Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
Vol. XVII (2017), 1121-1152

Regular F-manifolds: initial conditions and Frobenius metrics

LiANA DAVID AND CLAUS HERTLING

Abstract. A regular F-manifold is an F-manifold (with Euler field) (M, o, e, E),
such that the endomorphism U/(X) := E o X of TM is regular at any p € M.
We prove that the germ ((M, p), o, e, E) is uniquely determined (up to isomor-
phism) by the conjugacy class of Uy, : Tp M — T, M. We obtain that any regular
F-manifold admits a preferred system of local coordinates and we find condi-
tions, in these coordinates, for a metric to be Frobenius. We study the Lie algebra
of infinitesimal symmetries of regular F-manifolds. We show that any regular
F-manifold is locally isomorphic to the parameter space of a Malgrange univer-
sal connection. We prove an initial condition theorem for Frobenius metrics on
regular F-manifolds.

Mathematics Subject Classification (2010): 32B10 (primary); 32G99, 53705,
53D45 (secondary).

1. Introduction

Frobenius manifolds were defined in [2], by Boris Dubrovin, as a geometrization
of the so called Witten-Dijkgraaf-Verlinde-Verlinde (WDVV)-equations and appear
in many areas of mathematics (quantum cohomology, singularity theory, integrable
systems etc). Later on, the weaker notion of F-manifold was introduced in the
literature by Hertling and Manin [6] and was intensively studied since then (see,
eg.,[1,4,9,14,18]). Rather than the usual definition of Frobenius manifolds [2],
we prefer the alternative one [4] where Frobenius manifolds are viewed as an en-
richment of F-manifolds.

Definition 1.1. i) An F-manifold is a manifold M together with a (fiber preserv-
ing) bilinear commutative, associative multiplication o on 7'M, with unit field
e, and an additional field E (called the Euler field), such that the following
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conditions hold:
Lxoy(o) =X oLy(o)+Y oLx(o) (1.1)

and
Lg()(X,Y)=XoY,

for any vector fields X, Y € Ty;

ii)) A Frobenius manifold is an F-manifold (M, o, e, E) together with a (non-
degenerate) flat, multiplication invariant metric g (i.e.,g(XoY,Z) = g(X, Yo
Z), for any X,Y,Z € TM), such that Lg(g) = Dg (with D € C) and
VLC(e) = 0 (where VLC is the Levi-Civita connection of g);

iii) A Frobenius metric on an F-manifold (M, o, e, E) is a metric g which makes
(M, o, e, E, g) a Frobenius manifold.

There are examples of F-manifolds which do not support locally any Frobenius
metric (see Remark 8.3). In fact, it is difficult to construct explicitly Frobenius man-
ifolds (one strong obstruction being the flatness of the metric). The semisimple case
is understood. More precisely, a semisimple F-manifold admits, by definition, a co-
ordinate system (u'), called canonical, in which the multiplication takes the simple
form 9; o d; = §;;0;. Any multiplication invariant metric is diagonal in canonical
coordinates, its flatness is expressed by the Darboux-Egoroff equations and Frobe-
nius metrics exist locally on the open subset M@™ = {(u'), u’ # ul, i # j)
of tamed points (see, e.g., [2]). More general classes of Frobenius manifolds can
be obtained from the so called initial condition theorems, developed by Hertling
and Manin in [7]. It turns out that the germ ((M, p), o, e, E, g) of certain Frobe-
nius manifolds is determined (modulo isomorphism) by the linear data induced on
the tangent space T), M and conversely, starting with an abstract linear data (called
’initial condition’) one obtains a unique (up to isomorphism) germ of such Frobe-
nius manifolds. In the semisimple case, this was already proved in [2], Lecture 3.
Generalizations, where the point was replaced by an entire submanifold, were also
developed in [7].

We shall be particularly interested in the relation between F-manifolds and
meromorphic connections. The parameter space M of a meromorphic connection
V on a vector bundle over M x D (where D C C is a small disc around the ori-
gin), with poles of Poincaré rank one along M x {0}, in Birkhoff normal form
(B"T(x) + Boo)d?r + M, inherits (under additional conditions) an F-manifold
structure. On the other hand, if at a point xo € M the matrix By(xg) is regular
(see the comments after Definition 1.2), then, for a small neighbourhood U of xo,
Vl]uxp is uniquely determined (up to pull-backs (f x Id)* and isomorphisms) by
its restriction VO := V|(x,}x - (For this reason, V* can be considered as the ’initial
condition’ for V). This follows from the existence of a universal integrable defor-
mation V" of a meromorphic connection (in our case VY, on a vector bundle over
D, in Birkhoff normal form, with a pole of Poincaré rank one in {0}, with regular
residue. Such a universal deformation was constructed by Magrange in [10, 11].
The parameter space of more general meromorphic connections (not necessarily
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in Birkhoff normal form), the so called (TE)-structures, is also an F-manifold
(see [5]).

In this paper we are concerned with a large class of F-manifolds, namely the
regular ones, and their relation with Frobenius metrics and meromorphic connec-
tions.

Definition 1.2. An F-manifold (M, o, e, E) is called regular if the endomorphism
U:TM - TM,UX) := EoX,isregular atany p € M.

(An endomorphism A : V — V of a complex vector space V is regular if one
of the following equivalent conditions holds: 1) any two distinct Jordan blocks from
its Jordan normal form have distinct eigenvalues; 2) the characteristic and minimal
polynomials of A coincide; 3) the vector space of endomorphisms of V commuting
with A has dimension n = dim(V) and basis {Id, A, - -- , A"~1}; 4) there is a cyclic
vector for A, i.e.,avector v € V such that {v, A(v), --- , A" 1(v)} is a basis of V)

Our main result from this paper is as follows. Its second part can be understood
as an initial condition theorem for regular F-manifolds.

Theorem 1.3. i) Any germ (M, p), o, e, E) of regular F-manifolds is isomor-
phic to a product P := TI},_, ((C"<, 0), o, ey, Ey) of germs of (regular) F-
manifolds. Here my are the dimensions of the Jordan blocks of the endomor-
phismUy(X) = XoE, of T, M. For each such block, let ay, be the correspond-

ing eigenvalue of Up,. In the canonical frame field {0; := %, 0<i<myg—1},
determined by coordinates (tO, e ey e CMe | the multiplication oy is
given by
9. 4 i< 1
aioaaf=< A (12)
0, 1 + ] Z ma’

and the unit field and Euler field by
eo =%, Eo="+a)do+ " +1)d 41204 -+, 1. (1.3)

The product ‘P is canonically associated to (M, p), o, e, E) (up to ordering
of its factors) and the isomorphism between (M, p), o, e, E) and ‘P is unique
(when such an ordering is fixed);

ii) In particular, there is a unique (up to unique isomorphism) germ of regular F -
manifolds (M, p), o, e, E), with given conjugacy class for the endomorphism
Uy(X):=X o0 E, of T,M.

(The conjugacy class of an endomorphism is determined by its Jordan normal form;
two endomorphisms, defined on not necessarily the same vector space, belong to the
same conjugacy class if they can be reduced to the same Jordan normal form.)

Structure of the paper. The paper is structured as follows. In Section 2 we recall,
following [2—4,10,11,15], the basic definitions and results we need on Frobenius
and F-manifolds, Saito bundles and meromorphic connections.
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Section 3 represents a first step in the proof of Theorem 1.3. Here we prove
that a regular F-manifold (M, o, e, E) for which the endomorphism U}, = C Ep €
End(T,,M) has exactly one eigenvalue (for pg € M fixed), is globally nilpotent
around pg (see Definition 2.2 and Proposition 3.1).

In Section 4 we prove Theorem 1.3. One can check “by hand” that each factor
(C™Me | o4, ey, Eq) in Theorem 1.3 i) is an F-manifold, for which the multiplication
at 0 € C™« by the Euler field E, is a Jordan block in the canonical frame {9;}
of C™« with eigenvalue a,. This shows the existence of the germ in Theorem 1.3
ii). In Propositions 4.1 and 4.2 from this section we prove the uniqueness of the
germ in Theorem 1.3 ii). The argument is based on Hertling’s decomposition of F'-
manifolds [4], the local classification of {e}-structures [17] and the material from
Section 3. The uniqueness of the germ in Theorem 1.3 ii) implies that any germ
((M, p), o, e, E) of regular F-manifolds is isomorphic to a product P, as required
in Theorem 1.3 i). The uniqueness of the isomorphisms in Theorem 1.3 i) and ii) is
a consequence of the fact that any automorphism of a germ of regular F-manifolds
is the identity map (see Lemma 4.3).

The next sections are devoted to applications of Theorem 1.3. The local coor-
dinate system on any regular F-manifold (M, o, e, E), provided by Theorem 1.3 i),
is similar to the canonical coordinate system on semisimple F-manifolds. In Sec-
tion 5 we study Frobenius metrics on (M, o, e, E), in these coordinates. We find
conditions for the coidentity ¢” to be closed, the unit e to be flat and, respectively,
the Euler field E to preserve the metric (see Proposition 5.5). The picture is similar
to the semisimple case. To express the flatness, we use Dubrovin’s description of
Frobenius manifolds (without Euler fields) with a maximal Abelian group of alge-
braic symmetries [2]. We find an alternative formulation for this description (see
Proposition 5.3) and we apply it in order to obtain the conditions for a multipli-
cation invariant metric on a regular globally nilpotent F-manifold to be Frobenius
(see Theorem 5.5). The conditions are more involved than in the semisimple case,
owing to the generalized Darboux-Egoroff equations (see Example 5.6).

In Section 6 we define the Lie algebra of infinitesimal symmetries of a regular
F-manifold and we compute it using the coordinate system provided by Theorem
1.3 1) (see Definition 6.1 and Proposition 6.3).

In Section 7 we study the relation between regular F'-manifolds and meromor-
phic connections. As stated above, the parameter space of certain meromorphic
connections are F-manifolds, but the converse is not true (not every F-manifold
can be locally obtained in this way, see Remark 8.3 b)). We prove that the converse
is, however, true, under the regularity assumption (see Corollary 7.2). Namely, we
determine the F-manifold structure of the parameter spaces M of the Malgrange
universal deformations V" mentioned above, and we show that any regular F-
manifold is locally isomorphic to such a parameter space (see Proposition 7.1).
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In Section 8 we prove an initial condition theorem for Frobenius metrics on
regular F-manifolds (see Theorem 8.2). This follows from our Theorem 1.3, com-
bined with [7, Theorem 4.5 ]. While the arguments from [7] work in high generality,
they are also quite technical. For completeness of our exposition, we provide in the
appendix (Section A) an alternative, simple and self-contained proof for the ex-
istence of the extension of the metric in Theorem 8.2, based on our treatment of
regular F'-manifolds.

2. Preliminary material

This section is intended to fix notation. We work in the holomorphic category: the
manifolds are complex and the vector bundles, sections, connections etc are holo-
morphic. We denote by 73, the sheaf of holomorphic vector fields on a complex
manifold M, by Oy the sheaf of holomorphic functions on M and by Q' (M, V) the
sheaf of holomorphic 1-forms with values in a vector bundle V. In our conventions,
the connection form of a connection V on a vector bundle V — M, in a local basis

of sections {sy, - -, s,} of V, is the matrix valued 1-form Q = (£;;), defined by
Vx(s;) = Z?:l (2j;)xsj. The representation of an endomorphism A € End(V)
(where V is a vector space), in a basis {vy, - - - , v,} of V, is the matrix A = (4;;),

whgre A(v;) =.Z?: 1 Ajiv;. To simplify notation, we often use the Einstein sum-
mation convention.

2.1. F-manifolds

2.1.1. Hertling’s decomposition of F-manifolds

The following theorem due to Hertling (see [4, page 16]) plays an essential role in
the proof of our main result. We shall use it for regular F-manifolds, but we remark
that the regularity condition is not required for its statement in full generality.

Theorem 2.1. Let (M, p), o, e, E) be a germ of F-manifolds and ay, -- - , a, the
distinct eigenvalues of the endomorphism U(X) := X o E of TM at p. Then
(M, p), o, e, E) is isomorphic to a product ngl((Mo,, Pa)» Oas €, Eq) Of germs
of F-manifolds. For any 1 < o < n, the endomorphism Uy (X) := X oy Eq of T M,
has precisely one eigenvalue at p,, namely a, .

2.1.2. Basic facts on globally nilpotent F-manifolds

Definition 2.2. An F-manifold (M, o, e, E) is called globally nilpotent if, for any
p € M and X, € T,M, the endomorphism Cxp : TyM — T,M, CXp(Yp) =
X, oY), has exactly one eigenvalue. Equivalently, if

Cx, = n(Xp)ld + Ny,

with (X ,) € Cand Nx, € End(T, M) nilpotent.
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For any globally nilpotent F-manifold (M, o, e, E) and X € Ty, the function
wX) : M — C, u(X)(p) := n(X,) is holomorphic. Indeed, the characteristic
polynomial P of Cx is given by P(z, p) = (z — u(X,))", for any z € C and
p € M (where n = dim(M)). Therefore, u(X) = —5 P"~1(0,-) € Oy, as P is
holomorphic (the superscript (n — 1) denotes the (n — 1) derivatives with respect
to z). In particular, the eigenfunction a := w(E) of Y = Cg is holomorphic (not
necessarily constant).

Recall Definition 1.2 of regular F-manifolds, from the introduction.

Lemma 2.3. Let (M, o, e, E) be a regular F-manifold of dimension n.

i) Foranyk > 0, let Xy := Eo---0 E (k-times), with Xo := e. The vector fields
{Xo, X1, -+, Xn—1} are linearly independent (at any point) and

[Xi. X;]=0G—DXiyjo1. i,j=0; (2.1)

ii) Suppose that the endomorphism U,(X ) = X o E, of T, M has exactly one
eigenvalue, for any p € M. Then (M, o, e, E) is globally nilpotent.

Proof. The linear independence of {Xo, ---, X,—1} follows from regularity. For-
mula (2.1) was proved in [6] (and holds on any F-manifold, not necessarily reg-
ular). Claim i) follows. We now prove claim ii). By hypothesis, i/ = ald + N
on TM, where a € Oppand N : TM — T M is nilpotent (at any point). Let
X = foXo+- -+ fu_1Xu_1 € Ty, where f; € Oyr. We obtain

n—1 n—1 k
Cx = (Z fkak) d+> " fi Y Cla"PNP.

k=0 k=1  p=I

The second term in the right hand side of the above relation is a nilpotent endomor-
phism. Claim ii) follows. O

Definition 2.4. The vector fields {Xq, ---, X;_1} from Lemma 2.3 i) form the
canonical frame of the regular F-manifold (M, o, e, E).

2.1.3. Frobenius metrics on constant F-manifolds

The F-manifolds and Frobenius manifolds we are interested in come, by definition,
with an Euler field. However, often in the literature the quasi-homogeneity condi-
tion imposed by the Euler field is considered as an additional obstruction and is not
required in the definition of these structures. This is true for example in Dubrovin’s
description of Frobenius manifolds which underly constant F'-manifolds [2]. Since
we need this description in Subsection 5.2, we recall it here. We begin with the
definition of constant F-manifolds.

Definition 2.5. An F-manifold (N, o, ¢) (without Euler field) is called constant
if it admits a coordinate system (called canonical) in which the multiplication is
constant.
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Such an F-manifold has an n-dimensional Abelian group of algebraic sym-
metries, where n = dim(N) (see [2, page 69]). In a canonical coordinate system
(@0, -, 1", 81 0 8j = ¢f;8k, where §; := & and ¢f; € C. (Our notation s dif-
ferent from that used in [2]: in this reference, (') denote the flat coordinates, rather
than the canonical ones). We assume that there is a constant (in canonical coordi-
nates), multiplication invariant, (non-degenerate) metric on 7N and we fix such a
metric €. Using €, we identify 7N with 7*N. The multiplication o on 7T N induces

a multiplication, also denoted by o, on T*N. It is given by: dii o dt/ = ¢ di*,

where c;;’ = el A lformy € Q!(N) is called invertible if, for any p € N, the

covector ¥, € TN is invertible with respect to o (acting on T N).
Let y € End(T N) be an € symmetric endomorphism which satisfies the gen-
eralized Darboux-Egoroff equations:

[Ci.La,()] = [Cj. Lo ]+ [[Ci ¥1.[Cj.¥]] =0, 0<i, j <n—1, (22)

where C; := Cy, and [., .] denotes the commutator of endomorphisms. Such an en-
domorphism is called, by analogy with the semisimple case, a rotation coefficient
operator. The following description of Frobenius metrics on constant F-manifolds
is due to Dubrovin (see [2, Theorem 3.1]). Below ¢ [C;, ¥] € QY (N) is the compo-
sition (as maps) of [C;, y] € End(T N) with the 1-form ¢ : TN — C).

Theorem 2.6 ([2]). Let y be a rotation coefficient operator on (N, o, e) and ¥ €
QU(N) invertible, satisfying

Ly () =y[Ci,y], 0<i<n—1. (2.3)
Then the metric
gX,Y):=Woy)(XoY), X,YETN 24

is Frobenius on (N, o, e). Conversely, any Frobenius metric on (N, o, e) is of this
form, for a certain rotation coefficient operator y and 1-form .

2.2. F-manifolds, Frobenius manifolds and Saito bundles

In this paragraph we recall the relation between Frobenius or F'-manifolds and Saito
bundles (see, e.g., [15, Chapter VII]).

Definition 2.7. i) A Saito bundleis avectorbundle (r : V — M, V, ®, Ry, Rso)
with a connection V, a 1-form ® € Q'(M, End(V)) and two endomorphisms
Ro, Rso € End(V), such that the following conditions are satisfied:

RV=0, ®AD=0, [Ry,®]=0

and
dV® =0, VRy+® =[P, Rs], VR =0. (2.5)
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Above RY is the curvature of V and the End(V)-valued forms [R, ®] (with
R := Ry or Rs),dY ® and ® A & are defined by: forany X, Y € Ty,

[R, ®]x :=[R, Px]

(@ @)y y := Vx(®y) — Vy(dx) — Drx.y)
(PAD)xy = DPxPy — Py Dy;

i) A Saito bundle with metric is a Saito bundle (V, V, ®, Ry, Ry) with a (non-
degenerate) metric g € S2(V*), such that the following conditions are satis-
fied:

Vg=0, Re+R:=0Ry=R;, &x=0o% VXecTM,

where the superscript “x”denotes the g-adjoint.

Let(m: V — M, V, ®, Ry, R) be a Saito bundle. Suppose there is a section s of
V', such that
I[:TM -V, I(X):=®x(s), XeTM (2.6)

is a bundle isomorphism. Define an (associative, commutative, with unit field
ey = 171(s)) multiplication op; on TM and a vector field Ey € 7Ty by the
conditions Py, y(s) = PxPy(s) and Ey = —I7'Ry(s). (We remark that our
conventions differ from those used in [3, 15]; in these references, the identification
between T'M and V is done via —I; the induced multiplication on 7 M is then —oyy,
but the induced fields £ are the same). The following holds (see, e.g., [3, Lemmas
4.1 and 4.3)):

Proposition 2.8. Both oy and Ey; are independent of the section s and (M, oy,
eyu, Ey) is an F-manifold. The endomorphism Uy (X) = X o Epp of T M coincides
with —1 'Rol. In particular, Upy) , and —(Ry), belong to the same conjugacy
class, forany p € M.

Suppose now that g is a metric on V, which makes (V, V, ®, Ry, Roo, )
a Saito bundle with metric. Suppose that the section s from the isomorphism
(2.6) is V-parallel and Rx(s) = gs, for ¢ € C. Such a section is called prim-
itive homogeneous. Then gy (X,Y) := g({(X), I(Y)) is a Frobenius metric on
(M, oy, err. Epr). The Levi-Civita VEC of gy is given by V€ = 1716V o and

VECEy = 17 Rl + (1 — ¢)1d. .7
(see [15, page 239]). Conversely, any Frobenius manifold arises in this way (see
[15, page 240]).
2.3. F-manifolds and flat meromorphic connections

Let V be a flat meromorphic connection on a vector bundle E over M x D (where
D c C is a small disc around the origin), with poles of Poincaré rank one along
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M x {0}, in Birkhoff normal form. By definition, this means that £ = (M x D) x
C" — M x D is the trivial bundle and the connection form of V in the standard
trivialization of E is given by

o <Bo(x) n Boo) dt + Ci(x)dx ’
T

2.8)
T T

where (x?) are coordinates on M, t is the coordinate on D, C; : M — M, (C),
By : M - M,(C) and Bs, € M,(C). We consider By, Bx, as endomorphisms
(the latter, constant) of the trivial bundle V = M x C" — M and C = C;dx’
as an End(V)-valued 1-form on M. In its simplest form, the relation between F-
manifolds and meromorphic connections is the following (for the more general re-
lation between F-manifolds and (TE)-structures, see [5, Theorem 3.1]).

Proposition 2.9. Let V be a flat meromorphic connection on the trivial bundle E =
(M x D) x C" — M x D, in Birkhoff normal form (2.8).

i) The trivial bundle V. = M x C" — M, together with (D¢, C, By, —Bxo), Where
D¢ is the canonical flat connection of V and C, By, Boo are as above, is a Saito
bundle;

ii) In particular, if there is a section s of V, such that (2.6) is an isomorphism, then
M inherits an F-manifold structure.

Proof. Claim i) follows from the flatness condition d2 + Q2 A Q = 0. Claim ii)
follows from Proposition 2.8. O

2.4. Malgrange universal deformation

Let V° be a connection on the trivial bundle V? = D x C* — D, with connection

form B J
Q" = (—0 + Boo) ad 2.9)
T T
where B(‘)’ , B~ € M, (C). To keep the text self-contained, we recall the definition
of an integrable deformation of V°.
Definition 2.10. An integrable deformation of V° is a flat meromorphic connection
V on the trivial vector bundle £ = (M x D) x C" — M x D, in Birkhoff normal
form (2.8), which coincides with V? when restricted to { po} x D (where pg € M),

i.e. Bo(po) = By.

Assume now that B is regular. Then V0 admits an integrable deformation
Ve constructed by Malgrange [10, 11], which is universal (see, e.g., [15, page
208], for the definition of universal integrable deformations). Following Sabbah
[15, Chapter VI, Section 3.a], we now recall its construction. Let D C T (M, (C"))
be defined by

Dr := Spang: {Id, (Bo)r, -~ , (Bo)’li_l} C TrM,(C) = M,(C),  (2.10)
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where
(Bo)r := B§ —I' +[Boo, '] (2.11)

Because B(‘)’ is regular, so is (Bg)r, for any I' € W, where W is a small open
neighbourhood of 0 in M,,(C). For any I' € W, Dr is the (n-dimensional) vector
space of polynomials in (Bg)r and the distribution D — W is integrable. The
Malgrange universal deformation of VY is defined as follows [10,11] (also [15]):

Definition 2.11. i) The parameter space M = M (B, Bso) of the universal

deformation V" of V is the maximal integral submanifold of D]y, passing
through 0;

ii) The connection V¢ of VY is defined on the trivial bundle E = (M2 x D) x
C" — M x D, with connection form in the standard trivialization of E given
by

B d C
Qo — <—0 n Boo> aoLz 2.12)
T T T

Here By : M*" — M,(C), (Bp)(I') := (Bo)r is given by (2.11) and Cx := X
is the action of the matrix X on C", for any X € TrM“** c M,,(C).

3. Globally nilpotent regular F-manifolds

Our aim in this section is to prove the following result.

Proposition 3.1. Let (M, o, e, E) be an F-manifold of dimension n > 2, such that
at a point po € M, the endomorphism Uy, = (Cg)p, : TpyM — Tp, M is regular,
with exactly one eigenvalue. Then there is a neighbourhood U of pg, such that
(U, o, e, E) is globally nilpotent (and regular).

Proof. Let U be a small neighbourhood of pg, such that, for any p € U, the en-

domorphism U, = (Cg), : T,M — T,M is regular, and let P(p,z) = 2" +
Z;é A ( p)zk be the characteristic (or minimal) polynomial of {/,,. As before, let

X;:=FEo...oE (i-times,i > 0) with Xo = e. Since P(p,U),) =0,

n—1

X, + Z/\ka =0. (3.1)
k=0
Define the functions
ck
fer=he =~ 0<k=n-2

(Remark that fi(p) = Ofor p € U and all 0 < k < n — 2, if and only if
P(p,2) = (z+ A”’Tl(p))”, if and only if U/, has exactly one eigenvalue.) By hy-
pothesis, fi(po) = 0,for any 0 < k < n — 2. Our aim is to compute the derivatives
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Xi(fr) (with0 <i <n —1) and to show, using the Cauchy-Kovalevskaia theorem,
that fy = O on U, for any 0 < k < n — 2. This implies that ¢/ has exactly one
eigenvalue at any point of U and we conclude from Lemma 2.3 that (U, o, e, E) is
globally nilpotent, as required. Details are as follows.

We take the Lie derivative of (3.1) with respect to X (s > 0) and we use (2.1).
We obtain

n—1
(n =) Xstn1+ Y (Xs i) Xi + (k — ) Xgpp1) =0, (32)
k=0

which is equivalent, by taking A,, := 1,to

—1

n n
D XsCa)Xi+ D (k= )k Xospmt = 0. (3.3)
k=0 k=0

Relation (3.3), with s = 0, gives
Xo(Ar) = —(k+ DAgy1, 0 <k <n-—1. 34

Relation (3.3), with s = 1, gives
n—1 n
Y X1 Xk + Y (k= DixXg =0.
k=0 k=0

From (3.1), X,, = — Z;(l) M Xk . Replacing this expression of X, into the above
relation we obtain

Xip)=m—kxr, 0<k<n-1. (3.5)

The computation of X, (Ax) is done in the same way, but is a bit more complicated.
Taking in (3.3) s = 2 we obtain

n—1 n
Z Xo () Xk + Z(k — DA Xk+1 =0
k=0 k=0

or, equivalently,
n—1 n
XU+ (k= 2mU ! = 0.
k=0 k=0

Since P(p, -) is the minimal polynomial of I/, (for any p € U) there are holomor-
phic functions bg, b; € Oy such that

n—1 n n
Y X008+ k=2 = o+ bi2) Y . (3.6)
k=0 k=0 k=0
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Identifying in (3.6) the coefficients of "1 we obtain b; = n — 2. Relation (3.6)
becomes

D (X20u) — bor)F =Y (1 — k+ Dag_yzF =0
k=0 k=1

3.7
Then (from the coefficient of z°), X» (k) = boAg, and the remaining terms in (3.7)
give

n

D (Xa(h) = bok — (n =k + D) =0
k=1

(3.8)
Using A, = 1, we obtain by = —A,—1 (from the coefficient of z"*) and relation (3.8)
becomes

Xohi) = =AM+ (m—k+ DA, 0<k<n-—-1

(3.9
(We use the convention A; = 0 for i < 0; similarly, below f; = 0 wheneveri < 0.)

Next, we compute the derivatives X3(Ax). Relation (3.3), with s = 3, gives, by
a similar argument as for s = 2

X3(?»k)=<)»,21_1 2)»n—2>)»k+(n—k+2))~k—2—?~n—1)»k 1, 0<k=<n—1. (3.10)

From relations (3.4), (3.5), (3.9) and (3.10), we obtain, from long but straightfor-
ward computations, the expressions for the derivatives X;(f;) (forany 0 <i <3
and0 <k <n-—2):

Xo(fi)=—k~+1) frr1 (k <n—3), Xo(fu

, 2)=0, Xi(fi)=—k) fr 3.11)
and

20k
Xa(F) = —hnt fi + (1 — k + 1) fiog — 20—

k) i
— ik A1 a2
Cck@n -3k —-2) ,_
X3(f0) = (421 = 2ha) i+ 2 T (3.12)
3CK(n — k)
+(n—k+2)fr2—An-1fk-1 — nn"—k AL
In particular, both (3.11) and (3.12) are of the form
Xi(fk)zza(l)fs, 0<i<3, 0<k<n-2, (3.13)
for some a e Oy

. Since [X;, Xj] = (j — i) X1 (see relation (2.1)), we
obtain that the derivatives X;(fy),forany0 <i <n—1(and0 <k <n —2)
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are of the form (3.13). In a coordinate chart x = (y°,---,y"™ 1) : U — C" with
X (po) = 0 we obtain

d(fiex™) Lo - .
T:Zb,&(fsox ) 0<i<n-—1 0<k<n-2,

s=0

for some bgs) € O, w)- Also, (fx o x1)(0) =0 forany 0 < k < n — 2. Applying
successively the uniqueness statement of the Cauchy-Kovalevskaia theorem (in the
form stated, e.g., in [7], relations (2.42) and (2.43), with no (ti)—parameters in the
notation of this reference), we obtain that fy = 0 on U, as required. O

The computations from the above proof imply the following corollary.

Corollary 3.2. Let (M, o, e, E) be an n-dimensional globally nilpotent regular F -
manifold and {Xy, - - - , X,,—1} its canonical frame. Let a € Oy be the eigenfunc-
tion of U = Cg. Then

(J—DXitj-1, i+j<n

Xi, Xil= n=l iy
[Xi. X1 i—jH> c,EH_] I=mgiti=1=kx, i+ j>n,
k=0

(3.14)

where c(p ) (p 2 0and 0 < k < n — 1) are constants, defined inductively by

(0) = (D"~ ka and for any s > 0, c(“‘+1) = c,?)l - c,(co) () | (when k > 1) and

(()Hl) = (O) f;) Moreover,

Xi(a)=d', i>0. (3.15)

Proof. Relation (3.14) fori+ j < nis just(2.1). We now prove (3.14) fori+j > n.
Since U — ald)" =0,

n—1
U+ el uk =0, (3.16)

Multiplying the above relation with I/, 242, etc, and using an induction argument,
we obtain

n—1
unts + ZC]((S)an—k-‘rsuk =0, s5>0,
k=0

or, equivalently,

Xpis = Zc“)a" k5X, s >0. (3.17)

Relations (2.1) and (3.17) imply (3.14) for i + j > n, as required.
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It remains to prove (3.15). With the notation from the proof of Proposition
3.1,a = —*';;' and Ay = Ck(—a)" %, forany 0 < k < n — 1 (because f; = 0,
(M, o, e, E) being globally nilpotent). On the other hand, in the proof of Proposi-
tion 3.1 we computed the following derivatives:

Xo(n—1) = —n, X1(Ap—1) = Ayt
Xo(no1) = —hh_j +2hn2
X3(no1) = Ay +3hn3 — 3hn_1dn2.

These expressions, written in terms of a, give (3.15), for 0 < i < 3. Using (2.1) we
obtain (3.15), for any i > 0. ]

Remark 3.3. For the proof of Theorem 1.3 (next section), it is convenient to ex-
press the Lie brackets [X;, X ;], computed in Corollary 3.2, in a unified form (not
as in (3.14), where the cases i + j < n and i + j > n are separated). This can be
done as follows. Consider the constants c,({p ) from Corollary 3.2. They were defined

forp >0and0 <k <n—1.For p <0(and0§k§n—l),letc,£p) := 0, unless

p = k —n,in which case c,(ck_") := —1. With this notation, the two relations (3.14)
reduce to the single one

n—1 o
[Xi, Xj1=G— )Y e 7 Ma "X i j >0
k=0

4. Proof of Theorem 1.3

Using the material from the previous section, we now prove Theorem 1.3. With the
explanations from the introduction, the only statements which need to be proved
are the uniqueness (up to isomorphism) of the germ in Theorem 1.3 ii) and the
uniqueness of the isomorphisms in Theorem 1.3 i) and ii).

We begin by proving the uniqueness of the germ. Consider two germs
(M, p),om,em, Ey) and ((N, q), on, en, Ey) of n-dimensional F-manifolds.
Let Uy € End(TM) and Uy € End(T N) be the endomorphisms given by the
multiplication with the Euler fields. We assume that Upy), : TyM — T,M
and Uyn)g : TyN — T, N are regular and belong to the same conjugacy class.
Our aim is to show that the two germs are isomorphic. Owing to Hertling’s de-
composition of F-manifolds (see Theorem 2.1), we can (and will) assume that
(Um) p and (Uy ), have exactly one eigenvalue. From Proposition 3.1, the germs
(M, p),om,em, Ey) and ((N, q), on, en, Ey) are globally nilpotent. Let a €
Op and b € Oy be the eigenfunction of Uy and Uy, respectively. Since Upr),
and (Uy)4 belong to the same conjugacy class, a(p) = b(g). We denote by {X; :=
(EM)i, O0<i<n-—1}and{Y; := (EN)i, 0 <i < n — 1} the canonical frames of
the two germs.
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Proposition 4.1. In the above setting, there is a biholomorphic transformation Vr :
(M, p) — (N, q), such that Y. (X;) = Y; forany0 <i <n—1landboy = a.

Proof. The statement follows from the classification of {e}-structures (see [17, The-
orem 4.1, page 344]). For completeness of our exposition we present the argument
in detail, by adapting the proof of [17, Theorem 4.1] to our setting. Let {wiX 0<

ifn—l}and{a)iy, 0 <i <n — 1} be the 1-forms dual to {X;, 0 <i <n — 1}
and {Y;, 0 <i <n — 1}, respectively. From Remark 3.3,

k k 1 L
dw,f: Z <CX>“a)iX/\a);(, (cx>”:=——(i—j)c,(:+" =) gitj—1-k 4.1
0<i,j<n—1 Y Y 2

and similarly

k k 1 AP
dof = Z (CY).in/\a)}/, (cY)H:z—E(i—j)c,(;ﬂ I=mpiti=1=k (42)
ij

0<i,j<n—1 Y

From relation (3.15),
n—1 ) n—1 )
da = Za’wix, db = Zb’a)iy. 4.3)
i=0 i=0

In particular, dpa € T, M and dyb € TN are non-trivial. We restrict M and N
such that dya # 0 and dyb # 0,foranyx e Mandy € N.Letm : M x N - M

and m, : M x N — N be the natural projections, GiX = (m)*(a)ix) and 91.Y =
(nz)*(a)iy ) for any i. Pulling back (4.3) to M x N, we obtain

n—1 . n—1 .
d(ria)= Y (xa) 6F. d(msp) = (x30) 6],  (44)
i=0 i=0

Let S be the (2n — 1)-dimensional submanifold of M x N, defined by
S:={(x,y) € M x N, a(x) =b(y)}.

Remark that (p, g) € S. Leti : S — M x N be the inclusion. We will show that
Dy :=Span { ()" (6¥ —67). 0=i =n—1} cT"s

is arank (n — 1) subbundle of 7*S. For this, we remark from (4.4) that

n—1

o) —0) =d (wia—m3b) = Y ((xia) 6 - (w3b)’ el.y) . (45)

i=l
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Restricting (4.5) to 7'S and using that wfa = n;b on S (and d(7{a — n;b) = 0
on TS), we obtain that (1) (9X — Y) is a linear combination of the remaining
()*(6X —6)),1 < i < n—1. We deduce that rank(Ds) < n— 1. On the other hand,
since S is of codimension one in M x N, the kernel of the map (7)* : T (fc’y)(M X
N) — T* S is one dimensional (for any (x, y) € S). We deduce that the kernel of

the restrlctlon of this map to Span{(&x GY)()C v, 0<i<n-1}CT (x y)(Mx N)

is at most one dimensional. Since {(Ol.X iy)(x,y)} are linearly independent, we
obtain that dim(Ds) y,y) > n — 1. We conclude that dim(Dy)y,y) = n — 1, for any
(x,y) € S,ie., Dgisofrank n — 1, as needed.

We now prove that Ker(Dy) is integrable. Pulling back the first relations (4.1)
and (4.2) to S, and using 7§ (c*)}; = 75 (c")}; on S (which follows from the defi-
X)k Y)k

nition of (¢ and (¢

a(of o)) an (c )ij <0lX_9iY>/\9]X—|-ZTr; (J)Z 6! n(0F — o)), Wk
L]

i.e.,Ker(Dy) is an integrable distribution on S.

Consider now the integral submanifold S of Ker(Ds) which contains (p, q).
It is of dimension dim(S) — rank(Ds) = 2n — 1) — (n — 1) = n. We claim
that {(9,~X)|TS’, 0 <i < n — 1} is a basis of forms on §’. Indeed, since the forms
{6y 0F =6y, 0 =i < n— 1} are abasis of T¢; || (M x N), their

restriction to T(y,y)S" generate T* S’ Therefore, {(QiX)|T(x,v) s, 0<i<n-—1}

and from mwfa = ;b on S), we obtain that

generate T (x. y)S hence form a bas1s of T("; )S/ (because (GiX — GiY )(x,y) vVanishes
on Ty, y)S = Ker(Ds) 4, y) and dim(S’") = n). We proved that {(QX)lrsr 0<i<
n — 1} is a basis of forms on §’, as needed. From this fact and (1|g)* (a) ) =
(Gl )|rs’, we obtain that 7r1| g : S — M is locally a biholomorphic transformation.
A similar argument shows that 7|s : S’ — N is also, locally, a biholomorphic
transformation We restrict the representatives M and N of the germs, such that
: S - M and m; : S — N are biholomorphic transformations and we define
w = M o, ~! Since (p,q) € S, ¥(p) = q. Since any (x, y) € S’ satisfies
a(x) = b(y), we obtain that b o ¥ = a. Since J'rl*(a)iX) = n;(a)iy) on TS, we
obtain that Y*(w}) = 0, i.e., ¥u(X;) = Y;,forany0 <i <n — 1. O

Proposition 4.2. The map  : (M, p),om,em, Ey) — (N, q),on,en, En)
from Proposition 4.1 is an isomorphism of germs of F-manifolds.

Proof. From Proposition 4.1 the map v preserves the unit and Euler fields. It re-
mains to check that it preserves the multiplications, too. From regularity, this is
equivalent to ¥, (ij) = Ejv’ for any i > 0. The statement for i < n — 1 follows
from Proposition 4.1 (since Ej, i = X;and E}V = Y; for such 7). We need to prove
that ¥, (E},) = E) i also for i > n. For this, we notice that the characteristic poly-
nomials of (Z/{M)x and (UN)y (x) coincide, for any x € M (both (Up)x and UN )y (x)
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are regular, defined on vector spaces of the same dimension, with the same (unique)
eigenvalue a(x) = (b o ¥)(x)). Therefore, for any i > n, the coordinates of (Ep),
in the basis {(X;)x, 0 < j < n — 1} coincide with the coordinates of (EN)i//(x)
in the basis {(Y;)y ), 0 < j < n — 1}. Using that ¥,(X;) = ¥; we deduce that
Ve ((Eh)x) = (E)y(o)s ie., Yu(EL)) = Eb, as needed. O

The uniqueness of the isomorphisms required by Theorem 1.3 i) and ii) is a
consequence of the following simple lemma, which concludes the proof of Theo-
rem 1.3.

Lemma 4.3. Any automorphism of a germ (M, p),o, e, E) of regular F-manifolds
is the identity map.

Proof. Let ¥ be such an automorphism. Then v, (E’) = E' for any i > 0. From
regularity, ¥«(X) = X, ie., ¢} oy = ¥ o ¢, where ¢ is the flow of X and
X € Ty is arbitrary. Since ¥ (p) = p, we obtain that ¢ is the identity map. O

In the following sections we develop applications of Theorem 1.3.

5. Frobenius metrics in canonical coordinates
In this section we study Frobenius metrics in the coordinate system provided by

Theorem 1.3 i). In Subsection 5.1 we express the conditions which involve the unit
and Euler fields. The flatness of the metric will be treated in Subsection 5.2.

5.1. The unit and Euler fields

Let M := C™ x ... x C™ . We denote by (/@) (0 <i <myg — 1,1 <a <n)
the canonical coordinates on M and by {9; () := %} the associated vector fields.
According to Theorem 1.3 1), the multiplication

Ni+pew =P it j=mg—1
ity 0 dj(p) = {0 otherwise

and the vector field

n mg—1
E=Y)" <<t0(“) + aa> () + <t1(°‘) + 1) N + Y tl(“)ai(a)> ;
a=1 i=2

give M the structure of an F-manifold, with unit field

n
e = Z 30(0,).
a=1
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Any multiplication invariant metric on M is of the form

g = SaupNii+j)wdt' @ @ dt! P, (5.1)

for some functions 7; (), where 1 <o, 8 <n,0 <i <my — 1 and n;) = 0, for
i >mg.

Proposition 5.1. i) The coidentity e := g(e, -) is closed if and only if there is a
function H (called a metric potential) such that ;) = ;) (H) for any i(a);
il) The unit field e is flat (with respect to the Levi-Civita connection V'*C of g) if
and only ifd(eb) = 0 and e(n;(«)) =0, for any i(a);
iii) The Euler field rescales g (i.e., LE(g) = Dg for a constant D) if and only if
EMi(@)) = (D — 2)i(a) for any i(a).

Proof. Since e = Y " _, (), the coidentity is given by e” = n;dt'@. It is
closed if and only if it is exact, i.e., ¢” = dH, for a function H. Claim 1) follows.
For claim ii), we use that VIC(e) = 0 if and only if d(e”) =0and L.(g) = 0. But

Le(8) (i) 3j(p)) = Sape i+ @) — & ([e: di)]: 3j(8)) — & (Bica)- L€ Dji(p)])
= Supe (Ni+)@)

where in the second line we used e = Y ., o) and the fact that the vector fields
{0 ()} commute. Claim ii) follows. Claim iii) follows equally easily. O

5.2. The flatness condition

It remains to study the flatness. For this, let us consider again Dubrovin’s descrip-
tion of Frobenius metrics on constant (not necessarily regular) F-manifolds, re-
called in Subsection 2.1.3. In Lemma 5.2 we prove that the rotation coefficient
operator is determined (modulo a term Cy, for X € 7y) by the Frobenius metric.
Therefore, the generalized Darboux-Egoroff equations (2.2) may be written directly
in terms of the metric (rather than the rotation coefficient operator). Proposition 5.3
below is a rewriting of [2, Theorem 3.1]. We will apply it in order to obtain a
description of Frobenius metrics on regular, globally nilpotent F-manifolds (see
Theorem 5.5).

We use the notation from Subsection 2.1.3. In particular, we identify TN with
T*N using € = ¢;;dt' ® dt/. We denote by e ~! : T*N — TN this isomorphism.
The induced metric on 7*N will also be denoted by €. It is given by € = €'/9; ® 9 i
where (€'/) is the inverse of (¢; i)

Lemma 5.2. Let (N, o, ¢) be a constant F-manifold, with constant multiplication
invariant metric € € S*(T*N), ¥ = 1//jdtj e QY (N) an invertible 1-form and
T = e () € Ty the € dual vector field. There is an € symmetric endomorphism
y € End(T N) which satisfies

Ly (y) = ¥I[Ci, 71, Vi, (5.2)
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if and only if e (W, V) is constant and the endomorphism y € End(T N), defined by
7 =L@ @ (30T7"), (5.3)

is € symmetric. If e(Wr, ) is constant and y is € symmetric, then y satisfies (5.2),
and, moreover, any other € symmetric endomorphism y, which satisfies (5.2), is of
the formy =y + Cx, for X € Ty.

Proof. We divide the proof into several steps.

Step 1. We claim that the operator y defined by (5.3) satisfies

1 .
y(T) = 56—1(41#)(6(1//, Yo TN (5.4)
To prove (5.4), we use the definition of y and Ly, () = 0:
Y(T) = L1 gy W) ()3 0 T = €(L—1(gyiy (W), ¥)d o T

1 .
= Ee—l(dﬂ)(e(w, Yo T~

Step 2. We claim that any € symmetric endomorphism y of TN satisfies
7 =" Y [Ch. 7100)dt? @ (3 o T™') + Cyipyor—1- (5.5)

To prove (5.5), let y be such an endomorphism. Using that C; and 7 are € symmet-
ric, we obtain

VIC, 71(3)) = €(T.1Ci, 710) = (T 0 7@)) = #(T) 03}, ). (5.6)
From X = e'*e(X, 9;)9;, for any X € 7y, and relation (5.6), we obtain
Top(d;))—7(T)odj =€ e(Top(d;) — 7(T)o0d;, &)d;
= e Y[Cr. 71(2;) ;.
which implies (5.5).

Step 3. We claim that if there is an € symmetric endomorphism y of TN, which
satisfies (5.2), then e(y, ¥) is constant and the operator y, defined by (5.3), is €
symmetric. Let  be such an endomorphism. From (5.2) and Ly, (¢) =0,

1
FOie@. ¥))=e(lo, (¥), V)=eWICi, 7], ¥)=—€(Ci, yI(T), T) = 0. (5.7)

(In the third equality we used that [C;, 7] € End(T N) is € skew-symmetric; owing
to this, the 1-form ¥ [C;, 7] € Q' (N) is € dual to —[C;, 71(T) € Ty. In the fourth
equality we used again that [C;, 7] is € skew-symmetric). Relation (5.7) shows that
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€(r, ¥) is constant. Using (5.5) (y is € symmetric), (5.2) and e~ l(drt) = €y,
we obtain

)7 = Eikak(wj)dtj ® <8, o T_1> + C};(T)OT—I = )/ +C}7(T)OT71‘ (58)

Since y is € symmetric, so is y. Our claim follows.

Step 4. We assume that € (1, ¥) is constant and y is € symmetric. We claim that y
satisfies (5.2). Since € (¥, ¥) is constant, Y (T') = 0 (see relation (5.4)). Since y is
symmetric and y (T') = 0, relation (5.5) implies that

y = e*yCh, y1(8;)dt! @ (8 o T7Y). (5.9)
On the other hand, from its definition (5.3),
y =e*o(y;)dt! ® (3 o T™). (5.10)

Combining (5.9) with (5.10) we obtain that 3 (¢;) = ¥[Ck, ¥1(9}), i.e., y satisfies
(5.2), as claimed.

Step 5. In the hypothesis from Step 4, we claim that any other ¢ symmetric en-
domorphism y, which satisfies (5.2), is equal to y + C};(T)OT—I. Let y be such an
endomorphism. Since it is € symmetric, it satisfies (5.5). Using (5.2), relation (5.5)
becomes ¥ =y + Cj1)or-1, as needed. O

Proposition 5.3. Let (N, o, e) be a constant F-manifold and € € S2(T*N) a con-
stant, multiplication invariant metric. Let = ¥ ;dt/ € QY(N) be an invertible
1-form. Then the metric

gX,Y)i=Woy)(XoY)
is Frobenius on (N, o, e) if and only if e (Y, ) is constant and the endomorphism
Y =Ly ® (80 T71) (5.11)

is € symmetric and satisfies the generalized Darboux-Egoroff equations (2.2).
Above T = e~ \(y) € Ty is € dual to .

Proof. From Theorem 2.6, g is Frobenius if and only if there is an € symmetric
endomorphism y € End(T N) (a rotation coefficient operator), which satisfies (5.2)
and the generalized Darboux-Egoroff equations (2.2). From Lemma 5.2, the ex-
istence of an € symmetric endomorphism ¥, which satisfies (5.2), is equivalent to
the € symmetry of y and to € (¥, ) being constant. Suppose that these equivalent
conditions hold. From Lemma 5.2 again, y = y — C};(T)OT—I. Therefore, y sat-
isfies the generalized Darboux-Egoroff equations if and only if y does. Our claim
follows. O
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Remark 5.4. There is an alternative formula for the endomorphism y from Lemma
5.2, which is more suitable for computations. Let cf.‘j and c;{J be the structure con-

stants, in canonical coordinates (¢), of the multiplications on TN and T*N. We
claim that ‘ ‘
y = o(¥))Bse*cildt! @y, (5.12)

where 8 =) . Bidt' € Q' (N) is the inverse of ¥ . Relation (5.12) is obtained from
the following computation: from (5.3),

y =X (v;)dt! @ (3 0 €7 (B)) = ™0k (V) Bedt! ® (3; 0 €7 (d1*))
= () Bse’ € dt! @ (8 0 07) = oY) Boe™ e cf dt! @ b,
= 8k(lﬁj)ﬁseikcftdtj ® o,
where we used € (d1°) = €3, T~ = ™' (B) and ¢]' = "/ ],

We now return to the setting of regular F-manifolds. For simplicity, we as-
sume that (M, o, e, E) is globally nilpotent (and regular, of dimension m). Let

(1, -, ™1 be the coordinate system of M provided by Theorem 1.3 i) and
€ € SX(T*M) the (multiplication invariant) metric given by
€ =¢dt' ®@dt’, € =e€(3;,0;) = it jm1. (5.13)

We identify T M with T*M using €. The induced multiplication on 7*M is given

by dt' o dt! = dt'+ti—(m=D (with the convention dt* = 0 whens > m or s < 0)

and dt"™ ! is the unit. A I-form ¢ = ¥;dt/ € Q'(M) is invertible if and only if

Ym—1 1s non-vanishing. If ¢ is invertible and g = B jdtj is its inverse, then
Bnt¥m-1=1, > By =0, m—1<k<2m—1). (5.14)

r+s=k
The following theorem is our main result from this section.
Theorem 5.5. Let (M, o, e, E) be a regular, globally nilpotent, m-dimensional F -

manifold, with fixed constant metric € € S*(T*M) given by (5.13). Let g be a
multiplication invariant metric, given by

g =niy;dt' @dt’. (5.15)
We fix a branch of(nm_l)l/z.
i) There is a unique invertible 1-form i = 1//_,-dtj e QY(M), related to g by
gX, )=Woy)XoY), X, Y €eTM. (5.16)

1/2

Its (m — 1)-component is given by ¥r,,—1 = (Nu—1) '* and its remaining com-

ponents are determined inductively by the conditions:

Y Usi=m 0<k=m-—2 (5.17)
s+t=(m—1)+k
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ii)

1ii)

The metric g is Frobenius on (M, o, e) if and only if
W)= > Yy

i+j=m—1

is constant and

Y _ZZ'BS m—1— l(wj)am 14+i— s®dtj

i<s

is € symmetric and satisfies the generalized Darboux-Egoroff equations (2.2),
where B = ,Bjdtj € QY(M) is the inverse of V. In particular, if g is Frobenius
then there is (locally) a function H such that n; = 0; (H), for any i, and 9; (H)
is independent of 1°;

The metric g is Frobenius on (M, o, e, E) if and only if the conditions from ii)
hold and, moreover, E(n;) = (D — 2)n; for any i.

Proof. The proof follows from Propositions 5.1 and 5.3 and relation (5.12). O

Example 5.6. We consider the setting of Theorem 5.5.

i) The metric € itself is Frobenius with ¢ = d¢™ ! and y = 0;

ii) Assume that m = 2. The 1-form v, its inverse 8, the operator y and € (i, ¥)

are given by

! 1
¥ =m0~ 2di+ ) Pdet, p=—2 (1) ode” + (g™ 2ar!

v (8;) = B101(¥i)30 + (Bod1 (¥i) + B1do(¥;))d1, 0 <i <1
ey, ¥) = 2901 = no.

The generalized Darboux-Egoroff equations reduce to [Cy, L, (y)] = 0. The
unit field e is flat if and only if dg(n;) = 91(19) and n; are independent of
1Y (i = 1,2). Suppose that e is flat. Then g is constant, the generalized
Darboux-Egoroff equations are automatically satisfied and y is € symmetric.
A metric is Frobenius on (M, o, e) if and only if it is of the form g = f d’®®

dt +dt' @ di®), where f = f(t!) and its derivative f (with respect to
t ) is non-vanishing. The metric g is Frobenius on (M, o, ¢, E) if, moreover,

t' f = (D —2)f,foraconstant D € C;

iii) Assume that m = 3. The 1-form ¢ = wjdtj, its inverse 8 = ,BJ-dtj and

€(y, ¥) are given by
1 1 1
V= (5770(772)1/2—§(n1)2(n2)3/2>dt0+5771(n2)1/2dt1+(n2)1/2dt2

1 3 1
B= (—Eno(nz)_w + g(nl)z(nz)_5/2> dt® — 5771(712)_3/261”1

+ ()" 2ar?
e, ) =2v0v2 + (¥1)* = no.



REGULAR F-MANIFOLDS: INITIAL CONDITIONS AND FROBENIUS METRICS 1143

Suppose that ¢ is flat. Like in the case m = 2, n; are independent of 7 and
0;(nj) = 9j(n;), for any i, j. In particular, 1o is constant. The operator y is
given by: forany 0 <i <2,

v (0;) = 02(Y;) B20o + (32(Wi) B1 + 31 () B2)91 + (Bod2 (W) + B101(3;)) 0.

It is € symmetric if and only if y10 = 21, Yoo = y22 and yp; = Y12, where
y(9;) = y;id;. Suppose that these relations are satisfied. The generalized
Darboux-Egoroff equations become the highly non-trivial condition

[C1. La,(¥)] — [Ca. Loy ()] + [[C1. ¥1. [C2. ¥1] =0,

which, in terms of y;;, gives

S 11— 10) — 31 (vo1) + (o1)* — (v11 — yo0) 02 = 0
92(y01) — 91 (Y02) — yo2vo1 =0

»(02) + (v2)* = 0.

6. Infinitesimal symmetries in canonical coordinates

Definition 6.1. An infinitesimal symmetry of an F-manifold (M, o, e, E) is a vec-
tor field X which preserves the multiplication and the Euler field:

Lx(0) =0, [X,E]=0.

Using the Jacobi identity and the general formula L[x y; = [Lx, Ly] for the Lie
derivative, we obtain that the set £ of infinitesimal symmetries of any F-manifold
is a subalgebra of the Lie algebra of vector fields. In this section we compute the
Lie algebra £ of germs of regular F-manifolds. According to [4, Theorem 2.11],
an infinitesimal symmetry of a product F-manifold decomposes into a product of
infinitesimal symmetries of the factors. The Lie algebra £ decomposes accord-
ingly and, from Theorem 1.3, there is no loss of generality to assume that the germ
is the standard model ((C™,0), o, e, E), with coordinates (t°, --- , "~ 1) and F-
manifold structure given by (1.2) and (1.3) (with no index «). We begin with the
following lemma.

Lemma 6.2. A vector field X on ((C™,0), o, e, E) satisfies Lx (o) = 0 if and only
if
[aO’ X]=O7 [alvx]oamfl =07

6.1
[0;, X]=1i0;i_10[01,X], 2<i<m— 1. ©.1)

Proof. For any vector field X,

[X,0i+j]1 —[X,0]]00; —0;0o[X,0;] i+j<m-—1

L di,0;) =
XEOOD =1 1ix 0110 0; — 01 01X, 91 i+j=m.
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In particular,
Lx(0)(do, do) = [do, X1,
Lx(0)(01,0j-1) =[X,0;] —[X,01]00;—1 —d10[X,0;-1], 2=<j=<m-—1,
Lx(0)(d1, 0m—1) = —[X, 01] 0 dy—1 — 91 o [X, Ip—1]-

By induction, we obtain that the right hand side of these relations vanish if and only
if the relations (6.1) hold. Moreover, if the relations (6.1) hold, then L x (0)(9;,0;) =

0, for any i, j (easy check). O
Proposition 6.3. The system of vector fields {Y1, - - - , Yin—1}, defined by
m—1 )
Y= (' + 0o+ ) jt/dj, Yi=dao¥, 2<k<m—1,
=2

is a basis of the Lie algebra L of infinitesimal symmetries of the standard model
((C™,0),0,e, E) and

(G=DYipj-1 i+j=m

Y;, Y] =
LY. ¥j1 0 i+ j>m.

(6.2)
Proof. 1t is easy to check that Y; satisfies the relations (6.1) and [E, Y1] = 0, i.e.,

Y belongs to L. Using that Yy € L, Ly (o) = 0 and that E is an Euler field, we
obtain: for any k > 2,

[E, Y ] =[E,k—10Y1]=[E,0k—1]oY1 +0k—10[E, Y]+ 0-10Y1 =0
Ly, (o) = Ljy_,0y,(0) = 0k—1 0Ly, (0) +Y10Ly_,(c) =0.

We proved that Y € £, for any k > 1. Relation (6.2) can be checked directly.
Consider now an arbitrary vector field X € £. We write it as X = fydp +
i+ -+ fm—1Ym—1, where f; are functions. We will prove that fo = 0
and fj are constant, for any £ > 1. For any s (sufficiently close to 0), @f is
an automorphism of the F-manifold. Within the F-manifold, the hypersurfaces
{t1t° + a = const} are the submanifolds where the only eigenvalue of / = Eo,
namely 1 + a, is constant. As ®X is an automorphism which respects multipli-
cation and Euler field, it does not change this eigenvalue. Therefore the flow of
X respects the hypersurfaces {¢ |t° + a = const} and we obtain that fy = 0. Let
Z = ZZ;}(fk — fx(0))Yg. The flow of @SZ, for any s, fixes the point 0, so it is
an automorphism of the germ ((C™,0), o, e, E). By Lemma 4.3, @SZ = Id. This
implies Z =0 and X = Y{Z| fc(0)Yy. O

Remark 6.4. The F-manifold in Theorem 2 i), (C™, o, e, E) with o, ¢ and E given
there (with no index «), is regular and globally nilpotent on C x (C — {1}) x
C™=2. By Theorem 2 ii), for any two values 71, € C x (C — {1}) x C"~2 with
t? = tg, the germs ((C™, 1), o, e, E) and ((C™, 1), o, e, E) are isomorphic, and
the isomorphism is unique. It is of the form d>§, for suitably chosen X € £ and s.
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7. Regular F-manifolds and meromorphic connections

Let VO be a meromorphic connection on the trivial vector bundle V0 = D x C" —
D (where D is a small disc around the origin in C), with connection form Qo
given by (2.9), in the standard trivialization of V. We assume that B§ € M,(C)
is regular. Let M = M“"(B{, B) be the parameter space of the Malgrange
universal deformation V2 of V9 (see Definition 2.11). Recall that it is the maximal
integrable submanifold of the distribution D|y , defined by (2.10), passing through
0. The tangent bundle 7 M admits a natural multiplication ocy,: for any I' €
M (ocan)r, acting on Tr M = Dr C M,,(C), is the multiplication of matrices
(it preserves Dr). It is clear that oc,y, is associative, commutative, with unit field
(Idcan)r = Id (the identity matrix), for any I' € M",

Proposition 7.1. i) The multiplication ocay gives M the structure of a (regular)
F-manifold, with Euler field

(Ecan)r := —(Bo)r = _B(()) +T —[Bx, '], T € M™%, (7.1)

ii) Conversely, let (M, o, e, E) be a regular F-manifold, p € M, and —B{ the
representation of Uy, : TyM — T,M,U,(X) = X o E}, in a basis of T,M. Let
Boo be any matrix and M := M (B, Bso). The germs (M, p), o, e, E)
and (M, 0), ocan, Idcan, Ecan) are isomorphic.

Proof. Let V.= M x C" — M be the trivial bundle. Elements of V are
pairs (', v) where ' € M and v € C". We shall denote by Vi = C" the fiber
of V atI' € M, From Proposition 2.9 and relation (2.12), V" induces a Saito
structure (D€, ®, By, —B~) on V, as follows: D€ is the canonical flat connection
(the constant sections of V are D¢-flat); ® € Q! (M, End(V)) is given by ®x =
X € M,(C) = End(Vr), forany X € Tr (M) c M,(C") (i.e.,forany v € Vp =
C", ®x(v) = X (v) is the action of the matrix X on the vector v); (Bo)r, (Boo)r €
End(Vr) are given by

(Bo)r = By —I' + [Boo, T'l, (Boo)r = Bo.

Let v € C" be a cyclic vector for Bj and s € I'(V) the associated constant section.
Thus, s : M — V = M x C",s(T") = (T, v), forany I" € M*". The map

[:TM® -V, [(X):= ®x(s) = (T, X(v)), X € Tr M

is an isomorphism. From the definition of ocay and Ecan, Pxo,, v (5) = Px Py (s)
and @, (s) = —Bo(s), i.e., Ecan = —I1"'Bo(s). It follows that (ocan, Ecan) is
induced from the Saito bundle (V, D¢, ®, By, —Bs), as in Proposition 2.8. In par-
ticular, (M“®", ocan, Idcan, Ecan) is a (regular) F-manifold, as required. This proves
claim 1).

For claim ii), let Ucan € End(T M?") be defined by Uean(X) := X ocan Ecan-
From Proposition 2.8, (Ucan)o is conjugated to —(Bo)o = —Bj. Since —B{ is
the representation of U{}, in a basis of T, M, (Ucan)o and U, belong to the same
conjugacy class. We conclude with Theorem 1.3. O
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Corollary 7.2. Any regular F-manifold (M, o, e, E) is the parameter space of an
integrable deformation of a meromorphic connection on V° = D x C" — D, in
Birkhoff normal form, with a pole of Poincaré rank one in the origin.

Proof. Trivial, from Proposition 7.1 ii). O

8. Initial conditions for Frobenius metrics

In this section we prove an initial condition theorem for Frobenius metrics on regu-
lar F-manifolds (see Theorem 8.2 below). Our argument relies on Theorem 1.3 and
the theory developed in [7]. A self contained proof for the existence of a Frobenius
metric with given initial condition, which avoids the technicalities of [7], will be
presented in Section A. The following remark justifies the properties of V), from
Theorem 8.2.

Remark 8.1. If (M, o, e, E, g) is a Frobenius manifold and Lg(g) = Dg then
VICE =V + %Id, where VIC is the Levi-Civita connection of g and V is the
g skew-symmetric part of VECE. Using [e, E] = ¢ and VC(e) = 0, we obtain
Vie) = (1 - D)e.

Our main result from this section is the following.

Theorem 8.2. Let (M, o, e, E) be a regular F-manifold and p € M. Suppose that
gp € SZ(T;M) and V), € End(T, M) are given, such that the following conditions
are satisfied:

1) gp is multiplication invariant and non-degenerate;
ii) V, is g, skew-symmetric and V,(ep) = (1 — %)ep,for D eC.

Then gp can be extended to a unique Frobenius metric g on the germ (M, p), o, e,
E), such that (VLCE)|TPM =V, + %Id.

Proof. We consider the linear data (T,M,U,, V), gp) (as usual, U, is the mul-
tiplication by E,). From regularity, e, together with Z/{:; (ep) (k = 1), generate
T, M. Therefore, we can apply [7, Theorem 4.5], with the Frobenius type struc-
ture reduced to the vector space (T, M, L{p, Vp, gp)and T := e, (see also [7, Re-

mark 4.6]). We obtain a germ of Frobenius manifolds ((M ,P),0, €, E, g), with
L (g) = Dg, and an isomorphism

. S T T D .
Ji(TpyM,ep, Uy, Vp, gp) — (TI;M, &5 Up, (VEOE) 7 iy = Sl g13> (8.1)
(where U 5 is the multiplication by E 5 and VL€ is the Levi-Civita connection of §.)

Since j(ep) =épand jold, = Z:{,; o j, we obtain that j(Ei) = E’lg,for any k > 0.
Since U, and Z;{[; are conjugated, the germs ((M, p), o, e, E) and ((M, p),o,e, E)
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are isomorphic (from Theorem 1.3). Let f : (M, p), o, e, E) — ((M, p),o,e, E)
be an isomorphism and g := f*g. The metric g is Frobenius on ((M, p), o, e, E).
Since fi(e) = e, fx(E) = E and [« preserves multiplications, f*(Ek) = EX, for
any k > 0. In particular, (f*)p(Ef,) = Ei‘; and hence (fs), = j. It follows that

gIT,, MxT,M = j*(g,;) = gp,i.e., g extends g,. The Levi-Civita connections vLC

and VC are related by

f*V)IEC(Y)zﬁlfSX)f*(Y)’ X, Y € Ty.

Applying this relation to Y := E, using that f,(E) = E, (f¥)p = j and

T~ D
LC ..
<<v EYly i - Eld) oj=joV,
(from (8.1)), we obtain
LC —1gLC D
VXP(E) =] Vj(x,,)(E) =Vp(Xp) + EX”’ Xp,eT,M,

as required. The existence of the extension is proved.

The unicity follows also from [7, Theorem 4.5]. More precisely, from this theo-
rem we know that any two extensions of g,, with the required properties, are related
by an isomorphism of the germ ((M, p), o, e, E). But any such isomorphism is the
identity map (see Lemma 4.3). Our claim follows. O

Remark 8.3. In [6, Chapter 3] it was asked whether there exist F-manifolds which
do not admit, in the neighbourhood of any point, any Frobenius metric. There
are F-manifolds for which the answer to this question is not known (e.g., some
generically semisimple F-manifolds near points where they are not semisimple).
Below we describe two sources of examples for which the answer is negative.

a) [4, Proposition 5.32 and Remark 5.33] provide examples of germs (M, 0)
of generically semisimple F-manifolds such that ToM is a local algebra, but not
a Frobenius algebra, so it does not allow a nondegenerate multiplication invariant
metric. In [4, Proposition 5.32] the F-manifolds are 3 dimensional, and Ty M is as
an algebra isomorphic to C{x, y}/(x%, xy, y?).

b) There are examples of (globally nilpotent) F-manifolds which do not sup-
port any Frobenius metric. Such F-manifolds are described in [8, Sections 2.5.2 and
2.5.3]. Recall that an associative, commutative, with unit multiplication o on the
tangent bundle 7'M of a manifold M defines a (possible non-reduced) subvariety ¥
of T*M , the spectral cover, by the ideal I = (yO—1, y'y/ =3, afj x)y*) € Orspr,
where (x!) are coordinates on M, with 9y = e the unit field, (x’, y/) are the induced
coordinates on 7*M and al{‘j are defined by 0;09; = afj dx . The integrability condi-
tion (1.1) from the definition of F-manifolds is equivalent to {/, I} C I, where {-, -}
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is the canonical Poisson bracket of T*M (see [8, Theorem 2.5]). The reduced vari-
ety Yied, defined by /1, is the support of the Higgs bundle (T M, Cx(Y) = X o ¥):

Yied = Urem {2 € TYM, VX € Ty M, ker(Cx — A(X)id : TyM — T, M) # 0} .
If the F-manifold can be enriched to a Frobenius manifold (even without Euler
field), this induces on the pull back of T*M to C x M a (T)-structure (in the no-
tation of [3]) respectively a holonomic R y module (in the notation of [16], where
X = M). This is essentially the construction of the Saito bundle from the Frobenius
manifold, but without the data from the Euler field. A result of Sabbah ([16, Propo-
sition 1.2.5]) on holonomic R y-modules says that the reduced variety Yieq is La-
grangian, or, equivalently, {~/7, ~/I} C +/I. The ideals defining the spectral covers

in the examples of F-manifolds from [8], mentioned above, do not satisfy this last
condition. Thus, these F-manifolds do not support any Frobenius metric.

Appendix
A. Proof of Theorem 8.2 revised

As promised in Section 8, we develop here an alternative argument for the existence
of the extended metric in Theorem 8.2. Consider the setting from this theorem. Let
B and B, € M, (C) be the matrix representations of U, = (Cg), and V), in the

basis B :={e,, Ep, - - -, E;",_l} of T, M (where n := dim(M)):
Z/{P(E;) = (B([)))jiEl]” V,,(E;) = (Boo)jiE;?-
Forany0 <i <n —2,
(B)roas=1o (BE), =0, j#i+1. (A1)
Since Vy(ep) = (1 — e,
D .
(Bo) jo = (1—3) 0j, 0=j=n—1 (A2)
From the skew-symmetry of V,,,
(Boo)ti€) (Ep) + (Boo)ije) (EXH) =0, 0<ij<n—1,  (A3)

where e?,(X) = gplep, X),forany X € T, M.
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Let M := M (—BJ, —B), with its F-manifold structure provided by
Proposition 7.1. From this proposition, we know that there is an isomorphism

f (M, p),o,e, E) — (M™,0), ocan, Idcan, Ecan). (A4)
Recall that the Euler field of M“*" is given by
(Ecan)r = BS + T 4 [Boo, '], T € M.

In particular, (Ecan)o = B and, since fi(E Yy = (Ecan)', we obtain that

(fop(EL) = (B, i=0. (A5)

Let
(gean)o : ToM™ x TyM*™® — C,  (gean)o := (f_l)*(gp)

be the push-forward metric, given by
(geando ((BY)'. (BS)') = gp (B ED) = & (E}7), 0=i,j<n—1. (A6)

The endomorphism (Uean)o(X) = X ocan Ecan of ToM " is the multiplication by
B§ € My(C) on ToM*™ C M,(C). It is (gcan)o symmetric. The isomorphism
(A 4) defines a bijection between the set of Frobenius metrics on its domain and
target space and the existence part in Theorem 8.2 is a consequence of the following
lemma.

Lemma A.1. The metric (gcan)o defined by (A.6) admits an extension to a Frobe-
nius metric gean on the germ (M, 0), ocan, Idcan, Ecan), such that

4D
(DY Eean)y = (fp o Voo (£),' + 5 1d. (A7)

Above DYC is the Levi-Civita connection of gcan-

Proof. We preserve the notation from the proof of Proposition 7.1. Let V = M" x
C" — M be the trivial bundle over M = M (—B¢, —Bso) and s € T'(V)
the constant section s(I") = (T, vg), where vy := (1,0, ---,0) € C". We denote
by v; :=(0,1,0,---,0), v :=(0,0,1,0,---,0), ..., v,—1 = (0,---,0, 1) the
remaining standard vectors of C". The F-manifold structure of M“?" is obtained (as
explained in Proposition 2.8) from the Saito bundle (V, D¢, ®, By, Bx,) (defined as
in the proof of Proposition 7.1, with Bj replaced by —Bj and B by —B), by
means of the isomorphism

[:TM™ =V, [(X) = dx(s) = (T, X(v0)), X € TrM“ C M,(C). (A.8)
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We aim to construct on the Saito bundle (V, D¢, ®, By, By) a Saito metric which
will induce, via the isomorphism /, the Frobenius metric gcan we are looking for.
From (A.1), vg is a cyclic vector for Bg and

Io: oM™ > Vo =C", o ((BS)') = (B§)' o) =vi. 0=i<n—1. (A9
Let go := (I; ') (gcan)o € S2(V{") be the push-forward of (gean)o € S>(Tg M)

g0(vi.v,) = geando (I (v1). T (v)) = (eando (BE): (BS)' ) =), (). (A.10)

Since (Uean)o 1S (gean)o Symmetric (as stated before the lemma), Iy o (Ucan)o © 1, !

is go symmetric. But Iy o Ucan)o © Iy I = —(Bo)o (see Proposition 2.8). Since
By € End(V) is given by

(Bo)r = —(By +T' +[Boo, '), T € M™, (A1)

we obtain that —(Bo)o = Bj. Therefore, B € M, (C) is go symmetric. From
(A.3) and (A.10), Boo € M,(C) is go skew-symmetric. Since B is go symmetric
and B is go skew-symmetric, (Bg)r is go symmetric when I' is so.

Let M,S,ym((C) be the manifold of gy symmetric matrices. We claim that
(M 0)c (M;”™(C), 0). For this, we use the above observation (namely, (Bo)r €
M;"™(C) when T € M,”™(C)) and the following general fact (which can be easily
checked): if D is an integrable distribution on a manifold M, N is a submanifold
of M such that D|y C TN and I™* is the maximal integrable submanifold of
D, which contains p € N, then there is a neighbourhood U of p in M, such that
1™ NU C NNU. Applying this fact to M := W (a small open neighbourhood of
0 € M,(C)), N := M,”™(C) N W and the distribution D|w whose maximal inte-
grable submanifold is M“*" (and whose fiber at I' € W is the vector space of poly-
nomials in (By)r, with (Bo)r as in (A.11)), we obtain (M, 0) c (M,”™(C), 0),
as needed.

Letgy € S 2(V*) be the constant extension of go to the bundle V. It follows
that (V, D¢, ®, By, B, gv) is a Saito bundle with metric (see Definition 2.7).
The section s is primitive homogeneous, with By (s) = (1 — g)s (we use (A.2);
recall that s is the constant section of V', determined by vg = (1,0, ---,0) € C™).
The metric gean(X,Y) (= gy (I (X), I(Y)) extends (gcan)o (from (A.10)). From
Subsection 2.2, gcan is a Frobenius metric on ((M?", 0), ocan, Idcan, Ecan) and

D
D"CEn = I 'Bool + EId.
In order to conclude the proof, we need to check that

Is ' Boolo = (f)p o Vypo (£). (A.12)
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From (A.9), the left hand side of (A.12), applied to (Bg)i € ToM™ (with
0<i <n-—1),is given by

(1y ' Bsolo) (Bg)i = Iy ' Boo(vi) = (Bo) ji (Bé’)j-

From (A.5), the right hand side of (A.12), applied to (B )', is given by

(Fano Vo (£),") (B) = (£,Vu(E})

= (Boo) ji (f)p(EL) = (Boo) ji (BS)'

Relation (A.12) follows. ]
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