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Multiplicity of solutions for Robin problems with double resonance

NIKOLAOS S. PAPAGEORGIOU AND VICENTIU D. RADULESCU

Abstract. We consider Robin boundary value problems with a reaction exhibit-
ing double resonance at oo with respect to any nonprincipal spectral interval.
We prove several multiplicity theorems, producing nontrivial smooth solutions
with sign information. We also prove an exact multiplicity theorem. We employ
variational tools from critical point theory, together with truncation-perturbation
techniques, flow invariance arguments and Morse theory (critical groups). We
produce up to seven nontrivial smooth solutions all with sign information.

Mathematics Subject Classification (2010): 35J20 (primary); 35J60, 58E05
(secondary).

1. Introduction

Let 2 € RY be a bounded domain with a C 2-boundary d€2. In this paper, we study
the following semilinear Robin problem:

—Au(z) = f(z,u(z)) inQ

ou (L.1)
— 4+ B8(@u=0 on 0€2.
on
When = 0 we recover the Neumann problem. Our aim is to prove multiplicity
theorems for problem (1.1), under conditions of double resonance at +co. Most
of the earlier works on resonant equations deal with Dirichlet problems, impose
more restrictive conditions on the reaction term, do not cover the case of double
resonance and prove weaker multiplicity results. We mention the works of Fur-
tado and Silva [13], Landesman, Robinson and Rumbos [20], Liang and Su [21],
de Paiva [28,29], Su [36], Zou and Liu [39] (Dirichlet problems) and Gasinski and
Papageorgiou [15,16], Li [22], Li and Li [23], Motreanu, Motreanu and Papageor-
giou [26], Papageorgiou and Ridulescu [31,33] (Neumann problems).

Suppose that {ik}k> 1 denote the distinct eigenvalues of the differential oper-
ator of the problem (Dirichlet, Neumann or Robin). In the double resonance situ-
ation there is a spectral interval [)A\m, ):m+ 1] m = 1) such that asymptotically as
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(z,x)

x — %00, the quotient reaches that spectral interval with possible interac-

tion (resonance) with the two end points Am and ):m+1 . More precisely, we have

A .. Z, X .
Am < liminf fzx) < lim sup
x—=£00 X x—+o00 X

uniformly for almost all z € 2.

Such equations were first investigated in the context of Dirichlet problems by Beresty-
cki and de Figueiredo [5], who also coined the term “double resonance”. Since then
all the studies on doubly resonant equations , concern Dirichlet problems. We refer
to the works of Furtado and Silva [13], Liang and Su [21], de Paiva [28], Su [36].
The results proved in these works impose more restrictive conditions on the reac-
tion term f(z, x) and are not as strong and sharp as our multiplicity results here,
producing fewer solutions with less information about them.

Our approach combines variational tools coming from the critical point the-
ory with truncation-perturbation techniques, flow invariance arguments and Morse
theory (critical groups). In the next section, for easy reference, we recall the main
mathematical notions and results which we will use in the sequel.

2. Mathematical background

Let X be a Banach space. By X* we denote the topological dual of X and by
(-, -) the duality brackets for the pair (X*, X). Given ¢ € C ! (X, R) we say that ¢
satisfies the Cerami condition (the C-condition for short), if the following is true:

“Every sequence {u,},>1 € X such that {¢(u,)},>1 € R is bounded and
(1 4+ lun|D¢'(uy) — 0in X* as n — oo,
admits a strongly convergent subsequence”.

This compactness-type condition on the functional ¢ is a basic ingredient in the
minimax theory for the critical values of ¢. A basic result in that theory, is the so-
called “mountain pass theorem” due to Ambrosetti and Rabinowitz [3], stated here
in a slightly more general from (see Gasinski and Papageorgiou [14, page 648]).

Theorem 2.1. Assume that ¢ € C'(X,R) satisfies the C-condition, ug,u; € X, and
[luy — uollx >r >0, it holds

max{g(uo), ¢(u1)} < inflp(u) : [lu —uollx =rl=m,

and ¢ = inf max @(y(t)), whereI' = {y € C([0,1],X) : y(0) = ug,y(1) =
yel 0<r<1

u1}. Then ¢ = m, and c is a critical value of ¢.
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The analysis of problem (1.1) involves the following three spaces: the Sobolev
space H (), the Banach space C 1(©) and the boundary Lebesque space L2(09).
In what follows, by || - || we denote the norm of H ! (€2) defined by

1/2
|| = [||u||§ + ||Du||§] forall u € H'(K).

The space C' () is an ordered Banach space with positive cone
Cy={uecC'(Q):uz)>0foralze Q).

Welet Dy = {u € Cy : u(z) > 0 forall z € Q}. This is an open subset of C.
On 02 we consider the (N — 1)-dimensional Hausdorff (surface) measure o (-).
Using this measure, we can define the boundary Lebesgue spaces L7(3Q2) (1 <
q < o0) in the usual way. From the theory of Sobolev spaces, there exists a unique
continuous linear map yg : H 1 () —> L2(3 ), known as the trace map, such that

yo(u) = ulyq forallu € HY(Q) N C(Q).

So, the trace map gives meaning to the boundary values of a Sobolev function. The

2
5 ) if N > 3 and into L9(Q)

trace map is compact into L7(2) for ¢ € |:1, N

forall g € [1, +00) if N = 2. Also, we know that
keryo = H{ (Q) and im yo = H22(0<).

In the sequel, for the sake of notational simplicity, we drop the use of the trace map
0. The restriction of a Sobolev function u on 92 is understood in the sense of
traces.

By | - |y we denote the Lebesgue measure on RY. If g : @ x R — Ris a
measurable function (for example, a Carathéodory function, that is, for all x € R,
z — f(z, x) is measurable and for almost all z € Q, x — f(z, x) is continuous),
we define

Ng(u)(-) = g(-, u(-) forallu € H' ()

(the Nemytskii map corresponding to g). Also, for x € R we set Xt = max{+tx, 0}.
Then given u € H! (2), we set ui(-) = u(-)jE and we have u* € H! (2), and

ul=ut+u", and u=ut —u".

As we already indicated in the introduction, we will make extensive use of the

spectrum of —A with Robin boundary condition. So, we consider the following
eigenvalue problem:

—Au(z) = hu(z) in Q, g—z + B(zx)u =00n Q2. (2.1)
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We say that Aisan “eigenvalue” of (2.1), if there is a nontrivial solution it € H ! (2)
of (2.1), known as an “eigenfunction” corresponding to the eigenvalue A. Using the
spectral theorem for compact self-adjoint operators, we show that the spectrum of

(2.1) consists of a sequence {)A»k}k>1 C R, = [0, +00) of distinct eigenvalues such
that ik — +00 as k — +00. Also, there is a corresponding sequence {iix}x>1 of
eigenfunctions which form an orthonormal basis of H'(£2) and an orthogonal basis

of LZ(Q). These eigenvalues admit convenient variational characterizations. So,
suppose that

B e WH™(3) and B(z) > 0 forall z € I
and consider the C'-functional y H 1(©) — R defined by

y () = ||Dul|3 +/ B(z)u’do forallu € H' ().
a2

Also, let E (Xk) be the eigenspace corresponding to the eigenvalue Ax. We know
that £ (Ax) is finite dimensional and standard regularity theory implies that

E(y) € CY(Q) forallk e N
(see Wang [37]).

We set H, = 6921=1E(ik) and I:Im+1 = @k>m+1E():k) = I-_I,fl‘. We have the
following orthogonal direct sum decomposition

H'(Q) = Hy ® Hpnt1
and soevery u € H () can be expressed in a unique way as

u=1i+iwithii € Hy, il € Hyy1.

‘We have
iy = inf y(”)z cue H(Q),u £0 22)
[lull3
% —inf V(”i “u € Hy,u#0
[lull3
yu) -
= sup ||u||2.ueHm,u #0|,m = 2. 2.3)
2

We know that A 1 = 0 and it is simple (thatis, dim E ():1) = 1). The infimum in
(2.2) is realized on E()\), while both the infimum and supremum in (2.3) are
realized on E(A,). Evidently the elements of E(X;) have constant sign. Let
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iy € H'(Q) be the L>-normalized, positive eigenfunction corresponding to A1
Regularity theory and the strong maximum principle imply that ##; € Dy. The
eigenfunctions corresponding to higher eigenvalues are all nodal (sign changing).
The eigenspaces E (Ax) have the so-called unique continuation property (UCP for

short), namely if u € E (ik) and u vanishes on a set of positive measure, then u = 0.
Using the UCP we have the following useful inequalities (see Papageorgiou
and Radulescu [31,34]).

Proposition 2.2. The following facts hold:

(@) If n € L®(Q), and n(z) = hn (n € N) for almost all z € Q, and 1 % h, then
there exists ¢ > 0 such that

y (1) —/ n(z)uzdz < —61||u||2f0r allu € Hy:
Q

(b) If n € L*=(Q), and n(z) < An (n € N) for almost all z € Q, and n % A, then
there exists ¢ > 0 such that

y (1) —/ n()u’dz > ca||ul|* for all u € H,.
Q

In addition to the eigenvalue problem (2.1), we will also consider a weighted version
of it. So, let m € L°°(Q2), m(z) > 0 for almost all z € Q, m % 0. We consider the
following eigenvalue problem:

ou

—Au(z) = am(2)u(z) in Q,
on

+ B()u=00n0%. (2.4)
The analysis of this eigenvalue problem follows the analysis of (2.1) and so we
have that the spectrum consists of a sequence {Ar(m)}k>1 S Ry = [0, +00) of

distinct eigenvalues such that M (m) — 400 and Xl(m) is simple. In this case in
the variational expressions for the eigenvalues, the Rayleigh quotient has the form

y(u)

——  ue HY(Q), with 0.
Jom(2)u?dz ! (€2), with 7

As a consequence of the UCP we have the following monotonicity property of the
map m — rg(m).

Proposition 2.3. If m,m € L= (Q)\{0}, 0 < m(z) < m(z) for almost all z € L,
m % m, then ,,,(m) < A, (m) for alln € N.

For more details we refer to Papageorgiou and Radulescu [31,34].
Suppose that fp : @ x R — R is a Carathéodory function such that

| fo(z, x)| < ap(z)(1 + |x|" ") for almost all z € €2, all x € R,
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with ag € L*°(2)4 and

2N if N >3
l<r<22={N_2""7
+oo IfN=1,2.

X
We set Fy(z, x) = / fo(z, s)ds and consider the C!-functional @o : H'(Q) > R
0
defined by

1
wo(u) = Ey(u) —/ Fo(z, u(z))dz forallu € H (Q).
Q

The following property is a special case of a more general result of Papageorgiou
and Radulescu [32].

Proposition 2.4. Assume that uy € H Y(Q) is a local C' (Q)-minimizer of o, that
is, there exists pg > 0 such that

¢0(u0) < go(uo + h) for all h € C' () with ||hl|¢1 g < po.

Then ug € Cl’o‘(ﬁ) with o € (0, 1) and ug is also a local HI(Q)-minimizer of vo,
that is, there exists p1 > 0 such that

@0 (o) < @o(uo + h) for all h € H'(Q) with ||h]| < p1.

Next we recall some basic definitions and facts from Morse theory, which will be
needed in what follows.
So, let X be a Banach space, ¢ € C'(X,R) and ¢ € R. We introduce the
following sets
p-={ueX:pw <c}
Ky,={ueX:¢'u =0}
K, ={ueKy:ou)=c}

Let (Y1, Y2) be a topological pair such that Y, € ¥; € X. For every k € Ny, let
Hi (Y1, Y2) be the k-th singular homology group for the pair (Y7, Y2) with integer
coefficients (recall that for k € —N we have Hy (Y1, Y2) = 0). Suppose that ug €
K ; is isolated. The critical groups of ¢ at uq are defined by

Cr(p, uo) = Hp(p“ NU, ¢ N U\{0}) for all k € N,

where U is a neighborhood of ug such that K, N ¢“ N U = {ug}. The excision
property of singular homology implies that this definition of critical groups is inde-
pendent of the choice of the neighborhood U'.

Suppose that ¢ € C! (X, R) satisfies the C-condition and inf ¢(K,) > —oo.
Let ¢ < inf@(K,). The critical groups of ¢ at infinity are defined by

Cr(p, 00) = Hi(X, ¢°) for all k € Np.
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The second deformation theorem (see Gasinski and Papageorgiou [14, page 628]),
implies that the above definition of critical groups at infinity is independent of the
choice of the level ¢ < inf@(Ky).

Assume that K, is finite and consider the following quantities:

M(t,u) = Zranka(go, u)tk forallt e R, allu € K,
k=0

P(t,00) = Y rank Cy(p, 0o)t* forall € R.
k=0

The Morse relation says that

D Mt u) = P(t,00) + (1 +1)Q(0), 25)

ueky

where Q(t) = Z ,Bktk is a formal series in t € R with nonnegative integer coeffi-
k>0
cients S.
Suppose X = H = a Hilbert space, ¢ € C>(H,R) and u € K,. We give the
following definitions:

e The Morse index of u, denoted by (), is defined as the supremum of dimen-
sions of the subspaces of H on which ¢” () is negative definite;

e The nullity of u, denoted by v(u), is the dimension of ker ¢” ();

e We say that u € K, is nondegenerate, if v(u) = 0, that is, ¢ (u) is invertible.

Evidently by the inverse function theorem a nondegenerate critical point is automat-
ically isolated. Sometimes when it is clear which critical point we are using, then
we simply write i and v instead of w(u) and v(u) for the Morse index and nullity
respectively. The shifting theorem, is a useful tool in identifying new critical points
or distinguishing among critical points.

Theorem 2.5. If ¢ € C*(H,R) and u € K, is isolated with finite Morse index j
and nullity v, then either one of the following holds:

(@) Cxk(p,u) =0forallk < pandallk > u+ v;
(b) Ci(@, u) = 8k uZ for all k € No;
(c) Cr(p,u) = bk y+vZfor all k € Ny.

In fact this result has been extended by Li, Li and Liu [24] to functionals ¢ €
C?>7%(H,R). Recall that Q€ > H,R), if @ € C!(H,R) and its derivative is
locally Lipschitz.

In the sequel A € E(H1 (€2), H' (2)*) is the operator defined by

(A(u), h) = / (Du, Dh)gnvdz forall u, h € H ().
Q



152 NIKOLAOS S. PAPAGEORGIOU AND VICENTIU D. RADULESCU

Recall that a Banach space X has the Kadec-Klee property, if the following is true
“Up 5 uin X, [lunllx — |lul||lx implies u, — uin X.

We know that a uniformly convex Banach space (in particular, a Hilbert space) has
the Kadec-Klee property (see Gasinski and Papageorgiou [17, pages 853 and 901]).

3. Three and four nontrivial solutions

In this section under general conditions on the reaction term f(z, x) which permit
double resonance, we prove two multiplicity theorems producing three and four
nontrivial smooth solutions respectively.

Recall that on the boundary coefficient 8(z) we impose the following condi-
tions:

H(p) :itholds B € W), B(z) = 0 forall z € Q.

Remark 3.1. We can have § = 0 and so our analysis incorporates the Neumann
problem.

The first multiplicity theorem does not require any differentiability properties
on the reaction term f (z, -). Specifically the condition on f(z, x) are the following.

Hj :themap f : QxR — R is a Carathéodory function such that f(z,0) =0
for almost all z € 2 and

(i) For every p > 0, there exists a, € L>(2) such that
| f(z,x)| < a,(z) foralmostall z € 2, and all |x| < p;
(i1) There exists an integer m > 2 such that

2 .. Z,X . 7, X A
Am < liminf fzx) < limsup fzx) < A+l
x—>Foo X x—>o00 X

uniformly for almost all z € Q;
X
(i) If F(z,x) = / f(z, s)ds, then
0

lim [f(z,x)x —2F(z,x)] = 00
x— 100
uniformly for almost all z € Q;
(iv) There exists a function ¢+ € L°°(2) such that
¥(z) < ):1 for almost all z € Q, ¥ £ ):1,

—co < liminf fz,x) < lim sup f(z,x)
x—0 X x—0 X

<% (2)

uniformly for almost all z € Q.
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Remark 3.2. Hypothesis Hj(ii) implies that we have double resonance at any non-
principal spectral interval. Hypothesis Hj (iv) says that at zero we have nonuniform
nonresonance with respect to the principal eigenvalue.

Letgp: H 1(©Q) = Rbethe energy (Euler) functional for problem (1.1) defined
by

pu) = %y(u) —/ F(z,u)dz forallu € H'(Q)
Q

(recall that y (u) = ||Dul|3 + / B(z)u’do for all u € H'(Q)). Evidently, ¢ €
Elo)
C'(H ().
Also, consider the following Carathéodory functions
0 if x<0
fZ,x)+x ifO<x

fz,x)+x ifx<O0

3.1
0 if0<x. G-

f+(z,x)={ and f_(z,x)z{

X
We set Fy(z,x) = / f+(z, s)ds and consider the C!-functionals O+ - H! (Q) —>
0
R defined by
N 1 1 N
o+(m) = Ey(u) + §||”||% —/ Fi(z,u)dz forallu € H (Q).
Q

Proposition 3.3. If hypotheses H(B), H,(i), (ii), (iii) hold, then the functional ¢
satisfies the C-condition.

Proof. Let {up}n>1 € H ! (£2) be a sequence such that

lo(uy)| < M for some M| > 0, alln € N, (3.2)
(1 + [lunl)¢' (un) — 0in HY(Q)* asn — o0o. (3.3)

From (3.3) we have

'(A(un),h>+fmﬂ(z)unhda —/Qf(z, un)hdz' < _Snllhll_ (3.4)

R
forall i € H' (), with €, — 0T In (3.4) we choose & = u, € H' () and obtain
—y(uy) + /Q f(z,upuydz < €, foralln € N. 3.5
Also, from (3.2) we have
y(uy) — /QZF(z, up)dz < 2M; foralln € N. (3.6)
We add (3.5) to (3.6) and obtain

/ [f(z,up)u, —2F(z, uy))ldz < M, for some M, > 0, alln € N. (3.7
Q
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Claim 34. {u,},>1 C H'(Q) is bounded.
We argue indirectly. So, suppose that the claim is not true. Then by passing to a

subsequence if necessary, we may assume that ||u, || — co. Let y, = |u"” for all
Un
n € N. Then ||y,|| = 1 for all n € N and so we may assume that
yu > yin H' () and y, — y in L?(R) and in L>(3R). (3.8)
From (3.4) we have
Nf (n)
(A(yn), h) + |  B(@)ynhdo — hdz

€nl|h]|

{————foralln e N.
(I =+ Hun | DIl
Hypotheses Hj (i), (ii) imply that

| f(z,x)| < c3(1 4 |x|) for almost all z € 2, all x € R, some ¢3 > 0,
hence,

{Nf(un)

} C Lz(Q) is bounded.
Nunll §,>1

So, from (3.6) and hypothesis H (ii) we have (at least for a subsequence), that

N . .
“f(”ﬁ) = ny in L2(Q) with A,y < 7(z) < Amg1 foralmostallz € @ (3.10)
Up

(see Aizicovici, Papageorgiou and Staicu [1, proof of Proposition 16]).
In (3.9) wechoose h =y, —y € Hl(SZ), pass to the limit as n — oo and use
(3.8), (3.10) and hypothesis H(8). Then

lim (A(y,), yn —y) =0, (3.11)
n—oo

hence ||Dy,|l2 — ||Dyll2, from which it follows that y, — y in H! (2) (by the
Kadec-Klee property, (see (3.8))), and we obtain ||y|| = 1.
In (3.9) we pass to the limit as n — oo and using (3.8) and (3.10) we obtain

(A(y), h) +/ B(z)yhdo = f n(z)yhdz forall h € H' (Q),
Q Q
from which it follows that
0
= —AY(z) = n(2)y(z) for almost all z € 2, B_y 4+ B(z)y=00n0dR (3.12)
n

(see Papageorgiou and Radulescu [32]).
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Recall that ):m < n(z) < )A»m+1 for almost all z € Q2 (see (3.10)). First we
assume that

N # dn and 0 # dmt1.

Then using Proposition 2.3 we can say that

A (1) < dom o) = L and 1 = A1 Ging1) < Am(n), = y =0

(see (3.12)), which contradicts (3.11).
Next we assume that

n(z) = im orn(z) = imH for almost all z € 2.

We assume that n(z) = ):m for almost all z € 2. Then from (3.11) and (3.12) we
have

y € EGu)\{0}.

Then the UCP implies that y(z) # O for almost all z € 2 and so

|un(z)| = oo for almost all z € €2,
= f(z, un(2)un(z) — 2F (2, un(z)) — +oo for almost all z €
(see hypothesis H(iii)),

= / Lf (z, up)un — 2F (z, up)ldz — +00 3.13)
Q

(see hypothesis H(iii) and use Fatou’s lemma).
Comparing (3.7) and (3.13), we have a contradiction. This proves the claim.
Because of the claim, we may assume that

U, — uin H'(Q)

(3.14)
U, —> uin LZ(Q) and in L2(8§2).

In (3.4) we choose h = u,, —u € H! (£2), pass to the limit as n — oo and use (3.10)
and (3.14). Then

lim (A(upn), up —u) =0,

n—oo
= u, — uin H(Q) (by the Kadec-Klee property, see (3.14)),
= @ satisfies the C-condition. 0

Proposition 3.5. If hypotheses H(B), Hi (1), (ii) hold, then the functionals ¢+ both
satisfy the C-condition.
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Proof. Let {uy}n>1 € H' (£2) be a sequence such that
|9+ (un)| < M3 for some M3 > 0, alln € N, (3.15)
(1 + llun D@L () — 0 in H' ()", (3.16)
From (3.16) we have

‘mw&m fﬁ@mmw+/umw—/ﬂ@uwM‘ rﬂHm(“”

forall h € Hl(Q), with €, — 0", In (3.17) we choose h = —u, € Hl(Q) and
obtain
y@uy) + |luy |15 < e foralln € N (see (3.1)),
= u, — 0in HI(Q) (see hypothesis H(8)). (3.18)
Claim 3.6. {u;},>1 € H'(Q) is bounded.
Again we argue by contradiction. So, suppose that the claim is not true and we
+
have |[u|| — oco. Lety, = ”u A ,n € N. Then ||y,|| =1, y, =2 0foralln € N
I’l

and so we may assume that

Yo — yin H(Q)

(3.19)
ya — yin L?(Q) and in L2(3Q).

From (3.17), (3.18) and (3.1), we have

'(A(u+) h) + / ﬂ(z)u+hda—/f(z hdz| < e llhll

forall h € H'(Q), with €, — 07, implying that

foralln e N. (3.20)

’ / Ny, ‘ e/ [|hl|
(AGw). ) + | B@)ynhdo — ndz| < Sl
0

o llufll [unll
From the proof of Proposition 3.3, we know that at least for a subsequence, we have
N f (u ) w
[l ]

In (3.20) we choose h = y,, — y € Hl(Q) and pass to the limit as n — oco. Then
lim (A(yn), yn —y) =0,
n—oo

=y, > yinH 1(©) (be the Kadec-Klee property), (3:22)
= llyll=1,y =20.

— 71y in L? (2) with km <) < imﬂ for almost all z € 2. (3.21)



MULTIPLICITY OF SOLUTIONS FOR ROBIN PROBLEMS WITH DOUBLE RESONANCE 157

In (3.16) we pass to the limit as n — oo and use (3.19) and (3.21). Then

(A(y), h) +/ B(z)yhdo =/ f(z,u)hdz forall h € Hl(Q),
30 Q

dy
on

(3.23)

= —Ay(z) = n(z)y(z) for almost all z € 2, + B(z)y =0 o0n a2

(see Papageorgiou and Radulescu [32]).
From (3.21) we have

Jm () < Ay ) = 1.

Since m > 2 (see hypothesis Hj(ii)) from (3.23) it follows that y is nodal or zero,
both contradicting (3.22). This proves the claim.

From (3.18) and the claim, it follows that {u,},>1 € H ! (€2) is bounded. From
this, via the Kadec-Klee property, we conclude that ¢ satisfies the C-condition as
before.

We argue similarly for the functional ¢_. O

Proposition 3.7. If hypotheses H(B), H1(iv) hold, then u = 0 is a local minimizer
for the functionals ¢+ and ¢.

Proof. Hypothesis Hj(iv) implies that given € > 0, we can find § = §(¢) > 0 such
that

1
F(z,x) < E(ﬁ(z) + e)x2 for almost all z € 2, all |x| < 4. (3.24)

Letu € C'(Q) with [Ju]|¢1 g, < 8. Then

1 1
¢+(M)=§V(u)+§||u_||§—/ F(z,u™)dz (see (3.1)
Q

%[y(uﬂ—/ ﬁ(z)(u+)2dz]+%[y(u_)+||u_||%]_§||u||2 e (324 (325)
Q

C4—E€

2
2

||u||2 for some ¢4 >0

(see Proposition 2.2(b) and hypothesis H (8)).
Choosing € € (0, c4), from (3.25) we see that

u =0 is a local C' () — minimizer of ¢,

= u = 0is alocal H'(€2) — minimizer of ¢

(see Proposition 2 .4).
Similarly for the functionals ¢_ and ¢. O
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Now we are ready to produce two nontrivial constant sign smooth solutions for
problem (1.1).

Proposition 3.8. If hypotheses H(B), Hy hold, then problem (1.1) admits two con-
stant sign solutions
ug € Dy and vy € —D.

Proof. First we show that

K \{0} S Dy (3.26)
So,letu € Ky, ,u#0. Then
¢l (u) =0,
= (A(u), h) + mﬂ(z)uhda +/Quhdz (3.27)

:/ fi(z,u)hdz forall h € H' ().
Q

In (3.27) we choose h = —u~ € H'(Q). Then

y@™) + [[u” |3 =0 (see (3.1)),
= lu"||> < 0 (see hypothesis H(8)),
= u>0,u#0.

From (3.27) and (3.1), we have

(A(u), h) +/ B(x)uhdo =/ f(z, u)hdz forall h € H' (),
Q Q (3.28)

0
= —Au(z) = f(z,u(z)) for almost all z € 2, a_u 4+ B(z)u =0on a2
n

(see Papageorgiou and Radulescu [32]).
Standard regularity theory (see Wang [37]), implies that

u € C1\{0}.
Let p = ||u||co. Hypotheses Hj (i), (iv) imply that we can find §'p > 0 such that
f(z, x)x + £,x* > 0 for almost all z € 2, all |x| < p. (3.29)
From (3.28) and (3.29) we obtain that

Au(z) < épu(z) for almost all z € 2,
= U e D+

(by the maximum principle, see Gasinski and Papageorgiou [14, page 738]).
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So, we have proved (3.26).

Then (3.26) and (3.1) suggest that we may assume that K, is finite or other-
wise we already have an infinity of positive solutions. On account of Proposition
3.7, we can find r € (0, 1) small such that

$+(0) =0 < inflo4 () : [Jull = r] =4 (3.30)

(see Aizicovici, Papageorgiou and Staicu [1, proof of Proposition 29]).
Since m > 2, hypothesis H{(ii) implies that

@4+ (ti]) > —ocoast — 4o00. (3.31)
Moreover, from Proposition 3.5 we have
¢4 satisfies the C-condition. (3.32)

Then (3.30), (3.31), (3.32) permit the use of Theorem 2.1 (the mountain pass theo-
rem). So, we can find ug € H! (£2) such that

uo € Ky, and riry < @ (u), (3.33)
= ug € D4 (see (3.26) and (3.30)) and solves (1.1) (see (3.1)).

Similarly, working now with the functional $_, we produce a negative smooth so-
lution vp € —Dy.. O

Remark 3.9. The above proof leads to the observation that

Ci(p, ug) #0and Ci(¢, vo) # 0.

Indeed from the proof we have that ug € D is a critical point of mountain pass type
for the functional ¢ . So, Corollary 6.81 of Motreanu, Motreanu and Papageorgiou
[27, page 168] implies that

C1 (@ uo) #0. (3.34)

From (3.1) we see that ¢4|c, = ¢|c,. Also ug € D, (see Proposition 3.8).
Therefore
Ck(@-i—lcl(ﬁ)’ up) = Ck((p|cl(§)v up) for all k € Np. (3.35)

Since C'(Q) is dense in H' (), from Palais [30, Theorem 16] (see also Chang [8,
page 14]), we have

Ck(¢+|cl(§)’ uo) = Cr(¢+, uo) and

(3.36)
Ck((P|C1(§), uo) = Cr (@, ug) for all k € Ny.
So, from (3.35) and (3.36) it follows that

Ci(@+, up) = Cr(e, ug) for all k € No,
= Ci(p, up) # 0 (see (3.34)).
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Similarly, working this time with the pair {¢_, ¢}, we show that Cy (g, vg) # 0.

In fact we can show that problem (1.1) has extremal constant sign solutions.
More precisely, we show that there exists a smallest positive solution u, € D and
a biggest negative solution v, € —D. . These extremal constant sign solutions, will
lead to a nodal (that is, sign changing) solution (see Theorem 3.19).

In what follows S (respectively S_) denotes the set of positive (respectively
negative) solutions of problem (1.1). From Proposition 3.8 and its proof, we have

@#S+§D+and[7)7éS_§—D+.

Moreover, as in Filippakis and Papageorgiou [11] (see Lemmata 4.1 and 4.2) (see
also Mariconda and Treu [25, Lemma 3.1]), we have that

e S, is downward directed (that is, if u, u" € Sy, then there exists y € S such
that y < u,and y < u').

e S_ is upward directed (that is, if v, v € S_, then there exists y € S_ such that
v<y,and v < y).

Proposition 3.10. If hypotheses H(B), H| hold, then problem (1.1) admits a small-
est positive solution u, € D4 and a biggest negative solution v, € —D .

Proof. Invoking Lemma 3.10 of Hu and Papageorgiou [19, page 178], we can find
a decreasing sequence {u,},>1 € S+ € Dy such that

inf S4 = inf u,.

nz
‘We have
— Auy(2) = f(z, uy(2)) for almost all z € €,

3 (3.37)
aun + B()u, =00n 92, withn € N.
n

From (3.37) and since 0 < u, < u; € Dy forall n € N, it follows that {u,},>1 €
H' (R2) is bounded. So, we may assume that

Uy — uyin HY(Q)

U, — uy in L*(Q) and in L*(39).

As before, using (3.37) and the Kadec-Klee property, we have

up — Uy in H(Q). (3.38)
Suppose that u, = 0. Then ||u,|| — 0 (see (3.38)). Let y, = ”Mn”. Then
Up
[lynll = 1, yp = 0 for all n € N. So, we may assume that

yn — yin H(Q)

(3.39)
yu — yin L*(2) and in L?(3).
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From (3.37), we have

Nf(un)

hdz forallhe H'(Q), allneN. (3.40)
Q luall

(AGm). ) + / () yuhdo =
Q2

Hypotheses Hj (i), (ii), (iv) imply that
| f(z,x)| < cglx| for almost all z € 2, all x € R, some ¢g > 0,

N {Nf(un)

[ttnl

(3.41)

} C L*() is bounded.
n>1

From (3.41) and hypothesis Hj(iv) we have, at least for a subsequence, that

N
Hf(ulT) 2 Doy in L3(), with —co < 99(z) < 9(z) for almost all z €  (3.42)
Up

(see Aizicovici, Papageorgiou and Staicu [1, proof of Proposition 14]). In (3.40) we
choose h =y, —y € HI(Q), pass to the limit as n — oo and use (3.39), (3.41).
Then

Jim (A(yn), yn —¥) =0,
= y, — yin H'(Q) (by the Kadec-Klee property), (3.43)
= [yll=1,y=0.
In (3.40) we pass to the limit as n — oo and use (3.39), (3.42). Then

(A(y),h)+/ B(z)yhdo :f Yoyhdz forall h € H' (),
Q2 Q

0
= —Ay(z) =v0(z)y(z) for almost all z € 2, and a—y 4+ B(z)y=00n0dQ2. (3.44)
n

Recall that
—co < Vo(z) < V¥(z) <A foralmostall z € Q, ¥ % Ay
(see (3.42) and hypothesis H(iv)). Using Proposition 2.3, we have
1=21G0) < @) < 2i@o). (3.45)
Then from (3.44) and (3.45) it follows that
y=0,
which contradicts (3.43). This proves that u, % 0. We have

0y
— + B(@)ux =00n 0L,

—Auy(z) = f(z, ux(z)) for almost all z € 2, 3
n

= uy € S+ € D4 and u, = inf S,

Similarly, we produce v, € S— € —D, the biggest negative solution of problem
(1.1). O
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Next we produce a third nontrivial smooth solution, distinct from ug and vg.
To do this we will use tools from Morse theory. So, we compute the critical groups
of ¢ at infinity.

Proposition 3.11. If hypotheses H(B), Hy hold, then C(¢, 00) = 8 q,,Z for all
k € No, with dyy, = dim Hy, = dim @ E ().
k=1

Proof. Recall that H, = % E()A\k), and ﬁm+1 = & E():k) = an and we have
k=1 k>m+1

the following orthogonal direct sum decomposition

H'(Q) = Hy & Hys1.

Let X € (im, im+1) and consider the C>-functional 7 : H' (2) — R defined by
1 A
() =5y W) - 5||u||§ forallu € H ().

From the choice of A it follows that
K; = {0} and u = 0 is a nondegenerate critical point of T .

Then from Theorem 6.51 of Motreanu, Motreanu and Papageorgiou [27, page 155],
we have
Ci(t, 00) = Ci(7,0) = 8¢ g, Z for all k € Np. (3.46)

We consider the homotopy 4 (¢, u) defined by
h(t,u) =1 —t)p(u) +tt(u) for all (¢, u) € [0, 1] x Hl(Q).
Claim 3.12. There exist u € R and § > 0O such that
h(t,u) <= (1+ [lulD||h,(t, u)|l« = 8 forall 7 € [0, 1].

We argue by contradiction. Evidently the homotopy 4 maps bounded sets to
bounded sets. So, if the claim is not true, then we can find {#,},>1 < [0, 1] and

{tn}n>1 € H'(Q) such that

th, — t, |luy|| — oo, h(t,, u,) - —o0 and

, ) Les (3.47)
(1 + [lun|Dhy (tn, un) — 0 in H (2)™.
From the last convergence in (3.47), we have
‘(A(un),h) +/ B(2)uphdo — (1 —tn)/ f(z,un)hdz—tn/ Auphdz
9% 2 @ (3.48)

enl I
T L [l

forall h € H'(Q), with ¢, — 07
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We set y,, = u—n, and n € N. Then ||y,|| = 1 for all n € N and so we may
assume that al
yu = yin H' () and y, — y in L*(Q) and in L*(3). (3.49)
From (3.48) we have

Nf(un)

[etnll

‘(A()’n), h) +/ B(z)y,hdo — (1 — t,,)/
Q2 Q
el

A A Dl
Recall that (see (3.21))

Nyp(up) w N s A "
] — nyin L7(2), with X, < n(z) < A4 foralmostall z € 2. (3.51)
Un

hdz — l‘,,/ Aynhdz
Q

(3.50)
foralln e N.

As before, if in (3.50) we choose h = y, — y € H' (), pass to the limit as n — oo
and use (3.49), (3.51) and the Kadec-Klee property, then

Yo — yin HY(Q) andso ||y|| = 1. (3.52)
From (3.50) in the limit as n — o0, we obtain

(A(y), h) +/ ,B(z)yhda:f [(1 — 1)n(z) + tA]lyhdz forall h € H'(Q),
a0 & (3.53)

3
= —Ay(z) = n:(2)y(2) for almost all 7 € 2, % +B(z)y = 0on .
Note that

Am < 01(2) < Ay foralmost all z € Q, with gy = A € (A, Amr1)

So,ifr = 1orif ¢t € (0, 1), then n; % Am, and 1; % Am1, then from (3.53) it
follows that y = 0, a contradiction to (3.52).

Therefore, t = 0 and ng(z) = ):m or no(z) = ):m+1 for almost all z € 2. From
(3.52) and (3.53) we have

y € EGu)\{0} or y € E(Ams+1)\{0}.

We assume that y € E ()A»m)\{O}. From the UCP we have that y(z) # 0 for almost
all z € Q. Hence

|u, (z)| = 400 for almost all z € 2,
= f(z, un(@)un(z) — 2F (z, un(z)) — +oo for almost all z € Q
(see hypothesis H (iii)), (3.54)

= / [f(z, upn)upn —2F (2, up)ldz — 400
Q

(by Fatou’s lemma).
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On the other hand, from the third convergence in (3.47), we see that we can
find n¢ € N such that

y(uy) — (1 — tn)/ 2F(z,uy)dz — tn/ )\uﬁdz < —1foralln > ng. (3.55)
Q Q
Also, in (3.48) we choose h = u, € H' () and have

—y(u,) + (1 — t,,)/ £z, up)undz + tn/ rildz < ey foralln e N, (3.56)
Q Q

By choosing ng € N even bigger if necessary, we can have ¢, € (0, 1) for all
n 2= ng. Adding (3.55), (3.56) we obtain

(I —1,) / [f(z, un)un — 2F (z, up)ldz < 0 for all n 2> no.
Q
Since A(1, -) = (-), it follows that we can have 7, € [0, 1) for all n > ng. Hence
/ [f(z, up)un — 2F(z, uy))dz < O forall n > no. (3.57)
Q

Comparing (3.54) and (3.57), we have a contradiction. This proves the claim.

As in the proof of Proposition 3.3, we can show that forevery ¢ € [0, 1], h(¢, -)
satisfies the C-condition. Therefore using Proposition 3.2 of Liang and Su [21] (see
also Chang [9, Theorem 5.1.2, page 334]), we have

Cr(h(0, -), 00) = Cr(h(1, ), c0) for all k € Ny,
= Cr(p, 00) = C(t, 00) for all k € Ny,
= Ci(p, 00) = 8k.q,,Z for all k € Ny (see (3.46)).

The proof is complete. O

An analogous argument leads to the computation of the critical groups of ¢+
at infinity.

Proposition 3.13. If hypotheses H(B), Hy hold, then Ci(¢p+,00) = 0 for all
k € Np.

Proof. Againlet A € Com, )ALer 1) and consider the C'-functional 1ﬁ+ CH'(Q) >R
defined by

) ! Lo 2y 42 1
1/f+(u)=53/(14)+§||u ||2—§||M |l forallu € H™ ().

We consider the homotopy fz+(t, u) defined by

ho(t,u) = (1 — D@4 ) + t¥r4 () for all (¢, u) € [0, 1] x H'(Q).
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Claim 3.14. There exist u € R and § > 0 such that
ho(t,u0) < = (L4 [JulD1 () (2, )]l > 8 forall £ € [0, 1].

As before we proceed by contradiction. So, suppose that Claim 3.14 is not true.
Then because /. (-, -) maps bounded sets to bounded sets, there exist two sequence
{ta}n>1 €10, 1] and {u,}n>1 C WP () such that

ty — 1, ||tn]| = 00, Ay (ty, un) — —o0 and

N . - (3.58)
(1 + {un|Dhg)y, (s up) — 0in H (2)".
From the last convergence in (3.58) we have
’(A(un),h) +/ B(z)unhdo
Q
—/ (u, Yhdz — (1 —tn)/ f(z,uf{)hdz—tn/ X(u,f)hdz (3.59)
Q Q Q

énl|h]|

< 2" forallh € H'(Q), withe, — 0T,
1+ [|unll "

In (3.59) we choose h = —u,, € H'(). Then

y(u, )+ ||u;||% < €, for all n € N (see hypothesis H(8)),

= u, — 0in H'(Q) as n — oo.

From (3.58) we have ||u,|| — oo. Hence (3.60) implies that ||u:[|| — 00. We set

n

yn = +
lup ||
assume that

for all n € N. Then ||y,|| = 1,and y, > 0 for all n € N. So, we may

yu — yin H'(Q) and y, — y in L*(R2) and L?>(3Q). (3.60)

From (3.59) and (3.60) it follows that

‘(A(u;),h)+/ B(u, hdo — (1-;,,)/Nf(u,j)hdz—rn/x(u;)hdz
Q2 Q Q

(3.61)
< €yllnll
forall h € H'(Q2), with €, — 0, hence it holds
Ny(uy) enllnll
(A(yp), h) +|  B@)yphdo — (1—ty,) —hdz —t, | dyahdz| <
Q Q |lug |l Q [un ||

forall n € N.
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Hypotheses Hj (i), (ii) imply that

N+(ut
{ s ) } C L2() is bounded. (3.62)
AN PST
So, passing to a subsequence if necessary and using hypothesis Hj(ii), we have

NpGm) w i 1209, with hy < 1(2) < duney foral zeQ. (3.63
||u+|| — nyin L7(2), with X, < n(z) < A4 for almostall z € 2. (3.63)
n

Choosingh =y, —y € HY(Q), passing to the limit as n — oo and using (3.60),
(3.62), we obtain

lim (A(yn), y» —y) =0,

n—oo
=y, > yinH L@ (by the Kadec-Klee property), (3.64)
= [yll=1,y=0.

From (3.61), using (3.60) and (3.63), in the limit as n — oo, we have

(A ) + /a B)yhdo = /Q (@) yhdz
forall h € H'(Q), with n4(z) = (1 — )n(z) + A (3.65)

d
= —Ay(z) = n:(2)y(z) for almost all 7 € €2, % 4+ B(z)y =00n 0.

From (3.65) as in the proof of Proposition 3.5, we infer that y = 0 or y is nodal,
both contradicting (3.64). This proves Claim 3.14.

In fact this argument with minor changes shows that for all # € [0, 1], the
functional fz+(t, -) satisfies the C-condition. So, Proposition 3.2 of Liang and Su
[21] (see also Chang [9, Theorem 5.1.21, page 334]) implies that

Ci(h4(0, ), 00) = Cy(h(1, ), 00) for all k € No,
= Ci(¢q4, 00) = C (¥, 00) for all k € N. (3.66)

Next consider the homotopy ILF (t, u) defined by
By (t,u) = Y (u) — t/ udz for all (¢, u) € [0,1] x H' ().
Q

Claim 3.15. (k) (t,u) #0forallz € [0, 1]and all u € H'(22)\{0}.
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We argue indirectly. So, suppose we can find ¢ € [0, 1] andu € H ! (2)\{0}
such that

(hy ), (t,u) =0
= (A(u), h) +/ B(z)uhdo —/(u_)hdz (3.67)
Q2 Q

:A/(u*)hdz+t/ hdz forallh € HY(S).
Q Q

In (3.67) we choose h = —u~ € H'(Q). Then

y@™) 4 [lu~ |15 < 0 (see hypothesis H (8)),
= u=0,u#0.

Then (3.67) becomes

(A(u), h) +/ B(z)uhdo = / (Au + t)hdz forall h € H'(Q),
BT Q (3.68)

d
= —Au(z) = Au(z) + ¢ for almost all z€ 2, and a_u 4+ B(z)u =0o0n d2.
n

From (3.68), regularity theory (see Wang [37]) and the strong maximum principle
(see Gasinski and Papageorgiou [14, page 738]), we infer that

M€D+.

Let v € D, and consider the function

2
R(v, )(z) = |Dv()? — (Du(z), D (” ) (@)gn -

u

Using Picone’s identity (see, for example, Motreanu, Motreanu and Papageorgiou
[27, page 255]), we have

0 < /R(v,u)dz
Q

2 v? v?
= 10ulB- [ a0 azt [ peu-do
Q u ElY) u
(using Green’s identity, see Gasinski and Papageorgiou [14, page 211])(3.69)
< ||Dv||§+/ ,B(z)vzdcr—/ Av2dz (see (3.68))
90 Q

= y(v)—)»/ v2dz.
Q
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In (3.69),let v = i1; € Dy. Then
0< (A —2) <0

(since ||ui|l = 1 and A € (im, im+1) with m > 2), a contradiction. This proves
Claim 3.15.

The homotopy invariance of the singular homology groups implies that for
r > 0 small, we have

Hy(h4(0,-)°N By, 74 (0,-)°NBA{O) = Hy (h+(1,-)°NB,, k4 (1,-)°NB,\{0}) (3.70)

for all k € No with B, = {y € H'(Q) : ||y|| < r}.
From Claim 3.15, we infer that

Hi(hy(1,)° N By, hy(1,)° N B\{0}) =0 forall k € Ny (3.71)

(by the second deformation theorem, see Gasinski and Papageorgiou [14, page
628]).
Also, since 74 (0, -) = 4 (-), from the definition of critical groups, we have

Hy(h4.(0,)° N By, i (0,)° N BA{O)) = Ce(P4,0) forallk € Ng.  (3.72)
From (3.70), (3.71), (3.72) we infer that
Cr(Y+,0) = 0 for all k € Np. (3.73)

Since A € (Am, Ams1) We have K, = 1{0}andso

Cr (Y4, 00) = Cr (¥4, 0) for all k € Ny,
= Cr(V¥4, 00) = 0 for all k € Ny (see (3.73)),
= Ci(@1,00) =0 forall k € Ny (see (3.66)).

Similarly we show that Cy(¢—, o0) = 0 for all k € Np. O

Thanks to this proposition, we can compute precisely the critical groups of the
energy functional ¢ at the two constant sign solutions ug € D and vg € —D4
produced in Proposition 3.8.

Proposition 3.16. If hypotheses H(B), and H| hold, the solutions ug € D, and
vo € —D produced in Proposition 3.8 are the only nontrivial constant sign solu-
tions of (1.1) and K, is finite, then Cy (¢, ug) = Cr(@, vo) = 8k,1Z for all k € Ny.

Proof. The hypotheses and (3.26) imply that

Kp, = 10, uo). (3.74)
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Leté <0 < © < iy (see (3.30)) and consider the following triple of sets
¢ C 9T < H'(Q).

We consider the corresponding long exact sequence of singular homology groups.
We have

A .* ~ é* A~ ~
c > HUH (), 95 S He(HN Q)91 = Hie1 95,60 = oo (375
forallk e N

with i, being the group homomorphism corresponding to the inclusion

(H'(Q),¢5) <> (H'(Q), ¢7)

and 9 is the composed boundary homomorphism (see Motreanu, Motreanu and
Papageorgiou [27, Proposition 6.14, page 143]). From the rank theorem, we have

rank Hy(H' (), @L) = rankker 9y + rank im 9,
= rank imi, + rank im 9, (3.76)

(since (3.75) is exact). From the choice of the levels &, T and (3.74) we have

Hi(H! (Q),(,?Ji) =C(p+,00)=0 for all keNy (see Proposition 3.13), (3.77)
= imi,={0}.

Also, we have

Hy(H'(22),9%) = Cr (¢, up) for all keNo,

r AE . (3.78)
Hi—1(0%,93) =Cr—1(@+,0) =08k —1,04=5,1Z for all k €Ny
(see Proposition 3.7). So returning to (3.76), we see that

rank Cy (¢4, up) < 1,
= rank C (¢4, ug) = 1

(see the remark after Proposition 3.8). But note that (3.75), due to (3.77), (3.78),
implies that only the tail K = 1 is nontrivial. Hence

Cr (94, ug) = 817 for all k € Ny. (3.79)
Now consider the homotopy

R (t,u) = (1 — e (u) + tg4 () for all (1, u) € [0, 1] x H' ().
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Suppose we can find {#,},>1 C [0, 1] and {u,},>1 C HI(Q) such that
t, — t,u, —> ugin Hl(SZ) and (hi);(tn, u,)=0foralln € N. (3.80)
We have

—Aup (D)= 1=ty f (2, un (@) +1tn f (2,1, (2)) +1, (), ) (z) for almost all z €2,
ouy,
on

+B(2)u,=00n 0Q2,neN.

Then from regularity theory (see Wang [37]), we know that there exist « € (0, 1)
and ¢7 > 0 such that

up € CH(Q) and [Juy|| (g, < 7 foralln € N. (3.81)
From the compact embedding of C Le (Q) into C ! () and (3.80), we have

U, — Ugin Cl(ﬁ),
= u, € Dy forall n > ny,
= {un}n2n0 - K(p

(see (3.1)), a contradiction to the hypothesis that u¢ is the only nontrivial positive
solution of (1.1). Therefore (3.80) cannot happen and so from the homotopy in-
variance of critical groups (see, for example, Gasinski and Papageorgiou [18, page
838]), we have

Ci(h*.(0, ), ug) = Cr(h*.(1, ), ug) forall k € N,
= Ci(@, ug) = Cr(@4, ug) for all k € Ny,
= Ci(p, ug) = 817 for all k € Ny.

Similarly, using this time the functional ¢_, we show that Cy (¢, vo) = &, 1Z for all
k e NO. ]

Now we are ready for our first multiplicity theorem for problem (1.1) (three
solutions theorem). We stress that the result is proved without imposing any differ-
entiability condition on the reaction terms f(z, -). This is in contrast to the corre-
sponding three solutions theorems of Liang and Su [21, Theorem 1.1] and de Paiva
[28, Theorem 1.2] for Dirichlet doubly resonant equations, where f € c! (2 x R).

Theorem 3.17. If hypotheses H(B), and Hy hold, then problem (1.1) admits at
least three distinct nontrivial smooth solutions

up € Dy, vo € —Dy and yy € Cl(ﬁ).
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Proof. From Proposition 3.8 we already have two nontrivial constant sign smooth
solutions
uo € Dy andvg € —Dy.

From Proposition 3.16 we have that
Cr (@, up) = Cr (¢, vo) = 8k 1Z for all k € Np. (3.82)
Also, Proposition 3.7 implies that
Ci(¢,0) = 817 for all k € Np. (3.83)
From Proposition 3.11 we know that
Cir(p, 00) = 6k.q,Z for all k € Np. (3.84)
Therefore, we can find yo € K, such that
Cq, (@, y0) #0and d,, > 2 (3.85)

(since m > 2). Comparing (3.85) with (3.82), (3.83), we see that yg ¢ {0, ug, vo}.
So, yp is a nontrivial solution of (1.1) and by regularity theory, yo € C ! (Q). O

If we strengthen the conditions on the reaction f(z, -), we can generate a fourth
nontrivial smooth solution, which is nodal. To produce this new solution, the rea-
soning is based on flow invariance arguments and uses the two extremal constant
sign solutions u, € Dy and v, € —D_ produced in Proposition 3.10.

The new conditions on the reaction term f(z, x) are the following:

Hy : The map f : 2 x R — R is a measurable function such that for almost
allz € Q, f(z,0) =0, while f(z,-) € C'(R) and:

(i) It holds | f{(z, x)| < a(z)(1 + |x|r_2) for almost all z € @, all x € R, with
acL®(Q),and2 < r < 2%
(i) There exists an integer m > 3 such that

Am < liminf fzx) < limsup ACIEY <A
x—>Foo X x—>=%o00 X

uniformly for almost all z € ;
(iii) It holds liI}:l [f(z,x)x —2F(z,x)] = 400 uniformly for almost all z € Q2
X—> 00

(recall F(z,x) = fx f(z,s)ds);
0
f(z,x)
X

(iv) Itholds f{(z,0) = lir% uniformly for almost all z € €2 and
X—>

fL(z,0) < A foralmost all z € 2, f/(-,0) # Ar;
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(v) There exists £* > 0 such that for almost all z € €2 the function
x> f(z,x)+Ex

is strictly increasing on R and for every M > O there exists Q) C Q with
|Qum|n > 0 such that

f(z,x)
X

< fi(z, x) for almost all z € Qy, all |x| < M.

Remark 3.18. The second part of hypothesis H»(v) is satisfied if, for example, for
almost all z € Q

L f(z,x
X

) is strictly increasing on (0, 4-00),

f(z,x)

X =

is strictly decreasing on (—o0, 0).
Similarly, if for almost all z € 2, x — f(z, x) is strictly convex on [0, 4-00) and
strictly concave on (—oo, 0].

Theorem 3.19. If hypotheses H(B), and H, hold, then problem (1.1) admits at
least four distinct nontrivial smooth solutions

upg € D+, Vo € —D+, Yo € Cl(ﬁ)
5 € CY(Q) nodal.

Proof. From Theorem 3.17 we already have three distinct nontrivial smooth solu-
tions —

uo € Dy, vo € =D, and yo € C'(Q).
Let £* > 0 be as postulated by hypothesis Hy(v). On H 1(©) we introduce the
following inner product

(u, h)g = / (Du, Dh)gndz +/ B(uhdo —1—/ E*uhdz forallu, h € Hl(Q).
Q Q Q

By || - [lo we denote the corresponding norm. Hypothesis H(8) and the trace
theorem imply that || - ||o and || - || are equivalent norms on H 1(SZ). Let K €
LH' (), H'(2)*) be defined by

(K(u), h) = / (Du, Dh)gndz +/ B()uhdo —I—/ E*uhdz = (u, h)o
Q FI9) Q

foralu,h e H ! (€2). Evidently K is (strictly) monotone, coercive, thus surjective.
Invoking the Banach theorem (see Gasinski and Papageorgiou [17, Theorem 5.48,
page 845]), we have that K ' € L(H'(Q)*, H'(Q)). Let

L=K"o(Ns+&*D). (3.86)

Then L € L(H' (), H'(Q)) and the regularity theory (see Wang [37]) implies
that L(C'(Q)) € ().
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Claim 3.20. L is compactand u — v € C4\{0} = L(u) — L(v) € D4.

According to Proposition 3.1.7 of Gasinski and Papageorgiou [14, page 268],
to show the compactness of L, it suffices to show that

un — win H'(Q) = L(u,) — L(u) in H(Q). (3.87)

From the Sobolev embedding theorem and the compactness of the trace map, we

have
U, — uin L*(Q) and in L*>(3%2). (3.88)

Let v, = L(u,) forn € Nand v = L(u). We have

(K (vp), h) = / [f(z, un) + E*uplhdz forallh € H'(Q), alln € N,
Q

(K (), h) = / LF (oo t0) + £ ulhdz for all h € H'(Q)
Q
(see (3.86)). Then

(K(up) — K(u), h) = / Lf (2, un) = f(z, u)]hdz +/ £ (un — vp)hdz,
Q Q

= (up —u,h)o < (INp(un) — Np@)lla + E*|lun — ull2)||h]2,
= lup —ullo < c7[|INf(un) — Np@)ll2 + E*||u, — ull2] for some ¢7 > 0,
alln e N,

= u, 1o (see (3.87)),
= u, — u in H'(Q) and thus L(u,) — L) in H(Q).

So, we have established (3.87), which means that L is compact.
Next suppose that u, v € H'(€2) and u — v € CL\{0}. Letx = L(u),y =
L(v). We have

/(Dx,Dh)RNdz—i-/ ﬂ(z)xhdc—l—/ $*xhdz=/[f(z,u)+§*u]hdz
Q a0 Q Q

/(Dy, Dh)pndz +/ B(z)yhdo +[ E*yhdz = / [f(z,v) + & v]hdz
Q 90 Q Q

forallh € H (),

= —Ax(2) + & x(2) = f(z,u2)) + & u(z) (3.89)
for almost all z € Q, g—z 4+ B(z)x =00n 92,
—Ay(2) +&"y(2) = f(z,v(2) +§"v(2) (3.90)
dy

for almost all z € €2, 4+ B(z)y =0on a2

on
(see Papageorgiou and Radulescu [32]).
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Regularity theory implies that x, y € C'(). Also hypothesis H(v) and the
fact that u — v € C1\{0} imply

fz,v(2) +E"v(z) < f(z,u(z)) + E*u(z) for almost all z € ,
Ny(v) + E*v # Ny¢(u) + & u.
Hence x — y € C+\{0} and from (3.90), (3.91) we have

A(x — y)(z) < E*(x — y)(z) for almost all 7 € 2,
= X — y € D+

(by the strong maximum principle). This proves Claim 3.20.
Note that hypotheses H, imply ¢ € C2(H'()). Using the inner product
(-, -)o we define the gradient Vg € [,(HI(Q), Hl(Q)) by setting

(@' u), h) = (Vo(u), h)o forallu, h € H' (). (3.91)

Clearly, u — V¢(u) is continuous on H ! ().
Claim 3.21. Vo =1 — L.
Letu,h € H'(Q). Then

(/). ) = (A@), h) + / BQuhdo — / @ whdz
0 Q
= (A(u),h)—|—/ ﬂ(z)uhdo+[ E*uhdz
Q2 Q
—/[f(z, u) + &*ulhdz
Q

= (u, h)o — /Q[f(z, u) +&*ulhdz.
Note that
/Q[f(z, u) + E*ulhdz = <K o K~V (Ns + &), h)
— (K o L(u), h)

= (A(L(u)), h) —|—/ B()L(w)hdo (3.92)
Q2

+ / E*L(u)hdz
Q
= (L(u), h)o.
Returning to (3.92) and using (3.92), we obtain

(¢ (), h) = (u — L(u), h)o for all u, h € H' ()
= Vo=1—-L
(see (3.91)). This proves Claim 3.21.
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Consider the negative gradient flow 7 (¢, u) defined by

driitt, u) = —Vo(r(t,u)) on Ry, with 7(0, u) = u.

On account of Claim 3.21, we can rewrite this Cauchy problem as

dt(t,u)
dt

+7(t,u) = L(z(t,u)) on R4, with 7(0, u) = u.

This is a linear Cauchy problem and so its flow is global and it is given by the
following variation of constants formula

t
t(t,u) =e 'u+ / e L(z(s, u))ds forall t > 0. (3.93)
0

From (3.93) and the properties of the operator L, we have
(¢, C'(Q) € C'(Q) forallt >0
(that is, the space C 1(Q) is positively t-invariant). Also, if u € C1\{0}, then
t(t,u) € Dy forallr > 0.
We introduce the following set

E| = {u eC! (Q) : there exists #p > 0 such that for all # > 1o,

(1, u) € inter g [V, uxl}.
Here [v,, u,] is the order interval defined by
[vg, uy] = {u € H](Q) 104 (2) < u(z) < uy(z) foralmostall z € Q}
and intcl(ﬁ)[v*, u,| denotes its interior in C ! (), that is
inte1 g [ver tx] = {u € C'(Q) 1w — v, €intCy, uy —u € int Cy .

Recall that v, € —D4 and u, € D, (see Proposition 3.10). Hence 0 € Ej.
The continuous dependence of the flow on the initial condition, implies that £y C
cl(Q)is open. Also, from the semigroup property of the flow, we have

t(t+s,u) =t(t,t(s,u)) forallt,s >0
= F| is positively T — invariant. (3.94)

Claim 3.22. 9 E is positively t-invariant.
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Arguing by contradiction, suppose that Claim 3.22 is not true. Then we can
find 2 € 9E| and 7 > O such that 7(7, it) ¢ dE,. First we assume that 7(7, it) € E;
(recall that E is open). From the semigroup property of the flow, we have

t(t+1,0)=1(, 1@ 0)forallt >0,
= i € E| (see (3.94)), a contradiction.
So, suppose that 7 (7, i) ¢ E;. Let {n}n>1 € Eq be such that u, — i (recall that

i€ 0Ey). Then
T(t, uy) — v(t, i)

(continuous dependence of the flow on the initial condition).
From (3.94) we have
1(f,u,) € E; foralln e N,
= t(f, ) € Ey,
a contradiction. This proves Claim 3.22.
Next we introduce the following set
E; = {u € C'(Q) : there exists r* > 0 such that for all t > r*,
t(t,u) € Dy U (=Dy)}.
Again E, € C L(Q) is open and the positive t-invariance of =D, implies the
positive t-invariance of E>. Also, we have C1\{0} € E;,and 0 € d E> and arguing
as in the proof of Claim 3.22, we have that d E is positively t-invariant. Finally we

show that
0E1 NJE,) #£ . (3.95)

Indeed, we know that C,. € E, and dE; N Cy # ¥. Therefore dE; N E» # §.
Because 0 E1 N (—D4) # ¥, we conclude that (3.95) holds. Using (3.95) we define
mo = inf[p(u) :u € 9E1 NIJIE,]. (3.96)

Claim 3.23. my > —o0.
From (3.67) we see that it suffices to show that ¢|;, is bounded from below. Note
that ¢|[y,.u,] is bounded from below (see hypotheses H(B), and H3(i)). If u € E,
then by definition there exists 7p > 0 such that 7(¢,u) € intcl(@[v*, uy] for all
t 2 to. The flow 7 (-, u) being the negative gradient flow, is ¢-decreasing. Hence
—00 < my = inflo(u) : u € [vy, usl]l < @(r(t,u)) forallt > 1y
< ¢(u) (since (0, u) = u).
Since u € E| is arbitrary, it follows that
—00 < my < @3k,
= —00 < my.

This proves Claim 3.23.
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Claim 3.24. my is a critical value of ¢ (see (3.96) and Claim 3.23).

We argue indirectly. So, suppose that Claim 3.24 is not true and mq is a regular
value of ¢. Proposition 3.3 implies that ¢ (K,) € R is closed. So, for € > 0 small
we have

(mo —€,mg +¢€) Np(Ky) =0.

Letz € 9E1 N 9 E, be such that
R €
o) < mo + 5

(see (3.96)).

Then the argument in the proof of the deformation theorem (see Gasinski and
Papageorgiou [14, page 636]), implies that by choosing € > 0 even smaller if nec-
essary, we have

p(r(L, i) <mo—3. (3.97)
Let us recall that both d E| and 9 E; are positively t-invariant. Hence
(1,4) € 0E1 NIEy,
= mo < ¢(z(1, ),

a contradiction (see (3.97)). This proves Claim 3.24.
Claim 3.24 says that we can find § € dE| N 9 E» such that

y € K, and mg = ¢ ().
Since 0 € Eq, we infer that y £ 0. Also y € dE> and so it follows that

y ¢ DyU(=Dy)
= ¥ is nodal

(recall the constant sign solutions of (1.1) belong to Dy U (—D.)).

Therefore we have proved that the set of nodal solutions of (1.1) is nonempty.
We assume that is finite or otherwise we are done. According to Theorem 3.6 of
Bartsch, Chang and Wang [4], we can choose the nodal solution y such that

() € {1,2} and Ca2(p, y) # 0. (3.98)
Note that

[ ®5*5%) = vt - [ fie i

- fg [/ DFT = L HED?]dz <0
[ @im57) =60 - /Q fiz )Gz

- /Q (£ 93 = £ HE?]dz <0

(see hypothesis H(v)).
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Exploiting the fact that 3 L $~, we have

(¢" Gy, h) < O forall h € span {3+, 7).
= w() =2and C (@, y) = & 2Z forall k € Ng

(see (3.98) and Theorem 2.5).
Recall (see (3.85)) that

Ca, (@, y0) # 0 withd, > 3 (since m > 3)
= 3 # Yo

Therefore y € C 1(ﬁ) is the fourth nontrivial smooth solution of (1.1) which is
nodal. O

Remark 3.25. Bartsch, Chang and Wang [4], considered autonomous Dirichlet
problems and did not allow for resonance to occur at +oo. Under stronger con-
ditions on the autonomous reaction term f(x), they produced four nontrivial so-
lutions, two of constant sign and two nodal. Later, de Paiva [28, Theorem 1.3]
considered resonant Dirichlet problems and obtained four nontrivial solutions, two
of constant sign and one nodal. His hypotheses do not allow double resonance to
occur (see [28, hypothesis (g4)]) and the conditions on the reaction term are more
restrictive. In particular, de Paiva [28] assumes that f € C 1€ x R). More re-
cently, Liang and Su [21] also dealt with the Dirichlet problem and assumed that
fecC 1@ x R). They allowed double resonance and they proved a four solu-
tion theorem (Liang and Su [21, Theorem 1.2]) but without producing a nodal
solution and under more restrictive conditions on f(z,x) — see in Liang and Su
[21, hypothesis (fo)].

4. Seven nontrivial solutions

In this section, by modifying the geometry of the problem near zero, we prove new
multiplicity theorems producing up to seven nontrivial smooth solutions all with
sign information.

First we impose the following conditions on the reaction term f(z, x).

Hj : The fuction f : @ x R — R is a Carathéodory function such that:
(i) Forevery p > 0, there exists a, € L°°(£2)4 such that
| f(z,x)| < a,(z) foralmostall z € @, all x| < p;
(i1) There exist an integer m > 2 such that

i < liminf L &%) « lim sup f@x
x—>*oo X x—>do0 X

uniformly for almost all z € Q;
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(iii) It holds hrf [f(z,x)x — pF(z, x)] = Zo0o uniformly for almost all z € €;
X—> 00

(iv) There exist functions wy € H'($2) N C(RQ) such that

w_(z) <c. <0<cy <wy(z)forallz e Q,
A(w-) <0< A(wy) in H(Q)%,
fz,ws(2)) <0< f(z, w-(z)) for almost all 7 € ;

(v) There exist/ € N,/ # m and 9 > 0 such that

1x2 for almost all z € Q, all |x| < § when! > 2

ax? < fz,x0x < <
X 2x2 for almost all z € 2, all |x| < §p when!l =1

+
1w(@)x* < fz,0x < i

Y
<
with n € L®(Q),n(z) > A; foralmost all z € Q, 7 # A;;

(vi) For every p > 0, there exists ép > 0 such that for almost all z € Q the
function

x> f(z,x) +Epx

is nondecreasing on [—p, p].

Remark 4.1. Suppose that we can find 7~ < 0 < 74 such that
f(z,7=) <0< f(z, t4) for almost all z € Q2.

Then hypothesis H3(iv) is satisfied. Evidently, this hypothesis together with H3(v)
implies a kind of oscillatory behavior near zero for f(z, -). Hypothesis H3(v) al-
lows for double resonance to occur at zero with respect to any nonprincipal spectral
interval. Since we have double resonance at +00 (see hypothesis Hz(ii)), we see
that we have a kind of “double double resonance”.

We introduce the following truncations-perturbations of the reaction f(z, -):

0 ifx <0
g+(z,x) =13 flz,x)+x if0<x <wy(z)
S wi(@) +wi(m) ifwe(z) <x @D
[ w_(2)+w_(z) ifx<w_(7)
g-(z,x) =13 flz,x)+x ifw_(z) <x<0
0 if 0 < x.

X
Both are Carathéodory functions. We set G4 (z, x) = / g+(z, s)ds and consider
0

the C' —functionals Yt H l(Q) — R defined by

1 1
Y+ (u) = Ey(u) + 5”””% —f G+(z,u)dz forallu € H ().
Q
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Proposition 4.2. Assume that hypotheses H(B), H3(iv), (v) hold,
|f(z, x)| < a(z) for almost all z € Q, all |x] < p = max{||w]loo, [|w—-]|oc}

with a € L ()4 and H3(Vi) is true for this p > 0. Then problem (1.1) admits
two nontrivial constant sign solutions

ug € Dy with ug € [0, wy],
vo € —D4 with vy € [w_, 0].
Proof. Evidently 1 is coercive (see (4.1)). Also, using the Sobolev embedding

theorem and the compactness of the trace map, we see that ¥ is sequentially
weakly lower semicontinuous. So, we can find ug € H ! (£2) such that

Vs (1) = inf[xﬁJr(u) ue Hl(Q)] . 42)
Recall that iz; € D4. So, we can find ¢ € (0, 1) small such that

0 < tii(z) < cyforallz € Q.

Then when [ > 2, clearly we have

Yy (tig) < 0.
When [ = 1, we have
. 2. >
V(i) = = / [A1 — n(z)]iaydz <0
Q

see hypothesis H3(v). Therefore

V4 (uo) <0=1v4(0)
(see (4.2)), hence ug # 0. From (4.2) we have

V' (uo) =0,
A ,h —i—/ hdz + / hd
= (A(uo), h) o uonaz . B(z)uohdo (4.3)

= / g+(z, ug)hdz forall h € H' ().
Q

In (4.3) we choose h = —u, € H'(S). Then

yuy) + lluglls <0,
= up >0, up #0.
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Also, in (4.3) we choose h = (ug — w4 )" € HI(Q). Then

(Auo), (wo —wy)™) +/

uo(uo — wy)Tdz + f B(Duo(uo — wy)Tdo
Q 9Q

= /Q[f(z, w+) + wi (o — wi) T dz (see (4.1))

< (Awy), (o — wy)™) +/ wy (uo — wy) ¥ dz +/ B(uouo — wi)do
Q aQ
(see hypotheses H3(iv), H(B))
= [I1D(uo — w) 1B + [(o — w)*113 < 0 (see hypothesis H(B))
= up < W4.

So, we have proved that
up € [0, wy].

Then equation (4.3) becomes

(A(uo),h)+/ ,B(Z)Lt()hd0’=/ f(z,ug)hdz for all he H'(Q) (see (4.1))
Q2 Q

0
= —Aug(z)=f(z,uo(z)) for almost all z€ 2, and _auo +B(2)up=00n 93, (44)
n

=upcC1\{0} 4.5)
(regularity theory). By hypothesis from (4.4) we have
Aup(z) < épuo(z) for almost all z € 2,
= Ug € D+

(by the strong maximum principle). Similarly, working with the functional {_, we
produce v9 € —D a negative solution of problem (1.1). O

Remark 4.3. If wy € H' (2)NC () are not solutions for (1.1) and Awy € LZ(Q)
or alternatively w4 € H ! ()N C(RQ) and
f(z,w+(2)) <0< f(z,w_(z)) foralmostall z € 2, f(-,wL(-)) £0

then
ugy € intcl@) [0, ws] and vg € intcl@)[w_, 0].

Indeed, if the first option holds, then with SAP > 0 as in the hypothesis, we have

— Aug(2) + Epu0(2)

= f(z,u0(2)) + Epuo(2)

< [z wi(2) + Ew4 (2) (since up < wy)

< —Awy(z) + SprJr (z) for almost all z € (4.6)
(see hypothesis H3(iv) and recall that Awy € LZ(Q) )

= A(wy —up)(z) < éAp (wy — up)(z) for almost all z € 2. 4.7
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Note that wy # ug (recall that w is not a solution of (1.1)). So, from (4.7) and the
strong maximum principle, we have

w4 —ug €intCy
= up € imcl(ﬁ) [0, wy].
If the second option holds, then from (4.6) and the strong comparison principle of
Fragnelli, Mugnai and Papageorgiou [12, Proposition 4], we have
W4 — Uy € int C+
= Up € intc1(§)[0, w4].
In this case, Proposition 2.4 implies that ug € D4 and vg € —D are both local

minimizers of the energy functional ¢.
As before, we can produce extremal constant sign solutions.

Proposition 4.4. If the hypotheses of Proposition 4.2 hold, then problem (1.1) ad-
mits extremal constant sign solutions

ux € Dy and vy, € —Dy.

Proof. As in the proof of Proposition 3.10, we can find a decreasing sequence
{un}n>1 € Sy such that
inf S = 1r;f1 Uy.

nz

Evidently {u,},>1 € H ! (£2) is bounded. So, we may assume that

U, = uyin H(Q) and u, — u, in L%(R) and in L2(3Q). (4.8)

n

Suppose that u, = 0 and let y, = ““—H,n e N. Then |[ya|l = 1, yp = 0 for all
Un

n € N. So, we may assume that
yu = yin H' () and y, — y in L?(R) and in L>(3R), y > 0. (4.9)

We have

Ny (un)
[unll

(A(yn), h) +[ B(D)ynhdo = / hdz forall n € N. (4.10)
]9} Q

The hypotheses on f(z, x) imply that

| f(z,x)| < c7|x| foralmostall z € @, allx € R, somecy >0
N {Nf(un)

} C L%() is bounded. (4.11)
nll )1
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Then from (4.11) and hypothesis H3(v) and by passing to a subsequence if neces-
sary, we have

Nf(”n) w

b < g ifl >
TRl — N0y ian(Q) with {}\1 <no(z) < A4 ifl 22
Un

1) < noz) < hy ifl =1

(4.12)

for almost all z € 2. In (4.10) we choose h =y, — y € H' (£2), pass to the limit as
n — oo and use (4.9), (4.11). Then

lim (A(yn), yn —y) =0,
n—oo

= y, > yin H L) (by the Kadec-Klee property),
= lyll=1,y=0. (4.13)

Passing to the limit as n — oo in (4.10) and using (4.9), (4.12) we obtain

(A(y), h) +f B(z)yhdo = / no(z)yhdz forall h € H'(),
a0 Q

dy

= —Ay(z) = no(z)y(z) for almost all z € €2, 3
n

+ B(z)y =0 on 3x4.14)

From (4.12), we have
M) MG =1 ifl =2
o) < M) =1 ifl=1

(see Proposition 2.3). So, in both cases we have

Ti(no) < 1
= y =0 or yisnodal ,

(see (4.14)) a contradiction, see (4.13). Therefore u, # 0 and so uy, € S;,u, =
inf S,
Similarly we produce v, € S—, v, =supS_. O

Using these extremal constant sign solutions, we can produce nodal solutions.
First we compute the critical groups of the energy functional ¢ at the origin. To do
this, we need only the behavior of f(z, -) near zero.

Proposition 4.5. Assume that hypothesis H(B) holds, f : @ x R — R is a
Carathéodory function such that

|f(z,0) < a1+ |x|""") for almost all z € Q, all x € R,
witha € L® ()4, 2 <r < 2* for almost all 7 € Q

f(z,0) =0and f(z,-) satisfies hypothesis H3 (V).
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Leto : H 1(©Q) = R be the energy functional defined by

pu) = %V(M) —/ F(z, u)dz for allu € H'(Q)
Q

X
(recall F(z,x) = / f(z, s)ds) and assume that ¢ satisfies the C-condition and
0

0 € K, is isolated. Then Cy (¢, 0) = & q,Z for all k € Ny, where d; = dim H;.
Proof. Let 9 € ():1, ):1+1) and consider the C 2—functi0nal§ H 1(Q) — IR defined
by

E(u) = Ey(u) - E||u||2 forallu € H (X2).
Then u = 0 is a nondegenerate critical point of & with Morse index d;. Hence

Ck(g, 0) = Bk,dlz for all k € N() (4.15)

(see Motreanu, Motreanu and Papageorgiou [27, Theorem 6.51, page 155]).
We consider the homotopy %(¢, ) defined by

h(t,u) =1 —t)p(u) + t&(u) for all (t,u) € [0, 1] x HI(Q).
We have

<h;(t, W), y> —(1— t)<g0/(u), y>+t<§/(u), y> forallu,y € H'(Q). (4.16)

Let 89 > 0 be as postulated by hypothesis H3(v) and let u € C' () with ||u|| cl@ S
do-
We write o R
u=u+uwithu € H;, it € Hyy,

(this decomposition is unique). Exploiting the orthogonality of the component
spaces, we have

<¢’(u), - a) — (@) — y @) — fQ F(z, u) (@i — W)dz. 4.17)

The choice of u € C'(2) and hypothesis H3(v) imply that
£z u@) @ —0)(z) < Ag1ii(z)> — Aii(z)? for almost all z € Q. (4.18)

Using (4.18) in (4.17), we obtain

(¢'@.it=7) > y@ —Aalldl} - [y@ - Ai@B] > 0. @.19)
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Also we have
(' @i — 7)) = y @ = 21121 = [y @ — #17B] > eslul® 420

for some cg > 0 (see Proposition 2.2).
Returning to (4.16) and using (4.19), (4.20), we have

<h;(r, %), & —E> > tegllul? > 0 fort € (0, 1.

For t = 0, we have h(0,-) = ¢(-) and by hypothesis 0 € K|, is isolated. Since
Kpe,y € C 1(Q) for all t € [0, 1] (regularity theory, see Wang [37]), using the
homotopy invariance property of critical groups (see Corvellec and Hantoute [10,
Theorem 5.2] and Gasinski and Papageorgiou [18, Theorem 5.126, page 838]), we
have

Ck(h(0, -),0) = Cx(h(1, ), 0) for all k € No,
= Ci(p,0) = Ci(§,0) for all k € Ny,
= Ci(p,0) = &k q, forall k € Ny (see (4.15)). O

Proposition 4.6. If hypotheses H(B), and H3(iv), (v) (with | > 2) hold,
|f(z, x)| < a(z) for almost all z € 2, all |x| < p = max {||w4||oo, [|w-]loo}

with a € L*®(Q)y and Hs(vi) is true for this p > 0, then problem (1.1) admits
a nodal solution yy € intcl@)[v*, uy) (here u, € D, and v, € —D4 are two
extremal constant sign solutions produced in Theorem 3.19).

Proof. Using the extremal constant sign solutions u, € Dy and v, € —Dy (see
Proposition 4.4), we introduce the following Carathéodory function

f(z,04(2)) +v4(2) ifx < v4(2)
k(z,x) =1 f(z,x)+x if v4(2) < x < ui(z) (421)
[z, us(2)) + us(z) if uge(z) < x.

Also we consider the positive and negative truncations of k(z, -), that is, the Cara-
théodory functions

ki(z,x) = k(z, £xF) forall (z,x) e 2 x R.

X X
We set K(z,x) = / k(z,s)ds, K+(z,x) = / k+(z, s)ds and consider the cl-
0 0

functionals u, u+ : H'(Q2) — R defined by
1 1 2
p) = sy@w) + slull; — [ Kz, wdz
2 2 Q

1 1
U (u) = 5y(u) + §||u||% —/ K+ (z,u)dz forallu € H' ().
Q
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Claim 4.7. Itholds K, C [vs, us], while K;;, = {0, u},and K, = {0, v} .
Letu € K. Then

(A(u),hH—/ uhdz+ | B(z)uhdo =/k(z, u)hdz forallh € H' (). (4.22)
Q Q

aQ

Choose h = u — u, € H'(Q). Then
(A@), (u —u)™)+ f w(u —u)tdz + / B@)u(u — u)tdo
Q 19
= / [f(z, us) + us)(u — uy)tdz (see (4.21))
Q

= <A(u*), (u — u*)+> +/ s (u — uy)*dz +/ B@ux(u — us)"do,
Q Q2

= ||Du — u) 113 + |1(u — u) 7|13 < 0 (see hypothesis H(B))
= U < Uy

Similarly, choosing h = (vs—u)* € H ! (2) in (4.22), we show that v, < u. Hence
Ky C [y, usl.
In a similar fashion, we show that
Ky, €[0,us]and K, C [v4, 0].
The extremality of u, € D4 and v, € — D implies that
Ky, =1{0,uy} and K, = {0, v}.

This proves Claim 4.7.
Claim 4.8. u, € D4 and v, € — D, are local minimizers of u.

Evidently u 4 is coercive (see (4.21)) and sequentially weakly lower semicon-
tinuous. So, we can find 1, € H! (€2) such that

ji4 (ix) = inf [M+(u) Cue H‘(Q)] . (4.23)

Because of hypothesis Hz(v), for ¢ € (0, 1) small so that tii(z) < minu, (recall
Q
that i1y, uy, € D), we have

w4 (tiy) < 0 (see the proof of Proposition 4.2),
= w4 (ity) < 0= puy(0),
= iy #0.
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From (4.23) and Claim 4.7, we infer that iz, = u, € D . Note that

iy loy = ule, (see @21),
= uy € Dy isalocal C l(5) — minimizer of yu,

= u, € D4 is alocal H' (2) — minimizer of p

(see Proposition 2.4). Similarly for v, € — D/ using this time the functional p_.

This proves Claim 4.8.

Without any loss of generality, we may assume that p(vy) < p(us) (the rea-
soning is similar if the opposite inequality holds). Also, we may assume that K,
is finite. Otherwise, thanks to Claim 4.7, we see that we have an infinity of nodal
solutions belonging in C (o) (regularity theory). Using Claim 4.8, we see that we
can find p € (0, 1) small such that

p(ve) < puy) < infp@) @ [lu —usll = pl =my, |lvx —usll > p (4.24)

(see Aizicovici, Papageorgiou and Staicu [1, proof of Proposition 29]).
The functional u is coercive (see (4.21)). So,

u satisfies the C-condition (4.25)

(see Papageorgiou and Winkert [35]). Then (4.24) and (4.25) permit the use of

Theorem 2.1 (the mountain pass theorem). Therefore, we can find yo € H 1(Q)
such that

yo € Ky and my < u(yo). (4.26)

From (4.26) we have
Yo €C'(R)

(regularity theory, see Wang [37]) and
Y0 € [Vs, us]\ {vs, U4}
(see (4.24)). So,y9 € C ! () is a smooth solution of problem and
Ci(u, yo) # 0. (4.27)
From Proposition 4.5, we have
Ci(¢,0) = 8¢ g Z for all k € Ny. (4.28)

Since uy € D4 and v, € —D,, we have

Ck (Ko@) 0) = Ci (¢ler@)-0) forall k € No. (4.29)
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From Palais [30, Theorem 16] (see also Chang [8, page 14]), we know that

Cy (mcl@, o) — Ci(w, 0) and Cy (¢|Cl(§), o) — Ci(g, 0) for all k € Ny.
(4.30)
So, from (4.29), (4.30) we infer that

Ci (i, 0) = Ci(e, 0) for all k € Ny,
= Cr(p,0) = 8¢, q,Z for all k € No. (4.31)
Since [ > 2, we have d; > 2 and so from (4.27) and (4.31) it follows that
0 € K\ 0, s, v} € [vs, ] N CH(R\ {0, us, vs} (see Claim 4.7),
= yp € C'() is a nodal solution of (1.1).
Let é » > 0 be as in the hypothesis. We have

—AY0(2) + £,30(2) < —Au(2) + £yt (2) for almost all z € Q,
= Aux —y0)(2) < S;)(u* — y0)(z) for almost all z € €,
= ux—yo € Dy
(by the strong maximum principle).
Similarly we show that yp — v, € D4. So, finally we have

Yo € intcl(ﬁ)[v*, Us]. O

So, we can state the following multiplicity result. We stress that in this theo-
rem there is no growth or differentiability requirement on f(z, -) and we have sign
information for all solutions. Moreover, at zero we allow resonance with respect to
any nonprincipal eigenvalue. So, our result is a considerable improvement of the
multiplicity results of Liang and Su [21, Theorem 1.1], de Paiva [28, Theorem 1.4],
Su [36, Theorem 2] for Dirichlet problems.

Theorem 4.9. If hypotheses H(B), and H3(iv),(v) (with [ > 2) hold,
| f(z, 0)| < a(z) for almost all z € Q all |x| < p = max{||w||oo, [|W-]loo}

with a € L°°(Q), and H3(vi) is true for this p > 0, then problem (1.1) admits at
least three nontrivial smooth solutions

ug € Dy, vo € —Dy and yy € intcl(ﬁ)[vo, ug| nodal.

We can improve this multiplicity theorem and produce a second nodal solution,
provided that we strengthen the regularity of f(z, -).
So, the new conditions on the reaction term f (z, x), are the following:

H(; . [ x R — Ris ameasurable function such that for almost all z € €2,
f(z,-) € C'(R\ {0}), is continuous at zero, satisfies hypotheses Hz(iv), (v),

|f(z, )] < a(z) foralmost all z € Q all |x| < p = max {||w[loo, [lw-[loc},

with a € L*°(Q2) and Hj(vi) is true for this p > 0.
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Theorem 4.10. If hypotheses H(B), and H(; hold, then problem (1.1) admits at
least four nontrivial smooth solutions

ug € Dy, vo € —D4 and yo, Y € intc1 g [vo, uol nodal.
Proof. From Theorem 4.9, we already have three nontrivial smooth solutions
ugp € Dy, v9p € —D4 and yg € intcl@)[vo, ug] nodal. 4.32)

Returning to the notation introduced in the proof of Proposition 4.6 and recalling
that yy is a critical point of the functional u of the mountain pass type, we have

Ci(, yo) #0and u € C*O(H' (),
= Cr(i, yo) = é¢,1Z for all k € Ny (4.33)

(see Li, Li and Liu [24, Theorem 2.7]).

Without any loss of generality, we may assume that uo and vy are extremal
(that is, ug = ux € Dy, v9 = v, € —D_). From the proof of Proposition 4.6 (see
Claim 4.8), we know that ug and vg are local minimizers of ;. Hence

Cr(p, ug) = Cr(1, vo) = 8 0Z for all k € Np. (4.34)
Also, we know that
Cr(w,0) = 8k g, Z for all k € Ny (see (4.31)). (4.35)
Finally recall that p is coercive (see (4.21)). Hence
Cr (1, 00) = 8 0Z for all k € Np. (4.36)

Suppose that K, = {yo, uo, vo, 0}. Then from (4.33), (4.34), (4.35), (4.36) and the
Morse relation with ¢t = —1 (see (3.54)), we obtain

(D' +2(=D + (=% = (=1)°,
= (=% =0 a contradiction.

So, there exists § € H'($2) such that
y € Ky and y ¢ {yo, uo, vo, 0} . (4.37)
Then from (4.37) and Claim 4.7 in the proof of Proposition 4.6, we have

3 € [vo, upl N C'(Q),
=35eC ! () is a second nodal solution of (1.1)

(see (4.21) and (4.37)). Moreover, as in the proof of Proposition 4.6, using the
strong maximum principle, we have y € int, 1@ lvos uol. O
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Remark 4.11. Theorem 4.10 above is considerably more general than Theorem
1.1 of Zhang, Li and Xue [38]. In that work, the differential operator (left-hand
side of the equation), is —Au + au with a € (0, +00), the reaction term f is
autonomous and has positive and negative zeros and no resonance is allowed at
zero. In addition, the boundary coefficient 8 # 0 and so their framework excludes
Neumann problems. They produce four nontrivial solutions, but no nodal solutions.

Up to this point we have not used the asymptotic conditions at 00 (see hy-
potheses H3(ii), (iii)). If we activate these conditions, then we can produce addi-
tional constant sign smooth solutions for problem (1.1). In what follows, ug € D4
and vg € —D_ are the two nontrivial constant sign smooth solutions from Theo-
rem 4.9. Also, we strengthen hypothesis H3(iv) according the Remark 4.3. So, we
introduce the following conditions on f(z, x):

H3/ : The function f : @ x R — R is a Carathéodory function such that
hypotheses H3/(i), (i1), (iii), (v), (vi) are the same as the corresponding hypotheses
Hs(i), (i), (iii), (v), (vi) and (iv) one of the following holds:

[a] there exist functions wy € C ! () which are not solutions of (1.1), Awy €
L*(Q) and

w_(z) <co <0 <cy <wy(z)forallz e Q,

A(w-) <0< A(wy) in H (@)

fz,we(z)) <0< f(z, w_(2)) for almost all 7 € Q;
or .

[b] there exist functions w+ € H ! (2) N C(£2) such that

w_(z) <c. <0 <cy <wy(z)forallz e Q,

Awy) <0< A(w-) in H'(Q)F,

f(z,wi(2)) <0< f(z, w—(2)) for almost all z € 2, and f(-, wx(-)) #O0.

Remark 4.12. If there exist c. < 0 < ¢4 such that

f(z,c4) <0 < f(z,c-) foralmost all z € Q¢ € Q with ||y > 0,
then both cases [a] and [b] in hypothesis H3/ (iv) are satisfied.

Proposition 4.13. [f hypotheses H(B), and H3/ hold, then problem (1.1) admits two
more nontrivial smooth solutions of constant sign

ﬁ€D+ withﬁ—u0€D+,
ﬁ€D+ withvo—ﬁeD+.

Proof. Using the positive solution ug € D4 from Theorem 4.9, we introduce the
following Carathéodory function

J (2, u0(2)) +uo(z) if x < up(z)

[z %) +x if uo(z) < x. (4.38)

er(z,x) = {
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X
Let E4(z,x) = / e+(z, s)ds and consider the ¢! —functional X+ ° HI(Q) —- R
0
defined by

1 1
X ) = Sy ) + 5||u||§ —/ Ei(z,u)dz forallu € H'(Q).
Q

Claim 4.14. K, < [u0) = {u € H'(®) : uo(2) < u(2) for almostall z € 2|
Letu € K, . Then

(A(u), h) +/ uhdz +f B(z)uhdo = / e4(z, u)hdz forallh € H'(Q).
Q Q2 Q
Choose h = (ug — u)* € H'(Q). Then

(Aw), (o —u)*) + /Q uuo —w*dzt | puo —u)*do

= / [f(z, uo) + uol(uo — u)Tdz (see (4.38))
Q

= (A(uo), (uo —uw)*) + /Q uo(uo — u)"dz + ./asz B(Duo(uo — u)*do,

= [|D(uo — uw) 113 + |1(uo — u)*|13 < 0 (see hypothesis H(B)),
= ug S u.

This proves the claim.
Recall that ug € [0, w4 ] (see Proposition 4.2). We may assume that

Ky, N[0, wy] = {uo}. (4.39)

Otherwise on account of the claim, we already have a second positive solution i €

C! () with ug < @1 and as before, via hypothesis H3/(vi) and the strong maximum
principle, we can say that it — ug € D4 and so we are done.
We consider the following truncation of e (z, -):

. _ ez x) if x < w4(2)
. x) = i ez 4 (2) 0 (2) < x. (440

X
This is a Carathéodory function. We set £ (z,x) = / é1(z, s)ds and consider
0

the C'-functional % : H' () — R defined by

. 1 1 .
Re) = Sy @) + §||u||§ —/ Ey(z,u)dz forallu € H'(Q).
Q
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From (4.40) it is clear that x4 is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find ity € H' (€2) such that

4 Gio) = inf[;mu) Cue Hl(sz)] . (441)
As before (see the proof of Proposition 4.6), we can show that
K;, € [uo, wy]. (442)
Then from (4.39), (4.41), (4.42) it follows that
iy = uo.
Hypothesis H3/ (iv) implies that
wy —up € intCy

(see Remark 4.3). We have x4 |[O,w+] = X+’[o we] (see (4.40)). So, it follows that

ug is a local C'(€2) — minimizer of x4,

= ugisalocal H 1(Q) — minimizer of x4 (see Proposition 2.4).

We assume that K, is finite or otherwise on account of the claim, we already have

an infinity of positive solutions in cl(Q) strictly bigger than ug and so we are done.
Hence, we can find p € (0, 1) small such that

X (o) < inf [ @) = lu — uoll = p] = m. (4.43)
Hypothesis Hi(ii) implies that
X+ (tih]) —> —o0 ast — +00. (4.44)
Moreover, Proposition 3.5 implies that
X+ satisfies the C-condition. (4.45)

Then (4.43), (4.44), (4.45) permit the use of Theorem 2.1 (the mountain pass theo-
rem). So, we can find & € H! (€2) such that

i e K, Clup) (seethe claim) and x4 (1) < my < x4 (). (4.46)
From (4.46) and (4.38) it follows that

i € CH(Q) solves problem (1.1) and & # uy.
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In fact, hypothesis H3/ (vi) and the strong maximum principle, imply that
u— upy € D+.
Similarly, starting with the Carathéodory function

fz,x)+x if x < wo(z)

e—(z,x) = ! f(z,v0(2)) + vo(z) if vo(z) < x

and reasoning as above, we produce a second negative solution
ﬁE—D+WithU0—ﬁ€D+. O
So, we can state the following multiplicity theorem

Theorem 4.15. If hypotheses H(B), H3/ hold, then problem (1.1) admits at least
five nontrivial smooth solutions

uo, 4 € Dy withii —ug € Dy
vo, 0 € —D4 withvy — 0 € Dy,
Yo € intcl@)[vo, ug| nodal.

With stronger regularity on f(z, -) (namely, we require that f € C 1(]R\{O})), we
can improve this multiplicity theorem.
The new hypotheses on f(z, x) are the following:

"

Hy: The function f : € x R — R is a measurable function such that for
almost all z € 2, and f(z, ) € Cl(]R\{O}), and f(z, -) is continuous at zero;

(i) It holds |f);(z,x)| < a1+ |x|r_2) for almost all z € 2, all x € R\{0}
witha € L*(Q),2 <r < 2%

and hypotheses H3”(ii), (iii), (iv) and (v) are the same as the corresponding
hypotheses H3/(ii)—>(v).
Remark 4.16. Note that in this case the differentiability of f(z,-) on R\{0} and
hypothesis H; (i) imply that hypothesis H3(vi) is automatically true.
Then using Theorems 4.10 and 4.15, we have the following multiplicity theo-

rem.

Theorem 4.17. If hypotheses H(B), and H3H hold, then problem (1.1) admits at
least six nontrivial smooth solutions

uo, i € Dy withu —ug € Dy
vo, 0 € —D4 withvy — 0 € Dy,
Yo,y € intc1 g [vo, uol nodal.
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Finally, a further strengthening of the conditions on f(z, -) (in the direction of hy-
pothesis H»(v)), gives a third nodal solution, for a total of seven nontrivial smooth
solutions all with sign information.

H3W: The function f : @ x R — R is a measurable function such that for
almost all z € ,and f(z,0) =0, and f(z,-) € C!(R) and:

(i) It holds |f;(z,x)| < a1+ |x|'_2) for almost all z € 2, all x € R, with
a€L®(Q);,and2 < r < 2%
(i) There exists an integer m > 3 such that

i <liminf 2 < Jim sup L&)
x—>Foo X x—>to0 X

< )A\m_H uniformly for almost all z € 2;

(iii) It holds lirjltq [f(z,x)x —2F(z,x)] = 400 uniformly for almost all 7z € Q2
X—> 00

X
(recall that F(z, x) = f(z,s)ds);

0
(iv) One of the following holds:
[a] there exist functions w4 € C ! (€2) which are not solutions of (1.1), Awy. €
L*() and

w_(z2) <o <0 <cp <wy(z)forallz e Q,
Aw-) <0< A(wy), in H'(Q)*
[z, ws(2)) <0< f(z,w_(z)) for almost all z € Q;

[b] there exist functions wi € H ! () N C(RQ) such that

w_(z) <c. <0 <cy <wy(z)forallz e Q,
Aw-) <0< A(wy) in H'(Q)*
[z, ws(2)) <0< f(z,w—(z)) foralmost all z € 2, f(-, wx(-)) # 0;

(v) There exist an integer [ > 2,1 # m and §p > O such that
)A»[x2 < fz,x)x < 5»1+1X2 for almost all z € 2, all |x| < do;
(vi) There exists £* > 0 such that for almost all z €  the function
x> f(z,x)+&%x

is strictly increasing on R and for every M > 0 there exists Qy C Q with
|Q2p|n > 0 such that

f@x) < f;(z,x) for almost all z € , all |x| < M.
x




MULTIPLICITY OF SOLUTIONS FOR ROBIN PROBLEMS WITH DOUBLE RESONANCE 195

Under these conditions on f(z, x), the reasoning in the proof of Theorem 3.19
remains valid and gives a nodal solution § € C!(£). The fact that the hypothesis
near zero is different (compare hypothesis H3W (v) with hypothesis H>(iv)), does not
change anything, since this condition is only used to generate extremal constant
sign solutions. In the present setting this was done in Proposition 4.6 (for Theorem
3.19, we did it in Proposition 3.10). From Theorem 4.10 we know that for the two
other nodal solutions that we have already produced, we have

Y0, ¥ € inter g [vo, ol

(as before we assume that ug = uy, € Dy, and vg = v« € —D4). Hence from the
proof of Theorem 3.19 we infer that

y#yoand § # 3.
Therefore we can state the following multiplicity result.

Theorem 4.18. If hypotheses H (), H3W hold, then problem (1.1) admits seven
nontrivial smooth solutions

M(),I:i € D+withﬁ—u0 € D+
Uo,ﬁ€D+WithU0—f)€D+
Yo, ¥, ¥ € Cl(ﬁ) nodal with yg, y € intcl@)[vo, upl.

Remark 4.19. To the best of our knowledge, this is the first theorem which pro-
duces seven nontrivial smooth solutions for problems exhibiting double resonance.
Even for Dirichlet problems, no such multiplicity theorem exists. We stress that in
Theorem 4.18 we provide sign information for all solutions. We mention Theorem
1.3 of Liang and Su [21] who deal with Dirichlet equations and produce six non-
trivial solutions. However, they do not provide sign information for all of them and
their hypotheses on f(z, x) are more restrictive and do not allow resonance at zero.

5. Exact multiplicity result

In the previous section, by introducing an oscillatory behavior near zero (see hy-
pothesis H3(iv)), we were able to prove various multiplicity theorems, reaching up
to seven nontrivial smooth solutions all with sign information. Now we remove
this condition, always keeping the double resonance at 00 and the resonance with
respect to a nonprincipal eigenvalue at zero (“‘double double resonance”). We show
that we can still have two nontrivial smooth solutions. In fact eventually we prove
a sharp multiplicity theorem (see Theorem 5.3).
The hypotheses on the reaction term f(z, x) are the following:

Hy: The function f : € x R — R is a measurable function such that for
almost all z € 2, and f(z, ) € C'(R) and
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(i) It holds | f{(z, x)| < a(z)(1 + |x|’_2) for almost all z € 2, all x € R, with
acL®(Q),and2 <r < 2%

(i) There exists an integer m > 3 such that

f(z,x) fz,x)

A <liminf <limsup
x—>Foo X x—>to0 X

< )A\m+1 uniformly for almost all z € ;

(>ii1) It holds liril [f(z,x)x —2F(z,x)] = 4+oc uniformly for almost all 7 € ;
X—>T00
(iv) There exist! € N with/ + 1 < m and 8y > 0 such that
)A»lxz < fz,x)x < il+1x2 for almost all z € 2, all |x| < do;
A f(z, x) /
(v) It holds A; < < fy(z, x) for almost all z € 2, all x # 0, and for
every M > 0, there exists €2);7 C 2 measurable with |€2;7|5 > 0 such that

f(z,x)
X

o< < fi(z,x) foralmost all z € Qy, all0 < |x| < M

and f;(z, x) < im+2 for almost all z € 2, all x € R and for every M > 0,
there exists 2 M C 2 measurable with |fZM| ~ > 0 such that f); (z,x) < im+2
for almost all z € 7, all |x| < M.

Recall that ¢ : H 1(©Q) — Ris the energy functional for problem (1.1) defined by
1
o) = E)/(u) —/ F(z,u)dz forallu € H' ().
Q

Under hypotheses Hs we have ¢ € C2(H 1(SZ)). We start with an observation
concerning the critical points of ¢ motivated by de Paiva [28, Lemma 3.2].

Proposition 5.1. If hypotheses H(B), and Hs hold and i € Ky\{0}, then v(i) <
dy — djy1 (recall dy, = dim Hy,, and dj+1 = dim Hj41).
Proof. Let
fzu(@) . .
s={ ag @70
f(z,0) ifi(z) = 0.

Then & € L°°(2) and we can equivalently rewrite problem (1.1) as follows

—Au(z) = £(z)u(z) in Q, with g—z + B(z)u =0 on 092. 5.1)

Consider the following weighted eigenvalue Robin problem

—Au(z) = nE(2)u(z) in 2, with g—z + B(z)u =0 on J92. 52
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From (5.1), we see that # € C 1(ﬁ) (by the regularity theory, see Wang [37]) is
an eigenfunction for (5.2) (with eigenvalue 7 = 1) and so by the UCP, ii(z) # 0
for almost all z € 2 (see also Caffarelli and Friedman [6]). Let {f;}ren be the
eigenvalue of (5.2) (evidently, by hypothesis H4(v), they exist and 7 = 1 is one of
them).

Also, let £(z) = f;(z,i(z)). Evidently & € L°°(€2) and we consider the
following weighted eigenvalue Robin problem

—Au(z) = 9&(2)u(z) in Q, and g—z + B(z)u =0 o0n 2. (5.3)
Let {8} ,en be the eigenvalues of (5.3) (see hypothesis Hy(v)).
From hypothesis H4(v) we have
£(z) < &(z) for almost all z €  and & #£ &. 64
From (5.4) and Proposition 2.3, we have
D = An(&0) < An(§) = 7, forall n € N. (5.5)

Consider the following two eigenvalue Robin problems
A 0
—Au(z) = 6 Apsou(z) in 2, and 8_14 + B(z)u =0 o0n a2 (5.6)
n

A 0
—Au(z) = Th+1u(z) in 2, anda—u 4+ B(z2)u =0on a2. 5.7
n

Let {G,,}»>1 be the eigenvalues of (5.6) and {7,},>1 be the eigenvalues of (5.7). We
have

A A

A
6y = ——and T, = —— foralln € N.

Am+2 A4l
Using hypothesis H4(v) we see that

A

A < E(2) < E0(2) < Amyo foralmost all z € Q
hi # & and dpya # Eo.

So, using Proposition 2.3, we obtain
<t <landl=6m42 < Omi2 < fimi2. (5.8)
Recall that 7 = 1 is an eigenvalue of (5.2). So, from (5.8) if follows that
nj=1forsomeje{l+1,...,m+1}.

If 9,41 = 1, then z§m+1 < 1 and so (5.8) implies that 9 = 1is not an eigenvalue of
(5.3). Note that u € ker ¢” (i) implies that

—Au(z) = &(2)u(z) in Q and g—z AU =0 on IS,

Therefore it follows that in this case v(iz) = 0.
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Next suppose that 77,, = 1. Then from (5.5) we have Om < 1 and so from (5.8)

we have 1 < O,,42. It follows that v(z) < 1. Continuing this way, after a finite
number of steps we conclude that v(it) < d,, — dj+1. ]

Now we can have a new multiplicity theorem for doubly resonant Robin prob-
lems.

Theorem 5.2. [f hypotheses H(B), and Hy hold, then problem (1.1) admits at least
two nontrivial smooth solutions

uo, ii € CH(Q).

Proof. From Proposition 3.11, we have that Cx (¢, 00) = 8k, 4,,Z for all k € Ny. So,
we can find ug € K, such that

Ca, (@, ug) #0. (5.9)

Also, from Proposition 4.5, we know that Ci (¢, 0) = & 4,Z for all k € N. Since
[ # m we have d; # d,, and so from (5.9) and Corollary 6.92 of Motreanu, Motre-
anu and Papageorgiou [27, page 173], we see that there exists # € K,\{0} such
that

Ca—1(9, @) # 0 or Cg41 (g, ) # 0. (5.10)
According to Theorem 2.5 (the shifting theorem), one of the following is true:
(a) Itholds Cy (¢, it) = 8k, ,iZ for all k € No;

(b) It holds Cy (@, it) = & ;i (@)+v(@)Z for all k € No;
(¢) Ttholds Ci(p, 1) =0ifk < (@) andif k > @) + v(@).

If (a) or (b) hold, since dj—1 < dj4+1 < dp, (recall thatl + 1 < m, see hypothesis
Hy(iv)) from (5.9), (5.10) it follows that & # ug.
So, suppose that (c) holds. Then from (5.10) we have

dy— 1> pu@)and diyg < p@) + v(@).
Using Proposition 5.1, we obtain

u@) +v@) <d —1+dy —di41 < dp,
= Cq,(p, i) =0 (5.11)

(see (¢)). Comparing (5.9) and (5.11), we conclude that ug # i.
Since Ci (¢, 0) = & q,Z for all k € Ny (see Proposition 4.5) and d; # d,, we
see that ug # 0. Similarly (5.10) implies & # 0. Therefore ug, i are two nontrivial
solutions of (1.1) and by the regularity theory, ug, # € C ! (Q). O

In fact we can have a sharp multiplicity theorem, provided that we assume the
following more restrictive version of Hj.
H,: The function f : € x R — R is a measurable function satisfying hy-
potheses Hy with two additional requirements:
° lA =m—1;
e ), is simple.
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Theorem 5.3. If hypotheses H(B), Hj hold, then problem (1.1) admits exactly two
nontrivial smooth solutions o
uo, it € C1(Q).

Proof. As before (see the proof of Theorem 5.2) we know that there exists ug € K
such that

Ca, (@, up) #0. (5.12)

Since Ci (¢, 0) = 6k q,2Z for all k € Ny (see Proposition 4.5) and d; # d,,, from
(5.12) it follows that 1oy # 0. Also, using Proposition 5.1 and the hypotheses that
[ = m — 1 and that A; is simple, we have

v(ug) < dy —di11 =dy — dy =0,
= ug is nondegenerate with Morse index d,,

(see Theorem 2.5). Evidently the same is true for any nontrivial critical point u of
¢. Hence
Ci(p, u) = bp.q,Zforall k € Ny, all u € K,\{0} (5.13)

(see Motreanu, Motreanu and Papageorgiou [27, Theorem 6.51, page 155]).
Let 1 be the number of nontrivial critical points of ¢. Using the Morse relation
with r = —1 (see (3.54)) and (5.13) we have

(=D + p (=1 = (1)
= (=D + (-4 =0
=>unu—-1=1,
= pn=2.

Therefore there exist exactly two nontrivial smooth solutions ug, & € C! Q. O

Remark 54. It appears that Theorem 5.3 is the first exact multiplicity theorem
for doubly resonant equations (in fact for resonant equations). All previous such
results (only for Dirichlet problems), excluded the possibility of resonance. We
refer to the works of Ambrosetti and Mancini [2], Castro and Lazer [7] and de
Paiva [28, Theorem 1.4].
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