimated by an iterative scheme similar to the one used in [13]
(see also [14]).

The paper is organized as follows. In Sections 2, 3 we derive a priori estimates
of Saint-Venant principle type that are needed for the proof of Theorem 1.1. The
theorem itself is proved in Section 4. Finally Theorems 1.2 and 1.3 are proved in
Section 5.

2. Energy estimates outside the set of absorption degeneration

For every R > 0 denote Bg = {x € R : |x| < R} and
Or={(t,x):0<t <R, x€Bg}, 00r=1{(,x)€dQr:0=<1<R}.

Consider the following auxiliary parabolic problem

ur— Au+h(x)u? =0 in OQg,

2.1
tlag, = M. @.1)

where g > 1, M > 1,h(-) € C(R) and £(0) = 0, whereas h(x) >0 Vx #0.
We derive several estimates for solutions of this problem. We start with a
standard a priori estimate.

Lemma 2.1. Let u be a solution of (2.1) with M > 1 and let « > 1. Then there
exists ¢ > 0 independent of M, R such that

+1

T
/ u(t, x)**tldx +/ (Vi 2 )2 + hudt)dxdt
Br 0 JBg
22)

<cRVYMIT(1 4+ Rsuph) V1 € (0,R).
Bg

Proof. Multiplying equation (1.1) by u®* — M* (@ > 1) and integrating over (0, 7) x
Br(0),for 0 < t < R, we obtain,

T
0= / (u; — Au + hu?)(u® — M*)dxdt
0 Bg

T T
= / / uy(w® — M dxdt +/ (| VulPu®"" 4+ hu?™® — hud M*)dxdt
0 JBp 0 JBg

=L+ D.
(2.3)
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Due to the maximum principle we have 0 < u < M in Qg. Therefore,

1
Ca+1

1
> / (U(T,X)a+l _ M(X+1> dx
1 + o Br

I / (u"‘“(t, x) — u(0, x)““) dx — M* (u(t, x) —u(0, x))dx
Bg

Bg

and .
/ / hul M%dxdt < tM**9|Bg|(max h).
0 Bg
Hence
1
0O=5+5L>—— (l/t(l’, Xt - M““) dx
1 + o Bg
T
+/ / (aleu|2u°‘_l + hu’”"‘) dxdt — t(max h)|Bg| M.
0 Bg
This inequality and (2.3) imply (2.2). 0

In the following estimates we consider functions 4 such that

Lo > Fell) (w(|x|>>
() = A(Ix]) == exp ( - : 24)

x|

where  is a continuous positive function on (0, oo) and both / and  are nonde-
creasing. Keeping R fixed we denote,

Qi ={xe RV .5 < |x] < R — s} Vs e (0,R/2), (2.5)
Ors ={(t,x): 0<1 <1t <R, x € Q}. (2.6)
Lemma 2.2. Assume that h satisfies (2.4) and that, for some 0 < § < 2,
0 <s0'(s) <8w(s) Vs>0. 2.7
Let u be a solution of (2.1) and let « > 0. Put

a+2g—1
CHDR p = plo) = —— 28)
o+ 1

v=u
and define the following energy function:

2 +1 R
Ju(t,s) = (|Viv|" +hvP™ ) dxdt VYt €(0,R), VsE¢€ O,E .
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Let T = 1(s) be a positive function in C'(0, R) such that T > 0 and denote,

R
1(s) = Tu(2(s). 5) = / / (1Yot + hu®*)dxdr.  (29)
T(s) J
Then I,,(-) satisfies the following ordinary differential inequality:

1 1 R
Lu(s) < Y1) (—IL() T + () (=L, (s) T2 Vs e (0, 5), (2.10)
where
U1(s) = cR7sV=D7R(s) BT, yn(s) = ¢ RNR(s) TP T (s) R, (2.11)

¢, ¢’ are constants depending only on a, g, N and

1 —1 1
=P =P s=_P"" 2.12)
p+3 2 2(p+ 1

Remark. In the course of the proof, u is fixed; therefore we drop the index in I,,.

Proof. Multiplying equation (2.1) by u* and integrating by parts over Q ; we ob-

tain:
R R
/ / uu® dtdx = / f u®(Au — hu?)dxdt;
s VT T s
R 1
/ / uu® dtdx = —/ (v*(R, x) — v*(t, x))dx,
s VT o+ 1 Qs
d
f u®(Au — hufydx = — | (Veu - Veu® + hu®t9)dx +/ was
s Qs a9, on
4o +1
=— 7|V o[> + ho? dx
(@ + 1)2
2 v
+ v—dS.
a+1Jyo on
Thus,

a+1/ v(R, x)zdx+//”< 1)2|v wl? +h(x)v1+”>dxdt
2 9 1
= / / —U-vdet—i-—/ v(z, x)*dx
a+1J; EIoR on a+1 Qs

(2.13)
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We estimate the first term on the right using Holder’s inequality.

R
[ L.
T 92
1 1
R 2 R s
5(// |va|2det> (// h(x)vl’+‘d5dz>
T 092 T 092
p—1
R ) 3pFD
x<// h(x) Fldet)
T 082
p+3

p—1 R ) 2(p+D)
=<ci(a, g)(R — 1) 2D @1 (s) (/ / (IVyv]” + h(x)v”“)det) )
T JoQy

9
NV asdr
n

d

(2.14)

where

_ 2 N\
o1(s) := (/ h(x) P—ldS) .
092

Next we estimate the second term on the right hand side of (2.13):

/v(r,x)zdxzf h(x)fﬁh(x)%vz(r,x)dx

s QA

2

p— 1

< cp(meas ;)P maxh(x)_% (/ h()c)v(t,x)"’JFIdJC)pJr (2.15)
Qg

Np=1 7
< c3(R—s) P g(s) </ h(X)v(f,X)”“dx> ,

Qy

where ¢ = c2(@), ¢c3 = c3(a, N) and

or(s) = max h(x) P = h(s) P, (2.16)

s <|x|<R—s

Combining (2.13), (2.14) and (2.15) we get:

f v(R, x)2dx + coJ(z,9)

A
p+3

p-1 R ) . 2(p+D
< 2¢1R2ZP¥D gy (s) (/ / (|Vyv]* + hoP T )det) (2.17)
T 092

N(p—1 +1 ﬁ
+ 3R PHo@a(s) / hv(t, x)P"dx ,
Q
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where cg = mm{ ot 1}. Observe that by (2.9):

d R
——I(s) = / (|Vxv]? + hvPThd Sdr
ds w(s) Jogy

+ ‘L'/(S)/ (|Vev((s), 0)|? + hv(t(s), x)?THdx.
Q
Since 7/ > 0 it follows that,

R
/ (|Vev]? + hoPThdSde < —1'(s).
T(s) J O

Therefore, by (2.17),

_p=l , p+3
col (s) < 2c1R2(1'+1>g01(s)(—[ (5))2pD

N 5 (2.18)
+c3R R wz(s)( I'(s)/T'(s))P*T.
Condition (2.7) implies that w(s) /s% is non-increasing. Therefore,
w(s) = wos® Vs >0, (2.19)

where wy is a positive constant. By assumption § < 2 so that w(s)s 2 > wys ™€

where € = 2 — §. It follows that, for any y > 0,
sV exp(yw(s)s_z) >sV"lexp(ys ™€) 1 0o as wys L0 for wps < (ye/(N—1))Ve.

2€wy /€.
o=nv=n) )

a2 N\ s N
<p1(S)=</ h(x) "“dS> < (/ h(lx|) ”‘1d5>
EloR 30

— ! 2.20
Ll +(R— )N lh(R _ s) )2(/:+1) ( )

Therefore we obtain the following estimate for s < min(%, (

=cy4 (sN_li_z(s)_
(N-D(p=D _
< css 2(p+1) h(s) p+l

Finally (2.16),(2.20) and (2.18) imply (2.10) with ¢ = 2¢; 'cies, ¢/ = ¢gles. O

Proposition 2.3. Assume the conditions of Lemma 2.2 employing the notation in-
troduced there. Then there exists oy > 0 (depending only on N, q) and, for every
o > o, there exist positive numbers v and y (depending on o, q, N ) such that the
following assertion holds. Let

(s) =s"w " (s), fors>0 (221)
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Then t'(s) > 0 and

R
u(s) = / / (Ve P & b 9) dxds
T(s) J

s \ 5 (2.22)
3(p+3) +
< csN 1o = a)(s)% exp LS)
(p — Ds?

for0 < s < s(R), with C depending only on o, q, N, R.
Proof. As before, we drop the index in 7,,.
PART 1. Let y, v be positive numbers such that

2v+1<y. (2.23)

Then, by (2.7),
() =" @ T (o) — 5w () = 7w () TV (Y — v9).
Recall that § € (0, 2). Therefore, by (2.23) y — v§ > y — 2v > 1. Consequently
T'(s) > " w(s)™ > 0. (2.24)

By (2.24), the function v, (s) defined in (2.11) satisfies

, o Ne-bh o 2 2
Ya(s) < 'R h(s) P (s7 w(s)T") P (2.25)
Denote,
7 N—1y 3o T =51
V1(s) = 2c(Rs™ ) 2wFD h(s) P+ = 291 (s),
N (2.26)
~ (p=1 _ 2 _w=12 2v_
Ya(s) = 2¢'R @+ h(s) pHs Pl w(s) P+,
By (2.19) with respect to /1 and (2.23) with respect to ¥ (s),
Vi(s) - oo as s — 0, forj=1,2. (227

By (2.10),

1(s) < max {&1 ) (—I'®) T, as) (—1'(5)) 72 } (2.28)

with A1, A2 as in (2.12). Inequality (2.28) is equivalent to
I'(s) < —min{hi ()" VT () g (s) 121 (5) 2y, (229)

In the remainder of the proof we derive (2.22) from (2.29).
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Put

_ L s x
Le(s) == 2, </ wk(r)““k)dr) “ fork=1,2. (2.30)
0

Then,

1) ==Pu) "W L) T Vs >0, lim L(s) =00, fork=1,2.  (231)

By (2.11) and (2.26)

p+
S (N=D(p—-D 2 —1
Ii(s) = ¢y </ n (p+§) exp< @) ) )
0 (p+3m?
2
p—1

h(s) = cg (/ ny_lw(n)_”eXp< (n)) n) ,
0 ">

AL I4+4 (p=D(+4p) —% 14+ay  N(p=D(+4p)
where c7 = A; "' (2¢) 71 R 2704 and cg = A, 2 (2¢) 22 R @2 . (Here
¢, ¢’ are the constants in (2.11).)
By [2, Lemma A.1] — using (2.7) — it follows that there exists s € (0, R/4)
such that,

S _W-=D(p-D 2 _(N=D(p—D 2
/n p+§ exp<_a)7(n)2>dn =~ Ky p+!; +3a)(s)_lexp<—w7(s)2),
0 (p+3)n (p+3)s

N
n” lwm) ™ exp _om dn~ s 20" 1(s) - exp _e®) ,for0<s<3.
0 ) $2
(2.33)

(2.32)

Therefore, by (2.32),

_1_3(p+3) pt3 2
L) ~ sV T w(s) 7T exp ((ﬂ)
p

— 1)s2
(2.34)
y+2)2 20+ 2w(s) _
L(s)~s r T w()rT expl ———=—), forO<s <35,
(p—Ds?
PART 2. Now we choose «, y and v so that I1 =~ I,. Let
3 5—(N—-1 -1
_3p45S-(N-D(p-1 235
2
and +1
p
N — 2.36
v 2 (2.36)
Recall that

-1
p=p(o¢)=1—|—2?—>l as o — oo. (2.37)
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Therefore, if €9 = (N — 2)(g — 1) — 1 then (2.23) holds for every ¢ > «p. In
addition,(2.35) and (2.36) imply,
3 3 2 2
LJFI)—(N—l)zLJFI) and p+3=20v+1). (2.38)
p— p—

Hence, by (2.34), I1 =~ I, in the interval (0, 5), i.e.,

¢y ' ha(s) < Ni(s) < cola(s) Vs € (0,5) (2:39)
for some constant cg depending only on ¢, g, N, R.
Put
gk(s, K) = Y (s) UMK fork =1,2 (2.40)
and denote

Dy={(,K): s>0,K >0},

D ={(s,K): g1(s,K) < g2(s,K), s >0, K > 0},
Dy ={(s,K): g2(s,K) < g1(s,K), s >0, K > 0},
={@,K): g1(s, K) = ga2(s,K), s >0, K > 0}.

(2.41)

Then I' is the locus of the function,

1+2y 144 >

K =1(s) = Ua(s) 274 i (s) 274 = Crh(s) 7 T-s Pw(s)f Vs >0, (242
where, for y and v as in (2.35) and (2.36),

3 3 2 2 3 2 1
o (p+)_(N_1): (J/+)’ _p+3_200+1D (2.43)
p—1 p—1 p—1 p—1
pt3 _ 4 2No (p+3)—4o
and C; = (2¢')P~T(2¢)  P=TR™ »~T . Hence, by (2.34),
o 11(s) < I(s) <ciohi(s) Vs €(0,9) (244)

for some constant c1o depending only on e, g, N, R. Observe that the sets Dy, D;
defined in (2.41) can be described in terms of / as follows:

Di={(s,K):s>0, K>I()}, Dy={(s,K):5>0, K<I(s)}. (245)
By (2.38), (2.42) and (2.43),

2 2

its) = (ﬁ(s)*ls*W”)w(s)”“)F —C (eM(S)sZ”*m(s)”“)F . (2.46)
Therefore by (1.3), (1.4), (2.23) and (2.42),
I(s) > 0o ass — 0. (2.47)
In fact, this also follows from (2.31) and (2.44).
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PART 3. For every a > 0 denote by J, the solution of the initial value problem
J'(s) = —min(gi(s, J), g2(s, J)) in Dy, J(0) =a. (2.48)

We note that g; € C(Dp) and is Lipschitz continuous w.r. to J in compact subsets
of Dg. Therefore the equation in (2.48) has a unique solution through any given
point in Dy. As g; > 0 when s > 0 and J > 0, the mapping s > J,(s) is strictly
decreasing. Furthermore, the mapping a +— J,(s) is strictly increasing for every
s > 0. If J;, > 0 forevery s > 0 put z, = oo; otherwise let z, be the point where
Ja(zq) = 0.

Next we prove:

ASSERTION 1. Let0 < b < z;. (Note that by the definition of z;, J,(b) > 0, for
a > 1.) Then there exists a number M}, such that

Jo(s) <My Vs=>b, Va=>1. (2.49)
Because of monotonicity, it is enough to show that
Jo(b) < Mp <00 Va=>1, Vb e (0,z1).

Suppose instead that, for some b € (0, z1), Jo(b) — 00 as a — 00. Pick ap > 1
such that J,(b) > I(b) for a > ay. It follows that there exists b’ € (0, b) such that

Ja(s) > I(s) Vs €[b,b], Va > ap.
This is equivalent to
(s, Ju(s)) € D1 Vs € [b,b], Ya > ap. (2.50)

Therefore,
Jo=—g1(s,Ja) in (b',b), Vaz=a.

Consequently, for every a > ap,

1

b I
Ja(s) = (Ja(b)_M —,\1/ &l(r)—““l)dr) Vs e (b, b). (2.51)

It follows that, A 7 §1() " 0dr < J,(b) ™ e,

1
b _ )
Ju(b) < <A1/ wl(r)—““l)dr) , Vse @, b), andfora > ap. (2.52)
N

This proves Assertion 1 which in turn implies that J, := limg_, oo J, is well de-
fined in (0, z1) and satisfies

J'(s) = —min(g (s, J), g2(s, J)), for0 <s < zy, and liII(l) J(s) = 00. (2.53)
s—
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PART 4. We complete the proof of the proposition. In view of (2.42), inequal-
ity (2.22) is equivalent to the following:

Jso(s) < MI(s) Vs e (0,z)), (2.54)

for some constant M > 0. Suppose that for some b e (0,z7) and M > 1, we have
Joo(b) > MI(b). Then, either Joo(s) > I(s) for all s € (0, b), or there exists
b’ € (0, b) such that

I(V) = Jo(b) and Jso(s) > I(s), forb' <s < b. (2.55)

In the second case J, = —gi(s, Joo) in (b', b). Therefore

1
b I
Joo(s) = (Joo(b)“ — ,\1/ 1/}1(;»)(1“%») Vs e, b). (256)

Therefore, since Joo(b) > M1 (b), we obtain — using (2.44) —
1
S I K
Joo (b)) > ((Ml(b)) ! —Mf v, 1 (r)dr)
h/

1

b _)‘1
> ((Clo/M)Mh(b)_M — f ¢;<‘+M><r>dr) (2.57)
b/
1
b i
> % (]l(b)—)nl —A1/ 1/}1_(1+M)(r)dr) — ﬂ]](b/)
c10 b’ c10

where cjg is the constant in (2.44). Hence, by (2.55) and the second inequality
in (2.44),
M - M
Joo(D) > Tl(b’) = TJoo(b/).
‘1o €10
tM > C%o this is not possible. Therefore, assuming M > C%O, we reach the
following alternative:

Either there exists b* € (0, z1) such that Jso(s) > 1(s) for all s € (0, b*) or (2.54)
holds.

In the first case J/, = —gi(s, Jxo) in (0, b*) and consequently (2.56) holds for all
s,bsuchthat0 < s < b < b*. Therefore

b
Joo($) ™ = Joo(b) ™" —AI/ U ()"0 gy,
S
Letting s tend to zero we obtain,
b
Joo(b) ™ =A1/ J1y-0+0 4y,
0

Thus Joo = I1 (see (2.30)) and (2.54) follows by (2.44). In conclusion, (2.54)
holds for any M > c]20. O
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The following is a slightly stronger version of Proposition 2.3.

Proposition 2.4. Let u be a solution of problem (2.1) and let « > 0. Let v and p
be as in (2.8). Denote,

E,(s,T) :=/ (T, x)?dx, Au(s,T):= E,(s,T)~+ I,(s)
Q

for T € (0,R) and s € (0,5(R)) such that t(s) < T (t,s(R) as in Proposition
2.3). Then, under the assumptions of Proposition 2.3,

N—1-3+D p3 2w(s) )
Au(s, T) <Cs U o(s)rlexp| —— | =: F(s), (2.58)
(p— Ds?

for every s, T as above, where C is a constant independent of R, M.

Proof. Multiplying equation (2.1) by #* and integrating by parts over Qs \ Or.s
we obtain:

1 4o
vT,x2dx+/f <—Vv2+hxv”+1)dxdt
o + 1 /s ( ) Qr,s\QT,s (a + 1)2| ' | ( )

/ / —vdet+(a+l) 1/ v(‘c,x)zdx VT :t<T <R.
a9, on s
(2.59)

oz+1

Summing (2.13) and (2.59) we get:
-1 2 4o 2 1+
(x+1) (T, x)“dx + ——— [Vv|® + h(x)v P ) dxdt
Q s \a+1)

4 /R/ v
S R
a+1/J: Jig,

on

-vdet+2(a+1)—‘/ v(r,x)’dx VT :t<T <R.

Qs
(2.60)
Using now (2.60) instead of (2.13), by the same argument as in the proof of Lemma
2.2, we obtain the following analogue of (2.10):

Au(s,T) = Ey(s,T) + Iu(s) = 21//1(S)(—1[¢(S))ﬁ +2W2(—1;(S))ﬁ, (2.61)

with v and Ay as in Lemma 2.2. Since % <Owehave —1I)(s) < —A,(s,T)
so as (2.61) yields,

Au(s, T) < 201 () (— AL (s, T T + 29 () (— AL (5. T 2. (2.62)

Using this inequality we obtain (2.58) precisely in the same way as (2.22) was
derived from (2.28). O
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3. Integral estimates in the neighborhood of the set
of degeneration of the absorption potential

Given M > 0 denote by Uy = uy; a solution of (2.1) with initial-boundary data

_ 11
M = (cRN(1 + Rsuph)) o« Ma+a, (3.1
Bg

and c as in inequality (2.2). Then, by Lemma 2.1 and (3.1),

T atl
f UM(r,x)“+1dx+/ / (vx< 2 )‘ +th+“) dxdt
Br 0 JBg (3.2)

<M Vrte,R]l.

By (2.58)

/UM(T x)*Hdx+ /(
Q T(s) s

for T € (0,R) and s € (0, 5(R)) such that 7(s) < T, where 7, s(R) are as in
Proposition 2.3. Note that F(s) — oo as s — 0. Let § be a number in (0, 1)
(to be determined later on) and denote

atl (2

+ hUy(t, x)“+q) dxdt < F(s) (3.3)

sy = sy(B) :=inf{s € (0, R] : F(s) < MP). (34)

Then spy — 0 as M — oo and there exists M(B) > 0 such that M +— s/ is
decreasing in (M(B), o0). In view of condition (2.7) and the definition of F in

(2.58),
exp< 20(5) <1—e))<F(s)<exp(ﬂ(1+ >> (3.5)
(- 52 =T =S G e ‘

forevery e € (0, 1), s € (0, so(¢)) and so(€) — O as e — 0. By (3.4) and (3.5),
(p—DHBINM _w(u) _ (p— DM

, 3.6
20+a) = sy T 20-0) G0
where a is a constant in (0, 1/2). The inequality on the left yields
21 172
sy < (lnM)_l/2 . M ,  where wp = max w(s). 3.7
(p—1DgB 0<s<R

From (3.4) and (3.3) we obtain,

/ Up(T, x)*Tldx < F(sy) = MP
Q,, (3.8)

VT > 1ty :=1(spm), T(-) is from (2.21),
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and (see definition of /,, in Lemma 2.2)

R
Iy, (sm) :/ /Q (

Remark also that by (2.19), (2.21) and (2.23)

2
VXUM‘ ule D 4+ hUjﬁ,*") dxdt < F(sy) = MP. (3.9)

sV <1(s) < w&”&”_‘s” Vs € (0, 1) such that w(s) < 1. (3.10)

Next we estimate an energy integral associated with Uy in the domain (74, R)
x By,

Lemma 3.1. Given o € (0, R/2) let ¢ = @5 € C'(RN) be a radially symmetric
function such that:

9o (x) = 1if |x| <0, 9o (x) =0if [|x| > 20, with|Ve(x)| <20~ (3.11)
Put,
Do (1) = f (Unm(t. x)p0)* ! dx. (3.12)
Bg

Then there exist positive constants cy, c1 independent of M such that

d

T Pom(®) + 00 Qo u(1) < 10T F () Vi€ (tu, Rl (3.13)
Gopyt) <M  Vit>0. (3.14)

Proof. Put Vi := (Uyps)@TD/2. Since Uy satisfies (2.1) and & > 0 we have,

U
oM — AUy <0.
dt

Multiplying this inequality by Uy, ¢5 @+1 o as in Proposition 2.4, and integrating
over Br we obtain

1 d 2 4o 5
L viax+ —"2_ | |v.vuPd
a+1di Mx+(a+1)2/B|XM| *

R
8 atl etl

< — ViVy -V 2 VU,? dx
_(a+1)2/BR x VM <‘p<r > M

_( j_al)Z/ U(X-‘rl o
o

Voo r
Furthermore, for every a > 0,

dx—(ot-l—l)/ (ViUpy - Voo ) Uy dx

2
U,‘f,,“dx,

atl

atl atl
/ ViVu-Vigs? YU,/ dx Sa/ |V Vi |? dx+C(a) V(s
Bgr B

R Bg
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where C (a) — oo as a — 0. We also have,

(a+1)/ |ViUnm||Ves |Ugye2 dx =2—1/
Bg B

= 2—‘/
Bpr

= (1 +a)—1/
Bg

<(l+a)! (a/ |VVy|* dx + C(a)
Br

R
a—1
2

1
Yo |Veooldx

atl
2

atl atl
VVu —U,} v(%2 )‘ Uy

atl atl atl
YV — U,/ v( o’ )' Uy/

a+1

Vo2 |dx

a+l

Vs *

2
U]‘ffldx .
Br

and as consequence,

1 d ) da )
— de—l—i/ VeVulcdx
o+ 1dt Bg M BR|XM|

(¢ +1)2
<c(a) <a/
Bg

for any a > 0 with a constant C (a) tending to infinity as a — 0. Choosing a =

2a :
@ ern? Ve obtain,

(3.15)
a+1
Vi(Umps) 2

2
dx+C(a)/ Ug et |V(pg|2dx),
Bg

d el 12
—/ (Un(t, X)pe)* ! dx—i—c/ Vx(UM(Pa)%I dx
dr /g,

Br

(3.16)

< 0/0_2/ Uy (t, x)*ldx < cjo™2F(0) Vit e (ty, R]
o<|x|<20

where ¢, ¢/, ¢; are positive constants depending on «, g, R but not on M. Since
supp¢s € By (0) := {x € RY : |x| < 20}, it follows by the Poincaré inequality
that

/ Ve (Unipe) T Pdx > doo ™2 | (Upioe)*dx,
Br B

where dyp = const > 0. This inequality and (3.16) imply (3.13) with co = cdp.

Finally (3.14) follows from (3.2). O
Lemma 3.2. Suppose that, for some constant o > 0, T =2 Oand M > My >
cy l= 2‘701 where cg, c1 are from (3.13), the following inequalities hold:

F(o)> MP, B =conste (0, (2e)—‘)) , (3.17)

P, m(T) = Mo. (3.18)
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Then there exists a constant i > 0, depending only on B from (3.17) and p
from (2.8), such that

Oy p(t) <c2F(0) Vt>1t :=T+ uw(). (3.19)

Proof. To simplify notation we drop the indices for ®. First we show that there
exists 7/ € [T, T + 2" ' pw(o)] =: J such that

®(t') < o F (o). (3.20)

By contradiction, assume that for every u > 0 there exists M > My > ¢, ! such
that
®O(t) > crF (o) Vi e J. (3.21)

Then, by (3.13) and (3.21) it follows
O+ - o@r)<0 Viel. (3.22)
202

Solving this ordinary differential inequality with initial condition (3.18) we obtain

O(T +1) < My exp (-%) Vie [0, luw(cr)] . (3.23)
20 2
By (3.21) and (3.23),
Mo exp (—%) > @ (T + %uw(c)) > ey F(0).

By (3.5),

cou(p—1)
em(—@%§2)5er%ﬂy.

Hence, by (3.17)

14 Qup=1) (1+C08P(L1(i;>1))/5
My > c2F(0) " 30+ > oM, .

Choosing
p=828 ' —DU+e)p-17", (3.24)

we obtain My < ¢, ' In conclusion, for every My > ¢, 1, (3.20) holds for some
1’ € J. It remains to prove (3.19). Again, by contradiction, suppose that there
exists t' > 1’ such that ®(¢+') > c,F(c). Then, in view of (3.20), there exists a
point t* > 1’ such that ®(t*) = ¢, F (o) and ‘i;f (t*) > 0. On the other hand,
by (3.13),

dd co
— N+ =01 <0
dt( )+2 (") <

so that %(z‘*) < 0. Contradiction! O
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4. Existence of large solutions

Notation. Let M} := exp(expk) fork =1,2....
To simplify notation we shall write s; instead of spy, (see (3.4)) and denote
T = T(sy) (see (2.21)). We define Ty j, 1 < j < k, by induction as follows

Txo=max {7y + pw(sk), -1},
Tij=max {Tx j—1 + po(si—j), %—j-1}, @.1)
forj>1, 10=0,

with 7(-) as in Proposition 2.3 and p given by (3.24). From (3.4) and (2.24) it
follows that the sequences {sx} and {7;} are non-increasing. Hence
J
Ti.; = max {zk 1Yok Thj } forj=1,2...,k 4.2)
i=0
The next result provides the main estimate in the proof of the Theorem 1.1.

Proposition 4.1. Let Uy be the solution of (2.1) with M = My (see (3.1)). Then
there exists a number £ > 0 such that

/ Ukt )" ldx < My, YKz j+6 12Ty (43)
{lx|<R—sg—j}

Proof. Put L =1+ ¢ (cz as in (3.19)) and let k* be an integer such that
" > max(3(1 +1InL), —Incy).

First we prove (4.3) for j = 0. By (3.3),(3.4) and Lemma 3.2 with M = My = My:

/ Up(t, x)*dx < / U (t, x)*Tldx + | (Ur(t, x)gr)* ! dx
{|x|<R—si} SE<|x|<R—sk Bpr (44)

< F(s) +e2F(sx) = LMY, Vk > k*, 1 = Ty,

(Here we use the fact that Tx,0 > 7/, where 7] € (&, T + 27 nw(sx)) is a point
such that (3.20) holds for ¢’ = ¢/, and My > c; ! ) Note that

InL
LM,ﬁ8 = exp ((e;? + ,B) expk) . 4.5)

Dueto (3.17) 0 < < (2¢)~!. Therefore it follows from (4.5): LM}? < Mj_1 Vk >
In2 + 14 Inln L . Consequently, by (4.4),

/ Ur(t, ) ldx < My Yk >k* t > Tpp. (4.6)
{Ix|<R—sk}
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Now assume that, for some j > 1 and k > 1 + j + k¥,
/ Uk(t,x)‘”ldx < Mk—j—l vVt > Tk,j.
{Ix|<R—sk—j}

By Lemma 32 with T =Ty j, M = My, My = My_j_1,0 = sk—j_1, it follows
(recall that F(sg—j—1) = Mkﬂ_j_l),

(Ui (t, X)p—j—1)" ' dx < caF (sp—j—1) Vt > Ti j+1.
Br

Hence, using Proposition 2.4,

/ Ue(t, x)*Mdx 5/ Uk(t, x)* T dx
{lx|<R—sg—j—1} Sk—j—1=Z|X|<R—Sg—j—1
+ [ (U, x)pr—j—1)*dx @.7)
Bg
SLM{ ;| <M j o Vt=Tij
O
Completion of proof of Theorem 1.1. Putm = k — j. We show that
Tk,j >0 as m=k— j— oo. 4.8)

Since, 7,,;, — 0 as m — o0 it remains to show (see (4.2))
J
Zw(sk—i) —0 as k—j— oo.
i=0
It is enough to show that 22020 w(sy) < 00. By (3.7),

2(1 + e)wr

— 2—
sp < Cexp(—n/2), C°= = 1P .

Therefore, by Dini condition,

o0 o0 00 1
>0l = Y o(Cexpt-n/2) = [ w(Cexpt=s/nds =2 [ 0L <o

n=0 0

This proves (4.8).
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Recall that o can be chosen arbitrarily large (¢« > «p). Therefore we may
assume that o > ¢g. By (4.3),

/ Ut j(t, )T dx < My—y, ¥Ym >2, Tpyjj <t <R.
{Ix|<R—sm}

By standard parabolic estimates this implies

R — sy,

2 ’

1
Untj(t,x) <CMI™ Vi > 2Ty, Yx:lx| < Vm > (.

m

This, together with (4.8), implies that Uy, = limy_, o Uy remains bounded as x —
0 for every t € (0, R). Now let vy denote the solution of the initial value problem

v —Av+hv?!=0 in Ry xRY

49
v(0,x) =M VxeRV. “9)

Put v = limys— o0 vpy. Clearly Uy, > v in (0, R) X Bg, forevery R > 0. Hence
Vo 1S a large solution of the equation in (4.9). O

5. The propagation of an isolated singularity
Consider the initial value problem

U — AU +hUP'U =0 in RYTY

5.1
U@©,x)= f(x) VxeRV, G-D

where i = h(|x]) is given by (2.4).
Denote

. - 1 —
ri=2"7, A= (rjz-h(rj))F, aj=h(rj). (5.2)
Theorem 1.2 is an immediate consequence of the following result.
Proposition 5.1. Let U; be the solution of (5.1) with f = y; given by (1.11).

Then, under the assumptions of Theorem 1.2 the function Uy, = lim U in Rﬁ"']
J—)OO

satisfies
lin}) Uxo(t,x) =00 Vt>0. (5.3)
X—>

Proof. Let

Q= {x eRY x| < rj}, where r; is from (5.2).
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Consider the following auxiliary initial-boundary value problems:

ut—Au—}—fz(rj)uq:O in Ry xQj,
u,x)=0 on Ry x9Q; 54
u©,x) =yj(x) for xeQ;, wherej=12....

The solution of this problem will be denoted by u ;. Since the function . from (1.3)
is non-increasing, the corresponding function /% is non-decreasing, so that

h(rj) = sup h(s). (5.5)

O<s<r;
Consequently, due to the comparison principle we have:
uj < Uj in R+ X Qj. (5.6)

Next we estimate the asymptotic behaviour of u ; as ¢t — oo. Let,

t X
Ti= yiE o vy = Ajuj(riT.rjy). (5.7)
J J

Then, for every j € N, v; is a solution of the problem:

vr —Ayw+v?=0 in Ry x By, By={lyl<l},

v(r,y)=0 on Ry x 9By,
) (5.8)
p12y) if |yl <

v(0,y) =y(Q) = 0 ity >

STE Sy

Since this problem has a unique solution v it follows that v; = v,for j = 1,2, ... .
By [6, Theorem 3.1 and Remark 4.1], there exists a positive constant «, such that

lim_exp(uT)v(T, y) = a1 (y) (59)
uniformly with respect to y € Bj. Hence, choosing 8 sufficiently large,
o
S 1) exp(=A17) < v(y) < 2091 (y) exp(=A1T) VT = f. y € By

Consequently, by (5.2),

o (x > . t <t x) < 20 (x > At
1| —)exp| A ) Suit,x) < —@1 | —)exp | ——
2Aj rj rJz. Aj rj r2. (5‘10)

Vizpri. VxeQ; VjeN
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Let#; > 0 be the number determined by,

o X Kll‘j
Egpl <E> exp (_r—2> =vyj-1(x) Vx:|x| <r;. (5.11)

J

Due to (1.11) and (5.2) this is equivalent to,

1
AN A= D — -
gexp _% =2 qzl ( a‘] >q =2 qzl exp <_M> . (5.12)
2 rs aj—1 q—1

J

Therefore,

1 D — ulri— -3
PO it L o VN S B Foe R e (5.13)
r? qg—1 qg—1
By (1.9) there exists sz € (0, 1) such that
wH —pn@ Yy > u2 VielN (5.14)

(Here we assume that (1.9) holds with a = 2; otherwise we redefine r; = a=l)
By (5.13) and (5.14),

ser? B 1 5 .
(n(rj) + (@ —De) =t; < T (u(rj) + (@ —1o). (5.15)

Since wu(rj) — oo as j — oo it follows that, for any 8 > 0, there exist positive
constants cg, c; and jy such that

J
Ailg =1

Bri <cow(r)) <tj <ciolry)  Yj=jo. (5.16)

This inequality will be used with 8 as in (5.10). Thus, we found a value ¢;, sat-
isfying (5.16), for which due to (5.10), (5.11) the following important intermediate
inequality holds:

yii@) <ujtpx)  YreQy Vi (5.17)

Now we return back to the solution U of the problem (5.1) with f = y;. By (5.17),
(5.6) we have

uj—1(0,x) =yj—1(x) <u;tj, x) <U;jt;,x) VxeQj, Vj=jo. (5.18)

Moreover, 0 = u;1(0,x) = yj_1(x) < Uj(tj,x) forall x : r; < x < rjy.
Additionally we have

Ujlr,xo0;; = 0=uj-1lr, xa,
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Therefore by the comparison principle,
uj_1(t,x) <Uj@t; +1,x) Vjizjo, Yt>0, VxeQ;_. (5.19)

Fix now j > jo. We claim that for every integer k such that 0 < k < j — jo the
following inequality holds:

k

j—g—1(t,x) < U; <z+2zj,-,x) VxeQj 41, Yr>0. (520)
i=0

Indeed, by (5.19) this inequality holds for k = 0. Let 0 < & < j — jo and suppose
that (5.20) holds when & is replaced by k — 1:

k—1
uj—k(t,x) < U; (r + thi,x) VxeQjg, Yi>0. (521)
i=0

In particular for t = ¢;_; we have:

k
Uj—k(tj—k, x) < U; (Z tj_,',x) VxeQ g Yit>0. (5.22)
i =0

By (5.17) and (5.22):
k
Vik—1(X) S ujp(tj—, x) < Uj <th—i,x> VxeQj k.
i=0

Since yj;—1(x) =0forallx € Q; 41\ 2 it follows that,
k
uj—k-100,x) < U, (Z zj_i,x> VX eQj g1 (5.23)
i=0
In addition u;_;_1(¢t,x) =0 < Uj(t, x) forevery (¢, x) € Ry x 9Q2;__1. By the

comparison principle, this implies (5.20).
Now we are ready to complete to proof of Proposition 5.1. By (1.10) we have:

> o)) = oo.
j=0

Therefore by (5.16)
o0
E tj = 00. (5.24)



1044 MOSHE MARCUS AND ANDREY E. SHISHKOV

Furthermore, since w(s) is bounded in (0, 1], (5.16) implies that

f:=supt; < oo.
i>0

By (5.24) for any b € (0, 0o) there exists a number jj such that
J
Yotiz=b V=
i=0
Pick b > f and for each j > jj, denote
J
tj=suplleN: 0<L=<j > t;=bp.
i=t
J
Then Zi=ej+1 ti < band
J
b<bji=) ti<b+t, <b+i
i={;

Clearly the function j — £; is non-decreasing and, in view of (5.24),

lim Ej = OQ.
j—00o

By (5.20),
u[j(t[j,x) <Ujbj,x) Vxe ng.

By (5.10) and (5.16),

sup ug; (te;, x) < 4ug;(te;,0).
XEQ(J.

Finally, by (5.17), (5.27) and (5.28) we obtain,
Agly = 76-1(0) < dug (1, 0) < 4U;(b;, 0).
Since £; — oo and Ay — 0 as k — o0, it follows that

lim U;(b;,0) = oo.
J—>00

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

Denote, Uy := limg_, o0 Ug. Suppose that Uso (29, -) € L'(B.), for some 1p > 0
and some € > 0. Then Uy (9, ) € L}DC(RN ) and consequently Uy, is locally
bounded for t > ty. Therefore, since b is arbitrarily large, (5.30) implies that

X > Ugo(ty, x) is unbounded in any neighborhood of zero for every 7y > 0.

O
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Proof of Theorem 1.3. Let U,- be a solution of problem (5.1) with

fO0) = fi) = A7 r8o(x), (531)

where 711, Aj; are defined in (5.2). Additionally let v; be the solution of the
problem:

v, — Av; +}_z(rj+1)v?=0 inR+ij+1,
v; =0 on Ry x 941, (5.32)
v;(0,x) = ]+1 ]+150(x) in Q.

By the comparison principle we have
U >v; V(t,x) e Ry x Qjy1. (5.33)
By scaling

y=xeri T=l, Uy = ATy, (534)

we find that, for each j, v; satisfies

— Ay +97=0 in Ry x By,
v=0 on R, x9By,
v(0,y) =do(y) in By.
This boundary value problem has a unique solution. For every #y > 0, the function

v(tp, -) is bounded in By. Therefore, we can apply [6, Theorem 3.1] in (7o, 00) X Bj
to obtain

27 g (y) exp(—r17) < (7, y) <2a¢1(y) exp(—r17) YT > Py, VyeBi, (535)

for some positive o and By. Choose 8 > By large enough so that &’ =2« exp(—118)
< 1. Then,

o -
R4 () =v(B,y) <e@i(y) VyeBi,
and consequently

a/

X X
_Afl RN <v»<r2. ,x><A ( )
g " ¥ (er) =i inhox) = A riti (5.36)

VxeQju, forj=1,2,....
Hence, by (5.33),

/
U <rj+1,3, x) > A (m> == A () YxeQ. (537
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2 —
with y; asin (1.11). By (1.3),(1.4) A]-A;Ji1 > 24T, Therefore, as Uj > 0,

2—q

Uj (F]2'+1ﬂ, x) >éyj(x)  VxeRY, é=4ata. (5:38)

Thus, the function Uj given by V;(t,x) = Uj (t + rjz.Hﬂ, x) is the solution of

problem (5.1) with initial data f > cy;. If ¢ > 1 then, by the comparison principle

Vi =2 Uj. If ¢ < 1then cUj; is a subsolution of (5.1). Therefore, applying again

the comparison principle we obtain V; > cU;. If Vo, = lim V;, Proposition 5.1

implies that lirr(l) Veo(t, x) = oo for every ¢t > 0. Butlim V; = lim U j everywhere
X—>

in R, x (R \ {0}). This proves the theorem in the case that » = H. Obviously it
remains true for A satisfying (1.8). O
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