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The monodromy representation
of Lauricella’s hypergeometric function F¢

YOSHIAKI GOTO

Abstract. We study the monodromy representation of the system E¢ of differ-
ential equations satisfied by Lauricella’s hypergeometric function F¢ of m vari-
ables. Our representation space is the twisted homology group associated with
an integral representation of F-. We find generators of the fundamental group
of the complement of the singular locus of Ec, and we give relations for these
generators. We express the circuit transformations along these generators, using
the intersection forms defined on the twisted homology group and its dual.

Mathematics Subject Classification (2010): 33C65 (primary); 32540, 14F35
(secondary).

1. Introduction

Lauricella’s hypergeometric series Fc of m variables x1, ..., x,; with complex pa-
rameters a, b, c1, . . ., ¢y 1s defined by

i (a7n1++nm)(b7nl++nm) ni N

Fc(a,b,c;x) = Xy
(c1,n1) - (cms Bm)n1! - - - Ay ! ! "

e,y =0

where x = (x1,...,Xy), ¢ = (C1,.--,Cm)> Cl,---,cm € {0,—1,—=2,...}, and
(c1,n1) =T'(c1 +n1)/ T (cy). This series converges in the domain

Dc = (xl,...,xm)e(C’”

m
Y Vial <1t
k=1

and admits an Euler-type integral representation (2.3). The system Ec(a, b, c¢) of
differential equations satisfied by Fc(a, b, c; x) is a holonomic system of rank 2"
with the singular locus § given in (2.1). There is a fundamental system of solutions
to Ec(a, b, ¢) in a simply connected domain in D¢ — S, which is given in terms of
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Lauricella’s hypergeometric series Fc with different parameters; see (2.2) for their
expressions.

In the case m = 2, the series Fc(a, b, c; x) and the system Ec(a, b, c) are
called Appell’s hypergeometric series F4(a, b, c; x) and system E4(a, b, c) of dif-
ferential equations. The monodromy representation of E4(a, b, ¢) has been studied
from several different points of view, see [5,6,8,12]. On the other hand, there were
few results of the monodromy representation for general m. In [2] Beukers studies
the monodromy representation of A-hypergeometric system and gives representa-
tion matrices for many kinds of hypergeometric systems as examples of his main
theorem. However, it seems that his method is not applicable for Lauricella’s F¢.

In this paper we study the monodromy representation of Ec(a, b, ¢) for gen-
eral m, by using twisted homology groups associated with the integral represen-
tation (2.3) of F¢(a, b, c; x) and the intersection form defined on the twisted ho-
mology groups. Our consideration is based on the method for Appell’s E4(a, b, c)
in [5].

Let X be the complement of the singular locus S. The fundamental group of
X is generated by m + 1 loops po, p1,..., pm Which satisfy

pipj=pipi (1<i,j<m), (pop)* = (pkpo)* (1 <k <m).

Here, px (1 < k < m) turns the divisor (x; = 0), and pg turns the divisor
m
[ <1 + Zek./_xk> =0
k=1

around the point (#, ey m%) In the appendix, we show this claim by applying

the Zariski theorem of Lefschetz type. Note that, for m = 2, an explicit expression
of the fundamental group of X is given in [8].

We thus investigate the circuit transformations M; along p;, for0 < i < m.
We use the 2 twisted cycles {A;};cq1,... .m) constructed in [4], which represent
elements in the m-th twisted homology group and correspond to the solutions (2.2)
to Ec(a, b, c). We obtain the representation matrix of My (1 < k < m) with
respect to the basis {A;}; easily. The eigenvalues of M are exp(—2m+/—Icy) and
1. Both eigenspaces are 2"~ !-dimensional and spanned by half subsets of {A;};.
On the other hand, it is difficult to represent M directly with respect to the basis
{A}1. Thus we study the structure of the eigenspaces of M. We find out that it is
quite simple; our main theorem (Theorem 5.6) is stated as follows. The eigenvalues
of My are (—1)"! exp(2m/—1(ci + - - + ¢y —a — b)) and 1. The eigenspace
Wo of eigenvalue (—1)" ! exp(27w/—1(c1 + - - - + ¢, —a — b)) is one-dimensional
and spanned by the twisted cycle D...,,, defined by some bounded chamber. Further,
the eigenspace W) of eigenvalue 1 is characterized as the orthogonal complement
of Wy = CD,;...,, with respect to the intersection form.

As a corollary, we express the linear map M; (0 < i < m) by using the
intersection form. Our expressions are independent of the choice of a basis of the
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twisted homology group. To represent M; by a matrix with respect to a given basis,
it is sufficient to evaluate some intersection numbers. In particular, the images
of any twisted cycles by My are determined only from the intersection number
with the eigenvector Dj...,; see Corollary 5.7. In Section 6, we give the simple
representation matrix of M; with respect to a suitable basis, and write down the
examples for m = 2 and m = 3.

The irreducibility condition of the system E¢(a, b, c¢) is known to be

a—Zci, b—Zci¢Z

iel iel
for any subset I of {1, ..., m}, as in [7]. Throughout this paper, we assume that the
parameters a, b, and ¢ = (cy, ..., cy) are generic, which means that we add other

conditions to the irreducibility condition; for details, refer to Remark 7.6.

ACKNOWLEDGEMENTS. The author thanks Professor Keiji Matsumoto for his use-
ful advice and constant encouragement. He is also grateful to Professor Jyoichi
Kaneko for helpful discussions. He thanks the referee for suggesting some im-
provement in the previous version of the article.

2. Differential equations and integral representations

In this section we collect some facts about Lauricella’s F¢ and the system E¢ of
differential equations that it satisfies.

Notation 2.1. (i) Throughout this paper, the letter k always stands for an index
running from 1 to m. If no confusion is possible, Y ;*, and [[;_, are often
simply denoted by > (or > ;) and [] (or [],), respectively. For example,
under this convention F¢(a, b, c; x) is expressed as

$ @I b T

FC(Cl,b,C;X): H(Ck,nk)'l_[nk! k -

N,y Ny =0

(i) For a subset I of {1, ..., m}, we denote the cardinality of I by |I]|.

Let ¢ (1 < k < m) be the partial differential operator with respect to x;. We set
Ok = X3 0k, 0 1= Zk 0. Lauricella’s F¢(a, b, c; x) satisfies differential equations

[0kOk +ck —1) —x,x @ +a)@+D)] f(x) =0, 1<k<m.

The system generated by them is called Lauricella’s hypergeometric system
Ec(a, b, c) of differential equations.
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Fact 2.2 ([7,11]). The system Ec(a, b, ¢) is a holonomic system of rank 2™ with
the singular locus

S = (l_[xk "R(x) = 0) ccm
k

(2.1)
R(X1, ..., Xp) = ]_[ <1 —i—Zsk«/_xk) .
ElyeenEm==E1 k
If c1,...,cm & Z, then the vector space of solutions to Ec(a, b, ¢) in a simply

connected domain in D¢ — S is spanned by the following 2™ functions:

fr=]]x"""Fc (a =) e b+ 111 - Zci,c’;x) .Y

iel iel iel

where I is a subset of {1, ..., m}, and the row vector ! = (c{, ,c,In) of C™ is

defined by
It 2—cr (kel
Ck (k &1).
Note that the solution (2.2) for I = @ is f(= fp) = Fc(a, b, c; x),and R(x) is an
irreducible polynomial of degree 2! in x1, ..., Xp.

Fact 2.3 (Euler-type integral representation [1, Example 3.1]). For sufficiently
small positive real numbers xi,...,x,, if ¢1,...,cm,a — Y. cx & Z, then
Fc(a, b, c; x) admits the following integral representation:

Il —a)
[[TAd—c) - T (Xcx—a—m—1)

cx—a—m —b
./;Htk—ck(l_ztk)Z k (1_2);_1‘) dtyA---Adty,

Fela,b, ¢ x)=
(2.3)

k

where A is the twisted cycle made by an m-simplex [1, Sections 3.2-3].

This twisted cycle coincides with Ay = A introduced in Section 4. In the case
of m = 2, we show a figure of A in Example 4.1.

3. Twisted homology groups and local systems

For twisted homology groups and the intersection form between twisted homology
groups, refer to [1,13], or [4, Section 3].
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Put X :=C™ — S and

v(t) —1—sz, w(t, x) —]_[tk ( Zx")

Tk

= {(t,x)e(cm x X

ntk-v(t)-w(t,x)#O}.
k

There is a natural projection
pr: X — X, (t,x) — x,

and we define T, := pr_1 (x) for any x € X. We regard T as an open submanifold
of C™ by the coordinates t = (t1,..., ;). We consider the twisted homology
groups on Ty with respect to the multivalued function

Mx(t) :=Hl¢76k+b i U(l’)zck_a_m_'—l'l,U(l, x)—b

T (- (e p )

I

(the second equality holds under the coordination of branches). We denote the k-th
twisted homology group by Hi (7%, u,), and the locally finite one by H,if (Ty, uy).
Facts 3.1 ([1,4]).

(i) Hy(Ty,uy) =0, HY (Ty, uy) = 0,fork # m.
(i) dim Hy, (Tx, uy) = 2™.
(iii) The natural map Hy (T, ux) — H. (Ty, uy) is an isomorphism (the inverse
map is called the regularization).

Hereafter, we identify H,l,{ (Ty, uy) with H,,(Ty, uy), and call an m-dimensional
twisted cycle by a twisted cycle simply. Note that the intersection form 7}, is defined
between H,, (T, uy) and H,, (T}, u;l).
For x, x’ € X and a path 7 in X from x to x’, there is the canonical isomor-
phism
Tyt Hyy (Tx, uy) — Hy (Tyr, uyr).

Hence the family
H:= U Hy (T, uy)
xeX

forms a local system on X .

Let § be a twisted cycle in Ty for a fixed x. If x" is a sufficiently close point
to x, there is a unique twisted cycle 8" such that [, u, ¢ is obtained by the analytic
continuation of [; u.¢, where

dry N - ANdty,

T (0 -Xn)
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Thus we can regard the integration [ u,¢ as a holomorphic function in x. Fact 2.3
means that the integral f A Ux@ represents Fc(a, b, c; x) modulo Gamma factors.
Let Sol be the sheaf on X whose sections are holomorphic solutions to Ec(a, b, c).
The stalk Soly at x € X is the space of local holomorphic solutions near x.

Fact 3.2 ([4]). Forany x € X,

O, Hy (T, uy) — Soly; § — /uxgo
s

is an isomorphism.

4. Twisted cycles corresponding to the solutions f;

Fact 2.2 implies that Sol, is a C-vector space of dimension 2 and spanned by f7’s,
forx € Dc —S. In [4], we construct twisted cycles Aj that correspond to f7, for all
subsets 1 of {1, ..., m}. In this section, we review the construction of A; briefly.
We construct the twisted cycles A; € H,,(Tx, uy), for fixed sufficiently small
positive real numbers x1, ..., x,. Weset J := I = {1, ..., m} — I. We consider

M; = C" — (U(sk =0)U (v; =0) U (w; =0)>,

k
where v; and wy are polynomials in s1, . .., s, defined by
X; Xj
o= (1= 222w ) we= [T (1-2e- X2
icl iel i jes jed icl el Si

Let u; be a multivalued function on M; defined as
. C A B
up = l_[sk" “vp e wy,
k

where
A:=ch—a—m+1, B = —b,
C52=C,'—1—A(i61), Cj2=1—Cj—B(j€J).

Note that if / = ¢, then uy and My coincide with u, and T, in Section 3, re-
spectively. We construct the twisted cycle Ay in M with respect to u;. Let € be

.. e 2 .
a positive real number satisfying ¢ < ﬁ and x; < % (we use the assumption
gl = --- = &, = ¢ in [4, Section 4]). We consider the closed subset
1= si>¢,
m iel
o :=4@1,...,5m) €R" | s > ¢,
1— Z S > €

jeJ
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which is a direct product of an |/|-simplex and an (m — |I|)-simplex, and is con-
tained in the bounded domain

1-— Z; S ZJSj >0,
STy --.s8m) € R™ | s >0, € s
(s1 m) k -y s-Y %50
iel jer !
The orientation of o7 is induced from the natural embedding R™ ¢ C™. We con-
struct a twisted cycle from o ® uy. Set Ly := (sy = 0),..., Ly = (s =
0), Lpp1 :=(1 =Y ;78 =0), Lo = (1 — Zjejsj = 0), and let U(C R™)
be the bounded chamber surrounded by L1, ..., Ly, Ly+1, Lm+2, then oy is con-

tained in U . Note that we do not consider the hyperplane L, (respectively L,,+2),
when I = { (respectively I = {1, ...,m}). For K C {1,...,m + 2}, we consider
Lk := NpexLp, Ug := U N Lk and Tx := e-neighborhood of Ug. Then we

have
=U—-|JT«.
K

Using these neighborhoods Tk, we can construct a twisted cycle A; in the same
manner as [1, Section 3.2.4]. _
We briefly explain the expression of A;. For p =1,...,m + 2, letl, be the

(m — 1)-face of o7 given by o7 N T),, and let S, be a positively oriented circle with
radius ¢ in the orthogonal complement of L, starting from the projection of /,, to

this space and surrounding L. Then A is written as

o1 @ur+ > ]_[ <<ﬂzp>x]_[sp>®u1,

P#KC{l,....m+2) pek dp pek pek
where
di=y;—1G €l d; ::yj_l—l(jEJ)
dpy1 = ,3_1 -1 dyyo = o ]—ka —1

and o := eZV7la g Q2VTID = p2TY 1k W often omit “Quy .

Example 4.1. In the case of m = 2 and I = J, we have

~ S]Xl] SzXlz S4Xl4
A =0 1 1 1
1 -y -y, l—a " yin
NERY) S2 x S4 A

(1= )(=r") (1= Y-anp) (—ayirn)(l-y")

where the 1-chains /; satisfy do = [ + [ + [4 (see Figure 4.1), and the orientation
of each direct product is induced from those of its components. Note that the face
[3 does not appear in this case.
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818y — XS, — X8, =0

l-5,-5,=0
Figure 4.1. A(= A) form = 2.
Using the bijection
b Mp—> T (st ooosm) =, oo tm),

f =?(ie]), tj=s;j(jel.
1
we define the twisted cycle Ay in T (= My) as Ay := (=DM «(A)). Note that
t7(oy) is contained in the bounded domain {(#{,...,t,) € R™ | t1,..., tm, v(t),
w(t, x) > 0} which is denoted by D;...,, in Section 5.

We regard {A;}; as the 2™ twisted cycles Aj’s arranged as (A, Aq, Ao, ...,
Am, A2, A3, ..., Ar..;m). For a twisted cycle § with respect to uy, we denote by
8V the twisted cycle with respect to u; !, which is defined by the same construction
as used for &.

Fact 4.2 ([4]). We have

[Irei—1-]] F(l—cj)-F<ch—a—m+1>F(1—b)
jél k

iel

CDx(AI): ‘f]-
F(Zci—a—|1|+1)F(Zci—b—|I|—|—1)

iel iel

The intersection matrix H := (In(A7, A})
entry Hy y of H is

I is diagonal. Further, the (I, I)-

(- 1n) (- 1)
1;[(1/1(—1)-<01—l;[)/k) (/3—1).

Hpp= (=Dl

Therefore, the A;’s form a basis of H,,; (Ty, uy).
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5. Monodromy representation

Put x = (Zm%, R #) € X. For p € m(X,x) and g € Sol;, let p,g be the
analytic continuation of g along p. Since p.g is also a solution to Ec(a, b, ¢), the
map px : Sol; — Sol;; g +> pyg is a C-linear automorphism which satisfies
(p - px = p o px for p, p € m(X, x). Here, the composition p - p of loops p
and p’ is defined as the loop going first along p, and then along p’. We thus obtain
a representation

M (X, %) — GL(Soly)

of 71 (X, x), where GL(V) is the general linear group on a C-vector space V. Since
we can identify Sol; with H,, (T}, u;) by Fact 3.2, the representation M’ is equiv-
alent to

M m(X, %) > GL(Hp (T, uy)).

Note that, for p € 71(X, x), the map M (p) : Hy(T;, uz) — H,yu(Ty, uz) coincides
with the canonical isomorphism py : H,, (Ty, uz) — H, (T%, uy) in the local sys-
tem H. The representation M (and M) is called the monodromy representation,
which is the main object in this paper.

For 1 < k < m,let pi be the loop in X defined by

1 eZﬂ\/TIQ 1
0,110~ |—,...,——,...,— ) € X,
P 10,11 2m? 2m? 2m?
where 62;56 is the k-th entry of p(6). We take a positive real number gq so that
&0 < min {ﬁ ﬁ — #} and we define the loop pp in X as pp := 700)T0,
where

1 1
70:[0,1120 > ({(1—-60)- — +60 - — — &9 (1,...,1) e X,
2m? m?
1 =t
p61[0,1]39|—>(—2—8062” —‘9>(1,...,1)ex,
m

and Ty is the reverse path of 7g.
Remark 5.1. The loop p; (1 < k < m) turns the hyperplane (x; = 0), and pg turns

the hypersurface (R(x) = 0) around the point (# R #) , positively. Note that
(#, ey #) is the nearest to the originin (R(x) =0)Nx| =x2 =+ = xp) =
{#(1,...,1), ﬁ(l,...,l),...}.

Theorem 5.2. The loops pg, p1, - - ., Pm generate the fundamental group 71 (X, X).

Moreover, if m > 2, then they satisfy the following relations:

pipj=pjpi (1<i,j<m), (popr)* = (okpo)*> (1 <k <m).
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Remark 5.3. It is shown in [8] that if m = 2, then 71 (X, x) is the group generated
by po, p1, p2 with the relations in Theorem 5.2.

We show this theorem in Appendix A. By this theorem, for the study of the
monodromy representation M, it is sufficient to investigate m + 1 linear maps

M == M(pi)) 0=<i=<m).

Proposition 5.4. For 1 < k < m, the eigenvalues of My, are yk_l and 1. The
eigenspace of My of eigenvalue yk_l is spanned by the twisted cycles

A, kelcC{l,...,m}
That of eigenvalue 1 is spanned by
A, kgl cC{l,...,m}.
In particular, both eigenspaces are of dimension 2™~
Proof. By Fact 4.2, the twisted cycle A corresponds to the solution
J1= ]_[x,-l_c" - Fc (a + |- ZCi,b+ [1] — Zc,',c’;x>
iel iel iel

to Ec(a, b, c). Since the series F¢ defines a single-valued function around the
origin, we have

-1
/ Vv fi kel
Mo = {7 ES]

Therefore, we obtain this proposition. 0

Corollary 5.5. For 1 < k < m, the linear map My : H, (T;, u;) — H,(Ti, uy)
is expressed as

~ (5, AY
M8 8—(1—y I)ZI;,((A[iAIy))AI'

>k

Further, the representation matrix My, of My, with respect to the basis {A[}] is the
diagonal matrix whose (I, I)-entry is

yk_l 1>k
1 IFk.

Proof. We prove the first claim. By Proposition 5.4, H,,(Ts, u;) is decomposed
into the direct sum of the eigenspaces: H,, (T%, u;) = (P, (CAI)EB(@I;k CAp).
Then it is sufficient to show that the claim holds for § = A;. This is clear by Fact
4.2 and Proposition 5.4. The second claim is obvious. O
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For each subset I C {1,...,m}, we define a chamber D; which gives an
element in H,, (T, u;). For I = {1, ..., m}, we put

Dy ={t1,....tw) eR" |, >0(1 <k <m), v(t) >0, w(t,x) > 0}.
For I =, we put
Dy=D:={1t1,....t) eR" |t <0 (1 <k <m)}.
For I #0,{1,...,m}, we put

D :={(r1 oty e R [ >00ED 1 <00 ED). }

v(t) >0, (=)™ M+ly@, %) >0

The arguments of the factors of u;(¢) are defined as follows:

tGel) (¢l v() w(t, X)

Di..m 0 — 0 0
D - - 0 —miw
otherwise 0 -7 0 —(m—|Il+Drx

By the identification of H,lnf (Ty, uy) and H,, (T, u,) (see below Fact 3.1), we can
consider that the (open) chamber D; defines an element in H,, (T, u,). Note that
if m = 2, then D, Dj, D;, and D, are equal to Ag, A7, Ag, and As in [5],
respectively. We state our main results:

Theorem 5.6. The eigenvalues of My are (—1)"~! [Tk v - a '~V and 1. The
eigenspace Wy of M of eigenvalue (—1)"~! [T v -a~ 18~ Vis spanned by Dj...,,
and hence is one-dimensional. The eigenspace Wi of My of eigenvalue 1 is spanned
by

D;, 1C{l,....m),

and expressed as

Wy = {8 € Hu(Ti, us) | In(8, Dy ,,) = 0}.
In particular, this space is (2™ — 1)-dimensional.
The proof of this theorem is given in Section 7.
Corollary 5.7. The linear map My : H, (T;, uz) — H, (T, uyi) is expressed as
In (8, DY )
Iy (D1, DY)

Mo:8 86— (l—l—(—l)ml_[yk.alﬁl) Di..pm.
k

Proof. By Theorem 5.6, we have H,, (T, u;) = Wo @& W; = CD;...,,, ® W;. Then
it is sufficient to show that the claim holds for § = D;j..,, and § € Wj. This is clear
by Theorem 5.6. 0
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Proposition 5.8. We have
Iy (D1, AY) = I (A, AY) = 1 (A7, DY .,) - (5.1)
Thus we obtain
Din= Y Ap (52)

af + (=D" 1;[]/k

Iy (D1, DY) = (5.3)

B-D (a—l_[)/k>
k
This proposition is also proved in Section 7. By this proposition, we obtain the
following corollary.
Corollary 5.9. The linear map M is expressed as
B-D (Ol—nl/k>
k
Mo:8— 68— oF Iy (8, DY...,,) Do

Let My be the representation matrix of M with respect to the basis {Ar};. Then
we have

B-1 (06 —l'[m)
My = Eom — 7 k 7 NH,

where Eym is the unit matrix of size 2™, N is the 2™ x 2™ matrix with all entries 1,
and H = (Ih(AI, AY,))I v is the intersection matrix given in Fact 4.2.

Proof. The expression of M follows immediately from Corollary 5.7 and (5.3).
To obtain the representation matrix, we have to show that the representation matrix
of the linear map § — I, (4, DK“m)D]...m is given by N H. By Proposition 5.8, we
have

I (A7, DY ) Drew =15 (A, AY) Dy = Zlh (A, AY)Ap
1/

In(Ar,AY
In(Ar,AY
:(A’AlaAZa"-7AM9A125A13a'--7A1-~m) . ’

In (A7, AY)

and hence the claim is proved. O
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Remark 5.10. Let po be aloop in X turning the hyperplane Lo, C P at infinity.
Because of

Poo = Ne(l1 - Lly1€1.10 - - £0..0) "L,

we can express M (poo) by Corollaries 5.5, 5.9, equalities (A.1) and (A.2); see
Appendix A, for the notations 7, and £.. However, it is too complicated to be
written down. Here we give the eigenvalues of M(poo). Similarly to [9, Section

2.3], it turns out that x,;“f(j—;, e, x;” L 1 ™ —) is a solution to Ec¢(a, b, ¢) if and
only if f(&1,...,&y)isasolutionto Ec(a,a —cy +1,(c1, ..., cm—1,a—b+1))
with variables &1, ..., &,. Then an argument similar to that used for Proposition

5.4 shows that the eigenvalues of M (poo) are « and 8. Moreover, both eigenspaces
are of dimension 2”1,

6. Representation matrices

For 0 < i < m, the matrix representation of M; with respect to the basis {A;};
is given by M; in Corollaries 5.5 and 5.9. However, M) is too complicated to be
written down. In this section we give another basis {A/I} 1 of H,,(T;, uy) and write
down the representation matrix of M; with respect to this basis.

In this and the next sections, we use the following formulas.

Lemma 6.1. For a positive integer n and complex numbers L1, . . ., A,, we have
% =11 > 5t =115
= - ’ (6‘1)
NClTmmyien 1~ )‘l 1- )" N} ieN M~ -1
Z [a —)»1)1_[?»1 > 1)'N|H(M—1)HM—1 (622)
..... n)leN IgN Nc(l,...,n} leN IgN

> [Jou-b= ]_[/\z. 63)
=1

Ncil,...,n}leN
Proof. Because of

A 1 1 A
1 4+ !

1 - T . = T 1
i T 1o -1 ay—1

we obtain (6.1) by induction on n. The equalities (6.2) and (6.3) follow from the
first and the second ones of (6.1), respectively. O

Let P be the 2 x 2™ matrix whose (N, I)-entry is

. [T vn
ﬂl_[yj neN (N CI)

R T [ ey
neN neN
0 (NZ1I)
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and {A’}; be the basis of H,, (T}, u;) defined as
(A", AL Ay A A Al AL,
= (A, AL Ao Ay, A, Az, Ar) P
Namely, A/, is defined by
1 1_[ Vn
A/,:aﬂl_[yj Z< ne)N< >AN.

J¢l Vi NcI O‘_Hyn ﬂ_n)/n
neN neN

Note that P is an upper triangular matrix.
Lemma 6.2. We have

(“‘Wk)(ﬁ‘ll”k) : > 4 +<—1>’"""&

At
aﬂ];[yk " i il;[l)’i op

/

Proof. By the definition, the left-hand side is equal to

(o) o one

-af
(04
ﬁl;[)/k Nl m) (a_ ul )/n> </3_ il yn>
neN neN
o
+ ) []‘[(w N e N £ 64
1 .myLjgI E[Vk icl
1_[ Vn
< Z neN AN1|-
Ncl (Ol— [1 Vn) (ﬂ_ I1 Vn)
neN neN
Clearly the coefficient of Aj...,; in (6.4)is 1. The coefficientof Ay (N # {1, ..., m})
is
[T v
neN

(=11 ) (- 117)

(“ﬂ”) (’3 _1;[”‘) op
+ vi=D | 5+
E[Vk ,;V 111 Vi [Tw« ( Ey
I1#(1,...,m} k
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which equals to 1 by the equalities (6.2) and (6.3). Therefore, by using (5.2), we
conclude that (6.4) is equal to

Z Aj = Dy..p.

Corollary 6.3. For 0 < i < m, let M] be the representation matrix of M; with
respect to the basis {A}}1. Then we have

M) = Eyn — No, M, = My + N (1 <k <m),

where Nj; is defined as follows. The (I, I')-entry of Ny (respectively Ny) is zero,
except in the case of I’ = ) (respectivelyk € I’ and I = 1' — {k}). The (1, #)-entry

of Ny is
RO G0
o
,.1;[, ” +(=1) B otherwise.

The (I' — {k}, I")-entry of Ny is 1.

In particular, M; (1 < k < m) is upper triangular, M) is lower triangular, and
the (4, ¥)-entry of M|} is

1- (1 + (—1)’”11—;") =" w7

Proof. First, we evaluate M. By Corollary 5.9, it is sufficient to show that the
matrix representation of the linear map

B-=D <01 - HVk)
k
7
is given by Ny. By Fact 4.2 and Proposition 5.8, we have

S

148, Dy. ) D1..m

(,3—1)<06—1_[Vk> .
(Xﬂ . Ih(A/[/, Dlvm)Dlm: < Z (—1)|N|> l_[ Li] . D]...m,
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and hence we obtain
B-1 <Ot —l_[7k>
k
ap

Thus Lemma 6.2 shows the claim.
Next, we evaluate M ,/{ (1 <k < m). We have to show that

’ v _ | Dim I'=9
(A, Dy ) Dy = { 0 otherwise.

A k¢l
Mi(ap) = { v A kel
If k ¢ I,then the subsets N of I also satisfy k € N, and hence we have My (Ay) =

Ay by Proposition 5.4. This implies that My (A}) = A/, for k ¢ I. We assume
k € I. For a subset N of I — {k}, we have

Yk —

_ 1 _
Mi(An) = An = (Vk T4 > An,  Mi(Anuw) =¥ Anu-

Then we obtain

) [T v
_ N
Mi(Ap =y A+ ap [ ~— Z = Ay
¢l Vi nei= <O‘_H Vn)(ﬂ_n Vn)
neN neN
1 [T va
=y ' Atap [ L—- nelN Ay
jei—ky Vi NCI=tk) <(X - 11 )/n) (ﬂ -1 Vn>
neN neN
=y, 'Ap+ A (k) =

Example 6.4. We write down M/ (0 <i <m) form =2,3.

(i) In the case of m = 2, the representation matrices M/,, M i, Mé are as follows:

—up 000
_1l . nr
o L4 U2 100
e I
_(la=ryr)B=riv)
afy1v2 001
1100 101 0
) 0%00 ) 010 1
M = oo11 |’ My = 00%0
0001 000 L
Y V2

These are equal to the transposed matrices of those in [5, Remark 4 .4].
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(ii) In the case of m = 3, the representation matrices My, M|, M}, M} are as fol-

lows:

nrays
af

_ 1 _ niyrys

Y1 ap

_ 1 _ nyrys

72 ap

_ 1 _ rirys

af
+ Yiy2ys

V3

72 Vz Caf
_ 4+ Ny

Y1 Vz

B
+ Yirys VZ V3

V2V3
_ =iy B- }’1)’2)/3) 0000001

coocooco o~
oo o oo~

100

001
000
000
000
000
000

afy1v2v3

S O OoOS~o~ o O
oSO oS~ o—~0 OO
O~ O OO0 OO
S~ O Oo0c0C oo

coco~ooococo
oS OF~o oo —O
OoJ~ o0 o0 o ~0 O

7. Proof of the main theorem

Smo o~ cooco

0000000
1000000
0100000
0010000
0001000
0000100
0000010

10
01
00
00
00
00
00

00

©c oo o o3~o~—
cocooco~ocoo

S O o5~ o~ 0O

=Nl oo NoloNo
oSmro o~ oo O

Smo—~ ococococo

In this section we prove Theorem 5.6. Since dim H,, (T%, u;z) = 2™, it is sufficient
to show that Dy’s are eigenvectors and linearly independent. First, we evaluate

the intersection numbers I, (Aj,
of {Dy}; by evaluating the determinant of the matrix (Ih(A I, DIV/))

L1

Dy)). Second, we show the linear independence
Third, we

prove the properties of the eigenspace of My of eigenvalue 1. Finally, we show

that Dj...,, is an eigenvector of M of eigenvalue (—1)"~! [Tk v - a” gl
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7.1. An expression of D;...,,

We prove Proposition 5.8 using imaginary cycles and the A;’s introduced in Section
4.
Fix any s9 € o7, and set

V=IR? = {so VIO ) | e ) € R’"} c M,

which is called an imaginary cycle. By arguments similar to those in the proof
of [4, Proposition 4.3 and Theorem 4.4], we can prove that the integration of u¢
on (17)«(+/—1R7") also gives the solution f; to Ec(a, b, c), under some condi-

tions for the parameters a, b, c. Therefore, (¢ 1)*(\/—1R’1")V is orthogonal to the
cycles Ap (I’ # I) with respect to I, (cf. [5, Proof of Lemma 4.1]), and hence
(L[)*(\/—IRT)V is a constant multiple of A,V. Note that both Dj...,,, and ¢j (o)

intersect 17 (+/—1R7") at ¢/ (so) transversally. Since D...,, and t; (o) have a same
orientation (cf. [4, Remark 4.5 (i)]), we have

I (Dl...m, (1) (\/—_1R7)v) =1 (AI, )s (J—TRT)V) .

Thus we obtain

v o_ Iy (A” Ay)
L (D1 () (V—=TRTYY)

. (VETRY)

which implies the first equality of (5.1) because of

I (D1..‘m,AY)= I (AI’AI) — I (Dl‘..m,(u)* (x/—_IR'I">V)
Iy (D1 )« (V=TRY) )
=1 (A7, AY).

The second equality of (5.1) is shown as
I (A1 DY) = (D)™ Iy (D, AY) = (=)™ Iy (A1, AY) = I (A1, AY),

where g(at, B, V1, -, ym) " i=g@ L BTy Ly D for g, B v ey Vi)
€ C(a, B, ¥1, - . ., Ym). The orthogonality of the A;’s implies

Iy (D1, AY)

Dl--~m = Z mAI = ;AI’

I
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which is equality (5.2). Hence the self-intersection number of D;...,, is

I (Drm. DY) = 3 In (A1, AY)
1

HVj'(O‘__HVi>(,B—HVi> af + (D" w
_ Z(_l)mjgél iel iel _ k '
4 E[(Vk_l)'<a_];[)/k)(ﬁ—l) (/3—1)(&—1;[7%)

At the last equality, we use (6.3). Therefore, Proposition 5.8 is proved.

7.2. Intersection numbers

For I,I’ C {1,...,m}, we evaluate the intersection number I;(Aj, DIV,). By
Proposition 5.8, we may assume I’ # {1, ..., m}. We set

J={1,....m}y=1, J :={1,...,m}=1,

Iy:=INI, L:=InJ, Jo:=JnI, J:=JnJ.
Using ¢;, we have I,(A;, D)) =1I,(Ay, l~)}/,), where Dy := (=D )7 (Dy).

Note that the orientation of D; is also induced from the natural embedding R"
C™ . Thus o7 and Dy have the same orientation. For I’ # @, Dy is a chamber

si>0Gel),sj<0( &I, }

{(Sl’ e sm) € BT ity (s) > 0, (1B (5) > 0

loaded the branch of u; by the assignment of arguments as follows:

si(i €1') si(i € Ih) si(i € J1) vi(s) wy (s)
argument 0 T -7 |hlz (L] =+ D)m

In fact, the conditions for v; and w; are simply given by
I—Eﬁ—gs->0 I—Es~—5ﬁ<0
' st . J 9 . 1 . S )
iel jeJ iel jeJ v

respectively, because |J'| = |I1| + |Ji|. In the case I’ = @ (then Iy = Jy = @),
Dy = D is a chamber

{Gs1,....8m) €eR" | sx <0 (1 <k <m)}

loaded the branch of u; by the assignment of arguments as follows:

sii € ) siE € J1) vi(s)  wi(s)
argument b4 -7 || (|I1] —m)m
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Lemma 7.1. If I’ # @ and I C J', we have I,(A;, ﬁlv/) =0.

Proof. By the assumption, we have Jo = J N1’ = 1" # @. For (s, ..., sm) € Dy,
we show that at least one of the 5;’s (j € Jp) satisfies 0 < s; < mx;. Because of

2 s =L . .
mx; < m-* < g,itimplies that the chamber Dy is included in the -neighborhood

of (s; = 0), and hence D 1 does not intersect A;. Thus, the lemma is proved. We
assume that all of the s;’s (j € Jo) satisfy s; > mx;. By

0>1-3 =3 ==Y - -5
J

iel jeJ iel jedo Sj jeli

si<0@ el)ands; <0 (je Jy),wehave

1<1—Zs, 2:—<2:;2

ieh jed jedy °J

However, the inequalities

YUy S

i€l Si o jen i€l

lead to a contradictionto 1 < ) I Sj . g
J

We consider in the case of I’ # (. By Lemma 7.1, we may assume that / ¢ J'. If
we consider xi, ..., x, — 0, the condition (—1)/lv;(s) > 0 may be replaced with

1-3"c;sj>0,and (= DI+ 1+ () > 0 may be replaced with 1 — .

iel
0 to judge if s belongs to a central area of D;s. This observation means that we can
evaluate the intersection number I, (Aj, DIV/) like that of the regularization of Vj

S <

and V,’/v by omitting the difference of the branches of u;, where

Vii=1(@1,...,5m) € R"

s >0, I—Zs,->0, I—ZS]'>0

iel jeJ

sp >0kel), s <0(keld),

11— s5i<0, 1= s5;>0
iel jeJ

V=11, 5m) € R'"‘ (7.1)
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Note that the chamber V/, is not empty, because of I ¢ J'. In the case of I" = 4,
we can see that the above claim is valid, by replacing (7.1) with
Vii={(s1,...,5m) €R" |5 <0 (1 <k <m)}

(note that 1 =3, .;5; > 0and 1 -3, ;5; > 0 hold clearly). Recall that when we
construct the twisted cycle A;,the exponents of (s; =0), (s; =0),(1— >

iel Si =
0) and (1 —Zjejsj- =0) are
m
¢i—1, 1-cj, —b, ch—a—m+l,
k=1
respectively, where i € I and j € J; see [4, Section 4].
Theorem 7.2. For I’ # @, we have
Iy (A[ DIV/) = (=it l_[ Lo
kel 1- Yk 1 - /3
1 Vi
e (I 1)
Kich \iek, Vi =1 jeg, 1= (7.2)
K;CJh
o 1 Vi
e (5 1)
[leve -« K, Clo (iel(1 vi—1l g, 1-vi
K1§10
For I' = 0, we have
- - m 1
(AL DY) =D [ ——- (73)
i1 L%

Proof. Let sg be an intersection point of Ay and Dp. We denote the difference of
the branches of u; at sp by x; -, namely,

the value uj (so) with respect to the branch defined on Ag

X1 = B ~—.
the value uj(so) with respect to the branch defined on D

Note that y; ;- is independent of the choice of the intersection point so. We prove
the theorem by two steps.
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Step 1: We show that

-~ / 1 1 1
Iy (Al, Dlv/> = xpr- (=" VLT 1 —= "1
ien Vi— bl ey -1 B -1

3 (M 1) o

KiCl \iek; Vi =1 jek, Vj
K;CJy
+——L—-Z(ﬂj1 1 — ) (' £
-1 T ~1 ’
o nyk_l KiClo \ieK; vi—1 jek; Vi 1
k K;CJo
. . 1 1
(A, DY)y = xrg- """ [] T1 : (75)

C_ —1
e Vi— 1l i) v, —1
We prove (7.4), by using results in [10]. Obviously, we have

si=0(eJ) 1-Ys5=0,

o - m iel

Vinv,={Gi....sm) €eR 5i=0@el), 1-3 s;=0 [~
JjeJ

which implies that the intersection number Iy, (Ag, DIV,) is equal to the product of

1 1 1
XLl l—[ . l_[ y__l_l "3_1—1
J

ieiny Vi =1 jeinJ’

and the self-intersection number of the twisted cycle determined by the chamber

s5j=0(€J). 1= Y5 =0.
m iel

(Sl,..-,sm)eR Si>0(i€I/),l_Zsj>0
jelJ

in the (m — (]J’|+1))-dimensional space L := ﬂj&.]/(sj' =0)N1=) ;5 =0).

To evaluate this self-intersection number, we investigate the non-empty intersec-

tionsof (s; =0) i € I'), (1 — Zjej sj =0) with L.

(i) Without (1 — Zje] s; = 0): we choose subsets K of I” such that (), cx (sx =
0) N L # ¢. By the condition 1 — ), _; s; = 0, we have

(Nesx=0NL#EP S KNICI & K=K UK; (K C1, K;CJ).

kek
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(i) With (1 — Zje] s; = 0): we choose subsets K of I’ such that (), (sx =
0ON(a1-— Zjejsj- = 0) N L # @. By the conditions 1 — ) ,.;s; = 0 and
1 _Zjejsj =0, we have

ﬂ(sk=0)m(1—zsj=o)rw7é@

keK jeJ
SKNICI, KNJCJ&S K=K/UK; (K I, KjCJ).

Therefore, the self-intersection number is equal to

o e (5 T =)

KI,QIO ieK; vi— jeKy yj
K;CJy
1 1 1
et 2 (5 T )|
-1 . -1
o 1;[7/]( -1 K;Cly \i€eKy Vi 1 jeKy y] —1
Ky&Jo

and hence (7.4) is proved. We can obtain the equality (7.5) in a similar way.

Step 2: We evaluate y; ;. We consider the differences of the branches of the factors
of u; at an intersection point of Ay and Dy .

(i) The argument of sz on Ay and D » are given follows:

kel =IhyUJdykel kel

Al 0 T T
D]/ 0 T —TT

Since the exponent of s; (j € J) is C; = 1 — ¢; + b, the contribution by the
Cr . _
branch of [T, s¢* is [T;c, (v; ' B)-

(i1)) We have
o= (1-55-5).

iel jelJ iel
and the term ) ;, f—; does not concern the difference of the branches. By (i)
and the fact that s € V}, satisfies 1 — Zjel s; > 0, both the argument of v;
on A; and that on D ;» are |I1|m, and hence the contribution by the branch of
vitis 1.
(iii) We have
Py
wy = si-|1— s; — =,
=T (13-

jeJ iel jed °J
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and the term ) jeJ )SC—// does not concern the difference of the branches. By (i)

and the fact that s € VI’, satisfies

1—>si<0 I'#9
iel
I—ZS,' >0 I/=@,
iel
the arguments of w; on Ay and Dy at the intersection points are as follows:

(Jil+ D I'#0

argument on A =
(argu 1) {|J1I7T =g

(L= 1= Dr I'#0

argument OIID/ =
e " {um—m)n:—ulm I'=4.

Here, note that m = |J'| = |I{|+|J1|,if I’ = @. Because of |J'| = |I1| +|J1],
we obtain

(difference of the arguments of wy)

_ {(|11|+1)JT (Ll ==Dr =2(h+Dr I'#9

[Jilr — (=D =2|J1|7 I'=40.
Since the exponent of wy is B = —b, the contribution by the branch of w f is
ﬁ_(ulH‘l) I £
,3_”1' ' =@.
‘We thus have
ar =178 g7 @ E 0. xe=[]078)-p7
JeJ j€h
By Step 1, we obtain (7.2) and (7.3). Ll

To simplify the equality (7.2), we use Lemma 6.1. We summarize the results
in this subsection.

Corollary 73. If I' # @, {1, ..., m} then we have

mo [Tri—1 ];[Vk—oll_[w
n_ j €l jeJ
]h(A]’DX):(_l)\IHIII l_l—ll_y i€k ) Jj€bo . (16)
k=1

w  1-=p [levk—a
This equality holds even if I C J'. For I' = @, we have

I (AI, DV) — (_l)lll . 1_[ #

. a.7)
k=1 1 - Vk
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Proof. Recall that I,(A;, D)) = In(Ag, DIV,). The equality (7.7) coincides with
that in Theorem 7.2. If I C J’,then we have Iy = I NI’ = {J, and hence Hie,o Vi —
1 = 0. Thus the right-hand side of (7.6) is 0, which is compatible with Lemma 7.1.
Then we have to show that the right-hand side of (7.2) is equal to that of (7.6). By
(6.1), we have

3 (T T2 = (1) T

K/Cly \iek; Vi jek, iel ke LTk
K;CJy
1 )/j
P> (H i 1] 1—%>
I 1() ieK; JEKJ J
K;CJh
1
=(—1>"0-<1"[yi—1>-<1— 1‘[w>~1_[ o
iely jed ker + VK

Therefore, we obtain

In (81, DY) = 1 (&1, Dy

— (_l)m—\fll—l . 1_[ 1—1yk . _1 i (= l)llo\ (l_[ Vi — 1)

keJ’ lel()
1
X l_[ . 1— 1_[ )/]>
ke LT Yk H)’k—a ( el
” [Tvi—1 l—[yk—al_[yj
:(_1)\11|+\Jo|—1_1_[ 1 el ' jedo
i l—vw  1-8 1;[)%—05

Here we use m = |Io| + |11| + |Jo| + |J1]|. Further, since

I+l =N+ 1IN =10l |INT'|=|I|+|I'l=2/INT],
we have (—1)I1Hol=1 — (—lII+IT1=1 0
Lemma74. IfI' # {1, ..., m} then I;(Dy...,, D},) = 0.
Proof. This is obvious, since

Dlmc{(sl,’sm)ERm |Sk>xk (likim)}a
Dy N{(sty...,sm) €R" | sp > xp (1 <k <m)} =0 O
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7.3. Linear independence

Let Ao be the matrix (1,(Ay, Dyr));, p with I, I’ arranged in the same way as in
the basis {A}; (see Section 3). In this subsection, we evaluate the determinant of
Ag.

Theorem 7.5. We have

detAg

m
m: odd,
U )2’" :

=12

(I]}%-+1X> m
£ T m: cven
om—1_1 (1_yk)2m7] : :

(1—ﬂ)2'"—1(mk—a> =l
k

In particular, we obtain det Ay # 0, hence { Dy} is linearly independent.

o)

k=1

Remark 7.6. In this paper we assume that the parametersa, b,andc=(cy, ..., Cm)
are generic. In fact, it is sufficient for our proof of Theorem 5.6 to assume the
irreducibility condition of the system Ec¢(a, b, c)

a—Zci, b—Zci g7 (IcC{l,...,m}),

iel iel

and the conditions

i 1 m+ 1
Cly. .y Cm &7, a—l;ckgzz, a-+b— ch+—¢Z

To compute det Ag, we change Ag by elementary transformations, while keeping
the determinant unchanged, as follows. Add the first, second, ..., (2" — 1)-th row
of Ag to the 2 -th row of Ag; then 2™-th row becomes

<1h (ZI: Aj, DV) . (ZI: Aj, D;,,m) I <21: A7, D{,.m))

=(0,...,0, It (D1, DY..,,)))
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by Lemma 7.4. It means that
det Ao = Iy (Di.m, DY) - det A,

where A’ is the leading principal minor of Ag of size 2" — 1. By Proposition 5.8
and Corollary 7.3, we have

af + (=D" 1;[ Vi m )
det Ag = T 1_[ 1= yk)zm_l ~det A,
2m—1 k=1
1-8) <H Yk — 0l>
k

where A isa (2™ — 1) x (2™ — 1) matrix whose (I, I’)-entry is

Ap o= (—1)'”"/'—1-(1"[ yl-—1>~ ﬁyk—a [T v]| 1'#w9
k:l

ielnl’ jerenr
Arg = (=D,
We write
A(0,0) A, 1) - AO,m—1)

A(1,0) AL -+ A(d,m-—1)

A —1.0) A —1.1) - AGn—TL.m —1)

where A(k, k) is the () x (}7) matrix. Note that the entries of A(k, k) are the
(I, I")-entries of A with [I| =k, |I'| =k .

We compute det A. Put A® := A. We take A" by induction on 7 as follows:
for n > 1, we define A™ by replacing the columns of I’ (|I’| > n + 1) of A"~V
with

[T+ D" [ v

(n—1) 'l +n+1 K jeknr (n—1)
AD (-1) AD
= K;,, [Tri + (=1)e wK

IK'|=n k

where Afk";l) is the column of I’ of A®~1_ Straightforward calculations show the

following’result:
Lemma 7.7.

(i) det A™ =det A, AY) = 1;
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(i) If|I'| = n+1, then

Agn;/ (_1)|IH’|1/|_1 . ( l_[ Vi — 1) . Hyk - l_[ Vi

ielNnl’ jelrenr’

- > |[lo-D- ]‘[yk+< D¥e T wi] ||

KcInl’ \iekK jekenr
0<|K|<n

(i) k <n = AW (k, k') =0 (k' > k);
(v) AA, D), ..., A @+ 1,n+ 1) are diagonal;
W 1= <n+1=AY) =TT, i = D - ([T v + (=Der).

Note that the columns of I’ for |I’| < n and the rows of I for |I| < n — 1 are equal
to those of A~ Using this lemma, we prove Theorem 7.5.

Proof of Theorem 7.5. By Lemma 7.7, A ~2) is the lower triangular matrix whose
diagonal entries are given by (i) and (v). Hence we obtain

af + (=D" [Tw m |
det Ag = k —l T - det A2
(1 )Zm 1 <1—[ Yk — oz) k=1 Vi
af + (=D" [T w m |
= g
(1-p>-! (nyk —a) =1 (=70
k

“odl (H 7+ (—1>"a) .

p£ICH, ..., k=1

If m is odd we have

I1 . (ﬁ Vk+(—l)'”a> = (ﬁ[l Vi —a)Zm

PAIC(L, ..., k=1

-1

-1 m am=l_
: (1_[ Yk —i—oc) .
k=1

If m is even we have

m m 2m—l m 2m—l_2
[1 (H7k+(—1)"a)= (Hyk—a) '(]_[Vk+a) .
GAIC{L,...m} \k=1 k=1 k=1

.....

Therefore, the proof of Theorem 7.5 is completed. O



MONODROMY OF F¢ 1437

7.4. The eigenspace of M, associated to 1

By Lemma 7.4 and Theorem 7.5, to prove Theorem 5.6 we have to show that

o Mo(Dy) =Dy for I C{1,...,m),
e Mo(Di.w) = [(— 1y l]_[k)/k a B Dy

In this subsection we show the first claim. The second one is proved in the next

subsection.
. 1 1,
Hereafter, we use the coordinates (sq, ... Sy) = (—, R > The functions
X1 Xm
v(t) and w(t, x) are expressed as

1= sk, [ JCasi) - ( Zsl)
k=1 k=1 k=1

respectively. Let

Vs, x):=1— Zxksk, w'(s) == l_[sk . <1 — Z si) )
k=1

k=1 "k

If x1, ..., x;; are positive real numbers then we have
= = = ’ = = ey =
=Z05=0, v0O)Z0ev(sx)=0, wx)=0sw(s) =0,
and hence the expressions of the D;’s are as follows:

Dy sk >0 (1<k<m), v'(s,x)>0, w'(s)>0,
D:sp<0(1<k<m),
Dy (otherwise): s; >0 (i€ 1), s; <0 (j 1), v'(s,x)>0, (=) HH1yw/(s)>0.

Note that, if x = (x1, ..., x;,) moves, then only the divisor (v'(s, x) = 0) varies.
Recall that the loop pg is homotopic to the composition g ,O(/)‘E_o, where

7 :[0,11560 ((1—9) L+9 (i—go»(l,...,l)ex,
m?
po: 10,1136 (iz—soesz—‘@> (1,....1) e X,
m

for a sufficiently small positive real number gg. Since variations along the paths 7
and 7( give trivial transformations of the cycles D;’s, we have to consider the vari-

ation along ,06 for a sufficiently small gg. Let x — (#, R #) ,then (V' (s, x) =
0) and (w'(s) = 0) are tangent at (sq,...,8y) = (m,...,m). Thus Dj..,, is a
vanishing cycle. Each D; (I € {1,...,m}) survives as x — (#, R #), and

its variation along py) is too slight to change the branch of u, on it. This implies that
Mo(Dy) = Dyfor I C{1,...,m}.
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7.5. An eigenvector of M associated to the eigenvalue (—1)"~1 Ik ve- o~ 1p-1
In this subsection, we show Mo (Dj...,) = [(—=1)"~! [Tk v - a 18711 Dim.
As mentioned in the previous subsection, it is sufficient to consider the variation
of Dj..., along p; for a sufficiently small 9. Thus we may consider that Dj...,, is
contained in a small neighborhood of s = (m, ..., m) in R™.

Putting x; = - - = x,, = # — &y, we have

1 m
V' (s, ph(0) =1 — (—2 - 80) > s
m =1

We use the coordinates system

m
(/ / /)'_ _ . 2
Sl Sy Sy =81 —m, ..., S;—1 —m, Sg—m- ).
k=1

Note that s; = s, +m (1 <1 <m — 1) and s, = 5, — Z;":_]lsl’ + m. Then the
origin (s{,...,s,’n) = (0, ...,0) corresponds to (s1,...,8,) = (m...,m). Let U
be a small neighborhood of (si, cees8),) =1(0,...,0)sothat sy >0 (1 <k <m).
In U, we have

2
/ / 1 / 2 / m
v (s, 000) >0 1~ — — €0 (s, +m°)>0%&s, < : - £0,
m — — &
m2 0
m 1 m—1 1
/ !/ /
w(s)>0<:>1—zg>0<:>sm>2sl—m+ po—
k=1 =1 1— Z 1
= sim
Hence D;...,, is expressed as
m—1 2
1 m
=1 1- Y 1 w2 T €0
= sj4+m

Let & move from O to 1, then the arguments of # — g0e?™V~19 at the start point and

the end point are equal. Thus the argument of — - 80e?™V 19 increases

m—2
T epe2m/ 10
m

by 27, when 6 moves from 0 to 1. Put

m—1
’ ’ / 1
flsy, . 8, = E sp—mt ——— .
= S
= sj+m
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Then (s{,...,s, ;) = (0,...,0) is a critical point of f, and the Hessian matrix
Hy(0,...,0) at this point is positive definite. The Morse lemma implies that f is

expressed as
m—1
2
[
=1
with appropriate coordinates (z1, . . ., Zm—1) around the origin. Therefore, the claim
Mo(Dy..w) = [(—D)"! |BISZE a~ !~ Dy..,, is obtained from the following
result:

Lemma 7.8. For y, A, u € C, we put

m—1
=1
m—1 A
vy(2) = (zm - Z le) -y —zm)",
=1

where 71, . .., Zm are coordinates of C" . We consider the twisted homology groups
Hyu(Zy,vy) (y € C). Let 8, € Hyu(Zy,vy) (y > 0) be expressed by the twisted
cycle defined by the domain

D(y) := {(m,...,zm) e R"

m—1
Yo <im<yy,

=1

and let 8' be the element in H,,(Z1, v1), which is obtained by the deformation of §;
along y = e2™V=10 450 1 0 — 1. Then we have

8/ — (_l)m—leZT[\/—_l()\-‘r/L) . 81

Proof. 1t is easy to see that the domain D(y) is expressed by (&1, ..., &) € [0, 1]
as
m—1
271=02&—1) | yém 1_[ (1-@Q&-1)% (U<l<m-1),
j=I1+1
Zm = Yém-

The functions z,, — Z;":_ll zlz and y — z,, are expressed as

m—1 m—1
Ve (1_2(251—1)2 I1 (1—(251—1)2)), YA =&, (18

I=1 j=i+1



1440 YOSHIAKI GOTO

respectively. We consider the variation along y = 7 V=19 3560 : 0 — 1. The
expression of the domain D(1) by (&1, ..., &y) € [0, 1] is changed. However, by
a bijection

ri&>1-§0<l<m-1), &> &,
the expression coincides with the original one with contributions to orientation.

Further, both arguments of z,, — Z;”:_ll zlz and y — z,, increase by 2w, and the
expressions (7.8) are invariant under the bijection r. Therefore, we obtain

8/ — (_1))1’[—1627'[\/—_]()»-‘1‘#) . 81 D

Appendix
A. The fundamental group

In this appendix we prove Theorem 5.2. We assume m > 2.
We regard C™ as a subset of P and put Lo, := P — C™. Then we can
consider that S U L is a hypersurface in P”*, and

X=C"-8§=P"—-(SULx).

By a special case of the Zariski theorem of Lefschetz type (refer to [3, Proposi-
tion 4.3.1]), the inclusion L — (L N (S U L)) <> X induces a surjection

n:m (L= (LN(SULx)) = mi(X),

for a line L in P, which intersects S U L, transversally and avoids its singular
parts. Note that generators of w1 (L — (L N(SU L))) are given by m + om—l loops
going once around each of the intersection points in L N'§ ¢ C™. To define loops
in X explicitly, we specify such a line L in the following way. Letry, ..., r,—1 be
positive real numbers satisfying

1 _
r o< -, rk<rk—1for2§k§m—1,
4 4

and let ¢ = (e1,..., &u—1) be sufficiently small positive real numbers such that
gl < -+ < &yu—1. We consider lines

Lo :(x1,....%m—1, %) =1, ..., Fm_1,0)+12(0,...,0,1) reC,
LS :(xlv"'9xm—1’xm)=(r17-~'9rm—190)+t(815”-78m—17 1) tEC

in C™. We identify L, with C by the coordinate ¢t. The intersection point L, N
(xx = 0) is coordinated by t = —2—’; < 0,for1 <k < m — 1. The intersection
point L, N (x,;, = 0) is coordinated by + = 0. L, and (R(x) = 0) intersect

at 21 points. We coordinate the intersection points L, N (R(x) = 0) by ¢t =
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tayap_1» @1, ... am—1) € {0, 1}’”_1. The correspondence is as follows. We
denote the coordinates of the intersection points Lo N (R(x) = 0) by

2
m—1

- (1 n Z<—1>wa> .
k=1

By this definition, we have

0) ()
tal"'amfl < ta$~-‘a;’1_]
—a—aj=-=a_1—a._;=0,a=1,a =0

/

/
S ar--am—1>ay 4y _q,

where aj - - - a;,—1 is regarded as a binary number. For example, if m = 4 then

0) 0) 0) 0) 0) 0) (0) (0)

fi <o < fior < oo < Torr <10 < %01 < Tooo-
Since L is sufficiently close to Lo, #4...q,_, is supposed to be arranged near to
0)

faioay ;-
1 We1 can show that Lo does not pass the singular part of (R(x) = 0). This
implies that for sufficiently small ;’s, L, also avoids the singular parts of S U L.
Thus, e : w1 (Lg — (Le N (S U L)) — m1(X) is a surjection.
Let £; be the loop in L, — (L, N S) going once around the intersection point
Le N (xx =0),and let £,,...q,, , be theloopin L, — (Ls N S) going once around the
intersection point 74, ...q, , . Each loop approaches the intersection point through the
upper half-plane of the 7-space; see Figure A.1.

& @ O W X
[1 62 63 ‘ﬂ’ll 610 éOl 500

Figure A.1. ¢, for m = 3.

It is easy to see that

nelr) =px 1 <k <m), ne(l1..1) = po. (A.1)

Further, we have

pipj =pjpi for 1=<i j=<m,
since the fundamental group of (C*)™ is Abelian. To investigate relations among
the 1¢(Lq,...q,_,)’s, we consider these loops in Lo — (Lo N S). By the above defini-
tion, we can define the £y, ...q,,_,’s as loops in Lo — (Lo N S). Since Ly is sufficiently
close to L, the image of £, ...q,,_, under

n:m (Lo — (LoN(SU Lwo))) = mi(X)
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coincides with 7¢(£4,...q,,_,) as elements in 71(X). Though 7 is not a surjection,
relations among the 7n(£g4,...q,, ,)’s in 71 (X) can be regarded as those among the
na(gal---am,l)’s-

Lemma A.1.

() 1 (Cayap 10arsran 1) = P Cayar 1 1agsam 1) s -
(i) N(€1.1) = Pm—1n (1111067 Doy L

Temporarily, we admit this lemma. By (i), we have

b by b bt !
e Carean ) = 1) = (07 o) @) - (o o))
(A2)
— by bim—1 b bin—1 -1
= ’01 “.'Om—l .pO. '01 “"Om—l
as elements in 71(X), where (by,...,byu—1) ;= (1 —ay,...,1 —ay_1). This
implies that the loops po, ..., p;, generate 7 (X), since the images of the ¢;’s and

Lay...a,_, s by ne generate 71 (X). By (ii) and the above argument, we obtain

po =n1...1) = Pm—11 (ﬁl..-1€1.-.10€f.1.1) ,0;11_1
= Om—1P0 " Pm—1P0P, "1 Py - Pty

that is, (og pm,l)2 = (Pm—100)>. Changing the definitions of Lo and L., we obtain
the relations
(popi)* = (prpo)® (1 <k <m).
For example, if we put
LS : (-xla-xzv"'v-xm) = (Ovrlv ---’rm—l)+t(17817~--a8m—1) t E Ca

then a similar argument shows (g om)% = (pmpo)?. Therefore, the proof of Theo-
rem 5.2 is complete.

Proof of Lemma A.1. For 6 € [0, 1], let L(0) be the line defined by
L(Q) :('xla "'9xk7 ‘--,xm—laxm)
=1y @Y O o1, 0) +£(0,...,0,1) (t € C).

Note that L(0) = L(1) = Lo. We identify L(#) with C by the coordinate ¢. It is
easy to see that the intersection points of L(6) and (R(x) = 0) are given by the
following 2"~ ! elements:

2

m—1
té?_)..amfl =11+ Z(—l)a.iﬁ+(_l)akﬁenﬁ6
=1

Jj=
J#k
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The points 14 Zj#( 1)"/‘ ST (=% fe”ﬂe are in the right half-plane for
any 0 € [0, 1], since 3", f <> 12 J < 1. Let @ move from O to 1, then

(1) (V)

(@) la 1 “Ag—10aj4+1Am—1 tal~~~ak—1lak+1~“am—1’
_ 0

al “Ag—11agy1-am—1 ap--ag—10ag41--am-1’

(b) t - ak 011 -+-ay_, TOVES in the upper half-plane,

(c) t(f) 1 Va1 +-ay_, IOVES in the lower half-plane.

For example, the #4,4,4,’s move as Figure A2, form =4 and k = 2.

——
=
- S
’ \
/ \

0 AT Lo Lio1 5T Tont fmo Too1 fooo

\\ J
~ Phd

Figure A.2. 14,4,4, form =4, k =2.

We put P(0) :=C — {té?) am_y | @j € {0, 1}} that is regarded as a subset of L(6).
Let &’ be a sufficiently small positive real number, and we consider the fundamental
group 11 (P(6), ¢'). As mentioned above, the £4,...,, ,’s are defined as elements in
71 (P(0), &) = m(P(1),¢"). Let & move from O to 1, then the £,,...,, ,’s define
the elements in each 71 (P (9), ¢’) naturally. The properties (a), (b), (c) imply the
following.

Lemma A2. £4,..q_ 0as,--an_, in T1(P(0), &) changes to Ly, ... 151 --am_; N
w1 (P(1),&).

We give the proof of this lemma below. By this variation, the base point moves
around the divisor (x; = 0), since the base point ¢’ € P(6) corresponds to the
point (rq, ..., 2”F9rk, e osTm—1,&) € L(). It implies the conjugation by o
in 11 (X). Hence we obtain the relation (i).

To prove (ii), we use a similar argument fork = m—1and £;...; € 71 (P(0), &').
Let & move from O to 1, then £;...; changes into a loop in P (1), which goes once
around tl(l)l = t1(0)10 and approaches this point through the lower half-plane (see

Figure A.3). Since such a loop is homotopic to £1...; € ...1061_1.1 ,we obtain (i1). [

Proof of Lemma A.2. We show that the variations of the ¢, od] ’s do not inter-
ﬂl*

fere with the moving of the loop £g4;...q;_10ar,1a,_,- We put tal) ay; = 1+

Zﬁék( 1)“/\/— + (- l)akfe”ﬁg This satisfies (té?) ) = zﬁ?) 1 -

Since each tal .a,_; 18 in the right half-plane, zél?..amfl does not meet the half-line

(—00,0] C R. Foreach 6, P(9) := (the right half-plane) —{ﬁg?.)..am_l |a; € {0,1}}
is homeomorphic to P(0) — (—oo, 0] by the map

h:P@®) — P@©)—(—00,0]; z+—> z°.
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1) = 40)

10
[e]

L A0)
t(l =10

by iy ol

Figure A.3. The variation of £;....

It is sufficient to show that the points f,g?.)..am_ |
of the loop £4,...q;_10a4,-~a,_, 10 P(0), which satisfies hy(Lq,...qp_ 0ar41-am_) =

. ~6) . 3 .
L4y -ap_10ap 4 -am_ - Since each t“i""i;i—11“1’<+1"‘“fn—1 moves in lower half-plane, it
doe?GI)lOt interfere with the moving of £4,...q;_,0a;;--a,,_, - We consider the variation

7 / / / /
of t“i"'“i—loaiﬂ”'”;n—l for (@}, .. g5 gy s - Gy ) F (L, Q=15 Q15 s
o 7(0) ~(0)

am—1). By definition, L Lo\ Oags s

1 Oaya
6. Thus, fi/e) , , moves parallel to flgle) T

’
11 O gy,

’s do not interfere with the moving

/ ' does not depend on
m—1

This implies that

~(0) . . . ~
tai“‘“1/<710“11+1"‘a§n71 does not interfere with the moving of £,...q;_,0a;;---a,_;- There-
fore, the proof is complete. O
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