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Moderate solutions of semilinear elliptic equations with Hardy
potential under minimal restrictions on the potential

MOSHE MARCUS AND VITALY MOROZ

Abstract. We study semilinear elliptic equations with Hardy potential
~ZLyu+ul =0 (E)

in a bounded smooth domain 2 C RY. Here q > 1, .ZM = A+ 8% and

dq(x) = dist (x, 92). Assuming that0 < u < Cpy(€2), boundary value pro%lems
with measure data and discrete boundary singularities for positive solutions of
(E) have been studied in [10]. In the case of convex domains Cg(2) = 1/4. In
this case similar problems have been studied in [8]. In the present paper we study
these problems, in arbitrary domains, assuming only —oo < u < 1/4, even if
Cp(2) < 1/4. We recall that Cy(€2) < 1/4 and, in general, strict inequality
holds. The key to our study is the fact that, if © < 1/4 then in smooth domains
there exist local .Z w-superharmonic functions in a neighborhood of 92 (even if
Cp(2) < 1/4). Using this fact we extend the notion of normalized boundary
trace, introduced in [10], to arbitrary domains, provided that © < 1/4. Further
we study the b.v.p. with normalized boundary trace v in the space of positive
finite measures on d2. We show that existence depends on two critical values
of the exponent ¢ and discuss the question of uniqueness. Part of the paper is
devoted to the study of the linear operator: properties of local %, -subharmonic
and superharmonic functions and the related notion of moderate solutions. Here
we extend and/or improve results of [5] and [10] which are later used in the study
of the nonlinear problem.

Mathematics Subject Classification (2010): 35J60 (primary); 35J75, 31B35
(secondary).

1. Introduction and main results

1.1. Introduction

On bounded smooth domains & ¢ R (N > 2) we study semilinear elliptic equa-
tions with Hardy potential of the form,

_Au_ﬂu+|u|q71u=0 in , (P,u)
5
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where g > 1, —00 < u < 1/4 and

Sq(x) := dist (x, 0€2).

Equations (Pp) had been extensively studied in the past two decades and by now
the structure of the set of positive solutions of such equations is well understood,
see [11] and further references therein. Equation (P,) with Hardy potential, i.e.
with © # 0, had been first considered in [5], where a classification of positive
solutions had been introduced and conditions for the existence and nonexistence of
large solutions for (P,,) had been derived.

The study and classification of positive solutions of equation (P,,) relies on the
properties of the associated linear equation

-Z,h=0 in Q, (1.1)
where
L= A+ L
n 52 :
Q
Denote
1
— :l: _
“EESEVTH
and note that 4 + o« = 1. For p > O and ¢ € (0, p) we use the notation

Q,={xeQ:8x) <p}, Qep:={xe:e<dkx)<p}
Dy :={xeQ:6(x)>p}, ¥p:={xe€:5x)=p}.

A function w € LI]OC(G) isa .2, -subharmonic in Q if £ ,w < 0 in the distribution
sense, i.e.,

/ w(—Ag) dx —/ Lwpdx <0 forall 0<g¢eCXQ).
G G 8g

We say that w is a local £ ,.-subharmonic function if there exists p > 0 such

that w € Llloc(Qp) is subharmonic in Q,. Similarly, (local) .Z’ M-superharmonic

functions are defined with “>" in the above inequality.

1.2. The role of the Hardy constant

The existence and properties of positive £, -harmonic and superharmonic func-
tions in €2 are controlled by the Hardy constant of the domain, defined as

2
Ch(Q) := inf Jo IVul” dx

v (1.2)
CE@\O [ g_j dx
Q
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For a bounded Lipschitz domain it is known that Cy (2) € (0, 1/4]. If Q is convex

then Cy (2) = 1/4. In general, C g (€2) varies with the domain and could be arbi-

trary small (see, e.g. [9, Theorem I and Section 4]) for a discussion and examples).
Denote the local Hardy constant in §2,, relative to 02 by

Jo |Vu|? dx
Ci'(Qp) = _inf —f— . (1.3)
CE@NO) - [o it dx

Note the difference between CZQ(Q p) and Cy(L2,): the distance involved in the
first one is dq(x) = dist (x, 9€2) while in the second it is g, (x) = dist (x, €2,).
Obviously C%(Q,) > Cu(R)).

The following lemma shows that in contrast to the “global” Hardy constant
Cp (2) the value of the “local” Hardy constant C ?{Q(Q o) does not depend on the
shape of €2, provided that p is sufficiently small.

Lemma 1.1 (local Hardy inequality). There exists p = p(2) > 0 such that for
every p € (0, p] one has C5H(Q)) = Cu(RQ)) = 1/4.

The fact that C2%(2,) = 1/4 is due to [9, page 3246], while Cy(Q2,) = 1/4
follows from [6, Lemma 1.2].

The relation between the Hardy constant and the existence of positive £ -
superharmonics is explained by the following classical result, cf. [9, page 3246].

Lemma 1.2. Equation (1.1) admits a positive & -Superharmonic function in S if
and only if u < Cy(R2).

Equation (1.1) admits a positive £ w-superharmonic in 2, with p € (0, p) if
and only if u < 1/4.

Thus, according to Lemma 1.1, if Cy(2) < 1/4 then, for u € [Cy(R2), 1/4),
there exist local positive . ,~superharmonic functions but no “global” positive
Z,-superharmonic functions in €2.

1.3. Moderate solutions and normalised boundary trace

In this work we study moderate positive solutions of the nonlinear equation (P,)
in the range . < 1/4, including negative values of . Recall that in the classical
theory of equations (P,) with u = 0, a moderate solution is a solution which is
dominated by a positive harmonic function, cf. [11, pages 66-69]. This concept had
been extended to equations (P,) with 0 < pu < Cy () in [10], where an .Z w
moderate solution is defined as a solution dominated by a positive .Z ,~harmonic
function. This definition is not applicable in the range € [Cy (£2), 1/4), when the
set of positive £’ -harmonic function is empty. Therefore we modify it as follows:

Definition 1.3. A solution u € LIIOC(Q) of equation (P,) is & —moderate if there
exists a local positive .Z ~harmonic function 4 such that |u| < & in €2, for some

p € (0, p].
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We are going to show that the nonlinear equation (P,) admits &’ ,~moderate
solutions, with prescribed (normalized) boundary data, in the entire domain 2 for
every u < 1/4, even when Cy(€2) < 1/4. The existence of a certain class of
positive solutions was observed in [5, Lemma 4.15].

More specifically, we study the generalised boundary trace problem

£, u+ " 'u=0 inQ

PV
triq(u) = v, (Fy)

%

where u < 1/4,q > 1,v € M*(9Q) and tr}, (u) denotes the normalized bound-
ary trace of a positive Borel function # on 9€2. A function u € L?OC(SZ) is a solution
of (Plj ) if it satisfies the equation in the distribution sense and attains the indicated
boundary data.

The concept of normalised boundary trace was introduced in [10] in order to

classify positive moderate solutions of (P,) in terms of their behaviour at the bound-

ary,when0 < p < C 1 (2).! It is defined as follows.
A nonnegative Borel function u : Q@ — R possesses a normalised boundary
trace v € MT(0Q) if,

.1 Q
lim —- /E lu —K?[v]]dS =0 (14)
where K ff is the Martin kernel of .Z . in . If, for a given u there exists a measure
v as above then it is unique.

By Ancona [2],if u < Cy(£2) there is a (1-1) correspondence between the set
of positive £, -harmonic functions in £ and MT(0R); the & ,~harmonic function
v corresponding to a measure v has the representation v = K ff[v]. (For details and
notation see Subsection 2.1 below.)

We point out that, except in the case 1 = 0, tr}j, (u) is not the standard measure
boundary trace of u. In fact, when u > 0, the measure boundary trace of any £ W
harmonic function is zero.

In order to extend the definition of normalised boundary trace to arbitrary u <

1/4 we pick p € (0, p] (with p as in Lemma 1.1) and employ (1.4) with K,?"

instead of K. Since Cyr(R,) = 1/4, K." is well defined for every u < 1/4.
We show that if, for some p as above, there exists v € 914 (3€2) such that

e—0 £%-

lim i/ lu — K" [v]]dS =0 (1.5)
e

then (1.5) holds for every p € (0, o] and the measure v is independent of p.
In addition we show that a positive solution of equation (P,) possesses a nor-
malised boundary trace if and only if it is a moderate solution.

1 Actually, the assumption & > 0 was introduced in [10] only for simplicity: the normalised
boundary trace is well-defined and the related results remain valid for any u < Cy (S2).
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1.4. Main results

We start with a few results about the linear operator.

Theorem 1.4. Let i < 1/4. Suppose that u is positive and £ ~Subharmonic in
Q. Then u has a normalized boundary trace on 32 if and only if u is dominated
in 2, (for some p € (0, p)) by an gﬂ-harmonicfunction.

Theorem 1.5. Let u < 1/4. Suppose that u is a non-negative, & -Subharmonic
Sunction in Q5. In addition assume that, for some p € (0, p) u is dominated in 2,
byan ¥ ~harmonic function. Then, one of the following holds:

(i) trjou = 0, in which case, for every B € (0, p) there exists a constant cg > 0

such that
u(x) < cgd(x)™  in Qp; (1.6
(i1) tr’ggu > 0, in which case, for every B as above,
1
— B 5/ udS < cgB  in Qp. (L.7)
Cﬁ 2,3

Theorem 1.6. Let i < 1/4. Suppose that u is positive and £ w-Superharmonic in
Q5. Then u has a normalized boundary trace. If trjqu # 0 then (1.7) holds.

Corollary 1.7. Suppose that u is non-negative and £ -Subharmonic in Q25. Then
either (1.6) holds or

0< limsup% udS. (1.8)
B—0 - Jxg
Remark 1.8. The corollary is an improved version of [5, Theorem 2.9]. Since we
do not assume that u is dominated by an .’ ,.-harmonic function the alternative to
(1.6) is not necessarily (1.7) but only (1.8) which is nothing more than the negation
of the statement trjju = 0.

Clearly every positive subsolution of the nonlinear equation (Py,) is -£,,-sub-
harmonic so that the above results apply to it.
We turn to the nonlinear problem.

Theorem 1.9. Let < 1/4 and v € MT(OQ) \ {0}. Assume that Kgp[v] €
L9(2,; 8%*) for some p € (0, p]. Then the boundary value problem (Pl‘;) admits a
positive solution u.

We emphasise that if Cy(2) < 1/4 then for u € [Cy(2), 1/4) an .ZM-
harmonic extension of v exists only locally in a strip €2,,. Nevertheless, problem
(Pl‘j ) has a positive solution in €2, for any u < 1/4 .

When u < Cy(£2) problem (P)) admits at most one solution for every v €
M (82) [10]. However, if Cy(2) < u < 1/4 uniqueness fails. Indeed, it was
proved in [5, Theorem 5.3] that in the latter case there exists a positive solution of
(P)) with v = 0. An alternative, more direct proof, of this result is presented in
Appendix A.
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Theorem 1.10. Let u be a positive solution of (P,,). Then,

(1) u has a normalized boundary trace if and only ifu € L9(2; §°t);
(i1) If u has normalized boundary trace v then

lim ﬂ =1 non-tangentially, for v-a.e. y € 052. (1.9)

=Y K2 [0](x)

In general, the existence of a solution of (P;) does not imply that K,Sz” [v] €
L9(2; 8%). In fact, for any ©# > 0 and ¢ > 1, one can construct functions
f e L'(3$2) such that Kff” [f] & L9(R2; 5%) while (PI‘L’) has a solution when-
everv = f € L'(3Q).

Let
N + Ol+

e =N 1 —a
The next result has been obtained in [10, Theorems E and F] for u € (0, Cy(£2)).

A similar result is presented in [8, Theorems D and E], under the assumption that
2 is a convex domain, in which case it is known that Cy (2) = 1/4.

forall u < 1/4. (1.10)

Proposition 1.11. Let u < 1/4. If 1 < q < qu.c then the boundary value problem
(Pl‘j) has a solution for every Borel measure v € M+ (3K2). Moreover, if ¢ > qu.¢
then problem (P/‘; ) has no solution when v is the Dirac measure.

In the next proposition, the existence statement is a consequence of Theo-
rem 1.9. The non-existence part is more subtle.

Proposition 1.12. The following facts hold true:
(i) Forevery u < 1/4 put

s _ | fr=0
In= 1-= ifu <0.

Ifl1 <qg < q;’; then problem (Pp‘i) has a solution for every measure v = fdS,
feL'(09);
(i) Ifg > q; then problem (Plj) has no solution for any v € M (02) \ {0}.

Remark 1.13. If © <Othena— < Osothatg;, > land g, <q,.

The paper is organised as follows. In Section 2 we study the linear problem.
We derive estimates of the Green and Martin kernels of .2, in €2, and discuss the
boundary behavior of local positive .#,,-sub and superharmonic functions in terms
of the normalized trace.

In Section 3 these results are applied to the study of the nonlinear boundary
value problem (Pl‘j).
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2. Linear equation and normalised boundary trace

2.1. The local behavior of Green and Martin kernels

We recall some results concerning Schrodinger equations, that are needed in what
follows. The results are due to Ancona [2]. Let D be a bounded Lipschitz domain
and consider the Schrodinger operator . V= A+ V where V € C(D) is a po-
tential such that, for some constant ¢ > 0, it holds |V (x)| < a dist (x, D)2 and
zv possesses a positive supersolution. (If V' < 0 there is always a supersolution
namely, u = 1.) Then .Z" has a Green function G and Martin kernel K" in D.
The Martin boundary coincides with d D and the following holds

Theorem 2.1 (representation theorem). For every v € 9™ (3 D) the function
KY[v](x) := / KV (x,y)dv(y), xe€D,
aD

is LY -harmonic in D. Conversely, if u is a positive L -harmonic function in D
then there exists a unique measure v € T (D) such that u = K [v].

In order to state the boundary Harnack principle we need additional notation.
Let y € D and let £ = &7 be a local set of coordinates centered at y such that the
&1-axis is in the direction of an interior pseudo normal ny. (If Disa C ! domain we
may take ny to be the interior unit normal.) Denote

Ty(r,p) = {6 = (£1,8) : &1l < p, 1§ <r}.

Assume that  and p are so chosen that
wy:=Ty(r,p)ND={&:Fy(E) <& <p, [§]<r}

where F)y is a Lipschitz function in RN—!, with Lipschitz constant A, and such that
Fy(0) =0and 12A < p/r. Since D is a bounded Lipschitz domain A, r, p can be
chosen independently of y € 9D.

Let A € T(r, p) be the point such that £(A) = (p/2,0). Then the boundary
Harnack principle reads as follows: if u, v are positive .& ~harmonic functions in
wy vanishing continuously on 92 N 7y, (r, p) then

a4 _u®) _ A
v(A) T @) T (A

forall & e Ty(r/2,p/2)N D, (2.1)
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where the constant C depends only on N, M, p/r and the Lipschitz constant of F,
say A. (A may be taken to be independent of y € dD.)

We also need the following consequence of the boundary Harnack principle
(cf. Ancona [1, Lemma 3.5]): there exist positive numbers c, fg such that

cHx =y N <KV, )GV (x, x0) < clx —yPP N (22)

for every y € 92’ and x on the interior pseudo normal at y such that |x — y| < 7.
Recall that if V(x) = udist (x, D)2 and u < Cg(D) then 2V has a posi-

tive supersolution. In particular, if D = Q5 then Cy (D) = 1/4. Therefore, in this

case, the above results apply to the operator .Z w=A+ % for every u < 1/4.

Notation. Let D be a subdomain of 2 and denote
Lop=A+ 5% where  8p(x) = dist (x, D).
D

Assume that £ < Cy (D) and let D’ be a subdomain of D. Obviously Cy(D') >
C (D). Denote the Green kernel (respectively the Martin kernel) of . « in D by

G 5 (respectively K If ). Denote the Green kernel (respectively the Martin kernel) of
£, pin D' by G/?, p (respectively K /ﬁ D)-

If f1, f> are two non-negative functions in a domain D the notation f; ~ f>
means that there exists a constant ¢ such that

i< ph<chi

Lemma 2.2. Assume that i < 1/4. Let p be as in Lemma 1.1 and t € (0, p). Put
U=Q;=[6(x) <pl, 2 =[6x) <tl,and U; = [p > 8(x) > t]. Then,

Gl (x,y) <
Ct)inf(lx — y*~N, 808 |x — y**=~N) forall x,y e Qp
Proof. Note that & W= & v in /2. Hence

(2.3)

Qt/2 _ Qt/2
G."=6G,y-
It is well-known that the Green function is monotone with respect to the domain.
Therefore G’ < G%U which implies
Q
GM'/Z(x, y) < CGS'U()C, y) forall x,yeQp. 24)

By (2.4) and the estimate of the Green function of ¥ WU (see [7] and [10, (2.6)]),

it follows
Q; ’
Gu'(x,y) < cGly(x.y) <Gl (x, y) 0s)
~inf(jx — y[27N, 8(x0)%+ 8 ()% x — y|2N)

for every x, y € €,/>. This implies (2.3). O
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Theorem 2.3. Assume that u < 1/4, let p be as in Lemma 1.1 and lett € (0, p/2).
Using the notation of the previous lemma, pick x; € U; and x; € ; such that
8(x;) = (t + p)/2 and 5(x]) = t/2. As usual G(l)j denotes the Green function for
—A in U. A similar notation is employed for the corresponding Martin kernels.
Then,

cl®7'Gy (e x) <Gl (xx) < el (DG, (v forall x €

(2.6)
()G (x. x])) <GY(x. x)) < 2()G{ (x.x)) forall x €U,

and
K]y, y) <K (x,y) <esOKY y(xy) forall (x,y) € Q4 x99,

ca®) Ky (. y) <K () < caK (x,y) forall (x,y) € Uy x Tj.
(2.7)

Proof. Note that £, = £, ;; in Q2. Hence both Gg(-,xt) and GZ,U(~,x,)
are & -harmonic in €2; and vanish on 9€2. Therefore, by the boundary Harnack
principle they are equivalent in a strip S along 9€2. In addition they are continuous
and bounded away from zero in €2; \ S. This implies the first inequality in (2.6). For
the second inequality: Gi{ (-, x) is £, -harmonic in U, G([)] (-, x/) is A harmonic in
U,and ¥ n—A=pu / 8(x)? is bounded in U,. Therefore, since they both vanish on
X5, we can still apply the boundary Harnack principle (cf. Ancona [4]) to deduce
that they are equivalent in the strip U;. This implies the second inequality in (2.6).
Recall that, Glliu(x,xt) ~ Sy(x)¥t in &, for t € (0, p). (Of course the
constants involved in this relation depend on ¢.) Since g ~ 8y in €2, this fact and

(2.6) imply that
GY(x,x;) ~ Sq(x)* forall x e Q. (2.8)

In what follows we use the notation introduced for the statement of the boundary
Harnack principle. Let y € 9€2 and let § = &, be a local set of coordinates at y
relative to U. Thus

wy =Ty(r, p) U = (£ Fy(§) <& < p. [§] <r).

We assume that y = p/r > 12A.
Since K g (-, y) and Gi{(-, x;) satisfy the (classical) Harnack inequality (2.2)
remains valid in Cy (b) N Ty (r, p). Therefore, assuming that p < ¢ < p,

KJE G (E x) ~ K] (61,00, GL(&1.0). x) ~ EP7N (29)
for every & € Cy(b) N Ty(r, p). By (2.8) and (2.9),

K& y) ~ 77 N8@E) ™ forall & e Cy(b) NTy(r, p). (2.10)

Let 1 be a point in RV~! such that 0 < || < r/2 and denote by P the point
(Fy(n), n) in the local coordinates &,. Then P € dQ and £p := &, — P is a
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standard set of local coordinates at P. Choose rp and pp such that rp = |n|/2 and
pp/rp =y. Then,

lx =yl = |&| ~ & ~rp forall x € QNTp(rp, pp).

Let Ap = (pp/2,0) in &p coordinates, i.e., Ap = (Fy(n) + yrp/2,n) in &,
coordinates. Pick b such that A < b < 2A. Then

Ey(m +pp/2 = =Alnl —yrp/2 = Inl(=A +y/4) > 2An].

Consequently, Fy(n) < bln| < Fy(n) + pp/2, which implies

Ap €Cy(b) = [& = (51,8 : & > bIE'l}.

Observe that
_ 2 241/2
do(Ap) ~ pp/2 and |§y(Ap)| =|Ap —y|~ (pp +7p) /" ~Tp.

Therefore, by (2.10),
2-N-
KY(Ap,y)~rp "
In fact,
Ix —yl =& ~rp forall xeQNTp(rp, pp).

Therefore applying (2.1) in Q N Tp(rp, pp) withu(x) = K g (x, y) we obtain

G, %) ) N g, .
GU(Ap oy b O @.11)

~ = y PN (0 = 8 () =y

K (x,y)~ K (Ap.y)

foreveryx € QN Tp(rp/2, pp/2). Combining (2.10) and (2.11), we obtain

K (e, )~ lx =y N G /lx — )™ =80 x —yP TN (2.12)
for every x € T\ (r/2, p/2). As (2.12) holds uniformly with respect to y € 92 we
conclude that there exists r’ > 0 such that this relation holds for every (x, y) €
@, x 0€2. Consequently, for every ¢ € (0, p),

K Geoy) ~ x =y 0 /1x — yD* =80 x — yPN (2.13)

for every (x, y) € €2; x 0€2 with similarity constants depending on ¢. Since Kg’U
behaves precisely in the same way (see [10, Section 2.2]) we obtain the first in-
equality in (2.7). The second inequality is proved in a similar way. O
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We state below two key results concerning the operator ., in U = Q. These
have been recently proved in [10], with respect to the operator . ,« In €2 under the
assumption that 0 < pu < Cpy(£2). (In fact, the condition © > 0 is redundant and
does not affect the proofs.) Since Cy (£25) = 1/4, the results apply to the operator
A u.q; forevery u < 1/4. In view of the relation between the Martin kernels and

Green functions of % 0.9 and ., in 5, these results also apply to the operator
jy, in Q/;.

Theorem 2.4. The following facts hold true:

() If vo € MT(9RQ) \ {0} then there exist positive numbers c and py < p such
that

_ 1 Q .
ol < 87/ K [wldS <clwll if €€ ©.p0;  (214)
- Js.
(ii) Let p € (0, p) and let T be a Radon measure in Q2;. Denote
Q, Q,
G. [r](x) == G, (x,y)dt(y) for x e Q,.
$2p

Ifte 9)?60,+ (2,) then for every0 < e < p’ < p,

1
— GQ"[r]dS <c/ 5%+ dr, 2.15)
& Q,

where c is a constant depending on i, p’, but not on ¢. Moreover,

im GQ"[t]dS 0. (2.16)

e—0 £%-

Remark 2.5. If fo” [t](x") < oo for some point x" € Q, then 7 € S)JT;L (2p)

and fo” [T](x) < oo forevery x € 2,. This follows from the fact that there exists
¢ > 0 such that for every fixed x € €, it holds

1
S5(0)* < G (x.y) < c8(y)* forall y € Qs
C

Proof. In view of (2.13), inequality (2.14) follows from [10, Corollary 2.11].

The proof of (2.15) and (2.16) is similar to that of [10, Proposition 2.12]. How-
ever several modifications are needed; therefore we provide the proof of these state-
ments in detail.

We may assume that t > 0. Denote v := (G,iz" [t]. We start with the proof of
(2.15).
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By Fubini’s theorem and (2.6)

/ vdS, 5c< / / x — yI>VdS, dr(y)
Ef; Q E‘gﬂBg(y)

b / f i — yPe-Ngs, 5 <y>dr<y>)
Q Zﬁ\Bg(y)

= 1(B) + L(B).
Note that, if x € Xg and [x — y| < /2 then 8/2 < 8(y) < 3B8/2. Therefore

L(B) = C1ﬂ_“*/ lx — ylz_Nde/ Syt dt(y)

EﬁﬁBé(y) Qp
7

<cjplor f 8()** dt(y) = ¢} g% / 8()** dr(y)

o Qp

and

L) < 2 / ™ 2N N2y, /

S(y)**+dt < hBY / S(y)*tdrt.
B/4

Q, Q,
This implies (2.15).
Given £ € (0, ||1:||gm5a @) and B € (0, o) put 1) = rx[)ﬁ andp, =17 — 19.
+ 1
Pick 81 = B1(£) such that

/ S(y)*dt < ¢. (2.17)
Qp,

Thus the choice of B; depends on the rate at which fQﬁ 8¢ dt tends to zero as

B — 0.
Put v; = ij[r,']. Then, for 0 < 8 < B1/2,

200

/ v1dSy < 3% B _N/ 8 (yydri(y).
g Q

P
Thus,

lim — ds, =0. 2.18
ﬁl_ff})ﬁa, 5, v d Sy (2.18)

On the other hand, by (2.15) (replacing 2, by Qg,) and (2.17),

1
,BT/ v2dSy <cf forall B < fi. (2.19)
- Js,

This proves (2.16). ]
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Corollary 2.6. Let p € (0, o] and assume that h is a nonnegative £ w~harmonic
Sfunction in Q, such that

1
lim —/ hdS =0. (2.20)
o 5

Then:

G) h= Kﬁp[vp]for some measure v, € Ser(Ep);
(ii) Fort € (0, p),
h~385"  in <y, (2:21)

with the similarity constant depending on t.

Proof. (i) By the representation theorem, h = Kﬁp [v] for some v € M(3L2,). By
(2.14) and (2.20), vp :=v1l,, =0. Thusv =, := vlzp.

(ii) This is a consequence of (i) and (2.13). ]
Corollary 2.7. Ift € sm(;t, + (p)\ {0} then there exists a positive constant ¢ = c(t)
such that o
G, [t](x) = cd(x)* Vx € Q, (2.22)
and o
G 14
lim inf =2 L1 (2.23)

x—3Q  §(x)%-

Proof. Lett € (0, p) be a number such that (2, \ €2;) > 0. Let 7" € MM, (Q,) be
definedby ' = 7in Q, \ ©; and v/ = 0 in ;. Then

Gy’[r] > Gi’[t'] = h.

Since h is . ﬂ—harmonic in €2, (2.22) is a consequence of (2.21).
Inequality (2.23) follows from (2.15). O

The next result was proved in [10] for . u in a domain 2 such that u <
Cu(Q).
Theorem 2.8. Let w be a nonnegative £, -subharmonic function in Q. If w is

dominated by an & -superharmonic function in Q, then Z pw=2»xe sm; +(82,)
and there exists v € M1 (32,) such that

w =K [v] — G’ [A]. (2.24)

Proof. There exists a nonnegative Radon measure A in ,, such that —& W o=
—A in ). Since w is dominated by an .Z, -superharmonic function in €2, one
shows, as in the proof of [10, Proposition 2.14], that A € IMse+ (2,). Then v :=

w + G,,”[A] is a nonnegative .&’ ~harmonic function in €2,,. By the representation

theorem, v = K,Sf” [v] for some v € 9:rt+(aszp). O
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Definition 2.9. A Borel function u : @ — R possesses a normalised boundary
trace vy € MT(9Q) if, for some p € (0, o],

£—0 801_

1
lim —/ lu — KS* [vo]|dS = 0. (2.25)
e

The normalised boundary trace on 9$2 will be denoted by trj, (u).

Remark. Since u is a Borel function u|x, is well defined and (2.25) implies that
this function is in L' (=) for all sufficiently small €.

We say that u has a measure boundary trace on X, if there exists v; € M ()
such that

lim uqde—)/ ¢pdvy forall ¢ e Co(S2).
Zp

a—p=0Jx,

This trace is denoted by try, (u). If both try ,(u) and trj, (u) exist then the mea-
sure v € M, (3L2,) given by vl,, = trj,(u) and vlzp = trg, (u) is denoted by

trggp (u).

Lemma 2.10. The normalised boundary trace vy is uniquely defined, indepen-
dently of p.

Proof. First we note that (2.25) remains valid if vg is replaced by any measure
v € M, (0L2,) such that vg = v1,,. This follows from the fact that, for every
measure v, € M (X)),

This implies that if (2.25) holds with respect to some p € (0, p) then it is valid for
Q

any o’ in this range. Suppose for instance that p < p’ < p and put v = K,” [vo].

Letv € M, (3€2)) be the measure equal to vy on I and to h = v|x,dw, on Xy.

(Here w, is the & M-harmonic measure on X, relative to 2. Since X, is “smooth”

w,, is absolutely continuous with respect to surface measure.) Then v = K,”[v] in
2, and
P

1 Q, Q,
;E)l%)&wt Le |KM [U] — Kl"v [V()]|dS =0.
It remains to verify that, if (2.25) holds, then vy is uniquely determined by u in a
fixed domain €2,,.

Suppose, by negation, that there exist vy, v; € 94(3<2) such that (2.25)
holds for both v = K,?p[vl] and vp = K,iz’][vz]. Then w := |v| — va] is Z;-
subharmonic and tr}, (w) = 0.
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Clearly w is dominated by the £, -superharmonic function v| +v,. Therefore,
by Theorem 2.8 there exist A € E)JT;L (Q,) and x € MT(9L,) such that,

Q Q
w = K},Lp [x]1— Gup[)\].
Thus w + ij” [A]is £, -harmonic. By (2.16) and the fact that trj,w = 0 we have

tri o, (w + fo" [A]) = 0. Hence w = 0 and therefore v; = v;. O

Theorem 2.11. Let w be a nonnegative £, -subharmonic function in 2, domi-
nated by an L w-Superharmonic function in this domain. Then the boundary trace

V= trggp (w) is well-defined and

w < K’ [v]. (2.26)
If vo := vl then
. w(x) .
lim —s———— =1 non-tangentially, vo-a.e. on 952. (2.27)
TOR KL [vol(x)
Ifvo = 0 then
lim sup 2 (2.28)

x—aQ 0%t (x)

Proof. The first statement (2.26) follows from (2.24) and Theorem 2.4 (ii).

The second statement (2.27) follows from (2.24) and the fact that (fo” [A]is an
& ,-potential (i.e., a positive superharmonic function that does not dominate any
positive . M—harmonic function). This fact implies (see, e.g., [3]):

. G ()

o) — 0 v-a.e.on 0.
x—>0Q Kﬂf)[v](x)

By Fatou’s limit theorem

o K o))

S 1 v-ae.onof.
x—>09 K,/’[v](x)

Therefore (2.24) implies (2.27).
The third statement (2.28) follows from (2.26) and Corollary 2.6. [

Corollary 2.12. Let w be a nonnegative £ -Subharmonic function in 2, for some

p € (0, p). Then w possesses a normalised boundary trace in MM™ (32) if and only
if w is dominated by a positive £ w-superharmonic function v in a strip around 952.
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Proof. If w is dominated by a positive .Z’, -superharmonic function in €2, then the
existence of tr}j, (w) follows from (2.16) and Theorem 2.8.

Next suppose that w has a normalized boundary trace vy € 9T (92). Without
loss of generality we may assume that it also has a measure boundary trace v, on
¥,. Since u is & M—subharmonic, there exists a positive Radon measure t in 2 such
that

—.,?Mu = —7.

Let 75 := 71 , with w = Kff"[vo +vpland vg = wlx,.

Dg\Dp’
Let ug be the solution of the boundary value problem,

—fuv = —18 in Dlg \ l_)p,
v=yv,0onX, and v=vgon Xg.
Then )
ug + Gﬁﬁ\Dp[tﬁ] =w.
It follows that i
fo”[r] = lim Gllfﬂ\Dp[rﬂ] < 00,
B—0
which in turn implies that T € 991, (€2; %) and finally
u+Gylt] = w.

In particular,
u<w=K;"[vo + v,]. (2.29)

Corollary 2.13. The following facts hold true:

(1) Suppose that u is positive and & -subharmonic in Q. Then tryg, = 0 if and
only if, for every p € (0, p), there exists a constant c,, such that

u(x) < c,8(x)*  forall x e Qp; (2.30)

(ii) Suppose that u is positive and £ w-superharmonic in Q. Then u has a nor-
malized boundary trace v € M (32) and consequently there exists c,, such
that

/ udS < cp,p%  forall B e (0,p). 2.31)
g
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Proof. (i). Obviously (2.30) implies that tr,(#) = 0. Conversely assume that
trio(u) =0.

By the previous corollary u is dominated by an £’ -harmonic function. There-
fore, by Theorem 2.8, there exist A € sm;,+ (Qp) and v € MT(9Q,) such that
u = K5’ [v] — Gii[A]. Since el () = 0, v = vl,, = 0. Hence u < K" [v,]
where v, = vl . Therefore the result follows from Corollary 2.6.

(ii). By the Riesz decomposition theorem (see [3]), u = u,+u, where u, is an
£ ,-potential and u, is a nonnegative .’ -harmonic function in §2,. It is known
that every .Z, -potential is the Green potential of a positive measure. Thus there

exists T € M, (; §) such that u, = G,Sf” [t]. By the representation theorem
up = Kg”[v] for some v € M, (3,). Thus

=Gy’ [t] + Ky’ [v]. (232)

The required result follows from Theorem 2 4. O

3. £, -moderate solutions of nonlinear equation

In this section we study the nonlinear equation
~Lu+ulu=0 inQ, (Py)

where @ C R" is a bounded smooth domain, u < 1/4 and ¢ > 1.

3.1. Preliminaries

Suppose that u € L?OC(Q) is either a subsolution or a supersolution of (P,), in the
distribution sense. Then, u € Wl’p(Q) for1 < p < N/(N — 1). If, in addition, u

loc
is a distributional solution of (P,) then it is also a classical solution.

Consequently, if u € L]

loc (§2) is a distributional subsolution in €2 then

/ Vu-V(pdx—/ %ugodx —|—/ lul? tupdx <0 V0 <g¢eCX(Q). (3.1)
Q Q Q

If, in addition, u € ngC(Q) then (3.1) holds for every ¢ € HC1 ().

A similar statement holds for supersolutions, in which case the inequality sign
in (3.1) is inversed. Of course these statements remain valid for local subsolutions
and supersolutions (in a subdomain G C ).

We state below two results from [5] that will be used in the sequel.
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Lemma 3.1 (Comparison principle [5, Lemma 3.2]).

(1) Let G be open with G C Q. Let0 <u,u € HILC(G) N C(G) be a pair of sub
and supersolutions to (P,) in G such that

limsup[u(x) —u(x)] < 0.
x—0G

Thenu <uin G; o -
(ii) Let G be open with G C Q. Letu,u € HYG)NC(G) be a pair of sub and
supersolutions to (Py)in G andu <u on dG. Thenu <uinG.

Lemma 3.2 ([S, Lemma 4.10]). Assume that (P,) admits a subsolution u and a
supersolutionu in Q so that 0 < u < u in Q. Then (Py) has a solution U in Q such
thatu < U <uin Q.

In [5, Proposition 3.5] the Keller—Osserman estimate has been extended to
equation (P,). Specifically it was proved that every subsolution u of (P,) in £
satisfies,

w(x) < 1.8 T (x) in Q, (32)

where y, is a constant independent of x. In addition it was shown that, if u is a
local subsolution in €2, continuous at X, then u satisfies (3.2) in 2, but y, may
depend on u. We prove below a stronger version that is needed later on.

Lemma 3.3 (Keller—-Osserman estimate). If u is a subsolution of (P,) in 2 then
it satisfies (3.2) with a constant depending only on q, N, . If u is a subsolution of
(Py) in 2, then (3.2) holds with a constant depending only on q, N, |, p and §(x)
replaced by §,(x) := dist (x, 0€2,).

Proof. Without loss of generality we may assume that u > 0 because u is a sub-
solution. If u < 0 then u is also a subsolution of the equation —Au + u? = 0.
Therefore in this case (3.2) is a direct consequence of the classical Keller—-Osserman
inequality.

Now assume that @ > 0. Let y € Q and R = §(y)/2. Then,

1w .
—Au — w2 +u? <0 in Bg(y).

1
Therefore in Bg(y) either u < (844/R*)7T or —Au +u?/2 < 0. Hence, by Kato’s
1
inequality, the function v := (u — (8u/ RZ)F)+ satisfies

—Av+1v1/2 <0 in Bg(y).

By the classical Keller—Osserman inequality,

2

v(y) < (g, N)R™7T.
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1
Since u(y) < v(y) + (8/L/R2)qTl we conclude that

u(y) <c(u,q, N)da(y) -

2
1

forall ye Q. 3.3)

Next, let u be a subsolution in €2,,. As before we may assume that # > 0 and that
w > 0. By the first part of the proof, (3.3) holds in €23, /4. Further,

—Au—(@Ep/pHu+ud <0 in Q) ={xst p/2 <8(x) < p}.

1
Therefore, either u < (841/p?)aT or —Au + u?/2 < 0. By the same argument as
1
before, the function v := (1 — (S,u/,oz)qj)+ satisfies

2

v(x) <c(q, N)dist (x, X,) 4T forall xs.t.3p/4 <8(x) <p.

Consequently,

2

u(x) <c(u,q, N, p)dist (x, 9Q,) ¢ T forall x e Q,. 34
O

3.2. Moderate solutions

We study the generalised boundary trace problem (PIE) where u < 1/4,qg > 1 and
v € MT(0Q). First we prove,

Lemma 3.4. Let D be a C* domain such that D € Q. If0 < f € C(3D) then
there exists a unique solution of the problem

(3.5)

—Zuu—i—uq:O inD
u=f ondD.

Proof. Foru € HY (D), let

1 % 1
Jpu) = —|Vul|? — —u?® + ——|u|9t" ) dx.
D) /D(2| R Tt

Since udy” € L°°(D), it is standard to see that Jp is coercive and weakly lower
semicontinuous on

2

HND) = {u cH'(D):u=fon aD}.

Therefore there exists a minimizer uy € H }(D). We may assume that u ¢ > 0 be-
cause |u | too is a minimizer. The minimizer is a solution of (3.5). The uniqueness
is a consequence of the comparison principle. O
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Next consider the problem,

—Z,u+ul =0 inQ,
trio () = vl = v (P (p))
trs, (u) = vlzp =: V.
where © < 1/4and g > 1 whitv € M*(SQp) and p € (0, p].
The following result is an adaptation of [10, Theorem C] to problem (PI‘; (0)).

Since Cy (25) = 1/4 the result applies to every . < 1/4. The proof follows the
argument in [10]; for the convenience of the reader it is presented below.

Proposition 3.5. Let v € MM (0Q,) and assume that Kff” [v] € Lgoz+ (2) for
some p € (0, p]. Then (Pp‘j (p)) admits a unique solution U,,.

Proof. Let {D,} be a sequence of C? domains such that D,, C Dyy1and D, 1 Q2.
Let u,, be the solution of (3.5) with D = D, and f = f, := Kg”[v]LBDn. Since

K,?p [v] is a supersolution of the equation .’ U+ v? = 0in , it follows that u,
decreases and u = lim u,, is a solution of this equation. We claim that u is a solution
of (P/‘j (p)). Indeed,

wn + G2 ) = P2 £,1 = K] in Dy, (3.6)

where Pﬁ” denotes the Poisson kernel of £, in D,
Since u, < K,Sf”[v] € L., (Q) it follows that
Q
Gf”[MZ] — G, [uf].

Hence, by (3.6),
u+ G =Ky’ [v] in €2,
By Theorem 2.4, tr},(u) = v1,, and (by (2.7)) trs, (u) = vlzp . ]

The next result is an adaptation of [10, Theorem D]. We omit the proof which
except for obvious modifications is the same as in [10].

Proposition 3.6. Assume that u is a positive solution of (Plf (0)). Then

u(x)

lim o = 1 non-tangentially, v-a.e. on 0%2, 3.7
x—>0Q KMP [VO](X)

where vo = vl .
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Theorem 3.7. Let v € IMT(0Q) and p € (0, p). Let v € IMT(3K2,) be defined

byv =vondQandv' =0 on X,. Assume that, for some p as above, Kff/’[v/] €
L§a+ (82,). Then the boundary value problem (PM“) admits a solution in Q2.

Proof. By Proposition 3.5 there exists a (unique) solution U, ¢ of problem (P/‘j/ (0)).
For every k > 0, let vy € IMT (0 Q2,) be the measure given by, v1,, = v and
vklzp = kdSy,. By the same proposition there exists a (unique) solution U, x of

(P (p)). Put
Uyoo = lim Uy.
k— o0

Let R € (0, p). By Lemma 3.4 there exists a unique solution vg of (3.5) in Dg with
f = Uy 0lsg. By the comparison principle,

UU,O < VR =< Uv,oo in Qp N DR-

By Proposition 3.3 the family {vg : 0 < R < p} is bounded in compact subsets
of Q. Therefore there exists a sequence {R;} converging to zero such that vg;
converges to a solution v of the nonlinear equation in 2. By construction,

Uyo=v U, inQ,.
Therefore tr, (v) = v. O

Remark 3.8. If © < Cy(€2) then the problem (P/j ) has at most one solution, [10,
Theorem B]. However uniqueness fails when Cy(2) < u < 1/4. It was proved
in [5, Theorem 5.3] that in this case there exists a positive solution of (Pp‘j) with
v = 0. An alternative, more direct proof, is presented in Appendix A.

Proposition 3.9. Assume that u € L}

loc (82) s a positive solution of (P,). Then the
following assertions are equivalent:

(1) u has a normalized boundary trace;
(ii) u is a moderate solution in the sense of Definition 1.3;
(iil) u € L9(L2; 6%).

Proof. The assumption implies that . ui < 0in Q. If p € (0, p] then, by
Lemma 2.12, (i) holds if and only if u is dominated by an .#, -superharmonic func-
tion in €. Consequently, by Lemma 3.2, (i) holds if and only if « is dominated by
an . ~harmonic function in €2,. Thus (i) and (ii) are equivalent.

If (iii) holds then v := u + fo” [u’] is £, -harmonic. By the representation

theorem there exists v € M(d2,) such that v = Kff” [v]. Since trEQGsz” w1 =0
it follows that v1,, is the normalized boundary trace of u. Conversely if (ii) holds

then by Theorem 2.8 we have £ u = u? € sm(;@ (£2,) which is the same as
(iii). O
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3.3. Critical exponents

The next result provides necessary and sufficient conditions in order that a positive
measures v € IMT(IQ) satisfies

K [v] € L9(Qp;: 6%) (3.8)

forsome p > 0. LetI'y(x —y) = |x — yl_(N ~4) denote the Riesz kernel of order
0O<a<NinRV,

Proposition 3.10. Letv € MT(3Q).

) IfT1xve L;]H(q,,)L (R2) then v satisfies (3.8);

(i) Assume jo > 0. If v satisfies (3.8) then P§}[v] € L9(Q; §1+ @Dy,
Here POQ is the Poisson kernel of — A in Q: POS2 (x,y) =68(x)|x — yI’N.

Proof. By (2.13),

&N a_ pQ . 200
x|V 8(x)* Py*(x, y)(Ix — y1/8(x)) (39)

~ 8% Ty (x — y)(lx — yI/8(x)) 2

Q
K. (x,y)~

9

for every (x,y) € Q5,2 X 0L2.
For every i < 1/4 we have —1 4 2o < 0. Consequently,

K,iz’](x, ) <c8(x)* Ti(x —y) forall (x,y) € Qppn x Q. (3.10)

Hence,

q
Q
1K vIlLs, (g )5‘3/ (/ r1(’f—y)dV(y)) §(x)9*- Tt dx,
st (o2 2, \Joa

This proves (i).
If © > 0, so that @ > O then, by (3.9),

Kffp(x, y) > c8(x)* POQ(x, y) forall (x,y) € Q,n x 3. (3.11)
Therefore
q
Q
”KM”["]”% Q) = C/ (/ P (x, Y)dv(y)> S(x)1*-T%dx.
sat (Rep/2 Q) Yo
This proves (ii). .

Using this result we provide a necessary and sufficient condition for the exis-
tence of positive moderate solutions of (P,).
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Proposition 3.11. Letv € MT(0Q).

Q) Ifa_ > —ﬁ then the boundary value problem (Pl‘; ) has a solution for every

measure v = f dSyq such that f € L'(3S);
) Ifa_ < —q%] then, for every v > 0, (PI‘;) has no solution.

Remark. When p > 0 and consequently o > 0, the condition in (i) holds for
every g > 1.

Proof. Letv = fdSyq and f € L¥ORQ)". Letx € Qg, and pick x" € dQ such
that |[x” — x| = §(x). Then,

/|x—y|1—Nf(y)dS(y)5c||f||Loo(/yem |x’—y|‘—NdS<y>+1)
02

|x'—y|=8(x)
<cllfllzee (I + [In8)) < || fllze|InS(x)],

where ¢’ is independent of x. Therefore, if (g — 1)a_ +1 > —1then 'y % v €
Lgl +g-na_ (§2). Consequently, by Proposition 3.10 (i) and Theorem 3.7, problem
(Plf) has a solution.

Next,let f € L'@Q)tandv = fdSyq. If v, = min(f, n)dSyq then problem
(P,f”) has a solution u, and the sequence {u,} is non-decreasing. In view of the
Keller—Osserman estimate (3.2), {u, } converges to a solution u of (PIE). This proves
).

We turn to part (ii). Suppose that o < —q%l and that there exits v €
MT(DQ) \ {0} such that problem (P;D has a solution . Then, there exists ¢ > 0
such that

(3.12)

BT <cp* < | Ki'ldS forall B e (0, fo).
zp
Since u = —Gy, [u?] + K, [v] and tr}, (G, [u?]) = O it follows that, for sufficiently
small B,

cB*- 5/ udS forall B e (0, B)). (3.13)
xp

2

But, by the Keller-Osserman estimate, u(x) < ¢;8(x) ¢-T so that

2
—1

cB* < / udS < B 4 forall B € (0, By). (3.14)
Xp

Ifo_ < —2/(q — 1) we reached a contradiction. If e = —2/(g — 1) then, in view
2

of the Keller-Osserman estimate (3.2) we conclude that u(x) ~ 8(x)” ¢=T. This
implies that u ~ Upax (Which is the maximal solution of —.% WVt v? = 0). Thus
sup Unmax/u := ¢ < 0o. Now cu is a supersolution and, if v is the largest solution
dominated by cu then tr*(v) = ctr*(u) = cv. It follows that Upax < v which is
impossible. O
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Remark 3.12. When ¢ > 0, and consequently o > 0, the condition in (i) holds
trivially for every ¢ > 1. However, if 4 < 0 and

q>q,:=1- 2
o
then equation (P,) has no moderate solution except for the trivial solution.
Lemma 3.13. Let u < Cy(2) and put
N+1—a_
e =N _"1—a_
Then, for y € 012,
K (. y) € LYQ,8°) <= q < qu.c.
For every g € (1, q.¢) there exists a number ¢ = c(q, N, j1) such that

IK2WI wear <clvll forall veIM@OR). (3.15)

L N—1—-a_ (stour)
Proof. Recall that

KQ(X ~ _ y|2—N—ay M o =4 Ay _ v 20——N 316
p (X y) ~ =yl r—y) = ()™ x =yl ., (3.16)
(see [10, Section 2.2]). Therefore,
3(x) _ _
C/(ry')aﬂx - y|l+a_ N < K, (x,y) <clx - y|1+a_ N

It follows that K, (-, y) € L9(2, §**) if and only if

1
I ;:/ pate——=Nyo N=l gy
0

and
1KuC, WLae,s0+) ~ 1.
A simple computation shows that / < oo if and only if

N+1—o_
< = .
T=me =N "1 —a_
Finally,
1K1 Lo (@506 < /Q K G La@,se)dvI(y) < clvll. O
2

Corollary 3.14. Let u < 1/4. If 1 < q < qu ¢ then the boundary value problem
(P,,) has a solution for every Borel measure v. Moreover, if ¢ > q,,,c then problem
(P;;,)) has no solution when v is the Dirac measure.

Proof. In view of Lemma 3.13, the first assertion follows from Theorem 3.7. The
second assertion follows from Proposition 3.6. O
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Appendix
A. Non-uniqueness for Cy () < n < 1/4

We are going to show that for Cy (2) < u < 1/4 the problem
—Zu+ui=0 inQ

" (P9

try, (u) =0

admits a nontrivial solution. This was proved in [5, Theorem 5.3]. Here we provide
a more direct argument.
Recall that if Cy(2) < 1/4 then the operator —Z () admits a positive

ground state solution ¢y € HO1 (2) such that — 7 s®u = 0in €, see [9].

Proposition A.1. Assume that Cy(Q2) < u < 1/4andq > 1. Then (PB) admits a
positive solution Uy such that

fiminf 22~ o,
x—>0Q2 ¢H(X)
Proof. Since _ch(Q)pr = 0in , for a small T > 0 we obtain
uw—Cg(Q) .
~Z, () + (1) =~ () + (1¢n)! <0 inQ.

so that T¢y is a subsolution for (P?) in .

Fix p € (0, p]. Similarly to the proof of Theorem 3.7, for every k > 0 denote
Vpk = kdSs, and let v € IMT(3R2,) be the measure such that vl,, = 0 and
vlzp = vy k. By Proposition 3.5 there exists a (unique) solution of (P;l) (p)) with
this boundary data. Denote this solution by Uy ; and put

Uo,co = lim Ug.
k— 00

Let R € (0, p). By Lemma 3.4 there exists a unique solution vg of (3.5) in Dg with
f =2Up.« on Zg. We define,

u :=min{Up 0, ur} in DN Q.

Then u is a supersolution of (P,) in Dg N2, withu = Up  in Dg N2, for some
p' € (R,p)andu = ug in Dgr N Q, for some R’ € (R, p’). Therefore setting
u=urinQ\ Q,and u = Up in Q \ D provides an extension (still denoted
by u) that is a supersolution of (P,) in 2. As u = Uy, in a neighborhood of
02 it follows that u ~ §“t in such a neighborhood. On the other hand ¢y ~ %+

where ay = % + ,/% —Cpy(R2). As Cy(2) < it follows that ¢4 < a4 so that
8% > § . Therefore t¢py < u near 92 and therefore, by Lemma 3.1, everywhere
in Q. Finally by Lemma 3.2 we conclude that there exists a solution Uy of (P,) in
such that ¢y < Up < u. Thus Uy is a positive solution such that tr*(Up) = 0. O
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