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Sub-Laplacian eigenvalue bounds on sub-Riemannian manifolds

ASMA HASSANNEZHAD AND GERASIM KOKAREV

Abstract. We study eigenvalue problems for intrinsic sub-Laplacians on regular
sub-Riemannian manifolds. We prove upper bounds for sub-Laplacian eigen-
values A of conformal sub-Riemannian metrics that are asymptotically sharp as
k — +o00. For Sasakian manifolds with a lower Ricci curvature bound and, more
generally, for contact metric manifolds conformal to such Sasakian manifolds,
we obtain eigenvalue inequalities that can be viewed as versions of the classical
results by Korevaar and Buser in Riemannian geometry.
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1. Introduction and statement of main results

1.1. Motivation

Let (M, 60, ¢, g) be a compact contact metric manifold of dimension 2¢ + 1, pos-
sibly with boundary. Above, 6 is a contact form, ¢ is an operator field whose
restriction j(¢) to the contact distribution is an almost complex structure, and g is
an associated Riemannian metric, see Section 2 for precise definitions. Denote by

0=211(8) <A(g) <A3(8) <... < M(9) < ...

the corresponding sub-Laplacian eigenvalues with Neumann boundary conditions.
In [29] the second-named author proved the following result:

Theorem 1.1. Let (M, 6y, ¢o, g0) be a compact contact metric manifold, possibly
with boundary. Then there exists a constant C, possibly depending on the conformal
class [6g] and on j(¢o), such that for any contact metric structure (0, ¢, g) with6 =
e?0y and j(p) = j(¢o) the sub-Laplacian eigenvalues A (g) satisfy the inequalities

M(g) Vol (MY ED <o kD foranyk=1,2,..., (L)

where the volume Volg is the Riemannian volume of g.
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Note that the Riemannian volume Vol coincides up to a constant with the vol-
ume defined by the form 6 A (d6), and in particular, the left-hand side in inequal-
ity (1.1) is invariant under the scaling of the contact form 6. In [29] the theorem
above is stated for pseudoconvex CR manifolds, but the proof carries over directly
to contact manifolds. The methods can be also applied to sub-Laplacian eigenvalue
problems on rather general sub-Riemannian manifolds. They lead to eigenvalue
bounds that are analogous to the celebrated results of Korevaar [30] on Laplace
eigenvalue bounds for conformal Riemannian metrics.

An important feature of the eigenvalue bounds in Theorem 1.1 is their compat-
ibility with the asymptotic law

1/(€+1) as k — 100

M (g) ~ Ce - (k/ Volg(M))
where C is a constant that depends on the dimension of M only, see [37]. In view
of this asymptotic behaviour it is extremely interesting to understand up fo what
extent the constant in inequality (1.1) can be made independent of geometry and
whether one can obtain similar inequalities with explicit geometric quantities on
the right-hand side. In the present paper we obtain rather satisfactory results in
these directions.

1.2. Main results

The principal purpose of the paper is to obtain sub-Laplacian eigenvalue bounds
with an explicit dependence (or independence) of constants on geometry. We study
sub-Laplacian eigenvalue problems on regular sub-Riemannian manifolds (M ,H.g),
where H is a sub-bundle of TM satisfying the Hormander condition and g is a
metric on it; see Sections 2-3 for necessary background material. In this setting
the notion of an intrinsic sub-Laplacian in general is not unique and is closely re-
lated to natural volume measures on M, such as the Popp measure and the Haus-
dorff measure. For the rest of this section we restrict our discussion to an intrinsic
sub-Laplacian (—Aj) corresponding to the Popp measure &, on a regular sub-
Riemannian manifold. For contact metric manifolds this measure coincides with
the volume measure of an associated Riemannian metric, and the corresponding
sub-Laplacian is the standard sub-Laplacian studied in contact and CR geometry,
see [16]. In the sequel by the Hausdorff dimension of a sub-Riemannian manifold
we mean the Hausdorff dimension of the Carnot-Carathéodory metric space; for
regular sub-Riemannian manifolds it depends only on the algebraic properties of
the distribution H C T M.

For the sake of simplicity we consider below eigenvalue problems on com-
pact manifolds; we assume that M is either closed or is a compact subdomain of a
complete manifold. More general results in terms of the counting function on not
necessarily compact manifolds can be found in Section 4. Our main theorem in-

volves two conformal invariants. The first one is the function x 7, (I§x) whose
value at x is the volume of a unit ball in the nilpotent approximation at a point
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x € M. This invariant is unseen in Riemannian geometry, where nilpotent approxi-
mations are isometric to the Euclidean space. On sub-Riemannian manifolds nilpo-
tent approximations at different points are not, in general, isometric. The second
invariant is the so-called conformal minimal volume MinZ?[g], that is the infimum
of volumes &2, (M) over conformal metrics satisfying certain metric covering and
volume growth properties. We refer to Sections 2 and 4 for precise definitions and
properties of these invariants.

Theorem 1.2. Let (M, H, go) be a compact regular sub-Riemannian manifold,
possibly with boundary. Then there exist positive constants Co and C| depending
only on the Hausdorff dimension Q of M such that for any sub-Riemannian metric
g conformal to go the Neumann eigenvalues A (g) of an intrinsic sub-Laplacian
(—Ap) satisfy the inequalities

N ~ \2/0
1 (8) Py (M2 < Co - MinP[go) Y2 + C - (mﬁx P (B:) / )kZ/ 0

for any k = 1,2..., where Min&[go] is the conformal minimal volume, and
P, (By) is the Popp volume of a unit ball in the nilpotent approximation at x € M.

We briefly mention that by results in [1] the function &2, (éx), where x € M, is
continuous and hence bounded on a compact manifold M. The eigenvalue bounds
in the theorem above are asymptotically sharp, in the sense that for any metric
g we have Ax(g) ~ C - k*/2 as k — +oo. In Section 3 we explain how this
asymptotic law for the eigenvalues of an intrinsic sub-Laplacian follows from the
analysis developed by Métivier [34]. Following [29], the general idea behind the
proof of Theorem 1.2 is based on using test-functions closely related to the Carnot-
Carathéodory geometry of M. The main technical ingredient is the decomposition
theorem for general metric measure spaces with local metric covering properties,
obtained by the first-named author in [24]. It is built on earlier results by Grigoryan,
Netrusov, and Yau [22,23] and Colbois and Maerten [14]. We also essentially rely
on the analysis by Agrachev, Barilari, and Boscain [1] concerning the asymptotic
behaviour of volumes of small Carnot-Carathéodory balls and the properties of the
function ﬁx(éx).

Theorem 1.2 has a few consequences that are worth mentioning. First, when M
is a subdomain in a Carnot group G equipped with a left-invariant sub-Riemannian
metric go, the conformal minimal volume vanishes and the eigenvalue bounds above
reduce to the inequalities

(@) Py (M)?C < C- Py, (B)UHC  foranyk=1,2,...,

where P (B) is the volume of a unit ball in G and C is a constant that depends
on Q only. Moreover, using results in [1], we show that for corank 1 Carnot groups
the value Z, (B) is bounded by a constant that depends on the dimension only, see
Lemma 2.6. The last statement yields another corollary:
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Corollary 1.3. Let (M, H, go) be a compact corank 1 sub-Riemannian manifold,
possibly with boundary. Then there exist positive constants Co and C1 depend-
ing only on the Hausdorff dimension Q = dim M + 1 such that for any sub-
Riemannian metric g conformal to gy the Neumann eigenvalues \i(g) of an in-
trinsic sub-Laplacian (—Ap) satisfy the inequalities

e(8) Py (M)?/© < Co - MinP[go))*/ € + €y - k7€
foranyk =1,2..., where Min [ go] is the conformal minimal volume.

Clearly, Corollary 1.3 covers the case where M is a contact manifold and gives
a sharper version of Theorem 1.1. In particular, we see that for k > MinZ?[go] the
sub-Laplacian eigenvalues A (g) of any conformal sub-Riemannian metric g satisfy
the inequality
() P (MY < C- kP2,

where C is a constant that depends only on the dimension of M.

We proceed by specialising the considerations further to contact metric man-
ifolds (M, 6, ¢, g). Suppose that M has dimension (2¢ 4 1) and for non-negative
real numbers ¢ define the volume growth function a;(g) as the quantity

@ (g) = sup {Volg(B(x, M/ (@2t ix e M0 <1 < 1/;} ,

where B(x, r) is a Carnot-Carathéodory ball, and wy is the volume of a unit ball in
the Heisenberg group HY. As follows from known results [1], see the discussion in
Section 2, the value o;(g) is finite for any compact M. Clearly, the function o, (g)
is non-increasing in ¢, and, in particular, o (g) < op(g) for any ¢ > 0. In Section 5
we prove the following statement:

Theorem 1.4. Let (M, 6y, ¢o, go) be a compact Sasakian manifold whose Ricci
curvature of a Tanaka-Webster connection is bounded below by —1. Then there
exist positive constants Cy and C\ depending on the dimension of M only such that
for any contact metric structure (6, ¢, g) with 0 = e%0y and j(¢) = j(¢po) the
sub-Laplacian eigenvalues A (g) satisfy the inequalities

A (g) Volg (M) VD < g - Volgy (MY EHD €y - (a1 (g)) /D (1.2)
foranyk =1,2, ...

The proof of this theorem relies on a deep work [5,6,7] on curvature-dimension
inequalities and volume doubling properties on Sasakian manifolds with a lower
Ricci curvature bound. The statement holds also for subdomains of complete
Sasakian manifolds with a lower Ricci curvature bound. Note that the value o, (go)
does not change under replacing 6y with A6y and ¢ with #/A!/2 simultaneously,
where & > 0 is a real number. By scaling the contact form it is straightforward



SUB-LAPLACIAN EIGENVALUE BOUNDS ON SUB-RIEMANNIAN MANIFOLDS 1053

to see that if the assumption on the Ricci curvature in Theorem 1.4 is replaced by
Ricci > —¢2, then inequality (1.2) takes the form

A (g) Volg (M) VD < Cg - 12 Vol g (M) EFD 1€y - (e (g0)k) /D,

In particular, if the Ricci curvature of gg is non-negative, then letting ¢t — 0+, we
obtain the following statement:

Corollary 1.5. Let (M, 6y, ¢o, g0) be a compact Sasakian manifold whose Ricci
curvature of a Tanaka-Webster connection is non-negative. Then there exists a con-
stant C > 0 depending on the dimension of M only such that for any contact metric
structure (0, ¢, g) with 0 = e%6y and j(¢) = j(¢o) the sub-Laplacian eigenvalues
A (g) satisfy the inequalities

A (g) Volg (M) VD < € - (ap(go)k) /D
foranyk =1,2,...

As another direct consequence of Theorem 1.4, we obtain the following sub-
Laplacian eigenvalue bounds on Sasakian manifolds.

Corollary 1.6. Let (M, 6, ¢, g) be a compact Sasakian manifold whose Ricci cur-
vature of a Tanaka-Webster connection is bounded below by —t*. Then there exist
positive constants Co and C1 depending on the dimension of M only such that the
sub-Laplacian eigenvalues ,(g) satisfy the inequalities

a(g)k /D
A < G 2oy L
k(g) ot” + Cq (Volg(M))

foranyk =1,2,...

The last two corollaries are versions of by now classical results by Kore-
vaar [30] and Buser [11] respectively for Laplace eigenvalues on Riemannian man-
ifolds. In the Riemannian case the function o, (g) does not explicitly appear, thanks
to Bishop’s volume comparison theorem. Due to the recent work by Agrachev and
Lee [3] and Lee and Li [31] on volume comparison theorems on Sasakian man-
ifolds, the function «;(g) in the corollaries above is bounded by a constant that
depends only on the dimension of M when

— either the horizontal sectional curvatures of a Tanaka-Webster connection are
non-negative,
— or the manifold M has dimension 3.

In particular, in these cases we obtain direct versions of classical results for Laplace
eigenvalues in Riemannian geometry.
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1.3. Organisation of the paper

In the first section we collect the background material on sub-Riemannian geome-
try. We start with recalling the Hormander condition for a sub-bundle H C T M, the
notions of the Carnot-Carathéodory distance and the nilpotent approximation. We
discuss a few examples, and show that nilpotent approximations to contact metric
manifolds are isometric to the Heisenberg group with a standard left-invariant met-
ric. We proceed with a discussion of natural volume measures on sub-Riemannian
manifolds and the related results of Agrachev, Barilari, and Boscain [1].

In Section 3 we discuss eigenvalue problems for intrinsic sub-Laplacians,
which have not been addressed in the literature. The eigenvalue problems for sub-
Laplacians have been mostly studied on pseudoconvex CR manifolds, see the pa-
pers by Greenleaf [21], also [16, Chapter 9], Aribi and El Soufi [4], Ivanov and
Vassilev [26,27] and Kokarev [29]. One of the purposes of the present paper is
to consider sub-Laplacian eigenvalue problems on rather general sub-Riemannian
manifolds. We outline the necessary analysis for this setting and include a discus-
sion on the asymptotic behaviour of eigenvalues, based on the local analysis by
Métivier [34].

The next Sections 4 and 5 contain the main results of the paper. The former
starts with a general construction of a family of invariants, called conformal mini-
mal volume. We explain its properties and show how to choose the specific values
of parameters that yield an invariant used in Theorem 1.2. The results on eigenvalue
bounds here are stated in a rather general form, making them open to possible appli-
cations. As such an application, in Section 5 we show how to deduce Theorem 1.4
using the recent results [5, 6, 7] on volume doubling properties on Sasakian mani-
folds with a lower Ricci curvature bound. We proceed with the outline of the results
by Agrachev and Lee [3] and Lee and Li [31] on Sasakian volume comparison the-
orems, and use them to obtain lower bounds for the counting function, leading to
Sasakian versions of classical results in Riemannian geometry. All results apply to
not necessarily compact manifolds, and stated in the form whose versions even in
Riemannian geometry sometimes seem to be absent in the literature.

The last Section 6 is devoted to the proofs of general theorems from Section 4.
The paper has an appendix where, using the results in [1], we show that the volume
of a unit ball in a corank 1 Carnot group is bounded by a constant that depends on
the dimension only.
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2. Preliminaries and background material

2.1. Sub-Riemannian manifolds

We start by recalling basic notions of sub-Riemannian geometry; for details we re-
fer to [8,36]. Let M be a connected smooth manifold, possibly with boundary, and
H be a smooth sub-bundle of the tangent bundle 7' M, also referred to as a distribu-
tion. Suppose that the sub-bundle H satisfies the so-called Hormander condition:
for any point x € M and any local frame {X;} of H around x the iterated Lie brack-
ets [X;, X1, [X;, [Xj, Xell, [Xi, [... [ X}, Xi]...]] at x together with the vectors
X (x) span the tangent space T, M. By the length of the iterated Lie bracket above
we call the number of the vector fields involved. For example, the bracket [X;, X ;]
has length two. For an integer £ > 1 denote by H f the subspace of the tangent space
T, M spanned by all iterated Lie brackets at x whose length is not greater than ¢; the
space Hx1 coincides with the fiber Hy of the sub-bundle H . Clearly, these subspaces
do not depend on a choice of a frame {X;}. The Hormander condition implies that
for any x € M there exists an integer r such that H] = T, M. Thus, we obtain the
structure filtration of the tangent space

H.CH)C...CH =T.M. (2.1)

Following [2, 8], the distribution H is called regular if the dimensions ng(x) =
dim Hf, where £ = 1, ..., r,donot depend on a point x € M. The minimal integer
r such that H” = T M is called the step of a regular distribution. Mention that
in the literature there is an ambiguity concerning this notation with some authors
using the term equiregular for the regular distribution, see [1].

The sub-Riemannian manifold is a triple (M, H, g), where H is a sub-bundle
of T M that satisfies the Hormander condition and g is a smooth metric on H. A sub-
Riemannian manifold is called regular, if the distribution H is regular. Recall that
an absolutely continuous path y : [0, 1] — M is called horizontal, if it is tangent to
H almost everywhere. The metric g allows to measure lengths of horizontal paths
by the standard formula

1
Length(y) = [ 170l .

The Carnot-Carathéodory distance between the points x and y on a sub-Rieman-
nian manifold is defined as

dg(x,y) = inf {Length(y) : y is a horizontal path joining x and y},

where we set the infimum of the empty set to infinity. By the results of Chow and
Rashevskij, see [8,36], the Hormander condition implies that this metric is finite
and induces the original topology on M.

Clearly, any Riemannian manifold can be viewed as sub-Riemannian whose
distribution H coincides with the tangent bundle. Regular sub-Riemannian man-
ifolds with a non-trivial horizontal distribution H occur when n = dimM > 3.
Below we describe two major sources of their examples.
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Example 2.1 (Contact manifolds). Let M be a manifold of odd dimension (2¢ +
1), where £ > 1. A contact manifold is a pair (M, 6), where 6 is an 1-form such
that & A (d6)¢ is a volume form on M. It is straightforward to see that on a contact
manifold there is a unique vector field &, called the Reeb vector field, such that

doE, X) =0 and 6() =1,

for any vector field X. The contact form 6 defines a contact distribution H as a
sub-bundle whose fiber is the kernel of 6,

H.={XeT:M:0(X)=0}.

Clearly, the distribution H is regular. Besides, since the form 2-form 46 is non-
degenerate on H, by the relation

do(X,Y)=X-0(Y)—-Y-60(X)—-06(X,Y]

we conclude that the contact distribution satisfies the Hormander condition. There
is a special class of sub-Riemannian metrics on the contact distribution, obtained
as restrictions of Riemannian metrics on M associated to a contact metric struc-
ture. More precisely, a quadruple (M, 0, ¢, g), where 0 is a contact form, ¢ is an
(1, 1)-tensor, and g is a Riemannian metric, is called a contact metric manifold if

0(X) =g(X,E), g(X,¢Y)=dO(X,Y), and ¢*(X)=—X+0(X)E,

for any vector fields X and Y on M. In particular, from the last relation we see
that the restriction of ¢ to the contact distribution, denoted by j(¢), is an almost
complex structure. The relations above also imply that

8(X,Y)=g(dX,9Y), ¢(¢)=0 and 6o¢(X)=0,

for H-valued vector fields X and Y, see [9]. It is well-known that any contact
manifold has a contact metric structure. The basic examples occur as certain hyper-
surfaces of Kdhler manifolds. The special cases include CR manifolds and Sasakian
manifolds, see [9,16].

Example 2.2 (Carnot groups). A simply connected nilpotent Lie group G with a
graded Lie algebra g, that is,

g=@_18i. gi+v1=I[g1.01 o #{0}, g1 ={0},

is called the Carnot group of step r. Any Carnot group equipped with a scalar prod-
uct (-, -) on g; becomes a left-invariant regular sub-Riemannian manifold. More
precisely, the distribution A and the sub-Riemannian metric on it are defined by
extending (g1, (-, -)) over G by left multiplications. The grading structure on the
Lie algebra in particular guarantees that the distribution H satisfies the Hormander
condition. The corresponding Carnot-Carathéodory metric is also left-invariant.
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Carnot groups are often viewed as sub-Riemannian manifolds equipped with
the family of dilations D; : G — G. More precisely, the grading structure on the
Lie algebra induces the family §; : g — g, where ¢t > 0, of Lie algebra automor-

phisms:
8 (Zvi>=2tlvi7 vi € gi,

which preserve the grading. The dilation D; : G — G is defined as a unique Lie
group automorphism whose differential at the identity coincides with &;. Equiva-
lently, it can be defined as the composition exp o8; o exp~ !, where exp : g — G
is the Lie exponent, which is a global diffeomorphism when G is nilpotent. It is
straightforward to see that the automorphisms D; preserve the left-invariant distri-
bution H and are dilations of the Carnot-Carathéodory metric, that is

d(Dix, Dyy) = td(x, y) forany x,y € Gandt > 0.

Carnot groups are particularly important in sub-Riemannian geometry, since they
play the role of tangent spaces. More precisely, they occur as the so-called nilpo-
tent approximations of sub-Riemannian manifolds. Below we recall this notion for
regular sub-Riemannian manifolds, and refer to [8,36] for a definition in a general
case and other details.

Let (M, H, g) be a regular sub-Riemannian manifold of step » > 2. Then the
structure filtration (2.1) defines a filtration of the sub-bundles H' ¢ H'*!, where
H'" coincides with the tangent bundle 7 M. For a given point x € M we consider
the nilpotization at x defined as the vector space

gH),=Vevie.. . eV,

where V; = (H'/H'™"), is the fiber of the quotient vector bundle. By the regular-
ity hypothesis it is straightforward to see that the Lie bracket of vector fields induces

a graded Lie algebra structure on gr(H),, that is [V; JViicw * The nilpotent
approximation Gr(H), of a sub-Riemannian manifold (M, H, g) at a point x is the
Carnot group whose Lie algebra coincides with gr(H), and is equipped with the
scalar product g, (-, -) on the subspace V! = H,. In sequel we denote by g, the
corresponding left-invariant metric on Gr(H),.

An important result by Mitchell [35] says that the nilpotent approximation at
a point x, viewed as a metric space with the Carnot-Carathéodory distance, is pre-
cisely the metric tangent cone to (M, d,) at a point x. Furthermore the nilpotent
approximations at different points are generally non-isomorphic Lie groups. How-
ever, as the following example shows, if M is a contact manifold, then the nilpotent
approximation at every point is precisely the Heisenberg group.

Example 2.3 (Contact manifolds: continued). Let V be a 2£-dimensional vector
space equipped with a symplectic form w. Recall that the Heisenberg algebra h* is
a vector space V @ R with a product

[(v,$), (w, )] = (0, (v, w)).
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The corresponding Carnot group is called the Heisenberg group H. It is often
considered as a sub-Riemannian manifold with a left-invariant metric 4 compatible
with @ on the Lie algebra. Here by a compatible metric we mean a metric that
is Euclidean in a basis that takes w to a standard symplectic form. Let (M, 8) be
a contact manifold, and H = ker# be a contact distribution. We claim that the
nilpotization gr(H), is isomorphic to the Heisenberg algebra H, & R equipped
with the symplectic form @ = —d6 on H,. Indeed, the Lie algebra isomorphism is
identical on H, and identifies T, M/ H, with R using the contact form:

or(H)y = He ® (TM/H)y > X®T —> X ®0(T) € Hy, ® R.

It indeed preserves the Lie algebra structure, since 6 ([ X, Y]) = —dO8(X, Y) for any
horizontal vector fields X and Y, see [36] for details. If (M, 6, ¢, g) is a contact
metric manifold, then using relations in Example 2.1, one can find an orthonormal
basis (X;, —¢X;) of the space H, such that ® = —d#6 takes the standard form. In
particular, we conclude that for contact metric manifolds the nilpotent approxima-
tion Gr(H ), equipped with a left-invariant metric g, is isometric to the Heisenberg
group (H¢, h).

2.2. Volume measures

Now we discuss intrinsic volume measures on sub-Riemannian manifolds; these
are the Hausdorff measure corresponding to the Carnot-Carathéodory metric and
the Popp measure. For Riemannian manifolds both measures coincide up to a con-
stant with the Riemannian volume measure. However, for general sub-Riemannian
manifolds these measures are genuinely different and lead to different intrinsic sub-
Laplacians, see [2,36].

Let (X, d) be a metric space. Recall that for s > 0 the s-dimensional Hausdorff
measure is defined as

H(A) 1= lim A (A) = sup 5 (A),

where A C X,6 > 0, and %fgs is an approximate Hausdorff measure,

o0 0
S (A) =inf 1> diam* (A)) : A € | ] A;. diam(4) <8P, (22)

i=1 i=1

For properties of Hausdorff measures and other details we refer to [32]. In the
sequel, we use the so-called s-dimensional spherical Hausdorff measure

L5(A) = lim .75 (A) = sup .7} (A),
§—0 §>0

where the approximate measure .75 is defined as the infimum of quantities in (2.2)
with the A;’s being metric balls. It is straightforward to see that

A (A) < S(A) S22 H°(A)
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for any subset A C X. In particular, the Hausdorff dimension of X with respect to
J -measures, that is

inf{s >0:°(X) =0} =sup{s >0:t%”S(X):+oo},

coincides with the one computed with respect to .¥’*-measures.

Now let (M, H, g) be a sub-Riemannian manifold. Viewing M, as a met-
ric space with respect to the Carnot-Carathéodory metric, we obtain Hausdorff
measures on M. They are intrinsic volume measures defined on an arbitrary sub-
Riemannian manifold. When M is regular, by the results of Mitchell [35] the Haus-
dorff dimension of (M, d,) is given by the formula

0= Xr:i (dim B — dim 1), 23)

i=1

where H' are the subspaces of the structure filtration (2.1). As is also known, the
Hausdorff measures are absolutely continuous with respect to smooth measures on
M, that is, measures defined by volume forms. One of such smooth measures,
the so-called Popp’s measure is another intrinsic measure defined on a regular sub-
Riemannian manifold. We describe it now.

Let0 = Ey C Ey C ... C E, = E be a filtration of an n-dimensional
vector space E. Let {e;} be a basis of E such that E, is spanned by its first ny
vectors. Since the wedge product e; A ... A e, depends only on the equivalence
classes [e;] € Ey;/E¢,_,, where ngi—1 < i < ng;, we obtain an isomorphism of
1-dimensional spaces

N'E >~ A" (&)1 Ee/Ee-1). (2.4)

Now let (M, H, g) be a regular sub-Riemannian manifold. First, we construct the
Popp volume form in a neighbourhood of every point x € M. It is defined from the
natural scalar product on the nilpotization space

o), = Ho @ (HY/H) @..0 (H/H™")

More precisely, due to the Hormander condition, the map Q' H, — (H! /H i=h
defined using sections {X;} of H by the formula

X1®...0 X; — [X1,[X2,[..., X;].. 11+ H!

is surjective, and pushes forward the natural scalar product on ®' H, induced by
gx (-, -) on H,. This scalar product defines, up to a sign, a volume form on gr(H )y,
that is the element of A" gr(H)%¥. Now using isomorphism (2.4), we obtain the
volume form on 7T M.

If a manifold M is orientable, then this volume form v, can be defined globally,

and induces the measure
Py(A) = / Vg.
A
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For an arbitrary regular sub-Riemannian manifold M the construction above defines
a density, also denoted by v, which yields a measure by the same formula; it is
called the Popp measure. For the sequel we mention that the Popp densities of
conformal metrics g and ¢ - g are related by the formula

Vp.g = <pQ/2 “ Vg, (2.5)
where Q is the Hausdorff dimension of M. Indeed, on each quotient (H i /H =y,
they induce scalar products that are conformal with the factor ¢’ and the compar-
ison of their volume forms on gr(H),, combined with formula (2.3), yields the
statement.

2.3. Volumes of Carnot-Carathéodory balls

We proceed with a background material on volumes of Carnot-Carathéodory balls.
First, we discuss approximation results by volumes of balls in nilpotent approxi-
mations. Recall that any volume form w on M induces a natural volume form @,
on the nilpotent approximation Gr(H), at a point x € M. The form @y is the left-
invariant form whose value on the Lie algebra gr(H), is defined by the value w
via the isomorphism A" gr(H)% >~ A"TF M, see (2.4). In particular, if @ is the Popp
volume form vy, then the induced form (i), is precisely the Popp volume form
vz, on the nilpotent approximation.

In the following proposition we summarize some of the results due to [1] that
are important for our subsequent considerations. By a smooth volume measure [
below we mean a measure induced by a smooth density.

Proposition 2.4. Let (M, H, g) be a regular sub-Riemannian manifold, and . be
a smooth measure on M. Then:

(1) for any x € M we have
w(B(x,¢)) =2, (1§'x> +o0 <8Q) ase — 0,

where B(x, €) is a Carnot-Carathéodory ball of radius ¢, By is a unit ball in
the nilpotent approximation Gr(H),, and Q is the Hausdorff dimension of M ;

(ii) the measure ( is absolutely continuous with respect to the spherical Hausdor{f
measure .2 and satisfies the formula

J(A) = ziQ fA i (Bo) a.7©

for any measurable subset A C M;

(iii) the density function [iy (ﬁ’x) is always continuous, and is C3-smooth if the
distribution H has corank one. Moreover, if dim M < 5 and p is the Popp
measure &2, then it is constant, unless H has corank one in dimension 5.
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The proof of the statement in part (i) above can be obtained from the distance es-
timates in [8, Section 7], which relate Carnot-Carathéodory metrics on M near x
and on the nilpotent approximation Gr(H),. These distance estimates are uniform
with respect to a point x, see also [1, Lemma 34], and imply that the convergence
e Qu(B(x, €)) = [iy (l:Bx) is uniform in a neighborhood of x. Thus, we obtain the
following statement:

Corollary 2.5. Under the hypotheses of Proposition 2.4, for any compact subset
Q C M there exists g9 > 0 such that:

1 A A
E,llx (Bx) 2 <u(B(x, 8))<2/lx(Bx) e foranyO<e<epandx € Q; (2.6)

20710 P9(B(x, ) <2%Te?  forany0 <e <egpandx € 2. (27)

Proof. Both relations in (2.6) are direct consequences of the uniform convergence
*Q A A +
e 2 u(B(x,e)) = [y (Bx) whene — 07,

see the discussion above. Similarly, one can show that (26)~2.72(B(x, €)) con-
verges uniformly to 1 as ¢ — 0%, In more detail, setting f(x) to be 2720, (By),
by Proposition 2.4 we obtain

2e) 2. 72(B(x,¢)) = 26)7¢ / ' du(y)

B(x,e)
= 2e)" 2 () (B, ¢)

v [ (0= 7)) duiy.
B(x,¢)

As we know, the first term on the right hand-side above converges uniformly to
1. The uniform convergence of the second term to zero follows from the uniform
continuity of the density function f. O

In addition to part (111) of Proposition 2.4, we mention that by the result in [12],
the density function Mx(B ) is also C!-smooth when a regular distribution H has
corank 2 and step 2. Taking the Popp measure &7, as a smooth measure in the
proposition above, we obtain an intrinsic density function (Q%g) x(éx) on M, which
plays an important role in the sequel. Using the family of dilations D; in the nilpo-
tent approximation at x € M, it is straightforward to see that

(@g)x (é(x, tr)) =2 (ézg)x (é(x, r)) for any r > 0,

where I§(x r) is a Carnot-Carathéodory ball in Gr(H),. Combining this relation

with the scaling property of the Popp volume form v; , we conclude that the volume
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of a unit ball (g}g )x (By) does not change under a conformal change of a metric g
on H. Recall that when M is a contact metric manifold, the nilpotent approxima-
tions at different points are isometric, see Example 2.3. Consequently, the function

(Qg) X (Bx) is constant on such manifolds. The following lemma says that, more

generally, for corank one sub-Riemannian manifolds the function (ﬂg) x (Bx) is
bounded:

Lemma 2.6. Let G be a Carnot group whose horizontal left-invariant distribution
has corank 1. Then there exists a constant C = C(Q), depending on the Hausdorff
dimension Q of G only, such that for any left-invariant metric g on G the Popp
volume Z4(By) of a unit Carnot-Carathéodory ball is not greater than C .

The proof of Lemma 2.6 is based on the explicit formula for the volume of a
unit ball, obtained in [1]. We collect all necessary details together with the proof of
the lemma in Appendix A.

3. Intrinsic sub-Laplacians and their eigenvalue problems

3.1. Intrinsic sub-Laplacian related to the Popp measure

Let (M, H, g) be a regular sub-Riemannian manifold of step r and &7, be its Popp
measure. In this section we show how the measure &2, defines an intrinsic sub-
Laplacian on M and discuss the corresponding eigenvalue problems.

First, recall that for a smooth function # on M the horizontal gradient Vu is
defined as a unique vector field with values in the distribution A such that

gVpu, X) = du(X), for any H-valued vector field X.

Let v, be a density (which locally is a smooth volume form) that defines the Popp
measure ;. For any vector field X on M it also defines the divergence divy X
as a function that satisfies the relation .Zxv, = divX - v,. Following [2], by the
intrinsic sub-Laplacian (—Ap) we mean a second order differential operator

—Apu = —div(Vpu), where u € C®°(M).

In a local orthonormal frame (X;) of H it has the following form

—Ap=—Y X} - Xo,

where XI.2 stands for the second Lie derivative along X;, and Xg is a vector field
> dX j([Xi, X;jDX;, see [2]. Note that the vector field X vanishes on unimod-
ular Lie groups. Equivalently, the intrinsic sub-Laplacian can be defined as the

Hormander operator
—Ap = XiX;,
i
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where (X;) is again a local orthonormal frame of H, and the X l* ’s are the adjoint
operators with respect to the natural L;-scalar product based on the Popp measure.
We refer to [2] for further details and examples.

Using either local form of Ap, by Hormander’s theorem [25] we conclude
that the intrinsic sub-Laplacian is a sub-elliptic operator. This means that for any
compact subdomain 2 C M there exists positive constants C and ¢ such that

ul? < € (1(Apu, )] +ul?) (3.1)

for any C°°-smooth function u on € that is smooth up to the boundary, where
|- 1= (,)"%and | - | stand for the L;-norm and the Sobolev e-norm on
respectively. Moreover, by the results of Rotschild and Stein [39] the constant & can
be chosen to be (1/r), where r is the step of the distribution H. It is also worth
mentioning that the operator Ay, as well as its lower order perturbations with C°°-
smooth coefficients, is hypoelliptic; that is, any solution u to the equation Apu = f,
where f is a C°°-smooth function, is C°°-smooth, see [25].

When M is a compact manifold, we consider (—Aj) as an operator defined on
C°°-smooth functions that satisfy the following version of the Neumann boundary
hypothesis:

1vuVg =0 ondM, (3.2)

that is, the interior product of the sub-Riemannian gradient V,, and the Popp density
v, vanishes. Using the divergence formula for the vector field (vVyu), we obtain a
sub-Riemannian version of Green’s formula

/(Abu)vd9g+/ (Vpu, Vpv)d & =/ v (19,uvg)
M M oM

for smooth functions # and v on M. In particular, we see that the real operator
(—Ap) is symmetric and admits a self-adjoint extension to an unbounded operator
of Lry(M, ,@g), see for example [15, Lemma 1.2.8]. Using the compact Sobolev
embedding and the sub-ellipticity of (—Ajp), it is straightforward to conclude that
its resolvent is compact. Hence, the spectrum is discrete, that is, it consists of a
sequence of eigenvalues

0=2x1(g) <A2(g) <A3(g) <... < M(9) < ...

of finite multiplicity such that A;(g) — 400 as k — +oo. Its counting function
Ng (%) is defined as the number of eigenvalues counted with multiplicity that are
strictly less than A. By Green’s formula above, the collection of the eigenvalues
Ak (g) coincides also with the spectrum of the Dirichlet form f |Vpul?d P, , viewed
as a form on smooth functions on M. By hypoellipticity the eigenfunctions of
(—Ap) are C*°-smooth, and by [15, Lemma 1.2.2], it is straightforward to conclude
that the self-adjoint extension of the Neumann sub-Laplacian is unique.

When a manifold M is non-compact, we view the sub-Laplacian as an oper-
ator defined on C*°-smooth functions that, in addition to the Neumann boundary
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hypothesis, are compactly supported. This operator also admits a self-adjoint ex-
tension, and its counting function Ng(A) can be defined as

Ng() = sup {dimV : / |Vpul*d 2, < x/uzd% for any u € V\{O}} :

where V is a subspace formed by smooth functions. We assume that the supremum
over the empty set equals zero. The eigenvalues of such an operator are precisely
the jump points of the counting function,

A(g) =inf {1 >0: Ng(1) >k},

see [23] for details.

Example 3.1 (Contact manifolds, continued). Let (M, 0, ¢, g) be a metric con-
tact manifold of dimension (2¢ + 1), see Example 2.1. We view it as a sub-
Riemannian manifold (M, H, g|g), where H is a contact distribution and g is an
associated Riemannian metric on M. It is straightforward to show that the Popp
volume form v, coincides with the volume form of the metric g, and is given by the
formula

1\
Vg = ( El!) INCL

In particular, the sub-Laplacian (—Ap) coincides with a standard sub-Laplacian
studied in contact and CR geometry [16]. It is related to the Laplace-Beltrami
operator A, for the associated Riemannian metric g by the formula

—Ag = —Ap + £7E, (3.3)

where £ is the Reeb field on the contact structure on M. Note that for metric contact
manifolds the Neumann boundary condition (3.2) is equivalent to

(Vpu,n) =0 ondM,

where 7 is a unit outward normal to d M, and the brackets denote the scalar product
in the sense of the associated metric g.

The notation A for the sub-Laplacian is standard in contact and CR geome-
try. Unlike in [2], we have chosen to use the same notation for the intrinsic sub-
Laplacian on regular sub-Riemannian manifolds to underline the fact that it coin-
cides with the well-known operator from Example 3.1. We end this preliminary
discussion with an example describing the spectrum of Aj for a standard metric
contact structure on an odd-dimenional sphere.

Example 3.2 (Sub-Laplacian eigenvalues of spheres). Let S*T! ¢ C/*! be a
unit sphere equipped with the standard metric contact structure (6, ¢, g), where
0 = Z(xjdyj — yldx7)/2 is a primitive of the Kéhler form on CH!, ¢ is the
composition of the complex structure on C**+! with the orthogonal projection to the
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tangent space to S>¢*! at a point under consideration, and g is the restriction of the

Euclidean metric on C**!. Relation (3.3) can be written in the form

+1
—Agz—Ah—Tz, where T=inZ zji.—iji ,
= az/ az/

see [41, page 277]. Let V¥ be a space of homogeneous harmonic polynomials of
degree k on C“*!, and V74 C V¥ be a subspace formed by polynomials that are
homogeneous of degree p in the z/’s and of degree ¢ in the z/’s. It is straight-
forward to see that T is the multiplication by i(p — ¢) on V79, Recall that the
subspaces V¥ form a complete system of eigenspaces of the Laplace operator on
§2¢+1 where the eigenfunctions from V¥ correspond to an eigenvalue k(2¢ + k),
see [13]. Thus, we conclude that the subspaces V74 form a complete system of
eigenfunctions of the sub-Laplacian Aj and that each eigenfunction from V 7+ cor-
responds to an eigenvalue 2¢(p + q) + 4pq. We refer to [41] for the details and
further references.

3.2. Intrinsic sub-Laplacian related to the Hausdorff measure

Let (M, H, g) be a closed sub-Riemannian manifold, and .% Q be its spherical
Hausdorff measure. In this section we consider the eigenvalue problem for the
form

ul—)/ |Vpul? d.7 2 (3.4)
M

defined on C*°-smooth functions on M. It is straightforward to see that this form
is closable, and its spectrum can be defined as the spectrum of a generator (—Ap),
that is, a non-negative self-adjoint operator such that

/(—Abu)udyg =/ |Voul|*>d.s 2
M M

for any smooth function u, see [15, Theorem 4.4.2]. Though it seems to be unknown
whether in general the spectrum of (—Ap) is discrete, below we show that this is
the case when the distribution H is regular.

Indeed, as is known the spherical Hausdorff measure is commensurable
with Popp’s measure &7, and, by Proposition 2.4, the density function f(x) =

270 @x (fi’ ) is continuous. In particular, it is bounded away from zero and bounded
above on M and, by inequality (3.1), we conclude that the operator (—Ap) is sub-
elliptic. It is then straightforward to see that its resolvent is compact, and hence, the
spectrum is discrete. ~

When the density f(x) is smooth, the operator A, becomes a second order
differential operator that has a form of the “sub-Laplacian with a drift”:

fdiv(f~'Vpu) = Apu — (VpIn f, Vpu),
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where A} is the sub-Laplacian corresponding to Popp’s measure. As is explained
in Example 2.3, the density function f is constant when M is a contact metric
manifold, and hence, in this case the sub-Laplacians A and A, coincide. The same
clearly holds on Carnot groups. It is worth mentioning that the density function f is
invariant under the conformal change of a metric g on H, and thus, any conformal
eigenvalue bounds for one of the sub-Laplacians imply automatically eigenvalue
bounds for the other one via the extremal values of the function f. The eigenvalue
bounds that we discuss in Section 4 have much more delicate intrinsic nature and
dependence on the values of &2, (By).

3.3. Asymptotic behaviour of eigenvalues

To motivate our results on eigenvalue bounds, in this section we discuss asymptotic
laws for eigenvalues. Throughout the rest of the section we assume that (M, H, g)
is a closed regular sub-Riemannian manifold. Let A be an intrinsic sub-Laplacian
corresponding to Popp’s measure &, and N, (1) be its counting function. The
following result is a consequence of the analysis developed by Métivier [34].

Theorem 3.3. Let (M, H, g) be a closed regular sub-Riemannian manifold. Then
the counting function N () of an intrinsic sub-Laplacian Ay, satisfies the following
asymptotic relation: Ng(A) ~ C - 122 as A — +o0, where Q is the Hausdorff
dimension of M and C is a constant that may depend on M and its sub-Riemannian
structure.

Outline of the proof. Let E (L) be a spectral projection in the sense of the spectral
theorem, see [28]. As is explained by Métivier in [34, Section 2], it is an integral
operator in Ly(M, &) with a smooth kernel e(%; x, y), and the counting function
Ny (A) satisfies the relation

Ng(k)zf e(h; x, x)d Py(x),
M

see also [23]. Thus, for a proof of the theorem it is sufficient to show that there
exists a strictly positive continuous function y on M such that

)fQ/ze()»; x,x) — y(x) as A — 400 3.5
uniformly on M. For a given x € M let (X;) be a local orthonormal frame of

H, defined on a neighbourhood U C M of x. We may assume that the intrinsic
sub-Laplacian Ap, on U has the form of the Hormander operator

—Ap = XiX;.

Then the analysis in [34] shows that the values 2=22e(x; x, x) for a sufficiently
large A are determined by the spectral kernel of a certain Hormander operator
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> )A(l*)A( ; defined on compactly supported functions on the nilpotent approxima-

tion Gr(H), . Here X ; stands for left-invariant vector fields on Gr(H), defined as
homogeneous degree 1 parts of the X;’s at x € M, see [34, Section 3] for details.
In particular, the localization argument in [34, Section 4] shows that relation (3.5)
holds on any compact subset of U, see [34, Proposition 4.6]. O

Similar results for other classes of hypoelliptic operators have been also ob-
tained by Menikoff and Sjostrand [33,40], and Fefferman and Phong [17]. The
asymptotic law in Theorem 3.3 can be re-written in the form

Ne(W) ~ C(g) - 222 P,(M)  ash — +oo,

where the constant C(g) is invariant under the scaling of a metric g on H. It is
extremely interesting to understand how the quantity C (g) depends on a metric. As
is shown by Ponge [37], when M is a metric contact manifold, the quantity C(g)
depends only on the dimension of M.

4. Conformal invariants and eigenvalue bounds

4.1. Conformal invariants defined by the Popp measure

Recall that a sub-Riemannian manifold (M, g) is called complete, if M does not
have a boundary and the Carnot-Caratheodory space (M, d,) is complete as a metric
space. This hypothesis on M is always assumed throughout the rest of the paper.
The purpose of this section is to introduce certain conformal invariants used to study
sub-Laplacian eigenvalue problems on finite volume subdomains 2 C M, possibly
coinciding with M. We start with the following definition:

Definition 4.1. Given an integer N > 1 and a real number @ > 1, a complete
regular sub-Riemannian manifold (M, H, g) is called locally (N, «)-normalised if
forany0 <r < 1

(i) each Carnot-Carathéodory ball B(x, r) of radius r can be covered by N balls
of radius r/2;

(i) Z4(B(x,r)) < a@x(éx)rQ for any x € M, where Q is the Hausdorff dimen-
sion of M, and B(x, r) is a Carnot-Carathéodory ball in M.

If the hypotheses (i) and (ii) hold for balls of arbitrary radius » > 0, then the metric
g is called globally (N, @)-normalised.

In the sequel we refer to the hypotheses (i) and (ii) in Definition 4.1 as the
covering property and the volume growth property respectively. Using the relations

Py =00, and By (1) =By (x,57'r), 4.1

it is straightforward to see that if a metric g is locally (N, «)-normalised, then so is
the metric 82 - g for any § > 1. The following lemma shows that up to a scaling any
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metric on a compact manifold can be normalised with an appropriate choice of the
constants N and «, depending on the Hausdorff dimension of M only.

Lemma4.2. Let (M, H, g) be a complete regular sub-Riemannian manifold of
Hausdorff dimension Q. Then for any N > 422%! any o > 2, and any com-
pact subdomain Q C M there exists a real number § > 0 such that for the metric
82 - g the hypotheses (i) and (ii) in Definition 4.1 hold for any Carnot-Carathéodory
ball centered in Q2.

Proof. It is sufficient to prove the lemma for the values N = 4°Y*! and o = 2. By
Corollary 2.5 there exists p > 0 such that

1 ~ /. N
P (Bx>rQ < Py(B(x.r)) < 2P, (Bx> rQ forany0 <r <p (42)

and any x € Q. Setting 6 = (4/p) and using relations (4.1), we see that the
metric 82 - g satisfies the relations in (4.2) for any 0 < r < 4. In particular, the
hypothesis (ii) in Definition 4.1 holds. Now by a rather standard argument, we show
that so does the hypothesis (i).

Let B(x, r) be a Carnot-Carathéodory ball, where 0 < < 1 and x € 2, and
{B(x;j,r/4)} be a maximal family of disjoint balls centered in B(x,r). Then the
family {B(x;,7/2)} covers B(x, r), and denoting by N, its cardinality, we obtain

Nymin Py (B(xi, r/4) < Y Py (B(xi,r/4) < Py (B(x,5r/4)).

Let x;, be a point at which the minimum in the left-hand side is achieved. Then we

have
< Wszg(B(x,SrM)) o ﬁzszg(B(x,-oAr)) < 42041

TS P (Bxig.r/4) Py y(B(xig.r/4) ’

where in the last inequality we used the fact that for the metric §2g relation (4.2)
holds for any 0 < r < 4. O

As a consequence of Lemma 4.2 we see that any metric on a closed manifold
can be made locally (422+!, 2)-normalised after rescaling. The same holds for pull-
back metrics on covering spaces of closed manifolds. Globally normalised metrics
naturally occur as left-invariant metrics on Carnot groups and as quotients thereof.
For the convenience of references we discuss them in the examples below.

Example 4.3 (Carnot groups: continued). Let G be a Carnot group equipped
with a left-invariant metric g, see Example 2.2. Using the family of dilations
D; : G — G, it is straightforward to see that the Popp measure on G satisfies
the following dilatation property:

Po(B(x,tr)) =12 P,(B(x,r))  foranyt >0, (4.3)

where B(x, r) and B(x, tr) are Carnot-Carathéodory balls and Q is the Hausdorff
dimension of G. In particular, the volume &Z,(B(x,r)) equals &, (éx)r Q and the
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volume growth property (ii) in Definition 4.1 is clearly satisfied with o = 1. Setting
t = 2 in relation (4.3), and following the argument in the proof of Lemma 4.2, we
see that a left-invariant metric g is globally (422, 1)-normalised.

Example 4.4 (Quotients of Carnot groups). Let G be a Carnot group, and I' C
G be a discrete subgroup. Recall that I' is called cocompact (or uniform) if the
quotient G\I" is compact. The existence of a cocompact subgroup I' is guaranteed
whenever the structure constants of the Lie algebra of G are rational in some basis,
see [38]. We assume that G is endowed with a left-invariant sub-Riemannian metric
g. The lattice I acts on G freely by left-multiplications, which are sub-Riemannian
isometries, and the metric g descends to a metric g, on the quotient G\I". We claim
that the metric g is globally (4>, 1)-normalised. First, for any ball Bg (p,r) C
G\I there exists a fundamental domain D for the action of I" such that

ﬂ_l(Bg*(p, r) N D C Bg(x,r) for some x € ﬂ_l(p), “44)

where m : G — G\I is a natural projection. More precisely, for a given x €
7~ (p) the domain D can be defined as the collection of y € G such that

de(x,y) <dg(x,y-y) forany y € T.

In particular, we see that any point g € By, (p, r) has a pre-image in such a set D.
This observation together with relation (4.4) show that the volume growth property
for g, is a consequence of the one for g. Similarly, the covering property for g
can be deduced from the covering property for g and the fact that the projection
m : G — G\I does not increase the Carnot-Carathéodory distance.

Now we define a family of conformal invariants based on the notion of the
Popp measure:

Definition 4.5. Let H C T M be a regular distribution and ¢ be a conformal class
of metrics on it. For a given integer N > 1 and a real number « > 1 we call
conformal (N, a)-minimal volume of a subdomain 2 C M, denoted by

MinZ(Q2, ¢) = Min#(Q2, ¢, N, a),

the infimum of the Popp volumes 2, (2) over all locally (N, o)-normalised metrics
gEc.

In the definition above we set the infimum of the empty set to infinity. Clearly,
the conformal (N, o)-minimal volume is monotonous in €2, that is for any 1 C 2>
the value Min (€21, ¢) is not greater that Min %($2,, ¢). Besides, if Q2 is compact,
then it is continuous with respect to an exhaustion of 2. More precisely, for any
increasing sequence of subdomains €2; C €2;41 contained in a compact 2 we have

MinZ(US2;, ¢) = sup MinZ(L;, ¢) = imMinZ(Q;, ¢).
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The following statement clarifies the special role of globally normalised metrics:

Lemma 4.6. Let ¢ be a conformal class of metrics on a regular distribution H C
T M. Suppose that for a given integer N > 1 and a real number o > 1 there is
a globally (N, a)-normalised metric g € c. Then the conformal (N, a)-minimal
volume

MinZ2(2,¢) = Min?(Q, ¢, N, o)

vanishes for any subdomain Q C M whose volume with respect to g is finite,
P4(Q2) < +o00.

Proof. Since a metric g is globally (N, «)-normalised, then by relations (4.1) so is
the metric 2 - g for any & > 0. Using it as a test-metric, we obtain

Min2(Q, ¢) < P2,,(Q) = e P,(Q).
Passing to the limit as ¢ — 0+, we prove the claim. O

Due to a number of open questions in the subject, at the moment of writing it
is unclear what would be the best or universal choice of N and « in Definitions 4.1
and 4.5. That is the main reason for considering the family of invariants rather
than fixing certain values of N and «. First, we would like MinZ? to be finite for
a large class of complete sub-Riemannian manifolds. Second, it should reflect the
intuition from Riemannian geometry that on “non-negatively curved” objects the
minimal conformal volume vanishes, see [24]. On the other hand, we would like to
be able to choose N and « so that they would depend on the Hausdorff dimension
of a manifold in question only. The following lemma says that such a choice of the
constants N and « is in principle possible:

Lemma 4.7. There exist an integer-valued function N (Q) and a real-valued func-
tion a(Q), where Q ranges over positive integers, such that the value

MinZ2(2, ¢) = Min&(Q2, ¢, N(Q), a(Q)),

where Q C M is a subdomain, c is a conformal class of metrics on a regular dis-
tribution H C T M and Q is the Hausdor{f dimension of M, satisfies the following
properties:

(i) it is finite, if Q C M is compact;

(i) it vanishes, if Q2 is a finite volume subdomain in a Carnot group G equipped
with a left-invariant metric go, and c is the conformal class of go;

(1) it vanishes, if Q is a finite volume subdomain in a quotient G\I" of a Carnot
group G by a discrete subgroup I equipped with a metric g, obtained from
the left-invariant metric on G, and c is the conformal class of g.;

(iii) it vanishes, if Q = M is an odd-dimesional sphere SZHI, L > 1,and c is the
conformal class of a sub-Riemannian metric associated to a standard contact
structure.
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Proof. Set Ni(Q) = 4*2*+! and «1(Q) = 2. Then by Lemma 4.2 any confor-
mal class ¢ on a compact manifold of Hausdorff dimension Q contains a locally
(N1(Q), a1(Q))-normalised metric, and hence, the value MinZ?(M, ¢) is finite.
By Lemma 4.6, the property (ii) is a consequence of the fact that a left invari-
ant metric on a Carnot group G is globally (N{(Q), o1(Q))-normalised, see Ex-
ample 4.3. Similarly, the property (i)’ follows from the existence of a globally
normalised metric on a quotient G\I', see Example 4 4. Finally, note that by Corol-
lary 2.5 for any metric on a compact regular manifold there exist N and « such that
it is globally (N, a)-normalised. Define N2(Q) and o (Q) as such values for an
odd-dimensional unit sphere $2¢*! with a standard contact metric structure, where
Q = 2¢ 4 2. Setting N(Q) and «(Q) to be equal to the maxima of the N;(Q)’s
and the «; (Q)’s respectively, we obtain functions that satisfy the hypotheses of the
lemma. O

As a particular case of the property (i)’ above, we see that the conformal min-
imal volume of any finite volume quotient G\I" vanishes. In addition to the proper-
ties in Lemma 4.7, it is harmless to assume that for Riemannian manifolds (viewed
as a partial case of sub-Riemannian ones) the value Min (M, c¢) vanishes if the
conformal class ¢ contains a metric of non-negative Ricci curvature. This observa-
tion is a consequence of the Gromov relative volume comparison theorem.

For the convenience of references we introduce the following definition:

Definition 4.8. Let H C T M be a regular distribution and ¢ be a conformal class
of metrics on it. By the conformal minimal volume of a subdomain Q2 C M we call
the quantity

MinZ2(2, ¢) = Min#(Q2, ¢, N(Q), a(Q)),

where Q is the Hausdorff dimension of M, and N(Q) and a(Q) are functions that
satisfy the conclusions (i)-(iii) of Lemma 4.7.

As a direct consequence of the property (iii) in Lemma 4.7 we also have the
following statement:

Corollary 4.9. Let H' be a Heisenberg group equipped with a standard left-
invariant sub-Riemannian metric go. Then the conformal minimal volume
MinZ(H¢, [go]) vanishes.

Proof. Recall that a standard left-invariant sub-Riemannian metric go on HY, de-
scribed in Example 2.3, can be viewed as a metric associated to a standard contact
metric structure on HY. Moreover, as is known [16], there is a CR diffeomorphism
that maps the punctured sphere S2¢*!\ {pt} onto the Heisenberg group HF. In par-
ticular, any sub-Riemannian metric on S?¢*! conformal to the metric associated to
a standard contact structure is pushed forward to a sub-Riemannian metric on H*
conformal to go. Thus, we see that

Min2 (', [go]) < Min? (S2*', [g0]),

and the statement follows from Lemma 4.7. O
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The last statement leads to the following more general question:

Question 4.10. Do there exist functions N(Q) and «(Q) of a positive integer pa-
rameter Q such that for any Carnot group of Hausdorff dimension Q equipped with
a left-invariant sub-Riemannian metric g the conformal minimal volume

MinZ(G, [g]) = MinZ(G, [g]. N(Q), a(Q))

vanishes?

4.2. Eigenvalue bounds

Now we state our first main result. It gives a parametric lower bound for the
counting function of the sub-Laplacian (—Aj), which applies to rather general sub-
Riemannian manifolds. In the sequel by a subdomain 2 C M we mean a sub-
domain with a smooth boundary. By |[A| we denote the floor function of A € R,
the greatest integer that is at most A. The proofs of the theorems below appear in
Section 6.

Theorem 4.11. Let (M, H, go) be a complete regular sub-Riemannian manifold.
Then for any integer N = 1 and a real number o > 1 there exist positive con-
stants Co = Co(N) and C1 = C1(N, Q) depending only on N and the Hausdorff
dimension Q of M such that for any subdomain Q2 C M and any sub-Riemannian
metric g that is conformal to go on Q and has finite volume Pg(Q2) < +00 the
counting function N¢(2, }) for the Neumann sub-Laplacian (—Ap) on Q satisfies
the inequality

Ng(Q’ )\')
—1

g LC‘ <“ max P (éx)) (2. @%% - ¢ (Min2(@, [go]))2/Q>Q/2J

for any % = CoMin (R, [g0])/ P ()Y 2, where P, (By) is the volume of a
unit ball in the nilpotent approximation at x € M, and

MinZ(L2, [go]) = MinZ(Q, [go], N, )

is the conformal (N, o)-minimal volume of Q C M. Besides, if a subdomain Q C
M is compact, then the floor function is unnecessary in the estimate above.

Choosing N(Q) and a(Q) as in Lemma 4.7, we obtain a lower bound for
the counting function with the constants Cy and (C;/«) depending only on the
Hausdorff dimension Q, and with the conformal minimal volume satisfying the
properties (i)-(iii) in Lemma 4.7.

Corollary 4.12. Let (M, H, go) be a complete regular sub-Riemannian manifold.
Then there exist positive constants Co = Co(Q) and C1 = C1(Q) depending only
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on the Hausdorff dimension Q of M such that for any subdomain 2 C M and
any sub-Riemannian metric g that is conformal to go on 2 and has finite volume
P4(Q) < 400 the counting function Ng(S2, 1) for the Neumann sub-Laplacian
(—Ap) on 2 satisfies the inequality

-1
Ne(2,2) %C‘ (mé‘x P (éx)) (24202~ (Min Q. [20D)” Q)Q/ZJ

for any » > Co(Min (2, [go])/gzg(Q))z/Q, where ézx(l%x) is the volume of a
unit ball in the nilpotent approximation at x € M, and Min (2, [go]) is the con-
formal minimal volume of Q C M. Besides, if a subdomain Q C M is compact,
then the floor function is unnecessary in the above estimate.

In particular, if Q is a compact subdomain in a Carnot group G equipped with
a left-invariant metric go, or in a quotient G\I" by a discrete subgroup, then the
conformal minimal volume vanishes, and we have

Ng(R,4) = C - (Pgy(B) ' Py (22> forany i >0, (4.5)

where P, (B) is the volume of a unit ball in G, and the constant C depends only
on the Hausdorff dimension Q of G. More generally, if for an appropriate choice
of N(Q) and «(Q) the conformal minimal volume vanishes on some Carnot group
G, then inequality (4.5) holds for any (not necessarily compact) subdomain 2 in
G or in a quotient G\I". For example, this hypothesis holds for the Heisenberg
group H, see Corollary 4.9. Independently whether it holds or not in general (see
Question 4.10) we have the following result that gives eigenvalue bounds of the
form (4.5).

Theorem 4.13. Let (M, H, go) be a complete regular sub-Riemannian manifold
that is globally (N, a)-normalised for some integer N > 1 and real number a > 1.
Then there exists a constant C = C(N, Q) > 0 depending on N and the Hausdorff
dimension Q of M, such that for any subdomain 2 C M and any sub-Riemannian
metric g that is conformal to go on Q and has finite volume P,(Q2) < 400 the
counting function N¢(2, L) for the Neumann sub-Laplacian (—Ap) on Q satisfies
the inequality

~1
Ng(Q.2) > Lc (a max 7, (éx)> Py() ,\Q/zJ

Jor any & = 0, where L@x(éx) is the volume of a unit ball in the nilpotent approx-
imation at x € M. Besides, if a subdomain Q2 C M is compact, then the floor
function is unnecessary in the above estimate.

Recall that, by Example 4.3, any left-invariant metric go on a Carnot group G
is globally (4°2, 1)-normalised. Thus, as a consequence of the last theorem, we
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see that inequality (4.5) holds for an arbitrary subdomain 2 C G and a metric g
conformal to gg such that &2, (Q2) < +o0.
We proceed by explaining how Theorem 1.2 follows from Corollary 4.12:

Proof of Theorem 1.2. Recall that the eigenvalues are related to the counting func-
tion by the following formula

Ak(g) =inf{A = 0: Ng(A) = k}.

For a given positive integer k take as A the value
- __ 2/0
(CO . (Min@[go])z/Q +C, 2e. (max 3” ( ) ) kz/Q) c@g(M)fz/Q,

where Cy and C; are constants from Corollary 4.12. Clearly, for this choice of A
the hypotheses of Corollary 4.12 are satisfied, and by the estimate for the counting
function, we obtain that Ng(A) = k, and conclude that A;(g) < A. ]

With the aim of obtaining eigenvalue bounds less dependent on the geometry

of M, it is interesting to understand when the volume of a unit ball L@ (B ) can be
bounded by a quantity that depends on the dimension of M only. To our knowledge,
the following basic question is open.

Question 4.14. Does there exist a real-valued function C(Q) of a positive integer
parameter Q such that for any Carnot group of the Hausdorff dimension Q equipped
with a left-invariant metric g the volume of a unit ball &2, (B) is at most C(Q)?

By Lemma 2.6 the answer to this question is positive for corank 1 Carnot
groups. As a consequence, for corank 1 sub-Riemannian manifolds the quantity
max 9 (Bx) can be dispensed with in Theorems 4.11 and 4.13. Further, as a con-
sequence of Corollary 4.12 (or Theorem 1.2), for compact subdomains €2 in corank
1 sub-Riemannian manifolds M we obtain eigenvalue bounds

M (8) P, (%2 < Co - Min (2, [g0])) ¥ ¢ + C1 - k72, (4.6)

stated in the introduction as Corollary 1.3.

4.3. Eigenvalue bounds for the Hausdorff sub-Laplacian

As was touched upon above, it is important to know whether the eigenvalue bounds
in (4.6) hold for higher corank sub-Riemannian manifolds. Recall that, when M is
a contact metric manifold, the intrinsic sub-Laplacians A and Aj corresponding to
the Popp and the Hausdorff measures respectively coincide, and inequalities (4.6)
can be also viewed as upper bounds for the eigenvalues A (g) of the latter sub-
Laplacian. The purpose of the remaining part of the section is to show that these
upper bounds hold for i (g) on rather arbitrary compact sub-Riemannian mani-
folds. The definitions and results below are direct analogues of the ones discussed
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earlier. The principal difference is that the quantity @x(é’x) is already taken into
the account in the definition of A, and does not participate in the statements of the
results.

Following the line of exposition above, we first define the notion of (N, «)-
normalised metric. In the sequel by ., we denote the Q-dimensional spherical
Hausdorff measure .#2 on the Carnot-Carathéodory space (M, dg).

Definition 4.1bis. Given an integer N > 1 and a real number o > 1 a complete
regular sub-Riemannian manifold (M, H, g) is called locally (N, «)-normalised if
forany0 <r < 1

(i) each Carnot-Carathéodory ball B(x,r) of radius r can be covered by N balls
of radius r/2;

(i) S (B(x,r)) < a(2r)2 for any x € M, where Q is the Hausdorff dimension
of M,and B(x, r) is a Carnot-Carathéodory ball in M.

If the hypotheses (i) and (i7) hold for balls of arbitrary radius » > 0, then the metric
g is called globally (N, @)-normalised.

We proceed with a definition of conformal (N, o)-minimal volume with re-
spect to the Hausdorff measure.

Definition 4.5bis. Let H C T M be a regular distribution and ¢ be a conformal
class of metrics on it. For a given integer N > 1 and a real number o > 1 by the
conformal (N, a)-minimal Hausdorff volume of a subdomain 2 C M, denoted by

MinARL, ¢) = Min AR, ¢, N, a),

we call the infimum of the Hausdorff volumes .7, (2) over all locally (N, «)-nor-
malised metrics g € c.

It is straightforward to see that the main properties of the conformal (N, «)-
minimal volume continue to hold in this new setting. In particular, so does the
version of Lemma 4.7, stating that there exist an integer-valued function N (Q) and
a real-valued function «(Q) such that the value

Min AR, ¢) = MinAL, ¢, N(Q), «(Q)) 4.7)

satisfies the same natural finiteness and vanishing properties. In fact, the functions
N(Q) and @ (Q) can be chosen to be the same as in the proof of Lemma 4.7. Also,
the invariants Min (L2, ¢) and Min. (2, c) are either both zero or both non-zero
for compact subdomains €2 C M. The relationship between them for more general
subdomains can be described via the properties of the density function f(x) =
2-2P.(By). i

We end with stating lower bounds for the counting function Ng () of the
Hausdorff sub-Laplacian (—Ap). Note that these results are independent of the
corresponding bounds for Ng (1) of the Popp sub-Laplacian, and in general can
not be derived from Theorem 4.11. Throughout the rest of the section we assume
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that M is a closed regular sub-Riemannian manifold. The results continue to hold
for subdomains €2 in complete regular sub-Riemannian manifolds, if the Neumann
problem is well-defined. The latter, for example, occurs when the density function

f(x) =229 (By) is C'-smooth on €.

Theorem 4.11bis. Let (M, H, go) be a closed regular sub-Riemannian manifold.
Then for any integer N = 1 and real number o« = 1 there exist positive constants
Co = Co(N) and C1 = C1(N, Q) depending only on N and the Hausdorff di-
mension Q of M such that for any sub-Riemannian metric g conformal to g the
counting function N (1) for the sub-Laplacian (—Ay) satisfies the inequality

Ne) > Cra™! (M) 2 — CoMinAM. (01 ¢) >

for any A = Co(MinAM, [g0])/-S5(2))*/ 2, where
MinAM, [go]) = MinAM, [go], N, &)

is the conformal (N, a)-minimal Hausdorff volume of M.

The proof of the theorem follows the same argument as the proof of Theo-
rem 4.11 and is discussed at the end of Section 6. Choosing the functions N (Q)
and o (Q) so that they satisfy the properties (i)-(iii) in the version of Lemma 4.7,
we obtain the following corollary:

Corollary 4.12bis. Let (M, H, go) be a closed regular sub-Riemannian manifold.
Then there exist positive constants Co = Co(Q) and C1 = C1(Q) depending only
on the Hausdorff dimension Q of M such that for any sub-Riemannian metric g
conformal to gg the counting function N (X) for the sub-Laplacian (— Ap) satisfies
the inequality

Ng() = C (yg(M)z/Qk — Co(MinAM, [go]))Z/Q) er

for any » > Co(MinAM, [go])/@g(M))z/Q, where Min.AM, [go]) is the con-
formal minimal volume of M in the sense of relation (4.7).

As a direct consequence, we obtain the following eigenvalue bounds
~ _ . L,
J(8) L (M2 < Co - MinAM, [g0]) Y2 + C; 72 k%2,

which generalise bounds in (4.6), see Corollary 1.3, to arbitrary closed regular sub-
Riemannian manifolds. Finally, mention that Theorem 4.13 also has a version for
the Hausdorff sub-Laplacian (—Ap).
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5. Eigenvalue bounds on contact manifolds

5.1. Sasakian structures and the proof of Theorem 1.4

Let (M, 6, ¢, g) be a contact metric manifold of dimension (2¢ + 1), see Exam-
ple 2.1 for the notation. Recall that it is called Sasakian if the following relation
holds:

(¢, p1(X,Y) +dO(X,Y)E =0

for any vector fields X and Y on M. Above, £ stands for the Reeb field, and [¢, ¢]
is the Nijenhuis tensor

[¢, $1(X, Y) = °[X, Y1+ [pX, pY] — $[$X, Y] — $[X, $Y].

In dimension 3 the Sasakian hypothesis is equivalent to the Reeb field £ being
Killing. Sasakian manifolds are often viewed as odd-dimensional versions of Kahler
manifolds. We refer to [9] for the detailed discussion of their properties and exam-
ples.

Recall that the Tanaka-Webster connection on a Sasakian manifold is a unique
linear connection V such that 6, ¢, and g are parallel and whose torsion satisfies the
relations

T(X,Y)=do6(X,Y)§ and T(,X)=0

for any horizontal vector fields X and ¥ on M. In particular, the Reeb field £ is also
parallel, and the Ricci curvature tensor satisfies the relation

Ricci(X, &) =0 for any vector field X.

In other words, only the restriction of Ricci to a contact distribution may carry non-
trivial geometric information.

The proof of Theorem 1.4 is based on the volume doubling properties of
Sasakian manifolds with lower Ricci curvature bound, studied in the series of pa-
pers [5, 6, 7]. We summarise these results in the following proposition.

Proposition 5.1. Let (M, 0, ¢, g) be a complete Sasakian manifold whose Ricci
curvature is bounded below by —1. Then there exist positive constants Cy and C;
depending on the dimension of M only such that

Volg (B(x,2r)) < Cyexp (Car?) - Volg(B(x, 1))

forany x € M andr > 0, where B(x,r) and B(x,2r) are Carnot-Carathéodory
b_alls. Moreover, if the Ricci curvature is non-negative, then there exists a constant
C such that

Volg (B(x, 2r)) < C - Volg(B(x, 1))

foranyx € M andr > 0.
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The first statement of Proposition 5.1 follows by combination of [6, Theo-
rem 1.7] and [7, Theorem 6]. The second can be derived from the proof of [7, The-
orem 6], see [7, Remark 4], and is independently proved in [5].

Proof of Theorem 1.4. By Proposition 5.1 we see that there exists a constant C that
depends on one dimension of M only such that

VolgO(B(x, 2r)) < C_'o . VolgO(B(x, r)) forany0 <r <2, x € M.

A standard argument, see for example the proof of Lemma 4.2, implies that the
metric go satisfies a local covering property: there exists a constant N = N (Cp)
that depends on Cy only such that any ball B(x, r) with 0 < r < 1 can be covered
by N balls of radius r/2. By Example 2.3, the quantity @x (By) equals the volume
of a unit ball in the Heisenberg group, and we clearly have

Volg, (B(x,r)) < oq(go)e?’?x(lg’x)rzz+2 forany0 <r <1, x € M.

Thus, we see that the metric go is locally (N, o)-normalised for N = N (Co) and
o = o1(go). By Theorem 4.11 there exist constants Cop = Co(N) and C; =
C1(N, £) such that for any sub-Riemannian metric g conformal to go on the contact
distribution the sub-Laplacian eigenvalues A (g) satisfy the following inequalities

A (g) Volg (M) VD < ¢ - MinP[go]) /D 4 €y - (a1 (go)we) /T VE!/EFD

for any k > 1, where wy is the volume of a unit ball in the Heisenberg group H.
First, note that the constants Cy and C; above now depend on the dimension of M
only. Second, by the definition of the conformal (N, «)-minimal volume we have
MinZ[go] < Volg,(M). Combining these observations, we obtain the eigenvalue
bounds stated in the theorem. O

5.2. Volume comparison theorems and their consequences

Now we discuss recent volume comparison theorems due to Agrachev and Lee [3]
and Lee and Li [31], which give bounds for the volume growth «(g) and allow to
dispense with this quantity in the eigenvalue bounds.

Recall that the Heisenberg group H can be viewed as a product C* x R with
a Sasakian structure (0, ¢, g), where

6 =dt + % Z (yidxi —xidyi), (xl +iy1,...,xZ +iy€, t) e Cf x R,
i

the frame

0 1,90 ad 1 .0
- - PR )jl - : + X —, Z -
ax! 27 ot ayt 2 ot ot
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is orthonormal in a Riemannian metric g, and ¢ satisfies the relations
¢ (Xi) =Y, oY) = —Xi, ¢(Z) =0.

A straightforward calculation shows, see for example [31], that the curvature tensor
of a Tanaka-Webster connection on H vanishes. The following result due to [31]
uses H as a comparison space to bound the volumes of Carnot-Carathéodory balls.

Proposition 5.2. Let (M, 0o, ¢o, go) be a complete Sasakian manifold of dimension
(2¢ 4 1) whose horizontal sectional curvatures of a Tanaka-Webster connection
are non-negative. Then for any x € M the volume Volg,(B(x,r)) of a Carnot-
Carathéodory ball B(x,r) is not greater than the volume of a ball of the same
radius in the Hesenberg group, that is,

Volg, (B(x, 7)) < wer®™  forany r >0,

where wy is the volume of a unit ball in HE.

Recall that the volume growth ap(g) is defined as the quantity

ao(go) = sup {VolgO(B(x, r))/ (a)grzuz) xeM,r > 0} .

In particular, Proposition 5.2 implies that for a Sasakian manifold M whose hori-
zontal sectional curvatures are non-negative, we have ag(go) < 1. Combing this
fact with Corollary 1.5, we see that on a compact manifold M for any contact metric
structure (0, ¢, g) with 6 = ¢¥6y and j(¢) = j(¢o) the sub-Laplacian eigenvalues
Ak (g) satisfy the inequalities

M (g) Volg M)V EHD - /D, (5.1

where the constant C depends on the dimension of M only. Using Theorem 4.13
we are able to obtain a more general result for not necessarily compact manifolds.

Theorem 5.3. Let (M, 6y, ¢o, go) be a complete Sasakian manifold of dimension
(2¢ 4 1) whose horizontal sectional curvatures of a Tanaka-Webster connection are
non-negative. Then there exists a constant C > 0 depending on the dimension of M
only such that for any subdomain 2 C M and any contact metric structure (0, ¢, g)
on Q, with 0 = €%y, j(¢p) = j(¢o), and Volg(2) < 400, the counting function
Ng (2, A) of the Neumann sub-Laplacian (—Ap) on Q satisfies the inequality

Ng(Q2,1) = [C - Vol (A forany x > 0.

Besides, if a subdomain Q C M is compact, then the floor function is unnecessary
in the above estimate.
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Proof. By Proposition 5.1 we see that there exists a universal constant Cy such that
Vol,, (B(x, 2r)) < Co - Volg, (B(x,r)) foranyr > 0, x € M.

By a standard argument, see for example the proof of Lemma 4.2, we see that the
metric go satisfies a global covering property: there exists a constant No = N (Cop)
such that any ball B(x,r) with r > 0 can be covered by Ny balls of radius r/2.
Combining this property with Proposition 5.2, we conclude that the metric go is
globally (N, 1)-normalised. Thus, by Theorem 4.13 there exists a constant C =
C(No, £) such that for any 2 C M and any sub-Riemannian metric g on 2 that
is conformal to gp on a contact distribution and has finite volume, the counting
function Ng (€2, A) satisfies the inequality

Ng(22,1) > LC - (max ,@g (Ex>)7l yg(Q)k£+1J

for any A > 0. Now if a metric g is associated with a contact metric structure,
then by Example 2.3 the value L@g(éx) equals w, (the volume of a unit ball in

the Heisenberg group H), and the volume P4(Q) coincides with the Riemannian
volume Vol, (€2). ]

The eigenvalue bounds (5.1) can be viewed as a version of the Korevaar re-
sult [30] on the Laplace eigenvalue bounds for Riemannian metrics conformal to a
metric of non-negative Ricci curvature. In view of this analogy we pose the follow-
ing question.

Question 54. Does the conclusion of Theorem 5.3 hold under the hypotheses that
the Ricci curvature of a Tanaka-Webster connection of gp is non-negative?

We proceed with a discussion of volume comparison results for 3-dimensional
Sasakian manifolds. Recall that the corresponding Sasakian space forms are 3-
dimensional Lie groups G, whose Lie algebra has a basis {X, Y, Z} that satisfies
the relations

[X,Y]=Z, [X, Z] = —«Y, [Y, Z] = k X.

The parameter « here takes the values 1, 0, and —1, which correspond to the cases
when G, is SU(2), H', and SL(2) respectively. The left-invariant contact form 6
such that

0(X)=0()=0 and 0(Z2) =-—1,

the metric g that makes {X, Y, Z} orthonormal, and the endomorphism
¢(X) =Y, oY) =X, $(Z) =0,

form a Sasakian structure on G,. As is known [3], the Tanaka-Webster sectional
curvature of a plane spanned by X and Y on G, equals x. The space forms for all
real values of k can be obtained from the examples above by an appropriate scaling.

In [3] Agrachev and Lee prove the following volume comparison theorem for
Carnot-Carathéodory balls:
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Proposition 5.5. Let (M, 0y, ¢o, go) be a 3-dimensional complete Sasakian mani-
fold whose Ricci curvature of a Tanaka-Webster connection is bounded below by «,
that is

Ricci(X, X) > k - go(X, X) for any horizontal vector field X .

Then for any x € M the volume of a Carnot-Carathéodory ball B(x, r) satisfies the
inequality
Volg, (B(x,1)) < w,(r)

foranyr >0ifk 2 0andany0 <r < Zﬁn/«/—x if k <0, where w,(r) stands
for the volume of a Carnot-Carathéodory ball of radius r in a Sasakian space form
of constant curvature K .

The restriction on the radius in the negative curvature case ¥ < 0 is related
to the fact that SL(2) is not simply connected. In [3] the authors give an explicit
formula for the quantity w, (r) for the above values of r as the integral

we(r) = 271/ b, (t, 2)tdtdz,
Qe (r)

where Q(r) = {(t,z) € R?> : 1t € (0, r], kt? + z> < 47?} and the function b, is
defined as

t2(2—2cosr—rsinr)/r4 ifkt? +2z2>0
be(t,z) = { 1?/12 ifkt2+272=0
12(2 —2cosht + rsinh7)/t* if kr? + 22 < 0

with T = |Kt2 + 22’. In particular, it is straightforward to see that there exists

a universal constant w, such that w, (r) < wyr? for any r > 0if « > 0, and any
0<r <2y2n//=kifk <O.

The next result shows that in dimension 3 the volume growth function in The-
orem 1.4 can be dispensed with.

Theorem 5.6. Let (M, 6y, ¢o, go) be a complete 3-dimensional Sasakian manifold
whose Ricci curvature of a Tanaka-Webster connection is bounded below by —1.
Then there exist universal positive constants Co and C| such that for any subdomain
Q C M and any contact metric structure (6, ¢, g) on Q with 6 = e%0y, j(¢p) =
J(¢0), and Volg (2) < +00 the counting function N¢(S2, 1) of the Neumann sub-
Laplacian (—Ayp) on 2 satisfies the inequality

2
Ne(@ 1) > | €1 Voly(@) [ — oYl (D
8 ’ = 1 ) g 0 VOlg(Q)l/z

for any & = Co(Volg,(2)/ Volg(2))!/2. Besides, if a subdomain Q C M is com-
pact, then the floor function is unnecessary in the above estimate.
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Proof. Following the argument in the proof of Theorem 1.4, by Proposition 5.1 we
see that the metric go satisfies the local covering property: there exists a universal
constant Ny such that any ball B(x, r) with 0 < r < 1 can be covered by Ny balls
of radius r/2. By Proposition 5.5 together with the inequality w_; (r) < w.r?, we
conclude that the metric gg is (No, ap)-normalised with oy = w, /w1, where wq
is the volume of a unit ball in H!', see Example 2.3. Now the statement follows
directly from Theorem 4.11. O

As a direct consequence of Theorem 5.6 we obtain the following statement:

Corollary 5.7. Let (M, 0, ¢, g) be a complete 3-dimensional Sasakian manifold
whose Ricci curvature of a Tanaka-Webster connection is bounded below, Ricci >
—a?. Then there exist universal positive constants Co and C such that for any sub-
domain Q C M of finite volume, Volg (2) < +00, the counting function Ng(82, A)
of the Neumann sub-Laplacian (—Ap) on Q2 satisfies the inequality

Ng($2,4) > {c] Volg (£2) (x - coaz)zJ

for any A > Coa®. Besides, if a subdomain Q@ C M is compact, then the floor
function is unnecessary in the above estimate.

When a subdomain €2 C M above is compact, using the relation
M (g) =inf{L >0:N,(A) >k},

it is straightforward to conclude that the lower bound on the counting function
Ng (2, A) in Corollary 5.7 implies that

3 k 1/2
(R, 8) < Coa2+C7V2 [
k(€2, 8) oa”+C, Vol, (©2)

for any k = 1,2,.... This inequality is a version for 3-dimensional Sasakian
manifolds of a classical Buser’s inequality for Laplace eigenvalues on Riemannian
manifolds, see [11,14].

Question 5.8. Does the conclusion of Theorem 5.6 hold in arbitrary dimension?

As a partial answer to this above, we mention that it is likely that the vol-
ume comparison theorems obtained in [31] can be extended to Sasakian manifolds,
whose horizontal sectional curvatures are bounded below by a negative constant.
Given such a result, the argument in the proof of Theorem 5.6 yields the lower
bound for the counting function under the hypothesis that the horizontal sectional
curvatures of gg are bounded below by —1. However, at the moment of writing it is
unclear whether a similar volume comparison theorem holds under the lower bound
for the Ricci curvature.
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6. Proofs of Theorems 4.11 and 4.13

6.1. Decompositions of metric measure spaces

The proofs of Theorems 4.11 and 4.13 are based on the constructions of disjoint
subsets in metric measure spaces carrying a sufficient amount of mass. Below,
(X, d) denotes a separable metric space. We start by recalling the following defini-
tion:

Definition 6.1. For an integer N > 1 a metric space (X, d) is said to satisfy the
local N-covering property if each metric ball of radius 0 < r < 1 can be covered
by N balls of radius r/2. If each metric ball of any radius » > 0 can be covered by
N balls of radius /2, then (X, d) is said to satisfy the global N-covering property.

Building on the ideas of Korevaar [30], Grigoryan, Netrusov, and Yau [23]
showed that on certain metric spaces with global covering properties for any non-
atomic finite measure one can always find a collection of disjoint annuli carrying a
controlled amount of measure. Below by an annulus A in (X, d) we mean a subset
of the following form

{x e X:r <d(x,a) < R},

where a € X and 0 < r < R < +00. The real numbers r and R above are called
the inner and the outer radii respectively; the point a is the centre of an annulus A.
We also use the notation 2 A for the annulus

{xe X:r/2<dx,a) <2R}.
The following statement is due to [23, Corollary 3.12], see also [22]:

Proposition 6.2. Let (X, d) be a separable metric space whose all metric balls
are precompact. Suppose that it satisfies the global N-covering property for some
N > 1. Then for any finite non-atomic measure i on X and any positive integer k
there exists a collection of k disjoint annuli {2 A;} such that

n(Ai) z cn(X)/k  forany 1<i<k,
where c is a positive constant that depends on N only.

Mention that when (X, d) is a locally compact length space (for example, a
sub-Riemannian manifold with a Carnot-Carathéodory metric), the hypothesis that
all metric balls are precompact is equivalent to the completeness of (X, d), see [10].
The following statement, due to [24, Theorem 2.1], is a version of Proposition 6.2
for metric spaces with local covering properties:

Proposition 6.3. Let (X, d) be a separable metric space whose metric balls are
all precompact. Suppose that it satisfies the local N-covering property for some
N > 1. Then for any finite non-atomic measure . on X and any positive integer k
there exists a collection of k subsets { A;} such that

w(A) = cn(X)/k  forany 1<i <k,
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where c is a positive constant that depends on N only, and

— either all A; are annuli such that 2 A; are mutually disjoint, and the outer radii
of the latter are not greater than 1;
— or all A; are precompact subdomains whose p-neighbourhoods

AP = {x € X :dist(x, A) < p}

are mutually disjoint, where p = (1600)~".

The proof of Proposition 6.3 is based on the combination of the method developed
by Grygoryan, Netrusov, and Yau [23] together with the ideas by Colbois and
Marten [14], see [24] for details.

6.2. Lipschitz functions on Carnot-Carathéodory spaces

Let (M, H, g) be a regular sub-Riemannian manifold, and (M, d,) be the corre-
sponding Carnot-Caratheodory space. For a compact subdomain D C M and a real
number 1 < p < 400 consider the sub-Riemannian Sobolev norm

1/p 1/p
</ |u|pd¢@g) + </ |Vbulpd<@g> . (6.1)
D D

Recall that a real-valued function # on M is called Lipschitz, in the sense of the
Carnot-Carathéodory metric d, if there exists a constant L such that

lu(x) —u(y)| < L-do(x,y) for any x and y in M.

As is known, any smooth function is locally Lipschitz in the above sense. We
proceed with the following proposition, due to [18, 19, 20]:

Proposition 6.4. Let D be a compact subdomain in a regular sub-Riemannian
manifold (M, H, g), and u be a Lipschitz function in the sense of the Carnot-
Carathéodory distance dg on it. Then:

(1) The distributional derivative Vpu is a measurable bounded vector-field whose
norm |Vpu| is not greater than the Lipschitz constant L.

(ii) The function u can be approximated in the norm (6.1) by smooth functions
on D. Moreover, if u is compactly supported, it can be approximated in the
norm (6.1) by smooth compactly supported functions.

Mention that the second statement of Proposition 6.4 is an application of the molli-
fication technique, explained in [20, pages 79-81]. Proposition 6.4 shows that com-
pactly supported Lipschitz functions can be used as test-functions for the counting
function Ng(£2, 1) of the Neumann eigenvalue problem on & C M. Below we
construct such functions out of the distance function x — dist(x, A) to a compact
subset A.
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6.3. Proof of Theorem 4.13

Let (M, H, go) be a complete regular sub-Riemannian manifold that is globally
(N, a)-normalised, and 2 C M be a subdomain with a smooth boundary. We
consider M as a metric space with the Carnot-Carathéodory metric dg, and with a

measure [ = ,@g‘ 2, where g is a metric conformal to gg on Q. Let C, = C4(N)
be a constant from Proposition 6.2 applied to (M, dg,). For a given A > 0 denote

by k the integer
R R -1
{c : <¢x max 7, (Bx)> M(M)AQ/ZJ ,

where C = (C,/48)2/%. For a proof of the theorem it is sufficient to construct k
linearly independent Lipschitz test-functions #; such that

/QIVbu,-Izd@g < x/gu%d,@g. (6.2)

By Proposition 6.2 there exists a collection {A;} of 3k annuli in (M, dg,) such that
w(A;) = Cepn(M)/(3k) forany i=1,..., 3k, (6.3)

and the annuli {2 A;} are disjoint. The latter implies that

3k
D QA < (M),
i=1

and hence, there exist at least k sets 2A; such that

nQ2A) < w(M)/k. (6.4)

Without loss of generality, we may suppose that these inequalities hold for i =
1, ..., k. For such an i denote by a;, r; and R; the centre, the inner radius and the
outer radius of A; respectively. We define the Lipschitz test-functions u; on 2A; by
the following relation

1 for r; <dgy(x,a;) < R;

2dg,(x,a;)/ri — 1 for ri /2 < dgy(x,a;) <r;
2—dg0(x,a,-)/R,- for R,’ gdgo(x,a,-) <2Rl‘

0 for dg)(x,a;) = 2R; or dg (x,a;) <ri/2.

ui(x) =

By Proposition 6.4, we see that the horizontal gradient satisfies

' 2/ri whenr; /2 <dg (x,a;) <r;
Vouil () < { 1/R; when R; < dg,(x,a;) < 2R;,
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and vanishes at all other points in M. Note that if Q is the Hausdorff dimension
of M, then the integral f |Vpu|2 d P, is invariant under the conformal change of a
metric; this is a consequence of relation (2.5) in Section 2. Thus, we obtain

/Q|Vbu,~|Qd<@g:/;2|Vbui|Qd<@go

i
<2 20 (a mgx @x (éx>> <49 <a mgazlx ,@x (§x>> ,

where in the second inequality we used the growth property of the globally (N, a)-
normalised metric gg. Now by the Holder inequality, we have

2/0 1-2/0
/ |Vpui|*d Py < (/ |vbui|Qd9g) </ 1d93g>
Q Q 2A;NQ

N0
<16- (a max 7, (Bx)> (AN ~YQ.

2\ ¢ 1\¢
< (7) Do (Blaj, 1)) + (?) Pay(B(ai, 2R;))

Finally, using relations (6.3) and (6.4), we obtain

rere e

5 Y enan)! 210Gk

where in the last inequality we used the definition of k. Thus, the first statement of
the theorem is demonstrated. To prove the estimate for the counting function when
a subdomain €2 C M is compact, we note that in addition to the functions u; above,
any non-zero constant function qualifies as an extra test-function. O

6.4. Proof of Theorem 4.11

Let 2 C M be a subdomain with a smooth boundary. Pick a locally (N, a)-
normalised metric g, from a given conformal class on M, and denote by C, =
C«(N) the constant from Proposition 6.2 applied to the Carnot-Carathéodory space
(M, dg,). We define new constants

Co(N) =3-(1600)?/Cx  and  Ci(N, Q) = (C,/48)9/2.
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Let g be a metric on 2 conformal to g, and A > Co(Min (L2, [go])/,@g(Q))z/Q
be a given real number. Since Co = Co(N) depends only on N, we may choose
another locally (N, o)-normalised metric conformal to g,, which we denote by go,
such that

A > Co (P ()] P (). (6.5)

Now the strategy is to apply Proposition 6.3 to the Carnot-Carathéodory space
(M, dg,) equipped with a measure u = @g| Q. First, denote by 1o the measure
Py, | 2, and by k the integer

Lcl (a max 2, (éx)>_1 (r(M)?/23 = Co (o)) Q/QJ .

By Proposition 6.3 there exists a collection {A;} of 3k subsets in (M, dg) such that
w(A;) = Cepn(M)/(3k) forany i=1,..., 3k, (6.6)
and either

(i) all A; are annuli and 2 A; are mutually disjoint and the outer radii of the latter
are not greater than 1, or

(ii) all A; are precompact subdomains whose p-neighbourhoods Af are mutually
disjoint, where p = (1600)~".

In the first case we proceed following the lines of the proof of Theorem 4.13 to
construct k linearly independent test-functions #; such that

/ |Vpui|*d Py < A / uid P,.
Q Q
Now we explain the argument for the case (ii). First, since Af are mutually disjoint,
we have
3k 3k
Dou(AY) <ud) and Y o (A7) < po(M).
i=1 i=1

Hence, there exist at least k subsets A; such that

w(A?) <pMy/k and o (AL) < po(M)/k. 6.7)
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Without loss of generality, we may suppose that these inequalities hold for i =
1,...,k. For such an i we define the Lipschitz test-functions u; on Af by the
following relation

1 for x € A;
ui(x) = { 1 —dist(x, A;)/p for x € AP\ A;
0 forx € M\ A!.

By Proposition 6.4, we see that |Vpu;| < 1/p, and hence, we obtain
/ Voui|® d Py = / Vouil® d Py < p~Cuo (A7) < p~Cro(M)/k,
Q Q

where the first relation is the conformal invariance property, and in the last we used
the second relation in (6.7). By the Holder inequality and the first relation in (6.7),
we further have

2/0 1-2/Q
f |Vpu;|? d P, < (/ |Vbu,-|Qd<@g> (/ 1d,@g>
Q Q APNQ

< P2 (uo(M)/ k) 2y (A7) 72©
< p 2 (uo(M)/ k) C (M) / k) =2/ €.

Now we use relation (6.6) to obtain

-2
(/ 'Vb"ilzd%)/g u?d%) <32 (o) ()@ < 3.
Q Q C

where in the last inequality we used hypothesis (6.5). Thus, the first statement of the
theorem is proved. The estimate for the counting function on a compact subdomain
Q C M follows from the observation that any non-zero constant function qualifies
as an extra test-function. O

6.5. Proof of Theorem 4.11bis

The proof of the theorem follows the line of argument in the proof of Theorem 4.11
with an obvious substitution of the Hausdorff measure ., with the Popp measure

Py,. O
Appendix
A. Proof of Lemma 2.6

Recall that the Lie algebra g of the Carnot group G has the grading

g=01Dg g =Ig0l I[g1,.921=0, dimg =1,
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where g1 = H, is a subspace in the Lie algebra corresponding to the fiber of the
left-invariant distribution H over the identity. Let g be a left-invariant metric on G.
First, we treat the case when the dimension of g; is even, dim g; = 2¢. Then there
is an orthonormal basis X1, ..., X¢, Y1, ..., Yy of g1 and a vector Z # O from g,
such that

[X;,Yi]=—-biZ fori=1,...,¢

[Xi,Y;]=0 fori # j

[Xi,Z]=1Yi,Z]=0fori=1,...,¢

where b; > 0. It is worth mentioning that by the Campbell-Hausdorff formula
these relations recover the product structure on G. More precisely, denoting points
g € G by triples (x, y, z), where x, y € R¢ and z € R, one can write the group law
in these coordinates

1 4
g-q = (x +xy+y e+ Ezbi(xix;{ —y,-y{))-
i=1

Without loss of generality, we may assume that the group G does not have a Eu-
clidean factor, that is all the b;’s are strictly positive. Further, since the scaling of
a metric g does not change the volume of a unit ball, we may assume that max b;
equals 1. In [1, Section 5] the authors compute the volume of a unit ball in G. With
our conventions, it is given by the following formula

x ¢
Py (B1) = %/0 S—(2£+2);(J1;[i sinz(bjs)) sin(b;s)(b;s cos(b;s) (AD)

—sin(b;s))ds,

where B = []b;, and C; is the constant that depends only on ¢. This formula
is obtained by introducing coordinates where the Popp measure coincides with the
Lebesgue measure.

Now we show that the above integral is bounded independently of the values
of the b;’s. Using the Taylor series and the relations 0 < b; < 1, we obtain

|b;s cos(b;s) — sin(b;s)| < c*(b,-s)3 for any s € [0, ],

where ¢ is a constant that can be taken to be exp(w). Thus, foranyi = 1,..., ¢,
we have

1 b
= / 5T (]_[ sin?(b ,-s)> sin(b;s) (bis cos(b;s) — sin(b;s))ds
0 oy
J#i

T

s s sin(bis)(b,'s)3ds < ey,

<=
bl.zo

where again in the last inequality we used |b;| < 1. Combining the relation above
with formula (A.1), we obtain a bound for the volume &, (Bj) of a unit ball.
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For a proof of the lemma it remains to consider the case when the dimension of
g1 isodd,dim g; = 2¢+ 1. Then one can choose an orthonormal basis X1, ..., X,
Y1,..., Yy, T of g1 and a vector Z # 0 from g, such that

[X:,Yil=—-biZ fori=1,...,¢,

and all other brackets between the X;’s, Y;’s, T, and Z vanish. As is explained
in [1, Section 5.4], the volume of a unit ball in G in this case is given by the
same formula (A.1), and hence, is also bounded independently of a left-invariant
metric g.
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