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P G L,-equivariant strata of point configurations in P!

HUNTER SPINK AND DENNIS TSENG

Abstract.We compute the integral Chow ring of the quotient stack [(P')"?/PG L],
which contains My , as a dense open, and determine a natural Z-basis for the
Chow ring in terms of certain ordered incidence strata. We further show that all
Z-linear relations between the classes of ordered incidence strata arise from an
analogue of the WDVYV relations in A®*(My_,). Next we compute the classes
of unordered incidence strata in the integral Chow ring of the quotient stack
[Sym”P!/ P GL,] and classify all Z-linear relations between the strata via these
analogues of WDVYV relations. Finally, we compute the rational Chow rings of
the complement of a union of unordered incidence strata.

Mathematics Subject Classification (2020): 14C15 (primary); 14D23 (sec-
ondary).

1. Introduction

The objective of this paper is to gain a comprehensive understanding of equivari-
ant Chow classes of strata of points on the projective line. In particular, we will
compute formulas, find minimal sets of generators, and classify relations for these
classes. We will consider two main settings:

(1) In the setting of n ordered points in P!, we consider for each k-part partition P
of {1,...,n} the strata Ap C (P')", where x; = x; if i, j are in the same part
of P. We are interested in the equivariant classes [Ap] € A’;,_G]‘Lz (PH") =~
A" ([(B')"/ PGL,));

(2) In the setting of n unordered points in P!, we consider for each partition A =
{A1,..., Ak} I n the strata Z; C Sym"P! = P” of degree n cycles on P! of
the form Y A; p; for not necessarily distinct points pp,..., pr € P!. We are
interested in the equivariant classes [Z,] € A’I’fé‘Lz (P") = A"k ([P"/PGL,)).

By working in the P GL,-equivariant setting, our results specialize to describe
universal relations between the relative strata in A°(P") and A*(Sym”P) for arbi-
trary P!-bundles P — B. Our results imply analogous results for G L,-equivariant
classes, which govern the universal relations in the special case that P is the pro-
jectivization of a rank 2 vector bundle. Working in the P GL;-equivariant setting
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makes our task more difficult, as the P GL,-equivariant Chow rings we work with
can have 2-torsion, and torus localization is no longer injective as it is with GL,.
We now briefly describe some of our results.

1.1. Ordered point configurations on P!

In the context of n ordered points on P!, our viewpoint is that, like the moduli
space M, of n-pointed genus zero curves, the quotient stack [(P1)"?/PGL,] is a
compactification of Mo, = ((P1)" \ U;~; Ai,j)/PGLa, where A; j C (P1)" is
where the i’th and j ’th factors coincide.

Recall that the WDV V relation in A'(HM) says two points in ﬂo,4 ~ P!
corresponding to reducible curves have the same class [24, Section 0.1]. It was
shown by Keel [22] that A'(ﬂo,n) is generated as a ring by its boundary divisors,
and the only nontrivial relations come from pulling back the WDV V relation under
forgetful maps Mo,n — MOA.

We show that A®*([(P')"*/PGL;]) = A;’GLZ ((PYH™) has a similar nice pre-
sentation in terms of strata.

i<j

Theorem 1.1 (Theorem 3.1). For n > 3, the ring A;,GLZ (PY™) is given by

Z{[Ai i <i<j<nl

g , where the relations are (notating [A ;] := [A; ;] for j > i)

(D) [Ai ]+ [Akg] = [Aik] + [A ] for distinct i, j, k, 1 (square relations);
(2) [Aijl[A; k] = [Aij][A k] for distinct i, ], k (diagonal relations).

The square relations relate to the WDV V relations as follows. Consider the dia-
gram

Moa(P', 1) == (P")*

|=

Mo

where ev is the (P G L,-equivariant) total evaluation map from the Kontsevich map-
ping space [16, Section 1] and = remembers only the source of the stable map and
stabilizes. The square relation is ev, 7* applied to the WDV V relation. Con-
cretely, for any closed pointa € P! = M0,4 we can consider the locus 4, C (P')”
consisting of the quadruples of points with cross ratio a, and the square relation
comes from equating the classes of Ay and Aeo.

We also show that all additive relations between classes of strata [Ap] €
A’I‘,_é‘Lz((IF’l)”) for partitions P of size k arise from pushing forward square re-

lations under inclusions (P')**! =~ Ap, < (P')" for partitions P’ into k + 1

parts (see Theorem 3.6), and find an explicit subset of the [Ap] which form an
additive basis for A'I‘,_é‘Lz ((P1)™) (see Theorem 3.4).
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1.2. Unordered point configurations on P!

In the context of n unordered points on P!, we similarly view the quotient stack
[Sym"P!/PGL,] = [P"/PGL,] as compactifying Mg ,/S,. The equivariant
Chow ring A% 1,(P") is no longer generated by classes of strata, however the
computation of the classes of strata and the classification of their additive relations
becomes more interesting.

We generalize the computation of G L;-equivariant classes of strata given in
[12] to P GL,-equivariant classes (Theorem 3.7), the primary challenge being the
2-torsion part of the class, which lies in A% L, (P") ® Z/27Z. In addition, we give
the following classification of the relations between classes of strata, showing in
particular that any relation holding rationally also holds integrally.

Theorem 1.2. (Theorem 3.8) Fix k,n and choose a) € 7 for each partition A - n
into k parts. Then the following are equivalent:

(1) YaalZs] = 0in A5y (P™);
(2) Y axlZ;] = 0in AGS (P");
(3) The following identity holds in Q|z]:

> l_[(zal 1)% = 0.

A=aT] a ek l_[l—l l i=1

In addition to the explicit formula in part (3) of Theorem 1.2, there is a simple
recipe to generate all the relations. Namely, we can pushforward the additive re-
lations in A", PG L, ((P1)*) as given in Section 1.1 under the symmetrization map

(P')" — P". Since the symmetrization map 1s degree n!, it is easy to see that
this generates all the additive relations in A% PG 7, ") up to a factor of n!. In
fact, we will show how to write arbitrary [Z;] € A5, G 1, (P") as Q-linear com-
binations of classes of the form [Zy, j, 1x-2,], which we show form a Q-basis for
A’}D_é“Lz (P") ® Q (see Theorem 3.10). As Theorem 1.2 implies any relation be-

tween the Z, holding rationally actually holds integrally, this gives a recipe for
generating all the relations in A’},‘G]‘LZ (P") between the [Z;].

Example 1.3. When n = 6, Theorem 1.2 implies

(Zaa,13] + 32222 = [Z3,2,13] (1.1)

in A% L, (P"*). This relation is also obtained by pushing forward the square rela-
tion [A1,2]—[A2,3]+[A3,4]—[A4,1] via the sequence of maps (P1)* = Ay 53.(2.6.03}.0431 <
(P1)6 — P® to obtain 2[24’1’1] + 6[22’2,2] = 2[2372,1] in A.PGLZ (PG) By Theo-
rem 1.2 the relation still holds after dividing by 2, giving (1.1).
Each relation between classes [Z,] in the equivariant Chow ring A%, (P")
gives relations between enumerative problems. For example, (1.1) implies:
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(1) Let C; C P? be a general pencil of degree 6 plane curves. Then, as we vary C;
over ¢t € P!, the number of hyperflex lines plus thrice the number of tritangent
lines is equal to the number of lines that are both flex and bitangent.

(2) Let X C P3 be a general degree 6 surface. Then in A®*(G(1, 3)), the class of
the curve of lines that meet X to order 4 at a point plus three times the class
of the curve of tritangent lines to X is equal to the class of the curve of lines
that meet X at three points with multiplicities 1,2, 3.

In the absence of a transversality argument, the equalities need to be taken with
appropriate multiplicities.

Remark 1.4. Lines with prescribed orders of contact with a hypersurface were
also studied in [30, Section 5]. Counts of these lines are also related to counting
line sections of a hypersurface with fixed moduli [5,23]. For the surface X C P? in
Theorem 1.3, the points p € X for which a line meets X at p to order 4 is the flec-
node curve, which is always of expected dimension 1 if X is not ruled by lines by
the Cayley-Salmon theorem [21, Theorem 6], which is a primary tool for bound-
ing the number of lines on a smooth surface in P (see [29] and [4, Appendix]).
Also, there is no reason not to consider a general variety X C PV other than the
difficulty of finding a projective variety of higher codimension that has at least a
3-dimensional family of 6-secant lines.

1.3. Excision

As an application of our understanding of incidence strata, we compute P GL;-
equivariant Chow rings obtained by excising strata, which often arise in the studies
of GIT quotients.

Recall that for an inclusion ¢ : ¥ < X of a closed subvariety Y into a variety
X and a group G which acts on X and Y, the excision exact sequence implies that
AG(X\Y) = AgG(X)/Iy where Iy is the ideal in Ag (X) generated by 1, Ag (Y).
In particular, for a sequence of subvarieties Yy, ..., Y;, we have Iy, y..uy, = Iy, +
...+ Iy,. Hence determining the P G L,-equivariant Chow rings of (P1)" \ |J Ap,
and P" \ | J Z;, is equivalent to determining the excision ideals for Ap C (P1y"
and Z, C P".

1.3.1. Ordered points on P!

For a k part partition P of {1,...,n}, we have Ap = (P")*, so applying The-
orem 1.1 (see Theorem 3.2 when P has < 2 parts), A},GLZ(A p) is generated

by A}DGLZ (A p) and the restriction A},GLZ((IP”)") — A}DGLz (A p) is surjective.
Hence the restriction map A%, (PH") —» A;,GLZ(AP) is surjective, so by the
push-pull formula we have the foilowing.

Corollary 1.5 (Theorem 3.11). For a partition P of {1,...,n} we have In, =
([Ap]) C Ay, (BH).
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If we pick a linearization of the P GLj-action on (P')" and there are no strictly
semistable points, then excising the unstable locus (a union of A p strata) and ap-
plying [8, Theorem 3] gives the rational Chow ring of the GIT quotient. See [13]
for an approach via quiver representations. These GIT quotients are Hassett spaces
with total weight 2 + € [18, Section 8] and receive maps from ﬂo,n via reduction
morphisms [18, Theorem 4.1], as induced maps between GIT quotients [19, Theo-
rem 3.4], or by viewing JWO,n as a Chow quotient [20].

1.3.2. Unordered points on P!

The main difficulty with computing the ideals of excision Iz, is that the varieties
Z, are singular and the structure of subvarieties on Z is difficult to determine.
However, we can say much more if we work rationally.

Theorem 1.6 (Theorem 3.12). For a partition A =n, Iz, ®Q C A;,GLZ PHeQ
is generated by all [Z /] with A obtained by merging various parts of M.

Not all Z,, are always necessary for generation however, and in particular we gen-
eralize [7] and [12], showing for A = {a,1" "%} that Iz, ® Q = (Z,,Z,/) fora
particular A’ (see Theorem 3.14).

A number of situations were considered by previous works. In the special
case A = {2,172}, computing I, is the technical heart of the computation of
Edidin and Fulghesu of the Chow ring of the stack of hyperelliptic curves of even

genus [7]. For n odd and Z, the unstable locus (so A = {”Zil, 15 1, the ra-
tional Chow ring Ag,; (P" \ Z,) ® Q equals A*(P"//GL>) ® Q, the rational
Chow ring of the GIT quotient [8, Theorem 3]. For all n and Z; C P” the locus
of unstable and strictly semistable points, Fehér, Némethi, and Rimanyi computed
Ag L, (P"\Z,) ® Q using a spectral sequence and used the result to compute the
rational Chow ring of the GIT quotient [12, Theorems 4.3 and 4.10]. They actu-
ally work with the affine space Sym” K2 instead of P”, but the two settings are

essentially the same (see Theorem 10.5).

ACKNOWLEDGEMENTS. The authors would like to thank Mitchell Lee and Anand
Patel for helpful conversations during the project. The authors would like to thank
Jason Starr for helpful comments and references.

2. Background and conventions

Conventions:

(1) The base field K is algebraically closed of arbitrary characteristic

(2) GL, acts linearly on P! and hence on all products (P!)”, symmetric powers
Sym"P! =~ P" and their duals

(3) T C GL, is the standard maximal torus with standard characters u and v



574 HUNTER SPINK AND DENNIS TSENG

(4) [n] denotes the set {1,...,n}
(5) @ : (P1)" — Sym"P! = P" denotes the multiplication map, where n will be
clear from context.

2.1. Universal relations and equivariant intersection theory

Equivariant intersection theory was formalized in [8] as the correct notion of inte-
gral Chow groups and rings for quotient stacks. See also [1] for an exposition.

For the purposes of computation and application to enumerative problems (see
Theorem 1.3), we would like to know that equivariant Chow classes of equivariant
subvarieties specialize to nonequivariant classes of similar subvarieties in a relative
setting. Therefore, we have chosen to introduce equivariant intersection theory in
terms of the construction.

Suppose we have a group G (typically G = T, GL,, PGL>) acting on a vari-
ety X (typically (P1)”, Sym"P! = IP"), and G-invariant subvarieties Y; (typically
incidence strata in (P')” or P*). Given a principal G-bundle P — B, we have the
X-bundle X» — B, where Xp := P x% X. Inside Xp, we have the cycles

Y)xp = Xi)p C Xp

restricting to Y; in each fiber X, inducing classes [Y;]x, € A«(X7p). We would
like to understand what “universal” linear relations exist between these classes (i.e.,
which don’t depend on B or P).

For example, if we take G = P GL,, then we are seeking universal relations
between classes [Z p]r» and between classes [Z} ]symn + for F — B a P!-bundle.
If we use G = GL, instead the relations hold a priori only for F the projectiviza-
tion of a rank 2 vector bundle on B.

As we will see in Section 2.2, there is a universal group AZ (X) approximated
by certain A4(Xp/) which is equipped with maps A% (X) — A.(Xp) for all P and
there are classes [Y;] € A% (X) such that [V;] — [¥;]p, so any relations in A% (X)
between the [Y;] descend to relations between the [Y;]p. Conversely, we will see
by construction that any relation between the [Y;]p for all P induces a relation
between the [Y;].

2.2. Equivariant intersection theory

The equivariant Chow group A% (X) is defined as follows. Suppose G acts linearly
on a vector space V' with an open subset U of codimension ¢ on which it acts freely.
Then for any k < ¢, we define Agm(x)_k (X) := Agimxx6v)—k (X x% U). Note
that X x% U = Xp where P is the principal G-bundle U — U/G. This does not
depend on the choice of V' [8, Definition-Proposition 1].

For P — B a principal G-bundle over an equidimensional base B, we have a
map

A (X) = Asim(my+o(P X X)
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via the composition

ASdim(X)—c(X) = A gimxx6v)—c(X X9 U)
= A= gim(Pxx)x6 ) (P x X) X% U)
= A= gim(Pxx)xG0)—c (P x X) x9 V)
> A gim(px6 x)—c (P X% X),

where the second map is induced by flat pullback from the projection, the third
map follows from excising (P x X) x% (V' \ U), and the last map follows from the
Chow groups of a vector bundle [17, Theorem 3.3(a)].

Now, we define Ag (X) to be the ring of operational G-equivariant Chow
classes on X, i.e., AiG (X) is all assignments

Y = X) > (A (Y) > AT (V)
for every G-equivariant map ¥ — X, compatible with the standard operations on
Chow groups [8, Section 2.6]. In our case X is always smooth, and we have the
Poincaré duality isomorphism Ag, (X) = Agm( X)_.(X ) [8, Proposition 4], and the
identification
A*([X/G]) = AG(X).

where [ X/ G] is the quotient stack [8, Section 5.3].

2.3. GL, and T-equivariant Chow rings of (P!)" and P”

We will postpone discussing P G L,-equivariant intersection rings to Section 4.
The equivariant Chow rings A% ((P')") and A}.(P") can be approximated by the or-
dinary Chow rings of (P!)” and P* bundles over PV x PV . Similarly, Ag L, (PH™)
and Ay L, (IP"*) can be approximated by the ordinary Chow rings of the Grassman-
nian of lines G(1, N) for N >> 0.

Let u, v be the standard characters of T'. If pt is a point with trivial GL, action,
then

7(P) = Z[u, v], 61, (V) = Z[u, v]*,

where S, acts on Z[u, v] by swapping u, v. By the Chow ring of a vector bundle
[17, Theorem 3.3(a)], the T (respectively G L) equivariant Chow ring of an affine
space is isomorphic to the equivariant Chow ring of a point. By the projective
bundle theorem [10, Theorem 9.6], we have

AR ((PY")=Z[u, v][Hy, . ... Hy)/(F(H;), A%(P")=Z[u][H]/(G(H)),
AGL (PY)=Z[u ]2 [Hy,... . Ha)/(F(H;)), Agp,(P")=Z[u.v]>[H]/G(H)),
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where H; is ¢1(Opi (1)) pulled back to (P')" under the ith projection and H is
¢1(Opn (1)), and we define

Fo) =C+wiE+v). G@) =][]E+ku+@n—kwv)
k=0

for the rest of the document. Even though one might want to use GL-equivariant
Chow rings for applications, G L,-equivariant Chow rings inject into T -equivariant
Chow rings, so it suffices to only consider 7'-equivariant Chow rings.

The formula for the class of the projectivization of a subbundle [10, Proposi-
tion 9.13] shows the i th coordinate hyperplane in P” has class H +iu + (n —i)v.
This gives the formula for any torus fixed linear space (for example the torus-fixed
points) in (P!)” or P” by multiplying a subset of these classes.

2.4. Ordered and unordered strata of n points on P!

Definition 2.1. Given a collection P = {A4,..., Ay} of disjoint subsets of [n],
let Ap C (P!)* denote the d-dimensional locus of points (py,..., p,) Where
pi = p; whenever i, j are in the same set A of P.

Example 2.2. If P = {{1,2,4},{3,6}} and A = [6], then Zp C (P!)® consists of
points (p1, ..., ps) such that p; = p, = p4 and p3 = pe.

Definition 2.3. Given a partition A = {A;,...,As} of a positive integer n, we
define the d-dimensional subvariety Z; C Sym"P! = P" to be the image of Ap
under the multiplication map ® : (P')” — P", where P = {A;,..., Ag} is any
partition of [n] with |A4;| = A;.

Remark 2.4. If we view Sym"P! = P” as binary degree n forms on the dual
of P!, then Z, is the closure of the degree n forms with multiplicity sequence
given by A, whose equivariant Chow classes were studied by Fehér, Némethi, and
Riményi [12].

In order to compactify notation, we make the following definitions.

Definition 2.5. Given P a partition of [r] and A a partition of n, we let

[Ap] € AG((BY)")
n
[A]:= (1‘[ e?!) [Z:] € AG(P"),
i=1
where G is T, GL; or PG L5, depending on the context and elfl =#{j|Aj =i}
For A = {ay,...,as}, we will often write [a1,...,aq] or [lelk, ... ,ne%] for [A].

Remark 2.6. For any such partition P and A as in Theorem 2.3, then ® maps A p
onto Z; with degree [[7_; e}, so ®4[Ap] = [A].
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2.5. Affine and projective Thom polynomials

Definition 2.7. Given a T -invariant subvariety V C P", let V C A(Sym”" K?)
denote the cone of V' C P” in A(Sym" K?) = A"*1,

Given a T-invariant subvariety V' C P", its class [V] € A} (IP") is a poly-
nomial p(H,u,v) of degree at most n. The degree 0 term in H po(u,v), is
V] e A‘T(A”“) = Z[u, v]. This is seen by considering the diagram

TP < Afyg, (A"TI0}) — AF.(A"T1\{0})

and noting that A% (A"+1\{0}) =~ A% (A"+1) for k < n.
It turns out po(u, v) determines all of p.

Lemma 2.8 ( [11, Theorem 6.1]). We have p(u,v) = po(u + L v+ ).

This argument is written down in its natural generality in [1 1, Theorem 6.1],
but we specialize their argument here.

Proof. Consider the maps of groups

(to,t1),t" < (t0,21)t (to,t1),t>(tot,t12)
-

T x G,, T x Gy,

This induces the maps of rings

o

(An-l—l
(u,v),H—>(u,v),nH

B
An-{—l A. An+1 ,
( ) (u+H,v+ H)<(u,v) T( )

L] L]
TXGm ATxGm

2.1)

where we use u, v as the torus characters on 7' dual to the coordinates ¢y, f; and H
as the torus character on G,, dual to the coordinate ¢. As an abuse of notation, we
should note that the T x G, actions on A”*! for the two equivariant Chow rings
in (2.1) are not the same: the first Chow ring has the G,, factor acting on A"*!
by multiplication by A and the second has the G, factor acting by multiplication
by A",

Let plu, v, H) € A}, (A""1) be the class of [V'], where G, acts on A"*!
by multiplication by A. Since p(u,v) is the class of [V] in A%(A"*1), we must
have that

Ol(ﬁ) ZIB(p) = ﬁ(u,v,nH) = PO(“"‘H’U“‘H)

Therefore, p(u,v, H) = p(u + £ v + &), Finally, as (A"TI\{0})/G,, = P",
the class [V] € A% (P") can be computed from [V] € A g, (A1) by mapping
to A% (P") via

TG A" = AT, (ATFI\{0}) = AT (P").

Since p(u, v, H) maps to p(u, v, H), we are done. O
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3. Statement of results

Now that we have formally introduced all the necessary definitions, we will collect
in this section a complete list of our results for the reader’s convenience.

3.1. Ordered strata in [(P')" /PG L,]

We compute a ring presentation in Theorem 3.1 for A% L, ((P1Y*) similar to that

of A’(/Vo,n) computed by Keel [22]. The incidence strata A p play a fundamental
role in the equivariant Chow ring. Additionally, in Theorem 3.4 we compute a
Z-basis for A% ; LZ((]P’I)”), which consists in degree < n — 2 of certain incidence
strata, and in Theorem 3.6 we show all relations between incidence strata arise
from an analogue of the WDV'V relation in A®*(M 4) (see Section 1.1).

Theorem 3.1. The following are true

(1) (Theorem 6.16) For n > 3, the ring A%, ((P')") = M
where the relations are (notating [A ;] := [A; j] for j > 1)

@ [Ai ]+ [Aki] = [Aix] + [Aj 1] for distinet i, j, k,| (square relations);
(b) [Aij][Ai k] = [Aij][Aj k] for distinct i, j, k. (diagonal relations);

(2) (Theorem 6.4) The group AIJCDGLQ ((PY") is a free Z-module of rank

> ()

i=k mod 2

(3) (Theorem 4.3) For n > 3, A;,GLZ((IE”)”) is the subring of A'GLZ((IE“)”)
where [A; ;] is identified with the class H; + Hj +u + v;
(4) (Theorem 4.5) If the base field is C, then the map A;,GLz((IP’l)”) —

Hpg L, (PYHY™) to equivariant cohomology is an isomorphism.

Remark 3.2. Parts (1) and (3) Theorem 3.1 extend to the cases whenn = 1,2
if we include the classes y; = 7/ ci(TVP') € Apgp, ((P')") pulled back from
the ith projection ;. They correspond to —(2H; + u + v) under inclusion from
(3) (see Theorem 5.4) and their definition is analogous to the i -classes on Mg ,
[26, Section 2]. The additional relations for part (1) are V;[A; ;] = —[A;, j]2,
Vi +v; = =2[A;,j]and ¥; = [A; k] —[Ai ;] —[A; k] (though we remark the last
of these implies the first two for n > 3).

Definition 3.3. Call a partition P of {1,...,n} good if it can be written as P =
{A1,...,Ag} with A1 U A, an initial segment of {1,...,n}, and As,..., Ay inter-
vals.

Theorem 3.4 (Theorem 6.16). For n > 3, the additive group A’I% GL» ((PY™) has
a Z-basis consisting of the following.



P GL5-EQUIVARIANT STRATA OF POINT CONFIGURATIONS IN P! 579

1. If k < n —2, the classes [Ap] for P a good partition into n — k parts.

2. Ifk > n—2, the classes [A;, ;1" P2[A p] for P apartition of {1, ...,n} into
two parts and [A,-{[n]},j{[n]}]k_”“[A{[n]}], where for each P the pairip, jp are
chosen to lie in the same part of P.

In Section 6.1 we describe a simple algorithm to write arbitrary classes in this
Z-basis, along with a worked example.

Definition 3.5. Denote by Part(d, n) the set of partitions of [n] into d parts. Let
Sq(d, n) be the subgroup of the free Abelian group ZF*@-") generated by formal
square relations P; ; — P x + Px; — P;; for P € Part(d + 1,n) and i, j, k,[ €
{1,...,n} indices in different parts of P, where Py , denotes the partition formed
by merging the parts of P containing x and y.

We have the relation [Ap; ;] — [Ap, |+ [Ap ] —[Ap, ;] = [AP(Ai ] —
[Aj k] +[Ak1]—-[A1;)] = 0in 45 _, ((PY)™) by pushing forward the square relation
fori, j, k, I from Theorem 3.1 (1) in Ap = P4+ to P" under the inclusion Ap C
P". These relations in fact generate all linear relations forn > d > 2.

Theorem 3.6 (Theorem 6.14). Forn > d > 2, the map
ZPart(d,n)/ Sq(d, n) N A’;’_Gsz ((]P)l)n)
sending P +— Ap is an isomorphism.

In particular, since every square relation between the [A p] classes comes from
an explicit P GL,-invariant degeneration in (P!)” (see Section 1.1), Theorem 3.6
implies that all linear relations between the [A p] classes can be realized by a se-
quence of P GLj-invariant degenerations in (P!)”.

Non-equivariantly, there are relations between the classes [Ap] € A®*((P!)")
not generated by these square relations. For example, if n = 4 we have

[Ag1,2,33, 040 + [Agr2,43,060] + [Agz,a,00] + [Ag2,3,4,00]
= [Agr236.40] + [Agasne.an] + [Agr,a,2.50]

in A2((PH)%).

3.2. Unordered strata in [Sym"P!/ PG L]

The P GLj-action on P! induces an action on the symmetric power Sym”P! =~ P",
which parameterizes degree n divisors on P!. For each partition A = {11,..., 4}
of n, we have the P GL,-invariant subvariety Z; C P" consisting of divisors that

can be written in the form 221:1 Ai pi where p; € P1. For convenience we often
write A = a‘f' .. .a,e(" to be the partition of n where a; appears e; times.
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3.2.1. Integral classes of strata

We compute the class of [Z;] in A%, (P") generalizing the GLz-equivariant
computation of Fehér, Némethi, and Riményi [12]. The class of [Z;] in Ag;  (P")
was given in [12], and we will give a quick independent proof and more compact
form in Theorem 5.5. If n is odd, the map A;’GLZ (IP’")—)A’GL2 (P") induced by
the projection GL, — PGL, is injective (see Theorem 4.8). Therefore, all of
the difficulty lies in computing [Z,] in A;,GL (IP™) for n even. It turns out (see
Section 8) that it suffices to compute the class in A%, (P") ® Z/2Z, which takes
on a particularly simple form.

Theorem 3.7. Let n be even and A = af Z be a partition of n intod = ej +
.+ey parts. The class of [Z,] € A% PGL, (IP") Q®7Z)27 = F;|ca, c3, H]/(qn(H))

where

tDA3 4ot + e5)4 n = 0mod 4

) =
Qn( ) z(n—2)/2(t3 + Czt + 03)(n+2)/4 n =2mod4

is non-zero precisely when all a; and el,d—'ek, are odd and all e; are even, in which
case it is equal to (Z—Z)(H).

3.2.2. Relations between strata

IfFA={A1..... q} ={a}'.....a*} = af' ...a;* is a partition of n, then taking
@ : (P1)* — Sym"P! to be the multiplication map, if P = {A;,..., Ay} is any
partition of [n] with |A;| = A;, we have

D Ap = (]’[e,-!) 1Z3].

In particular, every square relation between the classes of ordered strata induces a
relation between [Z] classes by pushing forward along ©.

Theorem 3.8 (Section 8). Fix n and choose a) € Z for each partition of n. The
following are equivalent:

(1) Y a2[Z3] = 0in Apgy, (B");

) Y ax[Z3]) = 0in Ay (B");

(3) > ax[Z,] is formally a rational linear combination of pushforwards of square
relations from A%, | (PYHY™);

(4) The following identity holds in Q|z]:

Z l_[(z"' )% = 0.

Corollary 3.9. Every Z-linear relation that holds between Chow classes of relative
Z)-cycles in A*(Sym™P(V)) for every rank 2 vector bundle V. — B and base B
holds in A®*(Sym"P) for every P'-bundle P — B and base B.
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We remark that there is 2-torsion in A% ; L, (P") for n even, but Theorem 3.8 im-
plies that if each a, is even and ) a,[Z,] is zero in A;,GLZ (IP), then in fact the
same is true for ) G-[Z,].

Rather than search for linear relations between [Z ] classes using Theorem 3.8
(4), the following corollary identifies certain partitions whose corresponding strata
are a Q-linear basis for AIS,"G_LZ2 (P") ® Q, and gives an explicit formula for writing
every such class in this basis. Every part of Theorem 3.10 can be deduced from

Theorem 3.8 except that the strata that we choose span AI,S,nG_LZ2 ") ® Q.
For A = af'...a}*, denote by [A] the normalization

2= ([Te:!) 1)

Corollary 3.10 (Theorem 7.4 and Theorem 7.2). For fixed d > 2, the classes
[{a, b,1972}] form a Q-basis for A4 (P") ® Q C AE2 (P") ® Q. Writing the
polynomial

1 d
T (z-1)d2 [le=-D="" > aE"+).

i=1 0<k| <k,
ki+ky=n—d+2

we have o; € 7. and

Hai,...,aq}] = Z o, [tk ko, 1972},

1<k <k>
ki +hka=n—d+2

3.3. Excision

As an application of our results, we deduce results on equivariant Chow rings of
complements of strata in (P!)” and P".

As discussed in Section 1.3, by Theorem 3.1 and Theorem 3.2 we can easily
deduce the following corollary

Corollary 3.11. For a partition P of {1,...,n} we have In, = ([Ap]) C
Ar, (PH™).

We also show that 7, ® Q is generated by the classes of strata contained in Z .

Theorem 3.12 (Theorem 9.8). Given a partition A of n, I, ® Q is generated by
[Z /] for all A that can be obtained from A by merging parts.

Remark 3.13. Theorem 3.12 is false if we replace I, ® Q with I,. This already
fails nonequivariantly in the case n = 4 and A = {2, 1, 1}. Indeed, @ : Pl x P2 —»
P* maps birationally onto Z,. Let H; and H, be the hyperplane classes in the
factors of P! x P2 and H be the hyperplane class of P4. Then ®, H; = H?, while
[Z¢223] = 8H?, (Zal = 6H?, and [Z¢21.13] = 6H.
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We typically don’t need to use every merged partition A’ for dimension reasons
by Theorem 3.10. When A = {a, 1”74} is a partition with only one part of size
greater than 1, we in fact show that 7, ® Q is generated by just two generators.

Theorem 3.14 (Theorem 9.2). Given the partition A = {a, 1" ?} of n, I, @ Q is
generated by [Z )] and [Z /], where

V= fa+1,1"71 ifa #
{a,2,1"7472} ifa =

NIRRT

In fact we will also show the analogous results with Ag GL, P\ u I Z;)® Q, and

if we further replace P" \ U, Z, with its affine cone A"“ \ Uy 7, 2 and consider
AGL, (A"*t1\ U, Z,) (see Theorem 10.2).

Remark 3.15. The affine analogue of Theorem 3.14 as given in Theorem 10.2 in
the special case @ = [75] recovers the GLj-equivariant Chow rings of the stable
locus computed in [12, Theorems 4.3 and 4.10] as described above. The Chow ring
of the semistable locus required a separate argument.

We conclude in Appendix A by describing a combinatorial branching rule for
multiplying the affine analogue of the class of a strata [Z 2l € Agp, (Sym" K?) =~

Z[u, v]52 by a generator u + v or uv. This generalizes [12, Remark 3.9 (1)].
4. PGL, and G L,-equivariant Chow rings

In this section we compare certain P GL,-equivariant Chow rings to their GL,-
equivariant counterparts, which are easier to work with because GL, is special,
so restricting to the maximal torus is an injection on equivariant Chow rings [8,
Proposition 6].

~ Inparticular, we show in Theorem 4.3 that A | (PH") — Ag 2 (PH™) is
injective and identify its image. For the unordered case, we show in Tﬁeorem 4.8
that A% GL, P") — Ay L, (P") is injective for n odd and injective up to 2-torsion
when 7 is even.

4.1. Ordered case

To start, we recall a lemma.

Lemma 4.1 ([25, Lemma 2.1]). Given a linear algebraic group G acting on a
smooth variety X, let H be a normal subgroup of G that acts freely on X with
quotient X /H. Then, there is a canonical isomorphism of graded rings

&(X) = Ay (X/H).

Remark 4.2. Theorem 4.1 was proven in [25, Lemma 2.1] directly from the defi-
nitions, but it can also be seen as a consequence of the fact that the ring Ag (X)) de-
pends only on the quotient stack [X /G| [8, Proposition 16] and [[X/H]/(G/H)] =
[X/G] (see [28, Remark 2.4] or [2, Lemma 4.3]).
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Proposition 4.3. Forn > 1, the ring homomorphism

;JGL2 ((Pl)n) - AGLz((Pl)n)

induced by the quotient map GL, — P GLj is an injection, and the image is
generated by the classes —(2H; +u +v) and [A; j] = H; + H; +u + v.

Remark 4.4. We will show in Theorem 5.4 that ¥; := 7*c;(TVP') = —(2H; +
u + v), as mentioned in Theorem 3.2. For n > 3 this class is redundant as

—QH; +u +v) =[Ajr] —[Aij] = [Aik]

Proof. We show the injectivity of A%, (PH") = AGLz((IP’l)”) using the com-
mutativity of the diagram

Aper, (PH") —7— Ay, (A2\{0}) x (PH)"* ™)

e 15
Ay (YY) — A, o (B2\0}) x (B)"1)

with f induced by the multiplication map GL, x G, — GL5.

We have the isomorphisms ¢; and g, by Theorem 4.1.

To prove commutativity of the diagram, we can identify each of the rings
AgG(X) with A*([X/G]) as in Section 2.2, so it suffices to show the following
diagram of stacks is commutative.

[(BY)"/PGLy | «+———— [(A?\{0}) x (P")"""/GL,]

I I

[@Y)"/GL2 ] «—— [(A*\{0}) x (P)""!/(GL2 x Gp)] -

Suppose we start with a principal GL, X G,,-bundle P — S together with a GL; x
Gm-equivariant map P — (A2\{0}) x (P")"~!, giving a map S — [(AZ\{0}) x
(PY)*~1/(GL3 x G,,)]. Following the diagram around clockwise or counterclock-
wise, we get amap S — [(P!)"/ P GL,] given by a P GL,-equivariant morphism

P xGL2X6m G, x9L2 pGL, =~ P x9L2>Cm pGL, — (PY)".

When going counterclockwise, the product P x9L2*Gm G, is taken with respect
to the multiplication map GL, x G;,, — GL,, while when going clockwise, the
product is taken with respect to the projection map GL, x G,, — GL,. How-
ever, the resulting principal P GL,-bundle is the same as the compositions with
the quotient GL, — P GL, are identical.

Now, we will find the induced map

oL, (A\0) x (PH)"™1) — Ag, ((PY)")
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in terms of generators and show it is injective. Consider the diagram

A (AD0xEY ) LAy, (A< B — LAy, (B

RN (1110 A S (T 3 B, S VYOS

where G L, acts in the standard way in all cases. In the middle term of the top row,
Gy, acts by scaling A2 \ {0}. In the last term of the second row, (G,,)" acts by
having the ith copy of G, scale the ith copy of A2\ {0}. In the middle term of the
second row, (G,,)" acts by having the first copy of G, act by scaling all copies of
A2\ {0} and the ith copy of G,, with 2 < i < n acting by scaling the ith copy of
A2\ {0}. In the first term of the second row, the i th copy of G~ ! scales the i + 1st
copy of A%\ {0}.

To compute f’, we let H; be the standard character on the first factor of G,
in GL, X (Gy,)" and let Hy, ..., H, be the standard characters on the remaining
n — 1 factors and the n — 1 factors of G,, in GLy x (G,,)" . The induced map
T x (Gy)* — T x (G,,)"~! of tori induces u +— u + Hy and v — v + Hj.
Therefore,

2 Z[u,v)52[Ha, ..., Hy,) N Z[u, v152[H1][H>., . .., H4]
“(uv, F(Hy)....,F(H,) ~ (uv,F(H»+ Hy),...,F(H, + Hy))’

where u — u + Hy,v— v + Hy,and H; — H;.
For g}, the induced map T x (G,)" = T x (G,,)" of tori induces H; — Hj,
Hi— H; — Hyfor2 <i <mandu — u, v — v, and gives the map

, Z[u, v)52[H\][H>, . .., H,] . Zlu,v)52[H,, ..., Hy]
2" (uv, F(Hy + H4),...,F(H, + Hy)) (F(H,),...,F(Hy,)) "

q

The composite

Lo f Z[M,U]SZ[H2,...,H,1] _)Z[u,v]SZ[Hl,...,Hn]
©°J G, F(Ha), ... F(Hy)) . (F(Hy).....F(Hy,))

isgivenbyu —>u+ Hy,v— v+ Hy, Hi — H; — H; for 2 <i < n. The image
is therefore generated by 2H; +u +vand H; — Hy for2 <i <n.If n > 3, then
this is generated by the collection

{Hi+Hj+u+v|l1<i<j<ny={A;]|1<i<j=<n}

(see Theorem 5.4). ]
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Remark 4.5. Suppose our base field is C. We have a commutative diagram

A, (YY) —Ts A8, (PH")

N |

PGL, ((Pl)n) —> HGL2 ((Pl)n)

The map A GL, ((IP’I) ) — HGLZ((IP’I)”) is an isomorphism by the Leray-Hirsch
theorem applied to IP’I -bundles. Running the proof of Theorem 4.3 for the map qu
shows qf’ is injective. Here we replace the projective bundle theorem in algebraic
geometry by the Leray-Hirsch theorem applied to Pé:-bundles and the application
of Theorem 4.1 with the fact that if G acts on X and H is a normal subgroup which
acts freely, then (X X EG)/G = (X x EG)/H)/(G/H), and (X x EG)/H is
homotopy equivalent to X /H and has a free action by G/H .
This implies A% g, (P')") — Hp gy, (P1)") is an isomorphism.

4.2. Unordered case

To start, we will recall the computation of A%, (pt). This was first done in [27,
Theorem 1] over C, where we feel the characteristic assumption was not crucial
for the argument. We will follow [6, Lemma 4.4] for this paper, which contains a
similar argument adapted to an algebraic setting.

Following the notation in [6], let A(2, 2) be the affine space of homogenous
degree 2 forms in three variables. We let the group GLj3 act on A(2,2) where
A € GL3 sends ¢ € A(2,2) todet(A)p o A~L. Let S C A(2,2) denote the open
locus of homogenous forms ¢ that cut out a smooth conic in P2

By [6, Proposition 2.5], there is a natural isomorphism [pt/ P GL,] =[S /GL3],
so their Chow rings agree. Excision gives the A% ;;  as a quotient of Ay, Ls and [6,
Lemma 4.4] computes the kernel, yielding the following presentation.

Lemma 4.6 ([6, Lemma 4.4]). We have A% PGL, (pt) = Zlc1,c2,c3]/(c1,2c¢3),
where c1, c2, c3 are the image of the generators of A? Lg(pt) after pullback under
[pt/ PGL>] = [S/GL3] — [pt/GL3].

In this paper, we allow for our base field K to be characteristic 2. The ar-
gument in [6, Lemma 4.4] needs to be modified slightly at the end to work in
characteristic 2, so we repeat the argument here for clarity. The idea is unchanged
from before.

Proof of Theorem 4.6. Let G, act on A(2, 2) by scaling all the coordinates. Since
S is an open subset of A(2,2), Ay GL, (S) is generated by the generators ¢y, ¢z, C3

of A%y, (py). Similarly, A%, ¢ (8) is generated by c1, ¢z, c3 and the standard
character of G,,, which we will call #.! The inclusion GL3 — GL3 x G,, sending

Lourhish— c¢1 in the context of [6, Proof of Lemma 4.4].
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A'to (4, 1) induces a surjection of Chow rings A%, ¢ S) — AGL, (S), sending
citoc; fori = 1,2,3and & to 0. Therefore, it suffices to compute A;;L3 <G S) =~
A (P(S).

The complement of P(S) C P(A(2,2)) consists of singular conics. Let W C
P(A(2,2)) x IP? consists of pairs (C, p) where C is a conic singular at p. Since
W — P(A(2,2)) has image the complement of S, we have the following exact
sequence

AL, W) = AL, (P(AQ2,2))) — AgL,(S) — 0.

Therefore, it suffices to compute the image of Az, (W) — Ag . (P(A(2,2))) un-
der pushforward. To this end, we will compute the class of [W]eAg, Ly (P(A(2,2))x
P?) and conclude using the structure of Ag Ls (P(A(2,2)) x P?). The ring
A‘GL3 (P(A(2,2)) xP?) is generated over Z by the generators ¢y, ¢, ¢3 of A’GL3 (pt)
and the two hyperplane classes t € Ag, Ls (P?) and & € AgG Ls (P(A(2,2))), pulled
back to Ag;; (P(A(2,2)) x P?).

The computation of [WW)] is the only place where this proof diverges from [6,

Proof of Lemma 4.4]. Viewing A(2,2) x P? as an equivariant vector bundle over
P2, we can form the exact sequence of vector bundles

0—> W — AQ2,2) xP? - PY(0p(21)) ® D — 0,

where D is the 1-dimensional representation of GL3 given by the determinant and
P (0p2(21)) is the sheaf of principal parts parameterizing Taylor expansions up to
order 1 at each point of P2, The map A(2,2) x P> — P1(0p2(2)) ® D is given
by twisting the global section map H°(0p2(2t)) — P1(Op2(2t)) by D.

In particular, WV is the projectivation P(W) of a vector bundle W — P2
Therefore, W C P(A(2,2)) x[P? is the projectivation of a subbundle, which by [10,
Proposition 9.13] has class

W] = c3((A2,2)/ W) ® O(h) = c3(P1(0(21)) ® D ® O(h)).

The exact sequence for the sheaf of principal parts and the Euler exact sequence
are given by
0 — Qp2(2t) = PY(Op2(2t)) = Op2(2t) = 0
0 — Qp2 — Op2(—1) ® (K>)* = Op2 — 0.

These two exact sequences imply

c(PY(OQ2t) ® D ® O(h)) = c(Qp2(t + D + h))c(Op2(2t + D + h))
_c((KH*® O+ D +h)
 c(Op2(2t + D + h))
=c(K>»*® 0@t + D + h)).

¢(Op2 (2t + D + h))
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Letting u, v, w be the chern roots of ¢y, ¢», c3, we find

Wl=(l-u+t+D+h(1—-v+t+D+h(1—-—w+t+D+h)
=(t+c1+h)P—cit+cr+h>+ct+ci+H)—c3
= t%(c1 + 3h) + t(4cih + ¢ + 3h%) 4 2¢1h* + c?h + cyh
+ c1c2 —2¢3 + h?,

(4.1)

using the relation 13 + ¢1t2 + c¢at + ¢3 = 0. Our final goal is to compute the
image of Ag; (W) — Ag; . (P(A(2,2))) under pushforward. Since WV is a pro-
jective subbundle of P(A(2,2)) x P2, viewed as bundles over P2, the restriction
map Ag, (P(A(2,2)) x P?) — A%, (W) is surjective. This means the image
of Ag, (W) — A, (P(A(2,2))) is the image of the ideal generated by [WW] in
AZ;L3 (P(A(2,2)) x IP?) pushed forward to A'GL3(IP’(A(2, 2))).

Since AE;L3 (P(A(2,2)) x P?) is a free module over A, (P(A(2,2))) gener-

ated by 1,7, 12, and the pushforward map is known explicitly to be extracting the
coefficient of the 2 term after reducing modulo #3 + ¢11% + ¢t + ¢3 = 0, one can
argue as in [14, Theorem 5.5] to see that the image of the ideal generated by [WV]
has image generated by the coefficients

c1 +3h, 4cih+ cf +3h%, 2¢1h% + cfh + coh + 1o —2¢3 + B3

of 2, t and 1 in the expression for W] (4.1). Finally, to get the relations in
A%y, (S), we also add the relation /1 = 0, yielding

Ag,(S) = Zler. ca.esl/(c1. ¢] . crea — 2¢3) = Zley. ¢, ¢3]/(c1. 2¢3).
as desired. O

In addition to knowing the presentation of A%, (pt), we also want to know
the map A%, (pt) — Ag;, (pt) induced by the quotient GL> — PGL,.

Lemma 4.7. Let T be the standard torus inside of GL,. The composition T —
GL, — PGL; induces the map

Zlcy. ¢z, ¢3]/(c1.2¢3) = Apgp, (pt) — A7 (pt) = Z[u, v],

sending ¢y — 0, ¢c; > —(u — v)2, c3 — 0, where u and v are the standard
characters of T.

Proof. Theorem 4.7 amounts to following the composition of maps
[pt/ T] — [pt/GL2] — [pt/PGL2] — [S/GL3] — [pt/ GLs].

To this end, let us start with a map S — [pt/GL,] from a scheme, which is equiv-
alent to the data of a vector bundle V' — S. For the purposes of computing the
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map on Chow rings, it suffices by definition to consider the case where S is the
Grassmannian G(2, N) and V is the tautological subbundle. This yields a map
S — [pt/ P GL5], which is given by the data of the P! bundle 7 : P(V) — S. For
the key step, this P! bundle yields the commutative diagram

P(V) —— Pty ))
B /

where each P! fiber of 7 is embedded into each P2 fiber of ]P)((Jr*w]PT(IV) / g)")— B
as a conic by the anticanonical map. This diagram yields the data of a map S —
[S/GL3]. Finally, to get the data of S — [pt/ GL3], we only remember the vector
-1 *
bundle (ﬂ*wP(V)/B) — B.
By the Euler exact sequence, we have

0— Opy = V ® Opy(1) — CUIE(IV)/B — 0,
which yields
0>0s >VRV* —>n*a)§(lv)/3 — 0.
If we assume that the vector bundle V' has chern roots u and v, then we see that the
quotient of V' ® V* by the trivial bundle has chern roots 0, u — v, v — u. Taking
the dual yields again the same chern roots. Therefore, the chern classes ¢y, ¢2,c3 €
Ag L3(pt) pull back to the elementary symmetric functions in 0, ¥ — v, v — u, fin-

ishing the proof. O

Proposition 4.8. We have

ZIu, 0152 ([Troo (B —iyu + (FBEL 4 i)))  ifnis odd
Zlca, 3, H]/(2¢3, pn(H)) if n is even

PoL, (P") =

where py(t) € Apgy,(Pt) [t] is defined as

Pn(?)
t]_[k NG +k202)+t4+124 ( )t + eat) ik n =0 (mod 4)
+

t]_[k L (17 4 k) +1F ]_[k ) ( P+ czt)}%rz_kcéc n =2 (mod 4).

SRS
S}

The map

Apr, P") — AgL, (P")
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induced by GL, — PGL, is given by

1 —1 -1 1
ur—>H+iu+n v v+—>H+n—u+n+ v if nis odd
2 2 2 2
o> —(u—v)? 30 H|—>H+%(u+v) if n is even.

Finally, A%, (P") — Ag; (P") is injective for n odd and injective up to 2-
torsion when n is even.

Proof. The injectivity statements immediately follow from the explicit descriptions
of all of the rings maps in the statement of Theorem 4.8. Indeed, when 7 is odd,
we have

(2o (5 ) o o

i=0 i=0

which is a relation in A, 1, (P"), and similarly for n even we have

-

Pa(H)leamo = (H + 5 + ) Il

<H+ %(u-i—v)—k(u—v)) (H—i—%(u +v)+k(u—v))
=[]H + 0 —iu+iv).
i=0

We do the cases n is odd and even separately. First suppose # is odd. Consider the
commutative diagram

Apgr, P") —————— Ag, (P")

5 I

Agp, A"\ {0}) —5 AGLyxG,, (A" {0})
For the Chow ring Ag;, | (A™T1\ {0}) in the bottom left corner, GL, acts on A"*1

X
y
A € GL,. For the Chow ring A%, ¢ (A"*1\ {0}) in the bottom right corner,

y sending a degree n binary form f € K|[x, y]4 to det(4) = - or
by sending a d binary fi K det(4)"Z f(A~! f

G L, acts as normal, sending 1 as before to f(A™! (;)) and G, acts by scaling.
0) act on A?

. . . . . t
The first vertical arrow is an isomorphism because the matrices (0 )

by scaling by .
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To determine Ag L, (A™T1\ {0}) it suffices to check the maximal torus T C

GL; acts on A" with characters {(“F1 —i)u + (<& +i)v | 0 <7 < n}. This
shows

—n+1
2

n+

zl—i)u—l-(

Apr, ") = Zu,v)% /(]

i=0

+i)v))

in this case.
To find the map Ag, (A" \ {0}) — AG ., A"\ {0}), we con-

sider the map GL, x G,, — GL, and find it maps the pair (Al )tz) ,A to

n+1  np—1

A2 A2

n—1 n+1 | in GL5. This shows the map

2.} / (l]j) ((n er ! —i) U+ (_n; Ly i) v))
aZMﬂWHM(fUH+m+M—UM)
i=0

giving A%, (A" {0)) — AGL,xCo (A"F1\ {0}) is given by

n+1 n—1 n—1 n+1
u—+ v v— H + u—+

H
we At 2 2 2

V.

Now, we do the case 7 is even. Let V = K2 be the standard representation of GL,,
and D = det(V) = K. Then (Sym"V) ® (DV)®"/2 is a GL, representation that
descends to a P G L, representation.

To determine

Apgr,(P") = Apgy, (P(Sym"V) ® (D¥)®7))

it suffices to find the chern classes of the P G L, representation (Sym” V)Q(DVY)®2
regarded as a P GLj-equivariant vector bundle over a point. These chern classes
are given in [15, Corollary 6.3]. The reader should also note that [15] contains
mistakes elsewhere in the document (see [6, Introduction]). As a result, we have
A%gp, (B is Zlca. c3. H]/(2cs. pu(H). where pu(1) € Apgr, (V] is given
as in the statement of the proposition.

Therefore, we have

Aper, (P(Sym"V) ® (D¥)°%)) = dg, (P (Sym"v) © (01)°%))

given by ¢ +— —(u — v)? and c3 +> 0 by Theorem 4.7.
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. ° L
Also, the ﬁp((symnv)(ng)@%)(l) class in APGLz(IP’((Sym" V) ® (DV)®2)

maps to the Op((symnv)g(pvyen)(1) classin Ag, (P((Sym"V) ® (DV)®%3) by the
projective bundle formula.
Finally, since (Sym” V) ® (DY)®? is a twist of Sym" V by a G L,-equivariant

. . ° ®ﬂ
line bundle, the ﬁP((Sym" V)@(Dv)®%)(1) class in A%, (P((Sym" V) ® (DV)®2))

maps 10 Cp(syur vy (1) = 72 (D)®%) in AG, (B(Sym"V)®2).
Since —chLZ((DV)@’%) = chz (D®"/2) = Z(u + v), we find the composite
map
Aper, (P (Sym™V) ® (D)) > A5, BSym"V))

is given by

ca> —u—0v)2 30 H|—>H+%(u+v). O

5. Formulas and initial reductions

In this section we express the [A p] and [A] classes in terms of our equivariant Chow
ring presentations. We also compute formulas for [Ap] € A%((P')") and give a
quick, alternative computation of the classes [Z;] € A% (IP") given in [12, Theorem
3.4]. The simple presentation for the class of the diagonal in (P!)” works especially
well with the formula for the pushforward @, : A}((IP’I)") — A% (P") via the
classes of torus fixed points, and appears not to have been previously exploited in
this fashion.

5.1. Class of the diagonal in (P!)”"

We now compute the 7 -equivariant class of the diagonal A3 C (P!)”. This for-
mula would also follow from localization to the torus fixed points, but the deriva-
tion below is simpler.

Proposition 5.1. The class of Ay in A}((IP’I)”) is given by

[Agnp] = ulTv (H(Hi +u) - [ [(Hi + v)) :
i=1 i=1

Proof. This follows from the fact that A, intersected with {[0 : 1]} x (P1)"~!
and {[1 : 0]} x (P1)"*~! are the torus-fixed points [0 : 1]* and [1 : 0]" respectively,
)

(Hi+w) — (Hi+ o)Al = [[Hi+w - [[(Hi +v). O
i=1

i=1
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5.2. Formula for [Ap]

When two strata [A p] and [A p/] intersect transversely in (P!)”, it is easy to de-
scribe their intersection as another stratum.

Proposition 5.2. The class [Ap] € A’;,_(;sz((IP’l)") for P a partition of [n] into d
parts is given by the product ]_[{i,j}eEdge(F) [A;,;], where F is any forest with vertex
set [n] consisting of one spanning tree for each part of P. In particular,

(1) Ifi, j are in distinct parts of P, then if P;; is the partition merging the parts
containing i and j, we have [A; j][Ap] = [Ap;];
(2) Ifi, j.i’, j" are in the same part of P, we have A; jAp = Ay jAp.

Proof. Writing P = { P, ..., P}, wehave [Ap] = [[[Ap,] so it suffices to show
the result for P = {[n]} into a single part. Consider a tree 7 spanning the ver-
tices [n], and take a leaf i with associated edge ij. Then T \ ij spans [n] \ i,
and so by induction it suffices to show [A; ;][A¢ap 3] = [A¢ap] which follows
from the transversality of the intersection A; ; N A\ j = A[yj. Item (1) now fol-
lows immediately. For item (2), it suffices to show that [A; ;[[Ap] = [Ax, ;][AP]
whenever i, j, k are distinct and in the same part of P, which follows by taking
the forest 7 to contain the edge ik and using the diagonal relation [A; ;][A; x] =
[Ak,j][Ai k] O

Proposition 5.3. Let P = {V1,...,V;} be a partition of [n], then

d
[Aﬂ:ﬁ]‘[ []H +w-]] H+v]

i=1 \jeV; JEV;
Proof. From Theorem 5.2, [Ap] = ]_[flzl A¢v,;y. Now apply Theorem 5.1. O

5.3. The ¢; and [A; ;] classes

At this point, we can prove the formula for [A; ;] in item (3) of Theorem 3.1 and
for ; as mentioned in Theorem 3.2.

Proposition 5.4. We have

[Ai,j]:Hi-i-Hj +u-+v
Vi =—Q2H; +u+v).

Proof. The formula for [A; ;] is an immediate consequence of Theorem 5.3.

To compute ;, it suffices to show that c; (Tp1) € AE;Lz PYis2H +u + v,
where H = ¢1(0(1)). We note that ¢,op(Tx) for any smooth X is the pullback of
the diagonal under the diagonal map X — X x X. The pullback Ag;; | (PH?) —
AE;L2(P1) under the inclusion P! =~ A;, < P! x P! is given by Hy, H, — H.
Under this map, [A; ] pulls back to 2H + u + v as desired. O
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5.4. Pullback and Pushforward under ®
The pullback map ®* : A% (P") — A'T((]P)l)") is induced by

n
®*(H) =) H,.
i=1
We now consider ®... By considering the classes of the torus-fixed loci, we have
for any A C [n],

o | [[Hi+w [[H;+v) | =[] H+kv+@—kw).
A [n]\A ([nJU{OH)\|A|

This in fact uniquely characterizes ®,, which can be seen either from localization
[9, Theorem 2] or because

[Ta(H: + ) [Tpapa(Hj + v)
[Ta(=v +w) [[ppal-u +v)

is a Lagrange interpolation basis for polynomials in Hy,..., H, modulo F(H;)
for each i.

5.5. Formula for [A]

Fehér, Némethi, and Riméanyi computed the class of [A] for A a partition of n [12,
Theorem 3.4]. We can give a quick self-contained computation from Section 5.4
and theorem 5.1 as follows.

Theorem 5.5 ([12, Theorem 3.4]). The class [ay,...,aq] is the result of first
expanding the polynomial

d
(% —-1) = crz¥ (ck € 7),
I1 2.

i=1 k>0

and then replacing each monomial

1 . .
ZkHW 1_[ (H+]U+(n_J)M)
([n]U{op\k

Proof. Let P = {V1,...,V4} be a partition of [n] with |V;| = a;. We expand the
formula from Theorem 5.3

d
AFﬁH TT Hi+w— [T Hi +v)

i=1 \jeV; j€Vi

to a sum of terms of the form [ [; ¢ 4 (H; +u) [];epup 4 (H; +v). Then, Section 5.4
implies that each such term pushes forward to [ [ ,juonja)(H + Jjv + (1 — j)u).
The result follows immediately. O
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6. Strata in [(P!)"/PGL,]

In this section we prove all of our results on ordered point configurations in P!.
Up to Section 6.1, the only result that we use is Theorem 4.3, and in particular the
identification of [A;, ;] in Ag;; ((P')") as H; + H; +u +v.

Remark 6.1. Whenever we write A; ; in any context, we will always treat {i, j }
as an unordered tuple, so that implicitly

A=A
fori > j.
Recall from Theorem 4.3 and Section 2.3, we have the inclusions
por, (BY") C Ag, (PH") C AF(PH").
We first consider the square relation in (P')*.

Proposition 6.2. In A% L, ((PYY*), we have the square relation

[A12] + [As4] = [A23] + [Ag ]

Proof. Both sides are equal to H; + H, + Hz + H4 + 2(u 4 v) by Theorem 5.4.
This can also be shown using the fact that the diagonal A C P! x P! has a torus-
equivariant deformation to {0} x P! U P! x {oo}. It also holds by the discussion in
Section 1.1. O

Definition 6.3. Let R(n) be the ring
R(n) =Z[{A;; |1 <i < j < n}]/relations,
generated by the symbols A; ; = A ; together with the relations

() Aij + Agg = Ajx + Aj fordistinct i, j,k,[  (square relations);
(2) AijAix = A jAj fordistineti, j, k (diagonal relations)

given in Theorem 3.1 (1). If n is clear from context or irrelevant, we will let R :=
R(n). If we let each A; ; have degree 1, then the ideal of relations is homogenous,
so R is a graded ring, and we will denote by Ry the kth graded part of R.

By Theorem 4.3, we can identify A;,GLz ((P1)*) as a subring of AZ;LZ ((PHM),
where the image

PoL, (P = Ag, (PYY") = Z[u,v]2[Hy,..., Hyl/(F(H))..... F(Hy))
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is generated by A; ; = H; + Hj +u + v forn > 3. If n < 2, we also have to
add the classes ¥; = —(2H; + u + v) (see Theorem 5.4). Therefore for n > 3 by
Theorem 6.2, we have a surjective map

R — Apgr, (P, (6.1)

sending each symbol A; j € Rto A;; € Apgp ((PYH™). To show Theorem 3.1
(1), we need to show this surjection is an isomorpflism forn > 3.
As A'GL2 ((PH™) is free as an Abelian group, A’IZGLZ((IP’l)”) is a free Abelian

group for each k. We first compute the rank of these groups for varying k.

Lemma 6.4. For every n > 1, the free Abelian group A]}‘, GL» ((PY™) has rank

= ()

i=k mod 2

Proof. We compute the rank of Alfp GL, ((P1)") by working instead with the rational
subring

P, (P ®Q C A%, (PHY) ® Q,

which is generated by the elements H/ := H; + %(u + v) by Theorem 4.3. Noting
that H/? = %(u —v)?, we see the Q-vector space A’;GL2((IP’1)") ® Q is spanned
by the elements

e

ieB
n
0<i<k

i=k mod 2

B Cn], |B| <k, |Bl=k (mod2);,

which has size

To finish, it suffices to show that the elements of B are linearly independent. In-
deed, the elements of 13 become distinct monomials in the H/ after setting u = 1
and v = —1 (after which the defining relations F(H;) = 0 become H/*> = 1 for
eachi). O

Definition 6.5. Let Part(d, n) denote the set of partitions of [n] into d parts. For
P e Part(d, n), for any forest F with vertex set [r] consisting of one spanning tree
for each part of P, we define

Ap= [] Aujer
{i,j}eEdge(F)

Note that by the diagonal relations this is independent of the choice of F, and
Ap + Ap under the map R — A%y, ((PYH™) by Theorem 5.2.
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Remark 6.6. The two items (1), (2) in Theorem 5.2 are also true for the elements
Ap € R as the proof only uses the diagonal relations in A% L, ((PH™).

Lemma 6.7. For k <n —2, Ry is generated by {Ap | P € Part(n — k,n)}.

Proof. Given a product ]_[]E=1 A;,,j,» we will produce an algorithm for rewriting
this product in terms of A p with P a partition of [n] into n — k parts.

By induction, we can write ]_[Ig;i Aigje @S Y prepar(n—k+1.1) 4P AP, SO it
suffices to show that A;,; Aps for P’ € Part(n — k 4 1,n) can be written as a
Z-linear combination ) | p cp,(n—k.n) 4P AP-

If ix, ji are in different parts of P’, then A;, j, Apr = Ap where P merges
the parts containing iz and ji, and we are done. Otherwise, if they are in the same
part Ay, let A», A3 be two parts of P’ distinct from A; (which existasn —k +1 >
3), with elements x, € A, and x3 € A3. By applying a square relation, we have

Aik,jk AP’ = (Aik,x2 - sz,x3 + Ax:;,jk)AP’a
and each of the three terms on the right is some A p with P € Part(n — k,n). O

Definition 6.8. Given a partition P of [z] and i, j € [n] in distinct parts of P, let
P; j be the partition of 1] obtained by merging the parts in P containing i and j.

From Theorem 6.6, the following relations hold in R(n) (and hence also in
App, (BYM)).

Definition 6.9. For i1, i»,i3,i4 in distinct parts of a partition P of [n], define the
square relation for P associated to i1, iz, i3, i4 to be the relation

Ap,

ll.iz

—Ap + Ap — Ap. =0.

ip.i3 i3.ig ig.iq

Definition 6.10. Inside the free Abelian group ZP*(@") denote by Sq(d, n) the
subgroup generated by formal square relations P; ; — Pjx + Pr; — P;; for P €
Part(d + 1,n) and i, j, k, [ in distinct parts of P. Then we define

A(d, n) := ZP@M 1 Sq(d, n).
Theorem 6.7 shows for d > 2 we have a surjection
A(d,n) - R,_4
that sends P — A p. We will in fact show this is an isomorphism.

Definition 6.11. Say a partition P € Part(d,n) for d > 2 is good if P can be
written as P = {A1,..., A4} with A1 U A, a partition of an initial segment of [n],
and A3, ..., Ay all contiguous intervals. Denote

Good(d,n) := {P € Part(d,n) | P good}.
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Lemma 6.12. For2 < d < n, A(d,n) is generated by the set of P € Good(d, n).

Proof. We use induction on n and d. For d = 2 every partition is good, and for
d = n the result is trivial. Suppose now we have 2 < d < n. Take Q € Part(d, n).

If n — 1 and n are in the same part, then Q' := Q \ n € Part(d,n —
1), and by the induction hypothesis applied to A(d,n — 1) we can write Q' =
> PreGood(d.n—1) 4P’ P’ There is a map

A(d,n—1) — A(d,n)

mapping each P’ for P’ € Part(d,n — 1) to P, where P is obtained by adding n to
the same part as 7 — 1 in P’. Furthermore, under this map P € Good(d,n) if P’ €
Good(d,n — 1), so we get Q as a Z-linear combination of P for P € Good(d, n).

If nisisolated in Q, thenlet Q' = Q \n € Part(d —1,n—1). By the induction
hypothesis applied to A(d —1,n—1), we can write QO = Y p/cGood(@—1.0—1) 4P’ P’
There is a map

Ad —1,n—1) — A(d,n)

mapping each P’ for P’ € Part(d — 1,n — 1) to P, where P is obtained by
adding n as an isolated part. Furthermore, under this map P € Good(d,n) if
P’ € Good(d — 1,n — 1), so we get Q as a Z-linear combination of P for P €
Good(d, n).

If neither of the above two cases hold, then n — 1 and »n are not in the same
part and n is not isolated in Q. Let x € [n] be another element in the same part
as n, and let y € [n] be in a different part as n — 1 and n (which exists as d > 2).
Then if we let Q € Part(d + 1,n) be the result of taking Q and isolating 7 into
its own part, the square relation for Q associated to n — 1,n, x, y yields Q as a
combination of 3 terms, each of which either has n isolated or n — 1, n in the same
group. O

Lemma 6.13. For2 <d <n,

#Good(d,n) = Z (’:)

0<i<n—d
i=n—d mod 2

Proof. From the definition of Good(d, n),

n—d+2 n—k—1
#Good(d,n) = 2k=1 _ .
wn="3 e, ")
k=1
To see this, suppose A7 U A, is the initial segment {1,...,k}. Then, there are
2k —2 partitions of a size k set into two nonempty subsets, where the subsets
have an ordering. Since we do not want our subsets to have an ordering, this yields

2k=1—1 ways to choose A; and A,. The factor of (, f]:]_‘;}rz) = (";]Sl) appearing
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in the summation is the number of ways to partition {k + 1,...,n} into d — 2
nonempty contiguous blocks. In particular, when k = n or d = 2, it is understood
that this factor is 1.

Let

We will show G4, = G;l , foralln > 2and d > 2 by induction on . For the base

case if n = 2 and d > 2 arbitrary, we have two cases: if d = 2, #Good(2,2) =
Gy, =1landifd > 2, #Good(d,2) = G4, = 0. If d = 2 and n > 2 arbitrary,
then G(’l n = 2"=1 _ | by the binomial theorem, and Gan = 27=1 _ 1 because

only the k = n term (2"~! — 1)(_01) contributes.
Now, assume we know Gg4, = Gél , for some n and all d > 2. For the
induction step,

ndt? n—k—1 n—k—1
G G — 2k—1_1
dn F Odtin ];( )(<n—k—d+2)+<n—k—d+l))
n—d+2
—k
= k1 " =G
]; ( )(n_k_dH) dtLntt

and similarly applying Pascal’s identity, G, , + G, ,, = Gl .01

Corollary 6.14. For2 < d < n and n > 3 we have the isomorphisms
26NN S A(d.n) = Ry—g — Ad, (B
Proof. By Theorems 6.7 and 6.12 and (6.1), we have
29— A(d n) = Ry—g — AgL, (B,
Since A’;;Gsz ((PYH)™) is a finitely generated, free Z-module of rank equal to the rank
of 7.6°04(4.n) by Theorems 6.4 and 6.13, the composite ZG°04(d7) —>A’},_GdL2 ((]P’l)”E)]

is an isomorphism.

We now find an explicit basis for Ry for k > n — 2 of size 2"~ 1.
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Lemma 6.15. For each partition P € Part(d,n) for d < 2, arbitrarily choose
ip, jp that lie in the same part. Then for k > n — 2, Ry is generated by the 2"
elements

Sk = {Ag Akt Lulapalt? | poe pan.n)

Hnl3»J{nl} ip.jp

Proof. Let P = {A, B} € Part(2,n). By Theorem 6.7, it suffices to show

Ap ]_[k "t2A Aj,,j, is generated by Sy for any choices of i, # j,. We proceed
by 1nduct10n on k > n — 2. For the base case k = n — 1, it suffices to show
A jAp is generated by Si forany i # j. If k > n — 1, then by the induc-
- L k—n+1 k—

tion hypothesis, it suffices to show A; ;Ap A7 and A, A_{[”]}Ai{[;]l},j{[n]} are
generated by Si. Both the base case and the induction step will work in the same
way.

k—n+1
First, A; j Ay A l{[n]} o = A{[n]}Ai{[n’]l},j{[n]} by Theorem 6.6 (2). To deal

with A; jAp Ak ”+1 , we have two cases.

(1) If {7, j } is not contained in A or B, then A; ;A p is the diagonal Ay, by The-

k—n+1 _ Ak—n+1 .
orem 6.6 (1). Then, by Theorem 6.6 (2), A;,j ApA;, '}P Ai{[nr]l},j{[n]} A¢ys

(2) Suppose now each {i, j} is in A or B, and that without loss of generality,
ip,jp € A. If i,j € A, then using Theorem 6.6 (2) we may replace A; ;

with A;, ;.. If i,j € B, we can use a square relation to replace it with
Ai,ip — Aip,jp + AjP,i' We then have Ai,ipAP = A{[n]} = AjP,iAp, SO
. k—n+1 __ k—n+1 _ k—n+2
Al ]APAIP jpP 2Alr[n]} ]{[n]wA{[n]} APAIP jpP
by Theorem 6.6 (2). [

Theorem 6.16. For n > 3, the natural surjection R —» A;’GLZ (PY™) is an
isomorphism. Furthermore, Ry has Z-basis given by

(1) {Ap | P € Good(n —k,n)} fork <n—2;
(2) S = {A{[n]}Af‘{ ) VAP Afp "*2 | P € Part(2,n)}, where for each
partition P € Part(d, n) for d < 2, arbitrarily choose ip, jp that lie in the

same part.

Proof. If k < n — 2, we have R — A’;,GLZ((IP’l)") is an isomorphism with Z-
basis given by {Ap | P € Good(n — k,n)} by Theorem 6.14. Now, we consider
the case k > n — 2.

The S span Ry by Theorem 6.15, so applying (6.1) yields

75k — R — Al (PHM),

whose composite is a surjection of free Z-modules of the same rank 2" ! by The-
orems 6.4 and 6.15, so it is an isomorphism. This proves Ry — A’I‘JGLZ((IF”)”) is
an isomorphism and identifies Sy as a basis. O
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6.1. Algorithm and example

We can describe an algorithm for writing arbitrary classes in A% Lo ((PH™) in
terms of our Z-basis. The key fact is that if pr” : (P')” — (P!)"~! is projection
by forgetting the last factor, then by definition of the pushforward of a cycle

. Ap\, if nis notisolated
pry Ap = e
0 if n is isolated.

At the level of formulae, if we write our class as a polynomial in the H;, u, v with
each H; appearing to degree at most 1, then pr/, extracts the H,-coefficient. Also,
if we have a A p and we know that either n is isolated or n — 1, n are in the same
part, then as [A,—1 »,](H, — Hy—1) = 0 we also have

0 if n — 1, n are in the same group

pra(Ap](Hy — Hy-1)) = [Ap\a] if 7 is isolated.

Suppose we have a class

a= Y aplApl= )Y ap[Apl+ D ap[Ap]

P €Good(d,n) P €Good(d,n) P €Good(d,n)
n isolated n—1,n together

and we want to find the coefficients ap.
We first show how to reduce down to the case d = 2. By the above, we have

prio= ) ap[Apwl, pri@(Hy—Hyo1) = Y. ap[Apyl.
P €Good(d,n) P €Good(d,n)
n—1,n together n isolated

In the first case each P \ n € Good(d,n — 1), and in the second case each P \ n €
Good(d —1,n —1) so we can apply induction to determine all of these coefficients.

Once we have reduced down to the case d = 2, we can now identify each
ap separately for P = {A, B} a partition of [n] into two parts by evaluating at
H; = —ufori € Aand H; = —v fori € B (which is localization at a torus-fixed
point). By Theorem 5.3, this evaluates to ag4 gy (u — v)"2(=1)l4I71.

The same method for d = 2 works for elements & € AX((P')") with k >
n — 2. Applying the same substitution to

a =Y ap[Aip jp) P AR] + agn[Digy )T A ]

extracts the a p-coefficient for P = {A, B} a partition of [r] into two parts as this
is the only term that does not vanish under this substitution. Then, we subtract off
all of these terms to recover a;.
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Example 6.17. As a simple example, consider the P G L,-orbit closure of a generic
point in (P')3. The formula computed in [23, Corollary 4.8] shows that the class
of this orbit is

o = ex(Hy, Hz, H3, Hy, Hs) + 2(u + v)(H1 + Hy + H3 + H4 + Hs)
+ (3u? + 4uv + 3v?),
where e, is the second elementary symmetric polynomial. We have
/ a \
pry (a(Hs — Hy))

5
pry(a) = [A¢1,2,3),041]

N

pri(pri(e)(Hs — H3))

4 *
/pr*(prS(a))\ = [Ag1.23.030.0a0]
pra (pri (pry («))) pr3 (pry (prk (o)) (Hz — H>))
=0 = [Agy.]

proa = (Hy + Hy + Hs + Hy) + 2(u + v)
pry(a(Hs — Hy)) = e2(Hy, Hy. H3) + (u + v)(Hy + Hy + H3)
+ (u? 4 uv + v?)

pri(prya) = 1

pri(pr a(Hy — H3)) = Hy + Hy +u 4+ v

pra(pry(pri @) =0

pri (pri (pry @) (Hs — Hy)) = 1.
The only non-trivial identification was pr3(a(Hs — Hy)) = A(1,2,3),{43}, Which
we can identify as follows. Substitute —u’s and —v’s for the H; corresponding to
all nontrivial partitions {A, B} of [4] into two parts. We find the only choice that
gives a nonzero result is A = {1,2,3}, B = {4}, yielding (u — v)?, which is the
same as for Ay » 33,43y by Theorem 5.3. Putting this together yields

@ = Agunh.450 T Ao T A2shes)-

We remark that the P GL,-orbit closure X, C (P!)" of a general point in (P!)"
decomposes into good incidence strata as

n—2
[Xa] =D Agr...ahfat 1hda+2emm)) (6.2)

a=1
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which can be geometrically explained as follows. Consider the diagram

Mon (P 1) == (B')"

_ln
Mo,n

(see Section 1.1 for notation). The left and right-hand side of (6.2) can both be
described as ev,.7*(pt) for pt € My, being a general point and the point corre-
sponding to a chain of n — 2 rational curves (respectively), and the result follows
from the flatness of w. See [23, Section 4] for a generalization of this degeneration
to PG L4 orbits closures of general points in (P")”.

7. G Lj-equivariant classes of strata in Sym”P!

Recall from Theorem 2.5 that [A] € Ay 1, (P") for A a partition of n is the push-
forward of [Ap] € Ag; ((P')") under the multiplication map (P')" — P for P
a partition of [n] into subsets with cardinalities given by A. Up to a constant factor
given in Theorem 2.5, this is the class of the closure Z, given in Theorem 2.3 of
degree n forms on (P!)Y whose roots have multiplicities given by A as studied by
Fehér, Némethi, and Rimanyi [12].

Definition 7.1. Denote by [a, b, 1¢] := [{a,b, 1,1, ..., 1}] where there are ¢ 1’s.

From writing the expressions for [A] in Theorem 5.5 using generating func-
tions, we find the following new Corollary.

Corollary 7.2. For d > 2, consider the polynomial

d
1 )
C(z—1)d2 [l -1= Y. R+ (7.1)
i=1 0<ki<k»>
ky+ko=n—d+2

Then o; € 7 and

[ay,...,aq] = Z g, k1, ko, 1972
1<ki<k>
k1+ky=n—d+2

Proof. We first note that the left side of (7.1) is a polynomial because every term
in the product is divisible by z — 1. In particular, both sides of (7.1) is a polynomial
divisible by (z — 1)2.

To show integrality of the ¢;, it is clear that all o; € Z except possibly Wn=d+2,

which a priori only lies in Z[%]. But plugging in z = 1 to both sides shows the
integrality.
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By Theorem 5.5, it suffices to show

d
[T -D= 3 G —DER-DE-142

i=1 1<ki<k>
ki1+ky=n—d+2

or equivalently

d
(z—ﬁ [T -n= Yo P =niER -,

i=1 ki<k>
k1+ko=n—d+2

By definition of ay, the coefficients of both sides agree except possibly the z° and
2"=(@=2)_coefficient. Also, the coefficients of z% and z"~(?2) are equal to each
other on the left-hand side, and the same is true on the right side. To see they
agree between the left and right sides, we note both sides are O after substituting
z =1 (|

Lemma 7.3. The rational T -equivariant classes in P"* of the torus fixed points

[[] H+jv+a—jwearP)eQ
Je([n]u{oph\{k}

are linearly independent as k ranges in {0, ..., n}.

Proof. For fixed k, H +— —ku — (n — k)v maps ]_[je[n]\{k,}(H +juo+(m—ju)
to 0 if and only if k¥’ # k O]

Theorem 7.4. For fixed ¢ > 0, the classes [a,b, 1°|witha+b =n—canda > b
form a Q-basis for A’}D_GCL_ZZ PHQC A’é_ch_z P Q.

Proof. To show the linear independence, by Theorem 7.3 and Theorem 5.5 it suf-
fices to show for fixed ¢ that the polynomials (z¢ — 1)(z? — 1)(z — 1)¢ witha > b
and a + b = n — ¢ are linearly independent. Indeed, dividing out by (z — 1)¢, we
note that the polynomials (z¢ — 1)(z® — 1) fora + b =n—canda > b > 1 are
linearly independent. This can be seen for example by noting that the monomial z*
appears only in (z¢ — 1)(z® — 1) forb =i anda = n — ¢ — i, as for all integral i
between 1 and “5< inclusive.

To see that the Q-linear span of the classes [a, b, 1¢] is precisely A’I’,_GCL_Z2 PH®
Q, we note that we have just shown that the dimension of the Q-linear span of the
[a,b,1¢] is precisely |*5<] by linear independence, which we can check is the
same as the dimension of A’I’,_G"L_z2 (P") ® Q by Theorem 4.8. O
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8. Integral classes of unordered strata in [Sym”"P!/ PG L,]

In this section, we compute the integral classes of [Z3] € A% L, (P"). By Theo-
rem 4.8, if n is odd, then A%, (P") — Ag; (P") is injective and we know the
image of the [Z,] in Ag; (P") by Theorem 5.5, so it suffices to consider the case
n is even, which we assume for the remainder of this section.

Recall the polynomials p, (1) € A}, (pt)[7] defined in Theorem 4.8 for even
n and let g, be the image of py in A%, (pt)/ (2)[t] = Fz[ca,c3,t]. Ttis easy to
see by the binomial theorem or directly from [15, Lemma 6.1] that

R (R N A if n = 0 mod 4
t=2/4(13 4 ot + ¢3)* /4 ifp = 2 mod 4,

gn(t) = {

and ¢, (1) | gn1i(t) for k = 0 or k > 4 for any even n.
By Theorem 4.8, for n even,

;’GLZ (Pn) = Z[CZ’ C3, H]/(2C3, y47 (H))’

which is isomorphic to

(@ Z[Cz]Hi) ® (EB c3lfz[ea, Cs]Hi) (8.1)
i=0

i=0

as Abelian groups. So to determine the class [Z;] € A% L (P"), it suffices to find
its image in @_, Z[c2]H' and @}_, c3F2[c2, c3]H'. Equivalently, if we write
the class of [Z,] as a polynomial in ¢, c3, and H with degree at most n in H,
then it suffices to consider the terms not containing c3 and the terms containing c3
separately. Under the map A%, (P") — Ag;  (P"), Theorem 4.8 shows that the
first factor maps injectively and the second factor maps to zero.

We can determine the image of [Z,] in the first factor using Theorem 5.5, so
it suffices to determine the image of [Z,] in the second factor to identify its class.
To do this, we will work modulo 2 and determine [Z,] € A},GLZ P ® Z/27.
Discarding those monomials not containing c¢3 then yields the image of [Z,] in the
second factor.

Definition 8.1. We say a partition A = a{'...a;* of nintod = >%_ e parts is

!
d! 7y are odd, and all e; are even.

special if all a; and erler]

Theorem 8.2. Let d and n be integers withn even. The class of [Z,]€Ap gy, (P")®
Z./27 for A a partition of n into d parts is given by

Z—Z (H) if Ais special

0 otherwise.
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Lemma 8.3. Given a ring R[H]/(P(H)) for P a monic polynomial of degree
n + 1, define the R-linear map [ : R[H]/(P(H)) — R given by taking a poly-
nomial f(H), and outputting the H"-coefficient of the reduction f(H) of f(H)
(mod P(H)) to a polynomial of degree at most n with respect to H. Then letting t
be an indeterminate, we have

P(H)— P(t)
[ 5= ran = Fo.
Proof. We have
P(H) - P(1)
[=a= e
- [HE= D
_ /P(H)f(H)—P(H)f(t)—P(t)f~(H)+P(t)f~(t)+P(H)f~(t)—P(t)J7(t)
H—t '

which by linearity is
FH)— f(0) f(H) f(t) P(H)— P(1)
/P(H)—H—t —[P() +[ o
=0+0+ f(1) = f(0).

The first term is zero because the integrand is a multiple of P (H ), the second term
SH)—f (@)

f@)

is zero because is a polynomial of degree at most n — 1, and the last

term is fN(t) because % is monic of degree n. O

Remark 8.4. Let G be a linear algebraic group and V' be a representation. Then,

6(P(V)) = AG(p)[H]/(P(H))
AG(P(V) x P(V)) = Ag (pO)[H1. H]/(P(Hy). P(H2)).

where P € Ay [T] is Tdim(¥) ch(V)Tdim(V)_1 4+t chim(V)(V) by the pro-
jective bundle theorem and the class of the diagonal in P(V) x P(V) is (P(H1) —
P(H3))/(Hy — H»), giving a geometric interpretation of Theorem 8.3. This can
be proven, for example, by first noting that it suffices to consider the case G =
GL(V). Then, we can restrict to a maximal torus [8, Proposition 6] and use the
fact that the diagonal in P(V') x P(V) admits a torus-equivariant deformation into
a union of products of coordinate linear spaces [3, Theorem 3.1.2].

Proof of Theorem 8.2. Note that when all a; are odd and all e; are even then n =
Y aje; is either equal to ) e;, or exceeds it by at least 4, S0 ¢¢, +...4¢; | gn and
the claimed expression for [Z] is well-defined.
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We resolve Z birationally with the map

k
V7 H]P’ei — P
i=1

taking (D1, ..., Dg) — ay D1 + ...+ a; Dy (treating P” = Sym’P! for all r).
If at least one e; is odd, then we claim c3[Z;] = 0. Indeed,

andc3 € Apgy, (pt) mapsto0in Ap gy, (]—[f-;l P¢) as the projection ]_[le Pei —
pt can be factored as the composite ]_[ff:1 P¢ — P% — pt, and if e; is odd then c3
pulls back to zero in Ay, (P°') by Theorem 4.8.
Hence, as ¢3[Z;] = 0, we must have [Z,] is zero in Aper, P ® 7./ 27.
Now, suppose that all e; are even. This means each P% is the projectivization

of a PGL,-representation with Chern classes given as the coefficients of p,. (¢),
so we have the Chow ring

k
por, ([ [P9) = Apgr, OOHi. ... Hil/(pe, (HY)..... pe, (Hy))

i=1

by repeatedly applying the projective bundle formula.

For the remainder of the proof all integrals are in Chow rings after tensoring
with Z /27, so each p,(t) gets replaced with ¢, (z). By Theorem 8.3, it suffices to
show

e (r) if all a; and ;%o are odd

t)—qn(H
/ qn(t) — qn(H) NW,1 = '
P 0 otherwise.

t—H

By the projection formula applied to W, we have

qn(t) — qn(H) _ Qn([)_Qn(ZaiHi)
/[p;n t— H mm*l_\/ﬂf_;]wﬁ t—ZaiHi '

Now, if any a; is even, then as we are working modulo 2, %W will not
12 1

contain H;, so the integral is clearly zero. Hence we may assume from now on that
all ¢; are odd, so that ) "a; H; = >_ H; mod 2.
We claim that ¢4 () H;) = 0 and that

/ 9a() —qa(Q_Hi)) _  d!
[Ty P

[—ZH,' €1!---€k!‘

The first of these follows from pulling back ¢4z (H) under the multiplication map
]_[ff:1 P¢ — P4, and the second of these follows from applying Theorem 8.3 to
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1€ ApqL, (P?) together with the projection formula as the multiplication map has
degree el,d—'ek,

From the vanishing of g4 (D _ H;), we have

oo (S Hi)

1) — H; 1) — H; 2@ g, (¥ H;
) 4 ) _ 020~ 04 R HD) | (5 «(Z )
1—)_ Hi qd t—) Hi t—> H;

_ 4n ()4 ~ 4 (2 Hi)
qd 1= H; ’
and the result now follows from the second claim after applying fl‘[f(:l pe; 10 both
sides. 0

We now prove surprisingly that despite the presence of occasional 2-torsion,
integral relations between [Z;] classes in Ag;;  (P") are equivalent to integral rela-
tions between [Z;]-classes in A%, (P").

Theorem 8.5. Let n,d be integers. A linear combination Y a;[Z,] with a; € Z
and each A a partition of n into d parts is zero in A;,GLz (P™) if and only if it is
zero in A'GL2 (P™). In particular, )" a;[Z,] = 0 if and only if

k . .
> all—[(za’e_—_'l)e’zol
;!

el e =
A=a, ank i=1

Proof. One direction is trivial, as we have the map A%, (P") — Ay, (P")

2 2
induced by GL, — PGL,, so if a linear relation holds in A;’GLz (P"*), then it
also holds in Ag; (P"). Conversely, suppose that we have Y a;[Z;] = 0in
Ag L, (P"). We only have to care about the case that n is even, because when 7 is
odd, A%y, (P") < Ag; (P") is an injection by Theorem 4.8.

For n even, suppose we have a sum ) a;[Z,], which is 0 in Agy,(P"). Then
since the kernel of A% GL» P") — Ag L, (P") is 2-torsion by Theorem 4.8, we
know > a;[Z,;] is 2-torsion in A;’GLZ (P"). By Theorem 8.2, the class [Z,] in
A% L, (P") ® Z/2Z is either O or Z—Z(H ), and the second possibility occurs pre-
cisely when A is special. Hence to prove Theorem 8.5, by Theorem 5.5 and Theo-
rem 7.3 it suffices to show that if

(2% — 1)
Z aAHT =0, (8.2)

e j —
A=afl ayk i=1

then

Z ay =0 (mod?2).

A special
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Note first that if no special A appears we are done, so we may assume that at

least one special A appears. As d = Zf;l e; for any partition A = aj'...az~

appearing, we must have d is even if a special A appears. Multiplying (8.2) by
!

(Z_iil)d and plugging in z = 1, we have

&
Z a'l—el!---ek!,l_[ailzo'

A=ail..af" i=1
Now we claim that el,d—'ek, is even if any e; is odd. Indeed, as d is even, if not all
e; are even, then at least two of the ¢; are odd. If ¢;, e; are both odd, then replacing
eile;!in el,d—'ek, with (e; — 1)!(e; + 1)! yields an integer with a smaller power of
2 dividing it.

Hence, el,d—'e]\, ]_[f-czl a;® is odd precisely when A is special. Taking the equal-
ity (mod 2) then yields the desired result. O

We complete the proof of Theorem 3.8.

Proof of Theorem 3.8. We have (1), (2) and (4) are equivalent by Theorem 8.5.
Also (3) implies (2) is clear as Ag; (P") is free as an Abelian group, so
Agp, (P") — A, (P") ® Q.

To finish, it suffices to show (2) implies (3). Let A = (Aq,...,Ay4) for A1 >
> A d-
Claim 8.6. Suppose A3 > 1. Then using pushforwards of square relations in
A}GLZ((IP’I)”), we can express [A] € A%, (P") in terms of classes [A'] where
A= (/V,...,Aii)wherek/l + A5 > A1+ A,

Proof of Claim. Pick a partition P = {Aq,..., Ag} of [n] with |4;] = A;. Since
|A3| > 1, we can partition it as A3 = A% U A’ into nonempty parts. Now, applying
the square relation associated to P’ = {A1, A>, A5, A}, ..., Ag} of [n]into d + 1
parts and the parts A1, As, A3, A’3’ shows

[A] = [A1] + [A2] = [A3].
where 15 = |A5| and A = |A%| and

A ={A1 + A5, A0, A5, A}

Az = {/\1,12 =+ /V/, /3, . ,/\d}

Ay = O+ Aa A5 A A 0
Returning to the proof of Theorem 3.8, iterating the claim shows that the push-

forward of square relations allow us to rewrite any [A] in terms of the Q-basis found
in Theorem 7.4, which shows (2) implies (3). ]
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9. Excision of unordered strata in [Sym"P! /PG L]

As an application of our results in the ordered case, we will prove the following
result on the P GLj-equivariant Chow ring of P" with strata excised, which we
will adapt in the next section to the case of G L,-equivariant Chow rings with strata
in both P" and in A"*1,

Theorem 9.1. Given a partition A = {Aq,..., g} of n,

Aper, P"\ Z;) = Apgr, P")/1,
where the ideal 1 ® Q C Ap gy, (P") ® Q is generated by all [\'] for A" a partition
formed by merging some of the parts of M.

Even though Theorem 9.1 requires many generators for /, in some cases fewer
generators suffice.

Theorem 9.2. Given the partition A = {a, 1" %} of n, the ideal I ® Q in Theo-
rem 9.1 is generated by [A] and [\'], where

_ ety e

N o=
{a,2,1"7472} ifa =

NI NS

See Theorem 10.3 for the connection to similar results proved in [12].
By the excision exact sequence [17, Proposition 1.8], the ideal [ is the same
as the pushforward ideal 7, which we define in Theorem 9.3.

Definition 9.3. Given a partition A of n and for G = PGL, or GL3, let [ f be the
ideal of Ag; (P") given by the pushforward via the inclusion ¢) : Z < P"

I7 = ()«A(Z3) C AT (P")
and the identification A (P") =~ A% (P") via Poincaré duality [8, Proposition 4].
When G is clear from context we will simply write 1.

Since Z is possibly singular, we will want to instead work with a desingular-
ization (as was done in [12]).

Definition 9.4. Given a partition A = {Aq,..., A4} of n, let ei)k =#j|Aj =i}
and Y, = []"_, P% . We have a map
f,'\ . YA — P"

that is birational onto its image Z, given by the composition

n
v, — [] P — P
i=1
of the ith power map on each factor P together with the multiplication map.

Equivalently, if we view projective space P" as parameterizing degree n divisors
on P!, then the map is given by (D1, ..., Dy) > > i_, iD;.
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Since i, is birational onto its image, [, is also given by the image of (7)x.
Since we will work rationally, we can take a finite cover of Y}.

Definition 9.5. Given a partition A = {A;,...,A4} of n, define the finite map
@, : (P14 — Y, to be

n n
o, : Y =[@H - [P =1,
i=1 i=1
given by the multiplication map (IPI)eiA s P¢i" on each factor.

Since ®, is finite,

(@2)s : Ao, (PHH ®Q > Apg,, (Y1) ®Q

is surjective, so I; ® Q is the image of

(@10 ®p)w : Apgr, (PH) ®Q — A6, (P)) @ Q.

The map @, has the nice property that given a partition P of [d], the pushforward
of the strata (i) o ®,)«[Ap] is [A'], where A’ is the partition of n given by merging
the parts of A according to the partition P. From this, we will be able to deduce
certain symmetrized strata generate /, ® (Q based on the generation properties of
strata in (P1)4.

Definition 9.6. Given a set of partitions P of [d] and G = PGL, or GL,, let
Ag C A'G((IP’I)d ) ® Q be the submodule over Ay (P") ® Q generated by the
classes [A p]. Explicitly,

AG =Y [Ap]®}T(AG(PY) ® Q).
Pep

When G is clear from context we will notate Ag simply by Ap.

Lemma 9.7. Let A={Aq,...,Aq} be a partition of n, and let G =P GL, or GL».
Suppose we have a collection of partitions P of [d] such that in A, (PHY) @ Q

s
=15 o @ c AS.

AG(®HY)
Then {(iy o ®,)«Ap | P € P} generates If ®QC Ay (P") ® Q.

Proof. Since

n
l_[,‘=1 Se{\

I (A% (Y2) ® Q) C A5((EHY) ®Q c AS,
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we have

(P2)+AT D (P1)(P(AL (Y1) ® Q) = AL(Y)) ® Q

and by the projection formula, (® A)*Ag is

(@)« Y _[APIDFAZE) ®Q) = D (Pu)«[Ap] NI5(ALE") ® Q).
Pep PepP
By the projection formula again, we thus have
IFR®Q= ()45 Q) = Y (10 P)[AP] N AG(P") @ Q
PepP

as desired. O

Lemma 9.8. Let A = {A1,..., g} be a partition of [n] and P be all partitions of
[d]. Then

APGL2 _ A;DGLz((]P)l)Z)S2 ®Q ifd =2and Ay = A,
i ‘4;>G1,2 (PH)eQ otherwise.

In particular, given a partition A = {A1,..., g} of n, IfGLz ® Q is generated by
all [M'] with ) formed by merging parts of A.

Proof. Given the description of A7};GL2’ the result about / f ¢l & Q follows di-

rectly from Theorem 9.7. We will now show the description of AgGLZ.

We may identify A%, (P") ® Q C Ag,  (P") ® Q as the subring generated
by H + 5(u + v) and (u — v)? by Theorem 4.8. Define

1
H{:Hi—i—i(u—{—v) and H’:H—}—%(u—{—v).
Note that with these definitions, we have
3k Ak 1
We have the Q-linear span

L
Ap = Spang, ({Ap(u — ) (Z AiH;) |k, £>0,P ¢ 73}) .

The trivial partition is in P, so 1 is automatically in Ap.
Recall by Theorem 5.4 that

Aij = H] + H},
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and that A%y, ((PH)?) ® Q is generated by the H! and (u — v)%. As H? =
1(u —v)?, to show Ap = A% PGL, ((PHY?) ® Q it suffices to show that every
m0n0m1a1 [liec H isin Ap for C C [d].
Ford =1, A = {[n]}, we are done as H| = %@;L;H/.
Ford =2 and A # A5,

1 A%k
H| = T ——— (D5 (H') — A2A12)
A 1 *’\*
H2=)L2—(‘D T(H) = A1A12)
1
H/H/:_ *A*HZ——AZ /\ _ 2 )
;= 5 (332 = 07+ 4300 07?)

Ford = 2and A; = A, = a, we have to show Ap = A;)GLZ((]P’I)Z)S2 R Q. As
H? = 1(u—v)?, it suffices to show 1, H{ + H} and H{ H} are in Ap. We already

1
know that 1 € Ap, and

1
Hi + H} = ~QJi{H',
!y 1 *A* 2 1 2 2
HiH; = — 2( F(H)? = Sa*(u =) )

We will now show that Ap = PGLz((]P)l)d) ® Qwhend > 3.
Uptodegree d —2, we can take k, £ = 0 as the classes A p for P € P generate
;‘é L2 ((P')4) by Theorem 6.12. Hence to conclude the proof of Theorem 9.8, it
suffices to show that [ [, ; H forall i and [] Hy, are in Ap.

For [ | ki Hi, without loss of generality suppose i = 1. We have each of

1
( TT #i)nosiza
12 2 o

=—l_[Hk—|-—1_[

(u—v)ZZaj [] H-

k;él 2 k2 J£12 k#£1,2,)
( I1 Hk)ﬂdD*A*
aras s
2
=—1_[Hk+_1_[H 4a, u—v) Zal l_[ Hk’
Uzt 3 k#3 j#£2,3  k#2.3,)
—(
H)ﬂd)*A*H
ards k71:213 k

:ZHH]C—F—HH]{"‘ (u_v)ZZaj 1_[ H/é

k#2 k#3 JAL3 k#£1,3,)
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lie in Ap as we have already shown each ]—[k#’ j Hj lies in A. Also, the last term
on each right-hand side lies in Ap as the number of terms in the H, monomial is
d — 3. Hence taking a linear combination we get [ [ ., H; € Ap.

To show ]_[?21 H! € Ap, we can proceed similarly to above, or expand

1
al—g@j?}t(H/)d = 1_[ H] + (u — v)? (lower order terms in the H}),

using Hj? = 1(u —v)*. O

Proof of Theorem 9.1. This follows from the excision exact sequence [17, Propo-
sition 1.8] and Theorem 9.8. O]

Lemma 9.9. Let A = {a, 1%} be a partition of n. Define P, to be the set of
partitions

{T1,i}i>2 a#b

P, ={T}U
{Ti,j}25i<j5n a=b,

where T is the trivial partition and T ; is the partition withn — 1 parts and i, j in
the same part. Then

PGL .
Ap.)™? = APGLZ((PI)bH)S‘XS” ® Q.
Proof. Define
, n , 1
H =H+E(u+v) and Hj =H,~+§(u+v).
Then in particular,

Aij = H] + H]’-
QI (H) =aH{+ Hy+ ...+ Hy 4,

so Ap, is the Q-linear span
Ap, = Spang, {Ap(u —v)?*(@H| + Hy+ ...+ H}, ) |k, £ >0, P e 73,1} .

We first show that H| € Ap,. Consider the case b # a. Then

Hi=— Q3(H') =Y A | € Ap,.

i>2
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Now consider the case b = a. Then

1 N 1
H{ :g @ILI(H/)_ﬁ Z Ai,j EAPA.
2<i<j<a-+1

Now that we have shown that H 1’ € A, it therefore suffices to show that the invari-
ant subring A%, ((P12+1)S1xSs i given by

SpanQ{(u—v)Zk (@H{+Ht . +H}, )% H| (=) (@H{+H)+. . +Hj, )|k, € zo}.
Note that by using the relation H;> = %(u —v)?2, we see this is the same as

Spang{H{*(aH{ + Hy + ...+ Hy . )" | k. > 0}
= Spang{H{* (H} + ...+ H}, )" | k.£ > 0}
= Spang{(u — v)**(H{ + Hy + ...+ H} )",
H{(u—v)*(H{ + Hy+ ...+ Hj . )" | k. £ >0}

By using the relations H/? = i(u —v)? whenever possible, we see that an element

of the invariant subring is a sum of terms of the form (u — v)Zkej (Hy,...,Hy )

and (u - v)zkHl’ej (Hj,...,Hy ) where e; is the jth elementary symmetric
polynomial, hence it suffices to show that

Spang {(u — v)e;(Hj. ..., Hy, )| j.k >0}
C Spang{(u —v)* (Hy + ...+ Hj_ )" | k. € > 0}.
This follows by induction on j and the relation
ej(Hy,....Hy V(Hy + ...+ Hj )

. 1 .
=(+Dejr1(Hy+.. . +Hy )+ Z(u_v)z(n_j +1)ej_1(Hy, ..., Hy, ).
|

Proof of Theorem 9.2. This follows from the excision exact sequence [17, Propo-
sition 1.8], Theorem 9.7, and Theorem 9.9. O

10. Excision of unordered strata in [Sym"P! /G L;] and [Sym” K2/G L]

In this section, we show how our results about excision of unordered strata in
[Sym"P!/PGL;] imply similar results in [Sym”P'/GL,] and [Sym” K?/GL,],
recovering and extending some results of [12] (see Theorem 10.3).
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Definition 10.1. Given a partition A of 1, let T, be the ideal of A% 1, (A1) given

by the image of the pushforward AGE2 (Z) s ASL2 (A"*1) and the identification
AGL2 (At A'&’z;_'(A"H) via Poincaré duality [8, Proposition 4].

Theoregl 10.2. 1 f g respectively T, ®Q)is generated by all | Z /] (respec-
tively [Z;/]) with A" formed by merging parts of A. For A = {a, 1"~} only two
generators are required, namely [Z,] (respectively [Z,]) and [Z)/] (respectively
[Z/]) where

~ Ma+ 11" ifa #

A=
{a,2,1"7972}  jfg =

(SN ST

Remark 10.3. In the affine case, when n is odd and a = [5] this recovers [12,
Theorem 4.3], and when 7 is even and @ = 7 this recovers the rational Chow ring
of the stable locus in [12, Theorem 4.10].

Lemma 10.4. We have

Q[u, U]Sz (A;’GLZ ((]pl)n) ® Q) — (A.GLZ((Pl)n) ® Q)Sel X...XSej and
Qlu. 1% (461, B") ® Q) = A5, (P") ® Q.

In particular, if a set of partitions ‘P satisfies the hypotheses of Theorem 9.7 for
G = PGL,, then they also satisfy the hypotheses of Theorem 9.7 for G = G L.
Proof. We identify A;’GLZ ((PH™) ® Q as the subring of A'GL2 (PH") ® Q via
Theorem 4.8 generated by H' := H +5 (u+v) and (u—v)?. Since Az, ((P')")®
Q is generated by H' over Q[u, v]%2, and (1 — v)? and u + v generate Q[u, v]52,
Q)% (436, ") ® Q) = Az, (P) @ Q.

For the other equality, we use Theorem 4.3 to identify A%, 1, (P") ® Qas the

subring of A'GL2 (P") ® Q generated by H := H; + ”er”. Then,

Se, x...xSek

° Sg X...XSE
(Aper, (PH") @ Q)™ K
is generated Z-linearly by all p(H{, ..., H,), where p is a polynomial invariant

Seq X...xSe
under the action of Se; X -+ X S, . Similarly, (A;;Lz((IP’l)") ® Q) : ‘
generated by all such p(Hj., ..., H,), together with u + v and uv. Therefore,

Q. v]52 (A% g1, (PH)") ® Q)™ 5% = (43, (F)") ® Q)

is

Selx...xSek

O

As we will now see, the cones over generators of / f L2 g Q also generate
I, ® Q. We will use a certain property about the classes of unordered strata to
prove this, which as we will see is that Z, contains a cycle whose class divides the
class of the origin in Ay, (A"*!) ® Q.
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Lemma 10.5. Given a partition A of n and a set of generators S of IfLZ ® Q of
degree at most n, I ® Q is generated by

{ao | @ € S},

where ayg is the constant term of a € Ag L, Py ® Q, after writing « as a poly-

nomial in H,u, v that is degree at most n in H using the relation G(H) = 0 (see
Section 2.3).

Proof. Let fIZ C A%, (A"*1) ® Q be the ideal generated by {ag | @ € S}, so we

want to show ’fz = ’I; ® Q. Consider the diagram of rational Chow rings (we omit
®Q for brevity)

A (P A%, o (A0 5 A, (AHI\(0) ¢—— A%, (A

I I b b

AGp, BN\Z) =AY, (ATTINZ)) ——» A, (AMHIN\Z) == Ay, (A"TI\Z))

where G, acts by scaling on A1, We know I; ® Q is the kernel of 71, so it maps
surjectively to the kernel of 73 in Ag;; | (A"*1\{0}). Each generator « € S maps to

the image of & in Ag; (A"*'\{0}) ® Q. Since the kernel of Ay, (A"*!) ®
Q— Ay, (A"T1\{0}) ®~Q is generated by [[/_o (iu + (n —i)v), we have ?Z +
(TT'2o Gu+(n—i)v)) =1, ®Q. To finish, it suffices to see [[/_, ((u+(n—i)v) €
I
1
As Zy is acycle in Zj, [{n}] can be expressed as an Ay, (P") ® Q-linear
combination of the elements of S, and taking the constant terms yields

n—1

[no =n]] Gu+ @m—iyw) eT]

i=1
by Theorem 5.1 and Section 5.4, which divides [];_, (iu + (n — i)v). O

Proof of Theorem 10.2. Apply Theorem 10.4 to Theorems 9.8 and 9.9 to get the
statements on [/ f L2 g Q. Then, apply Theorem 10.5 to get the statements on /.

O
Appendix
A. Multiplicative relations between symmetrized strata

In_this section, we investigate certain multiplicative relations between the classes
[Z;] € Agy, (Sym” K?). These are equivalent to certain relations between the
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degree 0 terms of the expressions for [A] € Ay L, (P") by Section 2.5. For this,

it suffices to restrict ourselves to the QQ-basis given by the [a, b, 1¢]-classes from
Theorem 7.4.

Definition A.1. Denote by [a,b, 1]y € Z[u,v]52 be the term of [a, b, 1¢] €
Agy, (P") that is degree zero in H.

We show how to write (u +v)[a, b, 1¢]g and uv|a, b, 1¢] as a Q-linear combi-
nation of strata. A few of these multiplicative relations have been explicitly written
down [12, Remark 3.9] and shown to exist abstractly [12, Theorems 4.3 and 4.10]
using the degeneration of a spectral sequence of a filtered CW-complex. We give a
combinatorial method to do this in general in Theorems A.2 and A.4.

Theorem A.2. Forc > landa +b +c¢ =n,
nu+v)a,b, 1 = (c +a—b)[a +1,b,1°71,
+(b+c—a)a,b+1,1°1,
+(@+b—c)a+b,1,1Y,.

Proof. We will prove Theorem A.2 by pulling back to (P!)”. By Theorem 2.8, we
want to show

QH + nu +nv)a,b, 1] = (c +a —b)la + 1,b,1°71] (A1)
+(b+c—a)a,b+1,11] (A.2)

+(@+b—c)a+b 1,171, (A.3)

LetA={1,....a}, B={a+1,...,a+b}. Asin Section 2, let ® : (P})" —

Sym"P! =~ P" be the degree n! multiplication map. As ®«[A4.py] = [a,b, 1],
the left-hand side of (A.1) is

D ([Aga,py] N P*(2H + nu + nv)).
The pullback of 2H + nu + nv along @ is

(H1+H4u+v)+(H+Hs+u+v)+...+(H, + Hi +u+v)
= [A12] +[A23] + ...+ [An ]

by Theorem 5.4. In this way, we now only have to intersect strata using Theo-
rem 5.2 and the square relation as in Theorem 6.2.

Thereare 6cases: 1 <i <a-—1,i =a,a+1<i<a+b-1,i=a+b,
a+b+1<i<n-—1,andi = n. We will deal with each of these cases in the
same way outlined above.

To calculate @ ([A;;i+1][A¢a,By]) for 1 <i < a — 1, we use the square rela-
tion to replace [A;;+1] with [A; 4] — [Ana+1] + [Ag+1,i+1]. Using Theorem 5.2,
each of the products is itself a strata, and the pushforward is

[a+ 1,6, 1 —[a,b+ 1,1+ [a+ b, 1,17,
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For i = a, Theorem 5.2 implies [Ag a+1][A4,B] = [A¢aup}], Which pushes for-
ward to

[a+b,1,1°71.

Similarly to before, fora + 1 <i < a + b — 1, the pushforward is
[a.b+ 1,1 —[a+ 1,61+ [a+b,1,1°71].

Fori = a + b, Theorem 5.2 implies [Ay1p a+b+1][Aga,B3] = [A¢a,Buta+b+113]s
which pushes forward to

[a.b+1,1¢71].

Fora+b+1 =i <n—1,replace [A; ;1] with [A; 4] = [Aga+1] + [Ag+1,i+1]s
and similarly to before we get the pushforward is

[a+ 1,0, 1 —[a+b, 1,1 +[a, b+ 1,1°71].

Finally, for i = n, using Theorem 5.2, Ay, 1A¢4,By = A{aun},B)» S0 this will
pushforward to

[a+1,b,1°7Y.

Combining these yields the desired result. O

Remark A.3. Given a partition A of n with at least three nontrivial parts, the ar-
gument of Theorem A.2 is a combinatorial algorithm that can non-canonically ex-
press n(u + v)[A] in terms of other classes [A'] with one fewer part. The number of
square relations can be drastically reduced in practice by an appropriate choice of
the partition pushing forward to [ay, ..., aq].

Theorem A4. Forc > 2, anda+b+c=n

n*uvla,b,1]g = Qab 4+ ac + bc +c(c —1)a+ 1,b+ 1,172,
+(—ab — bc)[a +2,b,1°72]y
+(—ab —ac)[a,b + 2,172,

+(—ac —bc—clc—1))a+b+1,1,12]
+(ac + be)[a + b,2,1°72].
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Proof. As in the previous theorem letting A = {1,...,a}, B ={a+1,...,a+ b}
the statement is equivalent to

0 (30 A+ ) (3 i+ ) g
= (2ab +ac +bc+c(c—1)[a+1,b+1,1°72]
+(—ab — bc)[a +2,b,1°72]
+(—ab —ac)la,b +2,1°72]
+(—ac —bc—c(c—1)[a+b+1,1,1°72
+(ac + be)[a + b,2,1°72].

We have (H; + u)(H; + v) =0, so

(ZHi+nu> (ZHi+nv): Z (Hi+u)(H;j+v) + (Hj+u)(H; 4+ v)

1<i<j<n

= D —(Hi—H;)
1<i<j<n

= Z _([Ai,k,’,j] - [Aj,ki,j])z
1<i<j<n

where k; ; € [n] \ {i,j} is arbitrary. There are 6 cases depending on which of
A, B, [n] \ {A, B} each of i, j lie in, and for each of these cases an appropriate
choice of k; j can be made so that the strata combine via Theorem 5.2 as in the
proof of Theorem A.2 and push forward to [a’, b’, 1°~2]-classes. O

Remark A.S. Similarly to Theorem A.2, the argument of Theorem A.4 is a combi-
natorial algorithm that can express n2uv[A] in terms of other classes [A'] with two
fewer parts for any partition A of n with at least four parts.
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