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A gradient flow for open elastic curves
with fixed length and clamped ends

ANNA DALL’ ACQUA, CHUN-CHI LIN AND PAOLA P0zzI

Abstract. We consider regular open curves in R” with clamped ends subject to a

fixed length constraint and moving according to the L2 gradient flow of the elastic
energy. For this flow we prove a long time existence result and subconvergence to
critical points. In particular our result provides an alternative approach for finding
equilibrium configurations of bending energy.

Mathematics Subject Classification (2010): 35K55 (primary); 35K35, 53C44
(secondary).

1. Introduction

The simplest model in elastic rod theory was originally proposed by Daniel Bernoulli
to Leonhard Euler around 1743 [18]: there the shape of elastic rods in equilibrium
was characterised by critical points of the elastic energy functional of curves (or
the centerlines of rods). The elastic energy functional, which is also called bending
energy functional (or Willmore energy), is defined by the integral of the squared
curvature of a curve over its arc-length parameter (see (1.1) below). The equilibrium
configuration is commonly called elastica or elastic curve. Besides classical rod
theory, there are many other applications of elastic energies, e.g., in the mechanical
modeling of DNA [7], in edge completion problems of computer vision [15], and
in the theory of nonlinear splines [10].

In this article, we consider a smooth map f : I >R n>21=(,1,
together with the elastic energy

1 [ .
E(f) = 5f1|x|2ds, (1.1)
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where ds = |3y f|dx denotes the arc-length element and K = 9, f the curva-
ture vector. Since in many physical problems one has to consider boundary value
problems, it is natural for variational problems in elasticity to prescribe the fixed
end-point positions of the curves and fixed tangent vectors at these end-points un-
der a prescribed length. Namely, given f4, f— vectors in R” and t, 7_ vectors in
S"=1, we consider curves f : I — R" satisfying the following clamped boundary
conditions

JO =f. f)=fr, fO0) =1, &f() =14,

with 8s f = |3, f|~ '8, f,and fi ds = Lo > | f+ — f—|. We refer to such curves as
curves with clamped ends.

In this work we consider the elastic flow of curves with given length and
clamped ends. Apart from its intrinsic interest, the study of a gradient flow in the
setting of parabolic differential equations, is a very powerful method to prove exis-
tence of critical points of the considered energy functional. Indeed, starting from a
smooth initial datum we follow a trajectory in the functional space along which the
energy is decreasing; if this path exists for all time, then under suitable conditions
the limit is a critical point.

In this article, we follow this Ansatz and consider the gradient flow equation,

2—» 1 - 2—> =
o f =-—V; —§|K| K+ Ak, (1.2)
with initial smooth datum

fO,) = fo()in I =10, 1], (1.3)

where Vi¢p = 05¢— (059, 95 f) s f denotes the normal component of the full deriva-
tive dy¢ of a vector field ¢ : I — R" and

[1(V2k + 3|k |%k, &) ds

A=A() = = ,
@) [y &> ds

(1.4)

is the Lagrange-multiplier to keep the total length of the curves fixed along the flow
(see (2.9) below). We look for a solution to (1.2), (1.3) subject to the clamped
boundary conditions

ft,0)=f_, ft 1)= f,forallt >0, (1.5)
3 f(t,0) =1_, df(t 1) =14 forallt > 0. (1.6)

In the main Theorem 1.1 we prove that the above flow exists globally in time and
that as the time goes to infinity the curves sub-converge, after reparametrizaton by
arc-length, to open elasticae (see the statement of the theorem for a more precise
formulation). The word “open” is here to be understood in the following sense:
the prescribed two end-points positions f_ and f are allowed to coincide, but in
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this case no periodicity across the glueing point is required (as in the case of the
so-called closed curves).

The investigation of the elastic flow in the above mentioned spirit has by now a
rich set of contributions by several authors. One usually differentiates between the
case of open and closed curves, the conditions imposed at the boundary, and the way
the length of the curve is controlled, namely by fixing it or by simply penalizing its
growth (in this latter case X is simply a positive fixed number).

The case of closed planar curves was first studied in [19] and [17], and suc-
cessively in [6] in the case of arbitrary dimension. Further results in the setting
of closed curves are presented in [21], where a Willmore-Helfrich type of energy
functional is considered.

The case of open curves was tackled in far more recent years: in [11], the sec-
ond author of this article obtained long-time existence of smooth solution for (1.2)
with fixed positive constant A, clamped ends (1.5), (1.6), and smooth initial data
in R”. In [3] Dall’Acqua and Pozzi investigated a Willmore-Helfrich type of func-
tional (which entails (1.1) as a special case) and investigated long-time existence for
the evolution of open curves under natural boundary conditions and a fixed positive
parameter A. In [2], Dall’ Acqua, Lin, and Pozzi extended the results in [11] to the
case of flow (1.2) with hinged ends and fixed length. The generalization to the case
of clamped boundary conditions is finally achieved in the present work. Before go-
ing into details of the difficulties presented by the treatment of clamped boundary
conditions and the new contribution of this paper, let us briefly mention that in the
literature one finds also several studies concerning flows that approach elasticae but
are geometrically different: see for instance [9] and [8]. In the graph setting the
stationary problem for the elastic energy of open curves subject to different bound-
ary conditions is considered in [4,5], and [13]. Elastic motion of non-closed planar
curve with infinite length is treated in [16]. Numerical simulations for the elastic
flow of open and closed curves in R” are presented in [1].

Let us finally briefly discuss our main result:

Theorem 1.1. Let vectors fy, f- € R"and v, 71_ € S"1 pe given as well as a
smooth regular curve fy : I — R" satisfying

Jo©) = f-.  fo(D) = fy,
t[fol(0) = =, t[fol(}) = 74,

with t[ fo] the unit tangent vector of fy, together with suitable compatibility condi-
tions. Let the length L(fo) = Lo of the initial curve satisfy Ly > | f+ — f—|. Then
a smooth solution f : [0, T) x [0, 1] — R” of the initial boundary value problem

O f = —V2Kk — Ik K + Ak inl x(0,T)
£, x) = fo(x) for x € [0, 1]
f@.0)=f, ft,1)=fy fort €[0,T)
B ft,0)=1_,0f(t, 1) =14 fortel0,T),

(1.7)
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with

J; (V3 + e &) ds
1) |l |2ds ’

exists for all times, that is we may take T = oo. Moreover, as t; — oo the curves

f(t..) subconverge, when reparametrized by arc-length, to a critical point of the

elastic functional with clamped ends and subject to a fixed length constraint, that is
to a solution of

A=A(t) =

(1.8)

—V2i — J|K|*K + Ak =0
fO)=f- J) = f+ (1.9)
7(0) = 7_ () =14,

for some value A € R,

We would like to point out that the long-time existence of smooth solutions is
not generally expected for a fourth-order parabolic equation or system. For exam-
ple, under the fourth-order curve diffusion flow 9; f = —Vszl? there exist initially
immersed smooth curves that develop singularity in finite time (see [20]).

Similarly to many of the works mentioned above, our method of proof for
Theorem 1.1 is based on L?-estimates of the curvature by means of Gagliardo-
Nirenberg-type inequalities. Under the assumption that the flow exists only up to
some positive time 7" > 0, we obtain uniform bounds for the curvature and all its
derivatives, so that a contradiction argument yields existence of the flow for all time.
Some of the crucial ideas underlying our method of proof are extensively discussed
in [3, Section 1], so we will not repeat all observations here. Let us just mention
that a key starting point is Lemma 2.3, which provides an evolution equation for
the L?-norm of a general normal vector field ¢ : I — R” along f. Mimicking
the case of closed curves discussed in [6], one wishes to take ¢ = Vi for any
m € N and obtain the aforementioned uniform bounds by means of interpolation
inequalities, Gronwall arguments, and by exploiting the structure of the equation
(see comments in [3, Section 1]). However, as soon as open curves are treated,
one has to take care of boundary terms, a task that turns out to be rather tricky.
In [2] the boundary terms disappear due to the special choice of hinged boundary
conditions. In [11] the problem is avoided by considering ¢ = V" f: here the
clamped boundary conditions make sure that the boundary terms do not interfere
(c¢f. Lemma 2.4 below). In the present setting, where the parameter A is now time-
depending, such an approach is absolutely discouraging, since now V;" f contains
also derivatives of A up to order m — 1, which have to be controlled somehow.

Our idea is (after a special “initialization step” with ¢ = V; f) to “stick” to
the choice of ¢ = Vi, but now considering only m = 4 with j € N. In some
sense and very roughly speaking, looking at derivatives in multiple of four is like
looking at subsequent time derivatives of Equation (1.2). Yet, no derivatives of A,
appear in the term ¢ and this is of great advantage. The derivatives of A appear
instead in the boundary terms and these have to be treated separately and with great
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precision. The successful analysis of the boundary terms exploits the structure of
the considered PDE together with the given boundary conditions (see Lemma 2.6),
strong interpolation inequalities (see Lemma 3.4), and a constant monitoring and
improvement for the bounds obtained for the derivatives of A. Last but not least
the introduction of some smart notation helps in maintaining an overview of the
rapidly growing number of terms in all equations. Let us note that our interpolation
inequalities are more general than the ones used in the literature so far and therefore
they are interesting in their own right.

Our work is organized as follows: in Section 2 we introduce notation and sev-
eral useful geometrical results. All relevant facts about interpolation inequalities
are collected in Section 3. The estimates for A and its derivative are presented in
Section 4: notice that here we also give the generalization of some previous results
reported in [2] without using the information about the boundary conditions (see
Lemma 4.3). Finally in Section 5 the proof of the Theorem 1.1 is discussed.

2. Preliminaries and notation

We consider a time dependent curve f : [0, T') x I >R" n>2,1=(0,1).Fora
curve f let ds = |0y f|dx denote the arc-length element, T = 9 f = % its unit
tangent vector, and ¥ = d f its curvature vector. For a vector-field ¢ : [0, 1] —
R"™ we set

1
I

=Gyhd and Vipi= 06— (06,010,

Notice that V¢ is the normal component of dy¢. Similar to Vy, let V; be defined
by

Vin := 9 — (0, 95 f) s f
for any vector field  defined on the smooth family of curves f.
In the following vector fields with an arrow on the top are normal vector fields.
2.1. Geometrical lemmas

We start by recalling the variation of some geometrical quantities considering
smooth solutions f : [0, T) x I — R”" of an arbitrary entirely normal flow

atf=‘7

with ‘7, (‘7, 7) = 0, the normal velocity. The following lemma is an immediate
consequence of [3, Lemma 2.1] (or [6, Lemma 2.1]).
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Lemma 2.1. Given <Z any smooth normal field along f, the following formulas

hold:
d(ds) = —(&, V)ds , 2.1
30y — 350, = (K, V), 2.2)
9T =V,V, (2.3)
hp = Vi — (V\V, )7, (2.4)
i = 9, ViV + (&, V)i, 2.5)
Vi = V2V + (&, V)i, (2.6)
(V,Vs = ViV0$ = & VIVig + | R §)VV = (V. k] . @D

Furthermore, if V =0 at the boundary then we have at the boundary 0;9s; = 040;.
If additionally ¢ = 0 or ViV = 0 at the boundary, then

ViVih = ViVid. 2.8)

Remark 2.2. Thanks to the previous lemma we can now show that the value of A
given in (1.4) ensures that the length of the curve L[ f] = [, ; ds is preserved along
the flow (1.2). Indeed, using (2.1) we infer that

d | S
—E[f] /dS=—/ K, —V2k — Z|K|’k + Ak ) ds = 0. (2.9)
dt I 2

Note also that the elastic energy (1.1) decreases along the flow, i.e.
d 2
—E(f)=— [ 18:f1"ds =0. (2.10)
dt I

This follows for instance from [3, Lemma A.1], (2.9) and Lemma 2 4 below.

Lemma 2.3. Suppose of= V on 0,T)x 1. Let ¢ be a normal vector field along
fandY =V, + v ¢ Then

e / 617 ds + / Vigds = - [6. 8] +[ 6. V)],

+/<Y,¢)ds—l/|$|2(§,17)ds
I 2 J;

Proof. The claim follows using (2.1) and integration by parts (cf. also [6, Lemma
2.2],[11, Lemma 3], [3, Lemma 2.3]). L]

@2.11)

We will use Lemma 23 first with ¢ = V, f and then with ¢ = V"k,m € N.
In both cases we need to understand well the boundary terms and for this purpose
the following lemma is crucial.
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Lemma 24. Let f be a smooth solution of (1.2) subject to (1.5), (1.6) and (1.4)
on[0,T) x I.Then forallm € N

Vi f(t,x) =0, Vi't(t,x) =0 and VV/"f(t,x)=0forx €{0,1}.

This result has already been observed and used in [3, Lemma 2.2 and Remark 2.5]
and [11]. For the sake of readability we give here again the proof.

Proof. We need to prove only the second statement since the first two follow di-
rectly from (1.5) and (1.6). For x € {0, 1} using that V; f(t,x) = 0; f(t,x) =V =
0, (2.2) and (1.6) we have

OV f(t,x) =050, f — 05((0, f, T)T) = 005 f =0.

In particular, ViV, f (¢, x) = 0 and VSV(t, x) =0forx € {0, 1}. Form > 2 the
claim follows by induction from (2.8) as follows

ViV f(t,x) = ViV, (V'L ) = V(V, VI ) =0,

using in the last equation the induction hypothesis. O

2.2. Technical lemmas

In this section we compute the parabolic equations satisfied by Vfi? and V;" f. For
this we need to introduce the following notation, .

As in [6], for normal vector fields ¢1, .. ¢k, the product ¢ | * - - - % ¢y defines
for even k a function_given by (¢;, ¢2) . . (qb_k 1, qbk) while for k odd it defines a
normal vector field (1, $2) . . . (¢e—2, k1) - .

Following the notation adopted in [3], for ¢ a normal vector field, Pb (qb)
denotes any linear combination of terms of type

Vilg %% V¢ with iy +---+ip =a and maxi; <c,

with coefficients bounded by some universal constant. Notice that a gives the total
number of derivatives, b gives the number of factors and ¢ gives the highest number
of derivatives falling on one factor. Notice also that, with a slight abuse of notation,

|Plf C(qﬁ)l denotes any linear combination with non-negative coefficients of terms of

type

ViG] - V2| - ... - |Vi@| with iy 4 -+ +ip = a and maxi; <c.
Observe that for odd b € N we have V, P, “(p) = Py FLetl 4y, Finally, for sums
over a, b and ¢ we set

A 2A+B—2a

> Pf‘(cﬁ)-Z Z ZP:‘@) 2.12)

[la.b]I=<[[A, B]]
c<C
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Similarly we set > [(a. b]]<[[A B P, (¢)| —Za -0 12,A+B 2a C _o Py L(¢)| As

already mentioned in [3] the relation between A and B in (2.12) can be interpreted
as follows: the more derivatives we take the less factors are present, or equivalently,
if we take one derivative less, then we may allow for two factors more.

Derivatives with respect to time of the parameter A will be denoted by

dJn

A =L
dt/

for all j € Ny. In particular 1@ = 1. Moreover, foralli € N, ¢ € Ny, we let

Qi)=Y cp- 1_[ (h@)”

pest a=
¢
where S := {8 € No)' : Y "(4a +2)B, =2
a=0
with constant coefficients cg bounded by some universal constant. Here, we set
(@) := 1 fora € No; Qo(re) := 1,¥¢ € No; and Q;(h¢) := 0, Vi €
Np, and £ < 0. Note that the parameter £ indicates the highest order of derivative
of A possibly present in any of these polynomials, whereas the parameter i takes
into account both the order and the power of the derivatives.

Lemma 2.5. Suppose f : [0, T) x I — R" is a smooth regular solution to (1.2) in
(0, T) x I. Then, the following formulas hold on (0, T) x I:

(1) Foranyk € N,

[V,vf — Vth] = PEC@ +h Y PR@): 213)
(L. b1 ST +2,31] [la.b1=T1.31]
c<k+2, b odd c<k, b odd

(2) For any £ € Ny, we have that

ViVi=—VIHR4AVETR+ YT PPC@ A Y PP (214)
lla bII=TTE+230 [la.bI<I[£,3]]
c<{+2, b odd c<{,b odd

(3) Forany A,C € Ny, B € N,

v, Z PlC(i) = Z PPE@®)+ Z PPE®);  (2.15)
[la,b1i=[[A, BI] [a,b1<[[A+4, B1] [la,bI<[[A+2, BI]
c<C, b odd c<C+4, b odd c<C+2, b odd

Similarly, for any A, C € Ny, B € N,
% Y P= D PE+A Y PYY@: (216)

[la,b]I<[[A,B]] [[a,b]]<[[A+4,B]] [la,b]I<[[A+2,B]]
c<C, b even c<C+4, b even c<C+2, b even
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(4) Foranyi,t € Ny,

d
EQi()\Z) = Qit2(Ae+1)s (2.17)
(5) Foranym € N,
VI f = (1) VIm=2 4D 4 > PC(i)
[[a,b]]<[[4m—4,3]]
c<dm—4, d
2m—2 (2.18)
+ ) QiGm2) > PR
i=1 ([a,b]1<[[4m—2i—2,1]]

c<4m—2i-2, b odd

(6) Foranym € N,

[la,b]]1<[[4m—3,3]]
c<4m—3, b odd

2m—2 (2.19)
+ Y Qitm—2) 3 PRC(i).
i=1

[[a,b]1<[[4m—2i—1,1]]
c<dm—2i—1, b odd

Proof. Formula (2.13) is proven in [3, Lemma 3.1] or [11]. By (2.6) and (1.2), we
have

Vik = =ViR+AVIE+ > PG +A ) PYC@), (220)
[la.b]I=I12,31] [la,b]I=110,31]
¢<0, b odd

c<2, b odd

that is (2.14) for £ = 0. For £ € N we find by (2.13) and (2.20)

VVR=VI-VRVES Y R ® Y Pe®)

[la,b]1<[12,3]] [[a,b]]1=[[0,3]]
c<2, b odd ¢<0, b odd
+ Yoo P+ Y. P,
[[a,b]1<[[£+2,3]] [la, 17]]<[[Z 311
c<l+2, b odd c<{, b odd

from which (2.14) follows. A proof of (2.15) can be found in [3, Lemma 3.1]
or [11].
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To prove (2.16) observe that at(Pg’g(/?)) (with @, ¢ € Ny, B € N an even
number) is given by a linear combination of terms of type

<v;'1;?, v;'2/2>- . <vtv§-";?, vﬁ-"“;?} . (Vﬁ*‘“z, vﬁ%)

where i1 + ... +ig =«a,aswellasiy < ¢ forall£ =1, ..., 8. Using (2.14) one
obtains

+4,+4 - +2,642 =
i (Pyt (i) = Pg @) + AP (i)
+ > PC® 44 Y PYE)
[la. bl <[a+2. p+21] [[a.b1]<I[at, f+2]]
c<C+2, b even c<¢, b even
= Yo P@+A Y P,
[la.b1I<[fe+4. 1] [[a.b1I<TTe+2. 1]
c<¢+4, b even c<¢+2, b even

Equation (2.16) now follows.
Formula (2.17) follows since by the definition of Q;(A¢) we get (formally)

d D)
1 0i() = Z > s 1"[@(“))*3“ ,Bk( B ) = Qi42011),

k=0 ges’ a=

using that

4
2i42) =) (4a+2)B. +4
a=0

£
Z (4a+2)By + Gk +2)(Br — D+ 4k + 1) +2)(Bry1 + 1) .
a;éakfl?-i-l

Equation (2.18) for m = 1 is (1.2). For general m we proceed by induction. For
m > 2 by induction hypothesis, we have

AV N Vi A R D D A 9
[la.b]]<[[4m—8,3]]

c<4dm—8, b odd
221)

2m—4

+ > 0i(m-3) > Py (i)
i=1 [[a,b]]1<[[4m—2i—6,1]]
c<4m—2i—6, b odd
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By (2.14), (2.15) and (2.17) we get
Vtmf _ ( 1)1’ﬂv4m —2= + ( 1)/11 lkv4m 4*
+ > PRC@R) + A 3 PE< (i)

[la,b]1<[[4m—4,3]] [[a, b1 <[[4m—6,3]]
c<d4m—4, b odd c<4m—6,b odd
+ A= 4 ) m=2) Yoo ®+r Y PE
[la,b]1=I[4,1]] [la,b]1=I12,11]
c<4, b odd ¢<2,b odd
2m—4
+ ) it2(m-2) > PR
i=1 [[a,b]1<[[4m—2i—6,1]]
c<4m—2i—6, b odd
2m—4
+Y . 0i0m-3) Yo P+ > P,
i=1 [[a,b]1<[[4m—2i—2,1]] [[a,b]1<[[4m—2i—4,1]]
c<4m—2i—2, b odd c<4dm—2i—4, b odd

from which (2.18) follows since A = Q1 (A,;,—2) and
2D = 09 3(m-2), AP = Qo2 (m—2)
and 2Q; (An—3) = Qi+1(Am-3).
The proof of (2.19) is very similar to the proof of (2.18). For m = 1 the equation

follows from (2.3), (1.2) and the definition of V;. By induction we find for m > 2
using (2.14), (2.15) and (2.17)

(2.22)

VT = (=1)"VinTlg p(—miavim 3k
+ > PUC@) + M > P (i)

[la.b]I<[[4m—3, 3]] [la,b]1<[[4m—5, 3]]
c<4m-3, b o c<4m—5,b od

+ 2Dy 4 A m=2 Yo P @ A+ Y PE®
[[a,b]1=I[5,11] [la,b11=I[3,11]

c<5, b odd ¢<3,b odd

2m—4
+ Y Qiy2(m-2) > Py(i)

i=l [la,b]1<[[4m—2i—5,1]]

c<4m—2i-5, b odd

2m—4
+Qi0m=3) ) A IR D DI A N

i=1 [[a,b]1<[[4m—2i—1, 1]] [[a,b]1<[[4m—2i—3,1]]

c<dm—2i—1, b od c<4m—2i-3, b odd

from which (2.19) follows by (2.22). ]
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Lemma 2.4 gives us also some information about the derivatives of the curva-
ture vector at the boundary. More precisely we see the following:

Lemma 2.6. Suppose f : [0, T) x I — R" is a smooth regular solution to (1.2) in
(0, T) x I. At the boundary we have that for m € Ny,

2m
v e= Y PR+ ) Qi) > Py (i)
[la,b]I=<[[4m,3]] i=1 [la,b]I<[[4m—2i+2,1]]
c<4m, b odd c<4dm—-2i+2, b odd

+ (="M,

2m
3= €2 €7
vk = > PI@+ Y Qi) > PyC()
[la.b]1<[[4m+1,3]] i=1 [[a,b]1<[[4m—2i+3,1]]
c<4m+1, b odd c<4m—2i+3, b odd

+ (=)"AMvE

Proof. The claim follows directly from Lemma 2.4, (2.18) and (2.19) replacing m
by m + 1 in these formulas. O

Note that from the above lemma we infer that some derivatives of the curvature
at the boundary are actually of lower order than at first sight. We close this section
by comparing VK with the full derivative 3”k. This will be needed in the main
theorem.

Lemma 2.7. We have the identities
Ak = Vi — [T,
WR=Vri+T Y. P+ Y. PR form=2.
[la,b11<[[m—1,2]] [fa,b11<[[m—2.31]

c<m—1, b even c<m-2b odd

Proof. The proof can be found for instance in [3, Lemma 4.5]. The first claim is
obtained directly using that

Ok = Vi + (35K, T)T = Y,k — [T

The second claim follows by induction. O

3. Interpolation inequalities

Here we report briefly some fundamental interpolation inequalities which will be
used repeatedly in the main proof. Note that all results stated in this section ac-
tually hold for closed and open curves (independently of the prescribed boundary
conditions) without imposing any special constraint on the length.



A GRADIENT FLOW FOR OPEN ELASTIC CURVES 1043

As in [6] it is useful to introduce the following scale invariant norms for k € Ny
and p € [1, c0)

k i i ) ) 1/p
IR lkp =Y _IViEll, with [ VIE|, := LIFTH P ( f |V;x|f’ds) :
—0 I

- . 1/p
IVkllLr == (/ |V§K|pds) .
I

The following Lemma 3.1 and Lemma 3.3 are adaptations to the present setting and
notation of those used in [6] for closed curves and in [11] and [3] for open ones.

as opposed to

Lemma 3.1. Let f : I — R”" be a smooth regular curve. Then for all k € N,
p>2and0 <i < k we have

i - I TRV
IVikllp, < Cllelly Ikl o

witha = (i + 3 — 3)/k and C = C(n, k, p).

Proof. A proof of this fact is hinted at in [6, Lemma 2.4] and [11, Lemma 5]. All
details are given in [3, Appendix]. O

Corollary 3.2. Let f : I — R”" be a smooth regular curve. Then for all k € N we
have

1#lk.2 = € (IVERI2 + 1R112)
with C = C(n, k).
Proof. The claim follows by an induction argument: see [3, Corollary 4.2]. 0

Lemma3.3. Let f : I — R”" be a smooth regular curve. For any a,c € Ny,
k,beN,b>2,¢c<k—1wefind

[ 7@ ds = cLtpt RIS RIE,. G.1)

withy = (a + %b —1)/kand C =C(n,k,a,b).
Proof. See for instance [3, Lemma 4.3]. ]

It turns out that inequality (3.1) can be generalized in some cases also to allow
¢ = k by applying directly Cauchy-Schwarz inequality. The sharper version of this
inequality (as stated in Lemma 3.4 below) will be useful in many parts of the proof.
In the next statement we “rename” the parameter k as £ + 2.
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Lemma 34. Let f : I — R”" be a smooth regular curve. For any a, c,{ € Ny,
beN,b>2c<l+2anda <2 +2) we find

- —g—bio b=y >
f |PEC@®)| ds < CLLA P IRIS T IR s (32)
1

withy = (a + %b— 1)/t +2)and C = C(n, ¥, a,b). Further ifa + %b < 20+5,
then for any ¢ > 0

/I|P;"‘(z)| ds < 8/1 ViR

_ag—b -
+CLIA 2R,

bh—
—-v

=R

|

2 ¥ <2
ds +Ce™ 7 (IRI2,)

(3.3)

withC = C(n, £, a,b).

Proof. We start with the proof of (3.2). If ¢ < £ + 2, this is exactly (3.1) with
k=4£+2.1fc =€+ 2, then since a < 2(£ + 2) there exists ¢ < £ + 1 such that

/}P;’C(m ds=/
1 1

The treatment of the second integral is clear, hence we neglect it in the following
computations. By Cauchy-Schwarz inequality, the definition of the scale invariant
norms and (3.1) (with k = £ + 2) we get

042~ a—L0—2,C /-
Vs+ K| |P,_, (k) ds.

ds—i—/ Pt @
1

1
o o 2a—€-2),& - 2
/1 |PC@)]ds < VIR 2 ( /[ Py >‘<K)|ds)

- —¢—2-1 —2(a—L=2)=2(b—1) = 12(b—1)=y =,V
< CIVERIDLL T2 (L1 -2t 220Dz 20Dz 7 )

B —

with
20 —£€L—-2)+b—2

£+2

y =

Since y = 1+ %)7, we get (3.2). Inequality (3.3) follows from Corollary 3.2,
Young-inequality and y < 2. O

Lemma 3.5. Let f : I — R”" be a smooth regular curve and £ € No. If A, B € N
with B > 2 and A + %B < 20 + 5 then we have

> [Py (@) ds
[[a,b]1<[[A,B1] V!

c<l+42,2<b G4

< Cmin{1, LD} 72478 max(1, |#)12)*478 max{1, ||€]l¢42.2)7
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and for any ¢ € (0, 1)

2
/|p; ‘<K)|ds<g/)v‘f+2 as
[la, b]]<[[A Bl]
c<l+2,2<b
24+B 3.5

2y

_L

4Ce max{l||/<||}

+Cmin{1, LLFI A2 max {1, |72}

withy = (A+ 1B —1)/(€+2) and C = C(n, ¢, A, B).

Proof. Formulas (3.4) and (3.5) follow from (3.2) and (3.3) respectively using the
fact that for each a, b in the sum we have a + %b -1 < A+ g — 1 and b,
a+b <2A+Band2 < b <max{2,2A+ B —a}. Moreover a < 2(£+2) for all a
inthe sumsincea+1 <a+b/2 <a+(B+2A—-2a)/2=A+B/2 <2¢+5. O

From the above estimates we easily infer the following bounds at the boundary.

Lemma 3.6. Let f : I — R”" be a smooth regular curve and £ € No. If A, B e N
with B > 2 and A + %B < 20 + 4 then we have

a,c, =\ |1
P )
Z b (K)|o 3.6)

[la,b]I<[[A, B]]
c<l+1,2<b
b even

< Cmin{l, LD} 72478 max(1, 7)12)24728 max{1, K[l e12.2)7

and for any ¢ € (0, 1)

Ll
Z P;’C(K)|o
[[a.b]]I<[[A,B]]

c<l+1,2<b
b even 3.7

2
< 8/ ‘Vf”/c
1

+ Cmin{l, £[f1}~4

2A+2+B

_Y_ - =
ds +Ce 77 max [1, 12, *7

g }2A+2+B

ax {1, €]l ;2

’

withy = (A+ %B)/(Z +2)and C =C(n, L, A, B).
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Proof. Since each term in the sum has an even number of factors, we have

Nt >
Pl = E /3S(Pba’c(/<))ds
[la,b]I1<[[A,B]] [[a.b]1=<[[A,B]] V1
c<l+1,2<b c<l+1,2<b
b even b even

_ Z /I<P;+1,c+1(lz)) ds

[la,p]1=<[[A,B]]
c<l+1,2<b

<

> |P(®)| ds .
[la,b11<[[A+1,B1]
c<€+2,2<b
The claim follows directly from Lemma 3.5. O

In our case, where the length is constant along the flow, we trivially have
L[f1= Lo.

In the proof of the main result, it will be convenient to derive pointwise esti-
mates from bounds on the (scale invariant) Sobolev norms of the curvature . This is
done in the spirit of the following results.

Lemma 3.7 ([3, Lemma C.1,C.2]). Let J C R be a bounded open interval and
g:J — R? g(x), be a sufficiently smooth function. Then

c(n)
I8llcocs) = cldegli + gl

and for any ¢ € (0, 1)

C
gllcocy = elloxgllzzn + N8l -

withc = c¢(J, n).

Lemma 3.8. Let f : I — R" be a smooth regular curve such that L[ f] = Ly and
I&|lm2 < C1 for some m € N and Cy > 0. Then for £ € Ny, £ < m — 1, we have

IV oy < Ca
with Co = Cy(n, Lo, Cq).

Proof. We parametrize the curve such that f : [0, Lo] — R" and |9, f| = 1 for all
y € [0, Lo]. In this way, d, = 9;. By the first estimate in Lemma 3.7 we find for
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L<m-—1
0= c(n) (-»
195y = [ar5581], + 12 [55],,
Co(I) L ([O,Lo]) L' ([0,Lo])
1 - C(n)
<cmr |a, vl . ‘ %[
L=([0,Lo]) Lz L=([0,Lo])
1
<cmLg |Vt v,k <Clklm2=C,
L2([0,Lo]) Lz L2([0,Lo])

using_that 85|$| < |Vsq_5| holds almost everywhere in [0, Lg] for a normal vector
field ¢ (see [3, Lemma C.3]). ]

Lemma3.9. Ler f : I — R”" be a smooth regular curve such that L[ f] = L.
Then for any £ € Ny and ¢ € (0, 1)

Cs [l oem
|

-
S

VSK‘

< HVSHP

co(D) L?
with C3 = C3(n, Lg).

Proof. Using the same ideas as in the proof of Lemma 3.8 and the second estimate
in Lemma 3.7 the claim follows directly. U

4. Estimates on the time-dependent parameter A

The results we give in this section do not use any information regarding the condi-
tions imposed at the boundary (except of course for (1.5)). Thus they generalize the
results given in [2, Section 2], where analogous results were given for the special
case of hinged boundary conditions. We give here two different estimates for the
absolute value of A.

Lemma 4.1. Let f be a smooth solution of (1.2) subjectto (1.4), (1.3) with L[ fo]=
Lo, and assume that there exists § > 0 such that0 < § < ||k ||i2 < 8_1for all times.
Then for A = A(t) we have that

Al < C||/<||'"f22 +C=<C (||Vm+2 |75 oy 1) forallm € Ny, (4.1)

where C = C(Lg, 6, n, m).
Proof. Using (2.9) we obtain

- 2 _ 2—» - l - 4
A@) | |kl7ds = [ (Vik,k)ds + l«|™ds. “4.2)
I I 2

The claim follows using (3.2), L[f] = Lo, the bounds on the elastic energy and
Corollary 3.2 for the second estimate in the claim. O
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As already observed in [2], in the main proof it will be important to have an
estimate for the absolute value of A, which is linear in ||0; f||2. A straightforward
computation, that does not use any information on the boundary conditions but only
integration by parts and the fact that V2 + %li?lzi? = 0, (VsKk + %|I?|2‘L’), gives

Lemma 4.2. Suppose f :[0,T) x [ — R™ is a smooth regular solution to (1.2) in
(0, T) x I. For any smooth function g : I — R", we have

/(atf,f—gms: <(x—1|z|2)r—vsz,f—g> +1/|/?|2ds—A/ds
1 2 ar 21 I

U
- /<VS/< + —|K|2‘E — AT, 8Sg> ds.
I 2

Note that if the curve is closed in the sense that f_ = f. (however it does not have
to be smooth across the point f_ = f), then we obtain the same result as in [6] by
taking g to be the constant function g = f_ = f4 =: p, namely

f@ﬁf—mmzl/mﬁm—x/w.
i 2 )y 1

If we allow for the more general situation where f_ # f., we can show still without
using any boundary conditions (except for (1.5)) that the following holds.

Lemma 4.3. Suppose f : [0, T) x I — R" is a smooth regular solution to (1.2),
(14)in (0,T) x I. Let [, ds = Lo with Lo > | f— — f4|, (1.5), and ||kl ;2> < §!
hold along the flow. Then for all m € Ny

1

M(Lo = | f+ = f-1) < CB:fll 2 +C + CIRIED, 5.

L

< Cld flig2 +C+CIVI2R|TS

with constants depending only on Lo, n,m, 8™ and | f+ — f_|.

Proof. Letl : [0, T) x [0, 1] — [0, Lo] be the parametrization of the line segment
from f_ to fy given by

@(t, x)

o0 = [+

(f+ = 1), (4.3)

with ¢(t, &) = f(f |0x fldx for all & € [0,1] and ¢ € [0, T). Notice that the
parametrization depends on ¢, [(t,0) = f_,I(t,1) = f4 forallt € [0,T) and
osl(t,:) = Lio(er — f-). Hence, Lemma 4.2, with g(-) = I(¢,-) fort € (0,T)
fixed, yields

1 - 1 S
/(8tf, f—l)ds:—/ |K|2dS—)\,/dS——/<VXK+—|K|2‘L'—)LT, f+—f_> ds,
I 2y I Lo Jq 2
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which is equivalent to

x/(l —i<r,f+—f_>) ds=1/|i?|2ds—/<8zf’f—l)ds
1 LO 2 1 I

<VS/< + = 1k%T, fr — f_> ds .
Lo

Since | f4 — f-| < Lo and Lo = [, ds we find

IAl(Lo — | f+ = f-D = I)»I/ ( T, f+ — f_)) ds

S I N
_ ‘5/,'“'2”’“‘ —/I<8;f,f—l>ds - L—0/1<w+ SR, £y —f—> ds

from which we infer
1 R 1
[A[(Lo — | f+ — f-D = —/IKIZdS-i- 10: fll2ll f — UllooLg
If f| [f+ — /-
T Ik ?ds + = o i A

=Cllo fll2+C+Clx II,’ZfQZ,

using (3.1) in the last inequality. O

4.1. Estimates for the derivatives of A

Lemma 4.4. Forany ¢ € N,

1
+ZQ (he— 1)/ Py (i) ds .

I ([a, b]]<[[4£+2 2i,2]]
c<4f, b>2, b even

(44)

Proof. We prove the claim by induction on ¢ € N. For this it is useful to notice first
that by (1.2) and (2.1) we find

) L -
o (ds) = oA > P@ads
i=0  [[a,b]I<[[2-2i,2]]
c<2-2i, b even

so that together with (2.16) we obtain

1
3 Yo P ds [ =) > P(®) ds .
[la,b]]<[[A,B]] i=0  [[a,b]]<[[A+4-2i,B]]
c<C, b even c<C+4-2i, b even
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Then differentiating (4.2) with respect to time we find (using also (2.6) and again
(2.16))

1
)J(z)/|;?|2ds+/\2/\’/ PU(@) ds
1 i=0 71 [[a,bl1<[[4-2i,2]]

c<4-2i, b even

1
:/<V,v§;?,/z> ds+2/v'f > P ds,
! i=0 1 [[a,b]1<[[6-2i,2]]

i
c<4-2i, b even

where 1/ (t) = 4(t) = (). Using (2.14) (with £ = 2) we find

)»/(t)/llﬂzds = —f(V K, /<> ds+Zk’/ Z Py (k) ds .
! i=0 /1 [la,b)1<[[6-2i,2]]
c<4, b even

Assume now that the claim is true up to some ¢ € N. We prove it for £ + 1.
Differentiating (4.4) with respect to time, proceeding similarly as before and using
now also (2.17) we find

1
,\<2+1)/|z|2ds+x<‘>z,v/ Y. P@ds
1 i=0 1 [[a,b]1<[[4—2i,2]]
c<4-2i, b even

= (=) / </?, v,v;“f”z) ds
1

1

+§:)Li/< 2: l]ac()v4é+2>ds

i=0 Y1 \[[a,b11<[[4—2i,1]
c<4-2i, b even

+ Z Qit2(he) / Py () ds

[[la, b]]<[[4€+2 2i,2]]
c<4¢, b even

26 1
+) 0 0i0e-) / Do > PLC(i) ds .
i= Lj=0  [la,bll<[[4(e+1)+2-2i—2.2]]
c<4(l+1)-2j, b even

Since A9 = Q2p11(A), MY = Qap42(he) and AQ; (Ae—1) = Qj+1(h¢e—1), using
(2.14) the previous formula simplifies to

)»(£+1)/|E|2ds — (_l)f-ﬁ-l /(I‘C”V?([+1)+2I—C'> ds
1 1

2(6+1)
+ > Qi) > PUC@) ds .
i=0 1 [[a,b]1<[[4(€+1)+2—-2i,2]]

c<4(£+1), b even
The claim follows. O
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Lemma 4.5. Assume that there exists § > 0 such that0 < § < ||k||;2 < 8~ holds
along the flow. Then, for any m € N and ¢ € {0, 1, ..., m},

O] < C(”V;lm+2l-€'”;j12€+2)/(4m+2) 4 1)’

where C = C(Lg, §,n, m).

Proof. We prove the claim by induction on m. In the proof we denote by C a
constant that might change at each inequality but that is allowed to depend only on
Lo, 8, n and m. For m = 1, the bound for £ = 0 is established in (4.1) taking in
that estimate m = 4. Form = 1 and £ = 1, by (4.4), the uniform bounds on ||| 2
together with (3.4) we find

S2 (1)) < 57! H voR

2 6-2i
Lt 10iGoIC (1 + €165 ) :
i=0

Now since for i € {0, 1, 2} by definition Q;(Ag) = CiAt, by the estimate already
obtained for £ = 0 and Corollary 3.2 it follows

2 . .
~ - 2/6 i L =2
LerZc(nvEKnL/2 +1) c(1+||/<||6,g >
i=0

<C(1+1V%ILz) .

2N (1) < 8! ‘ vo%

Assume the claim is true up to m and let’s prove it form + 1. If £ € {0, ..., m}
then by the induction hypothesis, (3.1) and Corollary 3.2

|)\(€)| <C <I|V;1m+2l-<'”(L4243+2)/(4m+2) + 1)

4.5)
<C (||V;‘(’"+1)+2,z||<L4f+2>/(4(m+“+2> n 1) _

Hence it remains to prove the claim for £ = m 4 1. By (4.4), the uniform bounds
on k.2, (3.4) and Corollary 3.2 we obtain

52 ‘M’"“)(t)’ <51 HV?(erl)JrZI-('

L2
2(m+1) 4(2r1(+1)1+)2—22i 4.6)
, 4(m+1)+22 || “FmFDF
+ 2 10GmIC (HHVS 7 )

By (4.5) and the definition of Q;(A,,) we find

m
1010 < CT] (” w25
a=0

(4a+2)/(4(m+1)+2) Pa
L2 +1

4.7
<C (H ghm+D+2g

2i /(4(m+1)+2)
+1).

L2

The claim follows by combining (4.6) and (4.7). ]
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The following lemma is important for the induction argument in the proof of
the main result.

Lemma 4.6. Assume that there exists § > 0 such that0 < § < ||K||;2 < 871 holds
along the flow and also ||k ||am.2 < M for some m € N and a positive constant M.
Then,

2m
WOl <C forall £€{0,....m=1}, > Qi) <C,
i=1 (4.8)

and |Qi(Am)| < C|A™| for i =2m+1,2m +2,

with C = C(Lo, 8,n,m, M). Moreover for any ¢ > 0 there exists a positive
constant C, = C (g, Lo, 8, n, m, M) such that

(4m+2)/(4(m+1)+2)

A0 < ¢ | Vi 2 Ce . (4.9)

L2

Proof. In the proof we denote by C a constant that might change at each inequality
but that is allowed to depend only on Lg, §,n,m and M.

From Lemma 4.5 and the assumption K |lam2 < M it follows directly for
£e{0,...,m— 1} that

O < C. (”V:}(m—l)-i-le||§j‘2€+2)/(4(m*1)+2) n 1) <C.

In Q; (M), A and its derivatives with respect to time up to order m appear. The only
one that is not already bounded is A Such a factor might appear in Q; (A,,) when
i =2m+1or2m+ 2 and, if it appears, only to the power one. These observations
give the second and third estimate in (4.8).

It remains to prove (4.9). By (4.4), the uniform bound from below on ||k ||, 2
and (4.8) it follows

/ (k. vim+2%) as
1

The second term on the right hand side is uniformly bounded since by Lemma 3.5

2o =

+c/ > PAC®)ds| . (4.10)
T'a.b))

<[[4m+2,2]]
c<dm, b>2

4m+2
/ POCR)ds| < C (||z||4,j;72 + 1) <c. @.11)
I {[a,b11<[[4m+2,21]

c<dm, b>2
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In the first term on the right hand side of (4.10) we gain an ¢ integrating by parts.
Indeed, we find using ||K[|co, |Vsk|lco < C(Lo, M, n) (which follows from by
Lemma 3.8) and Lemma 3.9

1
- /<VS/?, VITHIE) ds]
0 1

& -
0 2 b

<I-('7 v;lm+ll-{'>

/ (K, VImT2iy ds
1

<cC H vhmtl

C o
e K

c L2 L2

On the other hand, by Lemma 3.3, Corollary 3.2 and Young’s inequality

P 4m+1
m - = 4m+2
[vimiz| |, < crigs,
im+é 82
- + -
sc(1+|vime| ) < | vink| e
: L? 2C L?

Combining the two inequalities above and using once again Lemma 3.3 and Corol-
lary 3.2 we obtain

/(E, meﬂf?) ds
i

<82 H vimt2g

L2 + C(e)

4m+-2
4(m+1)+2

< 82 H V:l(m+1)+2l—é
s 2

+Cg.

The claim follows from the inequality above, (4.10) and (4.11). ]

5. Proof of the main result

We are ready to prove our main result. A proof of short time existence of smooth
solutions for the problem (1.2), (1.3), (1.4), (1.5), (1.6) is standard but outside the
scope of this work. A method of proof could be devised along the lines of [6,
Section 3], where the case of closed curves is treated.

Proof of Theorem 1.1.

Part 1: Global Existence. A short time existence result gives that a smooth solution
exists in a small time interval. We assume by contradiction that the solution to
(1.7) does not exist globally in time. Let 0 < T < oo be the maximal time.
From (2.10) a bound from above for the L2-norm of the curvature is immediately
derived. The bound from below on the elastic energy follows from the assumption
Lo > |fy — f—|, as shown in [2, Theorem 3.1]. We repeat the reasoning for
completeness. One has

Lo= /<3sf, 0(f — f))ds = (1), fy — f_) — /(aff, F—f)ds.
1 1
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and hence

3
Lo—|fy — f-I < Ikl 2Lg ,
from which the uniform bound from below follows. Thus we can state
0<5<kll<8", (5.1)

with § = 8(Lo, f—, f+, E(fo)) > 0. In particular A is well defined and the results
collected in Section 4 can be used. We are going to prove that appropriate norms of
the solution f are uniformly bounded in # € (0, T') and hence f can be smoothly
extended to time bigger than 7', yielding a contradiction.

In the following C denotes a positive constant that might change from line to
line but depends only on E( fy), fo, f—, f+.n, Lo. In particular, the constant is not
allowed to depend on T .

First Step: Here we show that ||V, ;2 < C, ||V2K||L2 < C and |A| < C for all
te0,T).
Using (1.2), (2.14), (2.15) and (2.20) we can derive

2
ViVif4VIViF=Y A Y PPN (R — AViEHAPVER . (52)

i=0 [[a,b]1<[[4—2i,3]]
¢<4-2i, b odd

an equation which is slightly more precise than the expression derived in (2.18)
(with m = 2) and serves better our purposes. Taking qb V; f in Lemma 2.3, using
the fact that the boundary terms disappear (due to Lemma 2.4), (5.2), and the fact
that f I (K, Vi f) ds =0 (recall (2.9)), we obtain

li/w f|2ds+/|V2V f|? ds
2dt I ! I s
2

S /(P;’C(fé),v,f) ds — /(v“x th> ds 5.3)
i=0  [[a.b]]<[[4—2i,3]] V]
c<4-2i, b odd

- 1 - - . -
+x2/1<v§/<,v,f> ds — E/I|v,f|2(;<,—v§ _ P30’O(I{)+XK> ds .

First of all we rewrite in a more convenient way the terms in the expression above.
From (1.2) it follows directly that

2 3

> oA » /(P,f"'(;?), Vif)ds =) N » / Py (k) ds .
i=0 [la.b]]<[[4-2i,31) 1 i=0  [la.b)]<[[6-2i.47 /]
c<4, b od c<4, b even
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In the subsequent calculations the b-index appearing in the summation symbols
will always be an even number, hence, for the sake of readability we omit this
information. Since

2
AAIED VD DR AR
i=0  [la, b]]<[[4 2i,21]
(,<

we observe that

3
fjst e vt R =yt [ e
1 i=0 [[a, b]]<[[6 2i,4]]
¢<

Now, in order to be able to absorb (later on) some terms on the left-hand side, we

express | V2V, f|? in terms of the curvature. Since V2V, f = —V#k + P32’2(/?) +
AV2i, we find

20 ootz 42 v2e]? 22 gz - ac =
V2V | =[R2 R o (VR VR A Y @

i=0  [[a,b]1=[[6—2i,4]]
c<4
2
- ‘V;‘ié + 22|V + 20 (Vi VIR)

1
o (A A D DY D D /A (3
i=0 [la,p]]1<[[6—2i,4]]
(<

Thus, using the expressions above, adding on both sides %HV, f ||i2 we can write

(5.3)as
/|V,f|2ds+/‘v4*

3

= Z)\l Z f P;’C(;_é) ds — 3)\./<V;‘.I_é, th> ds (5.4)
i=0  [[a,b]]1=[[6—2i,4]] !

c<

+2A2/I<V?/?,E> ds+)»2/<V2K V,f) ds.

ds

ds + ~ f|v,f|2+x2/‘v2*

Next we absorb the terms on the right-hand side of (5.4) using the bounds ob-
tained for A in Section 4 and the interpolation inequalities of Section 3. Since by
Lemma 4.3

Al < ClIVifll2 +C + C||V4x||L2 :
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we get using several times Young’s inequality

‘—3,\/ (v;*/z, V,f> ds
1

2
T CR IV

& N
=5 | v

4- 2 ~ 4 ~
<e |ViR| |+ CalVisllp. + Ce.

2 4
K + Cs)"
L2

'212/1<v;‘/?,;2> ds

&
<]
-2

a2 - P
<e€ VSK 2+Cs||vtf||L2+Csy

4 4
<|vi V| +C (219 f12)’

)» IVifllL2 =<

1

f <V2K v, f) ds| <

<e H Vfl?

o T CellVifl2 +Ce

using Lemma 3.3 and Corollary 3.2 in the last inequality. The term with the sum on

1
the right hand side of (5.4) can be estimated using that |A| < C||K ||j,2 +C by (4.1),
(3.4) (with £ = 2) and (5.1) as follows

ZW’ 3 /|Pb‘”(/<)|ds<C(1+||K||42)<1+||’z||4,421)

=0 [[a,b]]1<[[6—2i,4]]
c<4, b even

7 2
< CIRIj,+C =e [ |ViE[ ds+c..

where we have used Corollary 3.2 and again (5.1) in the last inequality.
By the above estimates, an appropriate choice of ¢ and neglecting the positive
term A% [, |VZ¥|* ds we obtain from (5.4)

2dtf|vtf|2ds+ /|v,f| ds < C +CIV, fII% f|v,f|2 is.  (5.5)
1
Finally, setting £(7) := ¢’ ||V,f||i2 (1), we deduce

£ = C (¢ +IViSI2 0 ED) .

Since 9; f = V; f we have by (2.10) for any time v € (0, T') that

v v d
/0 ||v,f||izdt=—f0 S By dr < B,
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we now use Gronwall’s Lemma to infer that
t
£(t) < eCEUD (s(O) +C / ¢ dr) :
0

The bound for ||V, f||; > follows, precisely
IVifll;2 <Cforallt € (0, 7). (5.6)

Next we use (1.2), (5.1), Lemma 3.4, Lemma 4.3 (with m = 0), and Young-
inequality to infer

2
/ Vszl?) ds:/
I I

scnvtfuiﬁefl

ds—I—CA2

)

I Lo o 2 2 0,02
0 f+5RPR=AE| ds <CIVifI+C | | P60
1

2—'2 2 2=
VSI{‘ ds + C. +c<1 + 10 f12, + HVSK

5|2
VSK‘ ds + Ce.

< CIVifI%, + 28/
1
An appropriate choice of ¢ and (5.6) yield
|v2| , = Cforallre ©,7),
L2

and then from (4.1), Corollary 3.2 and Lemma 3.8 we also get

AL, € 12,2, €l co, I Vs llco < C forallz € (0,T). (5.7)

3
Second Step: We show that || Vi |2 < C and [A'(1)| < &|V}%K||}, + Ce for any
g€ (0,1 forallr € (0,T).
Taking ¢ = V2« in Lemma 2.3 we obtain

d 1 2 6= 1
—= ds + VSK‘ ds + =
dt 2 I 1 2 1
1 1
—_ [(v;‘;?, sz}]o + [(vﬁz, vf;?)] (538)

0
4- 1
+ <Y, VSK> ds — -
I 2Jp

Mo V) ds + 1
<K, > S+§/I
where Y = (V, + VH Ve,

2
4~ 4-
Vik Vik

ds

2
Vf/{ V:,‘K ds,
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Critical terms for interpolation techniques are given by some of the boundary
terms. First of all we treat these ciritical terms. Using Lemma 2.6 we obtain

1 5.9
2
+| YD P®+Y Qi) Y PRC®)| =4I
[la.b]1=<[19.41] i=1 [la.b]]<[[11-2i,2]]
¢<5, b even ¢<5, b even 0

with [ := M[(VH&, Vi) — (VK, /?)](1). The term /1 turns out not to be critical.
Indeed, using Lemma 3.6 (with £ = 4) as well as the bound for A obtained in (5.7)
we obtain

2
1) 58/‘VS6/?’ ds +C. . (5.10)
1

The term 7 in (5.9) (i.e., the term multiplying A") has to be treated differently. Since
A ~ ||Vs6/?||L2 by Lemma 4.5 (with £ = m = 1) if we use again Lemma 3.6 we
would get a ||Vs6/? ||iz. We gain here an € using Lemma 3.8 instead. We proceed as
follows. By Lemma 4.5 (with £ = m = 1), (5.7) and Lemma 3.9 we find

o)

e (i i5ti) ([, ot

62 62 C’ 52 4>
= C<1 + ”VSKHU) ¢ ‘ Vsk L2 + & (HVSK L2 + ‘VSK L2>
6= 12
§C<£HVS/< —I—C8> ,
LZ
since by (3.3)
5> 4- 2 || w62
v L VSKHszé ‘VSKHH—FCG. (5.11)
Thus, after renaming &, we can state
612
1] §8HVSK‘L2—|—C8. (5.12)
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For the other terms on the right hand side of (5.8) from (1.2), (2.14) (with £ = 4)
we obtain using the bound on A in (5.7) and Lemma 3.5 (with £ = 4)
6, V) ds + 2
(B V)ds + 5 [

N 1
<Yv4 >ds——/
2 Jr I

/ | PyC(®)| ds + || |P(i6)| ds
lla.1I<I110.4] ! fa, bn<[ [10,2]]

c<6

4-
Vik p

2
V‘,‘E) ds

6 2
§8HVSK L +Ce

From (5.9), (5.10), (5.12) and the estimate above we find

dl/ 2d+1/
di 2 S

from which choosing ¢ appropriately it follows that

dl/ 2d+1/
di 2 T2,

Then Gronwall’s Lemma gives

4- 4-.2 ->2
ViKk Vik SK‘ ds + Cg,

ds +

2
S/c| ds < 3¢
I

2
4- 4-
Vik Vik

ds <C.

2
/‘V;‘/?‘ ds < C forall 1€ (0,T), (5.13)
1

and then from Corollary 3.2 and Lemma 3.8 we also get

i=
VK .

o)

& lla.2, ) <C fori =0,1,2,3andforall¢ € (0, T). (5.14)

From these estimates we may now improve the estimate on A’. Indeed, Lemma 4.4
(with £ = 1), the uniform bound on A and the bound from below on the elastic
energy imply

82\ (1)] <

/ (k. V%) as
1

By Lemma 3.5 (with £ = 2) and (5.14) the second integral is bounded by a constant.
Integrating by parts in the first integral and using (5.14), Lemma 3.9 and (5.11) we

+cf > P®)] ds.
! [[a,b11<[16,21]

C<
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get for any ¢ € (0, 1)
- 5- 1 - 5-
[z 3|, |+ | [ (. v32) as
I

52 62
VSKHCO +C<C (8 HVSK

82V ()] < +C

C s
=C| + = | v
L? £

)+ €

<C (e Hv‘?’?HLZ +Cs> e
3
5

<Ce ‘ v10g ;2 +C, foralls € (0,T),

with Lemma 3.3 and Corollary 3.2 in the last estimate.

Third Step: We prove by induction that:

For any m € N there exist a constant C = C(m, E(fy), fo, Lo, f—, f+,n) such
that

Vik

4m >
[v:"] .. [%:#]

s _ <C, and ‘A(j))fc,

L2 co(I)

ori € {0,..,4m — 1}, j € {0,..,m — 1} and for all # € (0, T')). Moreover, for any
& € (0, 1) there exists a constant C. = C (g, m, E(fo), fo, Lo, f—, f+,n) such that

4m+2
4m+6

|)\‘(Wl)| <eg Hv;‘-m-‘r6l‘<' I 4 Ce,

forallt € (0, 7).

The initial step of the induction is proven in the first and second step. Let us
assume that the claim is true up to m — 1 (for m > 2). Taking ¢ = me/? in
Lemma 2.3 we obtain

2 1
ds + > ./1

d1 2 /
— ds +
1

dti/,

1 1
_ [(v;‘mfé, v§m+3z>] + [<v;‘m+1,z, v;‘m”/z)] (5.15)

0 0
4m = 1 4m->2 - 1 4m =
+ <Y,VY K> ds — = ’VY K <K, V> ds + = ‘Vv K
I ‘ 20 20

where Y = (V; + VH Vi, Using the formula for Y = (V, + VH) Vi given in
(2.14) and by a direct computation one sees that the last three terms in (5.15) can

be written as
2. s 1
VSA""K‘ <K, V) ds + —/
2 J;

/I<Y, Vj’"fé) ds — %/I

=/ > PE®) + A > Pl (k) ds.
I ([a,b11<[[8m+2,41] [la,b]1<[[8m+2,2]]
c<4m+2, b even c<4m+2, b even

4m >
Vil

4m >
VK

ds

V?m-ﬁ-Z"c’

2
ds,

4m—>2
ViTk| ds
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Since A is uniformly bounded (as proven in the first step), by the interpolation
inequality (3.5) (with £ = 4m) and the bounds on ||k||;2 we then find for any

ee (0,1
- 1 S12 0. - 1 o2
/(Y, ijl(> ds — E/ ijic <K, V> ds + 5/ V;‘m/( ds
I ) I y (5.16)
<efvimzi| | +c..
L2
Using Lemma 2.6 the boundary terms in (5.15) can be written as
1 1
dm= Am+3= dm+1z hm42=
B [<v§mK’ v K>]0 + [<VS’”+ v K)]o
1
= o ([, ) - (vim iz 7)) ) 65.17)
1
2m
- Py +Y Qi) > PO = 1411,
[la.b]1<[[8m~+1.4]] i=1 [la,b]1<[[8m—2i+3.2]]
c<4m+1, b even c<4m+1, b even 0

- o

where 7 := (="t [(Vimic, V&) — (V4" +1Z, %) ],. By choosing € = m in
Lemma 4.5, we derive || < C(|V#+2k|| 2 + 1). Thus, together with (5.7),
Lemma 3.9 and (3.5) (with £ = 4m), we obtain for ¢ € (0, 1)

2 o)
o) (e[memz]

c’ -
v ([

2
L2 +C8> ’

L

< c(1+|vimR

(5.18)
L2>)

4 -
o +C HVS’"K

<C (8 H meﬂl?

where we have used

V4m >

4m+1>
HVS K] s

< 2 Hv;tmnl?

+ C; (5.19)

L2’ L L2

(which follows from (3.3) with £ = 4m). Thus we can state

2
] <e H vin2g|” 4 c,. (5.20)
L2
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We now estimate /7 in (5.17). By (3.7) (with £ = 4m), (4.8) (with m — 1 instead of
m), the induction hypothesis, (3.6) and Corollary 3.2 we find

1 2 3
11| < ze ij'"”/c L FC+C 3 |P;’C(K)|(l)‘

[la,b]I<[[8m+1,2]]
c<4m+1, b even

PRCG)

+c o]

[la.b]]1<[[4m+5,2]]
c<4dm+1, b even

1 dm+2 > 2 z dm+22 % pA %
< e | Vi R| L+ e e (8] v T v ce ) (14 RIS

2
<eg H Vf’"”/c )
. L

+ Ce,

choosing an appropriate €.
From (5.15), (5.16), (5.17), (5.20) and the estimate above we obtain

dl/ 2d+1/
—— s f—
dt21 21

2
< 38/ ‘me”/? ds + Ce .
I

vamg

4m =
‘ \Y

s K

2 2
ds + / ‘v;""”/?) ds
1

Thus, by choosing a sufficiently small ¢ > 0 and applying again Gronwall’s lemma,
we obtain the uniform bound

[vimk| | < con B0 foo Lo, fo from) forall 1€ ©.T),  (521)
and then from Corollary 3.2, Lemma 3.8 and Lemma 4.5 we also get

1=
Vik

’

R llam 2. ) X(.f)‘
Il 2. | V3R]

< C(m, E(fo), fo. Lo, f-, f4,n) forall 1€ (0,7T),

(5.22)

fori =0,1,...,4m —1and j =0,...,m — 1.
It remains to prove the estimate on A" . Lemma 4.4 and the bound from below
on the elastic energy imply

2m
52|Am| < / (&, VIR ds |+ 10 Gun)| > R@las.
1 i=0 1 [[a,b1)<[[4m~+2—2i,2]]
c<4m

The estimates in (5.22) or Lemma 3.5 (with £ = 4m — 2) give that the second term
is bounded by C. Integrating by parts in the first integral on the right hand side,
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using (5.22), Lemma 3.9, (5.19), Lemma 3.3 ( with k = 4m + 6) and Corollary 3.2
we get for e € (0, 1)

1
52(A<’")‘5 [(;‘é,v;‘m“/?)]o + /(Vsz,vj’"“z) ds|+C
1
C/
5CHV§’"+1/? +Cc<C eHij”/z +—‘v;‘m+1/? e
co L? € L?

4m+2
4m+-6
L2

<Ce H VAR +C,forallt € (0, 7).

LHCsCe H v

Fourth Step: Long-time existence. First of all we show
|’8;Z1/_("||C0(1—) S C(m’ E(f0)9 fO’ LO’ f-‘r’ f—’ n, T) fOr all 1t e (0, T)

From the previous step, Lemma 2.7, and the fact that the length remains constant
along the flow we can state that

o

leogty - 100% ] 2+ [2] = COn B, fo Lo, £ f-om), (5.23)
for any m € N. From now on the proof follows most of the arguments depicted
in [3, Section 5 (Step seventh onwards)]. For the sake of completeness we sketch
here again the main ideas. In the following let y := [d, f|. Then, 3, = y 0.
By induction it can be proven that for any function 2 : I — R or vector field
h:I — R" and forany m € N

m—1 ) )
h =y "+ Puci (y, o a;"‘fy) oln, (5.24)
=1

with P,_; a polynomial of degree at most m — 1. A bound on ||8fi?||co( i fol-
lows from (5.24) taking & = & and from bounds on ||8fi?||co( ) (see (5.23)) and
on ||8£J/||Co(i). Thus it remains to estimate IIBf)/IICO(I-) for £ € Ny. We start by

showing that y = |9, f| is uniformly bounded from above and below. The function
y satisfies the following parabolic equation

dy = (r, ax\7> - —(z, \7>y, (5.25)

with V = d; f asin (1.2). By regularity of the initial datum we have that 1/cp <
¥ (0) < cp for some positive cg. From the estimates given in (5.23) it follows that
the coefficient | (i, ‘7) llco¢fy in (5.25) is uniformly bounded and hence we infer
that 1/C <y < C, with C having the same dependencies as the constant in (5.23)
as well as T'. In order to prove bounds on 0}'y we proceed by induction. Let us
assume that we have shown

aiy‘

coch < C@m, E(fo), Lo, f+, f—, fo,n,T) forO < j <m (5.26)
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and m € Ny. Choosing 1 = (k, ‘7) in (5.24), the induction assumption and (5.23)
yields that

= C(m, E(fo), Lo, f+, f-, fo.n,T) (5.27)

5 ( v}” ]
x\ coi)

forall 0 < i < m + 1. Differentiating (5.25) (m + 1)-times with respect to x, we
find

domtly = _<;2, ‘7>3;”+1y - > el j.m)dl ((E \7» oy,
i+j=m+1
j<m

for some coefficients c(i, j, m). Together with (5.26), (5.27) we derive

S el jomdl (7. V) ady| = Cm B, Lo, fro f- foon, T,
i+j.=m+l
J=m

which implies

gyt coiy = C(m, E(fo), Lo, f1. f— fo.n, T).

4

Next note that (5.23) implies ||8§”\7||C0(i) <C(@m, E(fy), Lo, f+, f—, fo, n), which

in turns gives uniform estimates for ||8)’C"V||Co( I3 in view of (5.24) and the bounds
for the length elements and its derivatives. .

Finally, the uniform C%-bounds on the curvature &, the velocity V, y, and all
their derivatives, allow for a smooth extension of f up to r = T and then by the
short-time existence result even beyond. In view of this contradiction, the flow must
exist globally.

Part 2: Subconvergence. This part of the proof is standard. From reparametrizing
f by arc-length (in order to have a control on the parametrization), the fact that the
length is fixed along the flow, and the uniform bounds

“agn’z||co([07LO]) = C(m, E(f())’ f()’ LO’ f+7 f—7 I’l)

which follow directly from (5.23), it follows that there exist sequences of times
t; — oo such that the curves f(¢;, -) converges smoothly to a smooth curve fu.

It remains to show that f, is a critical point for the elastic energy, that is, a
solution to V = 0. We prove this by considering the function u(¢) := || 1% ||2L2 ( 1)(1‘)
and showing that lim;_, o, u(#) = 0. First observe that

d S2 - ..
a0 =—/‘V) <z,v> ds+f<V,VtV> ds.
dt I 1
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Since V,‘_} = Vtz f we infer from (5.2) and the bounds (5.22)

d
| Zou®)| = Cm. ECfo). fo. Lo. fr f-om).

On the other hand from (2.10) it follows that « € L' ((0, 00)) and hence necessarily
u(t) — 0 fort — oo. L]

Remark 5.1. The condition Lo > |f+ — f—| is automatically satisfied if 7_ # 7.

Remark 5.2. As aby-product of Theorem 1.1 we get the existence of elastic curves
with clamped end points and given length. For related existence and qualitative
results for planar open elasticae see for instance in [4,9,12], and [14].
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