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Equilibria of point-vortices on closed surfaces

TERESA D’ APRILE AND PIERPAOLO ESPOSITO

Abstract. We discuss the existence of equilibrium configurations for the Hamil-
tonian point-vortex model on a closed surface ¥. The topological properties of X

determine the occurrence of three distinct situations, corresponding to S, to RP2

and to ¥ # Sz, RPZ. As a by-product, we also obtain new existence results for
the singular mean-field equation with exponential nonlinearity.

Mathematics Subject Classification (2010): 35Q35 (primary); 35J61, 35J20,
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1. introduction

Let X be a closed surface (i.e., compact and without boundary) endowed with a
metric tensor g. We are concerned with equilibrium configurations of the Hamilton
function

Ho(§) =Y T7HE, &)+ Y Til;GE, )

i i#j

for§ = (&1,...,¢&n,) € NN (g £ &jfori # j}, where G(x, p) is the Green
function of —A, over X with singularity at p and H (x, p) is its regular part (see
[30] for the definition of the Green function of a closed surface).

In an inviscid and incompressible fluid, the velocity field and the pressure obey
the Euler equations. For a two-dimensional turbulent flow, the point-vortex ansatz
w = Z,]V:Ol I"; 8¢, (+) for the (scalar) vorticity function w leads to the Hamiltonian
system

I'; 0:& = J Vg Ho(8) Vi=1,..., No, (1.1)

where J denotes the symplectic matrix

0 1
=(20).
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The quantity I'; € R\ {0} is the strength of the point-vortex &;, whose sign de-
termines the clockwise/counterclockwise rotation of the fluid near &;. Based on
ideas of Helmoltz [34], (1.1) has been derived by Kirchhoff [38] in R2. Extended
by Routh [50] to a bounded domain in terms of the so-called hydrodynamic Green
function (see also [41,42]), the renormalized kinetic energy Hy is referred to as the
Kirchhoff-Routh path function. The interested reader can look at [1,48] for the case
of a surface (like spheres, cylinders or tori), and refer to [28,33,45,47,48,51] for a
modern treatment of the topic.

Apart from R? and the case of special domains (like discs, half-discs, annuli,
strips), very little is known concerning the existence of equilibrium configurations
for Hp. On a closed surface, notice that Hy always has a minimum point when
the point-vortices have the same orientation (say, I'; > 0 for alli = 1, ..., Np).
The presence of counter rotating vortices makes the problem very difficult. On a
bounded domain, when Ny < 4 point-vortices of alternating orientations have been
considered in [9] with I'; = (—1)’ and in [8] for the general case (see also [6] for
No = 2). The assumption on Ny prevents the collision of some &;’s with opposite

orientations, the simplest case being given by three point-vortices with I'; = 1
collapsing onto one with I'; = —1 (see [32] in a PDE context).

In this paper we address the case where all the point-vortices with negative ori-
entation are kept fixed. Denoting them by py, ..., pg with strengths —5-, ..., -,
we are led to study

N 14 N N
HE =Y TNGE &) — Y oy T;GE,p)+ Y hE)  (12)

Jok=1 i=1 =1 =1
J#k ! !

for& = (&1,...,6n) € M,where N =Ny —£,0;, T'; > 0,h eCl(E,R) and

M=CE\{p1,....peH"\ A, AZ{&EZN: székforsomej;ék}.

Inspired by some arguments in [4,10], the main aim of our paper is to investigate the

interaction of the topology of ¥ with the presence of singular sources py, ..., pe

toward the existence of equilibria for /. As we will see below, the three cases

¥ =S%, ¥ =RP? and © # S2, RP? exhibit completely different phenomena.
The critical point of H will be found at the max-min energy level

H* = sup minH(y (§)),
yeF &€k

where F collects a suitable family of deformation maps from K into an open set
D € M that keep fixed K9 C K (for some compact sets K, Ko). To prevent the
collapsing for part of the & ;’s onto some p;, the following compactness condition is
crucial:

-1
ai ¢ {| > T (Zm) s JCfl,...,N}} Vi=1,...,6 (13)

JikeJ JjeJ
J#k
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WhenI'y = --- = I'y = 1, notice that (1.3) simply reduces to
a#L,...,N—-1 Vi=1,...,¢L (14)
To produce the linking structure
H* < glei}g) HE),

we need that a crucial intersection property is accomplished: more precisely, by
applying a topological degree argument, for all y € F we catch a point E; €K
with prescribed P; (y; (§ ;)), Jj =1,..., N, for suitable retraction maps P;. When

> £ S?, RP?, we take Pj =Pforall j =1,..., N, P being a retraction of X
onto a simple closed curve 0 C X \ {p1, ..., pe}. Since the fibers of P are well
separated, the value H* is uniformly (with respect to Kp) bounded from above,
whereas minge g, W(§) can be made arbitrarily large by a suitable choice of Kjp.
Our first main result then reads as follows:

Theorem 1.1. Let ¥ be a closed surface topologically different from S* and RP?.
If (1.3) holds, then 'H has a critical point.

When X = RIP’Z, every map PJ-, j=1,..., N,can be taken instead as a retraction
P of RP? \ {p;} onto a simple closed curve ¢ C ¥ \ {p1,..., p¢} for a fixed
i = 1,...,£. In this case the fibers of P are curves emanating from the singular

source p; and the assumption

N N

dorNi<e Y T, (1.5)
jk=1 j=1

J#k

is required to assure that the mutual interactions between the components of & are
dominated by the interplay between each component with p;, which is essential
to get a uniform control from above on H*. So, our second main result is the
following:

Theorem 1.2. Let ¥ be a closed surface topologically equivalent to RP2. If (1.3)

and
N N -1
(ZFij)(ZFj) < max{ay,...,ap} (1.6)
j=1

Jk=1
J#k

hold, then 'H has a critical point.

The Euclidean case [22,25], which has been the starting point for our investigation,
has a strong analogy with RP?. When 'y = --- = 'y = 1, (1.6) becomes

N — 1 < max{aq, ..., ap}.
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The case ¥ = S? is more involved since S? \ {p} is contractible, therefore it
is essential that we remove two points from S? in order to find a suitable retraction.
So, first of all we need to assume £ > 2. Let us split

{1,...,N}=MU---UMN,

with disjoint union and set N; = #N; > 0. Then, eachi = 1,..., ¢ has to be
coupled with (i) # i and we choose P; = P; forall j € N, P; being a retraction
of S\ {pi, Pr()} onto a simple closed curve o; C S2\{p1, ..., pe}. The fibers of P;
are curves between p; and p,(;), and then part of such N; points could approach not
only p; butalso p,(;). Now, by exchanging the role of i and r, foreveryi =1, ..., ¢

we define the set J; C {1, ..., £}\{i}, as made up of those indices which are coupled
in the above construction with i, and then {1, ..., £} is the disjoint union of such
Ji,i = 1,...,£. To obtain an upper bound on H* we need to require
Y Ty <ey ) T Vi=1,....¢ (1.7)
jkeN; ]e/\/’
J#k
where _
N =N:u [N
reld;
WhenI'y = --- = I'y = 1, notice that (1.7) turns into
Ni+Y Ne—l<o Vi=1,....L (1.8)
reJ;

Our third main result reads as follows:

Theorem 1.3. Let X be a closed surface topologically equivalent to S* and € > 2.
If (1.3) and (1.7) hold, then 'H has a critical point.

Hereafter, we restrict our attention to the case I'y = --- = I'y = 1. The
corresponding H can also be seen as the reduced energy (cf. [16, 17,30]) for the
following singular mean-field problem

. K(x)et
ﬂg”‘%W |2|> 4”2 < |E|> 2

when looking for solutions blowing-up at distinct points &, ..., §y € 2\ {p1, ..., pe}.
Here, A is a parameter close to 87N, k : ¥ — R is a smooth positive function,
and pq, ..., pg € X are singular sources with o; > 0. We denote by §,, the Dirac
measure supported at p, by dV, the area element in (X, g) and by |X| = f): dVv,
the area of X.

Regular mean-field equations naturally arise in conformal geometry [13, 14,
36], in statistical mechanics [11,12,15,37] and in the study of turbulent Euler flows
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[53]. The singularities can model Euler flows interacting with sinks of opposite
vorticities [57] or conical singularities on a surface [4,21,56], and naturally arise in
connection with the Chern-Simons-Higgs model [20,26,43,49,54,58] and the Elec-
troweak theory [3,7,52]. To attack existence issues, one can compute the topologi-
cal degree [16-20,39,40], use a min-max variational approach [4,5,7,27,46] or per-
turbative arguments in the regime A — 8w N [16,17,30] (see also [2,23-25,31,44]).
The topological degree is non-zero when ¥ # S%, RP?, j € Nand A ¢ 87N
(see [19]). For S? this is still true (of [20]) when A € (87, 167) and £ > 2, but the
topological degree vanishes in several cases like:

el =1and A € (8,87 (1 + 1)) U (87 (2 4+ a1), +00), which is consistent
with the necessary condition for the existence: A < 8w or A > 8w (1 + «y)
(see [55]);

el=2andr e Br(14+a),8nt(14+wa)UBrR4+ o] +ay), +00)ifa; < ay
(in agreement with the necessary condition for the existence: A < 8w (1 + «)
or A > 8m (1 4+ a2)) (see [5]).

In a similar way, the topological degree can vanish when ¥ = RIP?. An alternative
variational approach is also available, which is completely general for & # S?, RP?
[4], see also [10] and requires the following restrictions when ¥ = S? (cf. [5,46]):

a) af,...,ap <1,A e 8m, 16m)\ {87(1 + 1), ..., 87w (1 + )} and #J, > 2,
where
Hh={i=1...,0: 2 <871+ a)};

.....

as#J, =€ > 2.

In the special regime A — 8 N solutions of (1.9) may possibly exhibit concentra-
tion phenomena, a property of definite physical interest since the right hand side of
(1.9) represents precisely the vorticity of the Euler flow. The concentration points, if
different from pq, ..., p¢, have to correspond to critical points of a reduced energy
having H (with h(§) = H(§, &) + % log k (£)) as main order term. The existence
of such concentrated solutions has been addressed, among other things, in [17] for

non-degenerate critical points & = (&1, ..., &y) of H with non-vanishing
N 4
A = Z K(gj)eSﬂH(xﬁfj)—‘*ﬂ Diz1 #iGEj )8 3 s ; G(x.Ek)
j=1

1%

x [Ag logk (&) +4m 2 —2K (5/)],

where A = Zle a; and K 1is the Gaussian curvature of (X, g). The critical points
provided by Theorems 1.1, 1.2 ,1.3 may possibly be degenerate, but the critical
value H* is stable with respect to small C'-perturbations of 7, since it has been
found by a max-min scheme. We recall the notion of stable critical value.
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Definition 1.4. A critical value H* of H is stable if for any ¢ > 0 there exists
8 > 0 such that if | — H]|,1 < &, then W has at least one critical value W* with
U — H*| < e.

Thanks to the result in [30], stable critical values of , under the sign assump-
tion A < 0 (A > 0, respectively), give rise to a family of solutions u; for (1.9) such
that

u), N
—AK(X)E — 87 Z 55
J5 k(x)etrd Vg = /
as A — 87TN~ (A — 8w NT, respectively) in the measure sense, for a critical
point & of ‘H with H(&) = H*. Consequently, as a by-product of Theorems 1.1,
1.2 and 1.3, we provide solutions of multi-bubble type to equation (1.9) in the spe-
cial regime A — 87 N. In many cases, we obtain the perturbative counterparts of
global existence results already available in literature, obtained via degree theory or
a global variational approach. However, compared to such previous results, in some
situations one can still have existence when the degree of the equation vanishes even
beyond the threshold on A imposed by a) and b), as we will see by explicit examples

(see Remark 1.6 and Example 1.7 below).

Setting
@] =max{n|neZ, n<a} Vo € R,

forI'y =-.-- =TIy = 1 we summarize Theorems 1.1, 1.2 and 1.3 as follows:
Theorem 1.5. Assume that (1.4) holds for N. Then
N [ N N
HE =Y GEL &) —Y oy GELp)+ Y hE)
Jk=1 i=1 j=1 i=1
J#k

has a C' —stable critical value H* if

o T #S?% RP?;
o ¥ = RP? and
N <max{1 +[oq]", ..., 1+ [oe]l™ };
e X =S%1¢>2and
N,-+ZN,§1+[a,-]* Vi=1,...,¢, (1.10)
reld;

for N; € N U {0} and disjoint subsets J; C {1,...,}\{i},i =1,...,¢, 50

that
14 14
N=Y"N. ....0=Ju%
i=1 i=1



EQUILIBRIA OF POINT-VORTICES ON CLOSED SURFACES 293

Remark 1.6. For . — 87 N, on the standard sphere (S?, go) let us compare (1.10)
with a) —b). Assumption (1.10) turns out to be more general for £ > 3 by allowing
larger values of A: notice that N may possibly overcome the value max; (1 + ;).
Moreover, the choice N; = 0 for all i # iy,i2 and J;; = {iz}, Ji, = {i1} shows
that #J, > 2 implies the validity of (1.10), extending a) to general «; and b). Since
in this case A < 0 if x = 1 in view of K = 47|Z|~!, Theorem 1.5 provides
new existence results for equation (1.9) on (S?, go) with k = 1 when A — 87N
compared to [5,46].

Example 1.7. Consider equation (1.9) on the standard sphere (S?, go) with k = 1
and let
=3, agp=a=a0ec(l,2), o3z=>4.

According to the degree formula computed by Chen-Lin [19], it can be easily
checked that the degree vanishes for A € (87 (2 4+ «), 327); moreover the exis-
tence results in [5,46] do not work in such an interval since neither assumption
a) nor assumption b) are satisfied. On the other hand, (1.10) is verified by taking
J1 =0, ={3},J3 ={1,2},and N; = N = 2, N3 = 0, and it is immediate to
check that A < 0 if k = 1. Then, as a by-product of Theorem 1.5, we deduce the
existence of a solution to the Liouville equation (1.9) for A in a small left neighbor-
hood of 327 with N = 4 blow-up points. This example provides a new existence
result in a perturbative regime for equation (1.9) which is not covered neither by the
degree theory [19] nor by variational methods [5,46].

Assumption (1.10) comes from (1.8) but is quite involved in such a general
form. Finally, consider Theorem 1.5 restricted to the case #J; = 1,i = 1,...,¢,
which, up to re-ordering, simply means that each p; is coupled (in the construction
of P;) with p; 41 (with the convention pyy1 = p1, ag+1 = o1 and Ngy1 = Nyp).
Referred to as a consecutive coupling of the p;’s, assumption (1.10) reduces to

Ni+ Niy1 <1+ [oir1]™ Vi=1,..., ¢ (1.11)
From now on we will use the following notation: the quantities ¢; = 1 + [«;]™,
i =1,...,¢, correspond to a general consecutive coupling, whereas by, ..., by
will denote the permutation of ay, ..., a¢ in increasing order b1 < ... < b,. Given

J C{l,...,k},forany 2 < k < 5 let us define

k

sp(J) = Z [xs(Dazj + (1 = xs()) (a2j+1 + xs(j — D min{azj_1, a2;})].
=)

where y; denotes the characteristic function of J. Setc) = aj, g1 = a3, d1 = f1 =
400, and for k > 2

cx = min{ay+sg(J) : Jst. 1,k € J}, dy=min{az+sx(J): Jst. 1 & J ke J}
and

Jr=min{ar+si(J) : Jst. 1 € J,k & J}, gr=min{az+sp(J):Jst. 1,k ¢ J}.
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In order to determine the maximal N = Zle N; so that (1.11) holds, in Ap-
pendix A simple but involved computations show the following:

Theorem 1.8. For a general consecutive coupling, the maximal N is given by
N = mm{c%, g%}
for £ even and

| +d; — Ni,de1 +ayq, feei, ge—1 + Ny} : a; — min{ay, ag}

N = max { min{c¢1 =1 =1
2

{—
2 2 2

<N < min{ahaz}}

for £ odd, where a; = min{a;, min{a, a;} + min{ay, a¢}}. For the increasing
consecutive coupling, N takes the form

~
N

byj+1 £ even

=
[l
M

(1.12)

-1
. <, 1
m1n{b1+j;b2j,§j;bj} £ odd.

When ¢ = 2, 3 consecutive (increasing or not) and non-consecutive couplings lead
to the maximal N given by (1.12). However, for £ > 4 non-consecutive couplings
may possibly give rise to a larger maximal N than consecutive ones, which in turn
may do better than the increasing consecutive coupling.

The paper is organized as follows. In Section 2 we set up the abstract max-min
scheme to provide a stable critical level H* of H. Here we make use of a crucial
compactness property which is established in Section 3. Finally, in Appendix A
we derive the expression for the maximal N given in Theorem 1.8 along with a
thorough discussion of the cases £ = 2, 3, 4.

2. A max-min argument and the role of the topology of =

Let us outline the variational argument we are going to set up. First, we need to
construct compact sets K, Ko (with K connected) and an open smooth set D so
that o

KhcKcDcDcM,

where

M=E\{pt, ., pe DV VA, A={E eV : & =& forsome j # k).
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Let
F={T(1,9:T€C(0.11x K. D) 5. T0,)=idk, T(t,")| o, =idi, ¥t [0,1]]

and

H* = sup min H(y (§)).
yeF §ek

Through a standard deformation argument, the existence of a critical point & € D
of ‘H with H (&) = 'H* is driven by a change in the topology of superlevel sets for
‘H in D at height H*, as expressed by

H* < min H(€) 2.1)

§€Ko

(with the convention mingc g, H(§) = +oc if Ko = ). To exclude the presence

of constrained critical points of H| op atlevel H*, we further require the following
compactness condition:

VEe (H=H}NID 3t e T(dD) st (r, VH(E)) #0, 22)

where T¢ (3D) stands for the tangent space of 3D at £. Since properties (2.1)-(2.2)

continue to hold also for functionals which are C'-close to 7, notice that such
critical points are stable under C!-small perturbations of H.
Let us set

N J4 N N
OE) =Y TNGELE)+ Y oy T;GE, p)+ Y hE), (23
k=1 i=1 j=1 j=l1
J#k
and for M > O sufficiently large define D as
D={tecM: ®&) < M].

We remark that the smoothness of 9D will follow later from the nonexistence of
points satisfying the equation (3.2) with (81, 82) = (0, 1).
Since
(&) > fooas éE - IM

in view of (2.5) below, it follows that D is an open set with D C M. Letting
o1, ...,0p be (not necessarily distinct) simple, closed curves in X \ {p1, ..., pe}
and ‘g‘o = (5?, e, 51?,) € 01 X --- X oy be a N—tuple of distinct points, introduce
the sets K and K as follows:

W connected component of {’;'601 X e xaN:méildg(Sj,Sk)>M_l} s.t. ';‘OGW
J

K=W.  Ko={geK|minds(;.60=11"
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for M > (min 4 dg (g?, S,?))_l . By construction K and K are compact sets, K is
connected and Ko C K. Since o, j =1,...,N,isacurvein X \ {p1,..., p¢},
we have that

inf{dg (6, pi) : §j €0j, i=1,...,£} >0. 2.4)

Thanks to the decomposition
1
G(x, p) = ——logdy(x, p) + H(x, p), H &C(Z?), (2.5)

we can rewrite 7{ in (1.2) and ® in (2.3) as
H=wv,+0(), d=Vv_+0()

1 N 4 ; N
i) = =5 D TyTilogdg () 60 £ ) 5= > T logdg €. p). 20
Jk=1 i=1 j=1
J#k
where
(H—W)@E)|+ (@ -V )E)|<C VeEexV

for some Cp > 0. By (2.4) and (2.6) we have that supy ® < Clog M for M large,
with a universal C > 0, and then the inclusion K C D does hold for M sufficiently
large, as required.

We are concerned now with the proof of (2.1), whereas (2.2) will be established
in the next Section thanks to the validity of (1.3). We begin with the following
lemma.

Lemma 2.1. The following holds

min H(§) - +ocoas M — +oo.
§ekKo

Proof. Assume by contradiction the existence of sequences &, = (§]',...,&}) €
o1 X --- X oy and M, such that

sup H(&,) < +oo, m;’iégdg(éj'.', &) = Mn_1 — 0asn — +oo.
n J
Up to a subsequence, we can find jy # kg so that
dy (€} EL) = M, " — 0asn — +o0.
By (2.4) and (2.6) we deduce that

1
HE,) = 27 Lio Lk 10g My 4 O(1) — +00

as n — 400, yielding a contradiction. O
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Thanks to Lemma 2.1, the validity of (2.1) will follow once we have obtained an
upper bound on the max-min value H* for large M.

To this aim, let P;, j = 1,..., N, be a retraction of X \ {p1,..., p¢} onto
oj,ie,P;j: X\ {p1,..., pe} = ojis a continuous map so that 73]|Gj = idaj. A
simple application of the topological degree yields the following crucial intersection
property:

Theorem 2.2. For all y € F there exists &), € K so that Pj(y;(§})) = ’;‘?for all
j=1,...,N.

Proof. Fix y € F, and write it as y = I'(1,-), where I' € C([0,1] x K, D)
satisfies I'(0, -) = idg and I'(z, -)|KO = idk, forall ¢ € [0, 1]. Extend I" from K

toalx-‘-xaNasf“:
I'(t,&=T(E& ifeekK, Tt & =E ifEe(ox---xoy)\K.

Notice that the topological boundary of K relative to o1 X --- X oy is contained
in Ko, and then T € C([0, 1] X (o1 X --- X on), D) in view of I'(¢, &§) = & for
all t € [0,1], & € Ko. Writing FasT = (I',...,Cy), the map H : [0, 1] x
(01 X -+ x on) = (01 X - -+ x oy) with components H;(t,§) = (P; oI';)(t,§),
Jj=1,..., N,isacontinuous map so that H(0, -) = idy,x...xop -

To use a degree argument, we can identify each o, j = 1,..., N, with St
through a suitable homeomorphism, and then regard H as a map [0, 1] x (SHN —

(SHY with H(0, 1) = id(Sl)N. Given the annulus A = {% <l|x| < 2}, extend H
from (SY)Y to AN as H = (H,, ..., Hy), with

X1 XN

Hj(t,x1,...,xy) = |xj|Hj<f7 —_— e, —
|x1] x|

), (x1,...,xy) € AV,

By construction H is a continuous map from [0, 1] x AV into AN, owing to
|H(t,x1,...,xy)| = |x;| forall t € [0,1], and H(0,-) = id,~. Moreover,
H(, ") maps the boundary d(A") into itself, and we are in the position to apply a
degree argument: by homotopy invariance we have that

deg(H(1,-), AN, &%) = deg(H(0, -), AV, &%) = deg(id, AV, &%) =1,

where & Ve (SHN corresponds to the original & Yeoix...xoy through the identifica-
tionsofoj, j=1,..., N,with S!. Then, there exists =, xy) € AN so that
H(1,x*) =§0,and consequently x*€ (S")" thanks to |x7| = |ﬁj(1, xi Xyl =
|3;'§~)| = 1. Getting back, we have thus found £* € o} x - - - x oy sothat H (1, £¥) = £°.
We claim that £* € K: otherwise, if §* € (o7 x --- xon)\ K, then H(1, §*) = &%,
which would lead to £* = £°, and this provides a contradiction with £° € K. So,
£* € K and Hj(1,€) = Pj(y;(§*) =& forall j=1,..., N. O
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Since
H* = sup minH(y (§)) < sup H(y(§}))
ye]:EGK yeF

with ’;‘; given by Theorem 2.2, an upper bound on H* is then reduced to show that

sup Wy (y(§))) <C 2.7
yeF

does hold for M large, in view of (2.6). The topological properties of X play here a
crucial role to find the retractions P;, j =1, ..., N, and to investigate the structure
of its fibers in order to prove (2.7). By the topological classification of closed sur-
faces, we have that ¥ is homeomorphic to either the sphere S? or the connected sum
of tori T or a connected sum of real projective planes RP?. In the next Subsections,
we will separately discuss the case ¥ # S2, RP? and the case = = S, RP? (up to
homeomorphic equivalence), completing the proof of Theorems 1.1-1.3.

2.1. The case T # S?, RP?

By Dyck’s theorem [29] ¥ is homeomorphic either to the torus T or to the Klein
bottle or to the connected sum T#X’, for a closed surface ¥’. Recall that a torus
and a Klein bottle can be represented by the fundamental square ABA~!B~! and
ABA™1B, respectively. To fix the ideas, let A, B be a horizontal, vertical edge,
respectively, and let us also assume that the singularities lie in the interior of the
square. In this case, we can construct a retraction P of the surface onto A by simply
projecting along vertical lines, where A represents a circle not passing through the
singularities, and the fibers of P are well-separated:

P NP~ =0 (2.8)

forall ¢1, 2o € A, £y #&p. For T#X' the fundamental polygon looks like ABA~!. ..
and contains three edges of a square Q. Let v be one of the two vertices of Q which
do not belong to B. The retraction P is the projection on A inside the square Q and
takes constant value v outside Q, and we can still assume that A does not contain
any singularities. The map P is continuous and its fibers satisfy (2.8).

Via the homeomorphism between ¥ and one of the above models, in our
hands we have a retraction map P from ¥ onto a simple, closed curve o in X \

{p1, ..., pe} sothat

inf{dy(&1,&) : P(&) = u1, P(&) = u2} >0 (2.9)
for all uy, w2 € o, 1 # pa, in view of (2.8). Wetake oy = --- = oy = o,
P1 =--- =Py =P and we fix N distinct points 5?, ey SR, € o. By Theorem

2.2 we have that y; () € P~'(&)) forall j =1,..., N, and then
inf {dg (v (E5). m(E5) : j#ky e F.M > 2(r;;gkldg(s§-’, gN7' >0

does hold thanks to (2.9), yielding the validity of (2.7).
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2.2. The case ¥ = S2, RP?

Since X is a smooth surface, there exists (see for example [35]) a diffeomorphism
o from T to S? or RP%. Let 1 = w(p1), ..., pe = o(pe) be the corresponding
singular sources, and § = (w~!) % g be the induced metric. In this way, (Z, g)
is isometrically equivalent to S? or RP? endowed with the metric g. In Theorem
1.3 let us first consider a consecutive coupling where each p; is coupled with p; 4
(pe+1 == p1),ie,J1 = {{}and J; = {i — 1} foralli = 2, ..., €. The argument
is already involved and contains the main ideas of the general case, which will be
discussed in a sketched way right after.

By using p¢ as north pole on S?, we can construct a diffeomorphism IT :
S\ {pe} »> Csothat I(p;) = q; € Rforalli =1,...,¢ — 1, withg; = i,
and IT o w~! coincides with the stereographic projection through p, in a small
neighborhood of p,. Since
1
c&= §=<Cg
does hold in every coordinate open set  C S? for some C = C(2) > 1, where go
is the round metric on S?, by compactness of S* we get

C ™~ di(x,y)
for some C > 1. Since (S? \ {p¢}, go) is isometrically equivalent to (C, g1), g1 =
mdxd y (z = x + iy), via the stereographic projection, we have that there
exists C > 1 so that

1 d,(x,
Lo &0Y ¢ oyiyes\ (2.10)
C — dg (TI(x), I1(y))
Indeed, (2.10) is true on compact subsets of X \ {p,}, while near p;, it follows by
the property that IT o w™! coincides with the stereographic projection through p;
near py.
Thanks to (2.10), we can work directly in C. Let us now define a continuous
map Vi, : C\ {qi, g} — S!,i # r, as follows:

iarg(z—q;) i itr
Y (2) = e ¥fRez§ >
Lr el(T—arg(z—4)) if Re 7 > #
ifi <r <€—1,Tigz) =@ ifj <y =fand Y, = ~ ifr < i. For

Tr,i
6 € (—7%, %) notice that the fibers L; ,(9) = T;rl (¢'?) represent

e the two vertical edges of the isosceles triangle with base g; ¢, and base angle 6

Li,,(9>={qi+pe19 0<p<_— }U{qr—pe—”

0 - r—i
<
— 2cosf p=

2cos6

fori <r<t-1;
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o the straight line starting from ¢; with angle 6 fori < r = ¢;
o theset L, ;(—0) forr < i.

Split {1, ..., N} as the disjoint union of Ni,i = 1,...,4, and define continuous
maps P; : Z\{p1,...,pe} > o0j,j=1,...,N,as

1 1
P;=m"" (q,' + 3 Miit1 0 n) ,oj =" (qi + ZS1>
when j e N;,i=1,...,£—1,and
7)]‘ ="' (CI1 + €Y1 0 H) , 0= n! (C]] +€Sl>

when j € N;. Notice that PJLT = idy; forall j = 1,...,N. Letus fix N
J

distinct angles 61, ..., 0y € (0, %),and let )‘,-'0 = (‘é}?, .. .,&‘2,) €01 X+ X Oy be
a N —tuple of distinct points, with

€0 — Mg+ z€%) ifjeN,i=1...,€-1
j Mg, + Le™ %) if j € N,

Thanks to Theorem 2.2, for all y € F we can find z¥ = (z’f, o ZL) e CVN, with
z? =M[y;E))]forj=1,..., N,so that

Z)j €Liit100)), VjeN,i=1,..1¢

(with £ + 1 = 1). In view of (2.10), (2.7) can be re-formulated as

sup ¥(z") < C, 2.11)
yeF
where
1 X ¢ o N
V(z) = —— I'iTylogdy (zi, zx) + — ['jlogd, (zi,qi) (2.12)
”_;:1] gag (2 Z;ZN;]ggqul
J#k
forz = (z1,...,zn) € CN, with qe = 0o. The next lemma establishes the validity
of (2.11).
Lemma 2.3. If6,,...,0y € (O, %) are distinct angles, then

sup W (z) < 400,
V4=V

where U is given by (2.12) and

Z:{z:(zl,...,ZN)ECN: zj € Liip1(6)) Vje/\f,-,izl,...,z}.
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Proof. Observe that

qi> gi+1 ?fr =1
Liiv100)) N Lpr41(6k) = § gi+1 ifr=i+1 (2.13)
) otherwise

forall j € NV; and k € N, with j # k, where g;+1 = ¢ and the closure is meant
with respect to dg, . By (2.13) we can rewrite W as

4
\P(z):—%z > > Illogdg, (z). 2)

i=1 jeN; keN;_{ON;UN; 41
k#j

o
+D 5 2 Tilogd (25,4 + 0D,

¢
=17 jeN;

where N; = N; U Ni_ for a consecutive coupling, Ny = Ny, Noy1 = N and
Aoyl =of.

Fori =1,...,¢and j, k € N, J # k, the two polygonals L; ;11(8;) and
L; ;+1(6k) approach the same end-points g; and g; 41 with different angles 6; # 0,
yielding the inequality

forall zj € L;;y1(0;) and zx € L; j+1(6x), where § > 0 depends only on 6y, ..., Oy.
Indeed, fori =1, ..., £ — 2 we can write points z, zx near g; as z; = q; + |z —

qile'% , zx = q; + |z — qile'™ to get
l2j = al® = |zj — qi* = 2lzj — gillzk — il cos |6k — 0] + lzx — qil®

= |zj — qi| sin® |6 — 651,
and (2.14) follows near ¢g; owing to the equivalence between d,, and the euclidean
distance on compact subsets of R%. A similar argument works near g; 1, and (2.14)
is thus proved when i = 1, ..., ¢ — 2. Inequality (2.14) is still valid near g; for
i = £ — 1 and near g; 4 for i = ¢, and the difficult case is when approaching
qe = 0o. Forzj = qe_1 + |zj — qe—1le” and zx = qe—1 + |2k — qe—1le'% the
following holds
‘ 112 |z —ul?
i Tk 121?12k |?
zi— qe—11> = 21z; — qe—1llzk — qe—11cos |6 — 0| + |zk — go—11?

12121ge—1 + |2k — qe—11€'%|?
|k — qe1Psin® |0 —0;] | 112

_5‘_ 3
2|z |zk — qe—1? zZj
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for |z|, |z«| large, providing the validity of (2.14) withi = £ — 1 near gy = oo in
view of the invariance of g; under the map z — % and the equivalence between dy,
and the euclidean distance near 0. A similar argument works for (2.14) withi = ¢
near gy = 00, and (2.14) is finally established fori =1, ..., £.

Fori =1,...,¢and j € N;, k € Nj;1, the two polygonals L;;11(6;) and
Lit1,i42(60k) (with Lyy1,¢42(0k) = L12(6k)) just have g;+1 as common end-point,
and, arguing as above, we deduce

dg (2, zk) = d max{dy, (2, gi+1) dg, (2k» gi+1)} (2.15)
forall z; € Li;jy1(0)) and zx € Ljy1,i+2(6k), where 6 > 0 depends only on

01,...,0nN.
Fori =1,...,¢and j € N;,by (2.14) and (2.15) we deduce that

— Z [y logdg, (2, zk)
keN; _1UN;UN; 11

k#j
=— ) Tlogdg (zj,z) — ) Tilogdy (zj,2) — ) Tilogdy, (zj, %)
keN;_y k:;\/z keNit1
J
<— Y Tilogdy (zj.qi) — Y _ Txlogd, (zj. gi) — Y Tilogdg, (z). qit1)
keN;_ keN; keN;
k+#j k#j
Y Tilogdg, (z), gi+1) + O(1)
keNiy1
=— > Tilogdg, (zj,q) — Y Tilogdy,(zj,qit1) + O(1).
keN; keNjiq
k#j k#j

Therefore, we have shown that

W(z) = ——Z Y D TTklogdy, (zj, qi)

i=1 jeN; keN;
k#j
1 0
EZZ Z [Ty logdy, (zj, gi+1)
i=1 jeN; keN;
k#j
+Z > Tjlogdg, (2. 40) + O(1)
i=l jEN
0
[ > TiTk—ai )y Fj} logdg, (zj,qi) + O(1)
i=1 jkEN /E./\?;'

k#j
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and the above quantity is uniformly bounded from above with respect to z € Z in
view of (1.7), yielding sup, ¥ < +o00. O

Letting ~ be the equivalence relation between antipodal points, the surface
RP? can be represented as the quotient S2/~. We can find a retraction P K RP? \
{pi} — C,j € N, as the projection along great circles passing through p; onto a
given equatorial circle C not passing through py, ..., p¢. The fibers of Pj, j € N,
intersect in p;, a fact which can be controlled by an assumption like (1.5). However
the fibers of P; and Py have intersection points outside pi, ..., pe,forall j € A,
and k € N, with i; # i», and an upper bound on H* is not generally available.
In Theorem 1.2 we then restrict the attention to the special case N; ={1,..., N},
with o; = max{ay, ..., op} forsomei = 1,..., £. Taking p; as the north pole and
C as the equator, we have that the upper hemisphere Si (w.r.t. C) can be projected
onto the equatorial plane and the unit disc D with identified antipodal boundary
points is a model for RP?. Then we can find a diffeomorphism IT : £ — D so
that TI(p;) = qr e R,r =1,...,¢,withqg; =0and -1 <q; < --- < q¢ < 1.
Moreover, by compactness of X the following holds

C — |M(x) — I(y)|

for some C > 1. Letting 7 : D \ {0} — 9D be the radial projection, we define
Pj ="Pforall j =1,...,N, where P = Nloxoll: X\ {pi} - o and
o= H_l(aD). Let us fix N distinct points S?, e, 51(\), eo\{p1,..., pe}. Inview
of (2.16), the validity of (2.7) will follow by

sup ¥ (z) < o0,

V4VA
LN o (2.17)
W(z)=—=— Y [Tiloglzj —zl+ Y == > Tjloglz; —gil.
27 il = 2 =
J#

where

Z={z=G....zmeDVigen @) Vi=1,. N} =T

Since n—l(C?) N =1(¢Q) = {0} for j # k,arguing as in Lemma 2.3 (2.17) can be
deduced by (1.6).

For a general coupling in Theorem 1.3, we explain below the necessary
changes. Denoting by r (i) the unique index such thati € J,),i € {1,..., ¢},
we split

{1,...,6}:0){,

r=1
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in disjoint blocks X, which satisfy
ieX,=JiCX, and r(i) € X, (2.18)

and are minimal (i.e., no proper subset of X, satisfies (2.18)). Notice that such a
partition {X1, ..., X,;} is unique, and (2.18) guarantees that there are no couplings
between indices in different blocks. Thanks to the following result, we can provide
each block with a nice order of all the indices but one (say, the last one):

Lemma 2.4. Let X = {x,...,x,} C Rbeasetofn > 2 elements. Let Jy, ..., J,
be a partition of X so thatx; ¢ J;,i =1,...,n,and
X cX:J cX and Xr (i) eX' Vxje X = X' =X, (2.19)
where r(i) € {1, ..., n} is the unique index so that x; € J,;). Then there exists a
permutation o of {1, ..., n} so that'
o) <o(j
@) (/) (220)

= either J:(i) < Xg() < J;(j) < Xo(j) OF J:(_/) < J;(i) < Xo(i) < Xg(j)
where JI = Ji \ {xo(}, i =1,...,n.

Proof. We argue by induction on n. When n = 2 we have that J; = {x2}, J» = {x1}
and (2.20) is satisfied with 0 = id. If Lemma 2.4 does hold for n, let us discuss
its validity also forn + 1. If J; # @ foranyi = 1,...,n+ 1, then #J; = 1
for all i, and by (2.19) we can find a permutation o so that J,;) = {xs—1)} for
i > 2and Jo(1) = {Xs(m)}, and (2.20) easily follows. Otherwise, we can find a
first permutation t so that J;(,41) = ¥ and t(n) = r(r(n + 1)). Letting ¥ =
{xz(1)> . -.» Xz}, we have that #Y = n and Y still satisfies (2.19) with the partition
Jeys oo Je=1)s Jr) \ {Xzm+1)}. Since Lemma 2.4 is true for Y, we can find a
permutation A of {1, ..., n} so that (2.20) does hold for Y with A. The permutation
oof {I,...,n+ 1} constructed as (1) = Tt o A(l),..., 0@y — 1) = T o A(ip —
1),0@Gy) =t(n+1),0(Go+1) =t0A(ig),...,o0(n+1) = Toi(n) with iy defined
by A(ip) = t(n), satisfies (2.20), as it can be straightforwardly checked. O

We first make a permutation to have X; < --- < X,,, and then apply Lemma 2 4 to
each X, ,r =1, ..., m,to get the following:

Proposition 2.5. Up fo a permutation, there exist blocks X1 < -+ < Xp,m > 1,
satisfying (2.18) and for allr =1, ..., m:

i,j €Xp, i <j= either JF <i<J;<jorJ;<J'<i<]j, (221
where JI = J; \ {l;} and |, = max X,.
! Hereafter, the notation A < B (A < B resp.) stands for sup A < inf B (sup A < inf B resp.) if

A, B # (). The inequality is always true if either A = ¢ or B = ), and points are identified with
singletons.
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Hereafter, let us assume that we have permuted the indices according to Propo-
sition 2.5. Define continuous maps P; : ¥ \ {p1,...,p¢e} = 0j,j=1,..., N,
as

P;=1" (q,' + %Ti,r(,-) o n) , oj=11"" (qi + %S1>
when j e N;,i=1,...,£—1,and

Pi=1" (g0 + e 0 M), 0= 17" (g + 65"
when j € NV;. Let us fix N angles

O<9N<~~<61<5, (2.22)
and let §O = (é?, R 52,) € 01 X -+ X oy be a N—tuple of distinct points, with

£ _ Mg+ 4e”)  ifjeN,i=1,.... -1
J H_l(qr(g)-i-ﬁe_lef) if j e Ny.

Thanks to Theorem 2.2, for all y € F we can find z¥ = (z’f, e z}’v) € Z (with
z; = M[y;¢))]for j =1,..., N), where

Z={z=(z1,....28) €CN . z; € Li,y(0)) Yj e N;, i=1,...,¢).

Arguing as in Lemma 2.3, the aim now is to discuss the set L; »;y(0;) N Ly, (5)(6k)
forr(i) < r(s)and j € N;, k € N with j # k, where the closure is meant with
respect to dg, . Since i € Jy(;), by (2.18) notice that i € X, if and only if r (i) € X,
and by (2.21)-(2.22) the following distinct alternatives can arise:

o ifi =s,then L; ,;)(6;) N Ly r(5)(6k) = {qi, qri)} (With g¢ = 00);

e ifi Zsandr(i) =r(s), then Li,r(i)(ej) N Ls,r(s)(gk) = {qr(i)};
o ifi,s € X, withr(i) <r(s)andi = /,,thens < r(s) and

g5, qi} itr(@) =s, r(s) =1
{gi}  ifr@) #s,r(s) =1,
{as}  ifr(@) =s,r(s) #1
) ifr(@) #£s, r(s) #1,;

e ifi,s € X, withr(i) <r(s)ands = [.,theni < r(i) < r(s) < s and
Liri)(0)) N L r(5)(6k) = 0;
e ifi,s € X, \ {l,} withr(i) < r(s),theneitheri < r(i) <s < r(s) with

Lir) @) N Ly 0 = {({aqs} g:g; il

ors <i<r(i) <r(s)with L; ,;)(0;) N Ly ;5 (6k) = ¥;
e if i and s belong to different blocks, then L; ;;)(8;) N Ly ;(5)(6k) = 9.

Li,r(i) (Qj) n Ls,r(s) k) =
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Since the L; »;)(6;)’s can share at most endpoints among py, ..., p¢, we just
need to analyze the behavior at each p;. Every p; is an endpoint of L; ,;)(6;),
j € Ni,and of Ly »(5)(6k), s € J; and k € Nj. Letting

Ni =N U N
reld;

we can argue precisely as in Lemma 2.3 to show that (1.7) implies

sup ¥ (z) < +oo
ZeZ

with W given in (2.12), which in turn is equivalent to (2.7).

3. A compactness property

We shall show that (2.2) holds provided that M is sufficiently large. Since the choice
y = idk in the definition of H* leads to

H* > 221}{‘ Vi@ +o)

1 £ N 1 N '
> g(ZOﬁ)(ZD) logd — E( Z Fij> logdiam X 4 O(1)

i=1 j=1 Jk=1
J#k

in view of (2.6), where d = inf{dg(§, p;): § €0j, i=1,...,¢, j=1,...,N} >
0, by the previous Section we deduce that H* is uniformly bounded in M. There-
fore, it is enough to show that the tangential derivative of  on 0D is non-zero for
uniformly bounded values of H when M is large enough. By contradiction assume
that there exist §,, = (], ..., &%) € M and (B}, BY) # (0, 0) such that

®(E,) — +o0, —C <HE)=C, 3.1)
BIVH(E) + BLVD(E) =/ (3.2)

for some C > 0, where the last expression accounts also for non-regular points of
9D and can be re-written as

¢ N
(B3 — BT Y i Ve, GENpi) + 287 + BT Y TikVe, GET &)
i=1 k=1 3.3)
k#j
=0(l) V.
To get a contradiction, our aim is to identify the leading term of the left hand side
in (3.3). Without loss of generality we assume that

BH* + (B =1, B —B; =0,

mindg (€], €)= o(1), - mindy €], pi) = o(D), GH
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where we have used

N

23 TG ED £ = H(E) + @) + O(00) —> +00
Jik=1
J#k

and

2) @i Y TiGE. pi) = B(E,) — H(E) + O00) - +00

i=l j=1

thanks to (3.1). Given rg > 0 small enough (smaller than the injectivity radius
of (X, g)), we introduce normal coordinates yg : Ve ! (B, (0)) — By, (0) which
depend smoothly on § € X. Since y:(§) = 0 and dy(x,&) = |ye(x)| for all
X € yg1 (B, (0)), we have that

yer,(§1)  ye(&1) — ye(&2)
Ve, EDIE T |yeE1) — ye (€22 +o<dg@1,sz>)

Ve, logdy (81, 52) = (3.5)

as &1, & — £, owing to

Ve(€1) — ye(82) = yg, (§1) — y5,(82) + O(dg (82, §))[ Ve yz (§1) — Veyz (52)]
= Y&, (61) +o(lyg (6D
as &, & —> & (where§ is “between” & and &).

Hereafter we might pass to subsequences without further notice. Let us split
{1,...,N}as ZoU---U Z;, where

Zo={j: |§;l—pi| >cforalli}, Z;={j: 5;1 —pi} i=1,...,¢L
We begin with the following two lemmas.
Lemma 3.1. The following holds:

a) if#Z; = 1 for somei = 1, ...,E,thenﬂ{’ —ﬂg — 0;
b) ifdy(&7,&]) = o(1) for some j, k € Zo, j # k, then B] + B — 0;
c) there existsi € {1, ..., L} such that #Z; > 2.

Proof. If Z; = {jo}, the identity (3.3) with j = jpy in the coordinate system y,,
gives

o (ED)
e €L
and then a) follows. Next, let jo, ko € Zo, jo # ko, be such that dg(éj’.:), 5,2’0) =o0(1).
We may assume

By — BT, = 0(1),

dg(Ej,s &) = min de(¢]. &) ¥YneN.
i#k
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Letting
I={jeZo: dg(5].8%) ~ dy (&7, &5)} U L),
where ~ denotes sequences of same order as n — +00, observe that by construc-
tion
dg(61. &) ~ dg (62, &) Vjkel j#k
and dg(éj'.g, S,fo) = o(dg(fj'.’, &) forall j € I andk € Zo \ I, by which

Vg,-G(é}?,s,Z’):o( Vjiel keZy\I

1
dy &l s;;))

The identities (3.3) read in the coordinate system Ygn as
0

21 +45)0; > T 5 €D~ %, €0 - ( 1 ) Vjel (3.6)
j n n =0 e ] € .
b f],:;,j g G = ve GOP "\ dy €. &)

in view of (3.5). Since

2errszzzrjrk: R 3.7)

kel lzj — zl? kel kel
J#k J<k J#k
forall z;,z € R?, by taking the inner product of (3.6) with Ver (& ;Z) and summing
Jo
up in j € I we deduce that
(B +83) Y Tl =o(l).
g

Since jo, ko € I, we get B + B = o(1), and b) follows. Finally, if #Z; < 1
were true foralli =1, ..., £, by (3.4) we would get that #Z;, = 1 for some iy =
{1, ..., £}. On the other hand, thanks to (3.4) we also have that dg(éf, &) =o(l)

for some j,k € Zo, j # k. Then, by a) and b) we would derive 8] + 85 = o(1),
By — B3 = o(1),in contradiction with (3.4). O

Lemma 3.2. If #Z; > 2 for somei =1, ..., ¢, then dg(éj’.’, pi) = O(dg(&7, &)

forall j,ke Z;, j#k.

Proof. By contradiction, assume the existence of jo, ko € Z;, jo # ko, such that
do(Eh.&0)  dg(E)ED

= min (3.8)
dg (8%, i) rhezi dg (&7, pi)

Letting
I={jeZ: dg(&] &) ~dg(&. &)}V Lo},
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observe that for j € I by construction

dg(g:j’ pl) ~ dg(%'z)’ pl)

and
dy(E" E) ~ dg(€h. &0)  Ykel k+#j. 59)
do(§. &) = 0(dg (67, §)) Ve Zi\1, '
by which
Ve, G(E7 5,?):0(;) Vjel, keZ\I
T dg (6}, 50
The identities (3.3) in the coordinate system Vo read as
Jo
yer (67) — yen (pi)
By — BT j—=— L
Ver ¢ - Yer (Pi)l
yer (§7) — yen (§¢)
+2(B + BT Y Tp—= . (3.10)

n ny __ n ny|2
& g 6 = v, 60
#J

B+ B g1 B! .
= ———— | 4+o| ————"—]+01 v 1
‘ (dg@;{),s;;)) ° <dg<§;;,p,~>) Ve

in view of (3.5). By taking the inner product of (3.10) with Ve (& ;’) and summing
0
up in j € I we deduce that

(B +83) > T;Tk = o(B]+B3)+(B5—B})O
j.kel
J#k

dg (E.Z)’ 51?0) noen
(dgcs;?o, pi) >+0 (45665, )

thanks to (3.7), by which, using (3.8), we get

dg@;g,sgo)) o

3.11
dg (" pi) GD

i+ =0 (
By taking the inner product of (3.10) with Ygr (& ;’) — e (pi) and summing up in
0 0
J € I we obtain that

dy (£ . pi)
(B — B Y T =B +B5) Y TiTi+o() + (B} + B)o (dgfi)
jel j}I;fkl 8(510’ gko)

thanks to (3.7). By (3.11) we arrive at 87 £87 — 0,in contradiction with (3.4). [J
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If#Z; > 2,letus split Z; as Y1 U---UY;, [ > 1, in such a way that for all
jevy,
do(§7, pi) ~ dg (&, pi) VkeY,
dg(§7, pi) = o(dg (&), pi)) Vke YU ---UY.
Notice that by construction dg(éj'.’, &) ~dg(&, pi)forall je Y, ke Y, U---U
Y7, and by Lemma 3.2 dg(S;?, &) ~dg(§, pi) forall j, k €Y, (j # k), yielding

(3.12)

(€ E) ~ dg(€] . p)) VeV, keY,U-—-UY, j#k  (3.13)

Combining (3.12)-(3.13) we get

ngG(S}’,S,?)zo< VieY, ke, U---UY,

)
dg (&7, pi)

which inserted in (3.3) (written in the coordinate system y,,.) gives that

Ypi (67) — ypi (§¢)
2 n + n F .
(Br+ AT key;uyr ¢ Yp: §7) = ypi EOP

1 (3.14)
i E]) ( ! )
= (B = Bl o s
A=ty epe O\ m

for all j € Y, in view of (3.5). Since |y, (S;)| = o(lyp,; (S;) — yp: (§))) for all
jeYiU---UY,_1and k € Y, owing to (3.12)-(3.13), we can compute
(i (€7) — ypi (§), yp 6))) 14 pi ) — ypi (), yp; ()
&) — v EOE €D — yp P (3.15)
=1+4+o0(1)

forall jeY, and ke Y1 U---UY,_1. By taking the inner product of (3.14) with
Vpi (é;?) and summing up in j € Y, we get that

j;(i/{r keylﬁﬁyr,I JjeY,

(3.16)
thanks to (3.7) and (3.15). Since #Z; > 2, notice that the coefficient in brackets on
the left hand side of (3.16) is positive when r = [, and then 8] — 87 and B} + B; are
positively proportional up to higher order terms. By (3.4) and (3.16) (with r = [)
we deduce that

Bl — By, B+ B5.IB1, 1BS] = ¢ >0, (3.17)
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taking into account that 87 = o(1) would imply B} = 1 + o(1) and consequently,

by (3.16) (withr = 1),
Y Ii=a ) Ty,

JokeY) jey;
J#k
contradicting (1.3). Setting
a= Ilim ﬁ— # 0, (3.18)
n—+oo IB"

let us evaluate the different pieces of the energy as follows:

D TGE ) —ai Y TiGE}, pi) + 0(1)

jkez; JjezZ;
J#k

—§ > IGET, sk>+2z Y MNGE}ED
r= ljkEYr JjeYr

keYlu VY,

— Z Y T;GE, p)+ 0

r=1 jey,
1 l
=—0 [ Y TiTklogdg (€7, &) +2 Y TTilogdg (&}, &)
T r=1L jkerr ' JeYr
i#k keY(U-UY,_;
—a; Yy Tjlogdg (&}, p»].
JEYr

Since dg (é" &) ~ dg (é" pi)forall j € Y, andk € Y1 U---UY, in view of (3.13),
by (3. 16) and (3.18) we have that

> TTilogdg (€7, 6 +2 Y T Tilogdy (&}, &)

J.keYy JjeYr

J#k keY U--UY,
—a; Y Tjlogdg (&}, pi)
J€Yr
=( DoTTk+2 3 TiTk—ai ), Fj) logdg (€}, pi) + O(1)
J-keXr JEYr Jjeyr
J#k ke U-UY,_;
= —(a +0(1))( errk—f' 2 Z I‘jI‘k =+ o; Z Fj) 10gdg(§]r.lr,pi)+0(1)’
J-keYr jeYr jey,

j#k keY U0, _
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where j,. € Y, is fixed. We have thus proved that

1

—( > LNGEE) —a Y FjG(Sf,pi)> — —oo  (3.19)

a4 i<z j€zi
J

for all Z; with #Z; > 2. By (3.17) we deduce #Z; # 1 foralli = 1,...,¢ and
GE", &) =0(@)forall (j, k) ¢ Ule(Zi x Z;) according to Lemma 3.1-a) and
b), then we conclude that

4

1
~HE) = —[ Y TiTkGE} &) = ) ai ZF G, pl)} +0()

J/];&kl i=1 j=1

4 Z[ Y ITWGE}L &) —ai Y T;GE], Pi)] +O0(1) > —o0

=1 L jkez; JE€Z;
J#k

by (3.19), in contradiction with (3.1).

Appendix
A. Proof of Theorem 1.8
Setting a; = 1 + [&;] ™, the aim of this section is to compute the maximum

N :=max{N|+---+N;: N; e NU{0}, N;i+Nj11 <ai1Vi=1,...,¢}, (A1)
with the convention ay4+; = a; and Nyy; = Nj. The cases £ = 2,3 are easier
to handle and will be treated later in details. From now on, let us assume £ > 4.
Notice that foranyi =1,...,¢

0 < N; < min{a;, aj41}
andforany 1=1,...,¢—1
Nit1 < min{ai+1 — Ni, ai12 — Niyo}.

Therefore, setting J; = [0, min{a;, a;+1}] N (N U {0}), we have that (A.1) can be
rewritten as

N= N nJla)g <N1 +min{ay — N{, a3 —N3}+ N3+ - -+min{a;, — N;—_1, ai —N1}>
i€Ji, 1 odd

when £ is even and
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N:N.g.ax w (N1+min{a2—N1,a3—N3}+N3+---+min{ag_1 —Ng_z,a@—Ng}—l—Ng)
Nl|+ll\/;{§a1

(A2)
when ¢ is odd.
For the sake of clarity, we fix the following three lemmas.

Lemma A.l. Let f(t) = min{o, 8 —t} + ¢t + min{y —¢,8} for0 <t <T.Then

P(}aT)%f=min{a+y,,3—|—y,oz+5+T,ﬁ+5}.

Proof. For t € R we can write

a+8§+t if t <min{f —«, y — 6§}
Fio) = min{f + 6, +y} if min{f —a,y -6} <t
B < max{8 —a,y — 8}
Bty —t if 7 > max{f — o, y — 8},
yielding
minfa +6+ 7,8+, a+y} if min{f —o,y —5}>0
max f = min{f + 6, « + v} if min{ — o,y —6} <0
[0,7] <max{8 — o,y — 8}
B+vy if max{ —a,y —8} <0
=minfe +y,8+y,a+8+T,8+6}
as claimed. O

Letusfix2 <k < % and consider the numbers cg, dk, fi, gr defined in the intro-
duction. We get

2 =ay+ay, dy =a3+ a4, fo=a;+min{as, a4} +as, g2 =az +as. (A3)

Lemma A.2. The following identities hold:

N = max (min{e;,dq + N1, fy — N1, g.}) (A4)
NieJq 2 2 2 2

when £ is even and

N = max (min{CZ;l + Ny, d
NyeJy.Nyely 2
Ni+Ng=ay

1+M+MJ%4%+MD (A5)

el
2

when £ is odd.
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Proof. We claim that for every 2 < k < % we have

max (min{az—Nl,ag—N3}+N3+...
N;elJ;i=3,...,2k—1 odd

-+ min{ay — Nog—1, azk+1 — N2k+1}) (A6)
= min{cy — Ny, dk, fr — N1 — Nog+1, 8k — Nok+1}-

Indeed, (A.6) is valid for £ = 2 owing to (A.3), and the validity of (A.6) with index
k implies

max (min{az—Nl,ag—N3}+N3+...
N;elJ;i=3,..., 2k+1 odd

...+ min{az42 — Noky1, aok+3 — N2k+3})

=  max (min{ak» Bk — Nok+1} + Nog41
Nokv1€Dok+1

+ min{az2 — Nokt1, a2+3 — N2k+3}),

where oy = min{cy — N1, di} and B = min{fy — N1, gx}. By Lemma A.l we have
that

max (min{ak, Br— Nog41} + Nogy1+ min{azk 12— Nogkt1, a2k+3— Noky3 }>
Nog+1€J2k+1
= min {o + ant2, Br + azkt2. %

+ min{azkt1, a2kt2} + a2t3 — Nok3, Br + a2kt — Nawys ).

The validity of (A.6) with index k + 1 is now achieved through the identities

Ck+1 = min{cg + aok+2, fi + a2},
drt1 = min{dy + a2, gk + azy2},
fir1 = min {cx + minfazy1, ang2} + a3, fi + s}

Sk+1 = min {dy + min{ax11, a2} + a3, gk + az+3}

which follow by direct inspection of the definition of numbers cg, di, fx, gk. Fi-
nally, by (A.6) we immediately get the thesis of the Lemma. O

Lemma A.3. The following inequalities hold:

(@) cx + g < di + fi forall2 <k < §;
(b) min{%, gé} < d% + min{ai, ap} when £ is even.
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Proof. The inequality in (a) does hold for k£ = 2 thanks to (A.3) and its validity at
step k implies that

Ck+1 + gk+1 = min{ck + azit2, fi + azk+2}
+ min {dy + min{ax i1, a2} + ax43, 8k + a3}

Ck + k42 + 8k + azp+3 < (di + azk+2) + (fr + a2k+3)
(dy + azis2) + (cx +min{aziy1, asi2} + azxa3)

(8k + azk+2) + (fx + a2k+3)

(8k + aok+2) + (cx + min{azy1, ask+2} + a2k+3),

yielding

Cht1 + gk+1 < min{dy + aok+2, gk + a2k+2}
+ min {cx + min{ayi1, a2} + a3, fi + a3}
= dp+1 + fr+1-

By induction the inequality in (a) is true for all £ > 2, which implies the validity of
i d d ! d = mi d
min {ey —dy. g, —dy.5(f; —dg)| = mintey. 2g) —d,
. 1 .
max {f% — m1n{c§, gg}, §<f% — d%)} = f% — mln{(:%, g%}
for £ even, in view of 2 min{c ¢ 8¢ } < f% +d ¢ Concerning (b) notice that

si()) = (1 = x; () xs (1) minfas, as} + pr(J?), (A7)
sk(J) = aop x g (k)+(1=x 7 (k) [azk+1+ x 7 (k—1) min{azk—1, ax}1+qi (J#) (A.8)

for some functions py, gx and JE=Jun{2, ...k}, Jy=JnN{l,...,k—1}. Given
J C {1,...,%}sothat1 ¢ J,% e J,for J = {1} U J by (A.7) we have that

A

ay+s¢(J) = (a2 = a3 + (1 = x;(2)) minfaz, as)) + (a3 + p¢ (/)
(ay — a3 + min{as, a4}) + (a3 + Pg(J#)) s+ (@ +sc(J)

Dl

A

yielding c <ax+ d%' Similarly, for J = J \ {%} by (A.8) we get that
_ ¢ , _
sa+s(J) = (al + Xj(i - 1) min{a,—1, ae}) + (a3 —i-(Zg(J#))
¢ .
<a1 + X1<5 — 1) min{ae_1, as} — ag> + (a3 +s§(.l))
<ai+ (a3 —I-s%(f))

LS

IA
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providing g¢ < a; + d. . In conclusion, we have shown that
2 2

min{ce, g¢} < dg + min{ay, az}

¢
2
and (b) is thus established. ]
Proof of Theorem 1.8. Thanks to inequalities (a)-(b) of Lemma A.3, for £ even we
have that

+ N; if Ny fmin{c%,g%}—d%

] J N N }oiaf min{c§,g§}—d§
mln{C%, g—i_ l’f%_ l’gg}_ S]\,1S‘f%_rnln{c%,g%}
fe =M if Ny = fo —minfee, g¢}

with min{c%, gé} —d; < min{ay, az}, yielding

L
2

N = min{c;, g¢) (A9)

when £ is even in view of (A.4). Unfortunately, when £ is odd the expression of N
in (A.5) can be simply reduced to

N= max (minfeist +a1 = Ni,dizi +a1, fizt, g +N1))
ay—minf{a,ag}<N|<min{aj,a;} 2 2 2 2

(A.10)

because N; + Ny < a; := min{a|, min{a|, a2} + min{a;, a¢}} with the equality

achieved for all the maximizers in (A.5).

An interesting situation corresponds to the case where the a;’s are ordered in
an increasing way. To distinguish it from the general case, we will denote them by
bi,....bg. Given J C {1,...,k}and 3 < j < k, sx(J) depends on j — 1 only
through the term

brjoaxs(j—D+ A= xs(—baj-1+ xs(j —2)b2j-3]
+ A= xsUNxs (G — Dbaj—i
which is minimized by the choice j —1 € J or j — 1 ¢ J depending on whether

Jj € J or not, respectively. The same holds if j = 2. Therefore, the minimization
in the definition of ¢ and dy is achieved by sets J with {2, ..., k} C J,yielding

k k
k=) by, de=bs+) by, (A.11)
Jj=1 Jj=1
whereas for f; and g the minimizing sets J satisfy J N {2, ..., k} = ¥ and then

k k
fe=ba+Y by g =) baji1. (A.12)
j=1 j=1
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Since 8¢ < ct in view of (A.11)-(A.12), for £ even (A.9) becomes

2
= byjii. (A.13)

Since c¢-1 < d¢-1 and g

—Ni g1t +Ni}:0 < Ny < b1

b
( -1 +b1+ g 1)}

1
= min {cu + by, =
2 20 2 (A.14)
z_
= min b1+Zb2], Zb
when £ is odd, in view of
1 by
5( 1 + by — %) < > O

Finally let us discuss the case £ = 2, 3, 4.
We clearly have that N = min{aj, a»}.

By (A.2) we deduce

N = max{min{a2 4+ N3,az3+ N1} : N1+ N;
<ay,0 < Ni < min{ay, a2}, N3 < min{aj, a3}}
:max{min{az +ai — Ni,a3 + Ny} : a; —min{a;, a3} < Ny < min{al,az}}

since N| + N3 < a; := min{aj, min{a, a2} + min{ay, a3}} with the equality
achieved for all the maximizers. Then, we compute

a + a3 + ap e A . a —az + a .
— if a; —minf{a;, a3} < — < min{ay, a2}
. . a—a3+a .
N = { a3 + min{ay, ap} if — > min{ay, az}
. . @m—azta .
ay +min{ay, az} if — < a1 — min{ay, a3}.

By discussing all the six possibilities for (a1, az, a3) (a1 < a2 < az,a; < az < ay
and so on), we immediately realize that N = min{b;+b, W }, which actually
corresponds to (A.14) for £ = 3 for the increasing ordering b1, by, b3. We have thus
proved that the maximal N in (A.1) is independent of the order of g;’s
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Instead of coupling the a;’s in a consecutive way (ordered or not), with regards
to Theorem 1.5 let us now couple the pair ay, a; with a3 and a3 with a;: in order to
satisfy (1.10), we decompose N as N = Nj + N, + N3 with

Ni+ N3 <a;, Ni+Ny+N;<az, Ny=<a.

We can easily see that the maximal N satisfies N = min{a; + a2, a3}, giving
N < min{b; + by, W}. Since such a case represents the general situa-
tion for a non-consecutive coupling, we can summarize our discussion by saying
that the consecutive increasing coupling by, by, b3 gives rise to the best maximal
N = min{b; + by, %} among all the possible couplings (consecutive or not,
increasing or not). Such a property is peculiar for £ = 3, as we will see below by
discussing the case £ = 4.

By (A.9) we have that N = min{a; + a3, a2 + a4}, and the optimal choice
is (a1, az, as, as) = (b2, by, b3, by) which gives rise to N = min{by + b3, b; +
bs}. Since in general min{by + b3, b1 + bs} > b1 + b3 (see (A.13)), we see that
the increasing ordering is no longer the optimal among all the consecutive ones.
Moreover, referring to non-consecutive couplings in Theorem 1.5, let us couple the
pair by, by with ba, b3 with by and b4 with b3: in order to satisfy (1.10) we need to
require that N = Ny + N, 4+ N3 + N4 with

Ny < by, N+ N3 <by, N3+ Ny < b3, Ni +Np+ N4 < by.

The particular choice Ny = by, N = min{by,bs — b1}, N3 = 0 and Ny =
min{b3, by — by — min{by, by — b1}} leads to N > min{b; + by + b3, bs}. Since
min{b; + by + b3, bs} > min{by + b3, by + bs} when by + by + by < b4, we also
see that consecutive couplings are not in general the optimal among all the possible
ones.
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