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Compactness criteria for the resolvent
of the Fokker-Planck operator

WEI-X1 LI

Abstract. In this paper we study the spectral property of a Fokker-Planck oper-
ator with potential. By virtue of a multiplier method inspired by Nicolas Lerner,
we obtain new compactness criteria for its resolvent, involving the control of the
positive eigenvalues of the Hessian matrix of the potential.

Mathematics Subject Classification (2010): 35H10 (primary); 47A10 (sec-
ondary).

1. Introduction and main results

The Fokker-Planck operator is written

2

P:y'8x—8xV(x)-8y—Ay+|yT|—g, (x,y) € R, (1.1)
where x denotes the space variable and y denotes the velocity variable, and V (x) is
a potential defined in the whole spatial space R’ In this work we are mainly con-
cerned with the compact resolvent property for the non-selfadjoint Fokker-Planck
operator, and this is motivated by a conjecture stated by Helffer and Nier (see [7,
Conjecture 1.2]), which reveals the close link between the compact resolvent prop-
erty for the Fokker-Planck operator and the same property for the corresponding
Witten Laplacian. Precisely, we have the following statement.

Conjecture 1.1 (Helffer-Nier’s conjecture). The Fokker-Planck operator P has a
compact resolvent if and only if the Witten Laplacian A%?/)z’ defined by

A — A Y aveor - tay
V2 — x+Z|x (x)l _E X ()C),

has a compact resolvent.
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The necessity part, that the Witten Laplacian A(‘?}z has a compact resolvent if
the Fokker-Planck operator P is with compact resolvent, has already established by
Helffer and Nier (cf. [7, Theorem 1.1]). The reverse implication still remains open
up to now for general potential, and it is indeed valid under some conditions on the
potential V. For instance, following the analysis in [7,13] with some improvements,
the author ( [17]) proved that if V satisfies that

, 4
Y la| =2, 3Cq > 0, such that [02V (x)| < Cy (3:V(x))* with s < )

then Fokker-Planck operator has a compact resolvent provided the Witten-Laplacian
has a compact resolvent or limy|— 400 |05 V (x)| = 4-00, and moreover a constant
C exists such that the following weighted estimate

[1oxv@ PP ul 2 = € (Pl 2+ Jul )

holds forallu € C§° (]RZ”). Here and throughout the paper we will use the notation

0=(+12)"

which is equivalent to the modulus |-|, and use || - ||;2 and (-, -);2 to denote re-
spectively the norm and inner product of the complex Hilbert space L2(]R2"), and
denote by C5° (R?") the set of smooth compactly supported functions.

We remark the drawback of the condition (1.2) is that it doesn’t give any infor-
mation for the dependence on the sign of V', which plays import role in the analysis
of compact resolvent property for Witten Laplacian. For instance it is well-known
(see [7,18]) that the Witten Laplacian A(‘ﬁ);z with V = —x12x22 has a compact resol-

vent, while 0 actually belongs to the essential spectrum of Witten Laplacian A@z

with V = xfx% and thus its resolvent cannot be compact. By the general criteria
for Schrodinger operators we see that if

1 1
Z 19,V (0)|* — SOV = Fo0, as [x| - foo,
or more generally (see [7, Proposition 3.1] for instance), if
1 [0,V (X)) — EAXV — 400, as |x| = 400 (1.3)

for some ¢ €]0, 2[, then the Witten Laplacian A&?}z has a compact resolvent. We
refer the reader to [7] for other criteria presented with detailed discussion. These
criteria show the microlocal property, i.e., the dependence on the sign of V, for
the compact resolvent of Witten Laplacian. As far as Fokker-Planck operator is
concerned, Helffer-Nier’s conjecture suggests strongly it should have the similar
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microlocal property as the Witten Laplacian. And this kind of dependence property
for Fokker-Planck operator is not clear by now. In the present work we will give
some sufficient conditions for the compact resolvent of Fokker-Planck operator,

mainly based on the sign of the eigenvalues of the Hessian matrix (ax,. Xj V)1 <ij<n’

Our results can be stated as follows.

Theorem 1.2. Denote by A¢(x), 1 < £ < n, the eigenvalues of the Hessian matrix
(x;x; V(x))lgi,jgn :
We associate a set I of indices defined by to each x € R"
L={1=e=nm x>0}
Suppose that there exists a constant C such that

Yoam <Clox VxeR\ VW forall xeR". (1.4)
jel.

Then the following conclusions hold.

(i) There exists a constant Cy such that
[10:vV 1 ul 2 = Co (| Pul o + ] 12)  foratt e cie (BR>).

As a result, the Fokker-Planck operator P has a compact resolvent if

lim |0,V (x)| = +o0;
|x]—+o00

(i1) Suppose there exists a number oo > 0, such that

lim (a 10,V ()% — AXV(x)) = 400, (1.5)

|x]—+o00

Then we can find a constant C, depending on «, such that

[t 18,V O = AV @) ul] .

= C(|Pull 2 + ul 2) for aitu e c§° (R2"),

and thus the Fokker-Planck operator P has a compact resolvent as a result.

The assumption (1.4) is an improvement of the condition (1.2). We mention that
the index 4/3 in (1.4) is not sharp, and the following Theorem 1.3 and Corollary
1.4 are devoted to showing a better index 14/5 may be expected.
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Theorem 1.3. Suppose that there exists a number Tt > 0, such that the matrix

4
A (x) = (afj(x)) with af; = © (3, V)3

1<i,j<n

(35 V) (8x;V) = Oxx; V + 763

is positive-definite for all x € R", where §;; is the Kronecker Delta. Then there is a
constant C, such that

oVl ul .+ Y |

1<i,j<n

for allu € C3°(R?).

1/80
ag| ) = c([Pul 2+ Jull,2)

As a result, the Fokker-Planck operator P has a compact resolvent if

lim (|8xV(x)| + Y

lel= oo 1<i,j<n

afj(x)‘ ) = +00.

As an immediate consequence, when n = 1 we have the compactness criteria for
Fokker-Planck operator, which is an improvement of the corresponding condition
(1.3) for Witten Laplacian. Precisely,

Corollary 14. Letn = 1 and let V(x) € C 2(R). Suppose that there exists T > 0,
such that

lin}r T VO™ — AV (x) =

[x]—400
Then the Fokker-Planck operator P has a compact resolvent.

Remark 1.5. In the special case when n = 1, using Corollary 1.4 and the necessity
part in Helffer-Nier Conjecture (c¢f. [7, Theorem 1.1]), we can also improve the
criteria (1.3) for Witten Laplacian, by allowing ¢ to range over [0, 4-o0[ instead of
10, 2[ and relaxing the index 2 there by 14/5.

Remark 1.6. The hypotheses in Theorem 1.2 and Theorem 1.3, are related to the
sign of the eigenvalues of the Hessian matrix (axl. X V)1<i i<n” In fact these as-
sumptions are obviously fulfilled when the Hessian matrix is negative-semidefinite.
When the Hessian matrix is positive-semidefinite or indefinite, we requires that
the positive eigenvalues of Hessian matrix, instead of all the second derivatives in
the condition (1.2), are dominated by (dy V)*/3. Now look back at the aforemen-

tioned potentlal V = +x? x2 , and 1t is clear that these hypotheses are fulfilled by
V=—x x2 and violated by V = x x2

Remark 1.7. In [7, 8], the authors introduced a compactness criterion for Witten
Laplacian with polynomial potential V, based on the group theory. And it is also
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natural and interesting to expect the similar group theoretical compactness crite-
ria for Fokker-Planck operator. Now consider a potential, not necessary to be a
polynomial, such that the matrix

A ()= (&fj (x)>1<i .
with @, (x) =7 |3, V()| (0, V() (0, V (1)) =0y, V ()

is positive-semidefinite for some T > 0. This condition is slightly stronger than the
one in Theorem 1.3, and it yields

—A V(X)) + 118 V() | > 0.

Thus repeating the arguments used to prove maximum principle for elliptic equa-
tions, we see V doesn’t have local minimum in R’, except the constant-valued
potentials. So this kind of microlocal property is imposed directly on the potential
rather than on its “limiting polynomials” in the sense of [7,8].

Due to the lack of estimates on the higher derivatives of V', we can’t follow the
global symbolic calculus to prove our results, although this method is efficiently ex-
plored to investigate the hypoellipticity and the compact resolvent of Fokker-Planck
operator (cf. [7,13]). Instead we will use a multiplier method inspired by N. Lerner
(see for instance [14, 15] and references therein), which is based on the Poisson
bracket analysis for the real and imaginary parts of the Fokker-Planck operator. We
hope this method not only applies to analyze the weighted estimate and the com-
pact resolvent, but also may give insights on the sign conditions to investigate the
subellipticity (see [4,5,7,13,17,19] for instance) of Fokker-Planck operator.

We end up the introduction by mentioning that as a diffusive models, the study
of Fokker-Planck equation is of independent interest in kinetic theory and nonequi-
librium statistical physics. Here one of the basic problems is to analyze the large
time behavior of solutions to the time-dependent Fokker-Planck equation and prove
that these solutions converge exponentially towards the equilibrium as ¢ goes to
+00. Various approaches, such as hypoellipticity, hypocoercivity, entropy method
and so on, are developed to study this problem, and satisfactory results are achieved.
We refer to [6,7,9-11,13,17,20] and references therein for more detail and [2] for
the spectral analysis on the non-selfadjoint Schrodinger operators with compact re-
solvent. Finally we remark that in order to study the exponentially trend problem,
an efficient method is to investigate the spectral gap, which is usually reduced to
analyze the compactness of resolvent. On the other hand, when the Fokker-Planck
operator has an essential spectrum, only polynomial convergence rate is expected,
see the recent work [21] for the study on short-range potentials.

ACKNOWLEDGEMENTS. We are grateful to the referee for the valuable suggestions
which helped the author correct several mistakes. Part of the work was done when
the author visited The Institute of Mathematical Sciences, The Chinese University
of Hong Kong, and he would like to thank their support and hospitality.
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2. Proof of the main results

First, we list some notations and facts used throughout the paper. The proofs of the
main results, Theorem 1.2 and Theorem 1.3, are presented in Subsection 2.1 and
Subsection 2.2, where two multipliers M and X (see Lemma 2.1 and Lemma 2.2
below) are respectively introduced. This kind of multiplier method is inspired by
N. Lerner [16], and here it means that we have to choose carefully an operator M
(multiplier) which is bounded and self-adjoint in L? space, such that

Re ((y- e — 8V (x) - dy)u, Mu),,

has a good lower bound (weighted estimate here) on one side, and on the other side,
2
K(—Ay Ty /4 — n/2> , Mu>L2‘

is bounded from above by || Pu H 2t H u || 12- The multipliers chosen here are moti-
vated by the Poisson bracket analysis for the real and imaginary parts of symbol for
the Fokker-Planck operator. Precisely, if we denoted by [Q, Q2] the commutator
between two operators Q1 and Q2, which is defined by

[O1, O2]1= 010> — 0204,

and also use the notation that Xg = y - 9y — 9,V (x) - 9y and X; = 8yj + %, for
j =1, -n, then we can rewrite the Fokker-Planck operator P define in (1.1) as

n
P = Xo +ZX’;XJ~,
=1

and moreover we compute
1
[Xo, Zx* ] S0V -y 420y @.1)

and

n
1
[Xo, [Xo, ZX;X]']] —2A; + = |8 V|2—5 Z (Bxl.ij)yiyj

j=1 1<i,j<n
+2 Z -xlxj 8}1 8)’]

1<i,j<n

Thus the properties of subelliptic and weighted estimates in x variable can be
deduced from the commutator above if some kind of conditions (negative semi-
definite for instance) are imposed on the Hessian matrix (ax,, Xj V) I<i j<n’ This sug-

gests that the multipliers M and K here (see Lemma 2.1 and Lemma 2.2 below)
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should be chosen the first-commutator analysis in (2.1). In this work we will inves-
tigate only the weighted estimate and thus the essential part in the multipliers is the
term 9,V - y in (2.1). Moreover it seems reasonable that the term 9y - 9y, in (2.1)
shouldn’t be involved in the multipliers, since it corresponds to the hypoellipticity
and thus more estimates on the higher derivatives of V are required rather than the
ones of second order. We refer to [1,12] for the multipliers introduced to deduce
the hypoellipticity of kinetic operators.

Next we will give some estimates to be used frequently. Observe Xg is an
anti-selfadjoint operator in L? and thus it is clear that

n
Xju < | {y)u + Oy. U
;H il = oruf 15% |9y,ul 2 o)
< C(|Puf 2+ |uf,) forallu e C5®R™.

We will use the following result which is just a consequence of Hormander’s bracket
condition (cf. [3] for instance), i.e., a constant C exists such that for any vector-
valued function 0 (x) = (01(x), - - - , 6,(x)) of x variable and for any v € C§° (R’;),
we have

L1661 0] 2y = € (1O 0] 2y, + [0 ] 2ay)- @)

2.1. Proof of Theorem 1.2

We prove in this subsection Theorem 1.2. To do so we begin with the following
estimate which holds for quite general potential.

Lemma 2.1. Let V(x) € C2(R"). Then for all o €10, 1[, there exists a constant
Cy > 0 such that for any u € C(‘)X’(RZ”) we have

(L4 1y (3. V()2 »? <,0 >
o 3 2”, u + —414, u
p 1+y L2 <Y> L2

5 A+ 191%) (O, V) yivi 32 o
L+y27 ),

3
1<i,j<n P

2 2
= Co (|Pullzz + [u]7:).

where the function p € C'(R?") is defined by

1
p=pCr.y) =1+ +10: V00 - y72)"

Proof. To simplify the notations we will use C in the proof to denote different
constants, and similarly use C, to denote different constants depending on ¢. This
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lemma is to be proven by the multiplier method. Firstly we introduce a multiplier
M., which is a C!(R?") function defined by

B 20, V() -y P
M=MED == G T

with p given the statement of Lemma 2.1. Recall that Xg = y - 9y — 9,V (x) - 0y.
Then using the relation

KV -y| ¥ [axvm-y ] y?
M. X, = . Xo |+ X i
[ o] p(x,y) [ler2 0} p(x,y) 142

we calculate

N —

200, V(x) -y A+ y® eV y?

T oG, (1 + y2)? p? 1+ y?
_(1+|y|8)21§i,j§n (axixjv) Yiyj )’2
,03 1 +y2
A1V P Iyl® Y
03 142

As a result, observe that

(IM. Xolu, u),-.

N —

Re (Xou, Mu);» =

and thus

8 2 2 12
Re (Xou, Mu), » :<(1+|y| Mo V()= u’u> +< 213,V (x)-y| u>
L2 LZ

—_———u,
o3 142 p(x,y)(1+y?)?
_ (1+|y|8)215i’j5n(8x,‘x1'V)yiyj y2 uou
p3 1+y2 ’ L2

410,V (x)-y*Iyl® y?
— 3 | U, u .
o +y 12

This, along with the following inequalities

< 20 uu> _(2eve oy A 2+
(I+y2277 [ pG. A +y)27 [ \p )+

218,V (x) - y|? 2
<{————————u, +C
- <p(x,y)(1+y2)2u M>L2 ol
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and

410,V (x) -yl yl° y? 2 2 >
(LN ) | <ehorulis <c(imatis 1)
yields

(L4 1y®) 8, V()* 2 20
3 2”’ u + 722u, u
P 1+y PR L2

B <(1 + |y|8) Zlgi,jgn (8x,-x_/- V) Yiyj y2 bt>
L2

, 24
p gt 24)

< Re (Xou, Mu)p2+C (| Pulj + u]32).

On the other hand, since M € L>®(R?") with ”./\/l || ;0o < 2 then it is easy to see
that

Re (Pu, Mu)pa| < || Pul3s + ||, 2.5)

Recall that Xj = 9y, + %, with j = 1, ---n. Then a direct computation gives, for
eachl < j <n,

2(1+y®) (3, V(X)) 32 8 V() -MIyly, 2
p3 (1+y?) 03 1+ y?)

4GV -y
p(x, y)(1+y2)2%

(M. X;] = -

Thus, for any ¢ > 0,

|Re (Xju, [M, Xj] u>L2|

< e o7+ 37 + )y o Vo ul 2z + Co (X2 + ul2)

<(1 + v [, Ve y2
<e¢

2 2
T IR (R A
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This gives, using ||./\/l “Loo <2and (2.2),

[Re (XX ju, Mu) | < |Re(X;u, MXju) | +[Re (Xju, [M, X;]u),2|

2
A+ 1Y% |0, V)|~ 2
<e¢ 3 U, u
P lL+y 2

2
+Ce (1 X5ul2 + Jul72)

2
A+ 1y®) o, V)|~ y2
<e 3 2u, u
P I+y 2

2 2
+Ce (|| Pully: + ull7:)

Then

Y 1 10, V(x)> y?
3 [Re (7% M”>Lz‘<8<( RIS
Jj=1 .

,03 1+y2’

2 2
+ . (1Pulzz + Jul3:)-

Consequently, from (2.4), (2.5) and the relationship

n
Re (Xou, Mu);2 =Re (Pu, Mu);> — ReZ<Xiju, Mu>
=

’

LZ
it follows that

L+ 1y®) 19V F y? 20
3 ZM’ u + 72214, u
P L+y 2 A+ L2

_<(1 +1y®) Zlgi,jsn (axixj V) Yiyj y? u U
L2

/03 1+y2’

L+ 1y®) 8, V()2 y? P 2
< e Hyzu,uL2+cs(||Puan+||uan)-

As result, for all o with 0 < o < 1, letting ¢ = 1 — o gives the desired estimate in
Lemma 2.1. The proof is thus complete. O

The remaining part of this subsection is devoted to the proof of Theorem 1.2.
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Proof of Theorem 1.2. For the symmetric Hessian matrix (ax,. Xj V) 1<i j<n> W€ Can
find a n x n orthogonal matrix Q(x) = (Qif(x))lgi,jgn such that
Al
A2
T
Q Q = (8x,-x_/ V)lgi,jgn ) (26)

An

where A;, 1 < j < n are the eigenvalues of the Hessian (Bxixj V)lfi,an . Then for
any x € R” we can write

S @ [@N == Y (B, V) yiv;
J#lx I<i,j<n

+ > h [ew); ]

J€Lx

Q.7)

where (Q(x)y) j stands for the j-th component of the vector Q(x)y, and
I, = {1 <l <n; A(x)> 0}.
Thus it follows from (2.7) and the assumption (1.4) that , for any x € R”,

ST (@) [N == D (Bur, V@) vy +C 0V @) [y

Jjél 1<i,j<n

This together with the estimate in Lemma 2.1 yields, for all 0 < o < 1 and for any
e >0,

(L4 1y®) (3 V(x)?  y? < P >
o 3 S, U + gl u
p 1+y L2 ()’> L2

1 8 (=2, Iy
R \jgI, /R

103 1+y2

(L4 Iy®) @ Ve y? 52 2 )
= C< e gl L2+ca(upuuLz+ Ju7-)

_ (AP @V Y L+ IyH ey
<e¢ 3 SU, U + C; 3 1 FU, u
P I+y 12 p + 2

+Co (Pl + Jul2)

1 8 9,V 2 2
(HDDYOR ) e (1l ).
L2

,03 1+y2’
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the second and last inequalities holding because
@ V) Iy < £ (3:V () + Ce ly[°

and

L+ 1y3) (¢ 2 > 2 )
< P 1erzwLzSCH<y>u||LzSC(IIPMI|L2+||u||Lz)-

Now letting ¢ = %, we obtain

u, —u, u
2 p3 1+y2 y>4 >L2

A+ 1y (~2) [eww, P ¥
+/]R" (Z/R P> T )

JEl

< Co (|Pullzz + Jul2).

o<(1+|y|8><axvoc)>2 »? > <p
o o+
L2

and thus, choosing 0 = 1/2,

<<1+|y|8><axwx)>2 2 > <p >
u, u + —l, u
L2 L2

,03 1+y2’

. 1?2
+/ (Z/ (—=2;@) [y y u2dy> " 28
"N\ jer IR

(@ V() ()
< C (|Pulye +[ul72)
due to the fact that —A ;(x) > O for j ¢ I, and

! SoF® 1
(V) (0~ > 14y?

In the following discussion we will provide the lower bound of the summation on
the left side of (2.8). To do so, we use the the estimates

(3, V (x))

1+y2 —\8 03 2

C<axV(x)>2(1+|y|8> y? o
— ,03 1+y2 <y>4

2 2 8 2
y <(1<axwx>> () +§ p +@) y
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together with (2.8), to conclude that

Dol @V @ty )l = € ([Pl + 007 ul72)

=1 (2.9)
= c(|Pulps + Jul3:)

Moreover applying (2.3) with v = (y)_1 uandf(x) -y = (axV(x))é yj, we get

[ ey o) ul7 < € (1aevent vy 0l + oy, 007"l )

= € (1 GV @)F vy 007 a4+ ol + ul )

= C ([ Pullys + [ul2).

the last inequality following from (2.9) and (2.2). As a result, observe

>L2
2
J

3 (@events —u, @veoy
1+| | LZ

J=l1

| 3V @)t ul?,

((3 Vi(x))T

o“‘
a\‘_‘

ot Ve

o‘_‘

= [ 0V ) {y u||L2+Z|| (0 V 0) 6 y; () ul 12
Jj=

< [ @V () zwp+§:nawmsn< 7"l
Jj=

and thus combining the above inequalities and (2.9), we obtain

[ @uventuly. = c (|Puls + ul32)- (2.10)

Then the conclusion (i) in Theorem 1.2 follows.
Now we prove the statement (ii). Let x € R" be givenandlet 1 < i, ¢ < n and

Jj ¢ Ii. Recall Q(x) = (gxe(x)),; ,,- Similarly as above, applying again (2.3)

with o

12

v=ye (0 P and 6(x) -y = (=1;(0) "7 (3 V() (),

= (=2 @) (0 V ()~ Zq,kyk
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we have

[ (=2500) " @V eor g " ye 007 ul gy,
= O([ (=20 v )2 [(@») ] ye (39w,
e ) w2 )

ccf (=2500) [@; ] ¥
e 0V () (3)°
Thus, combining (2.8) and (2.2),

/ (ZZ [ (=2 ) 1/4 (8, V (x)) 34 |jS(x)|l/2y£ (y)_3”||iz(R§f)> dx

i=1j¢lx
< C/ Z/ (_)Lj(X)) [(Q(X)y)j]2 y2u2 dy | dx
T e \G e @V () 2.11)
+C " (Jawul: + Jul3.)
i=1

2 2
= c (| Pulis + Jul?:)-

Moreover, using again (2.3) with

2
wdy + C (Joyl gy, + el ) -

v={(y) Puandf-y= (—)»j(X))l/4 (0, V (x)) 734 |jS(x)|1/2 Ye

we obtain
f (ZZH —Aj(x)) 1/8 (8, V(x))—s/s|qjl.(x)|1/4<y)—3u||L2(R;))dx
i=1jé¢l
< (ZZH (=2i0) " @V 0y g a0 Py (v 3u||iz<Rn>)dx
"\ 1j¢l Y (2.12)

+C |3y, ) a3

<c(lPulz+lulz).

the last inequality following from (2.11) and (2.2). On the other hand, in view of
(2.6) we see that

ZE}uo@m wa ALV (x). (2.13)

i=1 j=1
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Then, by the assumption (1.5) in Theorem 1.2, we can find a constant C,, depending
on «, such that

a0, V)I> — A, V(x) + Cy

w (3 V (X)) +ZZ —1;(0) |g;i )|, forall x € R”,

i=1jé¢lx

0

IA

| /\

the last inequality following from (2.13). And thus for any x € R”,

IERZETENN V(x)‘ C 0.V (x)) 1/2+CZZ —0) g 0] A,
i=1jé¢lx

which, together with (2.12), yields

o 10,V @)I2 — ALV ()|
u, u
(0 V (0))* ()© 12

(3, V(x)/?
= O\ A e X
(3, V ())** () L2
1/2

n (=2 0) " g0 )]
c ’ d
+ /Rn Z Z < (0 V()4 (3)° o L2(R7) )

i=1 jé¢l
2 2
= C ([ Pulfs + )
As a result, we conclude, combining (2.10) , (2.2) and the above inequality,

1/80

13V @P = acv | ul}s < ¢ (1Pulfa+ ul;2).

due to the estimate

1
140 _ 1o [ae VP — AV ()|*

9,V 2 — AV
ot |8,V (x)) ()] 10 (3, V)/*(y)°

3 18, 3,12
+5 (0xV(x)) 7" + 0 .

Thus the proof of Theorem 1.2 is complete. O

2.2. Proof of Theorem 1.3

This subsection is devoted to proving Theorem 1.3. Similarly as Lemma 2.1 we
have the following
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Lemma 2.2. Let V(x) € C*(R"). Then for all o €10, 1[ there exists a constant
Co > 0 such that for any u € C§° (R?") we have

< BV @))2 y? > <2<axvoc> -y) >
o u +{——————u, u
L2 L2

BV (x) ) T+ 0

-y (855, V) ivy 2 o
(V) -y 1T+y27

1<i,j<n

2 2
= Co (| Pullya + 7).
Proof. The proof is quite similar to Lemma 2.1. Let K € C!(R?") be defined by

20,V -y »?

K=K =Gvmmiee

Then using the relation

1 RV (x)-y y? IV (x)-y y?
— Xl = 7
R Xo] <axV(x)-y>[(1+y2)’ O] [@V(x)'y)’ "](1+y2)’
we obtain
1 218,V (x) - yI?
— Xo| =
21 Xo] @0V (x) - y) (1 +y2)?
10,V (x)[? (i, V) 2ivi | »?
+ 3 3 2°
(V) 3P 555, V) -y ) T+

Thus using the relation
1
Re <X()M, ICM)LZ = 5 ([Ka XO] u, M>L2 5
we conclude
@0V () y? 2(0:V(x) - y)
3 U, + — T WU
(0 V(x)-y)° I+ 5 (1+y%) 12

Oxix: V) Viyi 2

3 (P, )y’yg Y u, 2.14)

1<i,j<n (0x V(x) 'y) I+y 12
< Re (Xou, Ku);2 + 3||”||2LZ'

On the other hand, since K € L>(R?") with ” K || 100 < 2 then itis easy to see that

Re (Pu, Ku)p2| < | Pul3s + [u]. (2.15)
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Recall that X ; = 9, i+ y_2, ,for j =1, ---n. Then direct computation gives, for each
l1<j<n, '

[IC X~]=— 20, V(x) y? B 40, V(x)-y)y;
P @eVx) -y T+y2 (O Vx)-y) (1+yH)?

As result, for any ¢ > 0,
Re (X ju, [K, Xj]u),,|
el @V 00307 449D g Vool + o (1l + el )
o vl ¥ .
' : (?<X~ )
8&@V@»yﬁl+ﬁultm+ e (IXjule + e

This yields, using again the facts that ||IC || 1o < 2and (2.2), that

A

5 (IRe (X, KXpu)0

j=1

IA

n

Z‘Re(X}fXju, lCu>L2

j=1
+[Re(Xju, [K. X;]u),a] )
[0 V()2 y?

<e 3 FU, U
(V@) -y L4y o
2 2

el Puls + ).

which, along with (2.14), (2.15) and the relation

n
Re (Xou, Ku);2 = Re (Pu, Ku);2 — ReZ<X}‘Xju, lCu>L2,
j=1

implies

(V)2 y? o +<uaV@»yu ﬁ
@V -y T+ L, Ay e

Z (axixjv)yiyj y2 we U
@V -3+

1<i,j<n
VP y? ) )
= : C'(P ),
8<<8XV(x)-y)314—y2u ’ L24_ e (1Pul2 + [ul2

Given any o €]0, 1[, letting ¢ = 1 — o gives the desired estimate in Lemma 2.2.
The proof is thus complete. O
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Lemma 2.3. Let T > 0 be given. Then for any ¢ > 0,

3 T(@V&»W(%Vuncmva»wn o
(B V (x) - y)? L+y27 0/,

1<i,j<n

. (9 V(x))? yzllu +6W@V“*yh ﬁ
T o\@Ve -ty Wt e

+Cor ([ Pulz2 + ul32)

where C, 1 is a constant depending only on ¢ and .

Proof. In the proof we use C, ; to denote the different constants depending on &
and 7. Direct computation gives

VIV Y Iy @V 04 Cer|dV )y |y
(V)3 Ty T (3xV (x)-y)° L+IyP?
_ V) P
€ 3 2
{0V (x)-y)” 14|yl
_ Ve P 0V @)-y)
€ 3 2 TE 2
(0 V(x)-y)” 14|yl ()

+Ce (3 V (x)-3)1/3

+Cer ()%

and thus, using (2.2),

(VN 0, V(x) -y ¥?
T 3 U, U
0,V (x)-y) I+y 2

. (9 V(x))? yzl,u +8«mvu»yu ﬁ
R ZCORRURE b L S nt e

2 2
+ o ([ Pul32 + Jul2)

Then observing

(0 V)Y? (0, V) (05, V) yivi  »?
T 3 1 21/!, u
1<i,j<n p Ty L?

B «avwﬂmeP »? >
=T u
L2

u,
103 1+ y2
the desired estimate in Lemma 2.3 follows. The proof is complete. O

The remaining part of this subsection is occupied by the proof of Theorem 1.3.
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Proof of Theorem 1.3. By virtue of Lemma 2.2 and Lemma 2.3, we obtain, for all
0 <o < 1 and for any ¢ > 0,

i (@, V() y? o +<2<axv<x)-y>u u>
@V -y I+ [ wt T
n Z . (8XV)4/5(8XfV)(8xJ’V)yl'yJ y? v

1<i,j<n @V -y Ty L2
_ (ax,-xjv)}ﬁ'yj y2 u. u
@V -y 1+y2
(@ V(@))*  y? o +8<<8xwx>-y>u u>
@V -y 1+ [, Wt
+ Cornr (IPull7z + Ju]32)

Letting ¢ = 0/2, denoting by C the various constants which may depend on t and

o, we have
(V)2 y? o +<<axwx)-y>u u>
@V -y 1+ [, Wt

4/5 v 2
> {T<<axv> (85, V) (0, V) yiv; y . u>
L2

I<i,j<n 0,V - y)? 1427

@ V)yivi
@V -y 127

< c (| Pulia+ luli:).

| Q

and thus, using (2.2),
of Vet o +<<axwx>-y>u M>
2\ (@ V) -y i+ [ nt e
LAy vt (2.16)
@V -y 1+,

2 2
= c(IPulia+ Jul7:).
where A;(x) is the matrix defined in the statement of Theorem 1.3, i.e.,

AL (x) = <a}j(x))l<l_ ., with
sis
5

afi(x) = T (0 V()5 (85, V() (8, V() = B, V() + 7855
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Now under the assumption that A, (x) is positive-definite, we can find its Cholesky
decomposition matrix

Be) = (b))
I<i,j<n
satisfying the relation
A, = BI'B,.

Then using the following estimate

2
ZZH D) (V) yiye ()|
1<k<n
B (x)y y?
= B,
<<aXV<x>>3< Py (x)y”>u

2

2 T
< B (x)y . y u, Beyu) =C y Ar(x)y3 y u
(0 V(x)-y)’ L+ 12 (0 V(x)-y)” L+ 12

and (2.16), we have, letting 0 = 1/2, that

(@ V@)?  y? Y +<<aXV(x>-y>u u>
@V -y T+y2 mt

+ZZH Db r'k(x)<3xV(?€)>_3/2ykyz<y>_5/2uHi2 2.17)

1<k<n
SC(HPuHLz+||uHLz)-

Moreover observe that

S @V e () a2
=1

[ aver oy +<<axvu>-y>
TG V@ Iy (»?

o)+l
L2
due to the estimate

2 2
y LG "

(V)2 y? (3 V(x)-y)
T (0 V(x) -y 1T+ y? ()*

(B V(1))




COMPACT RESOLVENT OF THE FOKKER-PLANCK OPERATOR 139

Then combining the above inequalities, (2.2) and (2.17), we have

) || (@ V) ye () a7
L
+ZZH b () (0 V() ™ yiye () u

< c(nPuan T ||u||Lz).

In order to obtain a lower bound of the terms on the left hand side of (2.18), we will
use (2.3) with

(2.18)

n

0.y= Z (8, V (x)) T ye and v = (y) ' u;
=1

this implies that

|0V )% (3) ]| > < ( Z (B V) Oy (y)u + ayk<y>—1uLz)
=

L2

< O3 1@V e) ety ul o+ (| Pul o+ 2 ).
=1

As a result, it follows from the above inequalities and (2.18) that

[ oV e 2ty u||Lz+ZZH 3 b5 3V ) iy ) |

2
1<k<n L

< (|| Pulf+[li2).

and thus, using again (2.18) and repeating the arguments used to prove (2.10),
2

(AR +ZZH 500 (V) ey ()7
1<k<n (2.19)

SC(HPuHLﬁHuHLz)-

Similarly, for any 1 < j, £ < n we use (2.3) again with

n
6.y = bi(x)(@:V)) ™y and v=y (y)~ u
k=1
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to obtain

172
b, @] 0V ) e (3

L2
1<p<n

< C Z (H Z bﬁk(x)<axV(x)>_3/2ykye<y>_5/2u

1<p<n 1<k<n

<= | 3 b@ @V ) vy L C D (loy,ull 2t [ )

1<k<n I<p<n

= €| 3 L0V @) v ()~ L2+C(||P”||Lz+||”||u)'

1<k<n

12,3600 2)

This, along with (2.19) and (2.18), yields

| 8,V () 20uHL2+Z|| (@ VN ye () ]|

b}l,(x)‘ (B, V ()4 (y)—5/2u”L2 (2.20)

< c([[Pull o+ [ul2).
Moreover, observing that

/17 1/2 15
W < S bt o v ey T+ 5 @V (02

b, )|

due to Young’s inequality, we conclude

12

/17

y)45/34 -5/2,,

()

ye (y) 2

b;p<x>) @V )y (9)

L2
1 —
+C[| @V @)™ (12 ye (1) o,
that is,

|

7 _2
Ye{y) Tu

T
bjp

L2

1/2
b0 @V @) v )|+ €l @V v ) a1
Combining the above estimate and (2.20), it follows that
7 2
(x)) ye{y)™ 1 MHL2
=1 j=1p= (2.21)

SC(HPu||Lz+ Hu||Lz)-

| (8xV (x))
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Now we use (2.3) to obtain

| p=c(ll

e}

. 3
bjpx

: ( 17u

i _2 _2
100] et o Bl

_
b, yely) T u

PO Pu] ot ] 2)
which together with (2.21) gives

20

1
b, e 07

| (3 V()% u

L2

M,
bl ()| (y) o

+23 ]

L2
= (Pl + [l 2)-
that is,
[ 2V (0)) 20u||L2+ZZH o, o Ful < c(lPufs+ Jull2).
As a result, using the inequality
1 L
bY, (x < % bY,(x )T 4 23 (y),
we conclude
| (@: V@) 20u||L2+ZZ|I by MHL2<C(HPM||L2+H ul,2)
o oy (2.22)

<c(|Pul 2+ a2 ):

Recall that A, = BT B, , that is
aji(x) = Zb’ ()b (x).

Then
non 1/80 1/40
Z u H L2

i=1 j=1

0|

af; ()|
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Thus, combining (2.22), we conclude

@V sl +>. >

. 1/80
ag| "l = c([Pul e + Jully2).
i=1 j=1

The proof of Theorem 1.3 is thus complete. O
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