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Cohomology and coquasi-bialgebras in the category
of Yetter-Drinfeld modules

IVAN ANGIONO, ALESSANDRO ARDIZZONI AND CLAUDIA MENINI

Abstract. We prove that a finite-dimensional Hopf algebra with the dual Cheval-
ley Property over a field of characteristic zero is quasi-isomorphic to a Radford-
Majid bosonization whenever the third Hochschild cohomology group in the cat-
egory of Yetter-Drinfeld modules of its diagram with coefficients in the base field
vanishes. Moreover we show that this vanishing occurs in meaningful examples
where the diagram is a Nichols algebra.

Mathematics Subject Classification (2010): 16W30 (primary); 16E40 (sec-
ondary).

Introduction

Let A be a finite-dimensional Hopf algebra over a field k of characteristic zero such
that the coradical H of A is a sub-Hopf algebra (i.e., A has the dual Chevalley
Property). Denote by D (A) the diagram of A. The main aim of this paper (see
Theorem 5.6) is to prove that, if the third Hochschild cohomology group in Z YD
of the algebra D (A) with coefficients in k vanishes, in symbols Hgm (D A, k) =
0, then A is quasi-isomorphic to the Radford-Majid bosonization E#H of some
connected bialgebra E in ZyD with grE = D (A) as bialgebras in ZyD.

The paper is organized as follows. Let H be a Hopf algebra over a field k.
In Section 1 we investigate the properties of coalgebras with multiplication and
unit in the category ZyD (in particular of coquasi-bialgebras) and their associated
graded coalgebra. The main result of this section, Theorem 1.6, establishes that
the associated graded coalgebra grQ of a connected coquasi-bialgebra in Z YDisa
connected bialgebra in Z)/D.
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In Section 2 we study the deformation of coquasi-bialgebras in ZyD by means
of gauge transformations. In Proposition 2.5 we investigate its behaviour with re-
spect to bosonization while in Proposition 2.6 with respect to the associated graded
coalgebra.

In Section 3 we consider the associated graded coalgebra in case the Hopf alge-
bra H is semisimple and cosemisimple (e.g. H is finite-dimensional cosemisimple
over a field of characteristic zero). In particular, in Theorem 3.2, we prove that a
finite-dimensional connected coquasi-bialgebra Q in Z)/D is gauge equivalent to a
connected bialgebra in ZyD whenever Hgm (grQ, k) = 0. This result is inspired
by [18, Proposition 2.3].

In Section 4 we focus on the link between HY,, (B, k) and the invariants of
H" (B, k), where B is a bialgebra in HS‘}D (B, k). In particular, in Proposition 4.7
we show that Hg/D (B, k) is isomorphic to H" (B, k)PH)  which is a subspace of
H" (B, k)" = H" (B#H, k), see Corollary 4.3.

Section 5 is devoted to the proof of the main result of the paper, the aforemen-
tioned Theorem 5.6.

In Section 6 we provide examples where HY,, (B, k) = 0 in case B is the
Nichols algebra B(V) of a Yetter-Drinfeld module V. In particular we show that
that Hgm (B(V), k) can be zero although H? (B(V)#H, k) is non-trivial.

Notation Given a category C and objects M, N € C, the notation C (M, N) stands
for the set of morphisms in C from M to N. This notation will be mainly applied
to the case where C is the category of vector spaces Vecy over a field k or C is
the category of Yetter-Drinfeld modules ZJJD over a Hopf algebra H. The set
of natural numbers including O is denoted by Ny while N denotes the same set
without 0. Given C a coalgebra, we use the Sweedler notation for the coproduct,
A(c) = c1 ® 2, ¢ € C; similarly, for V a left C-comodule, we use the following
notation for the coation: A(v) = v_1 Qe VR C,ve V.

1. Connected bialgebras in Yetter-Drinfeld categories

Definition 1.1. Let C be a coalgebra. Denote by C,, the n-th term of the coradical
filtration of C and set C_; := 0. For every x € C, we set

|x] :=min{i € Ny : x € C;} and X :=x 4+ Cix|-1.
Note that, for x = 0, we have |x| = 0. One can define the associated graded
coalgebra
Ci

grC = @ieNOC—l
i
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with structure given, for every x € C, by

Agc (X) = Z (x1 4+ Ci—1) ® (x2 + Clxj=i-1) , (1.1)
0<i<|x|
Egrc (X) = Sjx),06C (X) . (1.2)

Claim 1.2. Forevery i € Ny, take a basis {x"’-i | jeB,-} of the k-module C; /C;_;
with xi-/ # xi for j # [ and

)xi’j‘ =1i.
Then {xi’j |0<i<n,je B,-} is a basis of C,, and {xi’j |i eNp,je B,-} is a

basis of C. Assume that C has a distinguished grouplike element 1 = 1¢ # 0 and
take i > 0.If & (x"/) 3 O then we have that

xbi—g (xb7) 1 =xb
so that we can take x*/ — ¢ (xi’j ) 1 in place of x/. In other words we can assume
£ (xi’j) =0, foreveryi >0, j € B;. (1.3)

It is well-known that there is a k-linear isomorphism ¢ : C — grC defined on the

basis by ¢ (x/) 1= x?J.
We compute

g —\ (1.2 A\ (1.3 i
EarC P (x”]> = &grC (x’J) = di,08 (xO’J) L, (x”]> :

Hence we obtain
EqrC O = €. (1.4)

Let H be a Hopf algebra. A coalgebra with multiplication and unit in ZyD isa
datum (Q, m, u, A, &) where (Q, A, €) is a coalgebra in Z)/D, m: 0 Q0 —
Q is a coalgebra morphism in ZyD called multiplication (which may fail to be
associative) and u : k — Q is a coalgebra morphism in Z)JD called unit. In this
case we set 1o :=u (1) .

Note that, for every h € H, k € k, we have

hlg = hu (1) = u (hly) = u (eg (h) 1x)
=en (Wu(ly) =¢ep (h) 1o,

(1.5)

(1g)_, ®(10), = ( (11))_1 ® (u (1x))g
= (-1 Qu((lk)g) =1g Qu(ly) =1y ® 1g.

(1.6)
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Proposition 1.3. Let H be a Hopf algebra and let (Q, m, u, A, €) be a coalgebra
with multiplication and unit in ZyD. If Qg is a subcoalgebra of Q in ZyD such
that Qo - Qo C Qo, then Q, is a subcoalgebra of Q in Znyor every n € Np.
Moreover Qg - Op  Qu+b for every a,b € Ny and the graded coalgebra grQ,
associated with the coradical filtration of Q, is a coalgebra with multiplication and
unit in g)ﬂD with respect to the usual coalgebra structure and with multiplication
and unit defined by

Mg (X + Qa—1) & (y + Qp—1)) = xy + Qatb-1, (L.7)
ugro (k) :=klg + Q_i

Proof. The coalgebra structure of Q induces a coalgebra structure on grQ. Since
Qo is a subcoalgebra of Q in Z)/D and,forn > 1,onehas 0, = Q,—1A g Qo, then
inductively one proves that Q, is a subcoalgebra of Q in Z YD. As a consequence
one gets that grQ is a coalgebra in gyD (this construction can be performed in
the setting of monoidal categories under suitable assumptions, see e.g. [5, Theorem
2.10]). Let us prove that grQ inherits also a multiplication and unit. Let us check
that Q, - Op € Qu4p for every a, b € Ny. We proceed by induction on n = a + b.
If n = O there is nothing to prove. Let n > 1 and assume that Q; - Q; € Q;4; for
every i, j € NgsuchthatO <i+ j <n—1.Leta, b € Ny be such thatn = a + b.
Since A (Q,) € Z?:o Qi ®Qu—iandcg 0 (Qu ® Oy) € 0y ® Oy, Where cg o
denotes the braiding in ZJ)D, using the compatibility condition between A and m,
one easily gets that A (O - Q) € Qurp—1 ® O + 0 ® Qo
Therefore Q.- Qp S Qq+p- This property implies we have a well-defined map

in ZyD

ab . Qa ® Qb N Qa+b

"w0 0, 0t Qarb

defined, for x € Q, and y € Qp, by (1.7). This can be seen as the graded compo-
nent of a morphism in ZJ)D that we denote by mgp : grQ ® grQ — grQ. Let
us check that mg,p is a coalgebra morphism in ZyD. Consider a basis of Q with
terms of the form x*/ as in 1.2. Hence we can write the comultiplication in the

form
A (xa,u) — Z ng’,tu’l’mxs,l ®xt,m
s+t<a l,m
Now, using (1.1), one gets that

Agrg (x@%) = Y Y gt xil @ xaim, (1.8)

0<i<a l,m
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Using that Agrogero = (2rQ ® cor0.er0 ® gr Q) (Agro ® Agro) and (1.8),
it is straightforward to check that (mgrp ® Mmerp) Agroero (x“v” ® x’“’) =
AgergrQ (x“*” ®m> .

Moreover, since €grQ@erQ = EarQ ®€grg, We get that egromigro (x—a,u ® xb—”> =
8grQ®grQ (.xa’u ® xb,U) .

This proves that mg¢ is a coalgebra morphism in ZJ)D.

The fact that ugg : k — grQ, defined by ugg (k) := klgp + Q1 is a
coalgebra morphism in ZyD easily follows by means of (1.6) and (1.7). O

Definition 1.4 ([2, Definition 5.2]). Let H be a Hopf algebra. We say that
(Q,m,u, A, e, ) is a coquasi-bialgebra in the pre-braided monoidal category
ZyD if (Q, A, ¢) is a coalgebra in ZyD, m: 00 — Qandu : k - Q
are coalgebra homomorphisms in YD and o € YD (0%3, k) (braided reasso-
ciator) is a convolution invertible element such that

x(0®0®m+xa(m@ORO)=(Qu)*xa(Q@m Q) *x(x®¢), (1.9)

xc(Ou®Q)=aU®0®0)=a(Q®0Qu)=:¢cpz0, (1.10)
mOm)xa=axm(mQ), (1.11)
mu®Q)=Idg=m((Q®u). (1.12)

Here * denotes the convolution product, where Q® is the tensor product of coal-
gebras in ZJJD whence it depends on the braiding of this category. Note that in
(1.10) any of the three equalities such as @ (1 ® Q ® Q) = gpg implies that « is
unital.

Remark 1.5. When H = k we recover the usual definition of coquasi-bialgebra
that will be also named an ordinary coquasi-bialgebra.

Theorem 1.6. Let H be a Hopf algebra and let (Q, m, u, A, &, w) be a connected
coquasi-bialgebra in ZyD. Then grQ is a connected bialgebra in ZyD.

Proof. By Proposition 1.3, we know that grQ is a coalgebra with multiplication and
unit in ZyD. We have to check that the multiplication is associative and unitary.
Given two coalgebras D, E in ZyD endowed with coalgebras filtration
(D(,,))n eny, and (E<”))n en, 1D B YD such that Dy and E ) are one-dimensional,
let us check that C(yy == Y o;<, Dii) ® E—i) gives a coalgebra filtration on
C:=D®EFEin gyD. First note that the coalgebra structure of C depends on the
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braiding. Thus, we have

n
Ac(Cm) = (D®cpe ®E) (Ap ® Ap) (Z D) ® E(ni))
i=0

n_ i n—i
C (D®cp.r®E) (Z Z Z D@y @ D(i-a) ® Ep) ® E(n—i—b))
i=0 a=0 b=0

i n—i

n
- Z Z Z D) ® cp,E (Dii—a) ® E(b)) ® E(—i—b)

i=0 a=0 b=0
n i n—i
= Z Z Z D@y ® ¢p_y.Ey (Dii—a) ® Er)) @ En—i-b)
i=0 a=0 b=0
n i n—i
c Dy ® Epy ® Dii—a) ® E(n—i—b)
i=0 a=0 b=0
n n
c > D) ® E) ® Dii—a) ® Eu—i-b)
i=0 w=0 0<ac<i,

0<b<n—i
a+b=w

n
- Z Cuw) Q@ Ciu—wy).
w=0

Moreover, by [37, Proposition 11.1.1], we have that the coradical of C is contained
in Doy ® E(0y and hence it is one-dimensional.

This argument can be used to produce a coalgebra filtrationon C := Q® 0® Q
using as a filtration on Q the coradical filtration. Let n > 0 and let w € C(,) =
Yitjrk<n Qi ® Qj ® Q. By [6, Lemma 3.69], we have that

Ac(w) —w® (1Q)®3 - (1Q)®3 Qw € Cu-1) ®Cu-1).

Thus we get
w; @uwr w3 —Ac (W) ® (IQ)®3 —Ac ((IQ)®3) @w € Ac (Cin-1)) ® Cin—1)

and hence, tensoring the first relation by (1 Q)®3 on the right and adding it to the
second one, we get

v ur@ws—we (10)” ®(10)” ~ (1) ®w e (19)*
~(19)** ®w € Ciu-1) ® Cia—1) ® Ca).

For shortness, we set v, (z) := m (Q ® m) (z) + Q,— for every z € C. Thus, by
applying to the last displayed relation C(,—1y @ m (Q ® m) ® C(,—1) and factoring
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out the middle term by Q,_1, we get

w1 ® vy (W2) @ w3 —w @ vy ((1Q)®3> ® (IQ)@3 +
~(19)" @ @ ® (10)% = (1) @ v ((10)*) ©w

vn (Cn—1)
Qn—l

n—1

Qn—l

€ECu-n® ( ) QCu-1y CCu-n® ® Cin-1) =0.

Thus we can express the first term with respect to the remaining ones as follows

wi @ vy (w2) @ w3

= wo, ((10)*) 8 (107 + (10" 8 v ) ® (19)*
+(10)" @ u ((19)%) @w

= w®(lg+0i1)® (10)% + (10) @ v, (w) ® (19)°
+(10) @ (1o + 0n1) @ w

n=0 (1Q)®3 & vy () ® (lQ)®3.

We have so proved that for n > 0 and w € Cy)

w1 ® vy (w2) ® w3 = (10)% @ v, () @ (10)%°. (1.13)

The same equation trivially holds also in the case n = 0 as C ;) is one-dimensional.
Letx,y,z€ Q.Thenx ® y ® z € C(|x|+|y|+|z) SO that

@Mz = ((x+Qui-1) - (v + Qiyi-1)) - (2 + Qpz1-1)
= () + Queitiyi-1) - (z+ Qpzi-1)
= (xy) 2+ Olx|+Iyl+lzI-1

= o' (x®Y®) Vrl+iyl+lz (F ®Y®2)1) @ ((x ® y ®2)3)

1.13 _
"D 01 (1g @19 ®10) Vietiyiti G ®Y® D0 (1o ® 19 ® 1p)

= Vixl+lyl+z] @y ®2)
= x(y2) + Quxj+yl+lz-1 =X - (- 2).

Therefore the multiplication is associative. It is also unitary as

Y log=(x+0Qu-1) (lo+0-1)=x-1g4+ Q-1=x+ Qx-1 =X

and similarly E -X = x forevery x € Q. O
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2. Gauge transformations

Definition 2.1. Let H be a Hopf algebra and let (Q, m, u, A, ¢, w) be a coquasi-
bialgebra in ZyD. A gauge transformation for Q is amorphismy : Q0 ® Q — k
in Z)JD which is convolution invertible in Z)JD and which is also unitary on both
entries.

Remark 2.2. For y as above, let us check that y_l

transformation too.
First note that for all x € Q, by means of (1.7) and (1.6), one gets

is unitary whence a gauge

(1p®x), ®(1g®x), =1p®x1®1g ®x2, (2.1)
(x® lQ)l [ (x® 1Q)2 =x1Q 1Q R x2 & lQ. 2.2)

Thus

y~! (1o ®x) =y (1Q ® x1) € (x2) = y~! (lQ ®xl)y(1Q®x2)
= (V“ *V) (lo®x) =¢()

and similarly y ! (x ® IQ) =e(x).

Lemma 2.3. Let H be a Hopf algebra and let C be a coalgebra in ZyD. Given a
map y € ZyD (C, k), we have that y is convolution invertible in ZyD (C, k) if
and only if it is convolution invertible in Vecy (C, k). Moreover the inverse is the
same.

Proof. Assume there is a k-linear map y ~! : C — k which is a convolution inverse
of y in Vecy (C, k). By [1, Remark 2.4(ii)], yfl is left H-linear. Let us check that
y ~!is left H-colinear:

cc1®y () = ()1 ln ®y ™ (o) ¥ (c2) ¥ (c3)
= (cD-1 ()1 ® ¥~ (o) ¥ ((€2)0) ¥ ' (c3)
e @y (Do) 7 (D)) ¥~ ()
=018 (r " xy) (e r " @
= (cn)-1 ®ec (o) ¥~ (2)
@ ly®ec(c)y ' e)=1g®@y (0
where in (*) we used that the comultiplication or the counit of C is left H-colinear.

Thus y is convolution invertible in ZJJD (C,k). The other implication is
obvious. O
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Proposition 2.4. Let H be a Hopf algebra and let (Q, m, u, A, &, w) be a coquasi-
bialgebra in Zyl). Lety : QO ® QO — k be a gauge transformation for Q. Then

Q" :=(0,m", u,A,e, a)y)

is a coquasi-bialgebra in Z)}D, where

m’ =ysxmxy !

o =@y xy (@emrory  me Q) x(r ).

Proof. The proof is analogue to [24, Proposition XV.3.2] in its dual version. We
include some details for the reader’s sake. Note that Q7 has the same underlying
coalgebra of Q which is a coalgebra in ZyD. The unit is also the same and hence
it is a coalgebra map in I,ij. Since m? is the convolution product of morphisms
in ZyD, it results that m? is in Z)JD as well.

Since m is a coalgebra map in ZJJD and y is convolution invertible with con-
volution inverse y ~!, it follows that m? is a coalgebra map in ZJ)D.

By means of (2.1) and (2.2), one gets thatm? (1g ® x) =x =m? (x ® 1g) .

Let us consider now . Since it is the convolution product of morphisms in
Z)}D, it results that w?” is in ZyD as well.

Let us check that w” is unitary. Consider the mapa; : 0 Q0 - 0® 0 ® Q
defined by on (x ® y) = x ® 1p ® y. The equalities (2.2) and (1.7) yield

(2 (x @Y @ (@2 (x ® )y = a2 (x1 ® (x2)_1 1) ® a2 ((x2)9 ® ¥2)
= ((x ® y)l) ® ap ((x ® )’)2)

so that o is comultiplicative.
Thus

o =(EQ@Y)arxy (Q@m)ar xwar %y~ (Mm@ Q) ay * (yfl ®8>Ol2
and computing the factors of this convolution products one gets

ERY)r=¢eQe, y(QOQOmar=y, wa=¢cQE,
ylme@ Qar=y7", (V_1®8)a2=8®8

and hence w’ay = y * y~! = & ® &, which means that »” (x ® lp ® y) =
e(x)e(y) forevery x,y € Q.

Similarly, considering o; : Q ® QO — Q ® O ® Q defined by o] (x ® y) =
1o ®x®y, one proves that w” (1 0®x® y) = ¢ (x) & (y) . A symmetric argument
shows that o’ (x ® y® 1g) = e (x)e(y) were D =0 ® 0 ® Q.

Note that, by Lemma 2.3, @? is convolution invertible in ZyD (D, k) as it is
convolution invertible in Vecy (D, k).
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Let us check that the multiplication is quasi-associative. By [2, Lemma 2.10
formula (2.7)], we have

m”(Q@y*m*y”) :(e®y)*mV(Q®m)*(8®y71),
<8®J/71>*(5®)’)=8®<V71*7/)=8®8®8,
m? (m” ® 0) =m” (yxmxy~ @ Q)
=@ «m’ (mxy' ®0)
=@ em me (v ee),
(y‘l ®s> x(y ®e) = ((y‘l *y) ®8) —:QReQ@e.
By using these equalities one obtains
m (Q@m") %
=@ *y@emmQem sy m® 0y ®¢).
o’ xm? (m’ ® Q)
=@y xyQ@mrormme Q) xy  me0)x(y ' ®e)
so that ®” x m¥ (m” ® Q) =m? (Q @ m”) x w”.

It remains to check that w” is a reassociator. By [2, Lemma 2.10 formula
(2.7)], we have

wV(Q®Q®y*m*y“)=(e®e®y>*wy(Q®Q@m)*(e@s@y“),

a)y(y*m*y_l®Q®Q>=(y®8®e)*w”(m®Q®Q)*(y_1®e®€>,
(Y Re®e)*x(tRe@Y)=YyQy=(Qe®y)*x(yRe®e).

By using these equalities one obtains

0’ (Q®Q0@m")xw’ (m" ® 0Q Q)
{ (e®e®Y)* QY (Q@m)*y (Q®m(Q®m)) }

¥ (Q®Q®m)xo(m®Q® Q)
sy Tmme @A)+ (y ' m@ Q) (y ' ®e@e)

and

(eQ ") *x0” (Q@m’ ® Q) * (0 ®¢)
(eQe®@y)*x(e®@y(Q®m)*xy (Q®m(QQm))
¥R *xw(QAmME Q) *x(w®e) .
xy Tmm@ @A *(y 'm0 ®e)x(y '®e®e)
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Therefore

o’ (Q®0®mY)xw” (m" ® Q® Q)=(¢®@w” ) xw’ (Q®@m” ® 0)* (v’ ®¢). O

In analogy to the case of Hopf algebras, one can define the bosonization E#H of a
coquasi-bialgebra in ZyD by a Hopf algebra H, see [2, Definition 5.4] for further
details on the structure. The following result was originally stated for £ a Hopf
algebra. Yorck Sommerhiuser suggested the present more general form that deals
with the behaviour of the bosonization under a suitable gauge transformation.

Proposition 2.5. Let H be a Hopf algebra and let (E, m, u, A, ¢, w) be a coquasi-
bialgebra in Z)}D. Lety : E ® E — Kk be a gauge transformation for E . Set

[ (E#H) @ (E#H) — k : (x#h) @ (x'#h") — v (x @ hx') ey (1) .

Then T is a gauge transformation and (E#H)" = EY#H as ordinary coquasi-
bialgebras.

Proof. By [2, Lemma 2.15 and what follows], we have that I" is convolution
invertible H-bilinear and H-balanced. ~Moreover I'"! ((x#h) ® (x'#h')) =

y~! (x®hx)ey (W). If a : (E#H) ® (E#H) — E#H is H-bilinear and H-
balanced, it is easy to check that I' % o % I' ! is H-bilinear and H-balanced too.
In particular, since

megg ((x#h) @ (xX'#h')) = m (x ® hix') @ hol'

we have that m gy is H-bilinear and H-balanced where E#H carries the left H-
diagonal action and the right regular action over H.
Thus M gyt = I« mggy * D~ is H-bilinear and H-balanced. Moreover,

since EV is also a coquasi-bialgebra in ZyD we have that mgyvpg : (E#H) ®
(E#H) — E#H is H-bilinear and H-balanced too.
Therefore, in order to check that m (E#H)T = MEV#H, it suffices to prove that

they coincide on elements of the form (x#1y) ® (x’ #1 H) .
Let us consider the multiplication

m gy (#10) ® (x'#11))
= (T mean +T7") ((#1) © (x#11))
U ((x#1p)) @ (x'#1n),) - mesn ((6#1 ), ® (xX'#1p),)
T (et y)3 ® (X'#1k),) -

Now, from
Appn (et = (x“)#x@),lhl) ® <x<2>0#h2)
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we get

(#1p)) @ (c#1H)y ® (x#1p)3

_ Z <x<1>#x<2)_1x<3><_2>> ® <x<2>0#x(3>_1) ® (X(3)0#1H>

so that

Mgy (x#1p) @ (x'#1y))
= T ((#lp) @ (X#lg),) - mewn ((#1p), ® (x#15),)
T ((e#l )3 ® (x'#1h),)

T (x D@2y @ x D@ _ '3 y))
— megn (x@otx®_; @ x@oir®_))
T (xOo#ly @ X'Oo#tly)

— ey (¥ Potr®_y @ 2@ )
7 (1P ® 2')

Yy (xD @x@_x®_px/®
= m (@) @ x® @) @ xP_ 11O
1 (1 @ x'3))

Z y D ® x(2)_1x(3)<_2>x/(1))
= .m (x(Z)O ® x(3)_1x’(2)) ® (x(3)0 ® x’(3))_1
.y—l (x(3)0 ® x/(S)O)

yeolin, [ Yy (10 @ x@_1x® D) o (x0g @ x_1x@) @ 1
T (2@ @ x'®)

! (x® @ x'®) :

Now we have
YeenPeaen?® =Y x"ex? ¥ ex?gy?
so that
Y aenPeaen?@?exen?
-y <x<1> ® x<2>71x(3)<72>y<1>) ® (x(z)o ® x<3>71y<2)> ® (x<3>0 ® y(3)> '
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Using this equality we can proceed in our computation:
mppry ((#1) ® (x#1p))

ZV (x(l) ®x(2)_1x(3)(_2>x/(1)) .
= H
-m (X(Z)O ® x(3)_1x/(2)) y—l (x(3)0 ® x/(3))

= [y (6o)?) m(ex)?)r " (ko) ?)]#n
= (y *m*y71> (x®x)#ly

=mer (x @x') #ly

mevun ((#1p) ® (X'#1g)) .
Finally u pypyr = upsn = 1g#ly = Lpr#ly = upryn.

As a coalgebra (E#H)" coincides with E#H and hence with E?#H .

Finally let us check that wgrgy and O(EpH)T coincide. To this aim, let us
use the maps U}‘{’_ of [2, Lemma 2.15]. First note that wgyzy = U%I’Ey (wEr)
by [2, Proposition 5.3]. Now

oy = (€ern @T) * ' (E#H @ mpyn) * WEsH
« T~ (mpyn @ E#H) * (F*‘ ® gE#H)
= (Bhs @) 803 5 1)) % B} ) (B#H @ miprs) + B @)

* Uy i (V_]) (mgsy ® E#H)
% (15%“- (y_1> VY , (s)> .
One easily checks that

Ol p@ @V () = Ul gy (@),

U%{,E (y) (E#H @ mpyn) = U?q,Ey (y (E®@m)),
U%IE (y_l) (mesn ® E#H) = U%-I,EV (V_l (m® E)) ;

Ok & <7’_1) ® Ul g (5) = U}y gy (y_l ®e>.
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Thus we obtain

O ppmt = Ul pr (6 ®y) * U} gy (v (E@m))
* U%E (w) * U%’EV (y_l m® E))
* U%’EV ()/_1 ® 8)
= Che (O sy E@mrwsy” meE) «(r )]
H,EY
= U pr (@Er) = 0prsn. O
Proposition 2.6. Let H be a Hopf algebra and let (Q, m,u, A, e, w) be a con-

nected coquasi-bialgebra in g)}D. Lety : Q® Q — k be a gauge transformation
for Q. Then grQ? and gr Q coincide as bialgebras in ZyD.

Proof. By Proposition 2.4, QY is a coquasi-bialgebra in ZJ/D. It is obviously
connected as it coincides with Q as a coalgebra. By Theorem 1.6, both grQ and
grQ? are connected bialgebras in ZJ}D. Let us check they coincide.

Note that, by Remark 2.2, we have that y ~! is a gauge transformation, hence
it is trivial on klp ® 1p. Let C := Q ® Q. Letn > Oand let w € C(,) =

> itj<n Qi ® Q. By [6, Lemma 3.69], we have that Ac (w) —w ® (1Q)®2 -
(IQ)®2 ®w € Cu—1) ® C(u—1). Thus we get

w; @uwr w3 —Ac (W) ® (1Q)®2 —Ac ((1Q)®2) @w € Ac (Cin-1)) ® Cn—1)
and hence

wi@ur@ws—we (10)” ® (10)” ~ (19) " ®w e (10)”
— (1Q)®4 QW eECu-—1)®Cu-1)QCu-1).

Since m (C(n_l)) C Q0,1 we get

wmw)Quws —w®lp® (1Q)®2 — (1Q)®2 Qm(w) ® (1Q)®2
- (lQ)®3 Qw € Ci-1)® On—1® Cin—1)

and hence

w; ® (m(w2) + Op—1) w3 = (IQ)®2 ® (m(w) + 0p—1)® (1Q)®2- (2.3)
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Letx, y € Q. We compute
Xy = (x + QIXI—l) 'y (y + Q\y\—l)
= (¥ ¥) + Qpfiyi-1
Y (@) m (6 ®y),) ™ ((r ® ¥)3) + Qpxliyi—1
= y (@) (m(x®¥)2) + Quitiyi—1) ¥~ ((x ® y)3)
=y ((10%) (m @) + Qi) v (1))
= m(Xx®y)+ Quty-1 = X -¥) + Qx|+|y-1 =X - y.

Note that Q¥ and Q have the same unit so that grQ and grQ? have the same unit
as well. O

3. (Co)semisimple case

Assume H is a semisimple and cosemisimple Hopf algebra (e.g. H is finite-
dimensional cosemisimple over a field of characteristic zero). Note that H is then
separable (see e.g. [34, Corollary 3.7] or [6, Theorem 2.34]) whence finite-dimen-
sional. Let (Q,m, u, A, ¢) be a finite-dimensional coalgebra with multiplication
and unit in ZJJD. Assume that the coradical Qg is a subcoalgebra of Q in ZJJD
such that Qg - Qo € Qp. Let y*! with 1 < i < dim(Q,/Qn._1) be a basis for
0,/ QOn—1. Consider, for every n > 0, the exact sequence in ZyD given by

Sn

0 On—1 On o Qg: 0.

Now, since H is semisimple and cosemisimple, by [30, Proposition 7] the Drinfeld
double D(H) is semisimple. By a result essentially due to Majid (see [28, Proposi-
tion 10.6.16]) and by [32, Proposition 6], we get that the category Z)}D = pnyM
is a semisimple category. Therefore m, cosplits, i.e., there is a morphism oy, :
(Qn/0On-1) = Qn in 2D such that 7,0, = Id. Letu, : k — Q, be the core-
striction of the unit u : k — Q and let ¢, = ¢|g, : Qn» — k be the counit of
the subcoalgebra Q,. Set o, := 0, — u, o &, o oy,. This is a morphism in ZyD.
Moreover

/ n>0
My, 00, =Ty 00, —MpoUuy0&,00, = Idg,/0,., —0=1dg,/0,_;:
£, 00, = £,00, —E,0U,0E,00, =8E,00, —&, 00, =0.

Therefore, without loss of generality we can assume that €, o 0, = 0. A standard
argument on split short exact sequences shows that there exists a morphism p,, :
Oy — Qn—1in YD suchthats, p,+o,7, =1dg,, pasp = 1dg,_, and p,0, = 0.
We set x*! := o, (y”’i) . Therefore

yn,z = 77,0, <yn,z) =, (xn,z) = x4 On_1 = Xl



624 IVAN ANGIONO, ALESSANDRO ARDIZZONI AND CLAUDIA MENINI

These terms x> define a k-basis for Q. As Q is finite-dimensional, there exists
d € Ny such that Q = Qy; we fix d minimal. For all 0 < a < b, define the maps

Pab : Qb =~ Qa, Pa,b *= Pa+10 Pa+2 0" 0 Pp—1 0 Pp,
Sh,a - Q4 — Op, Sha ~— Sh OShp—1 008342 0 Sg+1-
Clearly one has p, p 0 sp,o =Idg,. Thus,for 0 <i,a < b we have

ipOSpiOSig L >a Siqg l>a
Di.b b,i ia :{ i.a (3.1)

ihOS = . .
Pib © Sh.a { Pi,a© PabOShal =a PDial =a

Thus we get an isomorphism ¢ : Q — grQ of objects in ZyD given by
@ (x) = po,a (x) +mipra(x)+mprag (x)+ -+ Tg—2pi—2,d (X)

+Tg—1Ppd—1,a (x) + 74 (X)

= Z 7 pr.d (x), forevery x € Q,
0<tr<d

where we set
Ty = IdQO, Pd.d = Ide.

For0 < n <d, we have

(p<xn,i> = @(Sd,n(xn’i>>=(p<sd,nan<yn7i>)= Z ntpt,dsd,n<o'n<yn’i))
0<t<d
= Z 7t Pt,dSd,n <Gn (yn’i>)+ Z JTsz,de,n<Un (yn’i>)

n<t<d 0<t<n
(3.1) i i
= Z 7Ttst,n<0n<yn’l>)+ Z ntpt,n(o'n<yn’l))
n<t<d 0<t<n

+7Tn Pn.dSd.n (O'n (yn,i>>

= Z ﬂtst,t—lst—l,n(Un(yn’i>>+ Z 7TtPt,n—1Pn—1,n<Un<yn’i>)

n<t<d 0<t<n

+7Tn Pn.dSd.n (O'n (yn,i>

= Z TTtStSt—1,n0n (y"’i)—F Z Tt Pt.n—1PnOn (yn’i)"f'”nan (yn,i>

n<t<d 0<t<n
— 0_|_0_'_yl’l,i:yl’l,i.

Hence ¢ (x”*i) = y™. Since y™ with 1 <i < dim (Q,,/Qn_1) =: d,, form a basis
for Q,,/Q,—1 we have that

hy™' € % (yﬂ,t.)—l ® (ym)o cH® QQnil‘
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Therefore there are x,'; € H* and h}; € H such that

= 3 gyt () e () = Y kL ey (32)

Ist=d, 1<1<d,
We have
h <h/yn,i> — Z X;l,i (/’l/) hyn,s — Z Xsn,i (h/) Z Xtrfs (h) yn,t
1fsfdn 1<s Sdn 1§t§dn
= ) X' () x5 () ™,
1<s<d, 1<t<d,
(hh/) yn,i — Xtr,li (hh/) yn,z
1<t<d,
and hence
X (W) = Y0 Xt () xgy (k).
1<s<d,
Moreover _ _
Y=gyt t =Y x () y™!
1<t<d,
and hence
Xri (Le) =8¢

We also have

), (0, (7)), = 5, e 000

1<s<d,
_ n n n,t
- Z hi,s ® Z hs,t ® y
1<s<dy 1<t<d,

= > D Mo, ey

1<s<d, 1<t<d,

<(y”’i)_]>] ® (<yn’i)—l)z ® <yn’i)o = Y Au(h) ey

1<t<d,

so that

H (h?,i) = Z h?,s ®h?,t-

1<s<d,

Moreover
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and hence
€H (h:l,i) =i
Finally
(hly”’i) @ (hly”’i)o = Y X (™) hae (),
- 1<s<d,
= > xli) Y @y
1<s<d, 1<t=<d,

= Z Z Ry ixdi (hi) hy @ y™,

1<s<d, 1<t<d,

hi <y"’i>_1 ® hy <y"’i>0 = Z hlhl'-"s ® hoy™*

1<s<d,
N
= Y mhl,® > ' (h)y"
1<s<d, 1<t<d,

= Y ) hx () hi @y

1<s<d, 1=t=d,

Therefore, we get

DO Rl k= " hix (ha) .

1<s<dp 1<s=<d,

We have

b = b () o () = ( 5 a2

1<t=d,
N3
= D ah (myx",

1<t<d,

(), (7)),
S oo (7)) = X o

1<t<d,

€Q (x"’i> =g, (x”’i) = £,0, (y””) =0forn > 0.

() o (),

If Q is connected, then dy = 1 so we may assume R 1o + O_1. Since
mo = Idg, we get
oy = IdQO 00p) =T 00y = IdQO

and hence
%00 = 0o <y0’0> = 09 (1Q + Qfl) =1g.
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Since, by Proposition 1.3, Q, - Qo € Qu.1q forevery a, a’ € Ny, we can write the
product of two elements of the basis in the form

xa,lxa,l — Z Zuzlval (3'3)

u<a+a v

We compute

xal . xdl — (x + Qa—l) (xa/,l/ + Qa’—l)

’1oq!
= (xa L l) + Qa+a'—1

(z S5 + v

u<a+a v

ula J a+a/,v
_ (zu 'y )+Qa+a/—1
a,l.a .l a+a’ v
= ZMaJra v ( + Qa+a’*1>
— a.l.d ' ara
- Zua-i-a vx

which gives
W-x“'vl' Z'U“ala lxa+a v (3'4)

a+a’,v

Remark 3.1. Let H be a Hopf algebra and let (A, m 4, u 4) be an algebra in g)}D.
Letes : A — k be an algebra map in Z YD. The Hochschild cohomology in a

monoidal category is known, see e.g. [7]. Consider k as an A-bimodule in ZyD
through € 4. Then, following [7, 1.24], we can consider an analogue of the standard
complex

a0 al a2 3
BYD(kk) —— HYD(Ak) — = HYD(A®2 k) —> HYD(A k) >
Explicitly, given f in the corresponding domain of 9", forn =0, 1, 2, 3, we have

O (f) = f(ea—eaf(l)=0,

' (f)=f®ea—fma+ea® f,

P (f)=f®ea—f(A®mA) + f(ma® A) —ea® f,

P(f)=f@ea—f(ARA@mA) + [(ABMA® A)
—f(MARARA)+esa® f.
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For every n > 1 denote by

7" (AK)
7 (Ak):=ker(3"), B%,(A.k):=Im(3"" d HY (Ak)=—22 """
Sp(AK):=ker(d"), BY,p(Ak) m( ) an Yp(Ak) BY (A K)

the Abelian groups of n-cocycles, of n-coboundaries and the n-th Hochschild co-
homology group in Z)/D of the algebra A with coefficients in k. We point out that

the construction above works for an arbitrary A-bimodule M in zyD instead of k.

Our next result is inspired by [18, Proposition 2.3]. Two coquasi-bialgebras
Q and Q' in Ig,’yD will be called gauge equivalent whenever there is some gauge
transformation y : Q ® Q — kin ZyD such that Q¥ = Q' as coquasi-bialgebras
in Zyl), see Proposition 2.4 for the structure of QY.

Theorem 3.2. Let H be a semisimple and cosemisimple Hopf algebra and let
(Q,m,u,A,e,w) be a finite-dimensional connected coquasi-bialgebra in g)}D. If
H%,D (grQ, k)= 0 then Q is gauge equivalent to a connected bialgebra in Z YD.

Proof. Fort € Ny, and x, y, z in the basis of O, we set
@ (X QY ®2) 1= Ox|+|y+z[, @ (x* ®Y®2).

Let us check it defines a morphism w; : Q ® Q ® O — k in ZJJD. It is left
H-linear as, by means of (3.2), the definition of w; and the H-linearity of w, we can

"o "o

prove that w; (h (x”’i ® x" i @ xi )) =¢eg (h) w; (x”’i @ x"i" @ x""i )
Moreover it is left H-colinear as, by means of (3.2), the definition of w; and
the H-colinearity of @, we can prove that

. Y "o . Y "o
<xn,z ® x" ®xn N ) 1 ® o, ((xn,z ®xn N ®xn N )O>
. /Y "o o-n
— 1H®wt (xn,t®xn,l ®xn N )

Clearly, for x, y, z € Q in the basis, one has

Yo (x®@y®) =Y Sty @ ®YB) =0y ®2)

reNy teNy

so that we can formally write

Since ¢ is trivial on elements in the basis of strictly positive degree, one gets

w)=eQeRe. 3.6)
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If w = wp then Q is a (connected) bialgebra in ZyD and the proof is finished.
Thus we can assume @ # wq and set

s:=min{i € N: w; # 0},
@y 1 = o (cp“ ®¢~! ®90_1),

0:-wo.
Note that @y is a morphism in ZyD as a composition of morphisms in ZyD.
Letn € Ny, let C* = 0®0®0®QQandletu e C?n) = Zi+j+k+l§n 0i ®
0;®0® 0.

A direct computation rewriting the cocycle condition using (3.5) proves that,
forevery n € No,and u € C?n)

Y [0i(Q®0@m*wj(m®Q0® Q)] 3.7)
0<i+j<n

= Y [EQw)xop(Q@m® Q) * (@ ®8)] (1)

0<a+b+c=<n

Next aim is to check that [w;] € Hgm (grQ, k) i.e., that
5, (mg©0®0)+a, (08 0emg) = (5g0@,) +3, (Comy® 0)
+ <as ® 85) .

This is achieved by evaluating the two sides of the equality aboveont ;==X ® y ®
7®t where x, y, z, t are elements in the basis and using (3.4). If u has homogeneous
degree greater than s, then both terms are zero. Otherwise, i.e., if # has homoge-

neous degree at most s, one has (ma R0 ® §> @) = w5 (mo ® 0 ® 0) (u)
and similarly for the other pieces so that one has to check that

w; (MO0 ®Q0) () +w; (Q®QQm) (u) = (¢ ®wy) (u)
ta; (Q®m® Q) u)
+ (s ®¢) (u).

This equality follows by using (3.7) and the definition of s. .
By assumption Hi}D (grQ,k) = 0 so that there exists a morphism v : Q ®

0 — kin ZYD such that
@5 = azv=v®e§—v(§®m§) +v(m§®§) — 5 ®T.
Explicitly, on elements of the basis we get

BRI =VERN e @D-TERT - DHVE - Y®D—e5(MV(F®I).
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Define ¢ : Q0 ® Q — k on the basis by setting
(E®F) =84y VE B

As we have done for w,, one can check that ¢ is a morphism in ZyD.
Moreover on elements in the basis we get

(%) ey

= (foeg) TR - (00mg) FOT®)
+E(mg®0) FeTeD - (5p®7) FRT R

—TEON g @ -LERT D+IE T8 —egMITOI).

By using (3.4), one gets

LE®Y D=8y +1:1sVE®TD)  and T (X-TOD =8jx/+1y1+1:1.sV(F-TO).

By means of these equalities one gets

(5%7) GO T ®D) = Susiyires (077) FOT 8D
= Slx|+lyl+zl,s@s X QY ®Z)
= Olx|+y|+Izl,s@s (X @ Y ® 2)
= Olx |yl +zl.sOlx|+ylHzls@ (X @ Y ® 2)
= x| lyl+zls@ (X @y ® 2)
=0, RYR) =0, TRY®T).

Therefore 3>¢ = w,. This means that we can assume that 7 (X ® y) = 0 for |x| +
|y| # s. Equivalently

V(X ®Y) =0x|+|y,sV (x ® ) for x, y in the basis. (3.8)

Set
v:i=v0(p®¢) and y =(E®e) +v.

In particular, one gets
V(X ®Y) = djx|+|y|,sV (x ® y) for x, y in the basis. 3.9
Note also that both v and y are morphisms in ZyD as they are obtained as com-

position or sum of morphisms in this category. Let us check that y is a gauge
transformation on Q in ZJ)D.
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Recall that x*0 = 1 is in the basis. For x in the basis, we have y (x ® lQ) =
e (x)+v(x ®1g). Note that

0 = Sixse () =851 ]15[+]10]s2(x®1o®10)

= o;(x®1g®10)=0;(¥®1p®10)

= 1(*®1¢)eg(lo) —V(*®@Ig- 1) +0(¥-1o@10)—e5MV(Io®1)
D(¥@Tg) ~(F@TQ) +3(¥OTQ) ~e5(03|1y/4]1,1.7 (10®T0)

= v(x®lp)

sothatv (x ® 19) =0andhence y (x ® 1) =& (x)+v (x ® 1g) = & (x) . Sim-
ilarly one proves y (lQ ® x) = ¢ (x) . Hence y is unital. Note that the coalgebra
C = O ® Q is connected as Q is. Thus, in order to prove that y : Q ® Q — ki is

convolution invertible it suffices to check (see [28, Lemma 5.2.10]) that yx; 0®klg
is convolution invertible. But for k, k' € k we have

y(klg ®K'1g) =kk'y (1g ® 19) =kk'e (19) =kk' = (¢ ®¢) (klg ® k'1)

Hence yki,0kp = (€ ® €)k1,0k1, Which is convolution invertible. Thus there is
ak-linear map y~! : Q0 ® O — k and such that

)/*)/_1=8®8=)/_1*)/.

Note that, by Lemma 2.3,y € Z)}D implies y ~! ZyD.

Therefore y is a gauge transformation for Q. By Proposition 2.4, Q7 is a
coquasi-bialgebra in ZyD. By Proposition 2.6, we have that grQ" and grQ coin-
cide as bialgebras in ZJJD. Hence Hg,D (gro”, k) = H%,D (grQ,k) = 0. There-
fore Q7 fulfills the same requirement of Q as in the statement. Let us check that
(@), =0for 1 <t < s (this will complete the proof by an induction process as Q
is finite-dimensional).

Note that the definition of y and (3.9) imply

Y (X ®Y) = Sjx+1y.0Y (X @ Y) + Sx|+[yl,s¥ (x ® ¥) for x, y in the basis. (3.10)

Let C2=Q ® O and let C(Zn) =2 itj<n Qi ® Q. Foru € C(22S_1) we have

[y * (e ® &) — v)] (W)= (e ® &) () —v ()+v (W) —v (u1) v (2) L (e ® &) (1) .

Therefore [y * (¢ @ &) — v)]|c(225_1) =(® 8)‘C(22S_1) . By uniqueness of the con-

volution inverse, we deduce

yfl u)=(c®e)(u)—vu), foru e C(225—1)' 3.11)
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Let x, y, z be in the basis. Setu :=X¥ ® y®zand ¥ := x ® y ® z. We compute

(@), =815 413|121, s@" (1)
=5|x\+|y|+|z\,s[(8®V)*J/(Q®m)*w*y’l(m®Q)*(y*1®e)](u)
=8x|+Iyl+zl.s [(8®y)*y(Q®m)*(wo+ws)*y*1 (m®Q)*(y*1®s>] )

39 (e®@y )y (Q@m)+y~ m@Q)(y~'ge)+
= OIS | (e@y )y (Q@m)kwgy ~ (m@Q)* (v k)

=[ Slx|+1yl+121,5 (E®Y) (U1)-¥ (Q®m) (u2)-y ~H(m® Q) (u3)-(y ~' ®¢) (ua)+ ]
81 +Iyl+1zl.s E®Y) (1) (Q®m) (u2)-wy (u3)-y (M@ Q) (ug)-(y ~' ®¢) (us) |

Now, all terms appearing in the last two lines, excepted w;, vanish out of degrees 0
and s and coincide with ¢ ® € ® ¢ on degree 0. On the other hand w; vanishes out
of 5. Since y := (¢ ® ¢) + v and in view of (3.11), the term §|x|1|y|+|¢|,s forces the
following simplification

(@) ()= [ 81| +1yl+1z),s [(E@V) () +v(Q®m) () —v(m® Q) (1) — (v®e) (1) ]+ ]
’ FOLxl+y 1+l s@s (1) :

Now ws (1) = @y (#) while one proves that

(e@0) ()= ®T) @), 8jx1 11121, V(M Q) (1) =8 1y14121 7 (mg® 0 ) )

and similarly for the other pieces of the equality.
Thus one gets

(aﬂ’) W) = 8|x|+|y|+\zl,s[(8§®i) (ﬁ)+i<§®m§>(ﬁ)—6<m§®§)(m
T _<ﬁ®8§)(ﬁ):l_{_(slxlﬂy\-i-lzl,sas(ﬁ)

= —8lx Iyl +1zls O T+ 81x) 4y |+ 121.5Ds (@) =0.

For 0 <t <s — 1, analogously to the above, we compute
(@), @) = Sjxitiyl+ier.@” W)
= 5|X|+|y|+|z|,t[(8®)’)*V(Q®m)*w*}/_l(m®Q)*<y_1®8>](u)

= 5|x|+|y|+|z|,r[(8®V)*J/(Q®m)*wo*y‘1(m®Q)*(y—1®e)](u)

) Sty (@ )ry (Q@m)xy @) (v~ ) |0

= Opx|+lyl+lzl, (ERE®eE) () =80 1 (¢ QeRE) (ut).
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Therefore we can now repeat the argument on ! instead of w. Deforming several
times we will get a reassociator, say «’, whose first non trivial component w}, with
t # 0, exceeds the dimension of Q. In other words @’ = a)6 which is trivial. Hence

Q is gauge equivalent to a connected bialgebra in ZyD. U

4. Invariants

Given a k-algebra A, we denote by H" (A, —) the n-th right derived functor of
Homy, 4 (A, —) in the category of A-bimodules. In other words, for every A-
bimodule M, H" (A, M) is the Hochschild cohomology group of A with coeffi-
cients in M. Denote by Z"* (A, M) and B" (A, M) the Abelian groups of n-cocycles
and of n-coboundaries respectively.

Let H be a Hopf algebra, let B be a left H-module algebra and let M be
a B#H-bimodule, where B#H denotes the smash product algebra, see e.g. [28,
Definition 4.1.3]. Then H" (B, M) becomes an H -bimodule as follows. Its structure
of left H-module is given via ey and its structure of right H-module is defined, for
every f € Z" (B, M) and h € H, by setting

1A=t o) ()]
where, for every k € k, by, ..., b, € B, we set

XM (f) (k) := (1#S (h1)) £ (k) (1 p#ha2)
for n = 0 while and forn > 1
XEM) () (b1 @by ® -+ @ by) 1= (1#S (h1)) f (hab1 @ h3br, ® ...
e hn-‘rlbn) (1B#hn+2) .

Moreover
"o Xt (M) = x| (M)o0d", foreveryn > —1, 4.1

where 8" : Homy (B®", M) — Homy (B®" D, M) denotes the differential of the
usual Hochschild cohomology.
Denote by H"” (B, M YA the space of H-invariant elements of H” (B, M).

Proposition 4.1. Let H be a semisimple Hopf algebra and let B be a left H-module
algebra. Denote by A == B#H . Then, for each n € Ny and for every A-bimodule
M

H" (B#H, M) = H" (B, M) .

Proof. We will apply [34, Equation (3.6.1)]. To this aim we have to prove first
that A/B is an H-Galois extension such that A is flat as left and right B-module.
Now, A = B#:H foré : H ® H — B defined by & (x,y) = ey (x) en () 14,
cf. [28, Definition 7.1.1]. Moreover a direct computation shows thatt : B — A :
b — b#lp is aright H-extension where A is regarded as a right H-comodule via
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p:A— AQ® H : b#th +— (b#h1) ® hy. Thus, by [28, Proposition 7.2.7], we know
that ¢t : B — A is H-cleft and hence, by [28, Theorem 8.2.4], it is H-Galois. The
B-bimodule structure of A is induced by ¢ so that, explicitly, we have

b’ (b#th) = (b'#1y) (b#h) = b'bih,
(b#h) b’ = (b#th) (b'#1g) = b (h1b') #hs.

Note that A = B#H is flat as a left B-module as H is a free k-module (k is a field).
Now consider the map o : H ® B — A defined by setting o (h ® b) := h1b ® hy
(note that it is defined as the braiding in ZyD). We have

a (h®bb') = hy (bb') ® hy = (h1b) (hab') ® hs = (hib#h2) b’ = o (h @ b) b/

so that « is right B-linear where H ® B is regarded as a right module via (h#b) b’ :=
h#tbb’. Now H is semisimple and hence separable (see [34, Corollary 3.7]). Thus
H is finite-dimensional and hence it has bijective antipode S . Thus « is invertible
with inverse given by a~ L (b#h) = h® SI;l (h1) b. Therefore « is an isomorphism
of right B-modules and hence A is flat as a right B-module as H ® B is.

We have now the hypotheses necessary to apply [34, Equation (3.6.1)] and
obtain

H" (A, M) = Hom_ y (k, H" (B, M)) =Homy (k, H" (B, M))H >~ H" (B, M) .
O

Remark 4.2. Proposition 4.1 in the particular case when M = k and B is finite-
dimensional is [36, Theorem 2.17]. Note that in the notation therein, one has
E(B) = ®neNyEn(B, k) where E,(B,k) = Extyp(k,k) = H"(B,k). The lat-
ter isomorphism is [15, Corollary 4.4, page 170].

Let H be a Hopf algebra and let B be a bialgebra in the braided category
ZyD. Denote by A := B#H the Radford-Majid bosonization of B by H, see
e.g. [31, Theorem 1]. Note that A is endowed with an algebramap ¢4 : A — k
defined by ¢4 (b#h) = ep (b) ey (h) so that we can regard k as an A-bimodule via
e4. Then we can consider H" (B, k) as an H-bimodule as follows. Its structure of
left H-module is given via ey and its structure of right H-module is defined, for
every f € Z" (B,k) and h € H, by setting

[f1h:=[fh],

where (fh) (z) = f (hz), for every z € B®". The latter is the usual right H-
module structure of Homy (B®”, k) . Indeed, for every n > —1, the vector space
Homy (B®", ]k) is an H-bimodule with respect to this right H-module structure and
the left one induced by ¢p.

Corollary 4.3. Let H be a semisimple Hopf algebra and let B be a bialgebra in
the braided category ZyD. Set A := B#H. Then, for each n € Ny

H" (B#H,k) = H" (B, k)"
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and the differential 3" : Homy (B®”, ]k) — Homy (B®(”+1),]k) of the usual
Hochschild cohomology is H-bilinear.

Proof. In the particular case M = K, the right module H -structure used in Propo-
sition 4.1 simplifies as follows. It is defined, for every f € Z" (B,k) and h € H,
by setting

/18 = [k G ()]
where, for every k € k, by, ..., b, € B, we set

Xt (&) (f) (k) : = &g (h) f (k) for n = O while and for n > 1
KR (b1 ®br®---®by) : = f(hibi ® haby ® -~ @ hyby) .

More concisely X,’f (k) (f)(z) = f(hz) for every n € Ny and z € B®" ie.
[f1h :=[fh] where fh:= x! (&) (f).

Now consider the differential 3" : Homy (B®", k) — Homy (B®"*D k) of
the usual Hochschild cohomology. Note that for each n € Ny, Homy (B®”, ]k) is

regarded as a bimodule over H using the left H-module structures of its arguments.
By (4.1), we have

" xp &) (f) = %y ()" (f)

Since X,’Z (k) (f) = fh,the last displayed equality becomes 8" (fh) = 9" (f) h for
every n € Npo. Thus 9" is right H-linear. Since hf = ey (h) f for every f €
Homy, (B®", ]k) ,h € H, we get that 0" is also left H-linear whence H-bilinear.

O

Remark 4.4. Note that, in the context of the proof of [18, Proposition 5.1], one has
H} (B(V)#C[Z,],C) = H* (B(V),C)%r.

This is a particular case of Corollary 4.3 where H = C [Zp] ,V € f,ij and
B =B().

Proposition 4.5. Let C and D be Abelian categories. Let r,w : C — D be exact
functors such that r is a subfunctor of w i.e., there is a natural transformation
n 1 r — w which is a monomorphism when evaluated on objects. If X is a subobject
of Y thenr (X) = w (X) Nr (Y). Moreover, for every morphism f : X — Y inC
one has

ker (r (f)) = r (ker (f)) = w (ker (f)) Nr (X) =ker (o (f)) Nr(X),
Im (r () = Im(w (/) Nr (¥) =r (Im(f)).

Proof. The proof is similar to [35, Proposition 1.7, page 138]. O
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Remark 4.6. From Corollary 4.3, we have

H" (B, k) = {[f] | fe€Z"(B,k),eqg (W) [f]1=1[f1h, forevery h € H}
={lf11 f €Z"(B.k),[en (h) f1=[fh], foreveryh € H}

where, for every z € B®" we have

(fh) (@) = f (h2).
Note that, for any H-bimodule M one has
Homy g (H, M) = M" ={m e M| hm = mh, forevery h € H}.

Note also that H is a separable k-algebra whence it is projective in the category of
H-bimodules. As a consequence Hompy y (H, —) = (5 My — Mis an
exact functor (here g9y is the category of H-bimodules and 91 the category of k-
vector spaces). By Proposition 4.5 applied to the case when r := (=) : y9y —
I and w is the forgetful functor, for every morphism f : X — Y of H-bimodules
one has

ker( f)=ker(f)NX"=ker(f) and Im(f7)=Im(H)nY?=am(rNH".
()

Still by Corollary 4.3, we know that the differential 3" : Homy (B®", k) —>

Homy (B®(”+1), k) of the usual Hochschild cohomology is H-bilinear. Thus we
can apply the argument above to get

ker ((#")") = ker (") N Homy, (B®", k)" = (ker (")) and

Im ((3n_1>H> — Im (yt—l) A Homy (B®",]1<§)H _ (Im (8”‘1>>H

Now Homy (B®”, k)H = Homp,_ (B®", k) so that we get

2} vod (B.K) = Z" (B, k) NHomy _ (B®", k) = 2" (B, k)" and
B Mod (B k) = B" (B, k) NHomy, _ (B®", k) = B" (B, k)",

where ZY \1oq (B, k) and B, \o4 (B, k) denotes the the Abelian groups of
n-cocycles, of n-coboundaries for the cohomology of the algebra B with coeffi-
cients in k computed in the monoidal category H-Mod of left H-modules. The
corresponding n-th Hochschild cohomology group is

L (B k) e 2idod (BB 27 GRS (Zn (B.k)
-Mo , =

H
= >~ =H" (B, k)" .
Bl mod (B K) B (B, k)Y B" (B, k)) (5%
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Denote by D (H) the Drinfeld double, see e.g. the first structure of [25, Theorem
7.1.1].

Proposition 4.7. In the setting of Corollary 4.3 assume that H is also cosemisim-
ple. Then, for n € Ny

5o (B k) =Z" (B.k)P*H) | BY, (B, k) = B" (B, k)P
and Hp (B, k) = H" (B, k)P

where Z"(B,k) and B" (B,k) are regarded as D(H)-subbimodules of Homy (B®" k)
whose structure is induced by the left D (H)-module structures of its arguments.
Moreover H" (B, ]k)D(H) is a subspace of H" (B, k)# .

Proof. For shortness, in this proof, we denote D(H) by D. Consider the analogue
of the standard complex as in Remark 3.1

0 al 2
HYD(k, k) —— #YD(B, k) —> HYD(B? k) —— -

where 8" is induced by the differential 3" : Homy (B®" k) —> Homy (B®(”+1),k)
of the ordinary Hochschild cohomology. Now, since H is semisimple, it is finite-
dimensional (whence it has bijective antipode) so that, by a result essentially due to
Majid (see [28, Proposition 10.6.16]) and by [32, Proposition 6], we get a category
isomorphism Z)}D = pIN. Thus the complex above can be rewritten as follows

0 1 2
Homp _ (k, k) -*> Homp,_ (B, k) —> Homp, _ (B®2, k) 2> - - .

Now, since, for each n € Ny, we have Homp, _ (B®", k) = Homy (B®", k)D , We
obtain the complex

0 1 2
Homk(k, k)D i) Homy (B, k)D _8> HOmk(B®2, k)D i) ..

We will write (8”)D instead of 9" when we would like to stress that the map con-
sidered is the one induced on invariants. Thus we will write equivalently

([0 D (‘l D (32)1)

Homy (k, k)P

Homy (B, k)? Homy (B%2 k)P
Now, assume H is also cosemisimple. Since H is both semisimple and cosemisim-
ple, by [30, Proposition 7] the Hopf algebra D is semisimple as an algebra. Thus,
as in Remark 4.6 in case of H, the functor (—)D : pIMp — M is exact (here
pMp is the category of D-bimodules and 91 the category of k-vector spaces). By
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Proposition 4.5 applied to the case when r := (—)? : p0p — M and w is the
forgetful functor, for every morphism f : X — Y of D-bimodules one has

er (7) =ker (f)N XP = (ker ()"
and  Im(fP) =1m(H)NYP = Am ()P,

In particular we get
ker ((")")

and  Im ((a"—l)D> =1m (9"~") N Hom, (B®", k) = Im (a"—1>D

ker (0") N Homy (B®”, ]k)D = ker (3")D

and hence

Sp (B, k) = Z" (B, k) N Homp (B®", k) =2" (B, k)" and
%5 (B.k) = B" (B,k) NHomp, _ (B®", k) =B" (B, k)"

Then we obtain

Zyp (B, W) _ 7" (B. k)"

> = ~ H" (B, k)P
BY, (B.k)  B"(B,k)P

" (B.k) =

Let us prove the last part of the statement. The correspondence between the left
D-module structure and the structure of Yetter-Drinfeld module over H is writ-
ten explicitly in [25, Proposition 7.1.6]. In particular D = H* ® H and given
Ve ZyD, the two structures are related by the following equality (f ® h) > v =
f ((h > v),l) (h>v)y forevery f € H*,h € Hyv € V. Thus (g @ h) > v =
h > v. Moreover H is a Hopf subalgebra of D via h — ¢y ® h, where D is consid-
ered with the first structure of [25, Theorem 7.1.1]. Since the D-bimodule structure
of H" (B, k) is induced by the one of Homy (B®", k) which comes from the left
D-module structures of its arguments and similarly for the H-bimodule structure
of H" (B, k) , we deduce that H" (B, k)? is a subspace of H" (B, k)" . O

Example 4.8. In the setting of the proof of [9, Theorem 4.1.3], a Nichols algebra
B (V) suchthat H? (B (V) , ]k)Z’” = (0 is considered where k is a field of characteris-
tic zero. By Proposition 4.7 applied in the case H = kZ,, and B = B (V) , we have
that H3,, (B (V). k) = H} (B (V). k)" is a subspace of H* (B (V). k)" =
H3 (B(V),k)?" = 0. Thus we get Hgil) (B(V),k) = 0. Therefore, in view
of Theorem 3.2, if (Q,m,u, A, &, w) is a finite-dimensional connected coquasi-
bialgebra in ZJJD such that grQ = B(V) (as above) as augmented algebras in
ZyD (the counit must be the same in order to have the same Yetter-Drinfeld mod-

ule structure on k), then we can conclude that Q is gauge equivalent to a connected
bialgebra in Z)}D.
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Remark 4.9. Let A be a finite-dimensional coquasi-bialgebra with the dual Cheval-
ley property i.e., the coradical H of A is a coquasi-subbialgebra of A (in particu-
lar H is cosemisimple). Assume the coquasi-bialgebra structure of H has trivial
reassociator (i.e., it is an ordinary bialgebra) and also assume it has an antipode
(i.e., it is a Hopf algebra). Then, by [10, Corollary 6.4], grA is isomorphic to R#H
as a coquasi-bialgebra, where R is a suitable connected bialgebra in #D. Note
that R#H is the usual Radford-Majid bosonization as H has trivial reassociator,
see [10, Definition 5.4]. Hence we can compute

H? (grA, k) = H? (R#H, k).
Assume further that H is semisimple. Then, by Corollary 4.3, we have
H" (R#H, k) = H" (R, k)?

so that H3(grA, k) = H3(R, k). Thus, if H? (R, k)" =0, one gets H? (grA, k) =
0 which is the analogue of the condition [18, Proposition 2.3] (note that our A is the
dual of the one considered therein) which guarantees that A is gauge equivalent to
an ordinary Hopf algebra, if A has a quasi-antipode and k = C. Next we will give
another approach to arrive at the same conclusion but just requiring Hg,D (R k) =
0. Note that a priori H%}D (R, k) = H3 (R, k)P is smaller than H> (R, k). We
point out that requiring, as above, that H has trivial reassociator is equivalent to
asking that grA has trivial reassociator (see e.g. [10, Proposition 6.2]) which is the
standing hypothesis of [18, Proposition 2.3].

5. The dual Chevalley property

The main aim of this section is to prove Theorem 5.6. Let A be a Hopf algebra over
a field k of characteristic zero such that the coradical H of A is a sub-Hopf algebra
(i.e., A has the dual Chevalley Property). Assume H is finite-dimensional so that H
is semisimple. By [2, Theorem I], there is a gauge transformation ¢ : A ® A — k
such that A¢ is isomorphic, as a coquasi-bialgebra, to the bosonization Q#H of a
connected coquasi-bialgebra Q in Zy’D by H. By construction ¢ is H-bilinear and
H -balanced: this follows from [2, Proposition 5.7] (note that gauge transformation
vp : B® B — Kk, used therein for B := R#¢H, is H-bilinear and H-balanced,
as observed in the proof) and the fact that there is an H-bilinear Hopf algebra iso-
morphism ¢ : B — A (see [2, Proof of Theorem I, page 36 and Theorem 6.1]
which is a consequence of [6, Theorem 3.64]) where (R, §) is a suitable connected
pre-bialgebra with cocycle in £ YD (note that { = vg o (¥ ~' ® ¥~1)): here by
connected pre-bialgebra we mean that the coradical Ry of R is k1 (by the proper-
ties of 1 this implies that Ry is a subcoalgebra in ZJ)D of R). Assume that A is
finite-dimensional. Then Q#H and hence Q is finite dimensional.

Thus, by Theorem 3.2, if ngp (grQ,k) = 0, then Q is gauge equivalent to a
connected bialgebra in ZJJD.
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First let us check which condition on A guarantee that H%,D (grQ,k) = 0.

Note that by construction Q = RV (see [2, Proposition 5.7]) where v := (AE)_I,
the convolution inverse of A and A : H — k denotes the total integral on H. Thus
we can rewrite gr Q as gr RV.

Moreover vp is given by vp ((r#h) ® (r’#h’)) = (r ® hr/) €H (h’) for ev-
eryr,r’ € R,h,h’ € H. By [8, Proposition 2.5], grR inherits the pre-bialgebra
structure in YD of R. This is proved by checking that R; - R; € R;.; for every
i, j € Ng, where R; denotes the i-th term of the coradical filtration of R. Moreover
R; is a subcoalgebra of R in Z)}D.

Lemma 5.1. Keep the above hypotheses and notation. Then gr RV and gr R coin-
cide as bialgebras in Z YD where the structures of gr R are induced by the ones of

(R, §).

Proof. By Theorem 1.6, gr R = gr Q is a connected bialgebras in ZyD.

Note that RV and R coincide as coalgebras in ZJJD so that gr RV and gr R
coincide as coalgebras in ZyD. They also have the same unit. It remains to check
that their two multiplications coincide too.

Since £ is unital, by [6, Proposition 4.8], we have that v is unital and this is
equivalent to v~ unital (see the proof therein).

Let C := RQR. Letn > Oandletw € Ciy = >, ;, Ri ® R;. By [6,
Lemma 3.69], we have that

Ac () —w® (1R — (1R®*®w € Cuo1) ® Ciao1)-
Thus we get
w1 @ w2 @ w3 — Ac () ® (1) = Ac (10®?) @ w € Ac (Co-1) ® C-y
and hence

w @ W, @ws —w® (1R @ (1r)%* — (1) @ w® (1g)*?
— (1) ®w e Cu-1)® Ciu—1) ® Cin—1y.-

Since m (C(n_l)) - Ziﬂ-inm (R,- ® Rj) C R, we get

wi ®@mw) @ws —w® g ® (1R)%* — (1g)%* @ m (w) @ (18)%?
— (1R @ w € Cuo) ® Ryt ® Cin1y

and hence

W) ® (m (w2) + Ru—1) ® w3 = (1R)®? ® (m (w) + Ry—1) ® (1x)%%. (5.1)
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Let x, y € R. We compute
= (¥ +Rix1) v (v + Rpyi-1)
= (X)) + Rxprlyl-1 =m" (x ® ¥) + Rix|41y-1
v((x®@y))m ((x ®y)) v ((x ® ¥)3) + Rixf+yl-1
v ((x ®Y)1) (m ((x ® ¥)2) + Rixjiyi—1) v ((x ® )3)
w ((1R)®2) m (x @ ) + Risiiyl-1) v ((1R>®2)
mx ®y) + Rixj4y-1 = (x - y) + Rxj4jy|-1 =X - J. O

=|
<
<

The following result is inspired by [6, Theorem 3.71].

Lemma 5.2. Let H be a cosemisimple Hopf algebra. Let C be a left H-comodule
coalgebra such that Cy is a one-dimensional left H-comodule subcoalgebra of C.
Let B = C#H be the smash coproduct of C by H i.e., the coalgebra defined by

Ag (c#h) = > (c1#(c)_1 h1) ® ((c2)o#h2) , (5.2)
e (cth) = ec (c) e ().

Then, for every n € Ny we have B, = C,#H.

Proof. Since Cy is a subcoalgebra of C in Hont and, for n > 1, one has C,, =
Cn—1 Ac Co, then inductively one proves that C, is a subcoalgebra of C in Hon.
Set B(y) := C,#H for every n € Ny. Let us check that B(,) = B, by induction on
ne N().

Let n = 0. First note B = U,,en, B(n) and, since Ac (Cp) € Y gjecm Ci ®
Cp—i, we also have

A (Bumy) = Ap (Co#H) S Y D (Citt (Coi)—y (H)1) ® ((C—ido # (H)5)

0<i<m

- Z (Ci#tH) @ (Cpy—i# (H)) = Z Bi) ® Bun—i)-

0<i<m 0<i<m

Therefore (B(m))m No is a coalgebra filtration for B and hence, by [37, Proposition
11.1.1], we get that B9y 2 By. Since Cy is one-dimensional, there is a grouplike el-
ement 1¢ € Cop such that Cyp = k1. Moreover one checks that Cy is a subcoalgebra
of C in 79 implies 3" (1¢)_; ® (Ic)o = 1y ® 1c.

Leto : H—> C® H : h— 1¢ ® h be the canonical injection. We have

Ago (h) = Ag(lc ®@h) =Y (Ic#(1c)_1 ) ® (1¢)o #h2)

=Y (c#lgh) @ (c#h) =) o (h) ®0c (h)=(0 @) Ay (),
epo (h) = e (Ic ® h) = sc (1c) en (h) = e (h)
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so that o is a coalgebra map. Since H is cosemisimple and o an injective coalgebra
map we deduce that also o (H) = Cop ® H = By is a cosemisimple subcoalgebra
of B whence By € By.
Let n > 0 and assume that B; = B(;) forO <i <n — 1. Let ) ¢;#h; € By.
iel

Then

Ap <Zci#hi) €B,1®B+B®By=C,-1QHQCRQIH+CRHRCo® H.

iel

Letp,: C — C% be the canonical projection. If we apply (pn—1 @ ey @ po @ H)
we get

iel

0= (Pr-1®eg @ po® H) Ap (ZC,’#h,)

iel

= (pn-1® ey ® po ® H) (Z (e #((c)p) 1 (hi)y) ® (((Ci)z)o#(hi)z))

iel

= (Pn1® po ® H) (Z (i) ® (ci)2 ® hi)

iel

= ((pn-1® po) Ac ® H) (Z C,‘#hi) .

Thus Y ¢i#h; € ker((pp—1 ® po) Ac ® H) = [ker (pp—1 ® po) Ac)] @ H =
iel

Cn ® H = B(). Thus B, € B(,). On the other hand, form A¢ (C,) € C,—1 ®C +

C ® Cp we deduce

AB (B(n)) = AB (Cn & H)
S Y (€1 #((Cu)2)—y (H)1) ® (((C)a)o # (H),)
C Y (Cont#(C)_y H) ® (C)g #H)

+Y " (C#(Co)—y H) ® ((Co)o #H)
S (Co1#H) ® (C#H) + (C#H) ® (Co#H)

=Bu-)®B+B®By =B,_19B+BQ By
and hence B(,) C B,. O

Definition 5.3. Let A be a Hopf algebra over a field k such that the coradical H of
A is a sub-Hopf algebra (i.e., A has the dual Chevalley Property). Set G := gr A.
There are two canonical Hopf algebra maps

o H—>grA:h— h+ A_q,

ng g A— H:a+ A1 — adnp, n € Np.
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The diagram of A (see [11, page 659]) is the vector space
D (A) := {d cgrA|Y di®nGd)=d® 1H}.

It is a bialgebra in Z)}D as follows. D (A) is a subalgebra of G. The left H-action,
the left H-coaction of D (A) , the comultiplication and counit are given respectively
by

h>d:=) o6 (h)dogS(h).,  pd) =Y 76 (d)®d,
Apeay (d) =Y dioGSumG (d) @ ds,  epa) (d) = &G (d) .

Although the following result seems to be folklore, we include here its statement
for future reference.

Proposition 5.4. Let A be a Hopf algebra over a field k such that the coradical H
of Ais a sub-Hopf algebra. Let A’ be a Hopf algebra over a fieldk. Let f : A’ — A
be an isomorphism of Hopf algebras. Then H' := f~' (H) = H is the coradical
of A" and it is a sub-Hopf algebra of A'. Thus we can identify H' with H. Moreover
f induces an isomorphism D (f) : D (A’) — D (A) of bialgebras in ZyD.

Proposition 5.5. Keep the hypotheses and notation of the beginning of the section.
Then D (A) = D (R#¢ H) = gr R as bialgebras in 5 YD.

Proof. Apply Proposition 5.4 to the canonical isomorphism ¥ : B := R#:H — A
that we recalled at the beginning of the section to get that D (R#: H) = D (A).
Note that, by H-linearity we have

¥ (Ig#h) = ¢ ((Ar#ly) (Ar#h) = ¥ (Ig#lg) h) = (Ig#lg) h = h

sothat ¥ (klg ® H) = H and hence H' = ¥~ (H) = klg ® H with the notation
of Proposition 54. Thus By = klg ® H = Ry ® H so that we can identify By
with H via the canonical isomorphism H — Ry ® H : h +— 1r ® h. Its inverse is
Ry®H — H :r®h +— eg (r) h. With this identification and by setting G := gr B,
we can consider the canonical bialgebra maps

oG: H— grB:h> 1g#th + (R#:H)
nG: grB—H :rith+(R#t:H),

-1

|~ &R (r) hd, 0, where r#th e (R#gH) ,neNo.

Since the underlying coalgebra of B is exactly the smash coproduct of R by H and
(R, &) is a connected pre-bialgebra with cocycle in ZyD, by Lemma 5.2, we have
that B, = R, ® H. Let us compute D := D (B) . As a vector space it is

D= {deGlZdléz)ng(dz):d@lH}.
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By [11,Lemma 2.1], we have that D = @,cN,D" where D" = DNG" = DN g L

By—1-

Letd := ) ri#h; € D" where we can assume Y _ r;#h; € B,\B,— and, for every

iel iel
i € I,ri#h; € B,\Bn—1. Then ) _ ri#h; = >_ r;#h; and hence the fact that d is
iel iel

coinvariant rewrites as

Z(Vi#hi)l ® 76 ( rl#h Zr,#h ®1y. (5.3)

iel iel

By definition of 75 and (1.1), the left-hand side becomes

> (ri#hi), ® mg ((rifthi),) = D (it (hi)1) + Ba1) ® (hi)y

iel iel

so that (5.3) becomes

D (i# (hi)) + Buo1) ® (hi)y = Y rifthi @ 1y =Y (ri#thi + B,—1) ® 1

iel iel iel
i.e.

> Git (hi)) ® (hi)y — Y ri#hi ® 1y € By ® H =Ry ® H® H.

iel iel
If we apply R® ey ® H, we get

D ori®hi— rien (hi)®ly € Ry 1 @ H = By_1.

iel iel

Thus Z ri#th; = Z ritth; = Z (ri#th; + B,—1) = Z (rieg (hi) ® 1) + B,—1.

iel iel iel iel

Since Zri#/’l,‘ € B,\B,—1 we get that (Z riEH (/’l,‘)) ® 1y ¢ B,—1 and
iel iel
hence ) riey (hi) ¢ R,—1 and we can write
iel

Zri#hi = <Z’"i8H (hi)> ®1y.

iel iel
Therefore we have proved that the map

Ry
Rn—l

@n -

which is well-defined as D" = DN G" =
surjective.

B, R.®H -
L= DN R GH 1S also
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It is also injective as @, (r) = ¢, (5) impliesr @ ly —s ® ly € B,
R,—1 ® H and hence, by applying R ® ey, we getr —s € R,_1,ie., T
Therefore ¢, is an isomorphism such that ) r;#h; = ¢, <Z riEH (h,-)) and hence

iel iel

-1

S.

o, (Zri#hi) = rien (hy).

iel iel
Clearly this extends to a graded k-linear isomorphism
p:grR— D.

Let us check that ¢ is a morphism in g)}D. First note that, for every r € R,, we
have

@+ Rn—1) =8r1.n@ (r + Ry—1) = 8jr(.n®n (" + Rp—1) = 8y .nn (1)
= 5\”\,”’. by 11‘1:3|r|,n (r 1y + (R#SH)n,1> =r®ly
+ (R#teH), | .

Thus
9 +Ry—1)=rQ®ly+ (R#cH), , foreveryr € R,. (5.4)

For every r € R,\R,—1, by using (54), it is straighforward to prove that i >
¢ (r) = ¢ (hr) . Moreover, by applying (1.1), (5.2), the definition of 7 and (5.4),
we get that pp () = (H ® @) p (7).

Let us check that ¢ is a morphism of bialgebras in ZJ}D. Fixr € R,\R,—1.
Using the definition of Ap, (1.1), (5.2), the definition of 7, the definition of o¢,
(5.4) and (1.1) again, we obtain Apg (r) = (¢ ®@ @) Agg (7).

Let us check ¢ is counitary:

_ _ — (1.2
epp (7) = e69 (F) = £6 (r @ 1) = 8p085 (r ® 111)
1.2 _
= 8u0er (1) 2 ek (7).

Let us check ¢ is multiplicative. Let s € R, \R;;,—1. Then, by definition of ¢, of
mp and of the multiplication of R#¢ H, we have that

mp(pR¢)(SQr) = Z (sﬂ) <<S(2)>_1 r(1)> #e ((sa))o ® r(2)>)

+ (R#SH)ern—l :



646 IVAN ANGIONO, ALESSANDRO ARDIZZONI AND CLAUDIA MENINI

Now write Y sV @ s = > 0<i<m Si ®s,,_; for some s;, s € R; and similarly
Yrier® = > 0<j<n’j ®T,_; forsomer;,r’ € Rj. Then

mp @@ 9) GON=Y_ (si((sh-) 1 7i) # ((s1-)o @i ) +REH), .,

0<i<m
0<j<n

- 2 b (e ) ()

0<j<n

+ (R#:H

)
- (sm ((S r,,) #£ ((s0), ®r())) + (R#:H),,,, |

RN 5 ((56) o) Her((56)o) e () L+ (RHH),,
- Zs”’ er (s0) rner (ro) #lu + (R#:H), .,

Y Simbjn (S"gR (sm—i) rier (r'/ﬂ—f> #1H>

0<i<m
0<j=n

+ (R#S H)m+nfl

= 3 (sem i) e (romg) #100) + (REGH),

0<i<m
0<j<n

=3 (sWer (s@) rDex (r@) #15) + (R#cH),,,,_,
(5.4)

= (sr#ly) + (R#gH)m+n—1 =" @ (sr + Ryntn—1)

=@+ Ru-1) r + Ry—1)) = pmgr (S 7).

Let us check ¢ is unitary. We have
% (lgrR) =¢p(r+R-1)=9 (ﬁ)
=1k @1y =1r®1y)+ (R#:H)_  =1p+B_1=16. O
Summing up we have proved that

O=R® Lem. 5.1 Pro. 5.5 Pro. 54
rQ°= grR® = gR = D(R#:H) = D(A
g §

as bialgebras in Z YD. Therefore H;D (D (A) , k) = 0 (the Hochschild cohomol-
ogy in ZyD of the algebra D (A) with values in k) if, and only if, H?)}D (grQ,k) =

0. In this case, by the foregoing, we get that Q is gauge equivalent to a connected
bialgebra in Z)}D.
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Now let E be a connected bialgebra in ZyD andlety : EQE — kbeagauge
transformation for E such that Q = E”. We proved that A* = Q#H = EV#H
as coquasi-bialgebras. By Proposition 2.5, we have that (E#H)" = EV#H as an
ordinary coquasi-bialgebras. Recall that two coquasi-bialgebras A and A’ are called
gauge equivalent or quasi-isomorphic whenever there is some gauge transformation
y : O ® Q — kin Ve such that AY = A’ as coquasi-bialgebras. We point out
that, if A and A’ are ordinary bialgebras and AY = A’, then y comes out to be a
unitary cocycle. This is encoded in the triviality of the reassociators of A and A’.

Theorem 5.6. Let A be a finite-dimensional Hopf algebra over a field k of charac-
teristic zero such that the coradical H of A is a sub-Hopf algebra (i.e., A has the
dual Chevalley Property). If H;D (D (A) ,k) = 0, then A is quasi-isomorphic to
the Radford-Majid bosonization E#H of some connected bialgebra E in ZyD by
H. Moreover gr E = D (A) as bialgebras in ZyD.

Proof. By the foregoing A = Q#H = EV#H = (E#H ' as coquasi-bialgebras.
Now A is quasi-isomorphic to A¢ which is quasi-isomorphic to E#H so that A is
quasi-isomorphic to E#H. Moreover

grE=g¢rE?" =grQ =D (A).
where the first equality holds by Proposition 2.6. O

More generally, given a (finite-dimensional) Hopf algebra A whose coradical
H is a sub-Hopf algebra, then if H is also semisimple, we expect that A is quasi-
isomorphic to the Radford-Majid bosonization E#H of some connected bialgebra
E in Z YD by H. See e.g. [21, Corollary 3.4] and the proof therein and [3,4] for a
further clue in this direction.

6. Examples

We notice that the Hochschild cohomology of a finite-dimensional Nichols algebras
has been computed in a few examples. We consider here those Nichols algebras to
compute Hﬁm BWV),k).

6.1. Braidings of Cartan type

Let A = (a;j)1<i, j<o be a finite Cartan matrix, A the corresponding root system,
(ai)1<i<p a set of simple roots and W its Weyl group. Let wo = s;, - - -si), be
a reduced expression of the element wgp € W of maximal length as a product of
simple reflections, fj = si, - --si;_,(@;;), 1 < j < M. Then B; # Bi if j # k and
AT ={Bj|1 < j < M}, see [22, page 25 and Proposition 3.6].

Let I" be a finite Abelian group, T its group of characters. D = (I, (gi)1<i<6,
(Xi)1<i<p, A) 18 a datum of finite Cartan type [12] associated toI" and A if g; € T,



648 IVAN ANGIONO, ALESSANDRO ARDIZZONI AND CLAUDIA MENINI

xj €U, 1 <i,j<0,satisfy xi(g) # 1, xi(g;)x;(g) = xi(g:) forall i, j. Set
q = (qij)1<i, j<o,Where qi; = x;(8i).

In what follows V denotes the Yetter-Drinfeld module over kI, dimV = 6,
with a fixed basis x1, . . ., xg, where the action and the coaction over each x; is given
by x; and g;, respectively. Then the associated braiding is c(x; ® x;) = gijx; ® x;
foralli, j. Let By = B(V). The tensor algebra T (V) is Ng—graded with grading «;
for each x;. For B = Z?:l ajo; € AT, set

gg=2g81"" 8, xg=x1"xg's qp = xp(gp)-

Given o, B € AT, we denote gog = xp(8a)-

We assume as in [12,26] that the order of g;; is odd for all i, and not divisible by
3 for each connected component of the Dynkin diagram of A of type G,. Therefore
the order of g;; is the same for all the i in the same connected component J. Given
B € J, we denote by Ng the order of the corresponding ¢;; in J, which is also the
order of gg.

By [23] there exist homogeneous elements xg of degree 8, 8 € AT, such that
the Nichols algebra B, of V is presented by generators xi, . .., xg and relations

(ad x;)! "%ix; =0, 1<i#j<6;

xy! =0, BeAs.

Moreover {xgl' ...xg;;m <n; < Ng} is a basis of B,.
We shall prove that Hg,D (Bq, ]k) = 0. We need first some technical results.

Lemma 6.1. Leta, B € AT, Then either gagg]ﬁ # e, or else Xaxévﬁ #* €.

Proof. Suppose on the contrary that g, ggﬂ =e, XaX év # = €. Then

1y — Nsg, N N}
do =X (&) =x5"(85") =a5" =1,

since gg is a root of unity of order Ng. But this is a contradiction, since g, # 1. [

Lemma 6.2. Let a, B,y € A" be pairwise different. Then either 8a8p8y # e, or
else xaxg Xy # €.

Proof. Suppose on the contrary that g,gsg, = e and xq xgx, = €. Then
—1(,-1
da = Xo (8a') = XXy (888y) = dpayapyays:

48 = 9aq9yY9ay9yas (6.1)
9y = 4aqp9ap9dpa-
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Notice that «, 8, ¥ belong to the same connected component. Indeed, if y belongs
to a different connected component, then gg, 9,8 = qayqya = 1. Thus gg =
doqgy =4 ,3(]3, SO q)% = 1, which is a contradiction. Therefore we may assume that
the Dynkin diagram is connected.

One can prove that gy, (o) = ¢o for every @ € A. As we observed that AT =
{Bjl1 < j < M}, we deduce that for every 8 € AT there is some j such that
g = q;j. One can prove that there is some ¢ € k such that g, = q @92 and
Gaydya = q®?), where (-, -) is the invariant bilinear form on the simple Lie algebra
g associated with the finite Cartan matrix [13, Chapter VI, Section 1, Proposition 3
and Definition 3] and the basis of the root systems given in [13, Chapter VI, Section
4] should be normalized in such a way that ¢ = g5, (8, §) = 2 for each short root
8 € A. Note that g, = g @®/2 £ 1 for all « as («, a) # 0. Thus

® gu = gg = q, = q if the Dynkin diagram is simply laced,
® qu. 98,9y € 1q, g} if the Dynkin diagram has a double arrow,
® qu. 49,49y €19, ¢} if the Dynkin diagram is of type G».

If the Dynkin diagram is simply laced, then, by (6.1), we have gg, gy = quyqya =

qupdpe = q~'. Then ¢@7) = g~!. Now set n(a, B) := 2(a, B)/(B, B) = (@, p).
Then n(a, B) is symmetric whence, by [13, Chapter VI, Section 1, page 148] we

have (o, y) = —1 as the order of ¢ is odd, so @ + ¥ € AT, by [13, VI, Sec-
tion 1, Corollary, page 149]. Now the same argument we used above shows that
also (¢, 8) = —1 = (y,B) and hence (¢ + y,8) = —2,s0a+ B +y €

At since @ + y # —B (as o + y and B are both in A1), But goipt, =
90989y 496y dyp9ay dyadepdpa = 1, which is a contradiction.

If the Dynkin diagram has a double arrow, then ¢4, g5, g, € {q, q%). If
ga = 4 = ¢y, then the proof follows as for the simply-laced case because
n(u,v) = n(,u) foru,v € {o,B,y}. f gqo = g5 = g and g, = g°, then
q48yqys = GayqQya = g2, and gapqdpe = 1, by (6.1). Then a simple calculation
yields (B, y) = —2sothat B+y € AT. One also gets (o, 8) =0 and (o, y) = —2
so that (o, 8 + y) = (o, 8) + (o, ) = —2 < 0 by the conditions on the order
of ¢, so again « + B + y € AT; but again we obtain go4g+, = 1, which is a
contradiction. The proof for g, = gg = g* and qy = q follows analogously.

Finally, if the Dynkin diagram is of type G, then a similar analysis gives a
contradiction. O

For each 1 < k < M, set By(k) as the subspace of By spanned by
{xgll, e xgl’:|0 < n; < Ng}. By [17] this gives an algebra filtration, and the
graded algebra Gr By associated to this filtration is presented by generators Xg,
B € AT, and relations

XpXy = qpyXyXg, Xgﬂ =0, B<yeAT.

In [26] Gr By is viewed as an algebra in EF YD, which (as an algebra) is the Nichols
algebra of Cartan type A; x --- X Ay, M copies, with action and coaction on xg
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given by xg, gg., respectively. By [26, Theorem 4.1], H*(Gr By, k) is the algebra
generated by &g, 1p, B € AT, where deg&p = 2, degng = 1, and relations

NgN. N
S/SEV = q)gyﬂ ySySﬁ, 77;35}/ = Qﬂ;%'ynﬁa ngny = —4qgyNyng, B,y € AT

As we assume that all the ¢;; have odd order, we deduce in particular from the last
equality that 77/23 = 0 for all B € AT. As an algebra in %FJ}D, the action and

coaction on &g is given by x4 Ne g;Nﬂ

given by Xﬁ_l,glg].

, while the action and coaction on ng is

Theorem 6.3. Hng (Bg. k) = 0.

Proof. First we will prove that H? (Gr By, k)D = 0 for D := D(kI"). Now, the
invariants are with respect to the D-bimodule structure that H? (Gr By, k) inher-

its from Hom ((Gr Bq)®3, ]k) (this is a D-bimodule as its arguments are left D-
modules). Since the left D-module structure is induced by the one of k, it is triv-
ial. Thus the invariants of H> (Gr Bq, ]k) as a D-bimodule reduce to its invariants
as a right D-module. Since right D-modules are equivalent to left D-modules,
via the antipode of D which is invertible as D is finite-dimensional, the right D-
module structure of H3 (Gr Bq, ]k) becomes the structure of object in ﬂgyl) de-

scribed above. Thus, in order to prove that H? (Gr By, ]k)D = 0 we just have to
check that the invariants of H3 (Gr Bg, k) as a left-left Yetter-Drinfeld modules are
Zero.

Now, by the defining relations of H*(Gr B, k), a basis B of H3(Gr By k) is
given by {&yng} U (nengnyla < B < y}. Ifv € H3(Gqu, k) is invariant, then
v is written as a linear combination of elements in the trivial component. Indeed,
write v = ), _p ¢ b for some ¢;, € k, and let g, x5 be the elements describing the
component of b € B. Then

v:g-v:Zcbg.b=ZcbXb(g)b, forallg e I,
beB beB
1®v=p(v)=2cbp~b=Zcbgb®b.
beB beB

If ¢, # 0, then x;(g) = 1 forall g € " so x, = €, and g = 1. Thus b is invariant.
We have so proved that the existence of v # 0 invariant implies the existence of
b € B invariant. Hence, if B has no invariant element then there is no invariant
element at all. Note that, for all » € H, we have h - (§,np) = (Xa_N" Xﬂ_l)(h)éanﬁ
and p(§unp) = g;N“gEI ® &ynp so that, by Lemma 6.1, the element £,7g is not
D-invariant. A similar argument, using Lemma 6.2, shows that also 747147, is not
D-invariant. Thus the elements in B are not D-invariant, so H> (GrB,, ]k)D =0.
Since the elements in {)cgl1 .. xgl’: |0 < n; < Ng,} are eigenvectors for D, we can
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mimic the argument in [26, Section 5] by taking into account the spectral sequence
associated to the filtration of algebras therein; see for example [26, Corollary 5.5]

for a similar argument. Thus H;D (Bg. k) = H? (B, ]k)D =0. 0

Remark 6.4. Notice that Hgm (B, k) = H3 (Bq,k)D(kr) = 0 although
H3 (Bq#]kf‘, ]k) ~ H3 (Bq, ]k)r can be non-trivial, see for example [26, Example
5.8].

6.2. Braidings of non-diagonal type

For n > 3, denotes FIC,, the quadratic algebra [19] with a presentation by genera-
tors x(;j), | <i < j < n,and relations

x(zij)ZO, 1<i<j<n,
X(ij)X(jk) = X(jk)X(ik) + X)X (i) l<i<j<k=n,
X(jkyX(ij) = X(ik)X(jk) T X@ij)X (k) l<i<j<k<n,
X(ij)X(kl) = X(kDX(i])> #i, j, k, 1} = 4.

According to [27] each FKC,, is a graded bialgebra in the category of Yetter-Drinfeld
modules over the symmetric group S, , generated as an algebra by the vector space
Vy, with basis {x;j) | 1 < i < j < n}. The action is described by identifying
(ij) with the corresponding transposition in S, and then consider the conjugation
twisted by the sign, while the coaction is given by declaring x, a homogeneous
element of degree o . Then the braiding on V), becomes

I o@)<o(j), Tt=0)), i</,
(o ®Xr) =X (0, T)Xgro-1 ®Xo,  x(0.T)=1 | otherwise.
where o and t are transpositions. Moreover F K, projects onto the Nichols alge-
bra B(V,). For n = 3,4, 5, it is known that FK,, = B(V,) and has dimension,
respectively, 12, 576 and 8294400.

The Hochschild cohomology of F K3 is a consequence of the results in [36] as
follows.

Theorem 6.5. H ¢ ;04 (FKs, k) is isomorphic to the graded algebra

k[X,U, V]/(U*V —VU?),  where degU =degV =2, deg X = 4.

Proof. By [36, Theorem 4.19], we have that E (B#kS3) is isomorphic to the algebra
in the claim, where B = F 3. By [36, Theorem 2.17], we know that E (B#kS3) =
E(B)%S3 as graded algebras. As observed in Remark 4.2, we have that E(B) =
H*® (B, k). By Remark 4.6, we have H® (B, k)kS3 = H]l.(S3—MOd (FKs, k). O
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From this result we get Hi&_Mod (FKs3,k) = 0 so that, by Proposition 4.7 we

conclude that the following holds:

Corollary 6.6. H3,, (FK3,k) = 0.
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