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A Strongly Degenerate Quasilinear Equation: the Elliptic Case

FUENSANTA ANDREU — VICENT CASELLES — JOSE M. MAZON

Abstract. We prove existence and uniqueness of entropy solutions for the Neu-
mann problem for the quasilinear elliptic equation u — diva(u, Du) = v, where
vell a(z, &) = Ve f(z,€), and f is a convex function of & with linear growth
as ||| — oo, satisfying other additional assumptions. In particular, this class
includes the case where f(z,&) = ¢(2)¥(£), ¢ > 0, ¥ being a convex func-
tion with linear growth as ||§|| — oo. In the second part of this work, using
Crandall-Ligget’s iteration scheme, this result will permit us to prove existence
and uniqueness of entropy solutions for the corresponding parabolic problem with
initial data in L!.

Mathematics Subject Classification (2000): 35J60 (primary); 47H06, 47H20
(secondary).

1. — Introduction

Let Q be a bounded set in RY with boundary 32 of class C'. We are
interested in the problem

u—div a(u, Du) =v in Q
(1.1) {

d

o _ 0 on 082,
an
where v € L1(Q), a(z, &) = Ve f(z,€), f being a function with linear growth

as ||&]] — oo and % is the Neumann boundary operator associated to a(u, Du),

i.e.,
Ju
— = a(u, Du) - v,
an

with v the unit outward normal on 0%2.

Our purpose in this paper is to define a notion of entropy solution for
(1.1), and prove existence and uniqueness results when the right hand side v
is in L'(Q) (or in L>(L), depending on our set of assumptions). Besides the
fact that the elliptic problem is interesting by itself, this result permits us to
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associate to the expression —diva(u, Du) with Neumann boundary condition
an m-accretive operator B in L'(Q) with dense domain, thus, generating a
non-linear contraction semigroup 7'(¢) in L'(2) ([11], [18], [19]), and to use
Crandall-Ligget’s iteration scheme to define the function

t —n
u(t) := T()up = lim (1 1 —B) wo, o€ LN(Q),
n—00 n

which is a semigroup solution of the parabolic problem

0
8—1: =div a(u, Du) in Qr =(0,T) x Q
0
(1.2) ETM -0 on S7 =(0,T) x 0Q
n
M(O, X) = uo(x) in X € Q

In a subsequent work [6] we shall define the notion of entropy solution for (1.2)
and prove that the semigroup solution u(¢) is an entropy solution. Moreover,
we shall also prove that entropy solutions of (1.2) are unique. As a technical
tool both in this paper and in [6] we shall use the lower semi-continuity results
proved in [20] for energy functionals whose density is a function g(u, Du)
convex in Du and with a linear growth rate in Du.

Particular instances of these PDE’s have been studied in [12], [13], [14]
and [21], when N = 1. Let us describe their results in some detail. In [12],
[13], and [21] the authors considered the problem

ou .
{ 57 = @@b@y), in (0,7) xR
u(0, x) = ug(x) inxeR

(1.3)

corresponding to (1.2) when N =1 and a(u, u,) = ¢(u)b(u,), where ¢ : R —
R* is smooth and strictly positive, and b : R — R is a smooth odd function
such that b’ > 0 and lim;_, o, b(s) = bs. Such models appear as models
for heat and mass transfer in turbulent fluids [8], or in the theory of phase
transitions where the corresponding free energy functional has a linear growth
rate with respect to the gradient [29]. As the authors observed, in general, there
are no classical solutions of (1.2), they defined the notion of entropy solution
and proved existence ([12]) and uniqueness ([21]) of entropy solutions of (1.3).
Existence was proved for bounded strictly increasing initial conditions ug : R —
R such that b(u) € C(R) (where b(u(x9)) = bo if ug is discontinuous at xo),
and b(uy(x)) — 0 as x — Foo [12]. The entropy condition was written in
Oleinik’s form and uniqueness was proved using Kruzhkov’s method of doubling
variables.

In [14], [15], the author considered the Neumann problem in an interval
of R

88—”; — (a(u, u,)), in (0, T) x (0, 1)
(1.4) u(£,0) = u,(£,1) = 0

u(0, x) = up(x) in x € (0,1)
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for functions a(u, v) of class C"*([0, co) x R) such that %a(u, v) < 0 for any
(u,v) € [0,00) xR, a(u, 0) =0 (and some other additional assumptions). After
observing that there are no, in general, classical solutions of (1.2), the author
associated an m-accretive operator to —(a(u, u,)), with Neumann boundary
conditions, and proved the existence and uniqueness of a semigroup solution
of (1.4). However, the accretive operator generating the semigroup was not
characterized in distributional terms. An example of the equations considered
in [14], [15] is the so called plasma equation (see [23])

5/2

au w’“u .
(1.5) Z=(—") i 0.T)x O,
ot 1+ uluy|/x
where the initial condition u( is assumed to be positive. In this case u represents
.. 5/2
the temperature of electrons and the form of the conductivity a(u, u,) = 1M+L|Z§|

has the effect of limiting heat flux. However, existence and uniqueness results
for higher dimensional problems were not considered. This will be the purpose
of the present paper.

The case of equations of type

(1.6) u—div a(x, Du) =v in £,
where v € L'(Q), or the corresponding parabolic problem

(1.7) 2—? =div a(x, Du) in (0,T) x Q,

where a(x,§) = Ve f(x,§), f(x,-) being a convex function of & with linear
growth as ||£]] — oo has been considered in [2], [3] and [4] (see also [5]),
where existence and uniqueness results of entropy solutions were proved.

The present work can be considered as an extension of the previous works
to the case where a depends on (u, Du) instead of (x, Du). We treat in this
paper the elliptic case, the parabolic problem being considered in [6]. Entropy
or renormalized solutions for elliptic or parabolic problems of types (1.1), (1.2),
or (1.7), when f(u,&) or f(x,&) has a growth of order p > 1 as ||§]|| — oo,
were considered in [9], [16] and [17] (see also the references therein).

Finally, let us explain the plan of the paper. In Section 2 we recall some
basic facts about functions of bounded variation, denoted by BV (£2), Green’s
formula, and lower semi-continuity results for energy functionals defined in
BV (). In Section 3 we introduce the main assumptions on the underlying
operator, and define the notion of entropy solutions for (1.1). In Section 4
we prove an existence and uniqueness result for the entropy solutions of (1.1)
when the right hand side v is in L'(). To prove existence we shall use the
lower semi-continuity result for energy functionals whose density is a func-
tion g(u, Du) convex in Du and with a linear growth rate in Du proved in
[20], uniqueness will be proved by means of Kruzhkov’s technique of doubling
variables. Finally, in Section 5, we define an m-accretive operator associated
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to —diva(u, Du) with Neumann boundary condition which, thus, generates a
contraction semigroup in L'(2), providing a solution of (1.2) in the semi-
group sense. That semigroup solutions can be characterized in terms of entropy
solutions will be the object of a subsequent paper [6].
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2. — Preliminaries

We start with some notation. Here £V and HY! are, respectively, the N-
dimensional Lebesgue measure and the (N — 1)-dimensional Hausdorff measure
in RV.

Due to the linear growth condition on the Lagrangian, the natural energy
space to study (1.1) is the space of functions of bounded variation. We recall
briefly some facts about functions of bounded variation (for further information
concerning functions of bounded variation we refer to [1], [24] or [30]).

A function u € L'(2) whose partial derivatives in the sense of distributions
are measures with finite total variation in Q is called a function of bounded
variation. The class of such functions will be denoted by BV (L2). Thus

u € BV(Q) if and only if there are Radon measures pup, ..., uy defined in Q2
with finite total mass in € and
(2.1) /uDi(pdx = —/ odu;
Q Q
for all ¢ € Cg°(2), i =1,...,N. Thus the gradient of u is a vector valued

measure with finite total variation
|Du|(2) = sup{/ udivpdx : ¢ € CSO(Q,]RN), lp(x)] <1 for x € Q} .
Q

The space BV (S2) is endowed with the norm

(2.2) ullgv=Iu ll 1 g +IDul(£2).
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For u € BV (K2), the gradient Du is a Radon measure that decomposes into its
absolutely continuous and singular parts Du = D*u+D*u. Then D%u = Vu £V
where Vu is the Radon-Nikodym derivative of the measure Du with respect

to the Lebesgue measure £V. Let us denote by D'u = DS_1)4|DSu| the polar
decomposition of D*u, where |D*u| is the total variation measure of D*u. We
also split D*u in two parts: the jump part D/u and the Cantor part Du.
We denote by S, the set of all x € Q such that x is not a Lebesgue point
of u. We say that x € Q is an approximate jump point of u if there exist
ut(x) #u"(x) € R and v,(x) € S¥! such that

1

lim u —ut(x)|dy=0
o18 £V (B va0) St ey 1 T T

1
lim —
pl0 LY (B (x, vy (X)) J By (xovu(x)

lu(y) —u=(x)|dy =0

where
Bf (x,v,(x)) ={y € By(x) : (y—x,v,(x)) >0}

and
B, (x, vy (x)) ={y € By(x) : (y—x,v(x)) <0}

We denote by J, the set of approximate jump points of u. J, is a Borel subset
of S, and HN~1(S, \ J,) = 0. We have

D/u=Dul_J, and D= Dul(Q\ S.).
It is well known (see for instance [1]) that
Diu= " —u)v,H"" L J,.

Moreover, if x € J,, then v, (x) = | Du‘( X), |g”‘ being the Radon-Nikodym

derivative of Du with respect to its total variation |Du].

Let Q be a bounded open subset of RY. Given a Borel function g :
Q x R x RY — R* such that
(23) Cléll—D =g(x,z,6) =MA+ 51D V(x,2,6) e R x Rx RY,

for some constants C > 0, M > 0, we consider the energy functional
G = [ g0x,utx), Vue) dx
Q

defined in the Sobolev space W' !(2). In order to get an integral representation
of the relaxed energy associated with G, i.e.,

G(u) := inf {linn;ng(u,,) S u, € WHNRQ), u, - u € Ll(sz)},
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Dal Maso in [20] introduced the following functional for u € BV (£2):

R, (u) :=/Qg(x,u(x),Vu(x))dx+/ng (x,u(x),@—;(x)) | D ul|

u4(x)
+ / ( / g°<x,s,vu<x)>ds> dHY (),
Ju u—(x)

where the recession function g° of g is defined as

(2.4)

(2.5) ¢%(x,z, &) = lim 1g <x,z, S).
t—>0t t

It is clear that the function g%(x,z,&) is positively homogeneous of degree
one in &, i.e.

g% (x, z, 58) = s8%(x, 2, &) for all z,& and s > 0.

Let us describe a different way of writing the functional R4(u). Let us
consider the function g : 2 x R x RV x] — 00,0] — R defined as

—8 (X,Z,—g)t ift <0
(2.6) g(x,z,&,1) = t
g0(x, 2, 6) if t =0.

As it is proved in [20], if g is a Borel function satisfying (2.3) and g(x, z, -)
is convex in RY for all (x,z) € Q x R, then one has

Rewy = [ & dat d
g(u)—/mg((x’sxm(x,s)) ], )

2.7
=/Q Rg((x,s),v[u,s);N(u)]) dH" (x, 5),

where o, = DXnw), with N(u) = {(x,s) €e RxQ : s < uy(x)} and
v[(x,s); N(u)] is the interior normal to N(u) at (s,x) if it exists, and
v[(x,s); N(u)] = 0 otherwise.

In [20] Dal Maso proved the following result:

THEOREM 2.1. Let Q be a bounded open subset of R . Letg : QxRxRY — R
be a continuous function satisfying (2.3), g° exists and such that g(x, z, -) is convex
inRN. Then, G(u) = Rg(u) forallu € BV (2) and Rq(u) is lower semi-continuous
respect to the L' (Q2)-convergence.

We need to consider the following truncature functions. For a < b, let
T,.5(r) := max(min(b, r), a). It is usual to denote T = T_y ;.
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PROPOSITION 2.2. Let Q2 be abounded open subsetof RN. Letg : QxRxRN —
R be a continuous function satisfying (2.3), g° exists and such that g (x, z, -) is convex
in RN, Let us define the functional

Rg’b(u)=/g(x,u(x),VTa,bu(x))dx, uewhiQ).
Q
Foru € BV (R2), let
b
Ry () = /Q / g ((x,9),vl(x,s); Nw)]) dH¥ "' (x) ds

+/ (gx,u(x),0) —g(x,a,0)) dx
[u<al]

+/ (g(x, u(x),0) — g(x,b,0)) dx.
[u>b]

Then RZ;I’ (u) is lower semi-continuous with respect to the L' (Q2)-convergence, and
Rg’b coincides with the lower semi-continuous envelope of Rg*b .

Proor. Observe that we have
b
R (Tap () = /Q / g ((x, ), v[(x,5); Nw)]) dH" "' (x) ds.
Hence, we may write

REP0) = Ry (Tp@) + | (gru(),0) = gCx.a,0)) da

[u<a]
+/ (g(x, u(x),0) — g(x,b,0)) dx.
[u>b]

Since the functional R, is lower semi-continuous with respect to LY(Q) con-
vergence (Theorem 2.1), we conclude that R;”b is also lower semi-continuous.

Moreover, if u € W(Q), we have

RO (u) = [a<u<h]g(x,u(x),Vu(x))dx—|— /[m] g(x,u(x),0)dx + /[u>h]g(x,u(x),0)dx
:/[ <b]g(x,u(x),Vu(x))dx+/[< ]g(x,a,O)dx
+ [u>b]g(x,b,0) dx + - (g(x,_u(x),O) — g(x,a,0)) dx
+ [M;b] (g(x, u(x),0) — g(:c, b,0)) dx
= Re(Tapu)) + /{M (g(x, u(x),0) — g(x,a,0)) dx
+ - (g(x, u(x),0) — g(x,b,0)) dx = R&"(u).

Therefore, R‘;,’b is a lower semi-continuous extension of Rg’b to BV (R2). O
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Let g : R x RY — R be a continuous function satisfying
(2.8) Clll =D < gz, §) = M1+ [IE]) V (z,6) € xR x RY,

for some constants C > 0, M > 0. Given u € BV (Q2), let us define the
measures

R, $) = /R /Q S0 (5. V(s 1); N@)T) dHY ' (x) ds

and

b
Re G ¢) = [ [ 9 (01005 N a7 ) ds

+ ]¢(X)(g(u(X),0) —8(a,0)) dx

[u<a

+ [ b]¢(X)(g(u(X),0)—g(b,0)) dx

for any ¢ € C(RQ2). For simplicity, we shall write

Ro(u, ¢) = /Q (1)g(u, Du)

and

RE (u, ) = /S2 6 (X)g(u, DT, ,(w)).

The singular parts with respect to the Lebesgue measure £V of these measures
will be denoted by

(Ry)' (u, §) = /Q ¢ (1)g(u, Du)’

and

(RY")(w.9) = [ B0 DT, 0)),

respectively.

We shall need several results from [7] (see also [26]) in order to give a
sense to the integrals of bounded vector fields with divergence in L? integrated
with respelct to the gradient of a BV function. Let p > 1 and p’ > 1 be such

that % + 7= 1. Following [7], let

(2.9) X,(Q) = {z € L¥(Q,R") : div(z) € L"(Q)}.

If ze X,(2) and w € BV(2) N LP/(SZ) we define the functional (z, Dw) :
Co°(2) — R by the formula

(2.10) ((z, Dw), @) := —/ngodiv(z) dx —/sz-V<pdx.
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Then (z, Dw) is a Radon measure in €2,

(2.11) /(z, Duw) =/Z~dex YV we Wh(Q) N L®(Q)
Q Q
and
(2.12) ‘/(z, Dw)‘ < [ 1@ Dw)l < lzl [ (D]
B B B

for any Borel set B € Q. Moreover, (z, Dw) is absolutely continuous with
respect to |Dw| with Radon-Nikodym derivative 6(z, Dw, x) which is a |Dw|
measurable function from Q to R such that

(2.13) /(z, Dw) = / 0(z, Dw, x)| Dw|
B B
for any Borel set B C Q2. We also have that
(2.14) 10(z, Dw, )o@, pw) < 12l oo (g Ny
By writing

z-Du = (z, Du) — (z- Vu) dCV,

we see that z- D’u is a bounded measure. Furthermore, in [26] it is proved
that z- D*u is absolutely continuous with respect to |D°u| (thus, it is a singular
measure with respect to £V), and

(2.15) |z - D'u| < ||Zlloo| D ul.
As a consequence of Theorem 2.4 of [7], we have:
(2.16) If ze X,,(Q)OC(Q,RN), then z-D’u =(Z~5Tl/>l) d|Dul.

In [7], a weak trace on 02 of the normal component of z € X,(Q) is
defined. Concretely, it is proved that there exists a linear operator y : X,(£2) —
L*°(0€2) such that

ly (@ lloo < [1Zll0o
y@((x) =z(x)-v(x) forall x € 3Q if ze CY(QRY).

We shall denote y(z)(x) by [z, v](x). Moreover, the following Green’s formula,
relating the function [z,v] and the measure (z, Dw), for z € X,(Q2) and

w e BV (Q)N LP/(Q), is established:

(2.17) /w div(z) dx+/(z, Dw) =/ [z, vlw dHN L.
Q Q 02
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3. — Basic assumptions. The notion of entropy solution for the elliptic problem

This section deals with the elliptic problem

3.1 9
G-1) “_0o on 9.

{ v=—div a(u, Du) in Q
% =

Here we assume that  is an open bounded set in RY, with boundary
dQ of class C!, and the Lagrangian f : R x RN — R satisfies the following
assumptions, which we shall refer collectively as (H):

(H;) f is continuous on R x R" and is a convex differentiable function of &
such that Vg f(z,€) € C(R x RY). Further we require f to satisfy the linear
growth condition

(3.2) Golléll — Do < f(z,8) < Mg + 1).

for any (z,&) € R x RV, |z| < R and some positive constants Cy, Dy, M
depending on R. Moreover, we assume that 0 exists.

We consider the function a(z, £) = V¢ f(z,€) associated to the Lagrangian f.
By the convexity of f, we have

(3.3) az,§)-—§& < f(zn) - f(z,§), VzeR, VgneRY,
and the following monotonicity condition is satisfied

(3.4 (a(z,m) —a(z,€)- 1 —§) =0, VzeR, V&neRY.
Moreover, it is easy to see that

(3.5 laGz, &) <M V¥ (z,§) eRxRY, [z] <R

We also assume that a(z,0) = O for all z € R. We consider the function
h:R xRY — R defined by

h(z,§) :=a(z,§)-§.
By (3.4), we have
(3.6) h(z,§)>0 VEeRY zeR
Moreover, from (3.3) and (3.2), it follows that
(3.7) Gollgll — Dy = h(z, ) = M|§|

for any (z,&) € R x RY, |z| < R, where D, is a positive constant depending
on R, Cyp and M being as above.
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(Hz) We assume that (z £) e C(R xRY) for any i = 1,.

This assumption is not necessary for the case of separated variables described
in Remark 3.1.

We assume that
(H3) h(z, &) = h(z,—£), for all z€ R and & € RN and h° exists.

Observe that we have

Collgll < h°(z. §) < Mgl for any (z,§) e R x RV, |z < R.

(Hy) 9z, &) = h%z, &), for all £ e RY and all z € R.
(Hs) a(z, &) -n < h%@z, n) for all £,n € RY, and all z € R.

(Hg) We assume that h°(z, £) can be written in the form 4%(z, &) = ¢ (z)¥°(¢)
with ¢ a C'-function such that for any R > 0, we have ¢(z) > ag > 0 for all
7z €R, |z] < R, and ¥° being a convex function homogeneous of degree 1.

(H7) For any R > 0, there is a constant C > 0 such that

(3.8) |(a(z, &) —a(z, ) - € — &) < Clz— 2| |5 — €]

for any (z, &), (2,6) e R x RY, [z],]2] < R.

Observe that, by the monotonicity condition (3.4) and using (3.8), it follows
that

(3.9) (a(z, &) —a(z,8) - (€ —&) > —Clz — 2| |IE — €|

for any (z, &), (2,€) e R x RY, [z],]2] < R.

Let us observe that under assumptions (Hs4) and (Hg), applying the chain
rule for BV-functions (see [1]), we have

(3.10) Ry(u) = /f(u Vu)dx + ¢° ( )|DJ(u)|

| Du|

where J,(r) = [q ¢(s)ds.

ReEMARK 3.1. An important particular case of Lagrangian f satisfying all
assumptions (H) but (H;), is the one given by f(z,&) = ¢(z2)¥(§) with ¢ a
C'-function such that for any R > 0, we have ¢(z) > ag > 0 for all z € R,
|z]| < R, and ¢ a convex C!-function such that

CollEll — Do < ¥(§) < M5l +1) V& eRY,

and there exists

. £
o) = Tim 1y (;) .
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In this case, if b(§) := Vi (§), we have a(z, &) = ¢(z)b(&), and h(z, &) =
a(z,&) - &€ = p(2)b(&) - €. Then, in order to have that (H) holds we need to
assume that:

(i) b(=&)-(=&)=b(&)-£ >0 for all £ € RY and there exists

lim b (5> P

t—0t t

(i) b€)-n < y°&) -n for all &,neRY,

We note that in this case (H;) is not necessary to obtain existence and uniqueness
of solutions for problem (1.2). Let us prove that (H7) holds. Indeed, by applying
the mean value Theorem, we have

I(a(z, £) —a(z, &) - (5 — &) = [(p(2) — pG)IBE) - (£ — &)

< sup o' (tz+ (1 —1)2)|M |z — 2| 1€ — &| < Clz — 2| & — £,
T€|,

for some constant C > 0 depending on R and any (z,£),(Z,&) € R x RN,
lzI, 12l < R.

ReEMARK 3.2. There are physical models for plasma fusion by inertial

confinement in which the temperature evolution of the electrons satisfies an

equation of type (1.2), where a(z, &) = l‘ﬁz/i; which corresponds to f(z,&) =

121321 — |1z]/% In (1 + |z]|&]) [23], (see also [14] for a mathematical study in
the one-dimensional case). It is easy to check that (H;) (in particular (3.2) and
(3.7)) holds for any (z,&) € R x RV with z € [a, R], a > 0, the constants in
(3.2) and (3.7) depending on a, R. Note that (H,) also holds. We also observe
that h%(z, &) = |z]*/?|&| and (H3)-(Hg) hold. Finally, to check (H;) we observe
that

s PP P
214zIE]  (1+2z]ED?

oda
g(z,é)z

and therefore 5 ;
a 12
- < —
9z (z, S)‘ = ZZ

for any z € [a, R] and any & € RV, It follows that
A 7 12 A
la(z, §) —a(z,§)| < ER lz — Z|

for any z € [a, R] and any £ € RY. Thus (H7) also holds for the values of
z€[a, R] and £ € RV, In this case, the results below will prove existence and
uniqueness of entropy solutions of (1.1) for any initial condition v € L*(2)
such that v(x) > a > 0 for some a > 0.
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We need to consider the function space
TBV(®) = {uel'(@ : TweBV®), Yk>0},

and to give a sense to the Radon-Nikodym derivative Vu of a function u €
TBV(S2). Notice that the function space TBV(2) is closely related to the
space GBV (L2) of generalized functions of bounded variation introduced by E.
Di Giorgi and L. Ambrosio ([22], see also [1]). In [3] we give the following
results.

LEmMA 3.3. Foreveryu € T BV (2) there exists a unique measurable function
v:Q — RY such that

(3.11) VTi(u) = vXu<iy LV —ae.

Lemma 3.4. Ifu € TBV(Q), then p(u) € BV(R2) for every Lipschitz con-
tinuous function p : R — R satisfying p'(s) = 0 for |s| large enough. Moreover,
Vpu) = p'w)Vu LN-ae.

Thanks to Lemma 3.3 we define Vu for a function u € TBV(Q2) as the
unique function v which satisfies (3.11). This notation will be used throughout
in the sequel.

We introduce the following concept of solution for problem (3.1)

DEFINITION 3.5. Given v € L'(RQ), we say that u € L'(Q) is an entropy
solution of (3.1) if u € TBV(Q2), a(u, Vu) € X(2) and satisfies:

(3.12) v = —div a(u, Vu) in D'(Q),
3.12) (a(u, Vu), DT, p(u)) > h(u, DT, ,(u)) as measures Y a < b,
(3.13) [a(u, Vu),v] =0 HN! —ae. on 3.

Recall that, since k(z,0) = 0 for any z € R, h(u, DT, ;(u)) is the density of
the measure RZ’b(u) = Rn(T, p(u)). Our assumptions on i permit to apply the

results described by Theorem 2.1, and Proposition 2.2. Hence, it has sense that
we write h(u, DT, (1)) in (3.13) since it coincides with h(T, ,(u), DT, (u)).

Observe that (3.13) is equivalent to
(3.15) a(u, Vu) - D°T, p(u) > (R;i’b)s(u) as measures VY a < b.

Let us also observe that we require that a(u, Vu) € X(2), and, thus,
a(u, Vu) € L>°(Q,RV). This is reasonable only if we are able to prove that
solutions of (1.1) satisfy it, and, indeed, we shall prove it in Theorem 4.1 under
different sets of assumptions.

We have the following characterization of entropy solutions.
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PROPOSITION 3.6. Letv € L' () andletu € TBV (Q) witha(u, Vu) € X{(Q),
satisfying (3.12) and (3.14). Then u is an entropy solution of (3.1) (i.e., satisfies
(3.13)) if and only if u satisfies

(3.16) /Qqﬁh(u, DT, ,(u)) + /52 T,p(w)a(u, Vu) - Vopdx < /Q(vaa,b(u) dx

forany ¢ € D(2), ¢ > 0.

PrROOF. Assume that u is an entropy solution of (3.1). Multiplying (3.12)
by T, ,(u)¢, integrating by parts and using (3.13) and (3.14), we obtain (3.16).
Similarly, from (3.16), (3.13) and (3.14), we have

/ oh(u, DT, ,(u)) + / T,»(w)a(u, Vu) - Vo dx
° ;
T, d
< /Q $uTo () dx
= —/ diva(u, Vu)T, ,(u)¢ dx
Q
- /Q (a(u, Vi), D(T,»(w)))
= / ¢@(u, Vu), DT, p(u)) + / T,p(w)a(u, Vu) - Vo dx.
Q Q
Hence,

/¢h(”7DTa,b(”)) S/(ﬁ(a(u,Vu),DTa,b(u))
Q Q

for all ¢ € D(2), ¢ > 0. This implies (3.13). O

4. — Existence and uniqueness of entropy solutions

This section is devoted to prove the following existence and uniqueness
result.

THEOREM 4.1. Assume that assumptions (H) hold. Then, for any v € L*°(£2)
there exists a unique entropy solution u € T BV (2) N L™ (2) of the problem

41 9
“.1) M0 on 9.

{ u—diva(u, Du) =v in Q
an

Moreover;, if we assume that the bound (3.5) holds for any (z,&) € R x RY, then
(4.1) has a unique entropy solution u € T BV (2) for any v € L'(Q).
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PrOOF. Step 1. Existence of entropy solutions. Let v € L'(RQ), and let

v, € L®(Q) be such that v, — v in L'(Q). If v € L®(Q) we take v, = v.
Let B(r) = arctan(r). For every n € N, consider

1
2,(z,§) :=a(z,§) + ;ﬁ’(Z)S,

and, then for each m € N,

1
(2, 8) =a,(z,8) + —§
m

Let us fix n € N. Since a,, ,, satisfies the classical Leray-Lions conditions ([28]),
we know that for any m € N there exists u, , € WL2(Q) such that

4.2) / Wty p—V,) dx = —/ Ay s Vitg)-Vw dx Y we WH(Q),
Q Q
that is

Un,m — div a, . (Un,m, v’/ln,m) =v, in D/(Q)
4.3)
[an,m (un,mv Vun,m), v] =0 in 02

Let us prove that
4.4) ln,mlloo < lVnlloo for all m € N.

For that, take w = (uym — ||vnllo)™ as test function in (4.2), we obtain

/ (. — [[Vnlloo)* (tmm — ) dx < 0.
Q

Hence,

/ ([ vnloc)? dix < / (1t — [Vl o)t — V) dx < O.
Wn,m>”vn||oo}

{un,m>llvnlloc}

Consequently, u, ., < |lusllc a.e. in . Similarly, taking w = (up . +
lvnlloo)™ := min(uy , + ||vnllo, 0) as test function, we get —||vylloo < Unm a.e.
in Q. Both inequalities prove (4.4). Now, multiplying (4.3) by B(unm.) we

obtain
1 T

4.5) : / VB2 < fvnlls.
n.JjgQ 2

Since u, ,, is uniformly bounded in m, this implies that {u, ;,}, is uniformly
bounded in W'2(Q). Then, applying the Minty-Browder’s method as in the
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proof of Lemma 3.7 of [2], we can to pass to the limit in (4.2) as m — oo
and obtain a function u, € W"?(Q) such that

(4.6) / w(u, — vy) dx = —/ a,(uy, Vu,) - Vw dx vV we Wh(Q),
Q Q
that is

u, —diva,(u,, Vu,) =v, in D'(Q)
(4.7)
[an(unyvun)7 \)] =0 on 0L2.

Moreover we have the estimates

(4.8) lunlloo < llvnlloo for all n € N,
and
1 y T
4.9) —/ VB < Zlvall.
nJjg 2

Let us prove that u, is a equi-integrable in L'(R2). Let
Po:={peC®®R) : 0<p <1, supp(p’) compact, 0 ¢ supp(p)}.

Let p € Py. Multiplying (4.7) by p(u,), and using Green’s formula, we obtain

/ uyp(u,) dx +/ a(u,, Vp(uy,)) - Vp(u,) dx + l / VB(u,) - Vp(u,)dx
Q Q nJjg

- / v p(ity) dx.
Q

Since the second and third integrals of the left hand side of the above identity
are positive, we obtain

(4.10) /Q o p ) dx < /Q v p i) dx.

This inequality implies that u, is equi-integrable in L'(2). Indeed, it is well
known (c.f., e.g., [25]) that there exists an even strictly convex function M :
R — [0, +oo[, with M(0) = M'(0) = 0, M coercive (lim,_, o0 2% = 400) and
verifying the Aj-condition, such that v and the sequence v, can be considered
as functions in the Orliz space Lj;(2) contained in L!(£2). Then, by results in
[10], (4.10) implies that the sequence {u,} is bounded in L, (£2). Hence, since
Ly (2) is reflexive, {u,} is equi-integrable.
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Let us prove estimates on the gradient independent of n. For that, we
multiply (4.7) by T(u,), T = T,p, a < b, to obtain, after integration by parts,
that

/unT(un>+/a(un,Vun)-VT(unHl/ VB(un) - VT (uy) =/ 0T (itn).
Q Q nJjQ Q

Using (3.7) we obtain
C/Q IVT (un)| < [IT lloollvnllh + DIS2]

for some constants C, D > 0 depending on 7.

Thus, by extracting a subsequence, if necessary, we may assume that u,
converges weakly in L'(2) and almost everywhere to some u € TBV (L) as
n — +oo. Hence, we have that u, converges to u strongly in L'(R) (in
particular, T (u,) converges in L'(Q) to T(u) for any T = Ty.b).

If (3.5) holds for any (z,£) € R x RV, using (4.9) we obtain that
{a,(u,, Vu,) : n € N} is bounded in L?($2, RY). Under the condition (3.5), we
assume that v € L*°(2), and we take v, = v. In that case, [|uyllco < ||V]loo»
and by (3.5) and (4.9), we obtain that {a,(u,, Vu,) : n € N} is bounded in
L?(22,RY). Consequently we may assume that

4.11) a,(u,, Vu,) — z as n — oo, weakly in L*(Q, RY).
Given ¢ € C§°(€2), multiplying (4.7) by ¢ and integrating by parts, we obtain

/(ﬁ(vn —u,) dx = / a,(u,, Vu,) - V¢ dx.
Q Q

Letting n — +o00, we obtain

/Q(v—u)qﬁ dx=/§2z~V¢ dx,

that is,

(4.12) v —u = —div(z) in D'(Q)

and

(4.13) diva, (u,, Vu,) — div(z) in L'(Q).

Since, by (4.9),

(4.14) %|Vﬂ(un)|—>0 in L*(),
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as a consequence of (4.11), it follows that

4.15) a(u,, Vu,) =z as n — oo, weakly in L?(Q2,RV).
Moreover, in any of the considered cases we may assume that
(4.16) a(u,, Vu,) =z as n — oo, weakly* in L>®(Q,R").

By (4.12), we have z € X(£2). On the other hand, taking into account (4.7),
by (4.11) and (4.13), we obtain that

4.17) [z,v] =0 HN"! —ae. on 9.

Let us prove that
(4.18) z(x) = a(u(x), Vu(x)) ae. x € Q.

Let 0<¢ e Ci(Q), g€ C*QNW'®(Q), T =T,p, a <b (in case that
v € L>®(2) we could dismiss the use of the truncatures 7, ;). For simplicity,
we write 7'(r) to mean X5 (r). By (3.4), we have

/ Slaun, Vitn) — alitn, V) - Vit — 1T (ur) dx = 0.
Q
Now, since
/ (]53(1/!,,, Vun) ‘ v(un - g)T/(”n) dx
Q
- / $alin, Vitn) - V(T () — g) dx + / $a(itn, Vitn) - Vg (1 — T'(un)) dx
Q Q
1
- / (i, Vity) - V(T () — g) dx — —/¢Vﬂ<un> V(T (uy) — g) dx
Q nJjg
+ / $a(in, Vitn) - Vg (1 — T'(up)) dx
Q
<- / div (@ (s Vit))$ (T (1) — g)dx — / (T () — € (s Vity) - Vb dlx
Q Q
1
. / $VB ) - Vg dx + / iy, Vity) - V(I — T'(uy)) dx
nJQ Q
<_ / div (@ (s Vitn))$ (T (1) — g)dx — / (T () — @) (s Vity) - Vb dx
Q Q

1
+;/Q¢Vﬁ(un)-vng+M||Vglloo Q¢[(1—T/(un))T’(u()C)) + (1=T"(u(x))))dx
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we get
liirisip/ﬂcba(un, Vu,) -V, — )T (uy,) dx
< [ div@e T —g dr - [ (TG - g2 dr
+M||Vg||oo/ﬂ¢<1 — T'(w)) dx
— [ $@.Dw =)+ MIVel [ $01=Tw)dx,

On the other hand, let us denote by

r r a
Ja, (x,7) ::/ a;(s, Vgx))ds, and Ja, (x,7) = / a—ai(s, Vg(x))ds,
0 Ax; 0 0Xj

3Xj
i,jef{l,..., N}, and observe that, since
ai n)v
J J
we have

0
= Ja; (%, T (un (x))) = 2; (un (x), Vg(X) ; (0, T (un (x))).

8)Cj )C] 8x

We note that assumption (Hj) is used here, and, as we shall notice in
Remark 4.3, (H,) is not needed when f(z, &) has the form described in Remark
3.1. Now, since

d a
Jai (x7 T(un)) - Ja,- (x7 T(u))
8xj an

weakly as measures, and Jaa, (x, T (u,(x))) — Jos; (x, T(u(x))) a.e., we have
7 7

lim inf ¢a(un,Vg) Vu, — )T (u,) dx

n—oo

=J£&/¢Z

— lim sup/ oau,,Vg)-VgT'(u,)dx

n—oo

Ja, (x, T(un(x))) — Joa; (x, T(”n(x)))]

6xl

/ ¢ Zl (0 T (W) — Ty (xJ(u(x)))]

3Xl'

- / pa(u,Vg) - VgT'(u)dx — MIIVglloo/ ¢(1 —T'(w))dx.
Q Q
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Consequently, we obtain

/¢(z,D(T(u)—g))+zM||g||oo/ $(1— T'(u))
Q Q

N

(4.19) —/Q¢<Z

i=l

a
i (. T (u(x)))— Jaa, (x, T(M(X)))} —au,Vg)-VegT (u)>

207

for all 0 < ¢ € Cé (2). Thus the measure

N

(2. D(Tu)—g) — Y

i=1
+au, Vg) - VgT'u) LY +2M|[Vglloo(l = T'(u)) L > 0.

0
o Jai 0 T (X)) = Jou (x, T(M(X)))}
Xi x;

Then using chain’s rule for BV functions ([1], Theorem 3.96) applied to
Ja; (uy, uz) with ui(x) = x, ua(x) = T(u(x)), x € 2, we deduce that the
absolutely continuous part of

R

i=1

7Ja, (x, T(u(x))) — Joa; (x, T(M(X)))]

dxl

is a(u, Vg) - VT (u) £V and we obtain

z-V(Tu)—g)—au,Vg) VT (u)+au,Vg) - VgT'(u)
+2M|IVglloo(l = T'(w)) > 0 ace.
In particular, we deduce that
(z—am,Vg) -Vu—g) >0 ae. in[a <u <D>b].
Since this holds for any values of a, b, a < b, we have that the above inequality
holds a.e. in 2. Since we_ may take a countable set of functions g € C*(2) N
wl "°(€2) dense in C'(Q) we have that the above inequality holds for all

x € Q, where Q C  is such that LY\ Q) =0, and all g € C'(Q). Now,
fixed x € Q and given £ € RV, there is g € C'(Q) such that Vg(x) = &. Then

(2(x) —a((x),§)) - (Vu(x) —§) =0, V§eR".

These inequalities imply (4.18) by an application of Minty-Browder’s method
in RV,

From (4.18), (4.12) and (4.17), it follows that

(4.20) v—u = —diva(u, Vu), in D'(Q)
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and

4.21) [au, Vu),v]=0  H"'—ae on 9Q.

Therefore, to finish the existence part of the proof we only need to prove that
(4.22) (a(u,Vu), DT (u)) > h(u, DT (u)) as measures VT =T,,, a <b.

To do that, first let us prove
(4.23) lim sup/ a(u,, Vu,) - VT (u)¢p(x)dx < / ¢(@a(u, Vu), DT (u))
n Q Q

for any 0 < ¢ € D(R2). For that, if we take w = T (u,)¢ as test function in
(4.6), we obtain

/(Pa(una Vun) : VT(I/!”) dx + l/ ¢v13(un) ‘ VT(un)dx
Q nJjQ
_ / (0 — )T (1) dx — / T (un)aun, Vity) - Vo dx
Q Q

- 1/ T () VB(uy) - Vo dox.
nJjg

Since the sign of the second term at the left hand side of the above inequality
is positive, letting n — co we get

lim sup/ ¢a(u,, Vu,) - VT (u,) dx
n Q
< /Qqﬁ(v —u)T (u)dx — /Q T (w)a(u, Vu) - Vo dx
= —/ diva(u, Vu)T (u)¢ dx
Q

- [ T@aw.Vu)- o = | paw. vu). DT@).
Q Q

Now, let us prove the following inequality for measures
(4.24) f(T (), DT (w)) < (a(u, Vu), DT (u)) + f(T (u), 0).
Using the convexity of f, and observing that

a(T (un), VT (uy)) - VT (uy) = a(u,, VT (uy)) - VT (uy),



576 FUENSANTA ANDREU — VICENT CASELLES - JOSE M. MAZON
we have for any w € W(Q)
/Qd’f(T(Mn), VT (up))dx < /Q¢a(un, VT (un)) - VT (uy) dx
— /Q oa(T (u,), VT (u,)) - Vwdx
+/Qf(T(u,,),Vw)¢ dx.

Choosing w = 0, we obtain

/cbf(T(un),VT(un))de/¢>a(un,VT(un))-VT(un) dx
Q Q i
+ /Q¢f<T(un>,0>dx.

By Proposition 2.2 and (4.23), letting n — oo we obtain

REP(T (). ¢) < limin / F(T ), VT () dx
“ n Q
fliminf/ ba(u,, VT () - VT (uy) dx—l—/ F(T @), 0)p dx
n Q Q
s/¢(a(u,w>,DT(u)>+/¢f(T(u),0>dx,
Q Q

and (4.24) holds.
Note that by the definition of R;’-’b(u,gb), using the chain rule for BV-

functions, we deduce that

DT (u)

|DT (u)|

(T (u), DT (w))* = ¢° ( ) |D* J, (T (w))].

Then using (4.24), we have

(a(u, Vu), DT (u)) = (a(u, Vu), DT u))*“ + (a(u, Vu), DT (u))*

DT (u)
DT (u)|

>a(u,Vu) - VT (u) + lﬂo < ) |D* J, (T (u))| = h(u, DT (u)).

Step 2. Uniqueness of entropy solutions. Given v,v € L'(RQ), let u,u € TBV(RQ)
be two entropy solutions of the problems

4.25 0
( ) o =0 on 992

{ u—div a(u, Du) =v in Q
an
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and

4.26 ou
( ) o _ 0 on 012,

{ u—divau,Du)=v in Q
an

respectively. Let us assume that v € L*>(2). In this case, also u € L*°(2).
Indeed, to prove this observation it suffices to multiply (4.26) by T (@ —[|V]lc0),
and, integrating by parts, we obtain

/ T (i — [[7]lo0) @ — D) dx < 0.
Q

Now, dividing by ¢ and letting ¢ — 04, we obtain
05/ (u—v)dx <0.
u>|vlloo

We deduce that |[{x € Q: 7 > ||[Ul|eo}| = 0, ie., ¥ < ||U]|co. In a similar way
we prove that —||v]|. < u.

Let p, be a classical mollifiers in RV, and let us write &,(x, y) = p,(x —y).
If we denote z(y) = a(u(x), Vu(x)) and z(x) = a(u(x), Vu(y)), we have

u—diviz) =v and u-—div(Z)=v in D(Q).

Then, multiplying both equations by 7, (u(y) —u(x))&,(x, y) and integrating by
parts, we obtain

/ U T (u(y) — TC)En(x, M)y + / £0(@ Dy (To(u — (x))
Q Q
427) + /SZ To(u(y) — GC)ZY) - Vyka(x, y) dy
- /Q VO T u(y) — Tx)En(x, y) dy
and
/ BT (y) — 700 (x, y)dx + / £0(@, Dy (To(u(y) — )
Q Q
(4.28) + /Q To(u(y) — B))Z(x) - Vi (x, y) dx

_ /Q T T (u(y) — W(x))E, (x. y) dox.
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Integrating (4.27) in x and (4.28) in y, and taking differences we obtain

/ / W(y) — TN To(u(y) — T))n(x, y) dx dy
QJQ

+ /Q ( /Q Ea(2 D),(Tg(u—ﬁ(x)») dx

+ oo Te(u(y) —u(x)z(y) - Vyéu(x, y)dydx

- /Q ( /Q £(, Dx<Ts(u<y>—ﬁ)> dy

- /Q () = VR - Vi (5, ) dx dy

- / / W) = TEN T (u(y) — T (x, y) dx dy.
QJQ

Let I{',1; be, respectively, the first term at the rest of the terms at the left hand
side of the above identity, and let /3 be the right hand side term. Note that,
by applying Green’s formula and using that 7 (—r) = —T:(r) and V,&,(x, y)+
Vién(x,y) =0, we get

1= [ ([ ewoaa-umn)a- [ ([ 60w -on)d

+ / To(u(y) — TC)2Y) - Vyka(x, y) dy dx
QxQ
- /Q () = )R - Vi (5, 9) dx dy
_ /Q () =700 [(0) = 20) - (V6 (5, 3) + Vi, )] dy dx

+ /Q ( /Q Ea(, Dy(Ts(u—mx)))) dx

+ / To(u(y) — B))Z) - Vya(x, y) dx dy
QxQ

- / ( / £(@ Dx(mu(y)—u)))) dy
Q Q

- /Q () = a0 - Vi (5, ) dy dx

- [ [e@pymw—acn) ax- [ ( [ &@o. 010 -uw) dx
QAR o \Ua

Let us define u,(x, y) := Tf€+u(y),e+u(y)(ﬁ(x))’ ue(y, x) = T_eyux),eran) @(y)).
Observe that, since u € L*°(2), we have that u.(-, y), u.(x, -) € BV(£2). Since

To(u(x) —u(y) =ue(x,y) —u(y), To(u—u(x))=uc(y,x)—ux))
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we have
Dy (T (u — u(y))) = Dxue(-, y), Dy(Te(u —u(x))) = Dyuc(-, x).

Therefore, we can write

I =/Q(/Qén(x,y)Z(y)'Vyus(y,x)dy> dx

- / ( / sn(x,y)i(x>-vyug(y,x)dy> dx
-i-/Q </ S,,Z-D;us(-,x)> dx —/Q( Q.5,%,12()6) . D;ug(-,x)) dx
+ / ( / sn<x,y)z<x>-vxm<x,y>dx> dy

Q

/ /én(x WZ(y) - Vil (x, y)dX) y
Q

d
/ EZ - Dy (-, y) dX> dy — . ( €.2(y) - Dy (-, y)dx> dy

- /Q 66, (@) = 30 - (Ve (3, 3) = Vi (. )y

+/Q </Q 67 D;ug(-,y)dX) dy _/Q </Q SnZ(y)-D;ME(-,y)d.X) d
+/Q </Q £,z - D;ug(‘,x)> dx —/Q </Q EnZ(x) - D;”*E("x)> dx

=1, + I, + ;.

Let us compute /). Let us write S = T_gjoo—e|illcot+e- BY (3.9) it follows
that

L = /ng En(x, ) (2(y) —Z(x)) - (Vyue(y, x) — Vyilte(x, y)) dy dx
= /Q o En(x, VT, (u(y) — u(x)(2(y) —2(x)) - (Vyu(y) — Vyu(x)) dy dx
= /Q o En(x, VT, ((y) — u(x)(2(y) —2(x)) - (VySu(y)) — Viit(x)) dy dx

—C En (e, )T, (u(y) —u () u(y) —u(x)| | VySu(y)) — Vit (x)lldy dx

QxQ
u(y)+e
> _Cs / / Ea(x. DIV, S@() — Ve dx | d
Q u(y)—e
Hence
1
(4.29) S >o0(e)  VneN,
£

where o(g) is an expression that tends to 0 as ¢ — 0T,
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Now we analyze /3,. Having in mind condition (3.13) of the definition of
entropy solution, we obtain that

/Q (/Q .2 Dyue(-,y) dx) dy > /Q (/Q Eh( (-, y), Dxﬁg(.’y))f) dy

On the other hand, by (Hs) and (Hg), we have
S — = s 0,5 S
2(y) - Dyuc (-, y) = (2(y) - D’ug) | Dyuie| < ()Y~ (D ue)| Dyt |.

Therefore we have

Bz | ( /| snhmg,Dxm)S) ar— [ ( / snso(u(ywo(ﬁ)w;m) dy
-/ ( | & @@ g>|DCﬁs|> dy
- [ ([ avwonn @) av
+/g (/,ﬁf” (ﬁs)+(x)i<ﬁs>(x) ([2?:?‘””“) Ve ‘9)|DI”8'>
- /Q ( /Q sngo(u(y)>w°(DTi>|D;{ﬁsl) dy = Ji + I3

where J{' denotes the first and second terms of the above expression, and J3'
the third and fourth terms. Now, since ¢ is Lipschitz continuous, we have

17 / (/ Enlo e (x)) — @)Y (DS_S)IDC%I) dy

<M, / ( / . (x) —u<y>|Tiw(y),m(y)(ﬁ(x))|D§ﬁ|) dy

=M, / </ |z (x) —u(y)IIDﬁuI> d
xeQ : —etu(y)<u(x)<e+u(y)}

)

Using the coarea formula, we get

u(y)+e
7] < 2eM, /Q ( / ' Per({ﬁ(x)z/\})dk) dy,

u(y)—e

which yields

(4.30) lim J1 =0 VneN.
g0t &
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On the other hand, working in a similar way as before, we have

(@) T (x)

n 1 . 0,795 J
e Q/ [,/ b ((_ )[( lgo(s) so(u(ymds)w (D) | DI | dy

u(y)+e
< 2£Mn/ / Per({u(x) > A})dA | dy,
Q u(y)—e

and we obtain that

1
4.31) lim —-J; =0 Vn eN.
e—>0tT &

Then, by (4.30) and (4.31), we get
1
4.32) -1, > o(¢) VneN.
£
In a similar way, we also obtain that
1
(4.33) —I; > o(¢) Vn eN.
£
Now, from (4.29), (4.32) and (4.33), we deduce that
1 n
=15 > o(¢) VneN.
I3
Consequently, since

lim lim —I] /lu(x)—u(x)|dx

n—>o0 g0t &

and

lim lim —I3 /Iv(x)—v(x)ldx

n—>0 0t €

we deduce that
4.34) /Q lu(x) —u(x)|dx < /Q lv(x) —v(x)|dx.

In particular, this implies the uniqueness of entropy solutions of (4.25) when
the right hand side v € L*°(2).

Finally, assume that v,7 € L'(Q) and u,u € L'(Q2) are the corresponding
entropy solutions of (4.25), and (4.26), respectively. Let v,, € L*°(2) be such
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that v, — v in L'(RQ), and let u, be the corresponding entropy solution.
Observe that, from estimate (4.34) we deduce that

/ [u(x) —u,(x)|dx < / [v(x) —v,(x)|dx — 0.
Q Q

Hence u, — u. Again, from (4.34) we have

/|u(x)—ﬁn<x>|dxs/ v(x) — Ta()] dx,
Q Q

and, letting n — oo we obtain

(4.35) /Q|u(x) —ulx)|dx < /Q [lv(x) —v(x)|dx.

This concludes the proof of the Theorem. O

REMARK 4.2. When applying Kruzhkov’s method, if instead of multiplying
by T.(u(y) — u(x)) we multiply by T.(u(y) —u(x))", we obtain the estimate

(4.36) /Q(u(x) —u(x)Tdx < /Q(v(x) —o(x)) " dx.

REMARK 4.3. We observe that (H,) is not used when f(z,&) = p(2)¥ ()
as in Remark 3.1. Indeed, it suffices to prove the analogous of (4.19). Let us
comment on this in the case where v € L*>(£2), where we do not need to use
truncatures. Since a(z, §) = ¢(z)b(&), if we denote by J,(r) := for o(s)ds, we
have

lim | $a00,. V) - Vi, = 1dx = lim [ 6 ¢(u,)b(Ve) - Viu, — g dx

n—oo Q

= lim ; ¢b(Vyg) - (VJw(un)—w(un)Vg) dx.

n—oo

Now, since VJ,(u,) = DJ,(u) weakly as measures, we have

Jim | a, Vg) Viuy —g)dx = /Q $Ib(Vg) - DJ, () — (b(Vg) - V]

and (4.19) follows as in the proof above.

REMARK 4.4. If a(z, &) = % ([23], [14]), then Theorem 4.1 holds for

any v € L°°(Q2) such that v > a, for some a > 0. In this case, we approximate
v by functions v, € L°(2) such that v, > a. Moreover, multiplying the
equation

u, —a —diva,(u,, Vu,) = v, —a

by (4, —a)” = min(u, — a,0) and integrating in 2 we obtain that

/ (Gt — ) ) dx < / (0n — @)ty — @)™ dx <0
Q Q

and we deduce that u,, > a. Hence u > a.
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5. — Semigroup solution

In this section we shall associate an m-accretive operator in L!'() to
the formal differential expression —div a(u, Vu) together with the Neumann
boundary conditions.

DEFINITION 5.1. (u,v) € By if and only if u € TBV(2), v € L'(R) and u
is an entropy solution of problem (3.1), that is, a(u, Vu) € X(2) and satisfies:

(5.1 v = —div a(u, Vu) in D(Q)
5.2) a(u, Vu) - D’T, p(u) > (R;’h)s(u) Ya < b,
(5.3) [a(u, Vu),v] =0 HN' —ae. on 992.

Let us define the operator B = By N (L*°(2) x L*°(L2)).

Let (u,v) € By, w € BV(Q)NL®(RQ), and T =T, , a < b. Multiplying
(5.1) by w — T (u), using Green’s formula (2.17) and having in mind that (5.2)
is equivalent to (3.13), we obtain

/(w —T(u)vdx = — / (w — T (u))div a(u, Vu)dx
Q Q
= /(a(u, Vu), Dw — DT (u))
Q
—/ [a(u, Vu), vi(w — T (u)) dHN ™!
IQ

< / (a(u, V), Dw) — e (u).
Q
Therefore, if (u, v) € By, we have that
5.4) /(w —T)v dx < /(a(u, Vu), Dw) — RZ’b(u),
Q Q

for all w € BV (2) N L™ ().

PrROPOSITION 5.2. Assume we are under assumptions (H). Then B is accretive
in L'(R), L®(Q) € R + B) and D(B) is dense in L'(Q). Moreover, if we
assume that (3.5) holds for any (z, £) € R x RN, then By is accretive in L' (2), and
R(I + By) = L'(Q).
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Again, we observe that assumption (Hp) is not required if f(z,&) =
©(2)Y(£), being ¢ a bounded C' function such that ¢(z) > ar > 0 for all
z €R, |z] < R (see Remark 3.1).

ProoF. The accretivity of the operator By in L'(S2) and the range condition
follow from Theorem 4.1.

To prove the density of D(B) in L'(2), we prove that CP () €D(B)
Let v € C§°(2). By Theorem 4.1, v € R(I—i—%B) for all n € N. Thus, for each
n € N, there exists u, € D(B), ||unllco < ||V|lco, such that (u,, n(v —u,)) € B.
Consequently, using 7' = Tj,, in (5.4), we get

L@

/ (W — unn(v — uy) dx < / (@(tn, Vity), Dw) — R (i),
Q Q

for all w € BV (2) N L>®(2). Taking w = v, we get

/(v —u,)? dx < ! (/ a(u,, Vu,) - Vvdx —Rh(un))
Q n Q

n

1 M
< —/ a(u,, Vu,) - Vudx < —/ [Vu| dx.
Q n Jo

Letting n — oo, it follows that u, — v in L?(R2), hence in L'(R2). Therefore
2 1

v E D(B)L @ - D(B)L “ and the proof is complete. O
From Proposition 5.2, if we denote by B the closure in L'(Q) of the

operator B, it follows that B is m-accretive in L'($2) and WLI(Q) =L'(Q).
Observe that, in case that (3.5) holds for any (z,£) € R x R¥, then By is
a closed operator, since it is m-accretive (i.e., it is accretive and satisfies the
range condition). Hence B € By, and being both operators m-accretive in
L'(Q2), then B = By. Thus, from now on we shall write both operators as
B. From Proposition 5.2, and according to the general theory of nonlinear
semigroups (c.f., e.g., [11]), for any ug € L'(Q) there exists a unique mild
solution u € C([0, T]; L'(2)) of the abstract Cauchy problem

(5.5) u'(t) + Bu(t) 0, u(0) = up.

Moreover, u(t) = T(t)up for all ¢t > 0, being (7' (¢));>o the semigroup in LY(Q)
generated by the Crandall-Liggett’s exponential formula, i.e.,

¢ -n
T(uy = lim (1 + —B> Uup.
n— 00 n

LEMMA 5.3. Given A > 0, andu € L1(Q),1 < g < oo, ifv = (I + AB)"u,
then

(5.6) vllg = llullg-
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As a consequence, for any ug € L1(2), 1 < g < 0o, we have
5.7 T(®uge L1(R2) Yt =>0.

PrOOF. Let us prove the assertion assuming that u € L°°(€2). In that case we
know that v = (I +AB)"'lu = (I + AB)"'u € L®(Q). Since v = (I + AB) 'u,
we have (v, %(u — v)) € B. Then, a(v, Vv) € X(2) and the following holds:

1
X(u —v) = —diva(v, Vv) in D(Q),

a(v, Vv) - D*v > (Ry)* (v),
[a(v, Vv),v] =0 HV"! —ae. on 9Q.

Let Py be the set of functions defined in the proof of Theorem 4.1. For p € Py,
by Green’s formula, we have

/‘ pW)(v—u)dx = k/ p)diva(v, Vv)dx = —A / (a(v, Vo), Dp(v))
Q Q Q

= —A/ P (wa(, Vv) - Vodx — A/ a(v, Vv) - D*(p(v)).
Q Q
Now, by (3.6), it follows that

/ p'(v)a(v, Vv) - Vvdx > 0.
Q

On the other hand, by the chain rule for BV-functions (see [1]), we have
D*(p(v)) =p,D’v with p, > 0, p, being the Vol’pert averaged superposition.
Moreover, by [7],
f(a(v, Vv), Dp(v), -) =6(a(v, Vv), Dv,-) |Dv|— a.e.
Then,
a(v, Vv) - D*(p(v)) = 0(a(v, Vv), Dp(v), )| D’ p(v)|
=p,0(a(v, Vv), Dv, -)|D’v|
= 7,a(v, Vv) - D'v > P, (Rp)* (v) = 0.
Therefore, we get

/ p) (v — ) dx <0,
Q

and consequently,

/p(v)vdx < / p(Wudx VY pePo.
Q Q

This implies (5.6), having in mind a result of [10].

Finally, let us consider the case where u € LY(Q), v = (I + AB) 'u. Let
u, € L*(Q) be such that u, — u in L1(). Then, if v, = (I + AB) 'u,, we
have that [|v,|l; < lluslly, and v, — v in L'(Q). Hence, letting n — oo we
obtain [[v]ly < [lull,.

Last assertion is a consequence of (5.6). O

In [6] we shall define the notion of entropy solution for (1.2), and we shall
prove that entropy solutions are unique and coincide with semigroup solutions.
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