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Higher codimension isoperimetric problems

RAFE MAZZEO, FRANK PACARD AND TATIANA ZOLOTAREVA

Abstract. We consider a variational problem for submanifolds Q C M with
nonempty boundary 0Q = K. We propose the definition that the boundary K
of any critical point Q have constant mean curvature, which seems to be a new
perspective when dim QO < dim M. We then construct small nearly-spherical
solutions of this higher codimension CMC problem; these concentrate near the
critical points of a certain curvature function.

Mathematics Subject Classification (2010): 53A10 (primary); 49Q20 (sec-
ondary).

1. Introduction and statement of the result

Constant mean curvature (CMC) hypersurfaces are critical points of the area func-
tional subject to a volume constraint. Examples include sufficiently smooth solu-
tions to the isoperimetric problem. If K is an embedded submanifold in a Rie-
mannian manifold (M™*!, g), then its mean curvature vector Hg is the trace of its
second fundamental form. When K is a hypersurface, then we say that K has CMC
if this vector has constant length, and this is the only sensible definition in this case.
However, when codim K > 1, it is less obvious how to formulate the CMC condi-
tion, since there is more than one way one might regard the mean curvature vector
as being constant. One definition that has perhaps received the most attention is to
require that Hx be parallel. This is quite restrictive, and for that reason, not very
satisfactory.

We propose a different, and directly variational definition building on the ideas
of F. Almgren [1]. The classical isoperimetric problem amounts to find m-dimen-
sional hypersurfaces K of least m-dimensional volume enclosing a region of pre-
scribed m + 1 dimensional volume. F. Almgren generalized the isoperimetric prob-
lem in higher codimension by defining the volume enclosed by S as the infimum of
volumes of (m 4+ 1)-dimensional submanifolds Q with9Q = S.
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Extending the standard characterization of CMC hypersurfaces, we propose
to define constant mean curvature submanifolds to be boundaries of submanifolds
which are critical for a certain energy functional. Roughly speaking, we say that K
has constant mean curvature if K = dQ where Q is minimal, K has CMC in Q,
and Hk has no component orthogonal to Q.

Our goal is to show that generic metrics on any compact manifold admit
“small” CMC submanifolds in this sense. The result proved here is a generalization
of the theorem by R. Ye [11] which proves the existence of families of CMC hyper-
surfaces that are small perturbations of geodesic spheres centered at nondegenerate
critical points of the scalar curvature function R of the ambient manifold M. The
more recent paper [8] by F. Pacard and X. Xu obtains such families of CMC hy-
persurfaces when the scalar curvature is not a Morse function; in that case, these
hypersurfaces are centered near critical points of a different curvature invariant.

Let us now introduce the relevant curvature function. For any (k + 1)-dimen-
sional subspace I1, C T, M, define the partial scalar curvature

k+1
Rir1(Ty) == = Y g(R(Ei, E)E;. Ej),
i,j=1

where Ey, ..., Exy is any orthonormal basis for I1,. Note that R, (T, M) is
the standard scalar curvature at p, while Ro(I1)) is twice the sectional curvature of
the 2-plane IT,,. The Grassmann bundle G4 (T M) is the fiber bundle over M with
fiber at p € M the Grassmannian of all (k 4 1)-planes in 7, M. We regard R4 as
a smooth function on Gy (T M).

We denote by S¥(IT p) and BT p») the images of the sphere and ball of
radius ¢ in I1, under the exponential map exp,, p € M. We can now state our
main result.

Theorem 1.1. If 1, is a nondegenerate critical point of Ri41, then for all & suf-
ficiently small, there exists a CMC submanifold K:(I1,) which is a normal graph
over Sf(l:[ﬁ) by some section with C%* norm bounded by Ce3 and dist(I:I,;, IT,) <
ce?.

Our construction of CMC submanifolds generalizes the method introduced in
[8], and can also be carried out in certain cases when the partial scalar curvature
has degenerate critical points, for example when (M, g) has constant partial scalar
curvature.

Theorem 1.2. There exists g > 0 and a smooth function
U Gry1(TM) x (0,80) — R,

defined in (4.5) below, such that if ¢ € (0, &9), and 11, is a critical point of W (-, &),
then there exists an embedded k-dimensional submanifold K. (I1,) with constant
mean curvature equal to k /e . This submanifold is a normal graph over the geodesic
sphere Sé‘(l'[ p) of a vector field the C%>* norm of which is bounded by ¢ €. More-

over W(-, &) = Rys1 + O(?) in the smooth topology.
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The function W is essentially just the associated energy functional restricted to
a particular finite dimensional set of approximately CMC submanifolds.

Existence of CMC submanifolds also follows from the work of F. Morgan and
M.C. Salavessa [6] as smooth solutions to the higher codimension isoperimetric
problem defined by F. Almgren. Observe that these solutions should correspond to
points where R has a maximum as in [7].

2. Outline of the paper

The outline of this paper is as follows. We first give a more careful description of our
proposed definition of constant mean curvature and its relationship to the associated
energy functional. We introduce the linearization and the second variation of this
energy, then compute these operators in detail for the round sphere S¥ ¢ R™+!,
k < m. The construction of “small” solutions of the CMC problem concentrating
around critical points of the function W proceeds in stages. We construct a family
of approximate solutions, then solve the problem up to a finite dimensional defect.
This defect depends on certain parameters in the approximate solution, and in the
last step we employ a variational argument to choose the parameters appropriately
to solve the exact problem. Certain long technical calculations are relegated to the
appendices.

3. Preliminaries

In this section we begin by setting notations and recalling some standard formulz.
This is followed by the introduction of a variational notion of constant mean curva-
ture for closed submanifolds of arbitrary codimension. We compute the first and the
second variations of the associated energy functional, and then explain what these
look like for round spheres (of arbitrary codimension) in R"+!,

3.1. Mean curvature vector

Let (M™+! g) be a compact smooth Riemannian manifold. We write V> for the
induced connection on any embedded submanifold X, and reserve V for the full
Levi-Civita connection on M.

The second fundamental form of ¥ is the symmetric bilinear form on 7 X
taking values in the normal bundle N X defined by

he(X,Y) :=VxY —V¥Y =aysVx ¥, X,YeTX;
here 7y is the fibrewise orthogonal projection Ts M — N X. The trace of hy is a
section of N X, and is called the mean curvature vector field

dim X
Hs :=téhy = Z hs(Ei, E;),

i=1
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where {E;} is any orthonormal basis for 7 X. By definition, X is minimal provided
HE =0.

3.2. Constant mean curvature in higher codimension

Let us now specialize to the case where Q! C M is a smooth, compact subman-
ifold with boundary, and 0Q =: K. The normal bundle N K decomposes as an
orthogonal direct sum

NK =NK- @ Nk,
where NK = NK NT Q hasrank 1,and NK+ = NK NN Q has rank m — k. We
shall write n for the inward pointing unit normal to K in Q. Thus if ® € NK, then

o = [0t +[@] = [@]t +¢n

for some scalar function ¢.
Definition 3.1. The closed submanifold K C M is said to have constant mean
curvature if K = dQ where Q is minimal in M, K has constant mean curvature in
Q and the Q-normal component [Hx ]+ € N K~ vanishes.

A key motivation is that this definition is variational, where the relevant energy
is given by

Eny(Q) 1= Volg(dQ) — ho Voli+1(Q), (3.1)

where h is a constant.

Proposition 3.2. The submanifold K = 9Q has constant mean curvature hq (in
the sense of Definition 3.1) if and only if

D&, =0.

The meaning of the differential here is the usual one. Let E be a smooth vector
field on M and denote by £ its associated flow. For ¢ small, write Q; = £(Q, 1)
and K; := 00Q; = &£(K, t). The requirement in the Proposition is then that for any
smooth vector field E,

=0.
t=0
The proof is standard. The classical first variation formula (see Appendix 1) states
that

d
Egho(Qt)

d Vol(K;)
— VO
dt !

= —/ g(Hg, 8) dvolg,
=0 K

and

d
— Vol(Q;) = —f g(Hp, B)dvolg —/ g(n, E)dvolg .
dt t=0 o K

It follows directly from this that

E —o g]’lo(Ql) = 07

for all vector fields E if and only if Hx = hon and Hp = 0, as claimed.
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The definition above coincides with the standard meaning of CMC when K is
a hypersurface in M which is the boundary of a region Q. In particular, if K* C
R4+ « R™+1 and K has CMC as a hypersurface in R**!, then it has CMC in the
sense of Definition 3.1. In particular, any round sphere S¥ ¢ R”*! has CMC in
this sense.

A similar result has been obtained in [6] for stationary submanifolds for the
isoperimetric problem in higher codimension.

3.3. Jacobi operator

Let us now study the differential of the mean curvature operator, which is known
as the Jacobi operator. For this subsection, we revert to considering an arbitrary
submanifold X, either closed or with boundary, and shall now recall the expression
for this operator.

The Jacobi operator Jy is the differential of the mean curvature vector field
with respect to normal perturbations of 2. To describe this more carefully, consider
the exponential map exp from an e-neighborhood of the zero section in s M into
M. Since exp, =0} = Id, if ® € C3(Z; NX) has [|P||co sufficiently small, then

Yo = {equ(d>(q)) 1q € E}

is an embedded submanifold. We shall denote the family of submanifolds ¥;¢ by
%, and their mean curvature vector fields by Hy. We also write Fy : ¥ — X for
the map g +— exp, (s®(g)). By definition,

J2(®) = VajasHsl -

When 0% # (, we also require that & = 0 on dX. The operator myyx o Jy will be
denoted J év . We recall in Appendix 1 the proof of the standard formula

JY = —AY 4 Ric) + 99, (32)
where A%’ is the (positive definite) connection Laplacian on sections of N X,
dim(X%)

Vo e N, Afo= ) nggq’_vjvvg.acp’
i=1 '

where Vf}’ Y = anyy o VxY and the other two terms are the following symmetric
endomorphisms of NX :

(i) The orthogonal projection Ricg = 7y o Ricy on the normal bundle of ¥ of
the partial Ricci curvature Ricy, defined by

g(Rics X, Y) := —tré g(R(-, X)-, 1))

dim X (33)
=- Z g(R(Ei, X)E;,Y), forall X,YeTM,
i=1
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(note that the curvature tensor appearing on the right is the one on all of M,
and is not the curvature tensor for X);
(ii) the square of the shape operator, defined by

dim X
AL (X) =Y g (h(Ei Ej). X) h(E;, Ej), forall X eTM. (34)

ij=l1
In general, Jx (®) # Jév (®) since Jx (P) has a nontrivial component JET (®) which
is parallel to ¥; as we show later, that part is canceled in our final formula so we

do not need to make it explicit. Note, however, that JZT (®) vanishes when X is
minimal. Indeed, writing the mean curvature vector field to X4 in the form

Hy =" g(Hy, Nu(s)) Ny (s),

v

where N,(s),v =dimX + 1,...,m + 1 is a local orthonormal frame for N X;¢
we find

@1 =3[ (8 (Tasss Hil g No®) + & (Hs. VajagNu(s)],_q) )N(0)

v

T
+ g (Hx, Ny (0)) Va/ast|s:o]

=" g (He. Ny(0) [ Vajas No(s)| ] -

and if Hy = 0, we have JL = 0.
3.4. Linearization about a constant mean curvature submanifold
Let O be a smooth compact minimal submanifold with a boundary K such that
H K = /’l() n
where n is a unit normal to K in Q and hg is a constant. We set
2
CyY(NQ):={V eC*™(NQ): V|g =0}.

With this notation in mind, we have the :

Definition 3.3. The minimal submanifold Q is nondegenerate if
Jo : CT*(NQ) — C™*(NQ),

is invertible.
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Lemma 3.4. If Q is nondegenerate, then there is a smooth mapping ® — Q¢ from
a neighborhood of 0 in C>*(NK) into the space of (k + 1)-dimensional minimal
submanifolds of M with C>* boundary, such that Qg is the initial submanifold Q
and Q¢ = Ko.

Proof. Fix a continuous linear extension operator
C**(NK) 3 ® > Vg € C*(ToM).

Thus Vg is a vector field along Q which restricts to ® on K. Without loss of
generality, we can assume that Vo € TQ if [®]f = 0 and Vo € NQ when
[®]1 = 0. Next, let W be a C>% section of NQ which vanishes on K. If both
[|®ll2,¢ and ||[W]|2,¢ are sufficiently small, then expy (Ve + W) is an embedded
C%® submanifold Qy with U = Vg + W, and Ko := 0Qy.

Denoting the mean curvature vector of Qy by H (P, W), we find

Since Q is minimal, Dw H| ) (W) takes values in N Q, whereas H(®, W) €
NQu C Tg,M,so we cannot directly apply the implicit function theorem. To rem-
edy this, first let H (®, W) be the parallel transport of H (P, W) along the geodesic
s > exp,(sU(q)), froms = 1tos = 0. Parallel transport preserves regularity
(this reduces to the standard result on smooth dependence on initial conditions for
the solutions of a family of ODE’s), so H(®, W) is a CO%« section of ToM. Now
define . -
H(®, W) :=naygo H(®, W),

where g : ToM — N Q is the orthogonal projection. Since H(®, W) € Ng, M
and since ||U |1 is small, H(®, W) lies in the nullspace of Ty g atany g € Q if and
only if it actually vanishes. Thus it is enough to look for solutions of H(®, W) =0.
Notice that Dy H|,00 = Jo. We can now apply the implicit function theorem
to conclude the existence of a c> map ® — W(®) such that H(D, W (D)) =
H(®, W(®P)) = 0 for all small P. ]

We henceforth denote by Q¢ the minimal submanifold expy (Vo + W(P)).
Observe that when [®]+ = 0, the submanifold parametrized by expo (Vieyl) is

O(||d>||(2:2ﬂ) close to Qg; this is easy to check when ® := ¢ n where ¢ is small.
Therefore, in this ‘tangential’ case, we conclude that

Us = Vigp + O(@]%2.0)-
Next, when [®] = 0, we define Zigp)L as the solution of
Jo Zip1r =0, Zigy|x = @,

and it is easy to check that the submanifold parametrized by expy (Z¢)1) is also
Ol q’”(z;z,a) close to Q¢. We summarize all this in the
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Lemma 3.5. When || ®||c2.« is small, we have the decomposition
Up = Vg + Zjgr +O <||<D“(2jZa> .

Now consider the energy &, along a one-parameter family s > Qy := Q¢ of
minimal submanifolds with boundaries K := Qs = K ¢. By the formule of the
last subsection,

d
agho(Qs) = —/ g(Hs — hons, 9/9s) dvolk,,

where H; is the mean curvature of K and n; is the inward pointing unit normal to
K in Qg. Note that this first variation of energy is localized to the boundary; the
interior terms vanish because of the minimality of the Q. Our task is to compute

2
Wgho(Qs)

s=0

when Q is critical for &, .

Parametrize both K and Q; by y > F;(y) := exp,(Uso(y)) (with y € K or
y € Q,respectively). As before, choose a smooth local orthonormal frame E,, for
T K, so that (Fy).E, = Eq(s) is a local (non-orthonormal) frame for 7 K¢. We
then include ny, the unit inward normal to K in Q. Moreover, we extend n; to a
vector nng € T Qj so that it satisfies VanY = 0. We supplement this to a complete
local frame for Tp, M (at least near pomts of K;) by adding a local orthonormal
frame N, (s) € NQ;. Here we let the indexes o, 8, ... run from 1 to k while
Ww,v,...runfromk +2tom+1.

Notation 3.6. Set H(s) = H(K,) — ho ny. We also write
Lo = VisasHs|,_y-

Note that we can decompose H’(0) into H’(0)V& + H'(0)7¥ , its components per-
pendicular and parallel to K. Since H(s) L K, we have that (H(s), E4(s)) = 0,
$O

(H'(0), Eq) + (H(0), E,(0)) =

Since H(0) = 0, we obtain mrg o Lo = 0.

Next decompose ® = [®]+ 4 ¢ n into parts perpendicular and parallel to Q
(along K). Note that we can choose the vector field Ug extending ¢ and defined
in Lemma 3.4 so that its component tangent to Q lies in the span of n. More
precisely, we have a decomposition Ugp = U]+ + ug n locally near K¢, where
[Uslt|, =[] and ug|, = ¢

To see that E/,(0) = Vg, ®, choose a curve c(¢) in K with ¢(0) = p, ¢/(0) =
E, and define G (¢, s) = eXPe(r) (sP(c(1))); we then obtain that

Va/asEa|S=0 = Va/asVa/atL:t:O G(t,s) = Va/az¢(6(t))|,=0 = Vg, D,
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as claimed. To compute n’(0), observe that (Fy)«(n(0)) is always tangent to Q;
and transverse, but not necessarily a unit normal, to K. We can adjust it, using the
Gram-Schmidt process, to get that

’

1y = ((Fe0) = Y caFa() / [(F)2 @) = Y caEals)

where

Ca(s) = (Eq(s), (Fy)«n(0)) /| Ea(s)]*.
Arguing as before, take a curve d(¢) in Q such that d(0) = p and d'(0) = n
and define G(z,s) = expy () (Usa(d(t))). Note that Use = s(Vigyl + ZgL) +
OS> PII3s.)- We get

Vasas(Fe)sn(0)| _y = VajasVasa:G (2, S)‘t—s—o = Vi(Vioyl + Zg1)
and since ¢y (0) = 0, we obtain
1 _
' OF = [VaViey + VaZiap |l = [V Zos +¢ Vil ]|

Finally, the component [n/(0)]! = 0. Combining these calculations gives the

Proposition 3.7. If Q is critical for &y, then
Lo ® = (nyk o Jk —ho Do) ,

where
D@ = [VitZo + ¢ Vil ‘K

3.5. Linearization about the Euclidean sphere

We conclude this section by discussing the precise form of this linearization, and
its nullspace, when

K = S* x {0} c 0 = B! x {0} c R,

since this is our basic model later. It is easy to see that B¥*! is critical for &.
The unit inward normal to S in B¥t! is ng(®) = -0.If ® € CZe(N S,
then
¢ =[P]" g0,

where the first term on the right is perpendicular to B¥*!. The operator J é\,{ acts on

these two components separately, via J ;;( and J gk , respectively.
The first of these operators acts on sections of the trivial bundle of rank m — k.

Obviously, RicY = 0,¢f.(3.3),and (97)* = 0 as well, so

T = Ag
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acting on (m — k)-tuples of functions. Its eigenvalues are £(k + £ — 1). The operator
D gis1 also acts on sections of the trivial bundle N B¥+! | o - In fact, since Jpii1 =
A gi+1, this operator is simply the standard Dirichlet-to-Neumann operator for the
Laplacian (acting on R”*-valued functions). Its eigenfunctions are the restrictions
to r = 1 of the homogeneous harmonic polynomials P(x), x = r®, ® € Sk If
P is homogeneous of order £, then P(x) = rfP(®), so Dpis1 P(®) = —LP(O)
(recall we are using the inward-pointing normal). Combining these two operators,
we see that A g — kD pr+1 has eigenvalues —€(k+£€ — 1) + k¢ = —£(£ — 1), hence

(JSLk - kDBk+1) [O]f =0 = [®] € span{ (bu + cm®j) E,L} ,

j=1...,k+1, u=k+2,...,m+1,where E, form an orthonormal basis for
NBk+1 — Rm—k‘
The remaining part is
Jh = Ag +k,

since Ricge = 0 and f,)g?k) = kId. Thus
I _ gl _ 1 k+1
JSk(¢®)_JSk(¢)®_0=>¢espan{®,...,® }

We have now shown that the nullspace &C of L gi+1 splits as K+ @ K. The first of
these summands is comprised by infinitesimal translations in R”* and infinitesi-
mal rotations in the ju planes (now j < k + 1); the second summand corresponds
to infinitesimal translations in R¥*1,

4. Construction of constant mean curvature submanifolds

We now turn to the main task of this paper, which is to construct small constant
mean curvature submanifolds concentrated near the critical points of Ryy;. The
first step is to define a family of approximate solutions, i.e. a family of pairs
(Q¢, K¢) where Q. is minimal and has nearly CMC boundary. We then use a
variational argument to perturb this to a minimal submanifold with exactly CMC
boundary.

4.1. Approximate solutions

We adopt all the notations used earlier. Thus we fix I1, € Gy41(TM) and an
orthonormal basis E;,1 <i <m +1of T,M,where E;,1 < j <k + 1spanIl,
and E,, u > k + 2, span l'l[%. This induces a Riemann normal coordinate system

(x', ..., x™*t1) near p, and it is standard that

1
8070 = 80 0) = &1 + 3 2 (Rp)yyye 2+ O (1) )
k.l

where § is the Euclidean metric.
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4.1.1. Rescaling

In terms of the map F, : T,M — M, F.(v) = exp,, (ev), used earlier, define the
metric
8e = e %F g* 8

on T, M, or equivalently, work in the rescaled coordinates y/ = xJ/e. In either
case,

ge = ldy|* + &°he (v, dy), 42)
where h; is family of smooth symmetric two-tensors depending smoothly on ¢ €
[0, &0]. The mean curvature vectors H$ and H 8¢ with respect to g and g, satisfy

e HS = (Fo)« H%, and  |H%|lg, =& || HS|,.

Let B*t! = B**1(I1,) C T, be the unit ball and S* = S¥(I1,,) = 9 B!, and de-
note their images under F, by B+ (T p) and Sk p). These have parametriza-
tions

k+1 k+1
550 — expy (8 Z ©/ E{,-) , Blsy—s exp} (8 y/ Ej) .
j=1 j=1

In the Lemmas 4.2 and 4.3 below we give the expansion of the mean curvature of
B’g“ (IT,) and Sff (IT,) in terms of &. To this end we introduce two supplementary
curvature invariants which are restrictions of the Ricci curvature of the ambient
manifold M:

Notation 4.1.
k+1
Rickr1(Ip)(v1, v2) = — > gp(Rp(Ei, v1)E;, v2), vy, v2 € I,
i=1
k+1
Ricjy (M), N) ==Y " g,(Ry(E;, v)E;,N),  veTll, Nell,.
i=1
Note that

L N
Riciy () = [RICB’g“(Hp)L .
Moreover, here and below, we write O (g¥) for a function with C%* norm bounded
by CeF for a constant C > 0 independent of ¢.
Lemma 4.2. The mean curvature of the geodesic ball Blg"’l (ITp)

m+1
2 .
HS B M) = ) (7 ch,%+1<np><y,Eu>+0<sz>> N
n=k+2
where y € Bt and N, ,k+2 < pu < m+ 1 is an orthonormal basis of
NBS(IT,).
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Proof. Recall that
1
HE (B’g“(np)) = = (F), H* (Bk+1>.
&

We denote N ﬁ, k+ 1 < u < m + 1 the orthonormal basis of the normal bundle of

B**1 with respect to the metric g, obtained by applying the Gram-Schmidt process
to the vectors E;(p),1 <i < m + 1. Remark that

geWE E)) =8, + O, nw=k+2,....m+1,

while the vector fields N/, = %(F ¢)+(N};) form an orthonormal basis of N BE(11,)
with respect to the metric g.
The Christoffel symbols corresponding to the metric g, are:

1
(P850 = 3 867 (318 )ig + 831 (86) g — Bya (8e)ij)

2
tq € 3
=8 3 P (Rijgp+ Ripgj+ Rjigp+ Rjpgi = Rigjp— Ripjq) + O(e”)

2
€
=3 (Ripje + Rigjp) yP + O(eY),

whence

ge (Vi 0,0 NG ) = (%)}, + O ().
Taking the trace in the indexes i, j = 1,...,k + 1 with respect to g, gives the
result. u

Lemma 4.3. The mean curvature of the geodesic sphere Sff (ITp) satisfies

k
HE(SK(IT,)) = (g = gnickﬂ (11,) (©,0) + O (&)) ns

m+1 2
+ 3 (?SRicle (11,) (©, E,) + O (82)> N.,  ©esk

=k+2

where ng is a unit normal vector field to Sé‘(l'[ p)in Bé‘“(l‘[ p) with respect to the
metric g.

Proof. The proof is similar to that of the previous lemma, but with several changes.
Let ul, ..., u* — ow, ..., uk) be a local parametrization of sk ¢ IT,. The
tangent bundle TS is spanned by the vector fields @y = 0,0 @, =1, ..., k. We
remark that

HE (Sg‘(n,,)) - 8% (Fo), HS (Sk) .
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By Gauss’s lemma,

((F2):Ou, (Fe)x®)(F:(©)) = g,(O4, ©) =0,
foraa =1,...,k, hence, we put ng := —% (F¢)+®. We have

V§ 6 = e 0,60 + (T%)}; (Ou) (0p) Er,

wherea, 8 =1,...,k; i,j,£ =1,...,m+ 1. Since the vector field 9,« 9,5 is
tangent to BXt1(©), we find

g (V0 N) = (), @) (05)' +0().

Taking trace in the indexes o, 8 with respect to the metric induced on S* from g,
we get

ge (HE (55, ;) = 27‘92 Rict (M) (0, E,) +0 (&)

In order to find [HgS(Sk(Hp))]”, recall the standard fact that if ¥ C M is an
oriented hypersurface with unit inward pointing normal Ny, and if X, is the family
of hypersurfaces defined by

T x R(q,2) = exp, (zNxs(9)) € X,

with induced metric g,, then

d
|Hs| = ~ log /det g..

In our case, considering S¥ = d B¥*! with metric g, let g,. be the induced metrics
on the Euclidean sphere of radius 1 — z. Then,

B e2(1 —z)?

detg,. = (1 — z)%* det g5 (1 3

Ricg: (1) (0, ©) + O (83)) ,

where g¥ is the standard spherical metric on S¥(IT p). From this we deduce that

ge (HE(5h).—0) =k - 83—2Rick+1 (1,) ©,0)+ 0 ().

This completes the proof. O
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Proposition 4.4. Fix 1, € Gy 1(T M). Then for ¢ > 0 small enough, there exists
a minimal submanifold Q. (I1,) which is a small perturbation of Bf“ (ITp), whose

boundary K¢(I1,) = 0Q¢(I1)) is a normal graph over Sﬁ(l'lp) and whose mean
curvature vector field satisfies

k . m+1 .
HE (Ke(11)) (©) = —ng = @ ©)ng + Y (€0 0) +dy) N (43)
n=k+2

for some constant vectors a = a(e, I1,), ¢, = cu(e, 1)) € R¥* and constants
d, = dy(e,T1,) € R and where by (-, -) we denote the scalar product in R™ 1.
Here ng is anormal vector fieldto K. (I1) in Qc(I1,) and Ny, u = k+2, ..., m+

1 form an orthonormal basis of [N K (I1 p)]J'.

Proof. Take a vector field ® € Cz""(TpM ) defined along the unit sphere Skt »)>

such that
m—+1

P(O)=—¢(©) O+ Y @ O)E,,
n=k+2
and write
Sk = {®+ ®(©), © ¢ sk}.

Then there exists a submanifold Bk *+1 such that E)BéC 'E)l =Sp k ‘and which is minimal
with respect to g.. The proof of thls fact is almost the same as the proof of the
Lemma 3 4; the only difference is that we use a “perturbed” metric and the starting
submanifold is no longer minimal. Let Vg be a linear extension of ® in B¥*! and

take
m+1

WeC™(T,M), W= Y WWE, Wg=0.
pu=k+2

Weput U(y) := Vo (y)+W(y) and let H (¢, , W) denote the mean curvature with
respect to the metric g, of the submanifold

BHI {y+U@)yeBHﬁ
Note that H(0,0,0) = 0 and
D3H|(0’0’0) = JBkJrl = ABk+] .
We can then apply the implicit function theorem to bl (e, o, W)=moH(e, ®, W),
where 7 is the orthogonal projection onto the subspace of 7, M spanned by E,,
k+2 < pu <m+ 1. Then for ¢ and ||®| 2.« small enough, there exists a mapping

(e, ®) — W(e, ®) such that

I:I(s, O, W, ®) =0 and H(e, ®, W(e, ®)) =0.
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Moreover, we can write
Uso = Vo+W(e, ®) = Vg +Zo+We+O (||s3||) +0 (82“ c1>||) +O (||c1>2||) :

where Vi (y) = —¢(y/Ilyl) y, the vector field Zg is the harmonic extension of @®
in B! and W, satisfies
2¢% . 1 . k+1
A piert Wi = ——= Ric, (M) (v, Ex) in B, Welg =0.

Remark 4.5. A simple calculation shows that

82 1 5 m+1 .
We(y) = 3 5+3 (1 — Iyl )Mz;rzR’CkH (Tp) (v. Ew) Ep.

As a next step, we calculate the mean curvature of Sg with respect to the metric g;.
First note that the vector fields

m+1
Tw=(1—-¢)Oy — 0, O+ Y 8, P"Ey,
n=k+2

locally frame TSk, while

1 1
@d)z@—i-mvsk(p, and (EM)CI) :Eﬂ_mvskqﬂt

are a local basis for the normal bundle of Sé, with respect to the Euclidean metric.
Applying the Gram-Schmidt process with respect to the metric g, to these local
frames we obtain the unit normal nf, to S’é in Bskfbl and an orthonormal frame

(N )}, for the normal bundle of Bé"z)l along S ]q‘) with respect to g.. It is clear that
(15, —00/100]geq),, = 1+ O,
(Mo B/ I(E)olgaal, =1+ O,
and n§ = —© and (N,)§ = Nli We can then write
HE (k) — knfy = (g (H* (S5, nip) - k) nt,
m+1

) g (HE(Sh). e, ) o,

p=k+2
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Notation 4.6. We let L7, (P) denote any second order linear differential operator
acting on ®. The coefficients of [,np(cb) may depend on I1, € G1(T M) and
e € (0, 1), but for all j € N there exists a constant C; > 0 independent of IT, and
¢ such that

101, (Dllcracsty < Cj 1P leizaqysh):

Similarly, for £ € N, Q%p (®) denotes some nonlinear operator in ®, depending
also on IT, and &, such that in[p (0) = 0 and which has the following properties.

The coefficients of the Taylor expansion of in[p (®) in powers of the components

of ® and its derivatives satisfy that for any j > 0, there exists a constant C; > 0,
independent of I1,, € Gy (TM) and e € (0, 1),

—1
190, (®1) = Of, (P llciacsty < Cj (IPtlleirzavsty + 192l ket

x ||®y — q’2||cj+k=a(Nsk)

provided [|®;llciygry < 1,0 =1,2.

Using the fact that the Christoffel symbols associated to the metric g, are of
order O(e?), we obtain

2
&
ge (H(S5).n%) —k = == Riciy (11,)(©. ©) + Iy

+0() + & L, (D) + Of (®),

8¢ (Hgs(Sfp), (N<1>)Z> = 2782 Rickﬂl(np)(@, E,) + LJék-H oH
+0@) +¢* L, () + Oy (D).
As before, we let Il and 1 be the null-spaces of the operators
Jh =Ag+k and Ly, = Ag — Dy,

and write P! and P for the L? orthogonal complements of }C!l and K- in C>¢(S5%).
Define the space

—k —k
¢ =R x (R eR)" xPlx (P 44)
There exists an operator

G- (co’“ (Sk>>m_k e
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such that
G(for fiseoos fn)= (@ .My, )T, 1.3 ([, ), 04T, )

is the solution to
Jo=@6)+f
Lém O = (¢, O) +dy + fru—k-
Applying a standard fixed point theorem for contraction mappings, we find that
there exist ¢ > 0 and g9 € (0, 1) such that for every ¢ € (0,&p) and IT, €
Gi+1(T M) there is a unique element

(a(e, M), &u(e. T1,). dy(e, T1,), (e, TT,), & (e, n,,)) ,

in a closed ball of radius c £? centered at 0 in & (for some constant ¢ > 0) such that

m—+1
HE (Sg) =knl + (@, O)ny + Y ((Cu> ©) +dy) N,
n=k+2

Finally, to finish the proof we put
1 & 1 &€
ng = g (F¢)xng and N, = g (Fe)x (Nu)q>

and Ko (M) = Fe(S§. r1,)» Qe(TTp) = Fe(B g m,))- 0
Remark 4.7. Using the fact that
Rick+1(I1,)(0,0) € Pl and  Rici,(I1,)(©, E,) € K+,

and decomposing

k+1 k+1
Rickp1(Mp) (O, ©) = Y " Rick41(Mplaa (O’ + Y Rick1(My)ap O O,
a=1 a#b=1

one can easily verify that the vector field @, 1, obtained in Proposition 4 .4, satisfies

g2 2 1 .
¢s,l‘l,, = ? (m Rk—H(Hp) - m Rlck-&-l(np)(@» ®)) + 0(83),

[®]n, = O,
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4.2, Variational argument

We now employ a variational argument to prove that one can choose I, € G (M)
in such a way that the submanifold K, (I1,) obtained in the previous Proposition
has constant mean curvature.

To state our result, we introduce the following restrictions of the Riemann
tensor of M:

Notation 4.8.

Rk+1(np)(vlvv27v3’U4)=gp(Rp(v1’U2)v3’ U4)s Ul,Uz,U3,U4€ Hpa
R]ﬂ}l(“p)(vl’v2av3aN):gp(Rp(U1,U2)v3,N)a v11v27v3enp7 Nenﬁ;a

Finally, we introduce the function r on Gy (T M):
k+1

r(M,) = %o [8 IRicks1 (Mp) 1> — 18 2. VEVE&(RE), EOE;, Ep),
1, ],L=

=3[Rt (M) [ + 5 Req1(I)% + 24 {4 | Ricity (1))

+12 ||R,f+1<np)||2]

&t 1 k46 12 ; 2
5 Erma ey | R -2 Ric MR

Now consider the energy &, restricted to this finite dimensional space of submani-
folds,

k
Ee(ITp) := Voli (Ks(np)) T Vol (Qs(np)) )

which is a function on G4.1 (T M). Tracing through the construction of K, (IT,) one
obtains the relationship of this function to the curvature functions defined above.

Lemma 4.9. There is an expansion
W_ I—L'R (H)—i—il‘(n)—l—O((‘?S)
FVol(SE) 2k +3) P T gy '
Proof. The proof is a technical calculation, contained in the Appendix. U

The main result of this section is the following proposition

Proposition 4.10. If T1, is a critical point of &, then K¢(I1,) has constant mean
curvature.
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Remark 4.11. Theorems 1.1 and 1.2 are corollaries of Proposition 4.10. Indeed, if
we define

&
W, T,) =262 (k+3) (1—(k+1)%); 4.5)

then for any j > 0O, there exists a constant C; which is independent of ¢ such that

19 (e, ) = Ris1 () + O liciGy,, ray < Cje

Proof of the Proposition 4.10. Let I1,, be a critical point of £. We show that the
parameters @, ¢ and d must then necessarily vanish. We do this by considering
various types of perturbations of IT,,.

First consider the perturbations in G4 1 (M) which correspond to parallel trans-
lations of IT,. In other words, we suppose that the family of planes Iexp, :£) in
Gr+1(M) are parallel translates of IT, along the geodesic exp p(tS ).

The submanifold K E(Hexpp(tg)) is a normal graph over K.(I1,) by a vector
field W, 11, ¢, which depends smoothly on 7. This defines a vector field on K (I1))
by

Ze,l'[,,,f;‘ = 8t\ljs,l'lp,$,t =0 °

The first variation of the volume formula yields

0= Dgall'[,,(é)

k
= /;(S(Hp) (g (H (Ke (HP)) ) Zs,l'[p,é) - g 8 (i’l, Zg,ﬂp,§)> dVOlKg(Hp) 4.6)

k

S s (1) Zen,) dvolo.n,
& Jo:(11,)

and then the construction of Q. (I1,) and K.(I1,) gives that

m+1
/ (<a’ ®>g (I’l, Z£,Hp,§) + Z ((EM’ ®> + d/l) g (Z&‘,Hp,Ea Nﬂ)) = O
Ko(T1,) pw=k+2

Let E be the vector field obtained by parallel transport of £ along geodesics issuing
from p, and suppose that ¢ is a constant independent of ¢ and &. Then
1Ze,m,6 = Ellg < ce? €]

By construction of K (IT,), we have

1 1
lln + g (Fg)*®||g = 682, and [N, — g (Fe)*E;L”g =< ce’.
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Now take § € 1, C T M, so that

1 1
g(n, Zs,l'lp,é) =& <_g (Fe)«® + (l’l + g (F)*G) , &+ (Zs,n,,,g - E)) s
and
1 1 O -
g(N,u’ ZS,I'IP,S) =& g (FS)*E/L + Nu - g (Fs)*E;u &+ (Zg,I'I,,,S - c4) .

We conclude that
g(n, Zemi, ) + 8p(6. ©)| <ce?l&ll, and  |g(Nu, Zenm, )| < &2l

hence

/<a,®>g,,<s,®>s f<a,®>gp(s,®>+ f (@ ©) g(Zers, 6. )

K (I1p) K (Ilp) K (I1p)
m—+1
+ > / ((6us ©) +dy) §(Zem1, 6, Ny
MZH_ZIQ(H,,)

m+1
scpe| [r@en+y [ l@.er+ad).

Ke(Tl,) H=kH2 g (11,
Now taking £ = Zf:ll a' E; we obtain
m+1
@or=cial| [ 1@en+ Y, [ lGer+dl|.
Ke(T,) Ke(M,) n=k+2g (11,)

In Euclidean space, we have the equality
Vole (SH)[lvl1? = (k + 1) / (v,©)%, forall ve R

Sk
By the expansion of the induced metric, we obtain for ¢ small enough

1
Z Vol <Sk> e l? < (k+1) (v, ©)2.
2 K. ()
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Also, since Vol (K, (IT,)) = O(¥), we deduce

m+1

lal < ce?(lan+ Y (16l +1dul) ). 1)

n=k+2
Now move p in the direction of a vector & € Hf; to get
|8(Ze.m,6. Ny) — 8p(E, EQ)| < c&?ll€ll,  and  |g(n, Zem,e)| < ce*|€].

We can write

m+1

Z / ((Eph ®) + dﬂ) gp(‘§>:7 E,U.)
u=k+2K€(np)
m+1
=< ‘ Z / ((E,u, ®>+du) g(Zs,l'I,,,%“, N;,L)

M=k+2K£(l'I,,)

m—+1
- Z / ((Elu@)-"_d/.t) gp(E’Eu)

n=k+2 Ke(Tp)

U A FEA!
Ke(ITp)

m+1

2 i,® Cur ©) +dyl).
zelel [ (1@.00+ 3 16 )+

n=k+2

Taking &€ = d, E, gives

/ dy (éy, ©) +dy* < ce?|d,| / @, ®)]
Ke(T1,) Ke(M,)

m+1 .
+ > / [{C, ®) +dul | -
n=k+2 Kg(np)

Next consider a perturbation of IT, by a one-parameter family of rotations of IT),
in T, M generated by an (m + 1) x (m + 1) skew matrix A. Then

((r+maro()m) =g

where, in geodesic normal coordinates

4.8)

d
DEln, (A)= -

dt € (Ar (K: (1))

t=0

t=0

Ax)=x+tAx+ O <t2).
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The coordinates of the vector field associated to this flow are

d
Ze,l'l,,,é(x) = E As(x) = Ax.
t=0

Considering only matrices A € o(m) such that A : T, — 1'[;;, we obtain

|g(Zem,e.m)| <ce?|AB|, and [g(Zem, 6. Np) — (A, Ey)| <ce?|AO].

This gives the
m+1
> / (6., ©) +dy) (AO, Ey,)
p=k+2 Y Ke(Ip)
m+1
= ‘ Z / ((Cu» ©) +dy) g(Zem, 6. Ny
pu=k+2 Y Ke(Tp)
m+1
-2 / ((u. ©) +d,) (A®, E,)
pu=k+2 7 Ke(lp)

+/ (@, ®) g(Zs,Hp,s,n)‘
Ke(I1p)

m+1
scszf 1A®] (@, ©)| + > AO] [(Tu. ©) +dyl ] .
Ke(I1p)

p=k+2

Let C, be the (m —k) x (k+ 1) matrix with column v equal to the vector ¢, € RK+T,
and all other columns equal to 0. Then if

_(0-¢
-(878)

we get

/<Ev,>2+<5v,®>dv§c52 / 1@, ©)] 15, @. ©)]

K (ITp) K:(Ilp) (4.9)
m+1 . .
+ X / [(Cv, O) |(Eu. ©) +d,|
u=k+2

Ke(ITp)
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Adding (4.8) and (4.9) now gives

f |dv+<zu,®>|25c82/ (Idv| + 1(Ev, ©)]) (@, ©))]
K (Ip) K (Tp)

m+1
+ > (|dv|+|<Eu,®>|>|<aﬂ,®>+dﬂl>.
n=k+2
In Euclidean space, if v € R and o € R are arbitrary, then
1
L0)? = (o + ——[vI* ) Vol (5h).
le + (v, ©)] <0l +k+1||v||) ol (S™)

Using once again the decomposition of the induced metric on K. (I1,) we find for
¢ small enough

Sk

k k 2 2 2
—_FVol(s )(a + vl ) 5/ o + (v, O)2. (4.10)
20k + 1) Ke(T1,)

which gives
m—+1
MG NP +1du P <c (I1Eu]l+1dul) / @. o)+ > / (€ ©) +dy|
+(T) n=kt2g, ()

Since Voli (K¢ (I1,)) = O(e"), we get

m—+1
1l + ldy| < ce? (uan + 3 (el + W)) . @.11)

n=k+2
Adding (4.7) and (4.11) gives

<I|5II + nil (NEull + Idul)) <ce’ (Ilﬁll + Wil (Il + Idul)) ;

n=k+2 n=k+2

which implies finally that ||a|| = 0, ||¢,|l =0 and |[d,| =0,k + 1 < pu.
We conclude that if TT), is a critical point of the functional &, then the manifold
K. (I1,) is a constant mean curvature submanifold of M. O

Appendix
A. Mean curvature of submanifolds
Let ©¥ ¢ M™*! be an embedded submanifold. Let x!, . .., x¥ be local coordinates

on X and
Eot = 3xa,
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the corresponding coordinate vector fields. Suppose that Ey1, ..., E;+1 is a local
frame for NX. This gives local coordinates transverse to X by

m+1 )
p€E|—>expp< Z xJEj).
j=kt1

We make the convention that Greek indexes run from 1 to k, while Latin indexes
run from k + 1 to m + 1. The induced metric on ¥ has coefficients g,g, while

ilfx,s = F;,B =g(VEg, Eg, Ej),

are the coefficients of the second fundamental form. We also record the Christoffel
symbols

Fii =g(VE,Ei, Ej).
The following result is standard, cf. [5] for a proof.

m+1 .
LemmaA.l. IfX = ) x/Ej, then
j=k+1

Sat = 8up — 28(hap, X0 + 8 (R(Eas X)Ep, X) + (Vi X, Vi, X) + O (1)
= Gap — 2Bl x' + (8 (R(Ea, EDEp, Ej) + 7 iy, )y + Tl Ty ) 57 20
+O (|x|3)
8oj =—Thix' +0 (|x|2)
! ot 3
8ij = 8ij + 5 8 (R(E EQE}. Ev) x'x" + O (1xP?).
Let ® be a smooth section of NX and consider the normal graph X ¢ ={exp p(CD( p):

p € X}. Now let us use the previous lemma to expand the metric and volume form
on X¢. To state this result properly, introduce V¥, the induced connection on N X,

VVN® = 7y5 0 VO.
Using the definitions of Section 2, we find that
Lemma A.2.

Volx(Zp) = Vol (X) —/ g(H(X), ®)dvoly
z

1 .
i fz (VY02 - g((Rics + 93) @, <1>)) dvol;

1 2
+—/ (g (H(), ®)) dvolg + ...
2J)s
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Proof. First of all we expand the induced metric on Xg. Using the result of the
previous Lemma, we find

(80)ap = Zap — 28 (hap. ®) + 8 (R (Eq, @) Eg, ®) + g (VE, P, VE, D) + ...
= Zup — 28 (hap, ®) + g (R (Eq, @) Eg, ®)
4 gVy/g (ﬁay, (I)) g (ﬁyﬂ, <I>) +g (VIIEVan’ VévﬁQD) + ...
Next we use the well known expansion
AT £ A) =1+ TrA++ (a1 (Tr (A2)> n
2 8 4
to find
- 1 _
Vdetgo = (1 —g(H(®), 9+ (1VV0l} — g ((Ricx + (D}) @. @)
g (H (D), 9)) +> Jdetz,

This completes the proof. U

From this we obtain the first and second variations of the volume functional,

Do Vol (o) oV = — /2 g(H(Xop), ¥)dvols,, (A1)

and
D2 Vol (Z¢) oo (¥, W) = /E <|VN\II|2 _g ((Ricz +5§22) v, \y)) dvols
+/)E (g (H (), ¥))? dvols.
On the other hand, differentiating (A.1) once more gives
D3 Vol (o) o= (¥, W) = —/Eg(D<1>H(E<1>) lo=0V¥, W) dvolx
+/E (g (H (), ¥))? dvolg.

Comparing the two formul® implies that the orthogonal projection of the Jacobi
operator to N X equals

J3 = DoH(Zo)lo=o = A} +Rics + 95 .
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B. Appendix

We give here the proof of Lemma 4.9, namely the proof of the formula

(k+ 1) & (T1,) 62 ¢ X
GeDE(M) _ (12 m n,)+0 /()
£k Vol (S¥) 2w 3 e M)+ 5w (M) + O (e
and find the expression of the function r. Let K (IT,) be the constant mean curva-
ture submanifold constructed in Proposition 4.4 and consider the mapping

m—+1
F:R™ 5> M, Fu) = exp, (Z v E,-) ,
i=1
where E;,i =1, ..., m + 1 is an orthonormal basis of 7), M. Recall that

Ke(Tp) = F(SE4),

where Sk C R+ is parametrized by {8 1-¢)0+edt, B¢ Sk} It follows
from the proof of that proposition that
)

(O )——

2
(k(k+2)Rk+l( p) — RzC(l'Ip)(® ®)) +O(e),

Pt =0 (83) .
Next, consider the minimal submanifold
0.(11,) = F (BLY)).
where Bk+l ley +eUs(y), y € B¥} and recall that
Us(y) = ¢ 0/I¥1) + W) +0 (),
2 mtl ket

k +3) Yo D Ric My (Iyl2 - 1) Y E,.

n=k+2 i=1

W(y) =

k1
B£

We shall calculate the volume forms of Sk o and B_ ' with respect to F*g. Recall

that in the neighborhood of x = 0 we have

1 1
= &p (Rp(x, E)x, Ej) + 3 &p (VxRp(x, Ei)x, Ej)

(F*g)ij = 8ij + 3

1
+ 2_0 8p (vxvap(xv Ej)x, Ej)

m+1
+Z45 (Rp(x, Ex. Ee) gp (Rp(x, Ej)x, Ee) + Oy (IxP).

where R, is the curvature tensor of M at the point p, ¢f. [9].
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Volume of the CMC sphere

We first find the expansion of the metric induced on Sé‘ ¢~ To this end we express
the tangent vector fields to S§ o 1n terms of the vector fields Oy, o = 1,...,k
tangent to the unit sphere S¥ :

m+1
Tu=e(1—¢(®) By —edyp O+ Z e3P E,, a=1,... k.
u=k+2

The metric coefficients then satisfy

4
&
Sap=5"(1=9) gap+e%0u90p9+ — (1) 2, (Ry(©,0)0, Op)

85 86
+ 8 (V@RP(®,®Q)®,®ﬁ)+%g,, (VoVeR,(0,0,)0,05)
k+1 .6

m+1 286
+ Y S5 (Rp(©.00)0.E,) 8 (Ry(0.05) 0. E,) +O(¢).
n=k+2
Using 1 1 1
Jdet(I + A) =1+ SUA+ g(trA)2 - Ztr(Az) + O(AP),
we get

i V/detgK k(k—1)
2

1
—1—ko+ P>+ = |Vaip|?
V/detg$ 2

2
- 8—(1 —(k+2)¢)Rick11(I1,)(©,0)

3

- ﬁ VoRick+1(I15)(0,0)
! !

— 25 VB Ricis1 (I1)(©.0)+ = (Rici:1(I1,)(0,0))°

4 k+1 )
Ry(©,ENO,E,
180”2_3 2p(Ry(©,EN®,E))
4k+1 m+1
+ Z Y 8p(Rp(O.ENO.E*+0,(e).

l 1 u=k+2
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Volume of the minimal ball

Now let us calculate the volume element of Q(I1,). Take u(y) = ¢(y/ly|). The

Bfgl are given by

tangent vectors to
m+1
T =e(l—u() Ei+edyuy)y+e Y ;i W) Eu+ Op(s?).
n=k+2
The corresponding expansion of metric coefficients is

87283_(1 —u)25ij+(1—M)(ayiuyj-i-ayjuyi)—{—|y|23yiu8yju
m+1 82
+ D By WAy Wi (=) g (R (3. E)y. E))
p=k+2

82 m+1

+§ Z [Wugp(Rp(E,uy Ei)yv Ej)+WMgp(Rp(vai)EM’Ej)
u=k+2

0y Wy (Ry (v, By )+, W g (Ry (3. E)y, Ey) |
&3 &4
+ gp(vy p(y Eiy, Ej)+ gp(vyVyR O, E)y,Ej )

4k+1
£
+—45 E gp(Ry(y,ED)y, EDNgp(Rpy(y,Ei)y, E))
=1

24 m+1

£
+Eu§‘rzgp(Rp(y,Ei)y,EM)gP(Rp(y,E[)y,Eu)+O(85)'

Using the fact (Vu, y) = 0 and the fact that for the matrix A;; = y! dyju+ yi dyiu
we have }1 tr(A%) = % |y|2 |Vu|?, we calculate the volume element of 0. (I1y):

_ k(k+1) (AR
e~ *D Jdetg@=1—(k+u+ 5 wt Yy E|vSkWM|2

n=k+2

2
_8_ (I=(k+3)u)Rickr1(Tp)(y,y)

2k+l m+1
+500 2 [WHep (RO Ei B Er)
i=1p=k+2
3

£
T —VyRick1(ITp)(y,y)— —V yRick1(ITp) (v, y)

84 4 k+1
+ = (Rici (M), n)’ 180”2_: gp(Ry(y, EN)y, Ej)?
4k+1 m+1

+ S D &Ry ENy. B’ +O0p(e).

i=1 pu=k+2
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Expansion of the energy functional

Collecting the results obtained above, we find

—k k _ 1 k
£ (Vol(Kg(l'[p)) - Vol(Qg(l'[p))) = 1 Yol(sH)

&2 . g2 .
T 2k13) /Sk Rick+1(ITp)(©, ©)do + 3 /Sk Rick+1(IT)(O, ©) pdo

5¢% 1 1
+ /Sk [— — V& Rick1(I,)(0, ©) + = (Rick41(TTp)(O, ®))2

k+5 40
k+1 1 k+1 m+1
—— Y gp(RyO.ENO.EN+ - > > g,(R,(O, EO, Eu)z]da
180 .4— 45 &~ £
i,j=1 i=1 pu=k+2
82k k+1
— 5 2 (W gp(Rp(©. Eiy By E) + 0, W Ry(©, E;, 0, E) ) dy

i=l1

+ mf / [EW“A MW“]—E/ ¢Ak¢—5/ ¢?do + O(e%)
Bk+1 2 B 2 Sk § 2 Sk ’

n=k+2

‘We now recall some identities:
©)2do = b Vol(S¥)
Sk k + 1 ’

. . 3
i4 _ i @J\2 _ kv .
/S’<(®) dcr—3/5k(® ®7) da——(k+1)(k+3)Vol(S );

andifa;jpy € Ri, j,p,g=1,...,k+1,then

k1
> / apgin O 04 0! ©" do
p.q,l,n=1 Sk
3 =
- OIS
TESES R ; e
| Lk
+ — VoI(§ a +a +a
*k+Dk13) (%) Z: (@ppgq + apgpg + Apgqp)
q#p=1
1 ==
= —— VoI(S ;
*k+ Dk+3) ol(5%) p;l (@ppgq + apgpg + apgqp)
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and develop each term:
k+1
/kRickH(Hp)(@,@)do: > /kRickH(l'[p)(E,-,Ej)®k®ldo
N i,j=1 N
k+1 ) 1
=2Rick+1(np><Ei,E,-><®’)2do=mVol<S’“>7ek+1(np);
i=1

/S (Rick11(T1,)(©,0))°do

k+1
Vol($9)[2 D (Ricis (T1,) (B, E))

1
T kD (k+3) =

k+1
+ Z Rickp1(Mp)(Ei, E) Ricry1 (TTy) (E;, Ej)]
i=1

— 1 k . 2 2\.
= has e ) (2| Ricks (M) |+ R (1))

k+1
/gp(R (O, E)@E)da

i,j=1
(Sk) ( lp]q lpijiq.iq"‘RiquRiq.ip)
(k+1)<k+3> e
1 k . 2 3 2
=m\701(5 )(HRleJrl(np)H +§||Rk+1(np)H );
(we use here that Rzszq (Riqu—Riqu)zz zqu+R12qu 2 Ripjg Rigjp);

k+1 m+l1

> / gp(Ry(©, ENO, E,\)* do

i=1 p=k+27S*

_ ! k L S 2\ .
ISR Vol(§ )(HRlck-H(Hp)H + 3 HRk+1(Hp)H >,
/VéRickH(@,@)da
Sk
>~ (V3 Ricks1 (M) (E;. E)+2VE, Vi, Ricks (Ei, E)))

T D3

k+1
Vol(5*) Vi, Ve g(R(Ex, E Ey,
=1

)

i

<.
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m+1

> / WH A gent W dy
=k +2 Bk+1
28 m+l k+1 .
:—Tm ‘/;k_HZ Rlck+1(Ej, Eu)) (yj)2 (l_lylz)dy
=k+2
2% 1
-z _ Vol(SHNRict P — —
0 kg P IRiGI 73 ~ s
ef 4 Vol(s%) [Rici,, |1
—_ (V) ic 5
9 (k+ Dk +3)2(k +5) ki
m+1 k+1
wh Ripip,ypdy
M;Z Bk+1 i,pZZI
& 1 ”il lil 1 2 N2 2
__E (Ricti (5 E) D20 = Iy dy
3 (k+3) Jper S o
2
e 2
- _& Vol(S¥) | Rici 112
3 kT DG+ k45 OO IR
and
m+1
Z /k+1 8y,~ W“Rpi(mypyqdy
u=k+27B
&2 m“ / ]il 2
_ ch(n,,) Rpiqu y" ¥y (1 —yI%)
3 (k+3) vy Bk+lipq : ip
k+1

= 2 Y Ric( )T, Rpigu v/ ¥ 7 ¥7) dy
=

g2 2
_& Vol(S5)| — | Ricik,|I?
ERTER NI A )[ 7t
k+1  m+1
_ Z Z <ch(l'lp) quW-i-Rlc(Hp) Rppgu
p.q=1 p=k+2
+Ric(p)y, qupu)}
2¢2 1

__=E Vol (S5 | Rick 112
3 hr Dk L3Rk 13 O IRGL]




850

RAFE MAZZEO, FRANK PACARD AND TATIANA ZOLOTAREVA

This finally gives
(k+1)E(T,) e 1
LT Ry (T
£k Vol (SF) > kg3 okt p)
& 1
8| Ricka ()
3 s B IRic My
k+1
—18 Z VE,-VEig(R(Ej,Ee)Ej,Ez)|p
i,j, =1
= 3| Rk 1 (T)II* + 5 Riq1 (T )
k+1
24 1 IRicl M) + 1211 R (1) 1
N KEO R (1)) = 2 | Ricesr (T2
— — 1C
18 (k+2)(k+3) | k k1P Ry
+O(85)
82 84 5
=1-—R IT — r(I1 ) .
2013 e () + 5o v(Mp) + O(e)
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