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Lipschitz changes of variables between
perturbations of log-concave measures

MARIA COLOMBO, ALESSIO FIGALLI AND YASH JHAVERI

Abstract. Extending a result of Caffarelli, we provide global Lipschitz changes
of variables between compactly supported perturbations of log-concave measures.
The result is based on a combination of ideas from optimal transportation theory
and a new Pogorelov-type estimate. In the case of radially symmetric measures,
Lipschitz changes of variables are obtained for a much broader class of perturba-
tions.
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1. Introduction

In [4], Caffarelli built Lipschitz changes of variables between log-concave proba-
bility measures. More precisely, he showed that if V, W € Cllo’c1 (R™) are convex

functions with D2V (x) < AyId and Ay Id < D*W(x) for ae. x € R” with
0 < Ay, Aw < oo, then there exists a Lipschitz map T : R” — R” such that
Ty(e™V™ dx) = e W™ gx ! and

IVT |po®ny < Av/Aw. (1.1)

! Given two finite Borel measures p and v and a Borel map 7' : R" — R”, recall that Ty = v if

/ e(y)dv(y) = / o(T (x))du(x) Y ¢ Borel and bounded.
Rn R~
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The map T is obtained via optimal transportation. It is the unique solution of the
Monge problem for quadratic cost

min {/ x — T)2e™ VO gy - T#(e_v(x) dx) = VM dx}
Rﬂ

(see Section 2 for more details and [12] for a completely different construction of a
Lipschitz change of variables in this setting). We note that a particularly important
feature of Caffarelli’s result is that the bound (1.1) is independent of the dimen-
sion n.

A consequence of Caffarelli’s result is the possible deduction of certain func-
tional inequalities (such as log-Sobolev or Poincaré-type inequalities) for log-con-
cave measures from their corresponding Gaussian versions. For instance, denoting
the standard Gaussian measure on R” by y,, consider the Gaussian log-Sobolev
inequality,

lenfdynS/ |Vf|2dyn+</ fzdyn)1n</ fzdyn),
Rn R7 R7 R7

which holds for every function f € W!2(R"). For any measure v such that there
exists a Lipschitz change of variables between v and the Gaussian measure, namely
v = Tyyn, we deduce, applying twice the change of variable formula, that

FInfdv= / £ In £(T) dyy
Rn

Ril

< / |V[foT]|2dyn+< f(T)zdyn> 1n( / f(T)zdyn)
Rn Rﬂ Rn
< IVT ) /R VA dya + ( /R ) f(T)Qdyn) In ( /R ) f(T)Zdyn)

= ||VT||%oo(]Rn) /]R" IV fI?dv + (Av fzdv) ln(fn fzdv>.

Therefore, v enjoys a log-Sobolev inequality with constant |VT ||%00(Rn).

Besides the natural consequences described in [4] and above, Caffarelli’s The-
orem has found numerous applications in various fields: indeed, it can be used to
transfer isoperimetric inequalities, to obtain correlation inequalities, and more (see,
for instance, [6,7,11,13]). Some recent extensions and variations of Caffarelli’s
Theorem can be found in, for example, [14,15,17].

In this paper, we extend the result of Caffarelli by building Lipschitz changes of
variables between perturbations of V and W that are not necessarily convex. Pertur-
bations of log-concave measures (in particular, perturbations of Gaussian measures)
appear, for instance, in quantum physics as a means to help understanding solutions
to physical theories with nonlinear equations of motion. In cases where an explicit
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solution is unknown, perturbations of log-concave measures can be used to yield
approximate solutions.

We let P(X) denote the space of probability measures on a metric space X.
The main result of the paper is the following:

Theorem 1.1. Let V € Cllo’cl (R™) be such that e=V® dx € P[R"). Suppose that
V() = infrn V and there exist constants 0 < A, A < o0 for which A1d <
D*V(x) < AId for ae. x € R*. Moreover, let R > 0, q € C?(BR), and
¢q € R be such that e VW+g=a) gx ¢ P@R"). Assume that —Agld < D?q
in the sense of distributions for some constant A, > 0. Then, there exists a constant
C =C(R, A, A, Ay) > 0, independent of n, such that the optimal transport map T
that takes e~V ® dx to e~V T¢=1%) gx satisfies

||VT||LOO(Rn) <C. (12)

The crucial point here is that the estimate on the Lipschitz constant of the optimal
transport map is independent of dimension, as it is in Caffarelli’s results for log-
concave measures.

In the case of spherically symmetric measures, we are able to weaken the as-
sumptions on both the log-concave measure and its perturbation and still obtain
a global Lipschitz change of variables. In particular, the Lipschitz constant is con-
trolled only by the L°°-norm of the positive and negative parts of the perturbation ¢,
denoted by g1 and g~ . In the following theorem, we first analyze the 1-dimensional
problem:

Theorem 1.2. Let V : R — R U {00} be a convex function and g : R — R be a
bounded function such that e~V ® dx, e~V =40 gx € P(R). Then, the optimal
transport T that takes eV ™) dx to e~V =45 dx is Lipschitz and satisfies

log T’ l Loy < g Loy + lg~ lLoo(r)- (1.3)

We remark that while the map 7 in Theorem 1.2 is only unique up to sets of
e~V dx-measure zero, arguing by approximation, we can find a particular trans-
port T for which the estimate on log 7" in (1.3) is satisfied almost everywhere in R.
Applying this 1-dimensional result to radially symmetric densities, we obtain the
following:

Theorem 1.3. Let V : R" — R U {00} be a convex, radially symmetric function
and g : R" — R be a bounded, radially symmetric function such that e~V dx,
e~ V=40 gx e PR™). Then, the optimal transport T that takes e~V ® dx to
e~V O=4W) gy is Lipschitz and satisfies

e_Hq+”L°°(]R”)_Hq_”LOO(]R") [d<VT ) <e”q+HL°°(]R”)+Hq_HLOO(]R”) Id
- - (14)
fora.e. xeR".
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Note that the assumption e~V ) ~9(™) dx e P(R") in Theorems 1.2 and 1.3, unlike
in Theorem 1.1, is nonrestrictive. Since ¢ is not required to be compactly supported,
the normalization constant making e~"®)~9™) dx a probability measure if it were
not already can simply be absorbed into ¢ .

We further remark that the 1-dimensional estimate in Theorem 1.2 is false in
higher dimensions when one does not assume that the densities are radially sym-
metric. More precisely, taking the reference measure e~V ™) dx to be the standard
Gaussian measure, the estimate

ID*p —1d || Loy < Cllq LR (1.5)

cannot be true for n > 1 (see Remark 5.2 to understand the relationship between
(1.3) and (1.5) for n = 1). This is manifest if we recall that the Monge-Ampere
equation linearizes to the Poisson equation, which does not enjoy Cllo’c1 estimates
for bounded right-hand side. In other words, given V and g to be chosen, letting ¢,
be the potential such that V¢, takes e~V ®) dx to e~V =24™) gy (for simplicity, we
omit the normalization constant that makes e~ ®¥)=24() gx a probability measure),
and setting Vo (x) = (¢ (x) — |x|2/2)/8, we have that

1 V2g — V. Ve
AWS—I—O(S):Ogde; pe _ =V +VV) +eq(Voe)

= (x, Vo) +q(Voe) + O(e)

&

for every ¢ > 0. The estimate (1.5) implies that sup,_ ||D21//e||Loo(Rn) < 00 and,
therefore, the existence of a Cllo’c1 solution to the Poisson equation with bounded
right-hand side, an impossibility in higher dimensions.

Although this heuristic argument is convincing, the details of the proof are
rather delicate, and we give them in the Appendix for completeness.

ACKNOWLEDGEMENTS. Y. Jhaveri would like to thank Pablo Stinga for helpful
conversations. Part of this work was done while the authors were guests of the
FIM at ETH Ziirich in the Fall of 2014; the hospitality of the Institute is gratefully
acknowledged.

2. Preliminaries

We begin with some preliminaries on optimal transportation and the Monge-Am-
pere equation, and we fix some notation.

Let u,v € P(R"). The Monge optimal transport problem for quadratic cost
consists of finding the most efficient way to take p to v given that the transportation
cost to move from a point x to a point y is |x — y|?. Hence, one is led to minimize

cost(T) :=/ Ix — T )P du(x)
Rn
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among all maps T such that Ty = v. A relaxed formulation of Monge’s problem,
due to Kantorovich, is to minimize

/ Ix — yl2dm(x, y)
R"XR”

among all transport plans 77, namely the measures 7 € P(R” x R") whose margin-
als are u and v. By a classical theorem of Brenier [2], the existence and uniqueness
of an optimal transport plan are guaranteed when p is absolutely continuous and
and v have finite second moments. Additionally, the optimality of a transport plan
7 is equivalent to 7 = (Id xV¢)zu where ¢ is a convex function, often called the
potential associated to the optimal transport. As a consequence, it follows that in
the Monge problem, unique optimal maps exist as gradients of convex functions.

Theorem 2.1. Let u, v € P(R") such that u = f(x)dx and

/|x|2du<x>+/ P dv(y) < oo.
Rn Rn

Then, there exists a unique (up to sets of u-measure zero) optimal transport T
taking u to v. Moreover, there is a convex function ¢ : R" — R suchthat T = V.

A direct consequence of Brenier’s characterization of optimal transports as
gradients of convex functions is that

x=y,Tx)—=T») >0 forae. x,y e R", 2.1)

which follows immediately from the monotonicity of gradients of convex functions.
Suppose now that © = f(x)dx and v = g(y)dy, and let ¢ be a convex
function such that T = V¢ for T the optimal transport that takes p to v. Assuming
that 7 = V¢ is a smooth diffeomorphism, the standard change of variables formula
implies that
f @) =g(T(x))det VT (x).

Hence, assuming that g > 0, we see that ¢ is a solution to the Monge-Ampere
equation
f

goVo

This formal link between optimal transportation and Monge-Ampere (since, to de-
duce the above equation, we assumed that 7 was already smooth) is at the heart of
the regularity of optimal transport maps (see, for instance, [8] for more details). In
particular, Caffarelli showed the following in [3] (see also [9, Theorem 4.5.2]):

Theorem 2.2. Let X, Y C R" be bounded open sets, and f : X — RT and
g : Y — R be probability densities locally bounded away from zero and infinity.
If Y is convex, then for any set X' CC X, the optimal transport T = V¢ : X — Y
between f(x)dx and g(y)dy is of class CO%(X') for some a > 0. In addition,
if f e Col(X)and g € CLP(Y) for some k € NU {0} and B € (0, 1), then

loc
¢ e CF2P(xy.

loc

det D’¢ =



1496 MARIA COLOMBO, ALESSIO FIGALLI AND YASH JHAVERI

As mentioned in [1], Caffarelli’s regularity result on optimal transports can be ex-

tended to the case where f and g are defined on all of R” and assumed to be locally

bounded away from zero and infinity. Lastly, we note that optimal transport maps

are stable under approximation (see [18]). In particular, let f; and g; be locally uni-

formly bounded probability densities such that f; — f and g; — g in Llloc. Then,

the associated potentials ¢; — ¢ locally uniformly and V¢p; — V¢ in measure.
We fix the following additional notation:

Br ball of radius R centered at the origin

L"  n-dimensional Lebesgue measure

H?  d-dimensional Hausdorff measure

S"=! unit sphere in R”

w, n-dimensional Lebesgue measure of B; C R”.

3. Lipschitz changes of variables between log-concave measures

We begin with two useful results of Caffarelli (see [4]). They provide some motiva-
tion, and we briefly recall their proofs both for completeness and because we shall
need them later.

Lemma 3.1. Let u = f(x)dx, v = g(x)dx € P(R") with finite second moments
and V¢ = T be the optimal transport taking | to v. Assume that log f € LY (R")

loc
and that g is bounded away from zero in the ball Bj for some j > 0 and vanishes

outside Bj. Then,

X
T(x)— Jm uniformly as |x| — oo.

In particular, for any fixed ¢ > 0 and for all @ € S"™', the function ¢ (x + sa) +
¢(x —ea) —2¢(x) — Oas |x| — oo.

Proof. We begin by noticing that, as a consequence of Theorem 2.2, T is continuous
on R" and, in particular, the map 7 is well defined at every point.

Let xo € R" and 6 € (0, w/4) be fixed, and consider the cone with vertex at
T (xo) and pointing in the xo-direction

I':= {y eR": Z(xg,y — T(x0)) < % —0}.
By (2.1) we see that
Zer =x0.T(x) = T(x0)) < T
hence,

Z(x = x0,x0) < L(x = x0, T(x) — T (x0)) + £L(x0, T(x) = T(x0)) <7 — 6
Vxsothat T(x) € T,
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and so, up to a set of measure zero, the preimage of I under 7 is contained in the
(concave) cone
Q= {x eR": L(xg,x —xp) <7 —9}.

Moreover, since Ty = v,

inf g(x) £"(I' N B;j) < v(I' N Bj) = v(I) < u().

XEB;

Let B = B(jxy|tan6)/2, and notice that Q € R" \ B. This proves that () <
W(R"\ B).

Now, u(R"\ B) — 0 as |xg| — oo since B covers R" as |xg| — 00. Recalling
that g is bounded away from zero in Bj, we have that

lim £"(I'nBj) =0.
|xg|—00
Letting &6 — 0, we see that T'(xg) — j % As the point xo was fixed arbitrarily,
Vo(x) =T(x) —> j|jcc_| uniformly as |x| — oo. Thus, ¢ behaves like the cone j|x]|

at infinity. In particular, for any fixed ¢ > 0 and for all @ € S"~!, the function
¢(x +ea)+dp(x —ea) —2¢(x) = 0as |x| — o0. O

Thanks to Lemma 3.1, [4,5], Caffarelli proved the following result.

Theorem 3.2. Let V, W € Cp;l (R") be such that e~V @ dx, e~V ® dx € P(R™).
Suppose there exist constants 0 < Ay, Ay < 00 such that D2V(x) < Ay Id and
Awld < D?>W(x) for ae. x € R*. Then, the optimal transport T that takes

eV dx to e~ dx is globally Lipschitz and satisfies

IVT || Lo@®ry <V Av/Aw. 3.1

Proof. By the stability of optimal transports, we may assume that W is equal to
infinity outside the ball B; for some fixed j > 0. Indeed, define

oo inR"\ Bj

and ¢; € (0, 00) such that
/ ec-i_Wj(x) dx =1.

Clearly, W 5 oW in L'(R") as j — oo. Hence, if we prove (3.1) for the
optimal transport 77 that takes e~V ™) dx to e“i~"®) dx, letting j — oo we obtain

the same estimate for T .
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Also, by Theorem 2.2, the convex potential ¢ : R” — R associated to the op-
timal transport 7 is of class C?; therefore, ¢ satisfies the Monge-Ampere equation

) e—V(x)
det D¢ (x) = —oosy
or equivalently,
logdet D?¢ (x) = —V (x) + W(Ve (x)). (3.2)

For fixed ¢ > 0, we define the incremental quotient of a function f : R” — R at
(x,a) € R" x " ! by

fex,a) = f(x +ea) + f(x —ea) —2f(x).

By the convexity of ¢ we see that ¢ > 0. Also, it follows by Lemma 3.1 that ¢* —
0 as |x| — oo. Thus ¢ attains a global maximum at some (xg, og) € R” x S"~1,
Up to a rotation, we assume that oy = e;. Thus,

0 = V¢®(x0,e1) = Vp(xo + ce1) + Vo (xo — ge1) — 2V (xo). (3.3)
Moreover, because e is the maximal direction,
0 = dp9°(x0,e1) = (Vo (xo + ge1) — Vo (xo — €e1), B) VB Le.

Taking B = e; fori # 1 and utilizing (3.3), we see that all the components but the
first of Vg (xg + €e1), Vo (xo — €e1), and Ve (xp) are equal. Let § := (Vo (xg +
ge1) — Vo (xo — €ey), e1)/2, and observe that, by (3.3),

1
(Ve (x0). e1) £8 = S{Ve(xo + £e1) + Vo (xo — eey). e1)
1
+ (Voo +ge1) — Vo (xo — ger), er) = (Vo (xo £ eey), e).
Hence, we conclude that
Vo (xo £ ee1) = Vo (xg) £ dey. 34)
Another consequence of ¢® achieving a maximum at x is

D*¢(xo + ee1) + D¢ (xo — ee1) — 2D*p(x) < 0. (3.5)

We recall that
. det(A+¢eB) —det(A)
lim

e—01 £

=det (A) tr (A"!'B) (3.6)

for all square matrices A and B with A invertible. Also, if we set F'(A) := logdet A,
since F' is concave on the space of positive semidefinite n x n matrices and recalling
(3.6), we have

VF(D*$(x0)) = (D¢ (x0))
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and

-1
F (D29 o + se1) < F (D¢ (x0)) +<(D2¢(xo)> D2 (3 £ 5e1) - D2¢(x0)> .
In particular, from (3.5) and the convexity of ¢, we deduce that

F <D2¢(xo + 8e1)> YF (D2¢(x0 - sel)) _2F <D2¢(x0)) <0.

Now, let us, for fixed ¢ > 0, consider the incremental quotient of (3.2) at
(x0,e1). Using (3.4), we realize that

Ve (xo,e1) = We(Ve(x0), e1). (3.7)

Observe that

& t
VE(xp,e1) = / (/ <D2V(xo + sep)eq, el> ds) dt;
0 '

hence,
VE(x0,e1) < Aye’. (3.8)

Furthermore, from (3.4), we similarly see that
2w < WP (Vo (x0), e1).

Combining this estimate with (3.8) and (3.7), we get

e Ay /Aw = 8. 39
Set C := /Ay /Aw. Since

¢E(Xo,61)=/0 (Vo (xo +re1) — Vo (xo — te1), e1)dt,

the convexity of ¢, (3.4), and (3.9) give us that
¢° (x0, 1) = 28¢ < 2C¢?,

and so
IVT [y = | D*¢ | o ny < 2C.

Notice that this is the desired estimate up to a factor 2. We use a bootstrapping
argument to remove this factor. Suppose that 0 < | D%¢|| Le@®ny < ag for some
ap > C.Forany 0 <t <¢,by (34)and (3.9),

(Vo (xo +ter) — Vo (xg — ter), e1)| < min{2eC, 2apt}.
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Thus,

e . 5
“ 2Cag — C

¢° (x0, €1) 5/ ’ 2a0tdl‘+fc 2eC dr = 2 2C0=CD)
0 &

eC ao
a0

In other words, if || D?@|| .oorny < ap with ag > C, then

(2Cap — C?)

I D?¢ | ooy <
ao

Starting with a9 = 2C and repeating the above procedure an infinite number of
times, we prove (3.1) since C uniquely solves (2Ca — C?)/a = a. O

Remark 3.3. Notice that the above proof relies only on the local behavior of our
densities e~ and =" In particular, the bounds on the Hessians of V and W are
only used near the maximum point xo and its image V¢ (xo), respectively. This
simple observation will play an important role in the proof of Theorem 1.1.

Remark 3.4. The above result is not ideal. Indeed, if V = W, then T = Id and
one would like to have the bound ||VT | ~®r) < 1 instead of |[VT|[pocwn) <

VAV /Ay,

4. Compactly supported perturbations: proof of Theorem 1.1

In the following lemma, we prove an upper bound on how far points travel under the
transport map when the source measure is perturbed in a certain fixed ball Bp. We
capture and quantify that our perturbations are compactly supported. Lemma 4.1
will be applied in the proof of Theorem 1.1 to the inverse transport.

Furthermore, given our convex function V, we consider, for j € N,

. V  in B;
V= ‘ 4.1
{oo in R" \ Bj, @D

and we approximate e~ ™) dx with compactly supported measures %" dx.
This approximation is in the spirit of Caffarelli’s approximation in the proof of The-
orem 3.2. It allows us to find maximum points of a suitable function and guarantees
that they do not escape to infinity in the proof of Theorem 1.1. This approximation
procedure is purely technical. Hence, on a first reading of Lemma 4.1, the reader
may just take j = oco.

Lemma4.1. Ler V € C®(R") be such that n == e~V dx € PR"). Suppose
that V(0) = infrn V and there exist constants 0 < A, A < o0 such that A1d <
D*V(x) < Ald for all x € R". Moreover, let P > 0, p € C°(Bp), and cp € R
be such that e~V ®+ep=r®) gx e PRM). Given j > P, set Vi as in (4.1) and
choose ¢ j € (0, 00) such that pp; = eri=VIte—p) gy e PRM). If T is
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the optimal transport map that takes i, j to @, then there exist constants P’ =
P'(P, &, A, lIpliLewn)) > 0andj = j'(n,V(0), P, A, A, lIpllLeewn)) > P such
that for all j € [j, o<],

T(Bp) C Bp'. 4.2)

Even though this lemma is not independent of dimension as written (specifically,
j depends on n), the dimensional dependence does not affect the constant P’ and
disappears in the limit as j — oco. Thus, we can indeed prove a global estimate on
the optimal transport taking e~V dx to e~V )+ =4 gy that is independent of
dimension.

Lemma 4.1 is written under slightly different assumptions than Theorem 1.1.
In particular, besides the obvious additional regularity assumptions on V and its
perturbation, made only for simplicity, we have not required that the perturbation
be semiconvex. That said, if we assume the the distributional Hessian of p is indeed
bounded below by —A , Id, then we can replace the dependence on || p|| Lo &) With
a dependence on A, as explained in the following remark.

Remark 4.2. Let p be a function compactly supported in Bp that satisfies the semi-
convexity condition D? p = —Apld in the sense of distributions. Then, its L°°-
norm is controlled by a constant depending only on P and A, (in particular, it is
independent of dimension):

I pllLoc ey < 42, P2. (4.3)

First, up to convolving p with a standard convolution kernel, we can assume that p
is smooth. Then, we observe that every 1-dimensional restriction fy () = p(t«),
forr € Rand @ € S"~!, is compactly supported in [— P, P] and has second deriva-
tive bounded below by —A ,. This implies that

I fallLoo@®y < 24, P. 44

Indeed, suppose to the contrary that f,(t9) > 2, P for some 1y € [—P, P]. By
integration, we would get

P
0= fo’l(P) > fo/t(to) +/ fo//(t)dt >2ApP + Ap(P —19) > 0,
fo

which is impossible. This proves (4.4), and (4.3) holds by integrating.

Before proceeding with the proof of Lemma 4.1, we recall a Talagrand-type
transport inequality. Given w1, w2 € P(R"), we denote the squared Wasserstein
distance between w1 and uo by W22 (m1, w2) (see [18, Chapter 6] for the general
definition), and we consider their relative entropy

/ log (@> duy if py <
Ent(p2|p1) = n dp
o0 otherwise.
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Here, djto/du is the relative density of pp with respect to wy. If g = e V™ dx
for some V € C?(R") such that D*V (x) > Ay Id for all x € R”, we have that
(see [6], applied in the particular case when w1 and p, are probability measures)

2
W3 (11, ) < o EntGualu). (4.5)

In our applications, W22(,u1, 2) coincides with the cost of the optimal transport
taking py to p1.

Proof of Lemma 4.1. Notice first that, as a consequence of Theorem 2.2, T is con-
tinuous.

Assume there exists a point xo € Bp with T(xg) ¢ Bjop (otherwise, the
statement is true with P’ = 10P). We show that T (xo) € Bp: for some P’ =
P'(P, A, A, || pllLeorn)) > O that will be chosen later. Let

T (xo) — xo
T (x0) — xol

and define the constant Cy and ball B by CoP = |T (x9) — xo| and B := Bp(x).
Also, let F : B — IR” be the projection of a point y € B onto the hyperplane
through 7T (xg) and perpendicular to y — xg. The map F is well-defined because
xo ¢ B (see Figure 4.1). Let us assume that j’ > 6P, so that B C B;.

X:=x0+3P

Figure 4.1. The optimal transport sends B far away.
By (2.1), we have that
(y=x0,T(y) =T(x0)) =0  VyeB,
and as F'(y) is the closest point to y in the set {z € R" : (y — xg,z — T (x0)) > 0},
IT(y) —xol = [F(y) —x0| VyeB

(see Figure 4.1). Given any y € B, either xg, ¥, and x determine a plane, call it
"y, within which xo, F(y), and T (x) determine a right triangle, or xo, y, and X are
collinear. Thus,

|F(y) — x| = CoP cosby
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where 6y, is the angle between F(y) — xo and T (xo) — xo. Now, I'y, N 9 B is a circle
of radius P centered at x. Letting 6,,, be the angle between the line through x¢ and
tangent to I'y, N9 B and the line through 7T (xp) and xo, we see that 8, < 6;4,. (While
there are two such tangent lines, the angles they determine with the line through
T (xo) and xg are the same. Again, see Figure 4.1.) Moreover, |[xg — x| = 3P and
08 Oan = 2+/2/3. Consequently,

Co2V2P

|F(y) —x0| = CoP cosban > 3

and

Co2/2P

4P VyeB.
3 y

IT(y) =yl =T (y) — xo0l — |y — xol >

Since V(0) = infgs V(x) and AId < D?*V(x) < Ald, by restricting V to 1-
dimensional lines through the origin we have that

A A
V() + EIJCI2 =Vx) =V(O) + EIXI2 Vx e RY (4.6)

hence, as B C Bgp,
V(x) < V() +18AP> VxeB.

We now estimate cost(7). Since Bp N B = ) and B C Bj, we have

cost(T) > / |T (x) _x|2ec,,_j—vi(x)+cp dx
B

> 4.7
> [COzﬁP _ 4P] ecp,_i—V(O)—ISAP2+c1,[,n(BP).
- 3
Furthermore, we claim that the following upper bound on cost(7") holds:
6 ,
CoSt(T) < | plluosenye s HrHIPIL=E u(Bp). (4.8)

To see this, first, apply the Talagrand-type transport inequality (4.5) with 1 = p
and pup = up j to find that

2 ) .
cost(T) < 7 / (Cp,j +cp— p(x)) eCri— V@) +ep—p&) 4, 4.9)
Rn
Second, choose j > 6P, so that

/ e~V O=31PHIploown gy < 1 —exp (—”P”LO"(R”)[ e VO3 1xP? dx).
R”\Bj/

P
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Notice that |c,| < || pllLoo(rn) since

e = / e PO dp(x). (4.10)
So, for every j > i, observe that

e Cpi :/ e~V Fep—p() gy — _/ e V@tep gy
B R\ B;

S 1 / o VO3 P HIpll oo, gy
R"\By

_ A2
> exp (—upnmm / eV O3kl dx>,
Bp

and then, recalling that ¢, ; > 0, note

Cpj = ”p”LOC(Rn)/ eV O=51xP 4,
o @.11)
= “p||Loc(Rn)ecp,j‘i‘cp‘i‘”PHLoo(Rn)M(BP).

Now, use Jensen’s inequality on (4.10) and that p is supported in Bp to deduce that
Bp
= / px) eCriter I:e_cm_cp — e_P(x)] du(x) “4.12)
Bp

< 20| plleeqme T HIPIE 1 (Bp).

Finally, combine (4.9), (4.11), and (4.12) to see that (4.8) holds as claimed.
In particular, since u(Bp) < e~ VO £n(Bp), we have that

6 )
cost(T) < x||p||Loo(Rn)e%—V<°>+Cﬂ+“l’“L°°<R">ﬁ"(Bpx (4.13)

provided that j > j'. Thus, (4.7) and (4.13) imply that

”PHLOO(Rn) 1/2
9P+ M plloe e
Co <C' :=3V2 .
0= V2 + 7P [ A ]
This proves the existence of an upper bound on Cy depending only on P, A, A and

Il oo R .
Taking P’ := (C’ 4 1) P, we deduce that

T (x0)| < |T (x0) — xo| + |xo| < CoP + P < P',
which proves (4.2). O
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The following result is a Pogorelov-type a priori estimate on pure second
derivatives of the potential associated to our optimal transport. This technique is
inspired by Pogorelov’s original argument for the classical Monge-Ampere equa-
tion [16]. In our case, we face the additional difficulty of constructing an auxiliary
function 4 that compensates for the concavity of our perturbation and the growth of
our convex function at infinity. Assuming that our auxiliary function attains a finite
maximum, we provide a quantitative estimate on the value of 4 at its finite maxi-
mum. This result contains and overcomes the primary obstacles to demonstrating
that our optimal transport is globally Lipschitz.

Before stating the result, we introduce some constants and an auxiliary function
¥, all depending only on the constants R, A, A,and A, that appear in Theorem 1.1.
Define the constants P > 0 and Q > 0 by

2hg + 414 R A
P=———+4+1+4+R and O =—+1+4+R; 4.14)
A 2Ag

let ¥/ € C?([0, 00)) be given by

t s
U(t) = / / O (r)dr ds,
0 Jo
Aq r € [0, R]
—Agl +Ag + AgR r €[R, Q] (4.15)
() = hgh2r 22442 AR+ A2 AER
4A3+§A§R—A2 - 4x§+8xgk—x2 r €0, P]
0 r € [P, 00);
and let ¢ € C%2(R") be defined by
Y (y) =y (lyD. (4.16)

Observe that the function v is defined in such a way that W” > —A/2 in [0, 00),
v = Agl- |2/2 on [0, R], and W/ is supported in Bp (see Figure 4.2).

Proposition 4.3. LetV, A, A, R, q, Ay, and cy4 be defined as in Theorem 1.1. As-
sume, additionally, that V and q are smooth. Let P, W, and  be defined as in
(4.14), (4.15), and (4.16). Given j > P, set V) as in (4.1) and choose cy j € (0, 00)

such that e“ai=V'®+ea=a(0) gy ¢ P@R™). Also, let ¢ € C*°(R") solve

E_V

ecq g Vi (V¢)+Cq —-q (V¢) ’

det D*¢ =

and assume that there exist constants j', P’ > 0 such that for all j € [j', o<],

Vé(R"\ Bp) CR"\ Bp, 4.17)
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or equivalently, that V¢~ (Bp) € Bp:. If
h(x, @) i= Gug (x)e? VP (4.18)

attains a maximum at some point (xo, og) among all possible (x, a) € R* x "1,
then there exists a constant C = C(R, P/, A, A, Ag) > 0, yet independent of n,
such that

h(xo, O{Q) <C.

R P
Figure 4.2. The graph of /.

Proof. Since, by assumption, (xg, og) is a maximum point of &, we have
SUP|g|=1 Paa(X0) = Puyay (¥0). This implies that «g is an eigenvector of D2¢ (x0).
Therefore, up to a rotation, we assume that ocp = e and that D2¢> is diagonal at xp.
Throughout this proof, the function 4 is seen as a function of the variable x with o
fixed. Then, at xp we compute that

o1
0= (logh); =
(logh) o1

+ Y (V) bri, (4.19)

forall 1 <i <n,and

$11ij 1111

0> ¢ (logh);; = ¢"
> ¢" (logh)ij = ¢ [¢>11 pr)

+1/fk(V¢)¢kij+1/fk1(V¢>)¢ik¢jz] (4.20)

where we denote the inverse matrix of (¢;;) by (@').
Let Vi:= Vi — ¢q,j +q — ¢4 Using (3.6), we differentiate the equation

logdet D*¢p = —V + Vi(Vg) 4.21)
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in the e|-direction twice to obtain
1) = —Vi+ V! (Vo)pni
and
$g11i; — ¢ P prijd1 = — Vi + V (V@)1 + Vi (Vopuign;.  (422)
By (4.20) and (4.22), we deduce that at xg

0> ¢il¢kj¢lij¢lkl -V + ‘7l-j(V¢)¢11i + ‘Zij(v¢)¢1i¢1j

puidu i . (4.23)
- % + 010V Yk (VO)drij + ¢110" Vi (V) Pikp -

We estimate each term in (4.23) from below. Recall that (¢);;) and (@) are diagonal
at xg. Therefore, (bi I = 1/¢;i, and we see that

P pr1id11; _ z": ~

_—
¢ Y Prijbi —
o1 ==

¢ii¢kk¢%ik >0
2

and B B
VL(Ve)prigrj = Vi (V).
Because 4 has a maximum at e; among all directions,

$11(x0) = i (x0), (4.24)

and so
01107 Y (V)i ji = d11Vi (VO)bii > Vi (V).
Additionally, differentiating (4.21) in the e;-direction, we have that
¢ prij = —Vi + ‘7,~j(V¢)¢ki-

By (4.19), it then follows that

VI (V)p11i+610 v (VOIdij =V (VOIp11i+ Vi (V) (= Vic + V] (V)i )1
==k (Vo)Viori,

and, consequently, (4.23) becomes

0= V},(VO)oh + Y Vit (V)g% — vi(Vo) Vi — A, (425)
i=1
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If xo € R" \ Bpr, (4.17) implies that V¢p (xg) € R™ \ Bp. Then, (Vo) Vi1 =0
since the gradient of ¥ is zero outside Bp by construction. If, on the other hand,
X0 € Bps,then

Uk(Vo)Vipr1 < AP | VY| Loowm .

(Here, we have used that V(0) = infrs V and that D%V < AId to show V; is
bounded above by A P’.) In both cases, we deduce that

Yk (Vo) Vg1 < Cor

for a constant C depending only on R, P’, A, A, and Ag. Thus, by (4.25), we have
that

0= Vi, (Ve)oh + 3 v (V@)g2 — Cii — A. 4.26)
i=1

We claim that

Vi (Vo)et, + Z Ui (V)% = L3, 4.27)

11—2

Indeed, let us consider two cases, according to whether or not V¢ (xp) belongs to
Br.If Vp(x9) € Bg, then

ViV + D i (VO)d = aphy — Agdl) + hgddy = AT,
i=1

and (4.27) follows. In the case that V¢ (xo) ¢ Bg, we compute the derivatives of v
in terms of the derivatives of {. Observe that

v ()i RACD (1 ¥ )

i) =—" d ii
Vi) =" and i) = | R 2

Thus,
¢} A @7

ViV 2 ¥ (VDo = —5 o

since ' > —A/2in [0, 00) and ¥ > 0. Then, (4.24) implies that

)\’ n ¢ n ¢2 )\‘
an(wnqs” _——Z Vep%iZ - ¢>HZ|V¢|2 =—20h-  (428)

As Vo (x0) ¢ Br, we know Vi, (Vb (x0)) = Vi, (V6 (x0)). Tt follows that

Vi (V)p?, > A, (429)

By (4.28) and (4.29), we deduce that (4.27) holds in this case as well.
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Combining (4.26) and (4.27), we observe that
Ao ~
0> §¢” —Con — A. (4.30)

Solving the quadratic equation in (4.30), we find that

C+VC2+22A -
$11(xo0) < ks A+ <2C/x+2A/A.

As y is bounded in R” by definition, it follows that
h(x) < h(xp) < ¢11(.X())e|WHL°°(R”) <C

for a constant C depending on R, P’, A, A, and Ag» yet independent of n, as
desired. ]

Notice that if A; = 0, then E = 0. In this case, the constant C found in
the proof above is zero, and we recover the global Lipschitz constant obtained by
Caffarelli in Theorem 3.2 up to a factor of +/2 (this is a better bound than the one
provided by the proof of Theorem 3.2 before the final bootstrapping argument).

Proof of Theorem 1.1. We first prove the statement assuming that V and g are
smooth. For every j > R set V! as in (4.1), and choose ¢4 ; € (0, 00) such that
eCai=V () Feg—q () dx € P(R"). Let T be the optimal transport map that takes
eV dx to eCai™V' WHe=4@) gy Since the density e~V ~4 is supported in
a convex set, smooth on its support, and is bounded from above and below by pos-
itive constants, by Theorem 2.2, we deduce that 77 € C°°(R"). By the stability of
optimal transport maps, it suffices to show that for all j > j’ (j’ to be chosen possibly
depending on n) we have that

[ VT oo gny < € 4.31)

for some constant C > 0 depending only on R, A, A, and A,.

Let P, v, and & be defined as in (4.14), (4.16), and (4.18). Applying Lemma
4.1 to the optimal transport [79]!, we see that there exist constants j and P’ =
P'(R, %, A, }4) > 0 (see Remark 4.2) such that [Ti]1~Y(Bp) < Bp for all j €
[, 0o]; that is, letting V¢ = T4 (for simplicity we omit in ¢ the dependence on j,
which can be any number greater than j’ in the following),

Vé(R"\ Bpr) CR"\ Bp. (4.32)

We split the proof in two cases, according whether or not 4 achieves a maxi-
mum in Q = R” x §"~!. If there exists (xq, ag) € Q such that

h(xo, ap) = sup h(x, ),
Q
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then we apply Proposition 4.3 and see that

Sup l|paallLo®ny < IhllLe@) < C,
Sn—l

which proves (4.31).
Otherwise, we consider the maxima of 4 in @, := B,, x S"~! with m € N.
Let
h(xXp, ) = suph(x, o).
Qp
Notice that A (x,,, o) is nondecreasing (and not definitively constant) and |x,,| 1
oo as m — o0. Now, consider the functions 4#¢ approximating / defined by

he(x, a) == [¢(x + ea) + ¢(x — ea) — 2 (x)]e? VD) V(x,a) € Q.

Since ¢ is smooth, we know that #* — A locally uniformly in 2 as ¢ — 0. Fur-
thermore, by Lemma 3.1,
lim A%(x,a) =0 (4.33)
[x]—o00
uniformly with respect to x and «. Since #* > 0 (by the convexity of ¢), the
function 4° (x, @) has a finite maximum point (x*, o).
We claim that for sufficiently small ¢ (possibly depending on #n and on the
sequence {(Xp, &m)bmeN)
x® ¢ Bpr. (4.34)

Indeed, let mo and m; be such that x,,, ¢ Bpr and h(xm,, 0tm,) > h(Ximg, Cng)-
Since h® converges to & locally uniformly, there exists g9 > 0 such that

h(xmla aml) - h(-xmoa amo)
4

|h®(x, @) — h(x, a)| <
for every x € §|xm1 [+1,Q € S*! and ¢ < &¢. So, for every ¢ < &g, we have that
hs(xm| ’ aml) = h(xmla Olm]) - |h£(xm1, am|) - h(xm] ’ am|)i

> 3h(Xmy s @my) + h(Ximg s Amg) (4.35)
- 4 .

Thus,

he(x, @) < h(x, @) + |h°(x, @) — h(x, )|

h 3 _h )
< h(Xmgs Omg) + OO, - ) 1 Clmg %) (4.36)

. h(xm| L Oy ) + 3h(xm0, Olmo) - 3h(xm1 , Oy ) + h(xmo, amo)
N 4 4




LIPSCHITZ CHANGES OF VARIABLES 1511

for every x € lemo\’“ e §" ! and ¢ < gg. Since Bp: C By, |- (4.35) and (4.36)
imply that #2° (x, &) < h®(xm,, 0w, ) in Bp/. Therefore, h® satisfies (4.34) for every
& <¢&.

Recall that v is constant outside Bp. Then, by (4.32) and (4.34), we know that
for every & < &g, the function e¥V#™)) is locally constant around x¢. Therefore,
(x%, «®) is also a local maximum point for the incremental quotient ¢ (x + ) +
¢ (x —ea) —2¢(x). Moreover, outside Bg the function vi— Cq.j+q — cq is convex
as it coincides with Vi — Cq.j — €q- S0, proceeding as in the proof of Theorem 3.2
(¢f. Remark 3.3), we conclude that (4.31) is also proved in the case that % is not
guaranteed to achieve a maximum in €.

In order to remove the smoothness assumptions on V and g, we approximate
V and g by convolution (adding a small constant to ensure these approximations
define probability measures). Then, from what we have shown above, the approxi-
mate transports are all globally and uniformly Lipschitz. Thanks to the stability of
optimal transports, passing to the limit, we prove (1.2). O

5. Bounded perturbations in 1-dimension and in the radially symmetric
case: proofs of Theorems 1.2 and 1.3

Our goal now is to produce optimal global Lipschitz estimates under strong sym-
metry but weak regularity assumptions on our log-concave measures. Notice that
when our perturbation is zero, we recover that our optimal transport is the identity
map (cf. Remark 3.4). We begin in 1-dimension and with a technical lemma relat-
ing the behavior of our convex base and the cumulative distribution function of the
log-concave probability measure it defines.

Lemma 5.1. Let V : R — R be a convex function such that e~V ® dx € P(R)
and xo € R be such that V (xg) = infg V. Define &, ¥ : R — (0, 1) by

X o0
d(x) ::f e VDt and W(x) ::/ e Vgt =1-dx). (5.1)
—0Q X

Then,
V(x) = V(y) <log®(y) — log ®(x) Vx <y=<x (5.2)

and
V) - V(y) = logW(y) —logW(x)  Vxp<x<y. (53)

Proof. Since an analogous argument proves (5.3), we only show (5.2); in other
words, we prove that the function log ® 4 V is nondecreasing in (—oo, xp]. Let
X = inf{x : V(x) = V(x0)}. The function log ® + V is clearly nondecreasing in
[X, xo], whenever this interval is not a single point. Moreover, it is locally Lipschitz
and its derivative is e=" /® 4 V’. Hence, it suffices to show that the derivative is
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nonnegative in (—oo, X). Since V' is nonincreasing in (—oo, x) and by the change
of variables formula, we have that for a.e. x € (—00, X)

X
V(x)®(x) > / V/(t)e—v(z) dt = —e= V@,
—00

which proves our claim. O]

Proof of Theorem 1.2. By approximating V with a sequence of convex functions
V; — V such that e Vi dx e P(R) and that are finite on R, we can assume
that V < oo on R. This reduction follows from the stability of optimal transport
maps. Recall that, as a consequence of the push-forward condition Ty (e_V(x ) dx) =

e~ V=4W gx T satisfies the mass balance equation

X T (x)
/ e VWdr = / e” V=4 gy, (54)
-0 —00

which can be also written as

o0 [e.e]
/ VO g — / V=) g (5.5)
x T(x)

since the measures e~V @ dx and e~V ®~9() gy have total mass 1. From (5.4), we
deduce that T is differentiable. Indeed, both the functions

X X
F(x) := / e VOdr  and  G(x):= / eV 0=q() 44
—00

—0

are differentiable and their derivatives do not vanish. So, T'(x) = G~ o F(x) is
differentiable as well. Thus, differentiating with respect to x and then taking the
logarithm shows that

log (T'(x)) = =V (x) + V(T (x)) + q(T (x)) Vx eR.
Consequently,

V(T (x) = V(x) = llg” lLem)

, . (5.6)
<log(T'(x)) = V(T (x)) = V(x) + llg" lL>®)-

On the other hand, (5.4) implies that
N T(x) X B T(x)
ol ||Loc<R)/ VO g 5/ VO g < ol |LoouR>/ VO g
—c0 —00 -0

since ¢ € L°°(R). Taking the logarithm and defining & as in (5.1), we see that

~ g™ ooy < log @(x) —log (T (x)) < llg ™ Iy (5.7)
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Analogously, from (5.5), we deduce that
—Hqﬂ!LOO(R) <logW(x) —logW(T'(x)) < llg~ lL>o(w)- (5.8)
We claim that
~llgtllzew = V@) = V) < llg” @ YxeR (59
To prove this claim, let xg € R be such that V (xg) = infgr V and consider the sets
Ei={x:x<xoandT(x) <x9} and Ej:={x:x > xpand T (x) > xo}.
Applying (5.2) in E; yields that
0=V(Tx)—V(x) =log®(x) —log (T (x))
if T(x) <x < xpand
log ®(x) —log ®(T'(x)) < V(T'(x)) —V(x) =0

whenever x < T'(x) < xg. Therefore, (5.9) holds in £ by (5.7). Similarly, applying
(5.3) gives us that (5.9) holds in E; by (5.8). Now, we consider three cases:

1. If T (x0) = xo, the monotonicity of T implies that £ U E; = R, and (5.9) holds
in all of R;

2. If T(xg) > xo,then E1 U E; U E; = R where, thanks to the monotonicity of T,
we have

Ei={x:x<xpand T(x) > xo} = [T_l(xo), xo] .

Since V attains its minimum at xg, V is decreasing on (—oo, xp] and increasing
on [xg, 00). Consequently,

V(T (x0)) = V(x0) < V(x) = V(T(x)) < V(T (x0)) = V(x0)  V¥x€Eyq.

As T~Y(xg) € E; and xy € E;, our above analysis shows that (5.9) holds in
Ey;
3. If T (x¢) < x9, an analogous argument to one used to prove case 2 demonstrates
that £y U E;UE_ = R where E_ = [xg, T~ (x0)] and proves (5.9) also in E_.
Therefore, by (5.6) and (5.9), we deduce (1.3). O

Remark 5.2. From the numerical inequality |log(x)| > x — 1, which holds for
x € [0, €2], we see that if ¢ is the potential associated to 7' in Theorem 1.2, then
provided that ||g|| L~ ®) < 1, there exists a constant C > O such that

" — 1Lom) < CligllLom)-
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We now move to the radially symmetric case in n dimensions.

Proof of Theorem 1.3. Let V, q : R — R U {oo} be two functions such that V=
g = oo on (—00,0), and V(x) = V(|x|) and g(x) = q(|x|) for every x € R".
Now, consider the function

T(x) = T(x)—
x|

where T : R — R is the optimal transport that takes e~V r"~1dr to
e V=g pn=1 g,
Set R* := [0, 0o). We first claim that the optimal transport T is Lipschitz and
satisfies
H log T’

LoRY) = ||q+||Loc(R+) + g Lo ®+)- (5.10)

Indeed, let V : R — R U {00} be defined by V(r) = V(r) — (n — 1)logr on R*
and infinity otherwise, and let § = g on R and zero elsewhere. Observe that Vis
convex and § is bounded. Hence, applying Proposition 1.2 with V = V and ¢ = §
proves (5.10).

We now conclude the proof. Notice that 7" is continuous. Furthermore, T is an
admissible change of variables from e~V ™) dx to e~V ® =4 gx . To see this, we
show that for every bounded, Borel function ¢ : R" — R,

/qz(T(x))e—V(x)dx:/ o(x)e V=4 gy (5.11)
Rn R~

The formula (5.11) can be rewritten, using polar coordinates and the definition of
T, as

o —
/ f o(T(r)a) dH" (@) eV Or " ar
0 Sn—l
> 17 p—
= / / pra) dH" Y (a) e VO=a0p=1 gy,
0 sn—1

which is, in turn, satisfied if we use the test function ¢ (r) = fSﬂ—' p(ra) dH" ()
and recall the definition of 7. ~
Now, let & € S"~! and x € R" \ {0}. Since T'(0) = 0, we observe that

VT (0)[E] = [Elx]7" — x|x| 2 (x, &) ] T (Ix]) + x[x| 2T (Ix ) (x, &)
= [& — x|x|720, ©)]T' (@) + x|x| 72T (Ix ) (x, &),

where ¢ € (0, |x|). By (5.10), we deduce that

e*ll‘]ﬂ\LOO(Rn)*HffHLOO(Rn) < (£, VT (0)[E]) < el\quHLOO(Rn)HItf||L0<>(Rn)’
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which proves (1.4). To conclude, we show that T is the optimal transport taking
e VW dxtoe VW40 gy Let : R — R be the convex potential associated
to 7. By construction, 7' (x) = V(¢(|x|)) and ¢(|x|) is a convex function. Since
optimal transports are characterized by being gradients of convex functions, T is
the optimal transport taking e =" ) dx to e =V ) =40 g O

6. Appendix

We now show that the linear bound in Remark 5.2 is specific to the 1-dimensional
case.

Proposition 6.1. Letn € Nand V (x) = |x|*/2+ (n/2) log(2m), so that e~V is the
standard Gaussian density in R". Then, for every C > 0, there exists a bounded,
continuous perturbation p such that || p||po@n < 1 and e~V =PW dx € P(R")
and the optimal transport T = V¢ that takes e~V ¥ dx to e~V ~P™) dx satisfies

|D*¢ —1d | oo g, > CllpILe ).

Proof. Suppose, to the contrary, that for every bounded, continuous function p :
R" — R with || p|lzecrn) < 1, the optimal transport T = V¢ that takes eV gx

to e~ V=P gx satisfies
|D*¢ —1d | o gy < Collpllzooqen (6.1)

for some Co > 0. In particular, let g € L®(R") N C%(R"), and for all ¢ > 0, define
ce by

oe =/ o=V —eq(0) g

By construction, e~V )84 =¢ gx ¢ P(R"). Thus, let ¢, be the potential as-
sociated to the optimal transport that takes e~V ™) dx to e~V )74 —¢¢ gy and
remember that ¢, solves the Monge-Ampere equation

det D2¢8 = ¢ VTV(Ve)+eq(Ve)tee 6.2)
Note that ¢, — 0 as ¢ — 0. Also, since

(e

ece

/ —
Jes| =

= ‘ fR —q(x)e” VDD gyl < g |l oo grry,

¢ 1s Lipschitz as a function of ¢ and

|ce|
78 < gl Loony. (6.3)
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In addition, by the dominated convergence theorem,
/ . _ —-V()
Cp —> lg = / g(x)e dx ase — 0. (64)
Rn

Without loss of generality, we assume that ¢, (0) = 0. Now, define

e () = x12/2
b = D P2

By (6.1) applied to p = ¢q + ¢, and (6.3), we see that if ¢ < , then

1
2|Iqll oo )

| D* e || oy < (Co+ Dllgll o). 65)
Recall that, for any n x n matrix A, there exists a K > 0, depending only on || A[],

such that for all & sufficiently small | log det(Id +cA) — e tr A| < £2K . Therefore,
there exist an &g > 0 and a collection of functions g, with

sup [lgell Loorny < 00 (6.6)

£<egg
such that for all ¢ < g,

gAY, (x) + 78, (x) = logdet (Id +eD*y.) = logdet D*¢,.
Thus, by (6.2) and our choice of V,

V(Vge(x)) = V(x) +eq (Ve (x)) + ce
&

AVe(x) + €8¢ (x) =
1

= / (I =DV (x) +1x, Vipe (x)) dt + q(Vpe (x)) + 2—8 ©.7)
0

= (6. VY (0) + 5V (02 + (Ve () + =

We claim that, up to a subsequence, there exists a function Yy € CIL’CI (R™) such

that ¥, — o in C} . (R") and D>y, — D>y weakly-+ in L(R") as ¢ — 0. To

this end, by Arzela-Ascoli, it suffices to show that v, are locally bounded in C L1
Since ¥ (0) = 0, by (6.5), it is enough to prove that

lim i(r)1f|V1p€(O)| < 00. (6.8)
e—>



LIPSCHITZ CHANGES OF VARIABLES 1517

Assume, to the contrary, that limg_,q | Vi/¢(0)] = oco. Notice that (6.7) implies that
forall ¢ < gg and x € R",

1
/ (1= 1)V (x) +1x, Ve (0)) dt
0

I
/((1 —DVe(x) + 1x, Ve (x)) dt
0

=

+(IVe ()] + [x1) Ve (0) — Ve (x)]

< AV @] + 120l +1g (Ve )| + !

+ (IVe (0)] + Ix) x| sup || D*re | Loo .-

£<¢&p

Let o, = Vi (0)/|VY:(0)] € S*=!, and note that up to subsequences o, — ag €
S"1 as ¢ — 0. Furthermore, let 7 € CZ°(B1/2(ap)) be a nonnegative function that
integrates to one. Then, by (6.3), we deduce that

1
|V1ﬁs(0)|/ |/ (1 =) Ve (x) + tx, ae)dt| n(x) dx
r |Jo
1
= 1—-1)Vo, +tx, Vi (0)) d d
/nfo(( HVe(x) +1tx, Vg (0)) dt| n(x) dx 69)
< sup &llgellLo®ny + 21g || Loo wm)
£<¢&0
+ sup ||D2‘/fs||L°°(R")/R (IVs (x)]Ix] + Ix|® + 1)n(x)dx.
£<¢&0 n

Recall that D?¢, converges uniformly to the identity matrix by (6.1) applied to
¢. and £¢q. By the stability and uniqueness of optimal transports, V¢, converges
locally uniformly to the identity map as ¢ — 0. In particular, |V¢.(x)| < 2 for
every x € Bj2(ap) and ¢ sufficiently small, and we obtain that

lim
e—>0 n

by dominated convergence. Thus, taking the limit in (6.9) and noticing that the
right-hand side is bounded as ¢ — 0 thanks to (6.5) and (6.6), we see that

| =

1
/ (I =) Ve(x) +1x, ae) dt| n(x) dx =/ (x,0)n(x)dx =
0 R

00 = lim [V, (0)] < 0,
E—>

1
/ (1 = D)V (x) + 1%, o) dt
0

which, being impossible, proves (6.8) and shows that . — g in ClloC (R™) and
D>y, — D’y weakly-* in L (R") as ¢ — 0 for some function ¥ € cH! (R™).

loc
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Now, reformulating (6.7), we see that for any n € C>°(R"),

/ (A + o) — a9 — ) e dx
(6.10)
B / (b Vel + glwgmﬁ) n(x) dx.

Thus, recalling (6.4) and that g is continuous, we can pass to the limit and obtain
that

/R (A¥o(x) = (x, Vo (x)))n(x) dx = /R (¢(x) +1q)n(x) dx
for all n € C°(R"). Since g was arbitrary, we have shown that for every ¢ €
L% @R") N CO(R"), there exists a function ¥y € C 1’I(R”) solution to

loc
Ao(x) — (x, Vipo(x)) = q(x) + 4. (6.11)

We now show that this is impossible. Recall that there exists a bounded, continuous
gand ¢ € Cl’“(Bz) N C*(By \ {0}), for any « € (0, 1), such that Ay (x) = g(x)

loc
in By, yet ¥ ¢ C"1(B,). In particular, lim,_q | D*¥ (x)| = 0o. (See [10, Chapter
3].) Define

_ ]8W) — {x, Vir(x)) x € B

h(x) ==
) gx/lx) — (x/lxl, Vi (x/lx]))  x € R\ By,

and observe that, since ¢ € Cllo’g (B2) and g is bounded and continuous, & €

L®@RMNCOR"). By construction, there exists a 9 € C Il (R™) that solves (6.11)

loc

with ¢ = h. Then, for | := ¥y — ¥ we have that Ay (x) — (x, V{1 (x)) = 5 in
B;. Thus, ¢y € C*°(B) by elliptic regularity, a contradiction since ¢ ¢ Cllo‘c1 (By1)
and Yo € CH1(By). O
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