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Hölder estimates for parabolic operators
on domains with rough boundary

KAROLINE DISSER, A. F. M. TER ELST AND JOACHIM REHBERG

Abstract. In this paper we investigate linear parabolic, second-order boundary-
value problems with mixed boundary conditions on rough domains. Assuming
only boundedness/ellipticity on the coefficient function and very mild conditions
on the geometry of the domain – including a very weak compatibility condition
between the Dirichlet boundary part and its complement – we prove Hölder con-
tinuity of the solution in space and time

Mathematics Subject Classification (2010): 35K20 (primary); 35B45, 35B65,
35B05 (secondary).

1. Introduction

This paper is concerned with parabolic initial boundary-value problems including
mixed boundary conditions of the type

u0(t, x) � div(µ(x)ru)(t, x) = f (t, x) in (0, T ) ⇥ �
u(t, x) = 0 on (0, T ) ⇥ D

µ(x)(ru)(t, x) · ⌫(x) = 0 on (0, T ) ⇥ 7
u(0, x) = u0 in �,

(1.1)

where D ⇢ @� and 7 = @�\D are Dirichlet and Neumann boundary parts for the
domain � ⇢ Rd with outer normal vectors ⌫ and d � 2. We show that both for all
f 2 Ls((0, T ); L p(�)), with p 2 (d2 ,1) and for all f 2 Ls((0, T );W�1,q

D (�)),
with q 2 (d,1), and s sufficiently large, the problem is well-posed and there exists
a � > 0 such that the solution satisfies u 2 C�((0, T ) ⇥ �), that is, the solution is
Hölder continuous in space and time.

Hölder continuity is one of the classical features in the theory for parabolic
equations, for which we refer to the initial work of Nash and Moser, [34–36] and
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to the extensive theory for parabolic initial-boundary value problems developed in
the monograph [28]. One of the main reasons for proving Hölder estimates is their
usefulness in the investigation of nonlinear problems. In [28, page 9] the domain �
is assumed to be “piecewise C1 with nonzero interior angles”. In the standard work
of Lieberman [32], the domain is assumed to be Lipschitz. The main novelty of
our results lies in reducing the assumptions on the parts D and 7 of the boundary
@� to include rough settings. For the Dirichlet part D, we merely require the outer
volume condition (see, e.g., [27, Chapter II, Theorem B.4]), which is classical for
the elliptic pure Dirichlet problem. In particular, the domain may be rough in that
the inner volume condition is not required. The second achievement is that we can
considerably weaken the conditions on the relative boundary of the Dirichlet and
Neumann boundary part in that we replace the geometrical condition established
in [21] (compare also [17–19, 23]) by a measure theoretic one. Roughly speaking,
it states that in balls around points in the intersection D\7 , the Dirichlet boundary
part is not rare (in a certain quantitative sense) with respect to the boundary measure,
see (2.2) below. This reflects the fact that Hölder continuity for the elliptic Dirichlet
problem also requires only a measure theoretic assumption [39]. Our framework is
thus much broader than the classical one and allows for interesting new cases. In
particular, the Dirichlet boundary part need not be (part of) a continuous boundary
in the sense of [20, Definition 1.2.1.1] and the domain is not required to “lie on one
side of the Dirichlet boundary part”, see Figure 1.1.

Figure 1.1. The light coloured part of the boundary carries Dirichlet boundary condi-
tions, the dark coloured part has Neumann boundary conditions.

Under these more general assumptions on the geometry, we essentially reproduce
the classical parabolic Hölder theory in [28]; however, in our case, we deal with the
standard Hölder spaces, but with the coefficients independent of time. This rests
on the fact that our prescribed Dirichlet data are identically zero, whereas in [28],
more general data are admitted.

Our paper is an extension of the results provided in [15], where the geo-
metric setting was developed and where Hölder regularity for the elliptic prob-
lem as well as Gaussian Hölder kernel bounds on the semigroup were proved.
We show that space-time Hölder continuity for the parabolic problem with f 2

Ls((0, T ); L p(�)) follows essentially by employing maximal parabolic regularity
and interpolation.
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The second main point of this paper is to study the case f 2 Ls((0, T );
W�1,q
D (�)) and provide a similar result. A motivation for including distributional

right-hand-sides is given at the beginning of Section 3 and we refer to Section 2
for a precise definition of W�1,q

D (�). The method of proof transfers from the L p-
setting to the W�1,q

D -setting due to an abstract relation of the fractional powers of
the elliptic operator considered in L p and in W�1,q

D , respectively, see Lemma 4.7.
We prove this property under slightly less general assumptions on D and on the
coefficient function µ, see Assumptions 4.1 and 4.3.

The outline of the paper is as follows. In Section 2 we provide basic definitions,
the main assumptions and preliminary results. In Section 3 we study problem (1.1)
in Ls((0, T ); L p(�)) and prove that solutions are Hölder continuous in space and
time. In Section 4 a similar result is proved for f 2 Ls((0, T );W�1,q

D (�)).

2. Preliminary results

Fix d 2 {2, 3, . . .}. Let � ⇢ Rd be a bounded domain and let D be a closed subset
of @�. We define

C1

D (�) :=

n
w|� : w 2 C1

c
�
Rd� and suppw \ D = ;

o
.

Note that if D = @�, then C1

@�(�) = C1

c (�). For all p 2 [1,1), we denote the
closure of C1

D (�) in W 1,p(�) by W 1,p
D (�), where W 1,p(�) is the usual complex

Sobolev space of order 1. If p 2 (1,1], then the space W�1,p
D (�) is the anti-dual

of W 1,p0

D (�) in L p(�), where p0 is the conjugate index for p, so 1
p +

1
p0

= 1. The
domain � remains fixed throughout the paper, and hence we omit � in the notation
of all function spaces. For example, we write L p instead of L p(�).

Let n 2 N, let M ⇢ Rn a bounded non-empty open set, ↵ 2 (0, 1) and X a
Banach space. Define ||| · |||C↵(M;X) : C(M; X) ! [0,1] by

|||u|||C↵(M;X) = sup
x,y2M
x 6=y

ku(x) � u(y)kX
|x � y|↵

.

Let
C↵(M; X) =

�
u 2 C(M; X) : |||u|||C↵(M;X) < 1

 
.

Since M is bounded, it follows thatC↵(M; X)⇢L1(M;X). We provideC↵(M;X)
with the norm k · kC↵(M;X) given by

kukC↵(M;X) = |||u|||C↵(M;X) + kukL1(M,X).

ThenC↵(M; X) is a Banach space. Obviously, if Y is a Banach space with X ,! Y ,
thenC↵(M; X) ⇢ C↵(M;Y ). If X = C, then we writeC↵

= C↵(�) = C↵(�, C).
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Let µ : � ! Rd⇥d be a coefficient function. We always assume that µ is
bounded, measurable and satisfies the ellipticity condition, that is, there exists a
µ > 0 such that

Re
dX

i, j=1
µi j (x) ⇠i ⇠ j � µ |⇠ |

2

for almost all x 2 � and for all ⇠ 2 Cd , where µi j (x) denote the matrix coeffi-
cients of µ(x) in Euclidean coordinates. We define the sesquilinear form l : W 1,2

D ⇥

W 1,2
D ! C by

l(u, v) =

Z
�

dX
i, j=1

µi j (@i u) (@ jv).

Then l is closed and sectorial. Next we defineA : W 1,2
D ! W�1,2

D by

hAu, vi = l(u, v).

If q 2 (2,1), then define the operatorAq : Dom(Aq) ! W�1,q
D by

Dom(Aq) =

n
u 2 W 1,2

D : Au 2 W�1,q
D

o

and Aqu = Au for all u 2 Dom(Aq). We consider Aq as an unbounded operator
in W�1,q

D . Similarly, let A be the m-sectorial operator associated with l in L2.
Remark 2.1. If � satisfies suitable regularity conditions, then the elements u 2

Dom(A) satisfy the conditions u|D = 0 in the sense of traces and ⌫ · (µru) =

0 on @� \ D in a generalized sense, cf. [6, Chapter 1.2], [16, Chapter II.2]) or
[33, Chapter 3.3.2]. Thus, the operator A realizes mixed boundary conditions and
provides solutions for (1.1) in a generalized sense.

We call D the Dirichlet (boundary) part and

7 := @� \ D

the Neumann (boundary) part of @�.
It is easy to see that the form l satisfies the Beurling–Deny criteria (see [13,

Corollary 2.17], [24, Section 2.3] or [37, Section 4.3]). Hence the semigroup S
generated by �A extends consistently to a contraction semigroup Sp in L p(�) for
all p 2 [1,1] and Sp is a C0-semigroup for all p 2 [1,1). Let �Ap denote the
generator of Sp. If p 2 (2,1) then Dom(Ap) = {u 2 Dom(A) \ L p(�) : Au 2

L p(�)} and if p 2 [1, 2) then Ap is the closure of A. If no confusion is possible,
then we write S = Sp.

We denote by

E =

�
x = (x̃, xd) : �1 < xd < 1 and kx̃kRd�1 < 1
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the open cylinder in Rd . Its lower half is denoted by E�
= {x 2 E : xd < 0} and

P = E \

n
x 2 Rd

: xd = 0
o

is its midplate. Furthermore, for all n 2 N and x 2 Rn let BnR(x) denote the ball
in Rn with radius R and centre x . By Hn we denote the n-dimensional Hausdorff
measure. We denote the volume of a measurable subset F ⇢ Rd by |F | and the
volume of a measurable subset F ⇢ Rd�1 by mesd�1(F).

Let � ⇢ Rd be open, M ⇢ @� and ↵ 2 (0, 1]. Then, following [27, Defini-
tion II.C.1] and [28, Section 1.1], we say that M is of class (A↵) if

���BdR(x) \ �
��� � ↵

���BdR(x)
���

for all R 2 (0, 1] and x 2 M . It is not hard to see that the boundary of any Lipschitz
domain is of class (A↵) for a suitable ↵ > 0. Moreover, we say that a set M ⇢ Rd

satisfies the Ahlfors–David condition, if there are constants c0, c1 > 0 and rAD > 0,
such that

c0Rd�1
 Hd�1

⇣
M \ BdR(x)

⌘
 c1Rd�1 (2.1)

for all x 2 M and R 2 (0, rAD]. Equivalently, M is called a (d�1)-set in the sense
of Jonsson/Wallin [25, Chapter II].

Finally, let us recall the concept of a positive operator, cf.[40, Subsection1.14.1].
Definition 2.2. A densely defined operator B on a Banach space X is called posi-
tive, if there is a c > 0 such that

��(B + �)�1
��
L(X)



c
1+ �

for all � 2 [0,1).
We next introduce three assumptions on the domain � and its boundary @�.

Recall that 7 = @� \ D is the Neumann part of @�.
Assumption 2.3. For all x 2 7 there are an open neighbourhood Ux and a bi-
Lipschitz map �x from a neighbourhood ofUx onto an open subset ofRd , such that
�x (Ux ) = E , �x (� \Ux ) = E�, �x (@� \Ux ) = P and �x (x) = 0.
Assumption 2.4. There is an ↵ > 0 such that the set D is of class (A↵).
Assumption 2.5. Let @7 be the boundary of 7 in @�. For all x 2 @7 , there are
c0 2 (0, 1) and c1 > 0 such that

mesd�1
n
z̃ 2 Bd�1

R (ỹ) : dist(z̃,�x (7 \Ux )) > c0 R
o

� c1 Rd�1 (2.2)

for all R 2 (0, 1] and ỹ 2 Rd�1 with (ỹ, 0) 2 �x (@7 \Ux ), where Ux and �x are
as in Assumption 2.3.

We would like to remark on two consequences of these assumptions.
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Remark 2.6. Assumptions 2.3 and 2.4 exclude the presence of cracks in� as these
cracks would include boundary points which satisfy neither the (A↵)-condition nor
do they allow for a Lipschitz chart satisfying Assumption 2.3.
Remark 2.7. Assumption 2.5 implies the first “lower bound” in the Ahlfors–David
condition (2.1), cf. [25, Chapter II], [15, Lemma 5.4].

In the sequel we collect results of foregoing papers which will enable us to
prove parabolic Hölder estimates. The following result was shown in [15, Theorem
1.1].

Theorem 2.8. Let � ⇢ Rd be a bounded domain and D a closed subset of the
boundary @�. Suppose that Assumptions 2.3, 2.4 and 2.5 are valid. Then for all
q 2 (d,1) there exists a  > 0 such that Dom(Aq) ⇢ C .

Before we consider preliminary results on the parabolic problem, let us recall
the notion of maximal parabolic regularity.
Definition 2.9. Let s 2 (1,1) and let X be a Banach space. Assume that B is a
densely defined closed operator in X . Let T > 0 and set J = (0, T ). We say that B
satisfies maximal parabolic Ls(J ; X) regularity, if there is an isomorphism which
maps every f 2 Ls(J ; X) to the unique function u 2 W 1,s(J ; X)\Ls(J ;Dom(B))
satisfying

u0

+ Bu = f, u(0) = 0.

Remark 2.10. The following results are associated to Definition 2.9:

• the property of maximal parabolic Ls(J ; X) regularity of an operator B is inde-
pendent of the summability index s 2 (1,1) and the choice of T for the interval
J , cf. [10]. We will say for short that B admits maximal parabolic regularity on
X ;

• if an operator satisfies maximal parabolic regularity on a Banach space X , then
its negative generates an analytic semigroup on X , cf. [10]. In particular, a
suitable left half-plane belongs to its resolvent set;

• let X be a Banach space and let s 2 (1,1) and T > 0. Set J = (0, T ). Let
B be an operator in X which admits maximal parabolic regularity. Then there
exists a c > 0 such that for all f 2 Ls(J ; X) and u0 2 (X,Dom(B))1� 1

s ,s
there

exists a unique u 2 W 1,s(J ; X) \ Ls(J ;Dom(B)), called the space of maximal
parabolic regularity, such that

u0

+ Bu = f, u(0) = u0.

Moreover,

kukW 1,s(J ;X)\Ls(J ;Dom(B))  c
⇣
k f kLs(J ;X) + ku0k(X,Dom(B))1� 1s ,s

⌘
,

cf. [3, Proposition 2.1 (i))(iii)].
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Wewill use later that the space of maximal parabolic regularity admits the following
embedding results.

Lemma 2.11. Let X,Y be Banach spaces and assume that Y is continuously em-
bedded into X . Let T > 0 and set J = (0, T ).

(a) If s 2 (1,1), then

W 1,s(J ; X) \ Ls(J ;Y ) ,! C
⇣
J ; (X,Y )1� 1

s ,s

⌘
;

(b) if s 2 (1,1) and ✓ 2

�
0, 1�

1
s
�
, then

W 1,s(J ; X) \ Ls(J ;Y ) ,! C�
�
J ; (X,Y )✓,1

�
,

where � = 1�
1
s � ✓ .

Proof. Statement (a) is proved in [1, Chapter III, Theorem 4.10.2].
In order to prove (b), we first note that

kw(t1) � w(t2)kX =

����
Z t2

t1
w0(t) dt

����
X



Z t2

t1
kw0(t)kX dt



✓Z t2

t1
kw0(t)ksX dt

◆1/s
|t1 � t2|1�1/s



✓Z
J
kw0(t)ksX dt

◆1/s
|t1 � t2|1�1/s

 kwkW 1,s(J ;X)|t1 � t2|1�1/s

for allw 2 W 1,s(J ; X) and t1, t2 2 J with t1 < t2. Moreover, since 0 < ✓ < 1�
1
s ,

the reiteration theorem [40, Theorem 1.10.2] gives

(X,Y )✓,1 =

⇣
X, (X,Y )1� 1

s ,s

⌘
�,1

,

where � :=
✓

1� 1
s

< 1. Then � = (1� �)
�
1�

1
s
�
and

kw(t1) � w(t2)k(X,Y )✓,1

|t1 � t2|�


kw(t1) � w(t2)k1��
X

|t1 � t2|�

 
2X
j=1

kw(t j )k(X,Y )1� 1s ,s

!�



 
kw(t1) � w(t2)kX

|t1 � t2|1�
1
s

!1��

2
✓
sup
t2J

kw(t)k(X,Y )1� 1s ,s

◆�

 2c� kwkW 1,s(J ;X)\Ls(J ;Y ),

where c is the norm of the inclusion in statement (a).
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Remark 2.12. Like (a), also (b) in Lemma 2.11 is known, cf. [2, Theorem 3], but
our proof is elementary.

The next theorem concerns properties of Ap and the semigroup S generated
by �A. For an excellent standard reference for operators having a bounded H1-
functional calculus or having bounded imaginary powers we refer to [8] and [9,
Chapter 2].

Theorem 2.13. Let � ⇢ Rd be a bounded domain and D a closed subset of the
boundary @�. Suppose that Assumption 2.3 holds true. Then one has the following:

(a) for all p 2 (1,1) and �0 > 0 the operator Ap + �0 has a bounded H1-
calculus. In particular, Ap+�0 is a positive operator with bounded imaginary
powers;

(b) if p 2 (1,1), then Ap has maximal parabolic Ls((0, T ); L p)-regularity;
(c) the semigroup S has a kernel K satisfying Gaussian upper bounds. Stronger:

for all ! > 0 there are b, c > 0 such that

|Kt (x, y)|  c t�d/2 e�b
|x�y|2

t e!t (2.3)

for all x, y 2 � and t > 0;
(d) for all ! > 0 there exists a constant c > 0 such that

kStkL(L p,Lr )  ct�
d
2 ( 1p�

1
r )e!t (2.4)

for all t 2 (0,1) and p, r 2 [1,1] with p  r .

Proof. Since Sp is a contraction semigroup, statement (a) follows from [7, 30, 31]
and statement (b) from [29].

By [14, Theorem 3.1] there are b, c,! > 0 such that (2.3) is valid for all
x, y 2 � and t > 0. Hence there are c,! > 0 such that (2.4) is valid for all
t 2 (0,1) and p, r 2 [1,1] with p  r . Since S is a contraction semigroup
on L2, the bounds on kStkL(L2,L1) can be improved by using [37, Lemma 6.5] and
there exists a c > 0 such that kStkL(L2,L1)  ct�d/4(1+t)d/4 for all t > 0. Duality
gives that there exists a c > 0 such that

kStkL(L1,L1)  ct�d/2(1+ t)d/2
 c"�d/2t�d/2e"dt/2

for all t > 0 and " 2 (0, 1]. Since |Kt (x, y)|  kStk1�"
L(L1,L1)

|Kt (x, y)|" the Gaus-
sian bounds of [14, Theorem 3.1] give statement (c). Then statement (d) follows
directly from statement (c).

The last two statements in the following theorem are corollaries to the results
in [15].
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Theorem 2.14. In addition to the assumptions of Theorem 2.13, suppose that As-
sumptions 2.4 and 2.5 are valid. Then one has the following:
(a) the kernel K of the semigroup S satisfies Gaussian Hölder kernel bounds, i.e.,

there are ⇤, b, c,! > 0 such that

|Kt (x, y) � Kt (x 0, y0)|  c t�d/2
✓

|x � x 0
| + |y � y0

|

t1/2

◆⇤

e�b
|x�y|2

t e!t (2.5)

for all x, x 0, y, y0
2 � and t > 0 with |x � x 0

| + |y � y0
|  t1/2;

(b) there exists a constant c > 0 such that

kStkL(L p,C )  c t�
d
2p�


2 e!t

for all p 2 [1,1],  2 (0, ⇤] and t 2 (0,1), where ⇤ and ! are as in (a);
(c) let ⇤ be as in (a). Then

Dom
�
A✓
p
�

,! C ,

for all p 2 [1,1),  2 (0, ⇤] and ✓ 2 ( d
2p +


2 ,1).

Proof. Statement (a) was shown in [15, Theorem 7.5]. We next show statement (b).
Let u 2 L p and let x, x 0

2 � with 0 < |x � x 0
|  1. Let t > 0. We consider two

cases.
Case 1. Suppose that |x � x 0

|  t1/2. Then (2.5) implies that

|(Stu)(x) � (Stu)(x 0)| 

Z
�

��Kt (x, y) � Kt (x 0, y)
��
|u(y)| dy

 c
✓

|x � x 0
|

t1/2

◆ Z
�
t�d/2e�b

|x�y|2
t e!t |u(y)| dy

 c
✓

|x � x 0
|

t1/2

◆

t�
d
2p e!tkukL p ,

where the last step follows from the Hölder inequality.
Case 2. Suppose that |x � x 0

| � t1/2. Then trivially,
��(Stu)(x) � (Stu)(x 0)

��
 2kStukL1  2ct�

d
2p e!tkukL p

 2c
✓

|x � x 0
|

t1/2

◆

t�
d
2p e!tkukL p ,

where in the second step (2.4) was used with r = 1.
A combination of both cases implies statement (b).
Statement (c) follows from statement (b) and the integral representation

B�✓
=

1
0(✓)

Z
1

0
t✓�1e�t B dt,

(see [38, (2.6.9)]), applied to B = Ap +!+1. We obtain Dom((Ap +!+1)✓ ) ,!

C . But Dom((Ap + ! + 1)✓ ) = Dom
�
A✓
p
�
with equivalent norms.
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Remark 2.15. By Theorem 2.13(a) the operator Ap+1 admits bounded imaginary
powers. Hence

Dom
�
A✓
p
�

=

⇥
L p,Dom(Ap + 1)

⇤
✓

by [40, Theorem 1.15.3], if in addition ✓ < 1. So [L p,Dom(Ap)]✓ ,! C by
Theorem 2.14(c).

3. Hölder regularity for parabolic problems in L p

We interpret parabolic problems of the form (1.1) as the abstract Cauchy problems
associated to A. Our first theorem is the following.
Theorem 3.1. Adopt the notation and assumptions as in Theorem 2.14. Let ⇤

be as in Theorem 2.14(a). Let T > 0 and write J = (0, T ). Let p 2 (d2 ,1),
 2 (0, ⇤], ✓ 2 (0, 1) and s 2 (1,1). Suppose that

d
2p

+



2
< ✓ < 1�

1
s
.

Then there are c > 0 and � 2 (0, 1) such that the following is valid. Let f 2

Ls(J ; L p) and u0 2 Xs,p := (L p,Dom(Ap))1� 1
s ,s
. Then any solution u of the

equation
u0

+ Au = f 2 Ls(J ; L p), u(0) = u0, (3.1)
belongs to C�(J ;C) and satisfies

kukC� (J ;C )  c
�
k f kLs(J ;L p) + ku0kXs,p

�
,

where � = 1�
1
s � ✓ .

Proof. By Theorem 2.13(b) the operator Ap has maximal parabolic regularity in
L p. Therefore the third point in Remark 2.10 gives that the solution u of (3.1)
belongs to the space W 1,s(J ; L p) \ Ls(J ;Dom(Ap)) with the estimate

kukW 1,s(J ;L p)\Ls(J ;Dom(Ap))  c
�
k f kLs(J ;L p) + ku0kXs,p

�
for a suitable c > 0. Putting X := L p and Y := Dom(Ap), Lemma 2.11(b) gives
u 2 C�(J ; (L p,Dom(Ap))✓,1) togheter with estimate

kukC� (J ;(L p,Dom(Ap))✓,1)  c1 kukW 1,s(J ;L p)\Ls(J ;Dom(Ap))

 c c1
�
k f kLr (J ;L p) + ku0kXs,p

� (3.2)

for a suitable c1 > 0. Since Ap + 1 is a positive operator on L p, we have the
continuous embedding�
L p,Dom(Ap)

�
✓,1 =

�
L p,Dom(Ap + 1)

�
✓,1 ,! Dom

�
(Ap + 1)✓

�
= Dom

�
A✓
p
�

by [40, Theorem 1.15.2(d)]. This, combined with (3.2) and Theorem 2.14(c), gives
the claim.
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4. Hölder regularity for parabolic problems in W�1,q
D

The treatment of parabolic equations in L p spaces is quite common; let us therefore
start this section with some motivation for the consideration of parabolic equations
in W�1,q

D . If the right hand side of the equation (considered at any time point)
has a Lebesgue density in the domain and if the boundary condition is either ho-
mogeneous or purely Dirichlet, then L p spaces are adequate. Naturally, spaces
of type W�1,q come into play when the right-hand side is given by a distribu-
tional object, as, e.g., surface charge densities or thermal sources, concentrated on
a (d � 1)-dimensional surface. These spaces may also be adequate for studying
inhomogeneous Neumann boundary conditions, see [33, Chapter 3.2], for exam-
ple, if the right-hand-side in the first equation in (1.1) is given by f 2 Ls(J ; Lm0)
and 0 on the right hand side of the third equation in (1.1) is replaced by a function
g 2 Ls(J ; Lm1(7)) with suitable m0(d, q),m1(d, q) 2 [1,1), one can define
F 2 Ls(J ;W�1,q

D ) by

F(t)(�) =

Z
�
f (t)� +

Z
7
g(t)�|7 , for all � 2 W 1,q 0

D ,

and choose F as the right-hand-side in the abstract Cauchy problem (see (4.1) be-
low). Note also that in general, one cannot replace the condition f 2 Ls(J ;W�1,q

D ),
where q 2 (d,1), by f 2 Ls(J ;W�1,2

D ), because this would not necessarily yield
the regularity which is needed in particular for the treatment of non-linear prob-
lems. The aim of this section is to show that for all q 2 (d,1) the solutions of the
parabolic problem in W�1,q

D are Hölder continuous in space and time.
In order to state the main result of this section, we must introduce additional

assumptions on D and µ.
Assumption 4.1. Either D = ; or D satisfies the Ahlfors–David condition (2.1).
Remark 4.2. Assumption 4.1 means that on the set @�\

�S
x2@7 Ux

�
, the measure

Hd�1 equals the surface measure � which can be constructed via the bi-Lipschitz
charts �x given in Assumption 2.3, cf. [11, Subsection 3.3.4 C] or [22, Section 3].
In particular, (2.1) implies that �

�
D \

�S
x2@7 Ux

��
> 0, if @� 6= D 6= ;.

Assumption 4.3. Dom
�
(A + 1)

� 1
2

= W 1,2
D .

Remark 4.4. Assumption 4.3 is not known for arbitrary non-symmetric coefficient
functions under our general assumptions on the geometry of � and D. But many
special cases are available:
(a) if Assumption 4.3 is satisfied for some coefficient function µ, then it is also

true for the adjoint coefficient function, cf. [26, Theorems 1 and 2];
(b) assumption 4.3 is always fulfilled if the coefficient function µ takes its values

in the set of real symmetric d ⇥ d-matrices;
(c) for results on non-symmetric coefficient functions, see [5]. By a recent result

in [12, Theorem 4.1], Assumption 4.3 is valid in our geometric setting, if the
domain � itself is a d-set, cf. [25, Chapter II].
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Let us now state the second main result of this paper.

Theorem 4.5. Adopt the notation and assumptions as in Theorem 2.14 and, in ad-
dition, adopt Assumptions 4.1 and 4.3. Let ⇤ be as in Theorem 2.14(a). More-
over, let q 2 (d,1),  2 (0, ⇤], ✓ 2 (0, 1) and s 2 (1,1) be such that
d
2q +


2 +

1
2 < ✓ < 1 �

1
s . Then there exists a c > 0 such that the following

is valid. Let f 2 Ls(J ;W�1,q
D ) and u0 2 Xs,�1,q := (W�1,q

D ,Dom(Aq))1� 1
s ,s
.

Then any solution u of the equation

u0

+Aqu = f, u(0) = u0, (4.1)

belongs to C�(J ;C) and

kukC� (J ;C )  c
⇣
k f kLs(J ;W�1,q

D )
+ ku0kXs,�1,q

⌘
,

where � = 1�
1
s � ✓ .

For the proof of this theorem, we need some additional results from [4, Sec-
tion 11].

Theorem 4.6. Adopt Assumptions 2.3, 4.1 and 4.3. Let q 2 [2,1). Then one has
the following:

(a) Aq + 1 is a positive operator in W�1,q
D ;

(b) (Aq + 1)�1/2 provides a topological isomorphism between W�1,q
D and Lq ;

(c) Aq admits maximal parabolic regularity in W
�1,q
D .

We exploit Theorem 4.6 for the proofs of the following lemmas.

Lemma 4.7. Adopt the notation and assumptions as in Theorem 2.14 and, in ad-
dition, adopt Assumptions 4.1 and 4.3. If ✓ 2 (12 , 1), & 2 [1,1] and q 2 (2,1)
then ⇣

W�1,q
D ,Dom(Aq)

⌘
✓,&

=

�
Lq ,Dom(Aq)

�
✓�

1
2 ,&

.

Proof. Theorem 4.6(b) gives Dom((Aq + 1)1/2) = Lq , which implies that
Dom(Aq + 1) = Dom((Aq + 1)1/2). By Theorems 2.14(b) and 4.6(a) both op-
erators, Aq + 1 and Aq + 1, are positive in W�1,q

D and Lq , respectively. By [40,
Subsection 1.10.1 and Theorem 1.15.2(d)] the space Dom(Aq + 1)1/2 belongs to
the class J (12 ) \ K (12 ) between the spaces W

�1,q
D and Dom(Aq) and the space

Dom(Aq + 1)1/2 belongs to the class J (12 ) \ K (12 ) between the spaces L
q and
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Dom(Aq + 1). Therefore the reiteration theorem for real interpolation [40, Theo-
rem 1.10.2] gives

⇣
W�1,q
D ,Dom(Aq)

⌘
✓,&

=

⇣
Dom

⇣�
Aq + 1

�1/2⌘
,Dom

�
Aq + 1

�⌘
2✓�1,&

=

⇣
Lq ,Dom

⇣�
Aq + 1

�1/2⌘⌘
2✓�1,&

=

�
Lq ,Dom

�
Aq + 1

��
✓�

1
2 ,&

as requested.

Lemma 4.8. Adopt the notation and assumptions as in Theorem 2.14 and, in addi-
tion, adopt Assumptions 4.1 and 4.3. Let ⇤ be as in Theorem 2.14(a),  2 (0, ⇤]

and ✓ 2 (0, 1) with ✓ > d
2q +


2 +

1
2 . Then

⇣
W�1,q
D ,Dom

�
Aq
�⌘

✓,1
,! C .

Proof. It follows from Lemma 4.7 and [40, Theorem 1.15.2(d)] that

⇣
W�1,q
D ,Dom

�
Aq
�⌘

✓,1
=

�
Lq ,Dom

�
Aq + 1

��
✓�

1
2 ,1

⇢ Dom
✓�
Aq + 1

�✓�
1
2

◆
.

Now an application of Theorem2.14(c) gives the claim.

Proof of Theorem 4.5. By Theorem 4.6(c), the solution satisfies

u 2 W 1,s�J ;W�1,q
D

�
\ Ls

⇣
J ;Dom

�
Aq
�⌘

and there is a suitable c > 0 such that

kukW 1,s(J ;W�1,q
D )\Ls(J ;Dom(Aq ))

 c
⇣
k f kLs(J ;W�1,q

D )
+ ku0kXs,�1,q

⌘
.

Next, Lemma 2.11 gives

W 1,s
⇣
J ;W�1,q

D

⌘
\ Ls

�
J ;Dom

�
Aq
��

,! C�
⇣
J ;
�
W�1,q
D ,Dom

�
Aq
��

✓,1

⌘
.

Then the theorem is a consequence of Lemma 4.8.

Remark 4.9. Note that in both Theorems 3.1 and 4.5, there is some freedom in the
choice of  and �, where the larger the spatial regularity exponent  , the smaller
the admissible temporal regularity exponent � and vice versa. If necessary, then
C�(J ;C) ⇢ C↵/2(J ;C↵), where ↵ = min(, 2�).



78 KAROLINE DISSER, A. F. M. TER ELST AND JOACHIM REHBERG

References

[1] H. AMANN, “Linear and Quasilinear Parabolic Problems”, Monographs in Mathematics,
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