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A new approach to the L”-theory of —A +b-V,
and its applications to Feller processes with general drifts

DAMIR KINZEBULATOV

Abstract. We develop a detailed regularity theory of —A+5-V in L? (RY), fora
wide class of vector fields. The L?-theory allows us to construct associated strong
Feller process in Coo R?). Our starting object is an operator-valued function,
which, we prove, determines the resolvent of an operator realization of —A+b-V,
the generator of a holomorphic Cy-semigroup on L? R4 ). Then the very form of
the operator-valued function yields crucial information about smoothness of the
domain of the generator.

Mathematics Subject Classification (2010): 35J15 (primary); 47D07, 35J75
(secondary).

1. Introduction

Let £¢ be the Lebesgue measure on RY, L? = LP(R? L) and WP =
whr(R4, £4) the standard (complex) Lebesgue and Sobolev spaces, cOr =
C%7 (R?) the space of Holder continuous functions (0 < y < 1), C; = Cp(R?) the
space of bounded continuous functions endowed with the sup-norm, Coo C Cj the
closed subspace of functions vanishing at infinity, W*?, « > 0, the Bessel space
endowed with norm [[ullp o = lIgllp, u = (1 — A)_%g, g € L?,and w-er
p' = p/(p — 1), the anti-dual of W*:P. Wl‘f)’cp denotes the class of (distributions) u
such that (1 — A)%(mp) € L? forany ¢ € C°. We denote by B(X, Y) the space of
bounded linear operators between complex Banach spaces X — Y, endowed with
operator norm || - [[x—y: BX) 1= BX, X). Set || - [ pog := | - [ Lo 10

For each p > 1, by (u, v) we denote the (L7, L") pairing, so that
(u, v) = (ud) ;:/ uvdC?  welP vell).
R4
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Kjt Fo [L4% + L)

(L4 + L)

[L? + L*®V (p > d).

Figure 1.1. General classes of vector fields b : R¢ — R¢ studied in the literature in

connection with the operator —A-+b-V. Here — stands for strict inclusion, and > reads
“if b = by 4 by € [LY® + L>]¢, then b € Fsp with § > 0 determined by the value

of the L%*°-norm of |b1|”, see Remark 1.2 below for details, Kg“ = ﬂ5>0 Kg”l,
Fo := 5.0 Fs-

Let d > 3. Consider the following classes of vector fields:

(1) We say that a b : R¢ — C? belongs to the Kato class K(‘SIH, and write b €
Kg“ ,if b is £¢-measurable, and there exists A = A5 > 0 such that

1
b — A)2[l151 < 6;

(2) We say thata b : R4 - C4 belongs to Fs, the class of form-bounded vector
fields, and write b € Fg, if b is L4 -measurable, and there exists A = s >0
such that 1

16 — A) 2]l < V3

1
(3) We say that a b : RY — C? belongs to F; , the class of weakly form-bounded

1
vector fields, and write b € F2, if b is £4-measurable, and there exists A =



LP-THEORY OF —A + b - V, AND FELLER PROCESSES 687

As > 0 such that
1 1
11612(A — A) "3 [lamp < V6.

Simple examples show:
F5, —K{"' £ @, and KiT' —Fs £ foranys, 8 >0,
for instance,

1) by the Hardy inequality, b(x) := /& 452x|x|~2 € Fs, —K¢*! forany 8, §; > 0;

2) b(x) = el <ilxi[*"!, where 5 < s < I,e = (I,...,1) € R, x =
(x1,...,xq),isin Kg+1—F5,for any § > 0. (Anexampleofab € K?“—KSJrl
can be obtained, e.g., by modifying [1, Example 1, page 250].)

The classes Fs, , Kg“ cover singularities of b of critical order!, at isolated points or

along hypersurfaces, respectively. The classes Fy and Kg“ do not contain vector
fields having critical order singularities.

Remark 1.1. The classes Fs and KgJ'H have been intensely studied in the litera-
ture: after 1996, the Kato class Kg“ , with § > 0 sufficiently small (yet allowed to
be non-zero), has been recognized as ‘the right’ class for the Gaussian upper and
lower bounds on the fundamental solution of —A + b - V, see [14], which, in turn,
allow to construct an associated Feller process (in Cp). The class Fs, § < 4, is re-

sponsible for dissipativity of A—b-Vin L, p > ﬁ, needed to run the iterative

procedure of [8] (taking p — o0, assuming additionally § < min{4/(d — 2)2, 1)),
which produces an associated Feller process. We emphasize that, in general, the
Gaussian bounds are not valid if » € Fs, while b € Kg“, in general, destroys
LP-dissipativity.

1
The class F§ combines critical point and critical hypersurface singularities:

1 1
K{T"CF;,  Fs5, CF; fors = /5y,

1 1.1
(beFBIandfeK?jl):><b+feF2,\/3=§4/5_1+x/$) a-b

(for the proof, if needed, see Appendix B).
Remark 1.2. The inclusion |b| € LY = b e F (cf. the diagram above) follows
by the Sobolev embedding theorem. For |b| € L%, we can verify, using [7,

' particular, the uniqueness of solution of Cauchy problem for —A 4 b - V can fail if b € Fs
is replaced with cb (€ F 25), for a sufficiently large constant c, ¢f. [8, Example 5].
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Proposition 2.5, 2.6, Corollary 2.9]:

1
beFj, withvd=bI2(h— A) ¥ [ma < (B2 — A) 4 |22

(”b”doo ) I 72— A Flama

d_
(|b||doosz )2 i
4

where Qy = 7 5 F(% + 1), and |b|* is the symmetric decreasing rearrangement of
|b|. Similarly,

. _1
beFs, withy/8 = [[bl(L — A) 2[l2m2

_1 _ 1
< blla,oo 2y X 0= A) 22

1 (42 2
<||b||d,ooszdd2—1( 7) ||b||doosz —

d+2 _n"
r(%) d=2
In particular, using [7, Corollary 2.9],
1 1 F(E)
xlx| P eFy, Ve=271—4L
L)
2
)c|x|_2 e Fs,, \/7— —_—
and 50 8 < /81 (cf. (1.1)).
Denote
1 _1 d 1-d ’
mg :=m22e)"2d2(d — 1) 72, cp:=pp/4.

The following two theorems are the main results of our paper.

1
Theorem 1.3 (L?-theory). Letd > 3 and b : RY — C¢. Assume that b € F 82,
mqd < 1. Then, for every

2 2
EI:: ) )
b <l—|—«/1—md3 1—«/1—md5)

there exists a Co-semigroup e~'*»®) in LP such that:

(i) The resolvent set p(—A (b)) contains the half-plane O := {{ € C:Re ¢ >
Kals}, Kq i= %, and the resolvent admits the representation:

C+A,B) ' =0,¢,b), €0,
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where

0, b) = —-A)""-0,0+T,)7'G,, (12)
the operators Q,, G, T, € B(LP),

_ 1 _1 1
”Gp”p—)ngllé‘l ', ”Qp”p—)ngZlé‘l 2 ||Tp||p—>pgmcﬂ‘p6 <1,

Gp=Gpt,b)i=b7 -V — A, b7 = |7

Qp, T, are the extensions by continuity of densely defined (on £ :=
Uecoo e “1®ILP) operators

1

Ople = 0,(&, b)le = (¢ — AN b7,
1
Tple = Tp(C.b)le = b7 - V(¢ — A)"\|b|7';

(i) It follows from (i) that e™" Ap®) g holomorphic: there is a constant C, such
that

I+ Ap®) sy < Cplel™Y, £ €0;
(iii) Foreach1 <r < p <qgand ¢ € O, define

11

Go(r) = Gp(r.£.b) = b? -V(C — A 2%, G,(r) € BILY),
1
0,(q)=0,(q.t,b):=(—A) 2q |b|?" on E.

The extension of Q p(q) by continuity we denote again by Q ,(q). Then, for
each ¢ € O,

_1_ 1 _ 1
O b)=C—A)" = =AD" HQ(PU+ Ty 'Gpr)(¢ — A) ¥,
©, (¢, b) extends by continuity to an operator in B(W_ri”p, WHé’p);
(iv) By (i) and (iii), D(A,(b)) C Wita-p (g > p). In particular, if mgd <

4(d 1)2,z‘hereexzstsp €el,p>d—1,s0 D( p(b)) c O, y<1- %;
(v) Letu € D(Ap(b)). Then

(A (b)u v) = (u, —Av) + (b - Vu, v), v E C?Q(Rd);
ue Wl

loc ’

(vi) e~ BpCn) 5 o=tAp®) [Pt = 0, where by, = b if bl < n, by =
nlb| = b if |b| > n, and A ,(by) := —A + by - V, D(A (b)) = WHP;
(vii) If b is real-valued, then e='*»®) is positivity preservzng,
1
(viii) By Theorem 3(b) below, ||e~"*» (b)||p_>, cprt_i(___) 0<t<1l, p<r.
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Remark 1.4. Theorem 1.3 provides a complete description of A ,(b), an operator

1
realization of —A +b -V, b € F§, generating a holomorphic Co-semigroup on L?.
Let
SN B I
n(x) == CeXp<|x|2—1) if |x] <1
0 if [x] > 1,

where c is adjusted to fRd n(x)dx = 1. Define the standard mollifier

1
Ne(x) := —n ()—C> , £>0, xeR
gd " \g

Theorem 1.5 (Coo-theory). Let d > 3. Assume that

d—12

1
b:RT SR beF;, myd<d4— .
d—1)y3

Then for every §>34 satisfying mgd < 4 d_—12)2 there exists {e,}, e, | O, such that

2]

1
b= 1e, # by € C° (RLR) NFE, n=1,2...,
and

(i) e Ao ® = §.Coo-lim, e”ACoo(l;”), t > 0, determines a positivity-pre-
serving contraction Co-semigroup on Coo, where_the by’s were defined in
Theorem 1.3, Ac., (by) := —A + b, -V, D(Ac., (by)) = (1 — A)"'Coo;

(ii) (LP-strong Feller property) (u + Acoo(b))_l[Lp NCsxl c C% >0,
2 d—1.
pe(d=tgiy) e <1- 5t

(iii) The integral kernel e "o ®) (x, y) (x, y € RY) of e 1A ®) determines the
(sub-Markov) transition probability function of a strong Feller process.

Remark 1.6.

1. In the proof of Theorem 1.5, we define

(1 + Ac 0) s 1= s-Coo-lim((u + Ap(B)) s, 1> Kah,

2
eld—1,—=—— ),
P < 1—«/1—md8>

appealing to Theorem 1.3(iv), which allows us to move the proof of convergence
in Co to LP, p > d — 1, a space having much weaker topology (locally).
Earlier proofs for a smaller class Kg“ verified convergence in C, (in fact, in
Cyp) directly.
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2. The problem of constructing a Feller process associated with —A + b - V, for
an unbounded b : RY — R? (“a diffusion with drift 5”), has been thoroughly
studied in the literature, see [9] and references therein, motivated by applica-
tions, as well as by the search for the maximal general class of vector fields b
such that the associated process exists. To the author’s knowledge, Theorem 1.5
is the first result on diffusion processes with drifts combining different kinds of
singularities, e.g., ||x| - 1|_’3 ,B < 1,and |x|~! (originally, the main motivation
of this work).

1.1. On the existing results prior to our work

First, it had been known for a long time, see [KS], that, for b : RY > R d > 3,
and b € Fy,

(i) (The basic fact) D(A (b)) C WIP for every p € (d —2,2/4/9), j = 745,
provided that 0 < § < min{l1, (d—zz)z};
(ii) If, in addition to the assumptions in (i), |b| € L> + L, then

§-Coo- lim e 1A Co0 (0n)
n

exists uniformly in each finite interval of t > 0, and hence determines a
strongly Feller semigroup on C.

Remark 1.7. The additional (to |b| € L? ) assumption |b| € L? 4+ L™ in (ii) was

loc
removed in [6] (albeit at expense of imposing a more restrictive assumption on the

maximal admissible value of § > 0).

Theorem 1.8 (Yu. A. Semenov). Lerb : R4 — R4, d > 3.

a) [121Ifb € Kg”l, mg8 < 1, then, for each p € [1,00), s-LP-lim,, e *2r®n)
exists uniformly on each finite interval of t > 0, and hence determines a Co-
semigroup e~ Ar®)

e 20 ®) s a quasi-bounded positivity preserving L™-contraction Co- semi-
group;

1

le My g < s 17T forall0 <1 <1, 1< < g < oo
The resolvent set p(—A (b)) contains the half-plane O,
(c+2,8) " =0,.b). ¢€O,
©p(E.b) = — A — (€~ )73, +T,) 7' G
Spi=(¢ — A)Eb)7, Gpi=b? -V — A, Tyi=b7 - V(¢ — NI
©,(¢, b) € B(LP, W'P);

d
D(Ap(b))CWI’ P In particular, for p > d, D(A,(b)) C ch a=1-——;
p

(ApD)f.8) =(V[.Vg)+(b-Vf[g), f € D(A,b)), g € CEMRY.
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1
b) [13, Theorem 5.11 If b € F;, § < 1, then, for each p € [2,00), s-LP-
lim,, e ~"2r®n) exists uniformly on each finite interval of t > 0, and hence deter-
mines a Co-semigroup e~ 2r(®)

e~ ®) s g quasi-bounded positivity preserving L>-contraction Co- semi-
group.
Ar(b ~5G-9

le " Ar®, g S cast 2770 forall0 <t <1, 2<r < g < .

D(Ay(b)) € W32,

(M2(D)f, 8) =(V[,Vg)+(b-V] g), [ € D(Ax (b)), g € C(RY).
Remark 1.9. The additional (to |b| € Llloc) assumption |b| € L' + L* in [13,
Theorem 5.1] is not essential for the proof, and can be eliminated.

For the sake of completeness, we now outline the proof of Theorem 1.8, with
permission of its author.

Proof. a) Indeed, for all ¢ withRe ¢ > 0,
V(e — A, y)] € md(Kd_lRe{ — A)_%(x, y) pointwise on R x R?
(see (A.2) in the Appendix). Therefore, for b € K(‘SIH,
Ib- V(@& = A) st <mgd,  Re ¢ =k,

and so by the Miyadera perturbation theorem, the operator —A1(b) := A —b -V
of domain D(A (b)) = W?>! is the generator of a quasi-bounded Cp semigroup on
L' whenever mys < 1.

Clearly b, € Kg“, b, - V(¢ — A1 < mg$, and, for mg8 < 1 and

every f € D(A1(D)), A1(bp) f = A1(b) f by the Dominated Convergence Theo-
rem. (See, if needed, (A.1).) The latter easily implies the strong resolvent and the
semigroup convergence of Aj(b,) to A1(D).

Then, for each n = 1, 2, ..., the semigroups e
preserving L°°-contractions, and so is e “*A1() The bounds

—tMn) ¢ > 0, are positivity

le™ P < Me', = kqh, and [P flloo <[ flloo. £ € L' ML,
yield via the Riesz interpolation theorem

le M@ £, < MYP P f1,, f e LN L™.
Therefore, we obtain a family {e"4»(?}; <, of consistent Co-semigroups by

setting e /A7) .= the extension by continuity in L? of e /A1) | L1 0 L%
Next, for each p € [1,00) and all f € £ := U€>O e‘db‘L”, the inequality

1 _1 oL
bl (A —A)721D17 fllp < SN flp
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as well as the inequality
1161+ VA7 = &) H (b +VR) 7 £, < A+ £],

follow from the very definition of Kg“rl (e.g., by interpolating between ||(|b| +

VR (k= A) 77151 < 148 and (by duality) || — A) 72 (1b] + VA lloo < 14+9).
The latter implies that

1 L
[ G- 72| <avanT

p—=>p

and the first inequality implies that, for every ¢ € O, p € [1,00) and all f € &,

Now, it is seen that for every p € [1, 0o) and ¢ € O the operator G, is bounded:

1 L 1 1L
by V@ =N BT f| <ma|lb]7O.— A)TZ|BY | f]

p

< mad| fllp-
P

1 L
1Gpllprp < ma|bP =272 <ma1 48377
p—p

Sp and T), are densely defined (on £) and, for all f € &,

L
1Sy fllp < A +8T'A7 2| fll, and [T, £l < madll £l

Now, we denote again by S, T), their extensions by continuity.
Next, we define an operator function ®,(¢, b) in L? by

©,&.b) = —A)"—(¢-A)71S,1+T)"' G, ¢t€O.

Obviously,
O,,b) € B(L?) and O,,b) € B(L?, Wl’p).

It is also seen that
C+AB) ' =01,b), CH+HAB)TILINLP =0, b) | L' nL?,

and so

-1
(C+A,0) =0,¢b). €O
The latter implies that D(A (b)) C W7, forall p € [1, c0). The main assertion
is proved.

1
b)Leth € F2,5 < 1. Define H = |b|2(¢ — A)"%, S =b? - V(¢ — A)"# and

O, b) :=(¢ — A" F(1 + H*S) 't — A)"7 )
*
—(¢ - A = (¢ - A)TTH 1+ SH) 'S — A7, Re¢ > 1.
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We represent S = I:IV(g - A)_%, where the operator H defined by Hh = b2 -
¢ — A)_%h, h:RY — R4, with (¢ — A)_% acting on & component-wise, clearly
satisfies | Ak ll> < [[1b12 (Re & — A)~4[Allla < V/8llhll2,Re ¢ > 4. Therefore,

IH*Sll2~2 < 1 H 221522

. 1
[ H ll2211 H [l2-2]IV(§ — A)"2]l22 <6,

NN

and
102, b)lasa < (1 =8 g 7L.

Note that D(A(b,)) = W22 and, for all Re ¢ > A, by the first representation of
®2(§’ bn)a

O2(Z. b)) W2 = (£ + Aa(Ba)) W2, ©2(C.by) = (¢ + Aa(by)) ™",
£Os(¢, by) > las ¢ 1 oo by the second representation of ©2(¢, by,).

Therefore, ©2(¢, by) is the resolvent of — A2 (by,).
Since [|®2(¢, bp)lla—2 < (1 —8)71¢|~!, the semigroups e~ 182 are holo-
morphic and equi-bounded.

Finally, it is seen that ®;(¢, by) 5 ®7(¢, b) in L? on Re ¢ =2 A, and
uw (e, by) S 1in L? as @ 1 oo uniformly in n. Therefore, by the Trotter

approximation theorem s-L2-lim,, e 42 exists and determines a Co-semigroup
in L. It is also clear that this semigroup is holomorphic and L>-contractive. [

1.2. Comments

1. The fact that b : RY — R belongs to Kg”l or Fs allows us to construct operator
realizations of the formal differential operator —A 4 b - V as (minus) generators
of strongly continuous semigroups in L? for some or all p € [1, 00), C and/or
Cp, by means of general tools of the standard perturbation theory (e.g., theorems
of Miyadera [15] or Phillips [11], respectively);

1

2. Concerning the class F; one can not appeal to the standard perturbation theory
(in contrast to Kg“ and Fj) in order to properly characterize the domain of the
generator A ,(b). Indeed, the arguments in [13, p. 413—416] (repeated above in
the proof of Theorem 1.8b) say nothing about VV*”-smoothness of D(A (b))
for p # 2. The natural analogue of (x) in L” is valid only for a smaller class of
vector fields: |b] € L%,

3. For |b| € L%, the assertion of Theorem 1.3(iv) can be strengthened:

bl e LY = D(A,b) Cc WS, s <dp. (13)
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Indeed, arguing as in Remark 1.2 (i.e., appealing to [7, Proposition 2.5, 2.6,
Corollary 2.9]), we can estimate, using (A.2), for every f € £,

_1 1
IIb” V(i —A) 2 2”flls < allfls, c1:=ma(y “ |blla.cc)?c(p, d),
_1 1
¢ —a) ” Ibl "fls < el fllss 2 := (2, blla.cc) ” c(p, ),
M) ()
(%) TG )
_1
IIb” V(i —a)! Ibl "fls<alflls,  e3r=maQy blla.coc(p, d)e(p’, d).
Now, we can estimate in Theorem 1.3(iii):

”Qp(p)”x%s, ”Gp(p)”s%s: ”Tp”x%s < 00,

to conclude that |®, (¢, b)|ls—s < 00,1 < s < dp. In view of Theorem 1.3(i),
the last estimate implies the required;

. Theorem 1.8 can be obtained as a side product of the proof of Theorem 1.3.
Indeed, the constraints on p and § in Theorem 1.3 come solely from the estimate

1
where c(p,d) :=2"»

SO

1 N
on || Tyl p— p. Now,if b € Fg, 8 < 1, then (representing S = HV (¢ — A)_%)

ITall22 < |H 22| H 252V (€ — A)_7||2—>2 5 < 1.

And if b € Kg”l, mgé < 1, then |Tp|lp—, < 1forall p € [1, 00), so that
the interval Z > p transforms into [1, 00), and a possible causal dependence of
the properties of D(A (b)) on § gets lost. The latter indicates the smallness of

1
Kg“ as a subclass of Fy ;

. Both proofs of Theorem 1.3 and Theorem 1.8 are based on similar operator-
valued functions, although the arguments involved differ considerably;

. Note that for b € Kd+1 mgs < 1 D(A (b)) = W1, forb e Fs,8 < 1,
D(Az(b)) = W*2, while forb € F§,8 < 1,D(Ax(b)) C W,

.Leth R4 > R4 b e ¥ ,mg8 < 1. Theorem 1.3(i), (vi) and the argument in
the proof of Theorem 1.8a (using the Riesz interpolation theorem) yield a con-
sistent family of positivity preserving quasi-bounded Cy-semigroups e ~*4»(®) on

LP forall p € (

loc ’

2 .
1+/1=—mys’ )
1
. The author considers the assertion (iv) of Theorem 1.3 (the W' P _smooth-
ness) as the main result of the paper. Theorem 1.3, compared to [8] and Theorem
1.8a, covers the larger class of vector fields, and at the same time establishes
1
stronger smoothness properties of D(A,(b)): D(A (b)) C WHE”’, pel
(q > p), while in [8] D(A,(b)) € WP, jp € (d,2j/+/8), and in Theorem
1.8a D(A (b)) C WP, p € [1, 00);



696 DAMIR KINZEBULATOV

1
9. The Coo-theory of operator —A + b - V, b € F} (Theorem 1.5) follows almost
automatically from the LP-theory (Theorem 1.3) (with p > d — 1), in contrast
to [8], where the Coo-theory is obtained from the L”-theory by running a specif-
ically tailored iterative procedure (see also [6]).

ACKNOWLEDGEMENTS. I am deeply grateful to Yu. A. Semenov for many impor-
tant suggestions, and constant attention throughout this work. I am also thankful to
the anonymous referee for a number of valuable comments that helped to improve
the presentation.

2. Proof of Theorem 1.3
The method of the proof. We start with an operator-valued function
©p(£.0) = =N = Q1 +Tp)7'Gp, ¢ €O,

defined in L? for each p from the interval

2 2
1 := , , mgé < 1,
:|1+«/1—md8 1—./1—md5[ ¢

and step by step prove that,forn =1,2,...,

10, bl p—pe 1O, DYl psp < clg]| 7
©, (¢, by) is a pseudo-resolvent;

©, (¢, by) coincides with the resolvent R(¢, —A,(b,)) = (£ + Ap(b,,))_1 on O;
O (¢, by) > ©,(Z, b) in LP as n 1 oo
w O, (w, by) S 1las w 1 oo in L? uniformly in n.
All this combined leads to the conclusion: for each p € 7 there is a holomorphic

semigroup e 2r®) in LP such that the resolvent R(¢, —A,(b)) on ¢ € O has the
representation © (¢, b);

©, (¢, b) can be written as (¢ — A"l + ABC, where C € B(W_rl/’ PoLPY,
1
BecB(LP),Ac B(LP,W1+5’ Yr<p<gq,r'=r/r—1).

Propositions 2.1-2.6 below constitute the core of the proof of Theorem 1.3.
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Proposition 2.1. Let p € 1.

(1) Foreveryl <r<p<qg<ooandl e O(={¢ €eC:Rel > ks)\}, A =
As) define operators on LP
_ 1 1 1 11
O0p(q) =& —A) 2 b|Y, Gp(r)=br-V(—A) 277,
1
T, = b7 -V - &) b]7

Then G ,(r) is bounded: |G,(r)|p—p < K1,r. Qp(q) and T, are densely
defined (on &), and for all f € &,

19p@ fllp < Kagll fllp,
ITp fllp < macpbll fllp,  macpd <1, cp=pp'/4. 2.1
Their extensions by continuity we denote again by Q ,(q), Tp.
1 1 1
(i) Set G, = b7 -V —A)"', Q) =~ A B7, P, = b7 (£ — M)~ The

operator Q, is densely defined on E. There exist constants C;, i = 1,2, 3,
such that

IGpllp—p < C1lE] 2” I Ppllp—p < C3l¢] N 2/,

19pfllp < Ca2lg] 2 2”Ilfllp (fed), teO.

We denote again by Q , the extension of Q , by continuity.

(2.2)

Remark 2.2. The proof of Proposition 2.1 uses ideas from [2,10], and appeals to
the LP-inequalities between the operator (A — A)% and the “potential” |b|.

Proof. (i) Letr € (1, 00). Then
1 1 _ L 1
(a) wzr = [1bl7(p—=2)"2|,»r < Crsp 2", Crs = (crd)7, ¢ = rr' /4.
Indeed, define in L2 A = (u — A)%, D(A) = W'2, Then —A + ,u% is a symmetric
Markov generator. Therefore (see, e.g., [10, Theorem 2.1]), for any r € (1, 00),
r 2
0<ueD(A) = v:i=u? e D(A?) and ¢! HA%UHZ < (A, w1y,
Now let u be the solution of A,u = | f|, with f € L". Note that |lu]|, < M_% IlfIlx
(using [ (w — A) 7=y < u7'in (A6) with e = 1).

1
Since b € F?, we have

2
(r8)"! Hwﬁsz < (Avu, 'Y,
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1 1 r—1
and so [[|bl7ully < ¢8I fIl-Nulls=t, 11617 A7 fIE < crd™ 2 || fII7. Therefore
(a) is proved.

1 1 1
b))  pw=r = bl (=220 flly < SISl f €.

1
Indeed, let u be the solution of Au = |b|7"|f|, f € £. Then, arguing as in (a), we
have

" "
[iw17a] <asirn i)
r r

or [[1b]7ully < ¢81| £l So (b) is proved.

1 1 _ 1
© uzi= lw=>2721" fll <Crspu | fllr, feEE.
Indeed, (c) follows from (a) by duality.

Let us prove (2.1). Let ¢ € O. Using (A2)+ (b) withr = p € Z, u = A, we
obtain:

i _1 L
1Ty fllp < ma |b? (cg ' Reg — M2 bI7 | fI| < macydllfllp.  feE.

p

mqcpd < 1since p € I.
Next, we estimate || Q (@)l p—p, IGp)llp—p. LetRe ¢ = A, p < q. We
obtain:

19p@fllp < H(Re ¢ —A) ¥ b7 f]

p

o
< ‘(k—A) 2" 1b| | f]

p
(here we are using (A.6) with o = 1/2q")

o sin 57
< kg / =y dt |ky = —1
0 p T

1 1 1L
gkq// tA (1) |+ A= N)T2bY|fI| dr
0 p

1
(t+r—A) b7 | f]

(here we are using (c) withr = peZ, u=1t+2)

o _U 11
< kq/cp’,sf t 6 (t4+r) 2 dt | fllp =Kogllfllp, f €€,
0

where, clearly, K , < 0o because g > p.
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Let¢ € O,1 <r < p. Using (A.3), we obtain
1 _ _L
Gy f 1l < mea 1617 (g 'Re ¢ = &) %171

1 L
<mea|lb17 6.~ )7 F 17|

(here we are using (A.6) with @ = 1/2r)

4 1 _
<mr,dkr/ R b1 (14 & — At
0

00
gmr,dk/t 2 ‘
p—p

(here we are using (a) withr = peZ,u=1t+ 1)

<mr,dkrcp,5/ R e | flly = Kis [ f e f € E,
0

|b| t+xr— A)_7

\(r+x—A)-%|f|ng

where, clearly, K1 , < oo because r < p.
The proof of (i) is complete.

(i) LetRe ¢ > 1. We have

10,22, 5) 1l < | 2¢ = &) .

1 1
H(2§ —A)"20blY f
p

p
(here we are applying (A.5) twice + (¢) withr=p € Z, u=|¢|)

1
<2FTI2TIL 20, 28 L TR fll,. f € £
Now, using the identity (¢ — A)™' = (14 ¢ — A)7!)(2¢ — A)™!, we obtain:

10 (& D) fllp I +2 = A ppll Q22,5 Fl
27|§|_5C /527+§|§|_$”f”p

= (C2l¢| 2 21’||f||p, feé.
LetRe ¢ > A. We have:

1 _1
1Py, )y p < 161725 = 2)7 )

|- a)
p
(here we are applying (A.5) twice)

dyl oo 1 _1 1
S227201b1P (181 = A) 2 Ml p— plE 12
(here we are using (a) withr = p e Z, u = [Z])

p—=>p

d 1 11
<Cps22t2|g| 272,



700 DAMIR KINZEBULATOV

Now, using the identity (¢ — A)~! = (2¢ — A)~! (1 +¢( — A)_l),we obtain:

1_ 1
2 2y

d, 1
”Pp(;’ b)”p—)p < 2Cp’522+2 |é‘|

1 1

=Cslg] 2 .

Let ¢ € O. Using (A4) + (a) withr = p € Z, u = ||, we obtain:

d _ 1
1Gp(2kas, b p—p < maCps24[2| 2.

Now, using the identity (§ — A)™! = 2kg¢ — A1+ Qg — DSEC — A7),
we obtain:

A
1G (&, Dlp—p < 26amaCps24|C| 27
__L
= Cilg| .
The proof of (ii) is complete. O

Remark 2.3. Since |b,| < |b| a.e., Proposition 2.1 is valid for b,,n = 1,2, ...,
with the same constants.

Proposition 2.4. For every p € Z,andn = 1, 2, ..., the operator-valued function
©, (¢, by) is a pseudo-resolvent on O, ie.,

O, bn) — O,, bp) = (n — £)O,(¢, bn)®p(rl’ bp), ¢.neO.
Proof. Define Sé‘ = (—DFC = A) by -V — A by V(= ATk =
# b,’s. Obviously,
Oyt bn) = -NT"-0(1+T)7'G

o0
=¢-NT"-0) (-D'1*e
k=0
o0
= Z Sé‘ (absolutely convergent in L?),
k=0

oo ¢

Op(C, b)Op(n.ba) =Y > SIS tneO. 23)

£=0 i=0
Define
@ = = A by V(E = AT by V(e — A

by -V — Ay -V — A by V(= AT
Ji=#'s, mi=#n’s, k:=#b,’s.
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Substituting the identity ({ —A)~'(n—A) "' = -0 (¢—A) T —(m—2)7")
inside the product

S§SI = (=D @ = )by Ve - M) b,
NVE=MT=8) by -V = AT by -V = AT

a-0"N@-m7-o-a7h
. i k k
we obtain S?S,; n—0)"1(— l)kﬂ[ k:{] - Iijril] Therefore,
Zsl Sy = Oil(_ly[lf,e — Il — g+ H 10— I(f,l]

== D I 0 — I h)-

Substituting the last identity in the right-hand side of (2.3), we obtain

©p(C. bn)OG. by) = (1 =)™ (=D (Ifs1 0 — I 41)
£=0

= =) (Op(&, b)h — ©,(n, by)). O
Proposition 2.5. Forevery p e Z,andn=1,2, ...,

O 19, b))l p—sp < Cp|§|_1, ¢ € O, for a constant C, independent of n;
(i) u®,(w,by) S 1inLP as W 1 oo (uniformly in n).

Proof of G). Put Q, = Q,(,by), T, = Ty, by), G, = G,(L, by). By the
definition of ®,(¢, by,), see (1.2), for every ¢ € O,

10p (&, bl p—sp < NE& = D) Mposp + 10l po p (1 +Tp) Hpss plIGpll p—s p
(here we are using (2.1), (2.2) in Proposition 2.1)

_1_ 1 _ 1
T+ Cale 72T (1 = mgepd) TN Chg | T2
<Clel™, Cpi=1+C1C(1 —mgcypd) "

Proof of (ii). Put 0, = ®p(ﬂabn)» 0, = Qp(l/v’bn)’ T, = Tp(#vbl’l)v P, =
Py(uw, by). Since wp—A)~! > 1, it suffices to show that,u@l,,—,u(u—A)_1 30
in L?. Since by (i) u® , is uniformly (in 1) bounded in B(L?), and C2° is dense in
L7, it suffices to show that u® ,h — pu(pu — A)~'h — 0in L? forevery h € Ccx.
Write

—u=ATh==0,(1+T) by - (u— AV
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-1

By 2.1, [(1+7Tp) llp—p <
1 1

Cou” 272 . Again, by (2.2),

1
ST < oy <00, by 22, 1@ llpp <

1

bl - (u— A)"'Vh

1 _
<[ 1Bl e = 2719 |
p p

S UPpllp—pll VAl p
Sl
SC3p 2 2 |[Vh]|.

Therefore,

1

— -1 P -
10ph = (e = 2l < UQpllp—p | (14+T)) H[Hp‘b,f-(u—m 'V

P
3
< Cop 2| Vhllp

for some Cy < oo independent of n, which clearly implies (ii). O

Proposition 2.6. For every p € Z,andn = 1,2, ..., we have O C p(—A,(by)),
the resolvent set of — A ,(by,). The operator-valued function © (¢, by) is the resol-
vent of —A ,(by):

O, by) =+ A, ¢eO,

and
I+ Apba) sy SCplglI™!, T eO.

Proof. By definition, we need to verify that, for every ¢ € O, © »(¢, by) has
dense image, and is the left and the right inverse of { + A, (b,). Indeed, Propo-
sition 2.5(ii) implies that ® (¢, b,) has dense image. A,(b,) := —A + b, -V,
D(Ap (b)) = W?2P | is the generator of a Co-semigroup e Apbn) on P, Clearly,
Opn, by) = (& + Ap(b,,)fl for all sufficiently large ¢, (= ¢(||bnlloo)), there-
fore, by Proposition 2.4,

Op(¢,bn) = Gy + Ap(B) (1 + (&n — 0)Op(E, b)), ¢ €O,

30 ©, (L, by)LP C D(Ap(by)) = WP, and (§ 4+ Ap(bn))O, (L. by)g = 8.8 €
L?,ie.,®p(, by) is the right inverse of ¢ + A ,(b,) on O. Similarly, it is seen that
© (¢, by) is the left inverse of ¢ + A ,(b,) on O.

Remark 2.7. Alternatively, we could verify conditions of the Kato theorem [5]: in
the reflexive space L”, the pseudo-resolvent ® (¢, b,) (see Proposition 2.4) satis-
fying u®,(u, by) 5 1inLP? as © 1 oo (see Proposition 2.5(ii)) is the resolvent
of a densely defined closed operator on L”. This operator coincides with —A ,(b;,)
(since © ,(Ln, bn) = (Ln + Ap(by))~! for all large ¢y).
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Now, I(¢ + Ap(bu) "M p—p < Cplgl™!, ¢ € O, follows from Proposition
2.5(1). O
Proposition 2.8. Forevery € Oand p € Z,
©,(¢, by) = ©,(L, b) in LP.

Proof. Put ©,(b) = ©,(¢,b), Qp(b) = 0, b), Ty(b) = T(£,b), Gp(b) =
G (¢, b) (similarly for b,’s). It suffices to prove that

0, (bp)(1 4+ T b)) Gp(by) > Qp(b)(A + Tp(b) " G p(b).
Thus it suffices to prove consecutively that
G p(bn) = Gp(b), (1+Tybp)™ > (L+T,(0)~", Qp(bn) > 0,(b).

In turn, since (147, (b)) "' = (1+T, (b)) "' = (14T, (b)) "1 (T (b) — T (bn)) (1 +
T, (b))~ it suffices to prove that 7, (b,) 5 Ty, (b). Finally,

1 1 1 1
Tp(bn) —Tp(b) = Ty (by) —by - V(& =AY bI7 +by -V —A) b7 =T, (b),
and hence we have to prove that
’ 1 1 s
by V(¢ —NTbIY —Tyb) =8P >0

and
1 1
Tp(by) —bi - V(& — M) b7 = JP 5 0.

Now, by the Dominated Convergence Theorem (cf. the argument in the proof of
(A1), G p(by) = G, (b), J\ | = 0. Also
@) 7|7
1,7 fllp = HGp(bn) (|bn|”/ - Iblf’/) f
P
L L
(Ibnlp/ - Iblf’/) f
p
1 1
(|bn|’/ - IbI”/) f

Thus, J\2[s = 0. Since [ 52 [l = s 17301 p— p < mad, we conclude that T, (b,)
2 T, (b). It is clear now that Q,(b,) 5 0,(b). O

S NGBl p—p

< my(l +8)|§|_2Lﬂ’ . (fed).

p
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Now we are going to prove Theorem 1.3 using the Trotter approximation the-
orem [4,IX.2.5]. Recall its conditions (in terms of ® (¢, b,) on the base of Propo-
sition 2.6):

1) supn>1 ||®p(§, bn)”pﬁp < Cp|§|_]7§ € O;
2) u®p (1, by) 5 1inLP as @ 1 oo uniformly in n;

3) There exists s-L”-1lim, © ,(¢, b,) for some ¢ € O.

Now, 1) is the content of Proposition 2.5(i). 2) is Proposition 2.5(ii). Proposition 2.8
implies 3).

Therefore, by the Trotter approximation theorem, ®, (¢, b) = (¢ + A p(b))_l,
¢ € O, where Ap(b) is the generator of the holomorphic Co-semigroup e~ Ap(b)
on L?. (Note that, by Proposition 2.8, |®, (¢, b)|l p— p < Cplg“l*l,g“ € O. Hence,
®, (¢, b) can be extended to O U {¢ € C : |Arg¢| < T +¢&,[¢| > R}, e > 0, for

a sufficiently large R > 0, where it satisfies ||®, (¢, b)|lp—p < C;,|§|_1, see the
corresponding argument in [16, [X.10].)

Hence, the assertions (i), (vi) of Theorem 1.3 follow. (ii) follows from Proposi-
tion 2.5(i) and Proposition 2.8. (iii) is obvious from the definitions of the operators
involved, cf. Proposition 2.1.

(iii)) = (iv). In particular, if p > d — 1,givena0 <y < 1 — d—;l, we can
select ¢ > p sufficiently close to p so that by the Sobolev embedding theorem the

l+l,p . : 0 y
Bessel space W " ¢'" is embedded into C*"7 .

(v) Let ¢ € O. By Proposition 2.8, A ,(b,)(¢ + Ap(b,,))_1 2 Ap(b)( +
Ap(b))’1 in LP. Put Q,(b) = 0,(,b), Ty(b) = Tp(£,b), Gp(b) = G,(L,b)
(similarly for b,,’s). Since (;-i—Ap(b))_l = ({—A)_l—Qp(b)(l-i-Tp(b))_le(b),
we have

bP V(@ + ApB) " = Gpb) — Tp(B)(1 + Ty(0) "' G (b)

(similarly for the b,’s). Since G (by) = G (b), Tp(by) > Tp(b) in L (see the
proof of Proposition 2.8),

by V(@ + Apba) L S bP - V(E + Ap(b) " in L7 (%)

1
loc> for |b] € LllOC by the definition of class F§ Now, given
u € D(Ap,(b)), we have u = (¢ + Ap(b))_lg for some g € L?, and so, for every

1 ’
Clearly, |b|” € L?
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veCX,

(Ap(b)u, v) = (A, () + Ap(b) g, v)
= 1im(Ap(ba) (€ +Ap(ba)) '8, V)

= lim{(¢ + Ap<bn>)—1g, —Av)
—Hlm( VA A5 g bl )

1 1 ’
(here we are using (%) and the fact that |b,|?" v — |b|? v in L?)
1 Lo h
= (€ + Ap®) g, —AV) + (b7 -V + Ap)) g, 1b]7 v)
1 1
= (u, —Av) + (b? - Vu, |b| "' v).

1 1 1
Next, since foru € D(A,(b)),b?-Vu € L? itfollows thatb-Vu = |b|?" b7 -Vu e
LllOC Also, A,(b)u € LP, and hence (A,(b)u,v) = (u, —Av) + (b - Vu, v).

Therefore, Au (understood in the sense of distributions) = —A ,(b)u +b - Vu €
Ll

loc’

ieu€ W . The proof of (v) is completed.
For the proof of (viii) see the argument in [13, p. 415-416].
The proof of Theorem 1.3 is complete.

3. Proof of Theorem 1.5

It is easily seen that, due to the strict inequality mg8 < 4-4=% for every § > §

(d— 1)2’
there exists {&,}, &, | 0, such that

such that mg8 < 4(d e

- 1
by :=n8n*bneF§, n=12,...

(i) We verify conditions of the Trotter approximation theorem:
1°) sup,, [1(1t 4+ A Bn)) Moo < ™', 1 > Kah.
2°) (e + Aco, (by))™' — 1in Co as u 1 0o uniformly in 7.
3°) There exists s-Coo-lim, (1 + Ac, (l;n))_1 for some . > kgA.

The condition 1°) is immediate. In view of 1°), it suffices to verify 2°), 3°) on S,
the L. Schwartz space of test functions. Fix p € Z, p > d — 1 (such p exists since

mad < 442,

Proposition 3.1. For every i > kgh,n =1,2,...,0,(u, by)S C S, and

(1 + Ace (b)) s = O, (1, by)ls.
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Proof. The inclusion ® ,(u, by)S C S is obvious. Also, Op(tn, b)ls = (un +
Ac..(bn)) s for all sufficiently large w, (= w(llbnlloo)). By ©®p(u, bn)S C S
and Proposition 2.4, © ,(u, by)|s satisfies the resolvent identity on u 2> kg4A,

Op (i b)ls = (tn + Ay )™ (14 (ta — 0O p (. ba))ls. 1t = kah,

so O, (1, l;,,)|3 is the right inverse of u + Ac,, (l;n)|5 on [ = kgA. Similarly, it is
seen that © (1, l;,,)|5 is the left inverse of u + Ac,, (l;n)|3 on i = Kgh. O

Proposition 3.2. For every u > kgh, © p(i, b)S C Coo, and

Op (i, bp) = ©p (i1, b) in Coo.
Proof. By Theorem 1.3(iv), since p > d — 1,0, (u, b)L? C C. Put

0p(q,b) = Q0p(q, 1. b), Tp)=Ty(u,b), Gpb)=Gpu,b).

To establish the required convergence, it suffices to prove that

(1= A2 .0,(q. b)) (1 + Ty (b)) "G ()
S (= A)TT40,(q. )1+ Tp(b) " Gpb)  in Coo.

1 1
We choose g (> p) closetod — 1 sothat (u—A) 2~ 2 LP < Cy. Thus it suffices
to prove that

G p(bn)=> G p(b), (1+Tp(bn)) ™" > (14T, (1) ", Qp(g.ba) > Qp(g,b) in L7,
which can be done by repeating the arguments in the proof of Proposition 2.8. [J

Proposition 3.3.
uOp(u, I;n) S las w1 o0 in Coo uniformly in n. 3.1

Proof. Put ©, = © (1, by), Ty = Ty, by). Since u(u — A)~' > 1in Coo,
and § is dense in Co, it suffices to show that ||u®, f — pu(u — A) " flloo = O for

every f € S. Foreach f € Sthereish € S such that f = (A — A)_%h, where
A=As >0.Letg > p. Write

L

% 0,(q)(14+7T,) b7 = A) "2 -(u—A) "' Vi

1
Opf —(u=A)"f=—(u=-2)"2
Now, arguing as in the proof of Proposition 2.5(i), but using the estimates

_lpd_ 1
2t 24, ¢ <00,

1l
[ =A) 2 2 psoo < c
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and )
10p(@Dllp—sp < K2 g <00 (see (2.2)),
we obtain

1

d_1
10,f — (i — A flloo < Cu 2 2 2% w7t VAY .

Since p > d — 1, choosing ¢ sufficiently close to p, we obtain

1 d 1
—— 4+ —— — —1<-1,
2 2p 2
sou®, — uw(pu — A)~! > 0in Coo, as needed. O

Now, Proposition 3.2 verifies condition 3°), and Proposition 3.3 verifies condi-
tion 2°). Assertion (i) of Theorem 1.5 now follows from the Trotter approximation
theorem.

Assertion (ii) of Theorem 1.5 follows from Theorem 1.3(iii).

The proof of assertion (iii) is standard, and is omitted.

Remark 3.4. We could construct e "A¢c=®) alternatively as follows:

et Ao ®) o (71 Ap B )

NL? )¢

o0

(after a change on a set of measure zero), ¢ > 0,

where p € (d -1, ﬁ)

A. Appendix
Define 1, := [|(b — by) - V(C — A7 £l
1. Letb € Kg“. For every f € L' andRe ¢ > kgA,
I, > 0asn 1 oo. (A.1)

Proof of (A.1). Since I, < 2my4|||b|(X — A)_%Ifllll < 2mygd| £, it suffices to
prove (A.1) foreach f € L' NL>®. Let f € L' N L®, 1 > 0 and b be fixed. Since

|b|(X — A)*% |f| € L', for a given € > 0, there exists C, a compact, such that
_1
[a-1omle- 2771 <e

where 1 is the characteristic function of IC. Define I, := |1x|b — bu|(A —
1
A)72|fll1. Clearly,

_1
Icn < A2 fllool il — balll-
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Since |b| € Ll and K independentofn = 1,2, ...,

loc

1xclb = balllt < [Mjpy=nxclbDIl1 — O asn 1 oo.

Therefore, for a given ¢, there exists ng = no(e) > 1, such that Ic , < € whenever

n > ng, and so
I, <3mye Vn > ng.

We use the following pointwise estimates (x, y € RY, x # y).
2. ForeveryRe¢ > 0,
_ — _1
IV = 8)7 0, ) S malig 'Res = A) 2 (x, ),

where mfi i=1(2e)71d%d — D)7, kq = ﬁ'

O

(A2)

For every r € (1, 00] there exists a constant m, 4 < 00 such that for all

Re¢ > 0,

V(¢ — A) 2 (x, y)| < mpale; 'Re — A) 242 (x, y).

3. For everyRe ¢ > 0,

I—=

V(¢ — A Hx, p)] < 2%’md(glz—‘ ] — A) (x, ),

D=

(0 — A)"2(x, y)| < 25T (2—1|;| - A) (x. ).

Proof of (A2). Leta € (0, 1). Set

2 1 11
c(a) == sup g~ 1708 (: —(1 - oz)262),
£>0 \/z

so that
56_52 < c(oz)e_"‘SZ forall £ > 0.

We use the well known formula

(A3)

(A4)

(AS)

(*)

_y 1 ® ez 4 _hol?
C=—AN)"2(x,y) = —F~ e 2 @at)y"2e” @ dt, 0<y <2,
0

r(3)
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first with y = 2, and then with y = 1, to obtain:

V(¢ — INEES )| < / e—zRe;(47”)_%l lx — vyl

ey
e~ & dt

0
oo —tRe¢ ,—1 _d gl
< c(a) e t 2(4mt)” 2e adt
0

N
By (») with & := Wi
,<‘2

—1_diy o —(ReQ)at ,— 1 _d Py
Lcel@)a 272 e t 2(4mt) 2e” & dt
0

(Change t/ato t)
1_d 1 1
= c(a)a27 2T <§> (@ReZ — A) 2 (x, y).

Now, we minimize c(a)a%_%r‘(%) in ¢ € (0,1). The minimum is attained at
oy = dd;] (=: /cd_l), and is equal to mg.
The proof of (A.3) is similar. ]

Proof of (A4). First, suppose that Im ¢ < 0. By the Cauchy theorem,

—1 /oo —ct _d _h—y?
C—-—AN"(x,y)= e tdmt) " 2e” H dt
0

ey

o0 ,U@i% _ijnd _d T T
= e e '%2(U4nr) 2e 44 e4dr,
0

(i.e., we have changed the contour of integration from {r : t > 0} to {re’% :r = 0)).
Thus,

- le—y[?
iz d|x — -
e tre ‘ (4mr)”2 Y dr.

I
e 44

V(- 8) (x| <f0

We have

22
— b=y =y 1

P —r-L(Re ¢-1I iT - 7
et LT ERETIMO e W <eT T OV, Reg —Im ¢ > ).
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Therefore,
1 ® iy 4 |x —y| kb
V(& —A)" (x, ) S/ e V2" (4mr)"2 ¢ voVadr
0 r
(Change V2 to r)
00 _ cyl2
= 271/ efr%|§|(4nr)7% x=y eJ W dr
0 2r
d
24mg le—yi?

® g R
— e Ma 2% A4mr)T2r 2e” & dr
r@) Jo
(¢f. proof of (A.2))
d —1A—1 _%
= 2%ma (727181 = ) 7y
which yields (A.4) for Im ¢ < 0. The case Im¢ > O is treated analogously. O
Proof of (A.5). First, suppose that Im ¢ < 0. By the Cauchy theorem,

1 o0 1 d _ iyl
& —=-A)"2(x,y) = / e T IAn) "2 @ dt
0

\x—\’\z

o —ordd L iz _jxd _d SN Ed
= e r2e 'sSe '42(4nr) 2e 44 eddr,
0

SO we estimate as above:

—r-L _x=ym oL
G- oty < [ e E b wmn e e

o0 =y 1
0

1
2

=255 (27g1 - A) .
The case Im ¢ > O is treated analogously. O

4. In the proof of Proposition 2.1 we need the following formula: for every 0 <
a<1,Re¢ >0,

sinTo

(C—A)% = /OO £+ ¢ — A)lar. (A.6)
0

B. Appendix

Proof of (1.1). Letb € K(?H,i.e., o)l (x — A)’% o1 <6, (A — A)’% 6]l <

§  (by duality). Then, using, e.g., interpolation, [|[6]Z(A — A)"2|b|2 |22 < 6,
1

i.e.,b € F§ . The first inclusion is proved. (Here, the proof depends crucially of the

fact that (A — A)_% is an integral operator with a symmetric kernel.)
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1
The second inclusion F5, C F § ,8 = /81, follows, e.g., by Heinz inequality

[3]. The last assertion now follows from

1 1 1
3 3 2
beFﬁl,ferz:b—i-feF ,

where we have used (|b|+|f|)% < IbI% +|f|%- O
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