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Symplectic G-capacities and integrable systems

ALESSIO FIGALLI, JOSEPH PALMER AND ALVARO PELAYO

Abstract. For any Lie group G, we construct a G-equivariant analogue of sym-
plectic capacities and give examples when G = T* x R4 in which case the
capacity is an invariant of integrable systems. Then we study the continuity of
these capacities, using the natural topologies on the symplectic G-categories on
which they are defined.

Mathematics Subject Classification (2010): 57R17 (primary); 37J35 (sec-
ondary).

1. Introduction

In the 1980s Gromov proved the symplectic non-squeezing theorem [9]. This influ-
ential result says that a ball of radius » > 0 can be symplectically embedded into a
cylinder of radius R > 0 only if » << R. This led to the first symplectic capacity,
the Gromov radius, which is the radius of the largest ball of the same dimension
which can be symplectically embedded into a symplectic manifold (M, w). Sym-
plectic capacities are a class of symplectic invariants introduced by Ekeland and
Hofer [6,11].

In this paper we give a notion of symplectic capacity for symplectic G-mani-
folds, where G is any Lie group, which we call a symplectic G-capacity, and give
nontrivial examples. Such a capacity retains the properties of a symplectic capac-
ity (monotonicity, conformality, and an analogue of non-triviality) with respect to
symplectic G-embeddings. Symplectic capacities are examples of symplectic G-
capacities in the case that G is trivial. In analogy with symplectic capacities, sym-
plectic G-capacities distinguish the symplectic G-type of symplectic G-manifolds.
As a first example we construct an equivariant analogue of the Gromov radius where
G = RF as follows. Let Symp®>© denote the category of 2n-dimensional sym-
plectic G-manifolds. That is, an element of SympZ”*G is a triple (M, w, ¢) where
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(M, w) is a symplectic manifold and ¢: G x M — M is a symplectic G-action.
Given integers 0 < k < m < n we define the (m, k)-equivariant Gromov radius

c]";’k: SympZ”’Rk — [0, o0]

11
(M,w,¢)Hsup{r>0|Bz'"(r)&k>M}, b

where CLRL denotes a symplectic R¥-embedding and B> (r) c C™ is the standard
2m-dimensional ball of radius » > 0 with R¥-action given by rotation of the first k
coordinates. Thanks to the added structure of the R¥-action the proof that cg’ *isa
R*-capacity for k > 1 uses only elementary techniques.

As an application of symplectic G-capacities to integrable systems we define
the toric packing capacity

T: Symp%”’w — [0, 00]

sup{ vol(P) | P is a toric ball packing of M }> % (1.2)

(M, @, @) > < vol(B21)

where vol(E) denotes the symplectic volume of a subset E of a symplectic mani-
fold, B?" is the standard symplectic unit 2n-ball, Symp%"’w is the category of 2n-
-dimensional symplectic toric manifolds, and a toric ball packing P of M is given
by a disjoint collection of symplecticly and T”-equivariantly embedded balls. In
analogy we define the semitoric packing capacity

ST: Sympg’TSIX]R — [0, o0]

on Symp‘sj'f1 R the category of semitoric manifolds [20], where P in (1.2) is re-
placed by a semitoric ball packing of M (Definition 5.2). The following theorem is
a combination of Propositions 2.7,4.2,and 5.5.

Theorem 1.1 (Examples of capacities). The following hold:

(1) The (m, k)-equivariant Gromov radius cg’ k. SympZ”’Rk

plectic R¥-capacity for k > 1;
(ii) The toric packing capacity T : Symp%"’T — [0, o0] is a symplectic T"-
capacity;

— [0, oo] is a sym-

(iii) The semitoric packing capacity ST : Symp‘s‘ﬁg DR [0, oo] is a symplectic

(S' x R)-capacity.

The continuity of symplectic capacities is discussed in [2,3,6,27]. The semitoric
and toric packing capacities are each defined on categories of integrable systems
which have a natural topology [15, 18], but we can only discuss the continuity of
the (m, k)-equivariant Gromov radius on a subcategory of its domain which has a
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topology, so we restrict to the case of (m, k) = (n, n). The T"-action on a symplec-
tic toric manifold may be lifted to an action of R”. Let Symp%”’]R be the symplectic
category of symplectic toric manifolds each of which is endowed with the R"-action

obtained by lifting the given T"-action which is a subcategory of Symp*»¥".

Theorem 1.2 (Continuity of capacities). The following hold:

(i) The toric packing capacity T : Symp%"’w — [0, oo] is everywhere discontin-
uous and the restriction of T to the space of symplectic toric 2n-dimensional
manifolds with exactly N points fixed by the T"-action is continuous for any
choice of N > 0;

.. L . . . 4, 5" xR .

(ii) The semitoric packing capacity ST : Sympgy — [0, o] is everywhere
discontinuous and the restriction of ST to the space of semitoric manifolds
with exactly N elliptic-elliptic fixed points of the associated (S' x R)-action
is continuous for any choice of N > 0;

(iii) The (n, n)-equivariant Gromov radius restricted to the space of symplectic
toric manifolds

n,n . ZH,Rn
‘B |Symp%”’R” : Sympp — [0, 00]

is everywhere discontinuous and the restriction of cg’" |Symp2n,R" to the space

of symplectic toric 2n-dimensional manifolds with exactly N fixed points of
the R"-action is continuous for any choice of N = 0.

Theorem 1.2 generalizes [7, Theorem A], which deals with 4-manifolds, and solves
[18, Problem 30]. Theorem 1.2 is implied by Theorems 6.3,7.12, and 7.15.

In Section 2 we give a general notion of symplectic G-capacities and we prove
that the (m, k)-equivariant Gromov radius is a capacity. In Section 3 we review
facts about Hamiltonian actions and their relation to integrable systems that will be
needed in the remainder of the paper. Sections 4 and 5 are devoted to constructing
nontrivial symplectic G-capacities when G = TX x R?~k, which include the toric
and semitoric packing capacities. In Sections 6 and 7 we discuss the continuity of
these symplectic G-capacities.

2. Symplectic G—capacities

Forn > 1 and r > 0 let B¥'(r) C C" be the 2n-dimensional open symplectic ball
of radius r and let

Z7(r) ={ @), e C" | |z1] <1}

be the 2n-dimensional open symplectic cylinder of radius . Both inherit a sym-
plectic structure from their embedding as a subset of C" with symplectic form
wy = 3 iy dzj Adz;. We write B = B*(1), Z*" = Z*'(1), and use <>
to denote a symplectic embedding.
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2.1. Symplectic capacities

Let Symp?” be the category of symplectic 2n-dimensional manifolds with symplec-
tic embeddings as morphisms. A symplectic category is a subcategory C of Symp?"
such that (M, ) € C implies (M, Aw) € C forall A € R\ {0}. Let C C Symp®” be
a symplectic category.

The following fundamental notion of symplectic invariant is due to Ekeland
and Hofer.

Definition 2.1 ([6,11]). A generalized symplectic capacity on C is amap c: C —
[0, oo] satisfying:

(1) Monotonicity. If (M, w), (M', @) € C and there exists a symplectic embedding
M — M’ then c(M, ) < c(M', &');
(2) Conformaliry. If A € R\ {0} and (M, w) € C then ¢(M, Aw) = |A| c(M, w).

If additionally B2", 72" ¢ C and c satisfies:
(3) Non-triviality: 0 < c(Z*, wy) < 0o and 0 < ¢(B¥, wy) < 00;

then c is a symplectic capacity.

2.2. Symplectic G—capacities

Let G be a Lie group and let Sympl(M) denote the group of symplectomorphisms
of the symplectic manifold (M, w). A smooth G-action ¢: G x M — M is sym-
plectic if ¢ (g, -) € Sympl(M) for each g € G. The triple (M, w, ¢) is a symplectic
G-manifold. A symplectic G-embedding p: (M1, w1, ¢1) — (M, w2, ¢2) is a
symplectic embedding for which there exists an automorphism A: G — G of G
such that p(¢1(g, p)) = ¢2(A(g), p(p)) for all p € My, g € G, in which case we

say that p is a symplectic G-embedding with respect to A. We write <% to denote
a symplectic G-embedding. We denote the collection of all 2n-dimensional sym-
plectic G-manifolds by SympZ”’G. The set Sympz" 'G is a category with morphisms
given by symplectic G-embeddings. We call a subcategory C¢ of SympZ”’G a sym-
plectic G-category if (M, w, ¢) € Cg implies (M, Lw, ¢) € Cg for any A € R\ {0}.
Let Cg C Symp?*C be a symplectic G-category.

Definition 2.2. A generalized symplectic G-capacity on Cg is a map ¢: Cg —
[0, oo] satisfying:

(1) Monotonicity. If (M, w, ¢), (M', @', ¢') € Cg and there exists a symplectic
G-embedding M <% M’ then ¢(M, w, ¢) < c(M', &', ¢');

(2) Conformality. If A € R\ {0} and (M, w,¢) € Cg then ¢(M, lw, ¢p) =
A c(M, w, @).

When the symplectic form and G-action are understood we often write c¢(M) for
c(M,w,®). Let c be a generalized symplectic G-capacity on a symplectic G-
category Cg.
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Definition 2.3. For (N, wy, ¢n) € Cg we say that ¢ satisfies N-non-triviality or is
non-trivial on N if 0 < ¢(N) < o0.

2n,G

Definition 2.4. We say that c is tamed by (N, wy, ¢n) € Symp if there exists

some a € (0, co) such that the following two properties hold:

(1) if M € Cg and there exists a symplectic G-embedding M <% N then c(M) <
a;
(2) if P € Cg and there exists a symplectic G-embedding N <% P then a < c(P).

The non-triviality condition in Definition 2.1 requires that B>*, Z?" e Cgs and
0 < ¢(B¥) < ¢(Z?) < o0, and tameness encodes this second condition with-
out necessarily including the first one. If ¢ is a generalized symplectic G-capacity
on Cg C Symp?™C we define

Symp % () = {N e Symp?C | inf{c(P) | P € C,N <% P} =0 } ,

Sympz” G(c) = {N € Sympz”’c | sup{c(M) | M € Cs, M <, N} =00 }

SympZ-C(c) = { N € Symp*" | ¢ is tamed by N } )

A generalized symplectic G-capacity gives rise to a decomposition of Sympzn G

Proposition 2.5. Let ¢ be a generalized symplectic G-capacity on a symplectic G-
category Cg. Then:

2n,G 2n,G

(a) Symp = Symp;, " (c) U Sympzn Geyu Sympg e (€);
(b) the union in part (a) is pairwise disjoint;

(c) c is non-trivial on N € Symp*™Y if and only if N € Cg N Symptame (o).

2n,G

Proof. In order to prove (a) we show that if N € Symp>*Y is not in Sympzn G (c)u

Symp2”" G(c) then it is in Sympf;’r;lg (o). M < N < P for some M, P € Cg
then M <5 P so c(M) < c¢(P). Let a1 = sup{c(M) | M < N} and ap =
inf{c(P) | N < p }. Since N ¢ Symp (c) u Sympzn G (c) we have that 0 <
a1 <ap < o0o. Picka € [aj,a]. M € Cg and M <, N thenc(M) < a1 <a

andif P € Cg and N <% P then ¢(P) > a3 > a so N € Symp:(c). Item (b)
follows from a similar argument and (c) is immediate. L

In light of (c) we view Symp%;;g (c) as an extension of the set of elements of
Sympzn’G on which c is non-trivial to include those elements outside of the domain
of c.
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2.3. Symplectic (Tk x Rd‘k)—capacities

For 1 < d < n the standard action of T¢ on C" is given by
¢cn ((Oéi)fl:l, (z)_y) = (@121, ..., QdZd, Zd+1s - -+ Zn)-

This action induces actions of T¢ = T x T9~% on B%* and Z?", which in turn
induce the standard actions of T% x RY~* on B2" and Z?" for k < d. The action
of an element of TX x R?~K is the action of its image under the quotient map
Tk x R¥=% — T, In the following we endow B?" and Z*" with the standard
actions.

Definition 2.6. A generalized symplectic (TX x R?~*)-capacity is a symplectic
(T* x R¥=K)-capacity if it is tamed by B?* and Z*".
24. A first example

The Gromov radius cp: Sympz" — (0, o] is given by
cg(M) = sup{r > 0| B¥(r) — M} :

Fix0 < k <m < nandlet cg”k be as in Equation (1.1). If kK = 0 and m = n then

m,k
cg=cp .

Proposition 2.7. Ifk >1, the (m,k)-equivariant Gromov radius cg”k : Sympzn’Rk—>
[0, oo] is a symplectic RF-capacity.

Proof. Parts (1) and (2) of Definition 2.2 are immediate. By the standard inclusion
map cg’k(BZ") 2 1 so we only must show that cg’k(ZZ”) < 1. Suppose that for

k
r > 1the map p: B>(r) £, 7245 a symplectic R¥-embedding with respect to
some A € Aut(RF). Let

M1, ...,m) = A(1,0,...,0).
Since A is an automorphism nj, # 0 for some jjo € {1, ..., k}. Pick
w=(0,...,0,wj,0,...,0) € B*"(r)
with entries all zero except in the j(gh position and such that |w j0| > 1. Letu =
(Ui, ..., uy) = p(w) and note |u;| < 1. Let 1: R < RF be given by ((x) =

(x,0,...,0). Let ¢pg: R¥ x B¥"(r) — B?"(r) and ¢7: R¥ x Z*" — Z?" be the
standard actions of R¥. Then for x € R

p(pB(A™" 0 1(x), w)) = Pz(L(x), p(w)) = Pz (L(x), u).
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Thus
p ({0 w0, 0 | veR))=fEuru .. u) | xR} @)

and since p is injective and 7 j, # O this means that u; # 0. Let
S =1{0.....0.0,0,...,0) € B () | la| < || }
where « is in the j{" position and

Sz={ Bz, oun) €22 1Bl <l |
Equation (2.1) implies that p(dSg) = 95z and since p is an embedding this means

d(p(S)) = 38z. Since p(Sp) and Sz have the same boundary, wz is closed, and
Z?" has trivial second homotopy group,

[ o= [

P(SB) Sz

Finally, integrating over z we have

i _ i _

3 / dzAdz:/sz/,o*a)Zz/a)zszzzz / dz A dz.

2l <|w; | S S p(SB) Sz 2l <l |
This implies that 1 < |w;| = [u;| < 1, which is a contradiction. O
It follows from the proof that cg”k(Bz”) = cg’k(Zz”) =1.
Proposition 2.8. Let M = (S%)" with symplectic form wy = % Yo dhi A d6;
where h; € [—1,1],0; € [0,2m),i = 1, ..., n, are the standard height and angle
coordinates. Let R*, 1 < k < n, act on M by rotating the first k components. Then
't (M) =2

forallm,k € Zwith1 <k <m < n.

Proof. The map p: B> (v/2) KM given by
Jo (rleig', ...,rnei9”> = (91,;’12 -1, ...,0,1,1”3 — 1)

is a symplectic R"-embedding, so cg" (M) > /2.
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k
Fix k,m,n € Z satisfying0 < k < m < nand let p : B2" (r) N M be a
symplectic R¥-embedding for some r > 0. Let

Bj={(hi,0)}_, € M| hj €{£1}ifi <kandi # j}
forj=1,...,k.For R € (0,r) let
AR:{(z,O,...,O)eBzm(r)l 12| <R}.

Every point in Ag, except at the identity, has the same (k— 1)-dimensional stabilizer
in R¥ so there exists jo < k such that p(Ag) C Bj, for all R € (0,r). Write
p = (H;, ©;)!_, and consider coordinates (r, &) on Ag given by (re?,0,...,0) >
(r,0). For i # jo this means that H; is constant if i < k and the R"-equivariance
of p implies that H; and ®; are independent of 6 if i > k. Thusifi € {1, ..., n}
and i # jo then

/ dh,‘/\d@l':/dHi/\d®i:0
p(AR) AR
for R € (0, r). Therefore,

1 1
JTRZZ/Q)B: / wM:E / dl’ljo/\dejo-{—iz /dhl’/\dﬂl‘

Ag p(AR) p(AR) #0 \ p(ap)
< % f dh A do = 27
e
for any R € (0, ). This implies that r < +/2 so
V2 <" (M) < M) < V2

for any k, m, n € Z satisfying 0 < k < m < n. O
Example 2.9. For k,n € Z-g withk < nlet M = 72" with the standard sym-
plectic form. There are two natural ways in which R* can act symplectically on M,
given by

o1ty @) = €Fzy, e 220, o e g, zigty e 20)
and _ .

$2((0f_y, @) = (21,20, . P2kt Zaga, s 20)

where ¢; : RK x M — M fori =1,2. Let p : M — M be given by

k41 21
1+lzkt1l 1—]z1]

p((Zi)?:1)=<

,ZZ’-usZk,ZIH»Zw--’Zn)
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r>1 \—/
e N

Figure 2.1. A symplectic R-embedding.

similar to the map shown in Figure 2.1. The map p is well-defined because |z;| < 1
and it is an R¥-equivariant diffeomorphism because

k n Zk+1 2ir, <l 2ity 2it
1((#)s, @)= e e 2z, ...,k Zp40, .02
p(¢ 1)i=1> 1)ji=1 ) 1+|Zk+1|, 1—|Z]|’ ) ) ) —+2 s &n

=2 (1 p(G-D)

forallry, ..., t €R. Thus the symplectic R¥-manifolds (M, w, ¢1) and (M, w, ¢»)
are symplectomorphic via the identity map and R¥-equivariantly diffeomorphic via

o but they are not R¥-equivariantly symplectomorphic because c]13’1 M,w,¢1) =1
and c]13’1(M, w, ) = 00.

3. Hamiltonian (T* x R"~k) -actions

In this section we review the facts we need for the remainder of the paper about
Hamiltonian (T* x R”~¥)-actions and their relation to toric and semitoric systems.
Let (M, w) be a symplectic manifold and G a Lie group with Lie algebra Lie(G)
and dual Lie algebra Lie(G)*. A symplectic G-action is Hamiltonian if there exists
amap u: M — Lie(G)*, known as the momentum map, such that

for all X € Lie(G) where Xy denotes the vector field on M generated by X
via the action of G. A Hamiltonian G-manifold is a quadruple (M, w, ¢, ) where
(M, w, ¢) is a symplectic G-manifold for which the action of G is Hamiltonian with
momentum map . Let Ham?"C denote the category of 2n-dimensional Hamilto-
nian G-manifolds with morphisms given by symplectic G-embeddings which inter-
twine the momentum maps. Given f: M — R the associated Hamiltonian vector
field is the vector field X'y on M satisfying w(Xy, ) = —df.
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Definition 3.1. An integrable system is a triple (M, w, F') where (M, w) is a 2n-

-dimensional symplectic manifold and F = (f1,..., fy): M — R" is a smooth
map such that fi, ..., f, pairwise Poisson commute, i.e. (X, X fj) = 0 for all
i,j=1,...,n,and the Hamiltonian vector fields (Xy,),, ..., (X},), are linearly

independent for almost all p € M.

Let Z?" denote the set of all 2n-dimensional integrable systems for which the
Hamiltonian vector fields of the components of the momentum map are complete
and define an equivalence relation ~7 on this space by declaring (M, w, F) and
(M', @', F’) to be equivalent if there exists a symplectomorphism ¢: M — M’
such that F — ¢*F’: M — R" is constant. In this paper we always assume the
Hamiltonian vector fields of the components of the momentum map are complete,
which is automatic if M is compact or if F' is proper.

3.1. Hamiltonian R”-actions and integrable systems

Let (M,w, F = (f1, ..., fu)) be an integrable system such that each X'y, is com-
plete and for i = 1,...,n let ¥/: M — M denote the flow along X,. The
Hamiltonian flow action ¢r: R* x M — M, given by

GF((t1, - t2), P) = Y} 0. oYl (p),

defines a Hamiltonian R"-action on M. The action of G on M is almost everywhere
locally free if the stabilizer of p is discrete for almost all p € M. Let F Sympz"'Rn
be the space of R”-manifolds on which the action of R” is Hamiltonian and al-
most everywhere locally free and let ~r» denote equivalence by R”"-equivariant
symplectomorphisms.

Lemma 3.2. Let X|,..., &, be vector fields with commuting flows on an
m-manifold M, withn < m. Let R" act on M by ¢((t1,...,t,), p) = wfl 0...0
Ui (p) where V! is the flow of X;. Then, for pe M, the vectors (X1)p, ..., (Xp)p€
T, M are linearly independent if and only if the stabilizer of p under the action ¢ is
discrete.

Proof. If (X1)p, ..., (X,), are linearly independent then, since they have com-
muting flows, there is a chart (U, g), with U C M and g : U — R™, such that
g ' g(U) — U satisfies

¢, 10, 0,..,0) = G ((t1, ... 1), P)

for any (#1,...,%,,0,...,0)€g(U). Thus g(U) is an open neighborhood of the iden-
tity in R” and there exists no non-zero point in g(U) which fixes p, so the stabilizer

of p under the action of R” is discrete. On the other hand, if (X1),, ..., (X,), are
linearly dependent, there exist 71, . .., t, € R not all zero such that ', #; (X;), =
0. Thus (aty, ..., at,) € R" fixes p for all @ € R and so the stabilizer of p is not

discrete. O
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Proposition 3.3. Let  be the map which takes an integrable system on M to M
equipped with its Hamiltonian flow action. Then

i I~ — FSymp™ ¥ g

is a bijection.

Proof. By Lemma 3.2 we know that the Hamiltonian flow action must be almost ev-
erywhere locally free because the Hamiltonian vector fields of an integrable system
are by definition independent almost everywhere. Next suppose that R” acts Hamil-
tonianly on M in such a way that the action is almost everywhere locally free. Since
the action is Hamiltonian there exists a momentum map p: M — Lie(R")*. Define
F=(fi,..., f): M - R"by F = Ao u where A: Lie(R")* — R" is the stan-
dard identification which is induced by the standard basis {e1, . .., e,} of R". These
functions Poisson commute because action by the components of R” commute and
are linearly independent at almost all points because the group action is almost ev-
erywhere locally free (Lemma 3.2). Thus, (M, w, F) is an integrable Hamiltonian
system as in Definition 3.1. Let {vy, ..., v,} be the standard basis of Lie(R") = R"
induced by the standard basis of R”. Let v, denote the vector field on M generated
by v € Lie(R") via the action of G. Then (i, v;)= fi: M - R sodfi =w((vi)m, *)
which means that the Hamiltonian vector field associated to f; is (v;) . Thus the
Hamiltonian flow action related to F' is the original action of R”". O

Here we fix the identification between Lie(T")* and R” that we will use for
the remainder of the paper. We specify our convention by choosing an epimorphism

from R to T!, which we take to be x > 2V 1¥,

3.2. Hamiltonian T*-actions

Atiyah [1] and Guillemin-Sternberg [10] proved that if (M, w, ¢, i) is a compact
connected Hamiltonian T*-manifold, then (M) C Lie(T*)* is the convex hull of
the image of the fixed points of the TX-action. The case in which k = n and the torus
action is effective enjoys very special properties, and in such a case (M, w, ¢, 1)
is called a symplectic toric manifold, or a toric integrable system. An isomorphism
of such manifolds is a symplectomorphism which intertwines their respective mo-
mentum maps. We denote by Ham%"’w the category of 2n-dimensional symplec-
tic toric manifolds with morphisms as symplectic T"-embeddings and we denote
equivalence by toric isomorphism by ~t. In general being an invariant is weaker
than being monotonic, but in the case of toric manifolds these are equivalent be-
cause symplectic T"-embeddings between toric manifolds are automatically T”-
-equivariant symplectomorphisms. Delzant proved [5] that in this case u(M) is a
Delzant polytope, i.e. simple, rational, and smooth, and that

n
v Ham%"’qr /~1 — Pr

(M, ®, ¢, )] = (M)
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is a bijection, where Pt denotes the set of n-dimensional Delzant polytopes. Let
Ham?*T" — Symp?»T" be given by (M, w, ¢, 1) — (M, w, ¢) and let Symp%"’T

denote the image of Hamrzr" ‘T" under this map. Also let ~1 denote equivalence on

Symp%”’w by T"-equivariant symplectomorphisms.

3.3. Hamiltonian (S! x R)-actions

We say that an integrable system (M, w, F = (J, H): M — R?) is a semitoric
integrable system or semitoric manifold if (M, ®) is a 4-dimensional connected
symplectic manifold, J is a proper momentum map for an effective Hamiltonian
S'-action on M, and F has only non-degenerate singularities which have no real-
hyperbolic blocks (see [21, Section 4.2.1]). A semitoric integrable system is sim-
ple if there is at most one singular point of focus-focus type in J~!(x) for each
x € R. Let (M;,w;, F; = (J;, H;)) be a semitoric manifold for i = 1,2. A
semitoric isomorphism between them is a symplectomorphism p: M| — M such

that p*(J», H) = (J1, f(J1, H1)) where f: R? — R is a smooth function for

. f - 4,8 xR .
which 7 is everywhere nonzero. Let Hamgy denote the category of sim-

ple semitoric systems and let &gt denote equivalence by semitoric isomorphism.

4,8 xR 4,51 xR 4,8'xR

Let Sympgy denote the image of Hamgy under the map Ham —

Symp“’sI xR given by (M, w, ¢, ) — (M, w, ¢) and let ~gT denote the equiva-

1 . . 1
lence on Sympgf *R inherited from ~gt on Hamg%9 R

The number of focus-focus singular points of an integrable system must be
finite [23], and we denote it by m f.

3.3.1. Invariant of focus-focus singularities It is proven in [22] that the structure
in the neighborhood of a fiber over a focus-focus point is determined by a Tay-
lor series. Let R[[X, Y]] denote the space of real formal Taylor series in two
variables X and Y and let R[[X, Y]lo C R[[X, Y]] denote the subspace of se-
ries Zi,j>0 o*,-,jX"Yj which have 09,0 = 0 and 0p,; € [0, 2w). The Taylor series
invariant consists of m y elements of R[[X, Y]]y, one for each focus-focus singular
point.

3.3.2. Affine and twisting-index invariants Denote the set of rational polygons in
R? by Polyg(R?). For A € R let £ denote the set of (x, y) € R? such that x = A.
Let Vert(R?) denote the collection of all 5 as A varies in R. Let 7;: RZ —> R
denote the projection onto the i coordinate for i = 1, 2. Notice that elements of
Polyg(R?) can be non-compact. A labeled weighted polygon of complexity m fE
Z is an element

Ay = (A, ;. €j,k)]L}) € Polyg(R?) x (Vert(R?) x {—1, +1} x Z)"/
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with mingea 71(s) < A < ... < Am; < maxsea 7wi(s). We denote the space of
labeled weighed polygons by £)VPolyg(R?). Let

T = (} (1)) € SLy(Z) 3.1

and for vy, ..., v, € Z" let det(vy, ..., v,) denote the determinant of the matrix
with columns given by vy, ..., v,.

The top boundary of A € Polyg(IR?) is the set 3°PA of (xo, yo) € A such that yy
is the maximal y € R such that (xg, y) € A. A point p € A is a vertex of A if
the edges meeting at p are not co-linear. Let p be a vertex of A and let u, v € Z?
be primitive vectors directing the edges adjacent to p ordered so that det(u, v) > 0.
Then we say that:

- p satisfies the Delzant condition if det(u, v) = 1;
- p satisfies the hidden condition if det(u, Tv) = 1;
- p satisfies the fake condition if det(u, Tv) = 0.

We say that A has everywhere finite height if A N £, is either compact or empty for
all A € R. A primitive semitoric polygon of complexity m y € Z>q [12] is a labeled

weighted polygon (A, (5, €;, kj)';zl) e LWPolyg(R?) such that:

(1) A has everywhere finite height;

(2) ej=+1forall j=1,...,my;

(3) pointin 3'PANY; ' for j =1, ..., my satisfies either the hidden or fake condi-
tion (and is referred to as either a hidden corner or a fake corner, respectively);

(4) other corners satisfy the Delzant condition, and are known as Delzant corners.

The set of primitive semitoric polygons is denoted by Polyggr (R?)o.
Form s € Zx let Gm; = {—1,+1}""/ and G ={T"|k € Z} where T is as
in Equation (3.1). For . € Rand k € Z let té‘A : R? — RR? denote the map which

acts as the identity on the left of the line ¢; and acts as T* relative to an origin
placed arbitrarily on the line £, to the right of £;. Now for u = (uy, ..., umf) €

{—=1,0, 1}/ and X = (A1, ..., Am,) € R™/ define rgz R2 — R2 by

= Um
u uj f
tX = tfxl 0...0 tfxmf'

We define the action of an element of G, , x G on a labeled weighted polygon by

m; . m . ‘ my
<(E})j=1 T ) ' (A, (€€ kj)_i':fl) - <tf o T(A), (&f’ cjek+ kj)j=1>

- R €j—€je \Mf . .
where & = (A1, ..., Am,) and 4 = (%) . This action may not preserve

the convexity of A but it is shown in [20, Lemma 4.2] that the orbit of a primitive
semitoric polygon consists only of elements of £)VPolyg(R?).
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Definition 3.4 ([20]). A semitoric polygon is the orbit under G, , x G of a primitive
semitoric polygon.

The collection of semitoric polygons is denoted by Polyggr(R?) = (G, ;X
G) - Polyggr(R?)g. The orbit of Ay, = (A, (£, j,ej,kj)’jf’;” |) € Polyggr(R?) is
given by

[A,] = { (tA o TH(A), (L), 1 —2uj,k+k,»)’jf‘:fl) i€ {01}  k e Z}.

The corners of any element of [A] are identified as hidden, fake, or Delzant similar
to the case of the primitive semitoric polygon.

3.3.3. Volume invariant For each j = 1,...,my we let h; denote the height of
the image of the j focus-focus point from the bottom of the semitoric polygon.
Formally, this amounts to hy, ..., hy, € R satisfying 0 < h; < length(2(A N
ij)) foreach j =1,...,my.

3.3.4. Classification Semitoric systems are classified by the invariants we have
just reviewed. That is, the complete invariant of a semitoric system is an integer
m s, my Taylor series, a collection of m s real numbers, and a labeled weighed
semitoric polygon. A single element of this orbit is shown in Figure 3.1. The
complete invariant is an infinite family of such labeled weighted polygons, formed
by a countably infinite number of subfamilies of size 2"/ each parameterized by
€ € {—1,+1}"s (Figure 3.2).

hl cR :
i \Lh? S
), € Vert(R?) 0y, € Vert(R?)
g1 € {—1,+1} 9 € {—1,+1}
ki €Z ko € Z

(51)* € R[[X, Y]]o (52)> € R[[X, Y]lo

Figure 3.1. The complete invariant of a semitoric system is a collection of these objects.

Definition 3.5 ([20]). A semitoric list of ingredients is given by:

(1) number of focus-focus singularities invariant: m ¢ € Z>o;
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N

(I
AN}

|

k=(-1,0) k=(0,1) k=(1,2)

Figure 3.2. Complete invariant of a semitoric system.

(2) Taylor series invariant: a collection of m ¢ elements of R[[X, Y]]o;

(3) affine and twisting index invariants: a semitoric polygon of complexity m f, the
(Gm, x G)-orbit of some Ay = (A, (L3, €}, kj)’;.’-:f 1) € Polyggr(R?);

(4) volume invariant: a collection of real numbers hy, ..., hn, € R such that
0 < hj < length(ma(A Ne5;)) foreach j =1,...,my.

Let I denote the collection of all semitoric lists of ingredients. In [20] the authors
prove that semitoric manifolds modulo isomorphisms are classified by semitoric
lists of ingredients, that is,

1
®: Hamgy /st — 1 (32)

(M, 0, (J, H)) = (mg, (S)%); 2, [Aw], (h))52)

is a bijection, where @ is the assignment of the five invariants to the system (M, w,
(J, H)) described in detail in [20].

4. Symplectic T"-capacities

In this section we construct a symplectic T"-capacity on the space of symplectic
toric manifolds. Recall Ham%”’w /7t is the moduli space of 2n-dimensional sym-
plectic toric manifolds up to T"-equivariant symplectomorphisms which preserve
the moment map. In [7,16,17,19] the authors study the foric optimal density func-
tion 2: Ham%" o /~1 — (0, 1], which assigns to each symplectic toric manifold
the fraction of that manifold which can be filled by equivariantly embedded disjoint
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open balls. This function is not a capacity because it is not monotonic or conformal.
Next we study a modified version of this function which is a capacity.

For M € Symp?»™" by a T"-equivariantly embedded ball we mean the image
¢ (B (r)) of a symplectic T"-embedding ¢ : B> (r) I M for some r > 0. A
toric ball packing of M [16] is a disjoint union P = |_|a€A B, where B, C M is
a symplecticly and T"-equivariantly embedded ball in M for each a € A, where
A is some index set. That is, for each o € A there exists some r, > 0 and some

symplectic T”-embedding ¢y, : B2 (rg) I M such that
$o (B> (rg)) = By

An example is shown in Figure 4.1. Recall the toric packing capacity 7: Symp%”’w—>

[0, 0o] defined in Equation (1.2). In the following for M € Symp*" ™" let ¢y (M)
be defined by first lifting the action of T” on M to an action of R" and applying the
usual cg”" to the resulting symplectic R”-manifold.

By

B
~ I<VE
2

Figure 4.1. Toric ball packing of S? by symplectic S'-disks.

Lemmad4.1l. Let M € Symp%"’w, and N € Symp®™™" be such that the T"-action

on N has € ZLx fixed points. If there is a symplectic T"-embedding M I N
then T (M) < £'2"¢g" (N).

Proof. Since the center of B**(r), r > 0, is a fixed point of the T"-action we
see that the maximal number of such balls that can be simultaneously equivariantly
embedded with disjoint images into M is the Euler characteristic x (M) of M, which
is the number of fixed points of the T"-action on M. Each of these balls has radius
at most " (M). For r > 0 we have that vol(B"(r)) = r*"vol(B*"). Therefore

(T (M))*vol <B2”> <x(M)vol (BZ" (c]’;’”(M))) = x (M) (" (M))*"vol (B”’) .

Since T"-embeddings send fixed points to fixed points and M <, N we know that
x (M) < £. Furthermore, since M <L N and cg’" is a symplectic T"-capacity by
Theorem 1.1 we have that ¢y (M) < cg” (N). Hence 7(M) < £/*cg"(N). O

Proposition 4.2.  The toric packing capacity is a symplectic T"-capacity on
2n,T"
Sympy+ .
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Proof. Let M € Symp%"’w with x (M) € Zx fixed points and fix any ordering of
these points. Notice that 7 (M) is the supremum of

{ [Fll2n | 7 € RXMand Py (F) C M is a toric packing } ,

where ¥ = (r1, ey VX(M)) € RX(M),
X (M) !/an
IFll2n = (Z r?”)
j=1

is the standard ¢2"-norm, and Py () C M is the toric ball packing of M in which
B! (rj)is embedded at the jth fixed pointof M for j =1, ..., x (M). Suppose that

p: B¥(r) I M is a symplectic T"- embeddlng 1nto (M w, ¢) for some r > 0.
Then for any A € R\ {0} the map p; : B**(|A|r) I om given by

px(z)—p(m>

is a symplectic T"-embedding into (M, Aw, ¢). Thus if Py (F) is a toric packing
of (M, w, ¢) then Py (IA|ry, ..., |Alrym)) is a toric ball packing of (M, Aw, ¢)
for any A € R\ {0}. This and the fact that |Ar||2, = |A||Ir|l2, for all r € RX(M)

and A € R imply that 7 is conformal. Now suppose that M, M’ € Sympzn T

and p: M — T M'. If P C M is a toric ball packing of M then p(P) C M’
is a toric ball packing of M’ of the same volume so 7 (M) < 7 (M’) and we
see that 7 is monotonic. Finally, suppose that there is a symplectic T"-embedding

M 72, Then, since Z>" has only one point fixed by the T"-action and recalling
that ¢ (Z*") = 1, it follows from Lemma 4.1 that

T(M) < ()27 = 1.

Finally, suppose that p: B IS Mis a symplectic T”-embedding. Then P =
p(B*") C M is a toric ball packing of M and thus

vol(P) )1/2" _,

Hence 7 is tame. O

Example 4.3. Let M € Symp%"’w. In [17] it is shown that there exists a Z-valued
function Embys: R>9 — [0, n!x(M)] such that the homotopy type of the space
of symplectic T"-embeddings from B>*(r) into M is given by the disjoint union
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of Emby,(r) copies of T". Thus, for each r € R>o we may define a symplectic

T

T"-capacity & on Symp%"’ " given by

& Symp%"’w — [0, 0]

(M, w, $) — (vol(M))7Embyy ((vol(M))7r).

Since Emb), is invariant up to T"-equivariant symplectomorphisms [17] and sym-
plectic embeddings in Symp%"’w are automatically symplectomorphisms we see
that £ is monotonic and it is an exercise to check that it is conformal. It is tame
because the space of symplectic T"-embeddings of B>* into Z*" is homotopic to !
disjoint copies of T".

5. Symplectic (S! x R)-capacities

In this section we construct a symplectic (S! x R)-capacity on the space of semitoric
manifolds. Let (M, w, F = (J, H)) be a simple semitoric manifold with m ¢ focus-

focus singular points and let {A j}?z , C R be the image under J of these points

orderedsothat A| < Ay < ... < kmf.. Let (A}, y;) be the image under F of the jth
focus-focus singular point and for € € {£1} let Eij be those (2, y) € ¢ such that

€y > e€y;. Let 0 = Eil u...u Zj:;; A homeomorphism

f: F(M) — f(F(M)) Cc R?

is a straightening map for M [23] if for some choice of € € {£1}"/ we have the
following: f|p (s ¢¢ 1s a diffeomorphism onto its image; f|g )\ ¢ 1s affine with
respect to the affine structure F (M) inherits from action-angle coordinates on M
and the affine structure f(F(M)) inherits as a subset of R2; f preserves J, i.e.,
fx,y) = (x, f @ (x, y)); function f]| FM)\E extends to a smooth multi-valued

map from F (M) to R? such that for any ¢ = (xg, o) € €€ we have

lim df(x,y)=T lim df(x,y);
(x,y)—c (x,y)—c
X <X X>X0

and the image of f is a rational convex polygon. Recall that 7 is the matrix given
in Equation (3.1). We say f is associated to €.

Let ¥ C AGL,(Z) be the subgroup including powers of T composed with
vertical translations. It was proved in [23] that a semitoric system (M, w, F) has a
straightening map f: M — R? associated to each € € {41}/, unique up to left
composition with an element of T. Define

Fu ={foF| fisastraightening map for M }. 5.1
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If V,: R?2 — R2 denotes vertical translation by a € R, then
{FM) | Fe iy} ={ Va(a) CR? | Ais associated to M and a € R |

where a polygon is associated to M if it is an element of the affine invariant of M.
Up to vertical translations the set ), is the orbit of a single non-unique function
under the action of Gmf x G. If F € F) then there exists some € € {—1, +1}"f
such that F lpe: M ¢ — R? is a momentum map for a T?-action o T2 x M¢ —
M€ where M€ = M \ F~1(¢°).

Corollary 5.1. The manifold M € has on it a momentum map for a Hamiltonian

. ; z 2 ; Lo
T2-action unique up to G. Thus M€ € Symp“r and the given T?-action is unique
up to composing the associated momentum map with an element of G.

We call such actions of T2 on M€ induced actions of T?. Given any p: N —
M with p(N) C ME define pz: N — M¢ by pz(p) = p(p) for p € N.

Definition 5.2. Let (M, w, F) be a semitoric manifold and let (N, wy, ¢) €

Symp* T A symplectic embedding p: N — M is a semitoric embedding if
there exists € € {£1}"/ and an induced action ¢z : T?> x Mz — Mz such that

p(N) C M€ and pz: (N,wy, @) <T—> (Me w, ¢z) is a symplectic T?-embedding.

Let (M, w, F) be a semitoric manifold. A semitoric ball packing of M is a
disjoint union P = | |, 4 B4 Where B, C M is a semitoricly embedded ball in M.

4,S'xR

The semitoric packing capacity ST : Sympgy — [0, oo] is given by

sup{vol(P) | P C M is a semitoric ball packing of M})%

STM) = ( vol(B%)

In order to show that ST is a (S! x R)-capacity we need the following lemmas.
Lemma 5.3. Fori = 1, 2 let (M;, w;) be a symplectic manifold, let f;: M; — R be
a function, and let Xy, denote the Hamiltonian vector field of f; on M;. If p: My —
M, is a symplectomorphism such that ps Xy = Xy, then fi — p* fo: M1 — Riis
constant.
Proof. Notice that

d(p* f2) = p™(df2) = p*(xy,@2) = P (tp,x, @2)

= (s Xpy, pi()) = (P 2) (X, ) = txy w1 = d fi,

thus f1 and p* f> differ by a constant. O
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Lemma 5 4 Let (M;, w;, F; = (J;, H;)) be semitoric manifolds fori = 1,2. If

o M f—) M5 is a symplectic (S' x R)-embedding with respect to the Hamil-
tonian flow action on each system, then

p*h=eli+c; and p*Hy=ali+bH| +cpy
for some e € {1} and a, b, cy,cy € R such that b # 0.

Proof. Since p is S! x R-equivariant there exists A € Aut(S' x R) such that
p(p(g,my)) = ¢p(A(g), p(my)) for all g € S! x Rand m; € M;. Associate
S x R with R/Z x R and give it coordinates (x, y) € R%. Then A € Aut(S' x R)
and A continuous means that A descends from a linear invertible map from R? to
itself, which we will also denote A € GLy(R). Write A = (A;;) for A;; € R and

i, j € {1,2}. The automorphism A sends the identity to itself so A € Z x {0}

n
0
for all choices of n € Z. This implies that Aj; € Z and Ay; = 0. Since A is
invertible and A~ € Aut(S' x R) we see that (Aj;)~! € Z and so A} = +1.
Since A is invertible and upper triangular we know that Ay # 0.

For a function f: M; — R let Xy denote the associated Hamiltonian vector
field on M;,i = 1,2. Also,forv € g = Lie(S! x R), thought of as the tangent
space to the identity, let vy, denote the vector field on M; generated by v by the
group action. Endow g with the coordinates (o, 8) so that the exponential map
will send («, B) € gto (o, B) € R/Z x R. Now notice that X;, = (1,0)y, and
Xu, =0, Dy .

Form; € M;,i = 1, 2, such that p(m) = m, we have

(p(¢((t,0),m1))) _d

—| (sate.01.m)

p*X]] (mZ) =

d
dr t=0
= (TA(1,0)),, (m2)

t=0

Notice that T(]yo) = (A11,0) € g. Then ,O*le = (TA(l, 0))M2 =A11(1, 0)M2 =
A11Xy,. Similarly we see that p. Xy, = A12X), + AnXp,. By Lemma 5.3 this
implies that

b= fite,  ad g H =22 g,
A1 A11A Ax

for some cj,cy € R. Recalling that Aj; € {£1} and Ajy, Axpp # O take e =

(A1) 'anda = f\/{iz and b = (A2)~ ! to complete the proof. L]

Proposition 5.5. The semitoric packing capacity, ST , is a symplectic (S' x R)-

capacity on Symp4 SR
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Proof. The proof that S7 is conformal and non-trivial is analogous to the proof of
Proposition 4.2, so we must only show that 871’ is monotonic. Let (M;, w;, F;) be
semitoric for i = 1,2 and suppose ¢: M, SR Mj is a symplectic (S' x R)-
embedding. Recall that action-angle coordinates are local Darboux charts in which
the flow of the Hamiltonian vector fields are linear. Since ¢ is symplectic, (S! x R)-
equivariant, and ¢*(F>) = A o F| where A: R? — R? is affine (Lemma 5.4), this
means that ¢ sends action-angle coordinates to action-angle coordinates. Since
semitoric embeddings are those which respect the action-angle coordinates, given
any semitoric embedding p: B2'(r) — M, the map ¢ o p: B¥'(r) — M, isa
semitoric embedding. It follows that S7 (M) < 87 (M>). O

6. Continuity of symplectic T"-capacities

In this section we study the continuity of the symplectic T”-capacity constructed
in Section 4. We will outline the procedure used in [18] to construct a natural

n
metric on the moduli space of toric manifolds. Since W: Ham%" T /~1 — Pris

a bijection we can define a metric space structure on Ham%”’w /7t by defining a
metric on Pr and pulling it back via W. A natural metric on Pr is given by the
volume of the symmetric difference. For A, BC R"let A*x B = (A\ B)U(B\ A)
denote the symmetric difference and let A denote the Lebesgue measure on R”. For
A1, Ay € Py define dp(Ay, A2) = A(A * Ap). Now let dr = W*dp. In [18]
the authors show that (Ham%" T /=T, dT) is a non-locally compact non-complete
metric space.

The map

2n,T" | 2n,T"
Ham A1 — Sympy T /~T

given by [((M, w, ¢, n)] — [(M,w, ¢)] is a quotient map and thus we can en-
dow Symp%"’T /~T1 with the quotient topology. Since Symp%"’T /~T 1S a quotient
of Symp?r"’w we can pull the topology up from Symp%"’w /~T to Symp%"’w by

declaring that a set in Symp%"’w is open if and only if it is the preimage of an open

n n
set from Symp%"’T /~T1 under the natural projection. Two points in Symp%"’T are

not separable if and only if they are T"-equivariantly symplectomorphic. Thus a

map c: Symp%”’w — [0, o0] which descends to a well-defined map ¢ on

Symp%"’w /~ is continuous if and only if the map ¢: Ham%"’w /~1 — [0, 00]
is continuous, where ¢ is defined by the following commutative diagram:

Next we define an operation on Delzant polytopes. Let n € Z~¢. For xo € R",
wi, ..., W, € Z",and ¢ > 0 define

Hio(wl,...,wn) ={x0+thjwj | t, ...ty €R>O’thj > e} (6.1)

Suppose that A € Pt and xo € R” is a vertex of A. Letu; € Z",i = 1,...,n,
denote the primitive vectors along which the edges adjacent to x( are aligned.
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2n,T™ 2n,T™
Ham7p”"  ————— Symp:,

| | /

HamZn T /’\'1 Sympln T /Nl

— [0,00]

The e-corner chop of A at xo is the polygon A}~ € Pr given by Al = AN
cho (uy1, ..., up) where ¢ is sufficiently small so that AxO has exactly one more
face than A does as is shown in Figure 6.1. One can check that if A € Pr then

Xo

A % A%

M,
Figure 6.1. An e-corner chop at a vertex xo of A for some ¢ > 0.

Afc € Pr. Notice that lim, o dp(A, AxO) = 0. This means that given any ele-
ment of Pt with N vertices, corner chopping can be used to produce other polygons
which are close in dp and all polygons produced in this way will have more than N
vertices. Let P%V denote the set of Delzant polygons in R” with exactly N vertices.
We will later need the following.

Proposition 6.1 ([7]). Let N € Z.o and A € P{V . Any sufficiently small neigh-
borhood of A is a subset of Uy>n)yPY /

We study ball packing problems about symplectic toric manifolds by instead study-
ing packings of the associated Delzant polygon. Let A € Pr be a Delzant poly-
tope. Let AGL,(Z) = GL,(Z) x R" denote the group of affine transformations

in R” with linear part in GL,(Z). Forr > 0 let A(r) = Conv{rey,...,re,,0}\
Conv{rey,...,re,} where Conv(E) denotes the convex hull of the set E C R”"
and { ey, ..., e, } denote the standard basis vectors in R”. Following [16], a subset

Y of A is an admissible simplex of radius r > 0 with center at a vertex xy of A if
there exists some A € AGL,,(Z) such that:

(1) A(Ar) =%

(2) A0) = xo;
(3) A takes the edges of A(r'"?) meeting at the origin to the edges of A meeting at
X0.

An admissible packing of A is a disjoint union R = | |, 4 X« C A where each
% is an admissible simplex for A. This is illustrated in Figure 6.2. The half-plane
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H?, given in Equation (6.1) is designed so that that an e-corner chop on a Delzant
polytope corresponds to the removal of an admissible simplex of radius .

The function Q: Symp%”’w /~1 — (0, 1] given by

sup{ vol(P) | P is a toric ball packing of M }

QM) = vol(M)

known as the optimal toric density function, has been studied in [7,16,19]. In
particular, in [7] the first and third authors of the present article studied the regions
of continuity of €2 and proved the n = 2 case of Theorem 1.2 part i. They stated the
theorem in terms of €2, while we state it in terms of 7 .

Let vol: Symp%"’w — R denote the total symplectic volume of a symplec-
tic toric manifold and let volp: Pr — R denote Euclidean volume function of a
polytope in R”. Let (B> (r), wg, ¢B, UB) € Ham%"’w denote the standard ball of

radius 7 > 0 in C" with the standard action of T" and suppose that (M, w, ¢, u) €
Ham%"’T . Let Ag = ug(B¥'(r)) and A = w(M). Then, as shown in [16],
vol(M) = n!m"volp(A) and if f: B¥'(r) I Misa symplectic T"-embedding
then

vol (BZ" (r)) =V01<f (an (r))) =n!m"volp <Mof (BZ” (r))) =n!m"volp(Ap).

Theorem 6.2 ([16]). Let (M, w, ¢, 1) € Ham%"’w and let A = u(M). Suppose
¢ : B (r) M is a symplectic T"-embedding for some r >0. Then (¢ (B¥'(r))) C
A is an admissible simplex of radius r*. Conversely, if ¥ C A is an admissible
simplex of radius r* then there exists a symplectic T"-embedding ¢: B*'(r) — M
such that (¢ (B (r))) = .

Moreover, if P is a toric ball packing of M, then w(P) C A is an admissible
packing of A. Conversely, if R is an admissible packing of A then there exists a
toric ball packing P of M such that u(P) = R.

Since there is a toric ball packing P of M related to an admissible packing R
of A by u(P) = R, it follows that vol(P) = n!n"volp(R). To study packing of the
manifold we will study packing of the polygon. Thus, we define w1: Pr — (0, 00)
by

mr(A) = sup { volp(R) | R is an admissible packing of A }.

(@) (b) =

Figure 6.2. (a) An image of A(1) C R?. (b) An image of an admissible, but not
maximal, packing.
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Suppose that A € 73%’ with vertices vy, ..., vy € R" and let n%(A) be the supre-
mum of volp (R) over all admissible packings R of A in which v; ¢ R.
The following result generalizes [7, Theorem 7.1] to the case n > 3.

Theorem 6.3. Fixn € Z~o. For N € Z31 and let 'P!FV denote the set of Delzant
polygons in R™ with exactly N vertices. Then:

(1) The function mt is discontinuous at each point in Pr;

(2) The restriction 7TT|7;._{y is continuous for each N > 1;

B IfA € 77?] then P%V is the largest neighborhood of A in Pt in which mt is
continuous if and only ifzr%(A) <ar(A) forall1 <i < N.

Proof. First we show (1). Let A € P%V and for any small enough ¢ > 0 perform
an g-corner chop (as in Section 6) at each corner to produce A, € P%N . Any
admissible packing of A, can have at most 2N simplices and each simplex must
have one side with length at most ¢ while the other sides are universally bounded
by the maximal side length of A. The size of such simplices decreases to zero as €
does, so lim,_.g 7T(A.) = 0. Hence

lim dp(A, Ag) =0
e—0

but
glg)r(l) |TT(A) — 1 (Ag)| = 1 (A) > 0,

so 7t is discontinuous at A.

Now we prepare to show part (2). For any vy, ..., v, € Z" let [vy, ..., v,]
denote the n x n integer matrix with i™ column given by v; fori = 1, ..., n. Let
n: SL,(Z) — GL,(R) given by

V] v
N, ..., v)) = [— —"]
[v1] [Un |

take a nonsingular integer matrix to its column normalization. Notice for any A =
[vi, ..., v,] € SL,(Z) that

det(A) = vi] -+ - [va] - det(n(A)).

Suppose A € Pr is n-dimensional. In a neighborhood around each vertex the poly-
tope is described by a collection of vectors vy, ..., v, € Z" with det(vy, ..., v,) =
1 along which the edges adjacent to this vertex are directed. So, associated to
any vertex of a Delzant polytope, there is a matrix A € SL,(Z) given by A =
[vi, ..., v,] which is unique up to even permutations of its columns and thus,
though A is not unique, the values determined by det(A) and det(n(A)) associated
to a vertex are well-defined. Fix A € 79%/ and { A} =1 C 73]1_\/ such that

lim dp(A, Aj) =0. (6.2)

J—>00
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For j large enough for each vertex V of A there must be a corresponding vertex V;
of Ajsothat V; — V as j — oo. Let A € SL,(Z) be a matrix corresponding to
Vandlet A; € SL,(Z) be a matrix corresponding to V; for j € Z large enough. In
particular, convergence in dp, which is convergence in L' (R"), implies that locally
these vertices must converge, so Equation (6.2) implies that

Jim_|det(n(4)) — det(n(4,))] = 0.

Now we are ready to prove (2) by showing that the collection of possible vertices
of Delzant polytopes is discrete. Fix A € 77%’ with a vertex V at the origin and let
e > 0. Choose § > 0 small enough so that if A’ € PY with a vertex V' at the
origin then dp(A, A’) < § implies that

|det(n(A)) — det(n(A")| < e, (6.3)
where A € SL,(Z) is a matrix associated to V and A’ € SL,(Z) is a matrix
associated to V’. Suppose that ¢ < det(n(A)). Now let A’ = [wy, ..., w,] for
w; € Z",i = 1,...,n. These are all nonzero integer vectors so |w;| = 1 for
i=1,...,n.Foreachi we have

1 =det(A") = [wi] [wa]...|wy|det(n(A") = |w;| det(n(A"))
and so by Equation (6.3)

1
< .
det(n(A’)) = det(n(A)) —e

|lw;i| <

Thus each w; € Z" has length at most (det(n(A)) — €)1, a value which does not
depend on A’, and so to be within § of A the vectors directing the edges coming
out from the vertex V' of A’ must be chosen from only finitely many options. This
means the set of possible local neighborhoods of vertices is discrete. Thus, for small
enough § > 0 we conclude that dp(A, A’) < § implies that there exist open sets
U, U’ ¢ R" around the vertices V and V'’ such that

ANU = F. (A NU"),

where F.: R — R is a translation by some fixed ¢ € R". Now, let A € P%V be any
Delzant polytope in R” with N vertices. In a sufficiently small dp-neighborhood
of A all polytopes must have the same angles at the finitely many vertices by the
argument above. Thus they are all related to A by translating its faces in a parallel
way (which includes as a special case rescaling the polytope), which continuously
changes 7rt. This proves (2) because st is continuous on such families.

Finally we show (3). Let A € P%V and assume that 77(A) = m(A) for some
i € {1,..., N}. Then there is an optimal packing of A which avoids the i vertex.
Fore > 0 let A, € P{v *1 be the e-corner chop of A at the i™ vertex. Since the
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optimal packing of A avoids the i th vertex, we see that limg_.0 dp(A, Ag) = 0 and
limg_, ¢ 77(A) = w1 (Ag) so there is a set larger than P%V on which 7T is continuous
around A.

Conversely assume that A € P%V satisfies n%(A) < nar(A)foralli =1,...,n.
By Proposition 6.1 we know that any small enough neighborhood of A only in-
cludes polytopes with N vertices and polytopes with more than N vertices, which
are produced from corner chops of A. We must now only show that 7T can-
not be continuous on any neighborhood of A which includes any such polygons.
For e > 0 let A, € P{V *1 be the e-corner chop of A at the i™ vertex. Then
limg o m1(Ag) = n%(A) < mr so for small enough corner chops mT(A,) is
bounded away from m7(A). Thus any set on which w1 is continuous around A
cannot include any corner chops of A. From this we conclude that any such set
cannot include polytopes with greater than N vertices. The result follows since is
continuous on all of 73%/ . O

Theorem 1.2 part i follows from Theorem 6.2 and Theorem 6.3. In addition,

these Theorems also imply the following result. Let N > 1 and let Symp%f’}\}r’l

denote the set of symplectic toric manifolds with exactly N points fixed by the

T"-action. For (M, w, ¢) € Sympgrf'}\;rn with fixed points p,..., py € M let
1
; sup{ vol(P) | P is a toric ball packing of M such that p; ¢ P }\2»
T'(M) = .
vol(B21)

Proposition 6.4. The space Symp%"ll’\jrn is the largest neighborhood of M in

Symp%"’w in which T is continuous if and only if T'(M) < T (M) for every
I1<i<N.

Theorem 1.2 part i and Proposition 6.4 are illustrated in Figure 6.3. If n = 2
Proposition 6.4 was proved in [7].

(C)N—

Figure 6.3. Continuous families of Delzant polygons on which (a) 7 is continuous and
(b) 7 is not continuous.
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7. Continuity of symplectic (ST x R)-capacities

In this section we study the continuity of the symplectic (S! x R)-capacity con-
structed in Section 5. In [15] the second author defines a metric space structure on
the moduli space of simple semitoric systems and in this section we will review this

structure. We are only interested in the topology of Symp‘é%g xR /~sT SO, as is sug-
gested in [15, Remark 1.31(3)], we will use a simplified version of the metric. It is
shown that while the simplified version produces a different metric space structure

on Sympgf1 *B /g7 it induces the same topology on Symp‘s‘%9 xR /~sT as the full
metric [15, Section 2.6].

Let us recall how the metric is constructed, since it is essential for the proofs
of the upcoming results. One has a metric for every invariant (Definition 3.5) and
then [15] constructs a “joint” metric from these. The first metric is the one on
the Taylor series invariants, which is given as follows. A sequence {b,}>°, with
b, € (0, 00) is said to be linear summable if ZIC1>0=O nb, < oo. Let {b,} be any such

sequence and define d]g)[&’:;’”o ((SH>, (§2)*) to be

Zmin(
i,j 20,3, /)#(0,1)

1 2
J2m — ‘00’1 — 001

,bl),

1 2 : 1 2
%ij Ui,j) ’ bi+j> + min (‘%,1 9.1

where (§H)® = >0 aijin e R[[X, Y]]o for ¢ =1, 2.

We denote the Lebesgue measure by A and use * to denote the symmetric
difference. A measure v on R? is admissible if it is in the same measure class as
A (i.e. v < X and A < v) and there exists some g: R — R such that the Radon-
Nikodym derivative of v with respect to A satisfies g—)‘{ (x,y) = g(x)forallx,y € R,
where g is bounded and bounded away from zero.

Fix an admissible measure v. For m s € Z> and k € Z"/ let PolygrS"Tf ’k(Rz)o
denote the set of primitive semitoric polygons with complexity m s and twisting

index k and let Polygngf ’k(]Rz) denote the set of semitoric polygons which are
the orbit of a primitive semitoric polygon in Polyg’:{’k(Rz)o. We may define
dp: PolygrS"{ ’k(Rz) X Polyggl{ ’k(Rz) — [0, c0) by shovi/ing how it acts on orbits
[AL] elements A%, = (A7, (€, +1.k)""}) € Polyggt ™ (R?)o. If my > 0,

y .

dp(IALLIAL) = D w(E(ah) iy (a%)
uef{0, 1"/

and,if my =0,
dp([AL1, [AZ]) = v(A" x A?).

For I'=(m s, (($9)%)"/

. . . . 5 bn O(i
"1 LA (B ) €1, with i =1,2 define d;j{_ NG

j=1



92 ALESSIO FIGALLI, JOSEPH PALMER AND ALVARO PELAYO

to be
d%((AL) [AL]) + Z ( e (D™, (5H%) + \h} - h?\ )

v, {b "} —0(]1 12)

oo (so systems in different T, SR will be in dlfferent components of the result-

if 1!, 12611 v i for some m ¢ €Zx0, k k €7 and otherwise deﬁned

ing topological space). The metric Dst on SympST /~ST is the pullback of
this one by ®. It was shown in [15, Theorem A] that the topology induced on

(Symp4 SIxR
{bn } 2o
4,5!
Since HamST xR

/~st, DsT) by the metric does not depend on the choice of v or

1
/~sT is a quotient of Hamgf B we can pull the topology

1
up from HalmST / ~AsT to HamgTs R by declaring that a set m Ham4 §R g

open if and only if it is the preimage of an open set from HamST / ~gT under

the natural projection. We endow Symp4 §'xR

4, 8" xR 4,8" xR
tive to the map Hamg — Sympgrp

4, S'xR

with the quotient topology rela-
which forgets the momentum map.

Thus a map ¢: Sympgr — [0, oo] which descends to a well-defined map ¢

on SympST / ~gr is continuous if and only if the map ¢: HamgTS xR ST —

[0, oc] is continuous where ¢ is defined by the commutative diagram:

4,51 xR 4,51 xR e
Hamg ——— Sympgr —— [0, 0]

| -

4,81 xR 4,81 xR

Hamgy ™ /~gr —— Sympgy

/~sT

Let Ay = (A, (Z,\j, +1, kj)j.zl) be a primitive semitoric polygon, and let v € A
be a vertex.

Definition 7.1. An admissible semitoric simplex of radius r > 0 with center at v
is a subset X of A such that there exist some A € AGL,(Z) and u € {0, 1}/
satisfying:

- AACP) = (2);
- AO) =1 (v);
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- A takes the edges of A(r"/?) meeting at the origin to the edges of z‘)—\’2 (A) meeting
Uiy
at tX (v):
- X C A" where

Aﬁ=A\{(x,y)eA x =xjand (=2 + 1)y = ming,, y,) Yo + & }

for some j € {1,...,my}
An admissible semitoric packing of A, is a disjoint union R = | |, 4 Xo Where
each X, is an admissible simplex of some radius, where the radii of the simplices

are allowed to be different.

Such a simplex cannot exist at a fake corner.

Figure 7.1. An admissible semitoric packing. Here ¢ denotes t%.

Lemma 7.2 ([17]). Let F 8 be a momentum map for the usual T"-action on B2 (r),
r > 0, and let (M, w, ¢, F) be a Hamiltonian T"-manifold of dimension 2n. If
0: B (r) < M is a symplectic T"-embedding with respect to some A € Aut(T")
then there exists some x € R" such that the following diagram commutes:

B¥(r) —— M

e |r
R2 (AN R2
where (A") ™! + x is the affine map with linear part (A")~! which takes 0 to x.

In [13] a proper Hamiltonian T"-manifold is a quadruple (Q, w2, F2 T
where (Q, w9) is a connected 2n-dimensional symplectic manifold with momen-
tum map F € for an action of T” and I C Lie(T")* is an open convex subset with
F2(Q) C I and such that F€ is proper as a map to I'. A proper Hamiltonian T”-
manifold is centered about p € I' if p is an element of each component of F 20Ky
for each subgroup K C T", where QX is the set of all points in Q which are fixed
by the action of all elements of K.
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Lemma 7.3 ([13]). Let (Q, w2, F2,T") be a proper Hamiltonian T"-manifold of
dimension 2n. If (Q, w2, FQ, ) is centered about p € T and (FQ)_I({p}) = {q},

then Q is equivariantly symplectomorphic to {z € C" | p + Z'}-:l |z j |2 r]?- el},

where 77'1], ... € Lie(T™)* are the weights of the isotropy representation of T"
onT,Q.

We use Lemma 7.2 and Lemma 7.3 to prove the following.

Proposition 74. Let (M, w, F = (J, H)) be a semitoric manifold such that
(D((Ma w, F)) (mf ((S )OO)] 1° [Aw]a (h])3O:])

where Ay, = (A, (EA +1,k; ) 1) is primitive with associated momentum map
Fe Fum such that f(M) A. Then.

(1) Suppose p: B*(r) < M is a semitoric embedding for some r > 0. Then
F (p(B4(r))) C A is an admissible semitoric simplex with radlus r2. Con-
versely, if ¥ C A is an admissible semitoric simplex with radius r? then there
exists a semitoric embedding p : B*(r) > M such that F(p (B*(r))) =

(2) Let P be a semitoric ball packing of M. Then F (P) C Aisan admtsszble
packing of Ay,. Conversely, if R is an admissible packing of Ay, then there
exists a semitoric ball packing P of M such that F(P) =

Proof. Part (2) follows from Part (1) since the semitoric simplices associated to
disjoint semitoricly embedded balls are disjoint. This follows from the fact that

F~!(p) is a 2-dimensional submanifold of M for any regular point p € A and the
embedded balls are 2-dimensional.

Suppose that B C M is a semitoricly embedded ball of radius r > 0. Then
for some € € {—1,+1}"/ the map p¢: B4(r) — ME is a T2- -embedding with
respect to some A € Aut(T?). Recall M “isa Hamiltonian T2- manifold and denote
a momentum map for this action by F€. Let p= F¢€ (p(0)) and let A€ = FG(MG)
Hence by Lemma 7.2 the diagram

B*r) —2—» MEF

FBl l -

At—l _
Ap (A" +x AZ

commutes for some x € Lie(T?)*. Since A is an automorphism so is (A’ )~ !, hence
it sends the weights of the isotropy representation of T2 on Ty (B*(r)) to the weights
of the isotropy representation on 7), M. Since (A’ )~ ! is linear and A is the convex
hull of the isotropy weights of the representation on To(B*(r)) and the origin, we
find that R

£ =AD" +x1(Ap)
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is the convex hull of p, p +r2ay,and p + r2a,, minus the convex hull of p +r2a
and p 4 r?ay, where o1 and o are the weights of the isotropy representation of T?
onT,M. For i = 2(1 —€) recall thatt (A) = A€andlet T = (ti‘)_l(Eg). Notice
that ® = F (p(B*(r))) C A and it is an admissible semitoric simplex.

To prove the converse let ¥ C A be an admissible semitoric simplex. This
means that there exists some € € {—1, +1}"/ such that

[
Y= ZX(E)

satisfies the requirements of Definition 7.1, where u = %(1 —&).Let A/ = t%(A).
Let p be the unique vertex of X’. Thus, ¥’ is the convex hull of p, p + r’aj, and
p+r 2>, minus the convex hull of p+r 201 and p+r 2, for some «; € R2,
withi =1,2. LetT" C R? be the unique open half plane satisfying T U A" = ¥,
Let N = F~ 1(2) and let " = w|y. We can see that N C M is open and by
the proof of the Atiyah-Guillemin-Sternberg convexity theorem [1,10] we know
that N is connected. The map F is proper because its first component, J, is proper
and thus FV := t” (F|N) : N — X/ is proper. Therefore FV: N — T is proper
because (FN) 1(1" \X) =40, ,.and hence (N, o FN ') is a proper Hamiltonian
T2-manifold. Since (N, »", FN,T) is centered about p € R? by Lemma 7.3 we
conclude that N is equlvarlantly symplectomorphlc to

{(z€C? | p+lzilar + |22l a2 e T} =B*(r).

It follows that there exists a symplectlc T?-embedding p: B*(r) — M € with i image
N so F(p(B*(r) = F(N) = O

Define the optimal semitoric polygon packing function mst: PolygST(]R2) —
[0, oo] by

wst([Aw]) = sup{volp(P) | P is an admissible semitoric packing of A, }.

It is well-defined because any two primitive semitoric polygons in the same orbit
are related to one another by a transformation in G, ;X G which sends semitoric
packings to semitoric packings and preserves volume.

Definition 7.5. We call o € (0, ) a smooth angle if it can be obtained as an angle
in a Delzant polygon.

Equivalently, & € (0, ) is smooth if and only if it is the angle at the origin of
Aqx(A(1)) for some A, € SLo(Z).

Lemma 7.6. The set of smooth angles is discrete in (0, ) C R.

Proof. Fix a smooth angle « € (0, 7) and fix some ¢ > 0 small enough so that
(¢ —¢e,a+¢€) C(0,m). Let

B:(a) ={B € (0, ) | B is asmooth angle and |@ — 8| < €}
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and let §; > O be such that if 8 € B.(«) then |sin(«) — sin(8)| < §.. Now fix any
B € B¢(a). This means there exists some Ag € SL(Z) such that g is the angle at
the origin of A = Ag(A(1)). Let £1, £> € R denote the lengths of two edges of the
simplex A which are adjacent to the vertex at the origin. These each represent the
magnitude of a vector in Z" so £; > 1 fori = 1,2. By the choice of §; we have
that sin(8) > sin(«) — .. Since A has area % we know that £250B) _ 1 44 50
fori =1, 2 we conclude that 1 = £1¢5 sin(8) = ¢; sin(f) which implies that

1 1

X < — .
sin(8)  sin(a) — &,

Therefore associated to each § € B.(«) there is a pair of vectors in Z? each with
length less than (sin(c«) — 8¢)~ !, a value which does not depend on B. There are
only finitely many such vectors. O

The proof of Lemma 7.6 is taken from the proof of [7, Theorem 7.1] and is a
two-dimensional version of the strategy used in Theorem 6.3. Let ¢ € (0, ) be
called a hidden smooth angle if it can be obtained as a hidden corner in a primitive
semitoric polygon.

Corollary 7.7. The set of hidden smooth angles is discrete in (0, 7) C R.

It is important to notice that a sequence of smooth angles can approach . This
must be the case, for example, if a semitoric polygon has infinitely many vertices.
Definition 7.8. We say that a vertex v of (A, (;, +1, kj)’;.zl)) is non-fake if it is
either Delzant or hidden in one, and hence all, elements of the affine invariant. For
N > 1let PolyglsvT (IR?)( denote the set of primitive polygons with exactly N non-

fake vertices and let PolygISVT(RZ) denote the set of (G, F X G)-orbits of elements
of PolngSVT(Rz)o. Let IV be the set of all semitoric ingredients for which the affine
invariant is an element of PolyglsvT (R?) and let
4,51 xR —1,N
Sympgr v = @7 (I™)
where @ is as in Equation (3.2).

Recall 'Hf,(v) defined in Equation (6.1). The following are two operations
which can be performed on [A,,] to produce a new element of PolygST(Rz)o.

Definition 7.9. Let A, = (A, (&5, +1,k,~);’.’-=” ). Let p € A be a vertex and let

vy, vy € Z? be the primitive inwards pointing normal vectors to the two edges
which meet at p ordered so that det(vy, vy) > 0.

If p is a Delzant vertex of A, then the e-corner chop of Ay, at p is the primitive
semitoric polygon

APE = (A NH, (1 +v2), (6, +1, kj)’;il) :
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Similarly, given [A,,] we say that [AL?] s the e-corner chop of [Aw] at p.

Suppose p is a hidden corner of A, and thus there exists j € {1,...,m }
such that p € ¢, ;. The &-hidden corner chop of Ay, at p is the primitive semitoric
polygon

A =(an 1! (M 1+ v). (G +1, KDFL)

We say that [AL#] is the e-hidden corner chop of [Ay] at p.

The hidden corner chop of a hidden corner amounts to acting on the polygon
with tl}A _ to transform the hidden corner into a Delzant corner, performing the usual

corner chop on this Delzant corner, and then transforming the polygon back with

t,, - This is shown in Figure 7.2.
J

(a) (b) (© (d

T N

| —
Figure 7.2. In (a) a hidden corner is shown. In (b) we unfold it by reversing the sign
of the associated ¢; resulting in a Delzant corner. In (c) we perform corner chop on this
corner and in (d) the €; returns to its original sign.

Lemma 7.10. Fix N € Zxy. Each [A,] € PolygISVT(RZ) has an open neigh-
borhood in Polyg]SVT(Rz) which consists exclusively of transformations of [Ay] in
which its sides are moved in a parallel way. Moreover, any sufficiently small neigh-
borhood of [ A] in Polyggr(R?) is contained in U= N)PolygévT, (R?).

Proof. The angles of non-fake corners are discrete by Lemma 7.6 and Corollary 7.7.
This means that there exists a neighborhood of [A,,] in which all elements which
have N non-fake vertices must have all of the same angles as [A,]. This is the open
neighborhood described in the Lemma. Any semitoric polygon with fewer non-fake
vertices than [A,,] is bounded away from [A,,] because the only ways to change
the number of non-fake vertices are a corner chop or introducing a smooth angle
into an edge of infinite length, but by Lemma 7.6 smooth angles are discrete.  [J

Lemma 7.11. The map mst: PolygST(]Rz) — [0, o0] is discontinuous at every
point.

Proof. Primitive semitoric polygons must have at least one non-fake vertex. Let

[Au] = [(A, ), +1, k)7 )]
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be a semitoric polygon. First assume that [A,,] € PolygévT (R?) for some N > 1 and
that wsT([Ay]) < oo. Then for ¢ > 0 small enough define [A{] to be the semitoric
polygon produced by performing an e-corner chop at each non-fake vertex of [A,].
We have that
lin%)dng([A], [AZ)]) =0. (7.1)
E—>

A packing of [A?] has at most 2N disjoint admissible simplices. Since their side
lengths are determined by the lengths of the adjacent edges, one of which is length
&, we have that lim._,o wsT([A%,]) = 0. Since every semitoric polygon has positive
optimal packing we have

lim st ([Aw]) = 751(AL)| = 75T([AWD > 0

and thus, in light of Equation (7.1), st is discontinuous at [A,,].

Suppose [Ay] € PolygéVT(RQ) for some N > 1 and sT([Ay]) = oo. Since
[Ay] has only finitely many non-fake vertices, any admissible packing has only
finitely many admissible simplices. Hence there is a vertex at which an arbitrar-
ily large simplex fits. The only possible case is that N = 1 and the polygon is of
complexity zero. Taking a corner chop of any size at the single non-fake vertex pro-
duces a polygon on which wgt evaluates to a finite number, so wgT is discontinuous
at [Ay].

Now suppose that wst([Ay])<oo and [A,]ePolyggt (Rz)\U N> Polygé\’T (R?).
Fori € Zzy let I; C R be given by I; = [-n,n] \ (—(n — 1),n — 1) and let
N; € Z>g denote the number of non-fake vertices of [A,,] with x-coordinate in /;.
This number is finite by the definition of a convex polygon and it is invariant under
the action of G, x G. For & > 0 small enough let [A7,] be a semitoric polygon
which has a small corner chop at each non-fake vertex such that, at each vertex in
I; fori € Z3, the largest possible admissible simplex that can fit into that vertex
has volume at most m Then an admissible packing R of [A? ] satisfies

o0

£
VOI’P(R) § Z] WZNI = &.
1=

Therefore

lim dZ3([Au]. [AL]) =0

e—>0
while

sli_r)% |rst([Aw]) — st (AL D] = wsr([Aw]) > 0

and thus srgT is not continuous at [A]. O

For [Ay] = [(A, (fzk_,.,+1,kj)7-=f D1 € Polygh . (R?) with non-fake vertices

Vi, ..., UN, let Tl’g?r’i (A) be the total volume of the optimal packing excluding all
packings which have a simplex centered at v;.
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Theorem 7.12. Let wsT: PolygST(Rz) — [0, oo] be the optimal semitoric polygon
packing function. Then:

(1) msT is discontinuous at each point in PolygST(]Rz);
(2) the restriction 7T5T|PolygévT(R2) is continuous for each N € Z1;

3) if[Ay] € PolygISVT(]Rz) then PolygISVT(RZ) is the largest neighborhood of Ay, in

PolyglsvT (R?) in which mst is continuous if and only ifnéT([Aw]) < wst([Ay])
foralll1 <i < N.

Proof. Part (1) is the content of Lemma 7.11.

By Lemma 7.10, given any [A,] € Polygls\’T (R?), there exists a neighborhood
of [Ay]in Polygls\’T (IR?) containing exclusively orbits of polygons formed by trans-
lating the sides of A, in a parallel way. Hence part (2) follows from this because
7rsT 18 continuous on such transformations.

For Part (3) suppose first that 7sT([Ay]) =n§T([Aw]) forsomeie{l,..., N}.
This means that there exists some optimal packing avoiding the i™ non-fake vertex.
For ¢ > 0 let [A{ ] be the result of an e-corner chop at the i th vertex and notice that
lim,_,q ds?}([Aw], [A%]) = 0 and lim,_, wsT([AS]) = msT([Ay]). Thus there
exists some set larger than Polyg’sVT(RZ) on which mgt is continuous, as shown in
Figure 7.3.

%

Figure 7.3. Corner chop of a corner not used in the optimal packing.

Finally, to show the converse assume that [A,,] satisfies JrgDT” ([AyD < ngDT([Aw])
forall 1 <i < N. By Lemma 7.10 there is an open set around [A,, ] in which the
only elements not in Polygls\’T (R?)q are obtained from [A,] by iterations of corner
chops, parallel translations of the edges, and introducing a smooth angle into an
edge of infinite length. For & > 0 let [Af ] be any e-corner chop at the i th non-fake
vertex of [A,]. Then

lim 7s([ALD = 75r(Awl) < w5t Aw])

and the result follows. O

1
Notice that the quotient map Sympg’TS R, Polygqr(R?) is continuous and

1
the metric on Symp‘st%9 R is the sum of the metric on Polygqp(IR?) and the met-
ric on the remaining components. Thus, Theorem 1.2 part ii follows from Theo-



100 ALESSIO FIGALLI, JOSEPH PALMER AND ALVARO PELAYO

rem 7.12. For (M, w, F) € Symp‘S"TSlA?dR with fixed points pi, ..., py € M let

ST (M)= (sup{vol(P) | P C M is a semitoric ball packing of M and p; ¢ P })

vol(B%)
Proposition 7.13. Let N > 1. If (M, , F) € Symp *® then SympS " ® is the

largest neighborhood of M in Symp‘s‘ﬁ:91 *B in which ST is continuous if and only
ifST' (M) < ST(M) forall1 <i <N.

Theorem 1.2 part ii and Proposition 7.13 are illustrated in Figure 7 4.

@ ’ (b) £

~ .
|

\ . Yy

Figure 7.4. Continuous families of primitive semitoric polygons on which (a) S7 is
continuous and (b) S7 is not continuous.

Definition 7.14. The semitoric radius capacity is the symplectic (S! x R)-capacity
ST rad: SympgTS *R 10, 00] given by

ST raa(M) = sup{r > 0 | there exists a semitoric embedding B*(r) < M }.

It can be shown that S7 g is a (S! x R)-capacity in the same way that it was
shown that S7 is a (S! x R)-capacity. Recall that Symp%"’Rn is the symplectic
R”"-category which is the collection of toric manifolds with their T"-action lifted to
an R"-action. Let Syman ]\]}% denote those systems with exactly N points fixed by
the R"-action. By repeating the proofs of the continuity results Theorem 1.2 part i,
Proposition 6.4, Theorem 1.2 part ii, and Proposition 7.13 we immediately have the
following result, that yields Theorem 1.2 part iii.

Theorem 7.15. The maps cB | mp2 wr and ST 1aq are discontinuous everywhere

on their domains and the restrlctzons ch n and ST 1.g are both
B | Symp%ff}vlR rad Sympgﬁ N R
. 2n,R" MR
continuous. For (M, w, F) € Sympy y  the set Sympy y is not the largest

2n,R"

neighborhood of M in Symp in which cg’"l Symp2E" is continuous and for
T

M,w, F) € SympST N R the set Symp‘S"TSII\;<R is the largest neighborhood of M

4, S'xR

in Sympgy in which 8T a4 is continuous if and only if N = 1.
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Remark 7.16. There are many examples of classical symplectic capacities (see for
instance [3]), and it would be of interest to adapt these capacities to the equivariant
category. It would also be useful to construct symplectic G-capacities for more
general integrable systems. In particular, integrable systems where a complete list
of invariants is not known (that is, the vast majority).

In [8] the authors give a lower bound on the number of fixed points of a circle
action on a compact almost complex manifold M with nonempty fixed point set,
under the condition that the Chern number c¢jc,—1[M] vanishes. These results ap-
ply to a class of manifolds which do not support any Hamiltonian circle action
with isolated fixed points, and which includes all symplectic Calabi-Yau mani-
folds [26] (see [8, Proposition 2.15]). The class of symplectic Calabi-Yau mani-
folds is thus of particular interest because they do not admit integrable systems of
toric or semitoric type. Also, there is work extending the classification in [20] and
related results to higher dimensions [24], so one could extend the semitoric packing
capacity to higher dimensional semitoric systems, for which there is currently no
classification.

Another interesting direction would be to generalize the work in [14] to our
setting. There, the author constructs infinite dimensional symplectic capacities
for a general class of Hamiltonian PDEs. In case the PDEs preserves some G-
-action, one may expect to construct also G-capacities in such infinite dimensional
setting, and this may give new interesting result on the long time behavior of
solutions.

Symplectic capacities are also of interest from a physical view point, for in-
stance in [4] the authors describe interrelations between symplectic capacities and
the uncertainty principle. It would be interesting to explore similar connections to
symplectic G-capacities.

Remark 7.17. In this paper G can be a compact Lie group (like in the case of sym-
plectic toric manifolds) or a non-compact Lie group (like in the case of semitoric
systems). In general there are obstructions to the existence of effective G-actions
on compact and non-compact manifolds, even in the case that the G-action is only
required to be smooth. For instance, in [25, Corollary in page 242] it is proved that
if N is an n-dimensional manifold on which a compact connected Lie group G acts
effectively and there are 01, ...,0, € H'(M, Q) such that oy U ... U o, # 0 then
G is a torus and the G-action is locally free. In [25] Yau also proves several other
results giving restrictions on G, M, and the fixed point set M©. If the G-action
is moreover assumed to be symplectic or Kéhler, there are even more non-trivial
constraints. Therefore the class of symplectic manifolds for which one can define
a notion of symplectic G-capacity with G non-trivial is in general much more re-
strictive than the class of all symplectic manifolds.
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