Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
Vol. XVII (2017), 1521-1549

A moving lemma for cycles with very ample modulus

AMALENDU KRISHNA AND JINHYUN PARK

Abstract. We prove a moving lemma for higher Chow groups with modulus, in
the sense of Binda-Kerz-Saito, of projective schemes, when the modulus is given
by a very ample divisor. This provides one of the first cases of moving lemmas for
cycles with modulus, not covered by the additive higher Chow groups. We apply
this to prove a contravariant functoriality of higher Chow groups with modulus.
We use our moving techniques to show that the higher Chow groups of a line
bundle over a scheme, with the 0-section as the modulus, vanish.

Mathematics Subject Classification (2010): 14C25 (primary); 13F35, 19E15
(secondary).

1. Introduction

The moving lemma is one of the most important technical tools in dealing with
algebraic cycles. For usual higher Chow groups, this was established by S. Bloch
(see [2,3]). In order to study the relative K-theory of schemes (relative to effective
divisors) in terms of algebraic cycles, the theory of additive higher Chow groups
(see [5,9,10,14]) and cycles with modulus (see [1,8]) were recently introduced.
But the lack of a moving lemma has been an annoying hindrance in the study of
these additive higher Chow groups and the Chow groups with modulus.

A moving lemma for additive higher Chow groups of smooth projective
schemes was proven in [10]. A similar moving lemma for the additive higher Chow
groups of smooth affine schemes has been very recently established by W. Kai [7],
along with some more general results after Nisnevich sheafifications. However,
without such modifications, one does not yet know the existence of a moving lemma
for the higher Chow groups with modulus which do not arise from additive higher
Chow groups.
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1.1. Main results

The goal of this paper is to address the moving lemma problem for the higher Chow
groups with modulus of projective schemes when the modulus divisor is very ample.
Our main result is the following. The necessary definitions are recalled in Section 2.

Theorem 1.1. Let X be an equidimensional reduced projective scheme of dimen-
siond > 1 over afield k. Let D C X be a very ample effective Cartier divisor such
that X \ D is smooth over k. Let VW be a finite collection of locally closed subsets
of X. Then, the inclusion Z;I/V (X|D, o) — z9(X|D, e) is a quasi-isomorphism.

Our first application of Theorem 1.1 is the following complete solution of the
moving lemma for cycles with arbitrary modulus on projective spaces. The analo-
gous question for cycles on affine spaces was solved by W. Kai [7].

Corollary 1.2. Let k be any field and r > 1 be any integer. Let D C [P} be any
effective Cartier divisor. Let VWV be a finite collection of locally closed subsets of
[P, . Then the inclusion Z;I/V (PLID, ®) — z4(IP}| D, o) is a quasi-isomorphism.

In the second application of Theorem 1.1, we prove the following contravari-
ance property of the higher Chow groups with modulus.

Theorem 1.3. Let f : Y — X be a morphism of equidimensional reduced quasi-
projective schemes over a field k, where X is projective over k. Let D C X be a
very ample effective Cartier divisor such that X \ D is smooth over k. Suppose that
f*(D) is a Cartier divisor on Y (i.e., no minimal or embedded component of Y
maps into D). Then there exists a map

7 :29(XID, o) > Z1(Y| f*(D), »)

in the derived category of Abelian groups. In particular, for every p,q > 0, there
is a pull-back
f*:CHY(X|D, p) — CHY(Y|f*(D), p).

Corollary 14. Let r > 1 be an integer and let f : Y — [P, be a morphism
of quasi-projective schemes over a field k. Let D C P} be an effective Cartier
divisor such that f*(D) is a Cartier divisor on Y. Then, there exists a pull-back
f*:CHY(P}|D, p) — CHI(Y|f*(D), p) for every p,q > 0.

As a final application of our moving techniques, we prove the following van-
ishing theorem for the higher Chow groups of a line bundle on a scheme with the
modulus given by the O-section. This provides examples where the higher Chow
groups of a variety with a modulus in an effective Cartier divisor are all zero. As
one knows, this is not possible for the ordinary higher Chow groups. This also
gives an evidence in support of the expectation that the higher Chow groups with
modulus are the relative motivic cohomology.

Theorem 1.5. Let X be a quasi-projective scheme over a field k and let f : L — X
be a line bundle. Let 1 : X < L denote the 0-section embedding. Then, the cycle
complex 75 (L] X, o) is acyclic for all s € 7.
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1.2. Outline of proofs

We prove Theorem 1.1 by following the classical approach used by Bloch to prove
his moving lemma for ordinary higher Chow groups of smooth projective schemes.
We first prove the above theorem for projective spaces. The main difficulty here
lies in constructing suitable homotopy varieties and to check their modulus condi-
tion. We solve this problem by using some blow-up techniques and our homotopy
varieties are very different from the one used classically.

To deal with the case of general projective schemes, we use the method of
linear projections. However, we need to make more subtle choices of our linear
subspaces than in the classical case due to the presence of the modulus.

We show later in this article how this method breaks down if we replace a very
ample divisor by just an ample one. We show that the linear projection method
cannot be used in general to prove the moving lemma for Chow groups with mod-
ulus on either smooth affine or smooth projective schemes, if the modulus divisor
is not very ample. This suggests that the general case of the moving lemma for
Chow groups with modulus on smooth affine or projective schemes may be a very
challenging task.

ACKNOWLEDGEMENTS. The authors are deeply indebted to the referee, who so
thoroughly read the paper and suggested many valuable corrections and simplifica-
tions.

2. Recalls on cycles with modulus

In this section we recollect some necessary definitions and notation associated with
cycles with modulus. Let k be a field and let Schy denote the category of quasi-
projective schemes over k. Let Smy denote the full subcategory of Schy, consisting
of smooth schemes.

2.1. Notation

Set A,l := Speck[t], ]P’,l := Proj k[Yp, Y1] and let y := Yp/ Y] be the coordinate on
@. We set L := A}C and O := IP’}(._We use_ the coordinate system (yy, - - - , _yn) on
0" with y; := y ogq;, where g; : 0" — Ois the projection onto the i-th [1. For
i=1,...,n,let F,f? be the Cartier divisor on [ defined by {yi = 0o}. Let F®

denote the Cartier divisor Y ;_; F°5 on 0", A face of 0" is a closed subscheme

defined by a set of equations of the form {y;, = €1,..., yi, = &l €; € {0, 1}}. For
=n—1 = . .
e=0,1l,andi=1,--- ,n,letiy 0 < " be the inclusion
Li’l,i,é(yla "‘,yn—l) = (y]a . --,)’i—hE, yia "'7yl’l—1)' (21)

A face of [ is an intersection of (1" with a face of [J .
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2.2, Cycles with modulus

Let X € Schy. Recall ([11, Section 2]) that for effective Cartier divisors D; and D,
on X,wesay D; < D, if D1+D = D; for some effective Cartier divisor D on X. A
modulus pair or a scheme with an effective divisor is a pair (X, D), where X € Schy
and D an effective Cartier divisor on X. A morphism f : (Y, E) — (X, D) of
modulus pairs is a morphism f : ¥ — X in Schy, such that f*(D) is defined as a
Cartier divisor on Y and f*(D) < E. In particular, f "' (D) CE.If f: Y — X
is a morphism of k-schemes, and (X, D) is a modulus pair such that f_1 (D) =49,
then f : (Y, ¥) — (X, D) is a morphism of modulus pairs.

Definition 2.1 ([1,8]). Let (X, D) and (Y, E) be two modulus pairs. Let Y =
Y\ E.LetV C X x Y be an integral closed subscheme with closure V. C X x Y.
We say V has modulus D on X x Y (relative to E) if v}, (D x Y) < v};(X x E) on

VN, where vy : VY . V < X x Y is the normalization followed by the closed
immersion.

Definition 2.2 ([1,8]). Let (X, D) be a modulus pair. For s € Z and n > 0, let
z,(X|D, n) be the free Abelian group on integral closed subschemes V C X x [J"
of dimension s + n satisfying the following conditions:

(1) (Face condition) for each face F C [1", V intersects X x F properly;
(2) (Modulus condition) V has modulus D relative to F,>° on X x [J".

We usually drop the phrase “relative to F>°” for simplicity. A cycle in z,(X|D, n)
is called an admissible cycle with modulus D. The following containment lemma is
from [11, Proposition 2.4] (see also [1, Lemma 2.1] and [10, Proposition 2.4]).

Proposition 2.3. Let (X, D) and (Y, E) be modulus pairs and Y = Y \ E. If
V C X x Y is a closed subscheme with modulus D relative to E, then any closed
subscheme W C V also has modulus D relative to E .

One checks using Proposition 2.3 that (n — z,(X|D, n)) is a cubical Abelian
group. In particular, the groups z,(X|D, n) form a complex with the boundary map
d=3"_1(=DI@ -3}, where 3¢ = ¥

n,i,e*

Definition 2.4 ([1,8]). The complex (z,(X|D, o), d) is the nondegenerate complex
associated to (n — z,(X|D, n)), i.e., z5(X|D, n) := z,(X|D, n)/z,(X|D, n)degn-
The homology CH(X|D, n) := H, (z;(X|D, e)) for n > 0 is called higher Chow
group of X with modulus D. If X is equidimensional of dimension d, for g > 0, we
write CHY(X|D, n) = CHy—4(X|D, n).

The following is a generalization of [11, Proposition 2.12] (see also [1, Lem-
ma 2.7]). The reader can check that the only requirement in the proof of [11, Propo-
sition 2.12] is that the underlying map be flat over the complement of the modulus
divisor. This is because of the fact that an admissible cycle lies completely over this
complement.



A MOVING LEMMA FOR CYCLES WITH VERY AMPLE MODULUS 1525

Lemma 2.5. Let f : Y — X be a morphism in Schy. Let D C X be an effective
Cartier divisor. Assume that f*(D) is a Cartier divisor on Y such that the map
FfUX \ D) = X\ D is flat of relative dimension d. Then, there is a pull-back

map f*:z,(X|D, ) = 744, (Y| f*(D), @) such (f o g)* = g* o f*.
We often use the following result from [11, Lemma 2.2]:

Lemma 2.6. Let f : Y — X be a dominant map of normal integral k-schemes. Let
D be a Cartier divisor on X such that the generic points of Supp(D) are contained
in f(Y). Suppose that f*(D) >0onY.Then D > 0on X.

Definition 2.7. Let Y be a finite set of locally closed subsets of X and let e :
W — Z>¢ be a set function. Let ;?/V’e(X |D, n) be the subgroup generated by in-
tegral cycles Z € z9(X|D, n) such that for each W € W and each face F c [,
we have codimyxr(Z N (W x F)) > g — e(W). They form a subcomplex
Z;]/V (X |D o) of z7(X|D, e). Modding out by degenerate cycles, we obtain the sub-
complex ZW (X|D,e) C z4(X|D, o). We write zW(X|D °) = zW o(X|D, o).
The number e(W) is called the excess dimension of the intersection Z N (W x F).
Given a function e : W — Zxq, define (e — 1) : W — Zso by (e — DN(W) =
max{e(W) — 1, 0}. This gives an inclusion zﬁl/v’g_l (X|D, o) C Z?/v,e(Xm’ °).

We also use the following from [12, Proposition 4.3] in our proof of the moving
lemma.

Proposition 2.8 (Spreading lemma). Let k C K be a purely transcendental exten-
sion. Let (X, D) be a smooth quasi-projective k-scheme with an effective Cartier
divisor, and let VWV be a finite collection of locally closed subsets of X . Let (X, D)
and Wk be the base changes via Spec (K) — Spec (k). Let Prg i : Xk — Xi
be the base change map. Then for every set function e : W — Zx>o, the pull-back
maps

. (XID.e) . (XkIDk.e)

e q
(XD, o) 2w XKDk, )

Pri - (22)

and g
. A XID,e) 2, (XkIDx.e)
er/k . q . —> 7 2
e (XID.®) &y o (XkIDk.®)

are injective on homology.

(2.3)

We remark that Proposition 2.8 is stated in [12, Proposition 4.3] only for (2.2)
but the argument given there simultaneously proves (2.3) as well.
3. Moving lemma for projective spaces

In this section we prove our moving lemma for the modulus pair (X, D), where X
is a projective space over k and D is a hyperplane in X. We use the following:
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Lemma 3.1 ([2, Lemma 1.2]). Let X € Schy and let G be a connected algebraic
group over k acting on X. Let A, B C X be closed subsets. Assume that the fibers
of the actionmap G x A — X, given by (g, a) — g-a, all have the same dimension
and that this map is dominant.

Assume moreover that there is an overfield k — K and a K-morphism r :
Xx — Gg.Let® # U C X be open such that for every x € Uk, we have

tr.degy (¢ o ¥ (x), 7 (x)) = dim(G),

wheremw : Xg — X and ¢ : Gk — G are the base changes. Define 6 : Xx — Xk
by 6(x) = ¥ (x) - x and assume that 0 is an isomorphism. Then, the intersection
0(Ag NUg) N Bk is proper.

Corollary 3.2. Let X € Schy and let G be a connected algebraic group over k
acting transitively on X. Let Y € Schy andletd # A C X and B C X X Y be
closed subsets. Let G acton X x Y by g - (x,y) = (g - x, V).

Let K = k(G) and let ¢ : Gg — G be the base change. Suppose Vr :
(X x Y)Yk — Gk is a K-morphism and let U < X X Y be an open subset such
that:

(1) the image of every point of Uk under the composite map (X x Y)k K) Gk i)
G is the generic point of G;
2) themap 6 : (XxY)x — (XxY)g givenby0(z) = ¥ (2)-z, is an isomorphism.

Then the intersection 0((A x Y)x N Ugk) N (Bg N Ug) is proper on Uk .
We let AZ = Spec (k[x1,---, x;]) and let ', = Proj(k[Xy,---, X, Xo]),

where we set x; = X; /X for 1 <i <r. This yields an open immersion jo : A} —
IP;. Let Hyx = P} \ A} be the hyperplane at infinity. We write the homogeneous

coordinates of I’} as (X1; - - - ; X;; Xo). We fix this choice of coordinates of A} and
Pr.Setu =[Ti_; xi € klxy, -+, x].
Let K = k(I?}) and consider the point n = (u, - -- , u) € P so that its image

under the projection I, — P is the generic point of . Let Uy — P x Ok be
the open subset (I, x[g)U(A% xOg) and set Y = Hao X {00} = P xOg)\Ux.
For K -schemes X and X', we write the product X xg X" as X x X'.

Lemma 3.3. Let ¢, : A} x Ug — A’ denote the map ¢(x,t) = x +n-t. Then,
¢y uniquely extends to a morphism ¢,|u,. : Uy — Py such that the following hold.:

(1) Uy is the largest open subset of " x Ok over which ¢y can be extended to a
regular morphism;

(2) The extension of ¢, on P, x Uk is a smooth morphism;

(3) ($ylu.) " (AR) = A x O,

@) (Pylu) ™ (Hoo) = (A x {00)) 4+ (Hoo x Og).
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Proof. Define the rational map ¢, : P x Ok --» P by

&y (X715 -+ 5 X5 Xo), (To; T1))

3.1
= (T X1 +uTpXo; -+ ; T Xy +uTpXo; T1Xo). G-

Note that ¢,((X1;---; X5 1), (£, 1)) = (X7 + ut;---; X, + ut; 1) so that ¢,
restricts to the given map on A, x [k . One checks that (1), (3) and (4) hold from
the shape of ¢, in (3.1).

To show (2), note that this map is the composite P, xUg — P xUg — P,

where the first one is ((X1;---; X;; Xo),t) — (X1 + utXp; -+ ; X, + utXo;
Xo), t) and the second is the projection to I, (which is smooth). Since the first
map is an isomorphism, it follows that ¢, is smooth on P}, x [k . O

Remark 3.4. The unique extension of ¢, to U is not a flat morphism even though
it is smooth on P, x Ug. If we set V; = {(X1; -+ ; X;; Xo)|X; # 0} — P for
i=1,---,r,then the map ¢,7_1(Vi) — V; is not flat because A’ x {0} lies in one
fiber but all other fibers have strictly smaller dimensions.

Our idea is to use the rational map ¢, : P} x Ox -+ P to generate a
homotopy between an arbitrary admissible cycle in z9(IP} |Hx, ®) and a cycle in

Z?/v e(IP’2|HOO, e). In order to do so, we need to extend ¢, to an honest morphism of
schemes. We achieve this in the following results via a sequence of blow-ups.

Lemma 3.5. Let : T — P x Ok be the blow-up of Py x Ok along the closed

subscheme Y = Hx x {oo}. Then, there exists a closed point Poo € n_l(y_) and
a regular map ¢, : 'y := ['\ {Poc} — P such that w : 'y — P x Uk is
surjective, and the diagram

71 (U.;,.)(—J) |

I S

J = ¥
U, P x Og > P
commutes.

Proof. Let U; C P be the open set {X; # 0} for 0 < i < r. One checks by a
direct local calculation the blow-up I" has the following description. Over Uj, it is
defined by

7 W) = { (X X0 Xo), (Tos T, (Vs Yo,)

~ (33)
e U; x Uk x P}(|XOTOY0,i = X,'TIYL,'}

and these blow-ups glue along their intersections to make up I' via the change of
coordinate Yo ; /Yo, ; = (X;/X;)(Y1,;/Y1,;) over U; N U;. The blow-up map = :
7 N(U;) = U; x Ok is the composite 7 YW (U) = U; x Og x ]P’}< — U; x Og.
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We now define a rational map 5’,’ crN(U;) --» P by

¢y (X155 X5 Xo), (To: Th), (Y155 Yo.0))

34
= (Yo X1 +uX;Yi;; - YoiXr +uXiY1;; Y0,i Xo) -

The blow-up I' is glued along U; MU via the automorphism v; ; : 7~ (U;NU}) =
WU N U)):

Vi j (X155 Xr5 Xo), (To: Th), (Y105 Yo.1))

= (X155 X3 Xo), (T T, (XiXT Y105 XX o))
It is clear from this isomorphism that v; ;(¥;; # 0) = (¥;,; # 0) for/ = 0, 1.

Over (YO,i ;é 0), we can let Y(),l' = Yo’j = 1, Yl,i =Y and Yl’j =Yj-. Over this
open subset of 7~ (U; N Uj), we get

5; o Vi j (X135 Xp5 Xo), (To; T1), i)
=¢; ((Xl§ <3 Xy Xo), (To; Th), Xin_l)’i>
= (Xl FuX XX i X+ uX XX Xo) 3-3)

= X1 +uX;yi; -5 Xp +uX;yi; Xo)
= ¢, (X135 Xr5 X0), (To: T1), i) -

Over the intersection of 7~ (U; N U ) with the open subset (Y1; # 0), we have

52 o j (X155 Xr; Xo), (To; Th), yi)
=Gy (X135 Xes Xo), (Tos T), XX i)

= (X.,-Xi_ley,- +uX;;- "Xin_IXr}’i +uX;j; Xi_IXjXO)’i) (3.6)
= (X1 Xjyi +uXiXji-- 1 X, Xjyi +uXiXj: X Xoyi)
= X1y +uXi; -5 Xpyi +uXi; Xoyi)

= 52 (X155 Xr3 Xo), (To; Th), yi) -

It follows from (3.5) and (3.6) that 5775 glue together to yield a rational map En :

I' --» P such that $n|n—l(ui) = 5;7 forO0 <i <r.
We next show the commutativity of (3.2). The left square of (3.2) commutes
by construction. We thus have to show that ¢, o j = ¢, o 7, i.e., the trapezoid in

(3.2) commutes. It suffices to show this over each open subset (U; X Ox) N U,.
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If P = (X155 Xr; Xo), (To; T), (V1,35 Yo.0)) € =1 (Uy), we have w(P) =

((X1; -+ 5 Xr; Xo), (To; T1)) such that either 77 #~ 0 or X9 # 0.
Suppose first that 77 # 0. Then, we can take 77 = 1 and 7o = ¢. In this
case, we must have Yy ; # 0 so that we can assume Yy ; = 1. Thus, the equation

XoToYo: = X;T1Y1; becomes Y1 ; = tXoX; '. This yields

0 J(P) = (X1 +utXo; -+ ; X, + utXo; Xo)
by (3.4) and
¢pom(P) = (X1 +utXo;---; X, +utXo; Xo)

by (3.1).

Suppose next that Xg % 0. Since the case 71 # 0 was already considered, we
may suppose Tp # 0. Thus, we may take 7o =1 and 77 =¢. In this case, we must
have Y1 ; #0, so that we may take Y7 ; = 1. Thus, the equation Xo7oYo,; = X;T1Y1 i
becomes Yp; =t X; X(;l. This yields

@y 0 J(P) = (X1 X; +uXoX;: -+~ 11X, Xi +uXoXi: 1X; Xo)
= (tX1 + Xo; -+ 5 t X + Xo; 1 Xo)

by (3.4). On the other hand, ¢,y o (P) = (¢t X1 +uXo; - -- ; t X, +Xo; 1 Xo) by (3.1).
‘We have thus shown that En o j(P) = ¢yom(P)for P e n_l(U+).

We now show that an is regular on I' \ {Py}, where Py, € (ﬂlen_l(U,-))
is the closed point ((1; --- ; 1;0), (1; 0), (1; —u)) in the coordinates of 7~ N U).
Let O = ((X1; -5 Xr: X0), (To; T1), (Y13 Yo,0)) € 7' (U;) be a point so that
XoToYo,; = XiT1Y1,;. Then ¢, (Q) is not defined if and only if all its coordinates
are zero, i.e.,

Yo, X +uX;Y;; =0, forall 1 <j<r, and Yp;Xo=0. 3.7

If Yo, =0thenuX;Y;; =0forl <i <r.Butu € K*and Q € 7~ (U;) imply
that Yq; = 0, which cannot happen since (Y1 ;; Yp,;) € ]P’}(. So, Yp,;i # 0 and we
must have Xo = 0. Since X; # 0, we can assume X; = 1. Since X¢ = 0, we also
have T1Y1 ; = 0, so that either Y1 ; = 0or 77 = 0. If Y7 ; = 0, then it follows from
(3.7) that Yo ; = —uY1; = 0, which again is absurd because (Y1 ;; Yo,;) € IF’}(. So,
Y1; # 0,and 71 = 0. We may assume Y;; = 1. Combining this with (3.7), we
thus have

Yoi=—u, Yo,Xj+u=0 forall 1<j#i<rand Xo=T;=0. (3.8)

We conclude that EU(Q) is not defined if and only if Q = ((1;---; 1;0), (1; 0),
(1; —u)). This proves the regularity of E,] on I' \ {Px}. Since Py, € 7 )
and since each fiber of 7w over ) is 1-dimensional, we conclude that the map (I" \
{Pxo}) — P x Ok is surjective. This finishes the proof of the lemma. O
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Remark 3.6. The reader can check that the map ¢, : P, x Ox --» [P is the
one defined by the linear system generated by the global sections S = {T1 X; +
uToXo}1<i<r U{T1 X0} of the line bundle O(1, 1). The sheaf of ideals Z, on P x
Og defining ) is generated by {X; T1, XoTo|0 < i < r}. Moreover, an (T - P
is the rational map defined by the linear system generated by the global sections
7*(S) of the line bundle 7*7.

Letw : T' — P x Ok be the blow-up map as in Lemma 3.5 and let E =
7*()) denote the exceptional divisor for this blow-up. Note that the map 7 : E —
Y >~ H is the IP’}(—bundle associated to the vector bundle O(1) & O.

Since Hs x (g and [P x {oo} are smooth schemes, and ) is a smooth divisor

inside these schemes, note that Bly (Hs % EK) — Hoo x Og and Bly(]P’rK X
{oo}) — P x {oo} are isomorphisms.

Lemma3.7. Letw : ' — P x Ok be as in Lemma 3.5. Then, we have the
following.

(1) Bly(Hoo % @K) N{Poo} =¥ = Bly(Py x {oo}) N {Puc};

(2) Bly(Hx x Ug) NBly(Py x {oo}) = @ inside T';

(3) 7*(Hoo x Uk) = (Hoo x Ug) + E and 7* (P x {o0}) = (P, x {co}) + E
in the group Div(I") of Weil divisors.

Proof. 1t suffices to verify each statement of the lemma over an open subset
7~ Y(U;) with 0 < i < r. On the other hand, (3.3) shows that over U;, we have
Bly(Hs x Og)
= {(X1: -+ 1 X3 0), (To: T1), (Y12 Yo,)) € Py x Og x P |¥1; =0)
= Hyo x Og x {0}.

Similarly, we have

Bly (P x {oo})
= {((X1;---; Xp; Xo), (1;0), (Y145 Yo.)) € P x Og x Pk|¥y; =0}
= P% x {oo} x {oo}.

Since P4, does not map to {0, oo} C ]P’}( under the projection 7 Y U;) - IP’}( for
any 0 <i <r,we get (1). The parts (2) and (3) of the lemma are immediate.  [J
Let I'y < I'y x P denote the graph of En andlet T'; — T x P be its

=N = o .
closure. Let 7V : T| — I’} < T x P be the normalization composed with the
inclusion, and let 771 := pry oV, my = pry o™, where pry, pr, are the projections
from I' x P to I" and I, respectively. Here, 7V is finite and 77 is projective with

nl_l(r—i-) i I'; such that ]'[2|1"+ :577,
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Since 7 is a birational projective morphism and I' is smooth, it follows from
[6, Theorem II-7.17, page 166, Exercise II-7.11(c), page 171] that there is a closed

subscheme Z <> T such that Zq = {Pso} and lev = Blz(). Let F — Fiv
denote the exceptional divisor for this blow-up so that Freq = 7, ! (Pyo). Let Eq —

F]lv denote the strict transform of E under  so that 7 (E) = E1 + F.

Letting § := mw o : lev — P x Ok and E' := nf(E) = E1+ F,a
combination of Lemmas 3.5, 3.7 and the above construction proves the following.

Lemma 3.8. There exists a commutative diagram

3 U —">T)

oy

— &
U+;J>IP§( x Og > P

such that & is a blow-up, and in the group DiV(Fllv) of Weil divisors, we have:

5* (Hoo X EK> = (Hoo X EK) + E' and §* (IP’% x {o0})
= (]P)rK X {OO}) +E'.

(3.10)

For any map f : X — X’ of K-schemes, let f, denote the map
fx Tdgp (X x Oy — X' x Oy

We now show how the rational map ¢, : P x Ok --» [P eventually leads to the
desired homotopy.

Proposition 3.9. Letn > 1 be aninteger. Let V — P, x LI} be an integral closed
subscheme. Assume that V has modulus He relative to F°. Let ¢ : Ay x Ug —

P be the map as in Lemma 3.3. Then, the closure ofqb,;}l(V) in P x D'I'{H is an

integral closed subscheme of "y x D’}(H which has modulus Ho relative to F)2 .

Proof. We use notations of the paragraph just before Lemma 3.8 and set E, =
E’ x Er;( — FIIV X ﬁ’}(. Let V — P} x E’;( denote the closure of V and let

=N = . o -
vy 1 Vo — Pl x Dr;{ denote the induced map from the normalization of V. By
the modulus condition, we have

Vi Py x F) > v}, <Hoo x T ) in Div (VN) . 3.11)
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Condition (3.11) implies that V N (Heo x %) = 0. Set V' = ¢,;,11(V). Since ¢,

is smooth on ¢, ,11 (A x [O%) by Lemma 3.3, it follows that V' is an integral closed
=n+1

subscheme of U x ﬁ’;( with dimg (V') = dimg (V) +1. Let Ve P xUg  be
the Zariski closure of V', and let vy : AN N P x ﬁ’?l be the induced
map from the normalization of V. Let W — lev X ﬁ’;( be the strict transform of
V. It follows from Lemma 3.5 that m2.,(WN 8;1 (U x L)) = V. Since w3, is
projective, we must have 7> ,(W) = V. This yields a commutative diagram

wN ! v
AN |
vy
—N —n T2.n - —n
8 I XDK%IF’KXDK 3.12)

l 8’1

— =n+1

/N
Voo P x Uy

. N e s . . =N =
where vy is the normalization of W composed with its inclusion into I} X Dr;(,
and f and g are the maps induced by the universal property of normalization for
dominant maps. Since f is a surjective map of integral schemes, condition (3.11)

implies that (vy o f)*(P x F®) > (vy o f)*(Heo X ?’}() on WV In particular,
we get (12, 0 vw)* (P x F°) > (2,0 0 vw)* (Hoo X D’;() on WV . Equivalently,

vy (Fiv X F,f°> > vy <7r;(Hoo) X E;;) (3.13)
Since (¢y|v,)*(Hx) = (A, x {00}) + (Hx x Ug) by Lemma 3.3, we get
i omt (Hoo x Ty ) = jity (P x F2 ) + it (Hoo x T
Jin © T p oo X Lk Jin g X n,n+1) Jin oo X g ’

. =N . . . . r 00 —n+1
where ji : Uy < I'y is the inclusion. Since P x F .| and Hoo x Uy~ are

irreducible, we get 75 (Hoo) X ﬁ',l( > (P x Frfﬁl+1) + (Hyo X ﬁ’;{“) on Ff/ X ﬁ',l(.
Combining this with (3.13), we get
Vi (F]N x F;O) > vy (P x FL 1) + iy (Hoo x Ty
(3.14)
> vy <Hoo X E’F]) .
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This in turn implies that

Bnovw)* (Ph x F23,) = (84 0 vw)* (IP’% x F® x EK)
+ (8, o vw)* <IF”K X ﬁ’;( X {oo})

=iy (T % F°) + G o vw)* (P x Ty x (o))

> vy (Hoo x T ) + @0 0 vw)” (P x Ty x {o0})
=T, <Hoo x ﬁ?(“)ﬂ:V(E;)Jru;"V (IP’Q( T x {oo})
=% (8, o vy)* (HOO x ﬁ}“) + vl (IP’;{ x T x {oo})

W > (8p 0 vw)* (Hoo x i’;“) ,

where =" and =* follow from Lemma 3.8. Using (3.12), this gives gr(y, (P x

F,fil)) > g* (v}, (Heo X ﬁr;:l)). Since g is a surjective map of integral normal

schemes, we conclude by Lemma 2.6 that vy, (P x F;_il) > vy (Hoo xﬁr;:l). O

Theorem 3.10. Given an integer r > 1, let D < P} be a hyperplane. Let VWV =
{W1, -+, Wy} be a finite collection of locally closed subsets of P} and let e : VW —

Z>o be a set function. Then, the inclusion Z;I/V(IP’UD, °) — z?/\,’e(PﬁD, e isa

quasi-isomorphism. In particular, the inclusion zif/v (PLID, o) — z4(P}|D, o) isa
quasi-isomorphism.

Proof. The second part follows easily from the first part because z¢ (P, |D, o) =
zg (X|D, o). We shall prove the first part of the theorem in several steps. We can

find a linear automorphism 7 : [P, = [P} such that (D) = Hw. Replacing WV by
(W), we reduce to the case when D = H., condition that we assume from now
on. In view of Proposition 2.8, we only need to show that the map

ot S @il ®) 2y, (PylDk. @)
@D, e ), (Py|Dk.e)

is zero on the homology, where we choose K = k(I}).
Following the notation we used so far in this section, consider the maps

rose gt o pr ooy PR o o
For any irreducible cycle V — P} x LI, let H; (V) = (prg x © ¢>,7,,1)_1(V) and

let ﬁ:(V) be its closure in P, x D'I’(Jr]. We can extend this linearly to cycles in
24P |D, n).
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Suppose V is an irreducible cycle in z,q/v’ ,(Pr1D, n). We claim that:

(1) H,(V) e}y, (PyDk.n+1);
2) H,(V) €y, (Px|Dg,n+ 1)if V € 2, D, n);

B3) o (V) =Vand i,y o (H (V) € 2y, (Py|Dg.n).

We now prove this claim using the previous results of this section. Since V has
modulus D on P, x L1}, it follows that V is a closed subscheme of A; x 7.

In particular, V € Z()]/VO e(A’, n), where W° = {W; N Al -, Wy n A} Since
H, (V) has modulus D on P, x %! by Proposition 3.9, it follows that H , (V) is
an integral closed subscheme of A, x D’}(Jrl. In particular, ﬁ:(V) = H} (V). This
shows that we can replace 7, ﬁz (V) and W by A%, H*(V) and WP respectively,
to prove the claim.

We prove (3) first. By the definition of ¢, we have L;kt+1,n+1,0(Hi;k(V)) =V.
In particular, H,’ (V) intersects Fj, 11 ,+1,0 and all its faces properly. We thus have

q

to show that LZJFLHH’I(H:(V)) € ZW}'( (A% | Dk, n) to prove (3).

Let A} act on itself by translation and let it act on A} x LI} by acting trivially
on [} =L} x {1} — DZH. Consider the map v : A x L% — A’ defined
by ¥ (x,y) = n. The reader can check that the assumptions of Corollary 3.2 are
satisfied. Applying this corollary to each A = W; N A} (where the closure is taken
in A7) and B = A} x F for any face F of L1} x {1}, we deduce L;H’HM(H,:‘(V)) €
Z?/VO (A% | Dk, n). We have thus proven (3). Since (2) is a special case of (1) where

K

we take e = 0, we are left with proving (1).

To prove (1), it is enough to consider the case when VW = {W} is a single-
ton. Note V € z%v’e(A’,n) and let F — D’,’(H be any face. If FF — [T} x
{0}, then the intersection H, (V) N (W x F) has the desired dimension because
LZ-i—l,n-i—l,O(H’T(V)) =VandV € z%,,e(A’, n). We have already proven in (3) that
the intersection H,; (V)N (W x F) is proper if F' < [J% x {1}. We can thus assume
that F = Fj x Ok, where F' is a face of [J].

Set Z = V N (A} x F'). Consider the map  : A% x Og x Fr, — Al
defined by ¥ (x,7,y) = ntand let 6 : A} x Og x Fp — Al x Ug x Fg
be given by 6(x,t,y) = (x + nt,t,y). Let AZ act by translation on itself and
trivially on (g x F’. Then 6(x, ¢, y) = ¥(x,t,y) - (x, ¢, y). Applying Lemma 3.1
with X = A} x g x F/', A =Wx [ x F,U = Al x Gy x F’, and
B = (VxO)NF, = ZxO; < XxF', it follows that the intersection 6 (Ag )NBk
is proper away from A, x {0} x F ,i.e., the intersection (H,"(V)NF)N(Wg x F)
is proper away from A% x {0} x F 1/<

On the other hand, since V € Z%v, . (A}, n) and hence V meets W x F " in excess
dimension at most e(W), it follows that H,"(V) N F must meet W x F in excess
dimension at most e(W) along A, x {0} x FI’( Thus H (V) intersects Wg x Fx
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in excess dimension at most e(W) for all faces Fgx — D’,‘(H. In other words,
HX (V) e zZVK’e(Ar ,n + 1). This proves (1) and hence the claim.
It follows from the claim that there is a chain homotopy

. Twe(PiD, o) Z, , (PkIDk,e)
[/} PD g q P.1D
ZW( el ”) ZWK( I'd K,O)

—1],

and composed with the restriction map {1} < [, there is a chain map

o e (BID.) e (FelDko)
", (BDe) 2, (PxIDk,e)

such that H,;‘ od+do H;]k = pr}‘(/k — H;;l. Since H];‘l = 0 by the claim, we see
that pry Jk is zero on the homology. The proof of the theorem is complete. O

Corollary 3.11. Given an integer r > 1, let D < P} be a hyperplane. Let YV =
{W1, -+, Wy} be a finite collection of locally closed subsets of I’} and lete : VW —

Z>o be a setfun.ction. Then the inclusion Z?/V,e—l (Py1D, ®) — Z?/v,e(PmD’ e)isa
quasi-isomorphism.

Proof. Forevery e : W — Zs, there is a short exact sequence of chain complexes

Zlq/V,e—l(leD’ .) Z;{/V,e(leD’ .) Zg/\/,e(PHD’ .)
g (P |D 4 P |D o P\ D
Zw( i =°) ZW( | ’°) ZW,efl( i ’°)

— 0. (3.15)

The first two quotient complexes are acyclic by Theorem 3.10. Hence the last one
must be acyclic as well. O

4. Moving lemma for projective schemes

In this section we prove the moving lemma for the higher Chow groups of projective
schemes with very ample modulus. We assume for a while that the base field & is
infinite. This is only a temporary assumption and will be removed in the final
statement of the moving lemma (see Theorem 4.7).

We fix a closed embedding tx : X — IP,]CV of an equidimensional reduced
projective scheme X over k of dimension d > 1, with d < N. We fix two distinct
hyperplanes Hy,, Hoo — ]P’,iv and let L, 00 = Hy N Hy € Gr(N — 2, IP’,/(V). We
may assume that X ¢ H,, U Hy. We set

Xo=X\ Hoo & X, U=X\ H,. Ug=U N Xo, D = ' (H,,) and Dy = j(D)

sothat X = U U D and Xo = Uy U Dy. We shall assume that U is smooth over k.
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Remark 4.1. The hyperplane H,, could have been just called H, but we insist on
using the subscript m to keep in mind that H,, later induces the modulus divisor.

Given a locally closed subset S C IP,ICV , let Gr(S, n, IP’,ICV ) denote the set of
n-dimensional linear subspaces of ]P’,]cv which do not intersect S. Denote the set
of n-dimensional linear subspaces of IP’,I(V containing a locally closed subscheme
S C PY by Grs(n, PY). We let dim(#) = —1. Given two locally closed subsets

21,72y — }P’,’(V, let Sec(Zy, Z>) denote the union of all lines £,, — IP’,I(V, joining
x € Zy and y € Z; with x # y. One checks that dim(Sec(Z1, Z3)) = dim(Z) +
dim(Z,) — dim(Z| N Z,) if Z and Z; are linear subspaces of ]P’,ICV . In general, we
have dim(Sec(Z1, Z3)) < dim(Z;) + dim(Z;) + 1. Given a closed point x € X, let
T, (X) denote the union of lines in ]P’,ICV which are tangent to X at x. For any locally
closed subset Y C X, let Ty (X) = (J ey Tx(X). Itis clear that dim(7y (X)) <
dim(Y) +d if Y € U. With this notation, we first prove the following:

Lemma4.2. Let W — ]P’,](V be a closed subscheme of dimension at most d such that
W & H,,. Then, Gr(W, N—d—1, Hy,) is a dense open subset of Gr(N —d—1, Hy,).
If Ly, o intersects W properly, then Gr(W, N —d —1, L, ) is a dense open subset
of Gr(N —d — 1, Ly o0)-

Proof. Consider the incidence variety S = {(x, L) € W x Gr(N —d — 1, Hy)|x €
L}. We have the projection maps of projective schemes

W= s 2 Gr(N —d—1, Hy). 4.1)

The fiber of 71 over W \ H,, is empty and it is a smooth fibration over (W N Hy,)red
with each fiber isomorphic to Gr(N — d — 2, IP’,iV _2). It follows that

dim(S) =dim(WNHy)+d(N—-d—-1) <d+d(N—-d—-1)—1=d(N—-d)—1.

Thus m,(S) is a closed subscheme of Gr(N — d — 1, H,,) of dimension at most
d(N — d) — 1. On the other hand, dim(Gr(N —d — 1, H,;)) = d(N — d) so that
Gr(W,N —d — 1, Hy) is dense and open in Gr(N —d — 1, Hy) \ m2(S).

If L, o intersects W properly, then we can argue as above with H,, replaced
by L;;,00. We find in this case that

dim(2(S)) < dim(S) = dim(W N Ly.00) + (d — D(N —d — 1)
<d+@—-1D(N—-d—1)—2=(d—- 1N —d) — 1.

Since dim(Gr(N —d —1, Ly, o)) = (d —1)(N —d), we get the desired conclusion.
O

Given an inclusion of linear subspaces L C L' C IP’,ICV such that dim(L) <
N —d —1and X N L = @, the linear projection away from L defines a Cartesian
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diagram

X\L —=X=<—XxXNL

T

]P’f\L’—>]P’f<—]P’fﬂL’

of finite maps, where ]P’g — IP’,]{V is a linear subspace complementary to L. Let
R7 (X) C X denote the ramification locus of ¢y .

For an irreducible locally closed subset A C X, let L™ (A) denote the closure
of ¢, 1 (¢1(A)) \ Ain ¢; ' (1(A)). We linearly extend this definition to all cycles
on X. We shall use similar notation for locally closed subsets of X x [J" with ¢
replaced by ¢r x Idy.

For two locally closed subsets A, C C X, let

e(A, C) = max{dim(Z) — dim(A) — dim(C) + d},

where the maximum is taken over all irreducible components Z of A N C, if these
numbers are non-negative. We take e(A, C) to be zero it they are not.

Lemma 4.3. Let A C X \ H,, be an irreducible locally closed subset and let C ¢
X \ H,, be any locally closed subset. Let ¥ = {x1,---,xs} be a set of distinct

closed points of X contained in A. Then, there is a dense open subset U? €
Gr(N —d — 1, Hy,) such that the following hold for every L € Uy “ :

(1) XNL=0y;

(2) Rp(X) contains no irreducible component of A, C or ANC;
B) Re(X)NX =0;

4) e(LT(A)NC) <max{e(A,C) —1,0};

(5) The map k(¢ (x)) — k(x) is an isomorphism for x € X.

Proof. Ttem (1) follows from Lemma 4.2, so we prove the remaining ones. We
may assume that C is irreducible. Let L € Gr(X,N —d — 1, Hy,). Set TrL =
RL(X)NANC = RL(U)NANC and TL = (L*(A)NC)\TL. Note that ‘r’ stands
for ramified and ‘ur’ for unramified. Then we must have L*(A)NC € TE U Tt
and hence dim(L*(A) N C) < max{dim(T%), dim(7F)}. Since the left square in
(4.2) is Cartesian (where L' = H,;,) and A,C C U = X \ H,,, it follows that the
loci TF and TL are contained in U.

Let S — ((A x C)\ Ayx) x Gr(N —d — 1, H,) be the incidence variety
S ={(a,c, L)€y N L # @}. We have the projections A x C il S L Gr(N —
d — 1, H,). Since L N X = (J, we see that for any point (a, c) € ((A x C) \ Ay),
prl_l((a, c)) ={L € Gr(N —d — 1, Hy)|dim(L N £,.) = 0}. Consider the map

T prl_l((a, c)) = Lye given by m(L) = L N Lg.
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Our hypothesis says that (A U C) N H, = ) and this implies that £, ¢
H,,. In particular, x,. = £, N H,, is a single closed point of IP’,’(V . This implies
that 7~ (€ \ {xac)) = 9 and 77 ({xac)) = pry ' (@, ) = (L € Gr(N —d —
1, Hy)lxae € L} =~ Gr(N — d — 2,PY~?). 1t follows that dim(pr; ' ((a, ¢))) =
(N—d—-—1)(N—-2—(N—-d—-2)) =d(N —d —1). We conclude from this that

dim(S) < dim(A) + dim(C) +d(N —d — 1)

= dim(A) + dim(C) +d(N —d) —d 4.3)

= dim(A) + dim(C) + dim(Gr(N —d — 1, H,)) — d.
Let pc : S - A x C — C be the composite projection. We now observe that ¢ €
T.L if and only if there exists a € A such thata # c and £,.NL # . Since ¢ € C as
well, this means that (a, ¢) € pr, ! (L). In other words, Tqu C pc(pry ! (L)). On the
other hand, it follows from (4.3) that there is a dense open subset Z/{Lf‘,’c C Gr(N —
d—1, Hy,) such that pr, ! (L) is either empty or has dimension dim(A)+dim(C) —d
forevery L € UMA/C. We conclude that:

(*) There is a dense open subset Uy © € Gr(N—d—1, H,,) such that diim(T}%) <
dim(A) + dim(C) — d foreach L € Z/{f,’c.
Since U is smooth, given any point x € A N C, our hypothesis implies that
T, (X) is a locally closed subscheme of ]P’,ICV of dimension d such that 7y (X) ¢
H;,. We can therefore apply Lemma 4.2 to find a dense open subset of Gr(N —
d—1, H,,) whose elements do not meet 7, (X). But this means that x ¢ Ry (X)
for every L in this dense open subset. We can repeat this for any chosen point
in A and C as well. Since X C A, we therefore conclude that:
(xx) There is a dense open subset Z/{,A’C C Gr(N —d — 1, Hy,) such that Ry (X)
does not contain any component of A, C or AN C and it does not intersect X,

whenever L € Z/[rA’C.

Forany L € U, we have dim(T) = dim(R, (X)NANC) < max{dim(AN

C) — 1,0}. Combining (x) and (xx) with Lemma 4.2 and setting Z/I)’?’C =

UJ‘/C N Z/er’C, we conclude that (/ ?’C is a dense open subset of Gr(N — d —

1, H,,) such that e(LT(A) N C) < max{e(A,C) — 1,0} for L L{)’?’C.
The proof of (5) is clear if k is algebraically closed. In general, let k be an algebraic
closure of k and let ry : Yz — Y denote the base change to k for any ¥ € Schy.
For any x € X, let Sy = rr;l(x) and let § = Uer Sx. Then § < Xt is a finite
set of closed points contained in Ag. Let W’ be the union of lines Iy in ]P’g such
that x # y € S. Since S C Ay and AN H, = (), we see that W' ¢ H,, . Since
d > 1 = dim(W’), we can apply Lemma 4.2 to assume that W' N L = @ for all
LU =uyr .

Since Gr(N —d — 1, H,, 1) contains an affine space A%(N—d) as a dense open

subset, we can replace ?kgc by U )’?E’C HAZ(N_d) and assume that I/ )?kic c AZ(N_d) .
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Ad(N—d)

Since k is infinite, the set of points in with coordinates in k is dense in

Ad(N 9) Hence, there is a dense subset of U € each of whose points L is defined

overk ie,LeGr(N—-d—1,Hy,). LetL € Gr(N d — 1, Hy,) be such that (1)
~ (4) hold and W' N Lz = . We consider the Cartesian square

[}
Xp L pd
rx lnpd (4.4)
2L pd,

Claim. For a closed point x € U and y := ¢ (x), one has |7TIPTd] | < |7T;1(x)|,
and the equality holds if and only if [k(x) : k(¥)]°*P = 1. Furthermore, this equality
holds if the map ¢ : 7' (x) — 7, (v) is injective.

Itis an elementary fact that |7 ' (x)| =[k(x) :kI**P and |, ()| =[k(y) :k]*P.
The inclusions k <> k(y) <> k(x) and therefore the equality [k(x) : k]**P =
(k(y) : k%P - [k(x) : k(¥)]°°P implies the first assertion. Next, the injectivity of
the map qﬁLE : n);l(x) — np_dl (y) implies that |JTIP,_d1 | = |n;1(x)|. The second
part of the Claim follows.

To prove (5) in general, it suffices to show that the finite field extension
k(¢ (x)) < k(x) is separable as well as purely inseparable for each x € ¥. Now,
the separability of this extension is equivalent to the assertion x ¢ Ry (X), and this
is guaranteed by (3). To prove inseparability, it is enough to show, using the above
claim, that ¢Lz STy ! (x) —> np]l (¢pr (x)) is injective. But this follows immediately
from the fact that W' N L = @. The proof of the lemma is complete. O

Lemmad4d. Let o € z9(X|Hy, n) be an admissible cycle. Let C C X \ H,, be
a locally closed subset as in Lemma 4.3. We can then find a dense open subset
Z/lf’c C Gr(N — d — 1, Hy,) such that the following hold for every L € Z/lf’c.

1) XNL=0¢
(2) For every irreducible component Z of o, no irreducible component of the sup-
port of the cycle qb: o ¢r«([Z]) — [Z] coincides with Z .

Proof. 1t is enough to consider the case when o = [Z] is an irreducible admissible
cycle. Forany L € Gr(N—d—1, Hy,) satisfying (1), we need to prove the following
to obtain (2):

(i) the ramification locus R} (X) of ¢} does not contain Z, where ¢} = ¢, x
Idmy;
(i) ¢}z : Z — ¢} (Z) is birational.
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Letpry : X x [} — X and proy X x Uy — LI} be the projection maps. We
fix a closed point z € Z and set x = pry(z), y = proy (2), W =¢}(Z) and A =
pry(Z). Then A is a finite disjoint union of locally closed subsets of X. Since Z is
an admissible cycle having modulus H,,, we must have A N H,, = @. In particular,
x € U. Itis shown in the proof of Theorem 5.4 that ({y} x X) N Z is a finite set of
closed points away from ({y} x H,,). In particular, D := pry (({y} x X)N Z)isa
finite set of closed points of X containing x and contained in A. This implies that
Sec(x, D) is a closed subset of }P’,]{V of dimension one which is not contained in H,,.
Hence, we conclude from Lemma 4.2 that Gr(Sec(x, D), N —d — 1, Hy,,) is dense
openin Gr(N —d — 1, Hy,).

We have shown in the proof of Lemma 4.3 that there is a dense open subset
Uz € Gr(N —d — 1, Hy) such that T, (X) N L = @ for each L € Uz ;. Since
the left square in (4.2) is Cartesian and ¢y is finite, it follows that its restriction
q‘)g U — IP’g \ H,, is also finite. Since U is furthermore smooth, it follows that
qbg is a finite and flat morphism of smooth schemes.

The flatness of qﬁg now implies that there is an open neighborhood V C U of x
suchthat¢; : V — ]P’f is étale. In particular, ¢} : V x| — ]P’f x [} is étale. This
implies that there is an open subset V' of Z containing z such that ¢ [y/ : V' — W
is unramified. We set L{;’C = Gr(Sec(x, D), N—d—1, Hy,)NUz 1 mu;}’c, where
L{?’C is as in Lemma 4.3.

We fix any L € U;?’C. Since R} (X) = R.(X) x LI} and no component of A
isin Ry (X) by Lemma 4.3, it follows that Z ¢ R} (X), proving (i). To prove (ii), it
suffices to show that z ¢ R} (Z2), {z} = ((1)2)_1 (¢7 (2)) N Z and k(9] (2)) — k(2),
because they imply that the map OW#’Z ) = Oz, is an isomorphism, and hence
induces isomorphism of the function fields.

We have shown above that z ¢ R} (Z). Since the map k(¢ (x)) — k(x) is
an isomorphism by Lemma 4.3, it follows that the map ¢} : DZ( n DZ( bL())
is also an isomorphism. In particular, the map k(¢7 (z)) — k(z) is an isomor-
phism. To show {z} = (gbﬁ)_l (¢ (z)) N Z, note that if there is a closed point
7 € (@) (@h(2)) N Z)\ {z}, then x" := pry(z/) € D N LT (x), where we recall
that LT (x) = ¢)Zl (¢ (x)) \ {x}. But this can happen only if £,,» N L # @, which is
not the case because L € Gr(Sec(x, D), N —d — 1, Hy,). This concludes the proof
of (ii) and the lemma. O

Remark 4.5. We a make few comments on Lemma 4.3. To some readers, this
result may appear similar to [13, Lemma 3.5.4]. But we caution the reader that the
context, the underlying hypotheses and the proofs of the two results are different.
We explain these differences:

(1) The proof of Lemma 4.3 does not work if we replace X by X ﬂA,ICV . The reason
is that even if X intersects L,  properly, we may not be able to find points
on A N C whose tangent spaces will intersect L, o properly, and this breaks
the second part of the proof of Lemma 4.3.
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Since [13] considers the affine case, Levine cannot therefore use the above
argument. Instead, he uses the idea of reimbedding X into a big enough pro-
jective space which allows him to take care of the above intersection problem
associated to the tangent spaces;

(2) Contrary to [13], we cannot use the reimbedding idea. The reason is that we
may not be able to realize our modulus H,, as pull-back of any hypersurface on
the bigger projective space under the reimbedding. This in turn may not allow
us to realize H,, as pull-back of a hypersurface under a linear projection;

(3) The modulus condition imposes more severe restrictions on the choice of L
than in the situation of [13]. Thus we need to make more refined choices and
without changing the given embedding of X.

Let W = {Wy,---, W} be a finite collection of locally closed subsets of X \
Hy, and let e : W — Zsq be a set function. Let K denote the function field of
Gr(N —d — 1, Hy) and let Lgep, € Gr(N —d — 1, Hy,)(K) be the generic point of
Gr(N —d — 1, Hy,). This can be seen as a K -rational point of Gr(N —d — 1, Hy,).

Lemma 4.6. The linear projection away from Lgen defines a finite map ¢, :
Xg — IP)‘;( satisfying the following conditions:

(1) The restriction (,bggen :Ug — IP"}< \ Hp x is finite and flat;

2) Dg = ¢I’Egen(ngn) Jfor the hyperplane Hgen = (Hp, N Pk in P4 ;

(3) The pull-back ¢zgen 14 (]P’”Il(ngen, o) = 79(Xg|Dg, o) is defined;

(4) (B} .0 Plys® DU 1 — Priy3) maps 2y, (XID. &) 10 5y, (Xk|Dg. o).

Proof. Having established Lemmas 4.3 and 4 4, the proof of this lemma is identical
to that of [13, Lemma 3.5.6]. The modulus condition plays no role in this deduction.
Using Lemmas 4.3 and 4.4 and the argument of [13] verbatim, one shows that given
acycle x € Z%V’e(XlD, p), there exists a dense open subset Uy € Gr(N —d —
1, Hy,) such that for each L € UY, the linear projection away from L defines a
finite map ¢r, : X — }P’g satisfying the required conditions. This map is flat on U
as shown in the proof of Lemma 4.4. Taking L = Lgen and using Lemma 2.5, we
get (1), (3) and (4). The map PLgen* is defined by [11, Proposition 2.10].

Item (2) follows at once from our choice of Lge, and the elementary property
of linear projection that a hyperplane section X N H in IP’,/(V is a pull-back of a

hyperplane of ]P’Z via ¢y, ifandonlyif L C H. O

We are now ready to prove our main theorem on the moving lemma for the
higher Chow groups of projective schemes with very ample modulus.

Theorem 4.7. Let k be any field and let X be an equidimensional reduced pro-
Jjective scheme of dimension d > 1 over k. Let D C X be a very ample effective
Cartier divisor such that X \ D is smooth over k. Let VW = {Wy, - - - , W} be a finite
collection of locally closed subsets of X and let e : VW — Zsxq be a set function.
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Then, the inclusion qu o1 (XID, @) — Z?/V L(XID, @) is a quasi-isomorphism. In
particular, the inclusion Z;I/V(X|D, o) — 79(X|D, o) is a quasi-isomorphism.

Proof. The second part easily follows from the first part by induction because
Zy(X|D, o) = 2§y, ((X|D, ) and z9(X|D, o) = z‘;v’q(xm, ¢). We thus need
. .o (XID.o)
to show that the quotient complex 74,/\} XD

First suppose that the theorem is true for all infinite fields and let k be a finite
field. Take a homology class « in this quotient. We choose two distinct primes €1
and ¢, other than char(k), and take pro-¢;-extensions ¢; : Spec (k;) — Spec (k) for
i = 1, 2. Then the case of infinite fields tells us that L;k () =0fori =1, 2. Hence, a
descent argument implies that there are finite extensions 7; : Spec (k;) — Spec (k)
of relatively prime degrees such that 7(e) = 0 for i = 1, 2. Using the projection
formula for finite and flat morphisms (see [11, Theorem 3.12]), this implies that
dia = 0 = dya, where (dy, dy) = 1. We conclude that @ = 0.

We can now assume that & is infinite. We set W0 = {(Wi\D,---,Ws\ D}.
Since a cycle in z4(X|D, p) does not intersect D x [17, we see that z;I/V(X|D, °) =

Z;I/VO (X|D, o), and we may assume that W N D = () foreach W € W.

Since D is very ample, we can choose a closed embedding tx : X — ]P)IICV

and a hyperplane H, C IP} such that D = (*(Hy). If X = PY, we are done by
Theorem 3.10. So we can assume that 1 <d < N — 1.

It follows from Lemma 4.6 that the map

is acyclic.

2y (XID, o) .o XK|DK, ®)

(¢* nO¢L o opr* k_pr* k) — 45)
Lge gen’* K/ K/ Zij/\},e—l(X|D’ .) Z;I/\;K’e_l(XIdDKv.)

is zero. On the other hand, each d)zgcn O DL, factors as

q d
Z;I/VK,e (XK|DK.®)  brgns  “¢rgen Wk).e' (P [ Hgen. »)

q q d
ZWK,e—l(XKlDK’ .) Z¢Lgen(WK)’e,71 (]P)K |ngn, .)

i Ty o(XkID. @)

B o1 Xk |Dk . 0)

for some ¢’ (see [10, Section 6C]). It follows from Corollary 3.11 that the middle

complex is acyclic. This in turn implies that ¢;g€n O PLgyenx = 0 is zero on the level

of homology. Combining this with (4.5), we conclude that pry Jk is zero on the
9, (XID,e

level of homology. By Proposition 2.8, the complex M

2, e—1(XID.e)

concludes the proof of the theorem. O

is acyclic. This
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5. Applications and remarks

In this section we apply our moving lemma to prove certain contravariant functo-
riality for higher Chow groups with modulus. We prove a vanishing theorem on
higher Chow groups with ample modulus. We end the section by explaining why
the very ampleness condition is crucial for proving the moving lemma.

5.1. Contravariance

Let X be a quasi-projective scheme over a field k and let D C X be a very ample
effective Cartier divisor. Recall from [11, Theorem 3.12] if that X is smooth, there
is a cap product Ny : CHY(X, p) ®z CH? (X|D, p') — CHY" (X|D, p+ p'). We
prove the following contravariant functoriality for cycles with modulus.

Theorem 5.1. Let f : Y — X be a morphism of quasi-projective schemes over a
field k, where X is projective over k. Let D C X be a very ample effective Cartier
divisor such that X\ D is smooth over k. Suppose that f*(D) is a Cartier divisor on
Y (i.e., no minimal or embedded component of Y maps into D). Then there exists a
map

f*:z29(X|D, o) — 4 (Y| f*(D), o)

in the derived category of Abelian groups. In particular, there is a pull-back [* :
CHY(X|D, p) — CHY(Y|f*(D), p) for every p,q > 0. If X and Y are smooth
and projective, then for every a € CH*(Y, o) and b € CH*(X|D, o), there is a
projection formula fy(a Ny f*(b)) = fy(a) Nx b.

Proof. The proof is a standard application of the moving lemma for Chow groups.
Set E = f*(D). For 0 < i < dim(Y), let X; be the set of points x € X such
that dim( f —1(x)) > i, where we assume dim() = —1. Let WV be the collection
of the irreducible components of all X;. The reader can check that W is a finite
collection and the pull-back f* : z;]/v(X|D, o) — z9(Y|E, o) is defined (see [10,

Theorem 7.1]). We thus have maps z7(X|D, o) 120 z?,v(XlD, o) i> Z9(Y|E, ®)
and Theorem 4.7 says that the arrow on the left is a quasi-isomorphism. This proves
the first part of the theorem.

To prove the projection formula, we can assume using Theorem 4.7 that b €
CH*(X|D, e) is represented by a cycle Z € z?/V(X |D, e), where W is as con-
structed above. By [11, Lemma 3.10], there is a finite collection of locally closed
subsets C of Y such that Z' X f*(Z) € z’iy (Y|E, o) forall Z’' € zZ(Y, e). By the
moving lemma for Bloch’s higher Chow groups, we can assume that a € CH*(Y, o)
is represented by a cycle Z’ € zg(Y , ). In this case, it is straightforward to check
that f,(Z)YX Z € z‘ix(X|D, e) and f, o AY(Z' W f*(2)) = A (fu(Z) XK Z).
This finishes the proof. U

Remark 5.2. We remark that a pull-back map on higher Chow groups with mod-
ulus was constructed in [11, Theorem 4.3]. But Theorem 5.1 cannot be deduced
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from [11, Theorem 4.3]. The reason is that we make no assumption on the map f
while [11] assumes D and E to be the pull-backs of a divisor on a base scheme S
over which both X and Y should be smooth.

We also remark that Theorem 5.1 proves a stronger statement than giving a
pull-back map on the higher Chow groups with modulus. This stronger version
of [11, Theorem 4.3] is not yet known.

Corollary 53. Let r > 1 be an integer and let f : Y — P, be a morphism
of quasi-projective schemes over a field k. Let D C P} be an effective Cartier
divisor such that f*(D) is a Cartier divisor on Y. Then, there exists a pull-back
f*: CHY(P,|D, p) — CHY(Y|f*(D), p) for every p,q > 0. If Y is also smooth
and projective, then for every a € CH*(Y, o) and b € CH*(IP}|D, e), there is a
projection formula f.(a Ny f*(b)) = fy(a) Nx b.

Proof. If D = 0, then it is just an application of the moving lemma for usual higher
Chow groups. If D # 0 then it is very ample, so that Theorem 5.1 applies. U

5.2. A vanishing theorem

The following result shows that the higher Chow groups of projective schemes (not
necessarily smooth) with ample modulus are nontrivial only in high codimension.
More precisely:

Theorem 5.4. Let X be a projective scheme of dimension d > 1 over a field k. Let
D C X be an ample effective Cartier divisor. Then z3(X|D, p) = 0 for s > 0. In
particular, CHy(X|D, p) =0 for s > 0.

Proof. We can find a closed embedding ty : X <> JP’,ICV and a hyperplane H — ]P’,](V
such that nD = (%, (H) for some n >> 0. Suppose z,(X|D, p) # 0 for some s € Z.
Let @ € zg(X|D, p) be a nonzero admissible cycle and let Z be an irreducible
component of . Let prpy : PY x 07 — PY and prey PY x O — [O7 denote

the projection maps. Let y € D,f be any scheme point. For any map W — (17,
let Wy, denote the fiber Spec (k(y)) Xy W over y. The modulus condition for Z

implies that Zy, is a closed subscheme of IF’fVV disjoint from Hy. In particular, Zy is a
N

k(y)*
it must be finite. We have thus shown that the projection map Z — DII: is projective
and quasi-finite, and hence finite. In other words, we must have dim(Z) = s+ p <
p,ie.,s <0.Thus z,(X|D, p) =0if s > 0, as desired. O

projective k(y)-scheme which is a closed subscheme of (]P’Q’ \Hy) ~ A Hence,

5.3. Sharpness of the very ampleness condition

We now show by an example that we cannot weaken the very ampleness condition
to mere ampleness for the modulus divisor D C X. This also shows that the moving
lemma for cycles with modulus on smooth affine schemes cannot be proven using
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the method of linear projections, in general. This partly explains the need for the
Nisnevich sheafification of the cycle complex for the moving lemma of W. Kai [7].

Let X be an elliptic curve over an algebraically closed field k and let D C X
be a closed point. It is clear that Ox (D) is ample. We claim that there exists no
pair (f, D’) consisting of a map f : X — IP’}{ and an effective Cartier divisor
D’ € Div(P}) such that D = f*(D").

Suppose there does exist such a pair (f, D). Observe that we must have d :=
deg(D’) > 0 and D’ is very ample. Let ¢ : I[D,lc — IP’g denote the closed embedding
such that OP}i (D)) ~ L*(Opz(l)). This gives a regularmap to f : X — IP’;CZ such
that (¢ o f)*(OPz(l)) = Ox (D). This implies that Ox (D) is globally generated.

However, by Riemann-Roch, one checks immediately that hO(D) = 1 in our case,
i.e.,dim(]D|) = 0 and the unique element of | D| vanishes at D, a contradiction.

The only technique yet available in the literature to prove the moving lemma
for Bloch’s higher Chow groups of smooth affine schemes is the method of lin-
ear projections. Bloch proved the moving lemma for higher Chow groups of all
smooth quasi-projective schemes (see [3] and [4, Proposition 2.5.2]). But his proof
depends on the moving lemma for smooth affine schemes proven in [2] using linear
projections.

Let us now consider the case of moving lemma for higher Chow groups with
modulus on smooth affine schemes. Let U be a smooth affine scheme over an alge-
braically closed field k of characteristic zero. Let D C U be a principal effective
divisor (#) such that the induced mapu : U\ D — A,ﬁ is smooth. We use the
above example to show that even in this special case, the method of linear projec-
tions cannot be used to prove the moving lemma for the higher Chow groups on U
with modulus D. This makes proving the moving lemma for cycles with modulus
on smooth affine or projective schemes very subtle and challenging.

Let X be an elliptic curve over k as above and let D < X be a closed point.
There exists an affine neighborhood V < X of D such that D = (u) is principal
onV. Letu : V — A}( be the induced dominant map. We can find an affine

neighborhood U < V of D suchthatu : U\ D — A,l is étale.

Proposition 5.5. There exists no pair (f, D') consisting of a finite map f : U —
A}C and effective Cartier divisor D' — A}( such that D = f*(D’).

Proof. If such pair (f, D’) exists, then we get a commutative diagram
v-L-x
fl l f (5.1)
1.4 pl
A =T,

where the horizontal maps are open inclusions and the vertical maps are finite. This
finiteness implies that the above square is Cartesian. This in turn implies that we
have a finite map f’ : X’ — ]P’,l< and effective Cartier divisor D" <> IP,i such that
D = f"™*(D’) on X. But we have previously shown that this is not possible. O
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6. Higher Chow groups with modulus of a line bundle

Let X be a quasi-projective scheme of dimensiond > 0 over a field k. Let f : £ —
X be a line bundle and let ¢ : X < L be the 0-section embedding. In this case,

one knows that there is an isomorphism ¢* : CH, (L, o) = CH., (X, o) (up to a shift
in dimension) of ordinary higher groups. Since the Chow groups with modulus are
supposed to be the ‘relative motivic cohomology’ of the pair (£, ((X)), one expects
CH, (L|X, o) to be trivial.

As an application of the moving techniques of Section 3, we show in this sec-
tion that every cycle in z;(£]X, @) can be moved to a trivial cycle so that this com-
plex is acyclic. This gives an evidence supporting the expectation that the Chow
groups with modulus are the relative motivic cohomology. It also provides exam-
ples where the higher Chow groups of a variety with a modulus in an effective
Cartier divisor are all zero. Note that this can never happen for the ordinary higher
groups. The proof closely follows the arguments of Lemmas 3.5 and 3.8, and Propo-
sition 3.9.

Let H: Lx A}( — L be the standard fiberwise contraction given explicitly as
follows: for an affine open subset U =Spec (R) C X such that f|y is trivial, i.e., of
the form f|y : UxA,l — U, write L|y = Spec (R[t]). Then, H|y : UxA,ixA]l —
U x A}( is induced by the polynomial map R[x] — R[¢, x], given by x — tx.

Forn >0, let H, : LxA] x 0, — L x O, be the map H x IdﬁZ' For any
irreducible closed admissible cycle V € z,(L| X, n), let H*(V) denote the cycle as-
sociated to the flat pull-back H, L(V). Set V' =(H*(V))1eqd. We extend H* linearly
to all cycles. Let V <> £ x [, denote the closure of V and let vy : V' — £ x O,
be the composition of the normalization and the inclusion. Let V' denote the clo-

— —N —
sure of V' in £ x DZ+1 andletvy : V' — Lx DZH denote the map induced by
the normalization of V.
Lemma 6.1. V' — L x DZH has modulus X .

Proof. Since the modulus condition is local on L, it is enough to show that V' N
(f~HU)x DZH) has modulus U for every affine open subset U C X over which f
is trivial. So we may assume X = Spec (R) is affine and £ = Spec (R[X]) is trivial.
In this case, H : U x A}( X A}( — U x A,‘{ is given by H (u, x, y) = (u, xy). Since
U plays no role in this map, we can drop it and assume U = Spec (k) so that H :
Al x Al — Al is the multiplication map. This map uniquely extends to a rational

map H : ]P’}{ ><IP’,1c --3 IP’}(,given by H ((Xo; X1), (To; T1)) = (XoTo; X1T1), which
is regular on W = (P} x P}) \ {(0, 00), (00, 0)}.

We next observe that since the modulus divisor is U = {0} — A!, to check
the modulus condition for H~1 (V) is equivalent to check the modulus ({0} x A,i)
for (H | WXDZ)_I (V1), where Vj is the closure of V in IP’,IC x L1} We can thus replace

A}( by IP),& as the target space of H and V' by its closure in IP’}( X EZH in order to
check the modulus condition for V.
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Letnw : ' - Pi X IP’}( be the blow-up along ¥ = {(0, 00), (00, 0)}. It is easily
checked (see the proof of Lemma 3.5) that ' — IP)}c X IP’}c X IP’,1< is the closed sub-
scheme given by I' = {((Xo; X1), (To; T1), (Y1; Y0)) [ X0ToYo = X1T1Y1}. Define
amap H : I' — P} by H ((Xo; X1), (To: T1), (Y1; Y0)) = (Y1 Yp).

We claim that H|w = H. To check this, let U; = {((Xo; X1), (To; T1)) | X1 #
0 # Tp} and Ur = {((Xo; X1), (To; T1)) | Xo # 0 # T1} be two open subsets of
]P’,l xIP’,i. In the affine coordinates (xg, t1) € U; =~ Alz, the restriction of H on UjNW

is given by H (xo, 1) = (xo; #1) and the restriction of H on =N U) N W N (xg #
0) is given by ﬁ((xo, 1, (l;xo_ltl)) = (l;xo_ltl) = (x0;t1) = H(xg, t;). The
restriction of H on w ! (Uy) N W N (#; # 0) is given by H((xo, 11, (xot; '3 1)) =
(xot; "5 1) = (xo; 1) = H(xo, 11).

The restriction of H on U, N W is given by H(x1, %) = (t; x1) and the
restriction of H on 7~ (U>) N W N (x1 # 0) is given by ﬁ((xl, to, (xl_lto; 1)) =
(xl_lto; 1) = (to; x1) = H(x1, t). The restriction of H on 7~ (U1) "W N (1o # 0)
is given by F((xl, to, (1; xlto_l)) = (I; xlto_l) = (t9; x1) = H(x1, 1p). Since 7 is
an isomorphism away from U; U U;, we have shown that ﬁlw =H.

It follows from the claim that there is a commutative diagram

JT_I(W)C—]I> r

"IN

W'~ P! x P! 7~ Pl

Let E = 7*((0, 0c0)) denote one of the two components of the exceptional divisor
forr andlet D = U = {0} — ]P’,lc. We have n*(D x IP}C) = (D x IP)}() + E.
Similarly, we have n*(IP)}( x {o0}) = (IP’,& x {o0})+ E inDiv(I"). Set E,, = E x EZ.

Let Z — I' x EZ denote the strict transform of V. Since H,(ZN @ '(W) x
L)) = V and since H, is projective, we must have H,(Z) = V. We remark

at this stage that ensuring the projectivity of H, was the reason for us to replace
A}c X A}( by IED,]c X IP’,]( and A}( by ]P’,l( as the source and the target of H.
We now have a commutative diagram

f _
zN vy
N
_, H, _
g T x O, —>P} x O, (6.2)
:
V/N W?P}{ « EZ_H,
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where f and g are the unique maps induced by the universal property of normal-
ization for dominant maps. Since f is a surjective map of integral schemes, the

modulus condition for V implies that (vy o f)*(IP’}{ x FX°) > (vy o f)*(D x EZ)
on ZV. In particular, we get (H, o vz)*(P{ x F°) > (H, 0vz)*(D x 0,) on ZN.
Equivalently, we have

vi(0 x F®) > v} (ﬁ*(D) x T).- 63)

Since H*(D) = (A} x {0}) + ({0} x Tp), we get j§', o H, (D x Tp) = jf, (A} x

=n+1 . . . .
Fr?n+1) + ji (D x DZ+ ), where j; : W < T is the inclusion. Since A}{ x FO

n,n+1
and D x EZH are irreducible, we get H (D) x [, > (P} x F,?’Hl) + (D x EZH)
on T x ;. Combining this with (6.3), we get
* 00 * =+l
vy (T x FX) > v} (Dka ) (64)

This in turn implies that

(1, 0 vz)* (Pi x F;il) = (7, 0 vz)* (IP)}( x F® x Ek)

+ (0 v2)" (P x T x (o0))

v3(T x F) + (7, 0 v7)* (I[D}c x O} x {oo})

V5 (D x EZ“) ¥ (1, 0 v7)* (IP’,i « T x {oo})
Vi (D x EZ“) Vi (En) 4+ v (IP,{ x T x {oo})
= (muovy)* (D x T ) + vy (B x T x (o0))

> (m o) (DxT).

vl

Using (6.2), this gives g*(v}, (P} x F22 ) > g*(v}, (D x EZ“)). We now apply

Lemma 2.6 to conclude that v}, (B} x F2°,) > v%,(D x O, ) and this is the
modulus condition for V'. O

Lemma 6.2. V' — [ x DZH intersects all the faces properly.

Proof. Since H is flat, V' intersects properly all the faces of DZH of the form

F x U Since ¢,y (V') = V, which intersects the faces of LJ}| properly, we

see that V' intersects Fr} 41,41 Properly. Since V N (X x L) = ¥, we must have

1 ng1.0(V") = 0. We have thus shown that V' satisfies the face condition. O
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Theorem 6.3. Let X be a quasi-projective scheme over a field k and let f : L — X
be a line bundle. Let 1 : X <> L denote the 0-section embedding. Then the cycle
complex z;(L|X, @) is acyclic for all s € 7.

Proof. It follows from Lemmas 6.1 and 6.2 that H : L x A}( — L defines a
chain homotopy H* : z,(L|X, ) — z,(L|X, e)[—1] between Hf = (H|x0)*
and H{ = (H|zx1)*. Itis clear that H{ = Id; (c|x,e) and the modulus condition
implies that H = 0. It follows that z, (L] X, e) is acyclic. O
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