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Volume and self-intersection of differences of two nef classes

DAN PoprovICI

Abstract. Let {«} and {8} be nef cohomology classes of bidegree (1, 1) on
a compact n-dimensional Kéhler manifold X such that the difference of inter-
section numbers {a}" — n {oz}"_l. {B} is positive. We solve in a number of
special but rather inclusive cases the quantitative part of Demailly’s Transcen-
dental Morse Inequalities Conjecture for this context predicting the lower bound
{a} — n{a}*1.{B)} for the volume of the difference class {o — B}. We com-
pletely solved the qualitative part in an earlier work. We also give general lower
bounds for the volume of {« — S} and show that the self-intersection number

{a — B} is always bounded below by {a}" — n {a}*~1.{B}. We also describe
and estimate the relative psef and nef thresholds of {«} with respect to {8} and
relate them to the volume of {& — B}. Finally, broadening the scope beyond the
Kihler realm, we propose a conjecture relating the balanced and the Gauduchon
cones of d0-manifolds which, if proved to hold, would imply the existence of a
balanced metric on any 99-manifold.

Mathematics Subject Classification (2010): 32J27 (primary); 32U40, 32Q25,
32J25, 53C55 (secondary).

1. Introduction

Let X be a compact Kahler manifold with dimc X = n and let {«}, {8} €
H écl (X, R) be nef Bott-Chern cohomology classes such that

{a}* —n{a)"" ' {8} > 0. (1.1

A (possibly transcendental) class {«¢} € H llgcl (X, R) being nef means (cf. [11,
Definition 1.3]) that for some (hence all) fixed Hermitian metric w on X and for
every ¢ > 0, there exists a C* form «, € {«} such that o, > —¢ w.

We have proved in [20, Theorem 1.1] that the class {o — 8} is big (i.e. contains
a Kihler current 7). This solved the qualitative part of Demailly’s Transcendental
Morse Inequalities Conjecture for differences of two nef classes (cf. [6, Conjecture
10.1, (ii)]) on compact Kihler (and even more general) manifolds. This special
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form of the conjecture was originally motivated by attempts at extending to tran-
scendental classes and to compact Kéhler (not necessarily projective) manifolds the
cone duality theorem of Boucksom, Demailly, Paun and Peternell [6, Theorem 2.2.]
that plays a major role in the theory of classification of projective manifolds. Recall
that 7' being a Kdhler current means that T is a d-closed positive (1, 1)-current
with the property that for some (hence all) fixed Hermitian metric w on X, there
exists € > 0 such that 7 > ¢ w on X. Nefness and bigness are quite different pos-
itivity properties for real (possibly transcendental) (1, 1)-classes and the by-now
standard definitions just recalled extend classical algebraic definitions for integral
classes on projective manifolds.

In this paper we give a partial answer to the quantitative part of Demailly’s
Transcendental Morse Inequalities Conjecture for differences of two nef classes:

Conjecture 1.1 ([6, Conjecture 10.1, i))]). Let {a}, {8} € Hy. (X, R) be nef
classes satisfying condition (1.1) on a compact Kihler manifold X with dim¢ X =
n. Then

Vol({a — B)) > {a}" — n{a}" ' {B). (1.2)

This is stated for arbitrary (i.e. possibly non-Kihler) compact complex manifolds
in [6], but the volume is currently only known to be meaningful when X is of class
C, a case reducible to the Kahler case by modifications. Thus, we may assume
without loss of generality that X is Kéhler.

Recall that the volume is a way of gauging the “amount” of positivity of a class
{y} e H zlacl (X, R) when X is Kihler (or merely of class C) and was introduced
in [5, Definition 1.3] as

Vol({y}) ;==  sup / T,. (1.3)
Te(y}, T>0JX

if {y'} is pseudo-effective (psef),i.e. if {y} contains a positive (1, 1)-current T > 0,
where T, denotes the absolutely continuous part of T in the Lebesgue decomposi-
tion of its coefficients (which are complex measures when 7' > 0). If the class {y}
is not psef, then its volume is set to be zero. It was proved in [5, Theorem 1.2] that
this volume (which is always a finite non-negative quantity thanks to the Kéhler, or
more generally class C, assumption on X) coincides with the standard volume of a
holomorphic line bundle L if the class {y} is integral (i.e. the first Chern class of
some L). Moreover, the class {y} is big (i.e. contains a Kahler current) if and only
if its volume is positive, by [5, Theorem 4.7].

Thus, under the assumptions of Conjecture 1.1, the main result in [20] ensures
that Vol({ox — B8}) > 0. In other words, {& — §} is positive in the big sense. The spe-
cial case when {8} = 0 had been proved in [14, Theorem 2.12] and had served there
as the main ingredient in the proof of the numerical characterisation of the Kéhler
cone. (In particular, the proof of the more general statement in [20] reproves in a
much simpler way the main technical result in [14].) The thrust of Conjecture 1.1
is to estimate from below the “amount” of positivity of the class {o — B}.
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A first group of results that we obtain in the present paper can be summed
up in the following positive answer to Conjecture 1.1 under an extra assumption.
Recall that for nef classes {y}, the volume equals the top self-intersection {y}"
(cf. [5, Theorem 4.1]), but for arbitrary classes, any order may occur between these
two quantities.

Theorem 1.2. Let X be a compact Kihler manifold with dimec X = n and let {«},
{B} € Hllg’c1 (X, R) be nef classes such that {o}" — n{a}*"'.{B} > 0. Suppose,
moreover, that

Vol ({fa — B}) > {a — B}". (1.4)
Then Vol({fa — B}) > {a}" — n{a}"~'. {B}.

Although there are examples when the volume of {o — S} is strictly less than
the top self-intersection, the assumption (1.4), that we hope to be able to remove in
future work, is satisfied in quite a number of cases, e.g., when the class {o — B} is
nef (treated in Section 2).

Actually, we prove in full generality in Section 5 the analogue of Conjec-
ture 1.1 for the top self-intersection number {& — B}" in place of the volume of

{a — B}

Theorem 1.3. Let X be a compact Kdihler manifold with dimc X = n and let
{a), {B) € Hy (X, R) be nef classes such that {a}" — n {a}"~'. {8} > 0. Then

{a —BY" > {a}" —nfa}" " {B).

Theorem 1.2 follows immediately from Theorem 1.3. Since the nef cone is the clo-
sure of the Kéhler cone, we may assume without loss of generality that the classes
{a} and {8} are actually Kéhler. As for the volume of {«¢ — 8} in the general case
(i.e. without assumption (1.4)), we prove a lower bound that is weaker than the
expected lower bound (1.2) in a way that depends explicitly on how far the class
{ — B} is from being nef. The nefness defect of {« — B} is defined explicitly and
investigated in relation to the volume in Subsections 4.2,4.3 and 4.4. We call it the
nef threshold (a term that is already present in the literature) of {«} with respect to
{B} and discuss it together with the analogous psef threshold of {«} with respect to
{B} in Section 4. In Section 4.4, we prove the following general lower bound for
the volume of {o — 8}.

Theorem 14. Let X be a compact Kdhler manifold with dimc X = n and let {a},
{B) € Hy/ (X, R) be Kiihler classes such that {a)" — n{a)""'.{B} > 0. Let
50 := NP (a) > 0 be the nef threshold of {a} with respect to {B}. Then:

(1) ifso > 1, the class {o — B} is nef and the optimal volume estimate (1.2) holds;
(i1) if so < 1, the class {a — B} is not nef and the next volume estimate holds:

n n—1 n-l
()" —nfo) .{/3}) s

n__ n—1
Vol((a =) = ({)" = n{a)"~". (8}) ( T (a7 (B]
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A very special case of this result was also observed independently in [23] using the
technique introduced in [20].

Taking our cue from the estimates we obtain in Section 3 for the supremum
of t > 0 such that the class {«} — ¢ {8} is psef in the setting of Conjecture 1.1,
we define the psef and nef thresholds of {«} with respect to {8} as the functions

PA NP . Hy (X, R) - R,

(i) PP () :=inf [yany"};
(i) NB(a) = inf [, o A o P

where in (i) the infimum is taken over all the Gauduchon metrics y on X normalised
by

Blsc.[y""], = /Xﬁ Ayt =1,

while in (ii) the infimum is taken over all p = 0, 1, ..., n—1, over all the irreducible
analytic subsets ¥ C X such that codim ¥ = p and over all Kéhler classes {w}
normalised by [, B A " P~ = 1. The class {8} is supposed to be big in the
case of P and Kihler in the case of N®. (The subscripts BC and A will stand
throughout for the Bott-Chern, respectively Aeppli cohomologies.) In Subsection
4, we prove the following formulae that justify the terminology and make it match
existing notions in the literature:

P(ﬁ)(a) =sup {r € R / the class {a} — t {8} is psef},
N® (@) = sup{s € R / the class {a} — s{8} is nef}.

The psef/nef thresholds of {«} with respect to {8} turn out to gauge quite effectively
the amount of positivity that the class {o} has in the “direction” of the class {8}. We
study their various properties in Section 4, estimate them in terms of intersection

numbers as i n
{o} <P(ﬁ)(a)§ {o}
{a}

n{o}"=1{B} ~ L)

and by similar, more involved inequalities for N ) (), and relate them to the vol-
ume of {« — B} as

1 "o
Vol({ — B}) > (1 - P(T(oz)) {a}”,

whenever the classes {«} and {8} are Kihler.

Using these thresholds, we prove Conjecture 1.1 in yet another special case:
when the psef and the nef thresholds of {«} with respect to {8} are sufficiently
close to each other (cf. Proposition 4.12). Of course, we always have: N B (o) <
p® ().

As in our earlier work [20] and as in [25] that preceded it, we will repeatedly
make use of two ingredients. The first one is Lamari’s positivity criterion.
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Lemma 1.5 ([18, Lemme 33]). Let {a} € Hy (X, R) be any real Bott-Chern co-
homology class on an n-dimensional compact complex manifold X . The following
two statements are equivalent.

(1) There exists a (1, 1)-current T in {a} such that T > 0 on X (i.e. {«} is psef);
(ii) fx a A "1 > 0 for all Gauduchon metrics y on X.

In fact, Lamari’s result holds more generally for any (i.e. not necessarily d-closed)
C real (1, 1)-form o on X, but we will not use this here. The second ingredient
that we will often use is Yau’s solution of the Calabi conjecture.

Theorem 1.6 ([26]). Let X be a compact complex n-dimensional manifold endowed
with a Kihler metric w. Let dV > 0 be any C* positive volume form on X such
that f X " = f X dV . Then, there exists a unique Kéihler metric @ in the Kéihler
class {w} such that @" = dV .

There is a non-Ki#hler analogue of Yau’s theorem by Tosatti and Weinkove [24]
that will not be used in this work. Moreover, most of the techniques that follow are
still meaningful or can be extended to the non-Kihler context. This is part of the
reason why we believe that a future development of the matters dealt with in this
paper may be possible in the more general setting of 9-manifolds. The conjecture
we propose in Section 6 is an apt illustration of this idea.

We will make repeated use of the technique introduced in [20] based on the
Cauchy-Schwarz inequality for estimating from below certain integrals of traces of
Kihler metrics introduced in [20]. Moreover, there are mainly two new techniques
that we introduce in the current paper: (i) the observation, proof and use of certain
pointwise inequalities involving products of positive smooth forms (cf. Appendix)
reminiscent of the Hovanskii-Teissier inequalities and generalising [20, Lemma
3.1]; (ii) a technique for constructing what we call approximate fixed points for
Monge-Ampere equations when we allow the right-hand side to vary (cf. proof of
Proposition 5.1) whose rough idea originates in and was suggested by discussions
the author had several years ago in a completely different context with different
equations and for very different purposes with J.-P. Demailly to whom we are very
grateful.

2. Special case of Conjecture 1.1 when {« — B} is nef

We start by noticing the following elementary inequality.

Lemma 2.1. Let @ > 0 and B > 0 be C* (1, 1)-forms on a complex manifold X
with dimc X = n such that « — B > 0. Then:

(@ —B)" = a" —na""' A B at every point in X. 2.1

Ifdo = dB = 0 and if X is compact, then taking integrals we get:

Vol({a—B)) = / (@—B)" = / o' —n f U AB={a)" —n (@) (B). (22)
X X X
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Proof. Let xo € X be an arbitrary point and let zy, ..., z, be local holomorphic
coordinates centred at xqo such that at xo we have:
n n
o= idzjndz; and = Bjidz; AdZj.
j=1 j=1
Thena — 8 = Z’}:](l —Bj)idzj Ndz;j at xo, while 8; > 0and 1 — 8; > O at xo
for all j. Thus inequality (2.1) at x¢ translates to

(=B (=) = 1= (Bi+---+B)  forall Bi,...,B, €0, 11. 23)

This elementary inequality is easily proved by induction on n > 1. Indeed, (2.3) is
an identity for n = 1, while if (2.3) has been proved for n, then we have:

(@)

(I=BD) - A=B)A=Bur1) =N = (B1 + -+ B) (1 = Buy1)
=1—=(B1+ -+ Bu+Bu+)+Bnr1(B1+ -+ Bn)
>1—(Br+---+Bu+ But1),

since B; > O for all j. (We used 1 — B,41 > 0 to get (i) from the induction
hypothesis.) Thus (2.3) is proved and (2.1) follows from it.

Now, if o and B are d-closed, they define Bott-Chern cohomology classes.
Since o — B is a semi-positive C* (1, 1)-form, its Bott-Chern class is nef (and
even a bit more), hence its volume equals f x(a@ — B)" by [5, Theorem 4.1] if X
is compact. (Note that X is compact Kéhler since « is a Kéhler metric under the
present assumptions.) The remaining part of (2.2) follows at once from (2.1) by
integration. O

An immediate consequence of Lemma 2.1 is the desired volume lower bound
(1.2) in the special case when the class {¢ — 8} is assumed to be nef. Note, how-
ever, that {« — B} need not be nef in general even a posteriori in the setting of
Conjecture 1.1.

Proposition 2.2. Let X be a compact Kihler manifold with dimc X = n and let

{a},{B} € H écl (X, R) be nef Bott-Chern cohomology classes such that the class
{0 — B} is nef. Then

Vol(fee — B)) > ()" —nf{a}"" ' (B). (2.4)

Proof. 1t suffices to prove inequality (2.4) in the case when the classes {«}, {8} and
{« — B} are all Kéhler. (Otherwise, we can add 2e{w} to {«} and e{w} to {8} for a
fixed Kahler class {w} and let ¢ | O in the end. The volume function is known to
be continuous by [5, Corollary 4.11].) If we define the form « as the sum of any
Kihler metric in the class {&¢ — 8} with any Kihler metric 8 in the class {8}, the
forms o, B and o — B obtained in this way satisfy the hypotheses of Lemma 2.1,
hence also the elementary inequality (2.1) and its consequence (2.2). U

Recall that the class {¢ — B} is big under the assumptions of Conjecture 1.1
by the main result in [20]. However, big positivity is quite different in nature to nef
positivity. The general (i.e. possibly non-nef) case is discussed in the next sections.
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3. Applications of Monge-Ampere equations

In this section we rewrite in a more effective way and observe certain consequences
of the arguments in [20, Section 3].

Lemma 3.1. Let X be any compact complex manifold with dimc X = n. With any
C*® (1, 1)-forms «, B > 0 and any Gauduchon metric y, we associate the C*
(1, D-form o = a + id0u > 0 defined as the unique normalised solution (whose
existence is guaranteed by the Tosatti-Weinkove theorem in [24]) of the Monge-
Ampere equation:

(@+id0u)" =cBAy" " suchthat supu =0, (3.1)

X
where ¢ > 0 is the unique constant for which the above equation admits a solution
u : X — R. (Of course, a posteriori, c = ([y (o +i30u)")/(fy B A y"~ 1), while

ifda =0thenc = [ya" ={a}" >0)
Then the following inequality holds:

([arr)-([aan)=2([@)([onr). 2

Proof. Let us define det, & by requiring &" = (det, &) y" on X. Since BAy"~! =

(1/n) (A, B) y", the Monge-Ampére equation (3.1) translates to
detd = = A, p. (33)
Y n

Hence, we get the following identities and inequalities:

(/aszH)(f &"—IA/&)=(/ l(Aﬂ)y") (/ L asp) (detaw)
X X n xn ¥

2 2
oL ( / [A® (Aap)l et y ) ¢ ( / (A, B)* ety )

< (oo -4 (o o) =3 (o)

which prove (3.2) since ¢ = (fy @")/([x B A y" 1) > 0, where (a) is the Cauchy-
Schwarz inequality, (b) follows from the inequality (A, @) (AgB) > A, B proved
in [20, Lemma 3.1], while (c) follows from (3.3). ]

Corollary 3.2. Let X be a compact Kihler manifold with dimc X = n. Then,
for every Kihler metrics a, B and every Gauduchon metric y on X, the following
inequality holds:

([enr) - (Lans)=2 ([e) ([oar). o
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Proof. 1t is clear that (3.4) follows immediately from (3.2) since the assumption
da =dp = Oensures that [, aAy" "' = [yany"™ !, [ya" "AB= [, a" ' AB
and [, @" = [, a". O

Remark 3.3. Under the hypotheses of Corollary 3.2, for any y satisfying the
inequality (A, o) (AgB) = nA,pB (an improved version of [20, Lemma 3.1]
which need not hold in general, but holds for some special choices of y — cf.
proof of Lemma 7.2), the lower bound on the right-hand side of (3.4) improves
to (fy @™ (fy B A y"™ 1. If this improved lower bound held for all Gauduchon
metrics y, Conjecture 1.1 would follow immediately (see Theorem 3.5 below).

We first notice a consequence of Corollary 3.2 for nef classes.

Corollary 34. If {a} and {B} € H écl (X, R) are nef classes on a compact Kihler
manifold X with dimc X = n such that {a}" —n{a}" "' {8} > 0, then {a}"* > 0 and,
unless {B}=0, the following non-orthogonality property holds: {a}"*~'.{8} > 0.

Proof. The nef hypothesis on {«} and {8} ensures that {«}"~!. {8} > 0, hence
{a}" > 0 since {a}" > n{a}""!.{B} by assumption. For the rest of the proof, we
reason by contradiction: suppose that {a}"~1.{B} = 0 and that {8} # 0. By the nef
hypothesis on {«} and {8}, for every ¢ > 0, there exist C* forms o, € {«}, B €
{B} such that a; + ¢ @ > 0 and B; + ¢ @ > 0 for some arbitrary fixed Kéhler metric
w on X. Applying (3.4) to the Kéhler metrics oz + € w and B, + ¢ @ in place of «
and B and letting ¢ | 0, we get f xBA y"~1 = 0 for every Gauduchon metric y
on X. (Note that [y ae Ay" ' = [any™™, [y BeAy"™ = [y BAy" ! and
[yl VA B = {a}""1.{B} = 0.) If we fix a d-closed positive current T > 0 in
the class {8} (such a current exists since the nef class {8} is, in particular, pseudo-
effective), this means that f xIT'A y"‘l = 0 for every Gauduchon metric y on X.
Consequently, T = 0, hence {8} = {T'} = 0, a contradiction. O

An immediate consequence of Corollary 3.2 is the following result in which
the volume lower bound (3.6) falls short of the expected inequality (1.2). However,
(3.6) solves the qualitative part of [6, Conjecture 10.1, (ii)] already solved in [20],
while (3.5) gives moreover an effective estimate of the largest # > O for which the
class {¢ — tB} remains pseudo-effective. This estimate will prompt the discussion
of the psef and nef thresholds in the next section.

Theorem 3.5. Let X be a compact Kihler manifold with dim¢c X = n and let
a, B > 0 be Kdihler metrics such that {a}" — n {a}*~'.{B} > 0.
Then, for every t € [0, +00), there exists a real (1, 1)-current T; € {o — t}

such that
n—1
T, > l—ntM a on X. (3.5)
{a}"

{a}n
n {1 (g}
(which is allowed by the assumption {a}" —n {a}" 1. {8} > 0) we get that the class

In particular, T; is a Kihler current for all 0 < t < , S0 taking t = 1
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{a — B} contains a Kdihler current. Moreover, its volume satisfies:

n—1
{a)" —n{a}”‘l-{ﬂ}>

Vol({e — B)) > ({e}" — n{a}" " {B)) ( ()

(3.6)
> {a)" —n? {a}" L. {B).

Proof. Thanks to Lamari’s positivity criterion (Lemma 1.5), the existence of a cur-
rent T; € {o — tfB} satisfying (3.5) is equivalent to

n—1
/ a—tﬂ—a+ntuoc Ayl >0
X {a}"

for every Gauduchon metric y on X. This, in turn, is equivalent to

; fo)"~'.(8)
{a}"

n / any" !> t/ B Ay" ! for every Gauduchon metric y.
X b'¢

The last inequality is nothing but (3.4) which was proved in Corollary 3.2. This
completes the proof of the existence of a current 7; € {o — 78} satisfying (3.5).

Now, (3.5) implies that the absolutely continuous part 7,. of T := T} € {&—f}
has the same lower bound as 7. Moreover, if {«}" — n {a}*~!. {8} > 0, then

n—1 n i n—1
Vol({a — ﬂ})z/x T > (1 - n{a}{a%) /on"(z) (1—#%) {a)",

which proves the claim (3.6). To obtain (i), we have used the elementary inequality
(1 —A)" = 1 — nA which holds for every A € [0, 1]. Ll

The above proof shows that a current 7; € {«o — B} satisfying (3.5) exists
even if we do not assume {o}* — n {a})" 1. {8} > 0, although this information will
be of use only under this assumption. Note that the non-orthogonality property
{a})"~1.{B} > 0 ensured by Corollary 3.4 constitutes the obstruction to the volume
lower estimate (3.6) being optimal (i.e. coinciding with the expected estimate (1.2)).
We now point out an alternative way of inferring the same suboptimal volume lower
bound (3.6) from the proof of Theorem 3.5.

Alternative wording of the proof of the volume lower estimate (3.6). By Lamari’s
positivity criterion (Lemma 1.5), the existence of a current 7 in the class {& — S}
such that T > da for some constant § > O (which must be such that § < 1) is
equivalent to

/((1—5)a—ﬂ)Ay"—‘zo, ie.to /((a—Lﬂ>Ay"—1zo,
X X 1—-946
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for all Gauduchon metrics y on X. Applying again Lamari’s positivity criterion,
this is still equivalent to the class {«¢} — (1/(1 — §)) {8} being pseudo-effective.
Inequality (3.5) shows that the largest § we can choose with this property is larger
than or equal to

n—1 n—1
do = l—nu, which gives 1 —Soznu. (3.7)
{a}” {a}"

On the other hand, we can write:

Vol({a — B}) = Vol <<1 —Ola) <{“} - % {ﬂ}» (3.8)

L Vol((1 = 1) {a)) = (1 — 1" (e},

where inequality (a) holds for every ¢ € [0, 1] for which the class {«} — (1/7) {8} is
pseudo-effective. By (3.7),t := 1 — 8y = n {a}* "' .{B}/{a}" satisfies this property.
With this choice of ¢, inequality (3.8) translates to the first inequality in (3.6).

Corollary 3.6. Let {a}, {8} € H Ilgcl (X, R) be nef classes on a compact Kiihler
manifold X with dimc X = n such that {a}* — n {a}" "' (B} > 0. If (B} = 0, then

{a} is big, while if {B} # 0, then {a} — t {B) is big for all 0 < t < ﬁ
Moreover, the volume lower bound (3.6) holds.

The case when {8} = O is the key Theorem 2.12 in [14]. So, in particular,
our method produces a much quicker proof of this fundamental result of [14]. The
case when {8} # 0 is new, although the case + = 1 and the method of proof are
those of [20]. Notice that the quantity {«}" /n {a}"~ 1. {B} > 0is well defined when
{8} # 0 by Corollary 3.4.

Proof. We fix an arbitrary Kihler metric w on X and a constant ¢ > 0 that will
be specified shortly. The nefness assumption on {«}, {8} means that for every
& > 0, smooth forms o € {«} and B € {8} depending on & can be found such
that o; := a + ew and B; := B + % w are Kéhler metrics. Notice that the
class {a; — 1B} = {o — tB} is independent of €. On the other hand, the quan-
tities {e}" = {a}" + Y i, &* (}) (e} Ffo}f and fe}'~' (B} = (o} +
27:_11 gl (”;1) ()" {o}). (B} + £{w}) converge to {a}" and respectively
{a}"~1.{B) when ¢ — 0. Thus, {a:}* — n{a:}""'.{B:} > 0if ¢ > 0 is small
enough. Applying Theorem 3.5 to the K#hler metrics o« and 8., we infer that the
class {o, —18:}) = {a — B} is big whenever 0 < ¢ < {az}"/n {ae})" 1. {Be}. In par-
ticular, if {8} = 0, this means that the class {«} is big (since we can fix ¢ > 0 and
choose ¢ = 0). Meanwhile, if {8} # 0 and if we choose ¢ < {a}"/n {a}" ' {B},
then t < {ag}"/n {ae)" "' {B:)} for all ¢ > 0 small enough and we conclude that
{0 — tB} is big. The volume lower bound (3.6) holds for {«.} and {8;} fort = 1
and all sufficiently small ¢ > 0, so letting ¢ — 0 and using the continuity of the
volume, we get it for {o} and {B}. O
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4. Trace and volume of (1, 1)-cohomology classes

The implicit discussion of the relative positivity thresholds of a cohomology class
with respect to another in Theorem 3.5 and in Corollary 3.6 prompts a further in-
vestigation of their relationships with the volume that we undertake to study in this
section.

4.1. The psef threshold

Let X be a compact complex manifold in Fujiki’s class C, n := dim¢ X.

Definition 4.1. For every big Bott-Chern class {8} = [Blpc € Hé’cl (X, R), we
define the B-directed trace (or the psef threshold in the B-direction) to be the func-
tion:

PP . HY (X, R) - R, PP(a):= inf/Xa Ay (4.1)
for all Bott-Chern classes {a} = [a]gc € H écl (X, R), where the infimum is taken
over all the Gauduchon metrics y on X normalised such that

[Blec.ly"'1a = fX Ay l=1. (4.2)

All the integrals involved in the above definition are clearly independent of the rep-
resentatives o, 8 of the Bott-Chern classes [a]pc, [B]pc and of the representative
y"~1 of the Aeppli-Gauduchon class [y" !, € Hf‘_l’"_l(X, R). Thus the infi-
mum is taken over the subset Sg of the Gauduchon cone Gx consisting of classes
[y”_l]A normalised by [,B]Bc.[y"_l]A = 1. The bigness assumption on [8]pc has
been imposed to ensure that [,B]Bc.[y"*I]A > 0, so that [y"*I]A can be normalised
with respect to [8]pc as in (4.2), for every class [y”_l]A c Gy.

This definition is motivated in part by the next observation which is an immedi-
ate consequence of Lamari’s positivity criterion: the g-directed trace P#) coincides
with the slope function introduced for big classes {«} in [8, Definition 3.7] and thus
gauges the positivity of real (1, 1)-classes {«} with respect to a reference big class
{B}. The quantity on the right-hand side of (4.3) below (i.e. the slope) may well
be called the psef threshold of {«} in the {f}-direction (a term already used in the
literature).

Proposition 4.2. Suppose that {8} € H écl (X, R) is a fixed big class. Then
PP (a) =sup{t € R/the class {a} — t{B} is psef}

=sup{t € R/3T €{a} current, EI,E € {B}C*>°-form so thatT Ztﬁ} 4.3)
=sup{r € R/V,Ee {BYC®-form,3AT €{a} current so that T > tg},

for every class {a} € Hé’cl (X, R). In particular, the set {t € R/ the class {a} —
t {B} is psef} equals the interval (—oo, PP (a)].
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Proof. Let AL := {t € R / the class {a} — ¢ {8} is psef} and let £ := sup A%. By
Lamari’s positivity criterion, the class {o} — ¢ {8} is psef if and only if

/a/\y”_IZt/,B/\y"_l forall [y" !4 € Gy /oc/\y"_IZt
X X X

for all [y"~'14 € Gx normalised such that fX B Ay* ! = 1. This proves the
inequality P® (a) > ta"? . To prove that equality holds, we reason by contradiction.

Suppose that PP (a) > tf . Pick any #; such that PP > 1 > tf . Then
fX a A y" 1 > 11 for all Gauduchon metrics y such that [ﬁ]BC.[y”_l]A = 1. This

is equivalent to | x XA Yyl / xBA ¥~ for all Gauduchon metrics y, which
thanks to Lamari’s positivity criterion implies 37 € {«a} — #; {8} such that T > 0,
i.e. the class {a} — 11 {8} is psef.

B

Thus #; € Ag, contradicting the choice t| > t;, = sup Ag. ]

An immediate consequence is the next statement showing that the S-directed
trace (i.e. the psef threshold) gauges the positivity of real Bott-Chern (1, 1)-classes
much as the volume does.

Corollary 4.3. Suppose that {8} € H écl (X, R) is a fixed big class. For any class

{a} e H écl (X, R), the following equivalences hold:

(i) {a}ispsef < PP (a) > 0;
(i) {a}is big <= PP (a) > 0.

Proof. (i) follows at once from (4.3) and so does (ii) after we (trivially) notice that
the class {«} is big if and only if there exists ¢ > 0 such that {«} — {8} is psef.
Indeed, this is a consequence of the fixed class {8} being supposed big. 0

Next, we observe some easy but useful properties of the S-directed trace.
Proposition 4.4. Suppose that {8} € H écl (X, R) is a fixed big class.
(i) For all classes {o1}, {a} € H]_,lg’c1 (X, R), we have
PP +a2) > PP (ar) + PP (). (4.4)

In particular, PB(a)) > PB (o) whenever {o;} > psef {aa} (in the sense
that {o; — an} is psef);
(ii) For any class {a} € Hé’cl (X, R) and any t € R, we have

1
PP Ga)y=1tPP(a) and, ift >0, P(”g)(a)z;P(ﬂ)(a); 4.5)

(iii) For every big class {a} € Hé’cl (X, R), we have

P@(a) =1. (4.6)
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Proof. Let {a1}, {az) € Hllg’c1 (X, R). Since [y (o +a) Ayt = [y Ay 4
Jyo2 A Y"1 for every [y 114 € Hffl’”fl(X, R), we get

inf/ (a1 +ap) A y”_l > inf/ ap A y”_] +inf/ o] A y”_l,
X X X

where the infima are taken over all [y" 1] € Sg. This proves (i).

(i) Follows immediately from [y ta A y"~! =t [, & A y"~! and from the fact
that [y”fl] A is (¢B)-normalised if and only if t[y”fl] A 1s S-normalised.

(iii) Follows from [y, o Ay"~!=1 for all [y" "1, such that [a¢]gc.[y" " a=1. O

The next observation deals with the variation of P®) when {8} varies. As usual, an
inequality {o} >,5.r {B} between real (1, 1)-classes will mean that the difference
class {o« — B} is psef.

Proposition 4.5. Let {1}, {82} € Htlzbl (X, R) be big classes.

() If {B1} = pser C{B2} for some constant C > 0, then

1
PP < c PP on the psef cone Ex C Hé’cl(X, R); 4.7
(ii) The following inequality holds:
PP () PP < PP onthe psefcone Ex C Hy (X, R).  (4.8)

Proof. If {B1—C Ba} is psef, then [y, (B1—C B)Ay" ™! > 0,ie. [Bilpc.ly"a >
C [,32]3@.[)/"*1],4, for all classes [y"*I]A € Gx. It follows that, for every psef
class {a} € Hé’cl (X, R), we have:

/ Aot 1/ P forall [y" 4e@
aAN————<— [ a AN———— forall [y A x.
X fX,BI /\Vn_l C X fxﬁZ/\Vn_l

Taking infima over all [y"‘l] 4 € Gx, we get (4.7). On the other hand, it follows
from (4.3) that

{B1) = pser PP (B1) (B2},

which in turn implies (4.8) thanks to (4.7) applied with C = P2 (8;). O
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4.2. The nef threshold

We now observe that the discussion of the psef threshold in Subsection 4.1 can
be run analogously in the nef context using the following important result of [14,
Corollary 0.4].

Theorem 4.6 (Demailly-Paun 2004). Letr X be a compact Kdihler manifold,
dimc X = n. Then the dual of the nef cone Kx c H" Y(X, R) under the Serre
duality is the closed convex cone Ny c H" 1"1(X, R) generated by classes of
currents of the shape [Y] A @~ P~ where Y runs over the irreducible analytic
subsets of X of any codimension p =0, 1, ..., n — 1 and {®} runs over the Kihler
classes of X .

Let {a}, {8} € H" (X, R) be arbitrary classes on a compact Kéhler n-fold X .
By Theorem 4.6, for any s € R, the class {&« — s8]} is nef if and only if

/oz/\a)”_"’_1 > g ,B/\a)”_p_l, p=0,1,...,n—1, codimyx Y = p, {w}€Kx.
Y Y

(As usual, Kx denotes the Kihler cone of X.) This immediately implies the fol-
lowing statement.

Proposition 4.7. Let {f} € H flgcl (X, R) be any Kihler class on a compact Kéhler

n-fold X. The nef threshold of any {«} € Hllg’c1 (X, R) in the {B}-direction, defined
by the first identity below, also satisfies the second identity:

NB®(a) = inf/ a A" P71 = sup{s € R / the class {a} —s{B)} is nef}, (4.9)
Y
where the infimum is taken over all p =0, 1, ..., n—1, over all the irreducible an-
alytic subsets Y C X such that codim Y = p and over all Kdihler classes {w} nor-
malised such that fY BAW" P~V = 1. Inparticular, the set {s € R / the class {a}—
s{B} is nef’} equals the interval (—oo, N® ()].
Thus, we obtain a function N B . H écl (X, R) — R. It is clear that

N®() < PP () forall {a} € Hyo (X, R) (4.10)

thanks to the supremum characterisations of the two thresholds and to the well-
known implication “nef — psef”.

It is precisely in order to ensure that f yBA"P —1' > 0, hence that {w} can
be normalised as stated, for any Kéhler class {w} and any ¥ C X that we assumed
{B} to be Kihler. The two-fold characterisations of the nef and the psef thresholds
yield at once the following consequence.

Observation 4.8. Suppose that no analytic subset ¥ C X exists except in codi-
mensions 0 and n. Then N® (o) = P®)(«) for all Kahler classes {}, {8).
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Proof. If Y = X is the only analytic subset of X of codimension p < n, then
N®(q) = inf f AN @"~! where the infimum is taken over all the Kihler classes

{w}, i.e. over all the Aeppli-Gauduchon classes [w" '], representable by the (n —
1)%" power of a Kihler metric, normalised such that f B A "' = 1. Since these

classes form a subset of all the Aeppli-Gauduchon classes [y"~!]4 normalised by
f B A Y"1 =1, we get N®(a) > PP (). However, the reverse inequality
always holds, hence equality holds. O

An immediate consequence of Proposition 4.7 is the following analogue of
Corollary 4.3 for the nef/Kihler context.

Corollary 4.9. Suppose that {} € H ;}Cl (X, R) is a fixed Kdhler class. For any
class {a} € H écl (X, R), the following equivalences hold:

() {o} is nef < NP (a) >0;
(i) {e} is Kiihler <= N® («) > 0.

In particular, if no analytic subset Y C X exists except in codimensions 0 and n,
then the following (actually known, see [11]) equivalences hold:

(a) {a}isnef < {alis psef;
(b) {a}is Kihler <— {a}is big.

Proof. (i) follows at once from (4.9) and so does (ii) after we (trivially) notice that
the class {«} is Kdhler if and only if there exists € > 0 such that {«} — {8} is nef.
Indeed, this is a consequence of the fixed class {8} being supposed Kihler and of
the Kdhler cone being the interior of the nef cone. U

We immediately get analogues of Propositios 4.4 and 4.5 for N® («) in place
of P®)(«) and for the order relation >nef in place of > 5.7, where {a} >,er {B}
means that the class {o¢ — 8} is nef.
4.3. Relations of the psef/nef threshold to the volume
We now relate the S-directed trace of a Kihler class {«} to the volume of {« — §}.

Proposition 4.10.

(1) For any Kdhler classes {o}, {8} on a compact Kihler n-fold X, we have:

{a}" (i) P(ﬂ)(a) (2) {a}"
n{a}r=1{g} ~ {8}

In fact, it suffices to suppose that {8} is big in the inequality (b). In particular,
iffaY'—n{a}""1.{8} > 0, then PP) (&) > 1 (hence we find again that {« — B}
is big in this case);

“.11)
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(ii) For any Kihler classes {a}, {B} such that {a}* — n {a}*~'.{B} > 0, we have:

1 " .

Note that the combination of (4.12) and part (a) of (4.11) is the volume lower bound
(3.6).

Proof. (i) Inequality (b) is trivial: it suffices to choose [y”_l] A =t [a" 1] for the
constant t > 0 satisfying the S-normalisation condition [S8]pc .t [@" a4 =1,ie.
t = 1/{0{}”_1.{/3}, and to use the definition of P#)(«) as an infimum.

Inequality (a) follows from Corollary 3.2 by taking the infimum over all the
Gauduchon metrics y normalised by /. xBA Y"1 =1in (3.4).

(i) We saw in the second proof of the lower estimate (3.6) that (3.8) holds for
every ¢t € [0, 1] such that {«}—(1/¢) {8} is psef. Now, (4.3) shows that the infimum
of all these ¢ is 1/ P® (). Thus (3.8) holds for r = 1/ PP («), yielding (4.12). [

A similar link between the volume and the nef threshold is given in the next
result by considering Monge-Ampere equations on analytic subsets ¥ C X.

Proposition 4.11. For every Kdihler classes {a}, {B} on a compact Kdihler n-fold
X, we have:

Vol (a)
P }Z—Y;f? G = V@
=0,1,..., n—1, — . .
YC[.)X, codim Y=p " P
(? inf Voly (a)

p=01.n—1, e} PL{BYA[Y])

YCX, codim Y=p

(4.13)

where the infima are taken over the analytic subsets Y C X. We have set Voly () :=
Jye" P = [ya" PA[Y]and {a}" P (BYALY ]} := [y " P AB= [y "IN
B A Y] (both quantities depending only on p and the classes {«}, {8}, {[Y]}).

Proof. Pick any Kiéhler metrics o« € {a} and 8 € {8}. Let Y C X be any analytic
subset of arbitrary codimension p € {0,1,...,n — 1} and let @ be any Kéhler
metric on X normalised such that [}, B A ""P~! = 1. We can solve the following
Monge-Ampere equation:

@y 7 =Voly(@)pArw” P on Y, (4.14)

in the sense that there exists a d-closed (weakly) positive (1, 1)-current @y on Y
(cf. [10, Definition 1.2]) lying in the restricted class {«}|y such that &y is C*° on
the regular part Y., of Y. We defer to the end of the proof the explanation of
how this follows from results in the literature. We adopt the standard point of view
(see [10, Section 1]) according to which C* forms on a singular variety Y are
defined locally as restrictions to Y., of C°° forms on an open subset of some CcV
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into which Y locally embeds. In what follows, the exterior powers and products
involving @y are to be understood on Y,¢o even when we write Y.
If we define det,, &y by requiring &, © = (det, dy)@" "7 on Y, then (4.14)
translates to the identity:
- Voly ()

detay =
w

ApBy on Y. (4.15)

Thus, the argument in the proof of Lemma 3.1 can be rerun on Y as follows:

() (f5709)

Y Y
71 ~ ~

- 2 (/ (Aw“Y)wn_p> (/ (Agy Biy) (detOéY)w”_”)
(I’l - P) Y Y 1)

a 2
(Z) 2 </ [(Aa)azY) (A&’yﬂly)]% (det&Y)% wl’l—]?)
(n—p) Y ®

2
Vol 1
e_1 < / (Awfip)? ( OY(“)> (Awﬁ|y)7w”_”>
(n—p) P

2 2
_ Voly(e) ( /(Awﬂy)a) ) V01Y(Ol) (/ﬁ/\wn p— 1)
n—p \(n—p)

© Voly(a)
s

where (a) is an application of the Cauchy-Schwarz inequality, (b) follows from
the pointwise inequality (A,&y) (AgyB) > AwB (¢f. [20, Lemma 3.1]) and from
(4.15), while (c) follows from the normalisation f xBA o Pl =1,

Thus, since [, ¥y Aw" P~ = [, aAe" Pl and [, @y ™ 1/\,3=fY PN
B, we get:

a AP > Voly (@)
Y T (n = p)fer P L{BLAIY ]
for every analytic subset ¥ C X and every Kiahler metric w normalised by [, B A
@"~P~1 = 1. This proves inequality (a) in (4.13).

The proof of inequality (b) in (4.13) follows immediately by choosing the
Kihler metric w to be proportional to «, i.e. @ = t« for the constant ¢ = ty > 0 de-
termined by the normalisation condition [, B A @"~P ~! = 1once Y C X has been
chosen. Indeed, for every p = 0, 1,...,n — 1 and every analytic subset ¥ C X,
we immediately get:

inf/ot/\a)”_p_1 </a/\(toc)" =l — Jye
Y Y

@ fyﬂ/\“n -l

which implies part (b) of (4.13) after taking the infimum over p and Y.
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It remains to explain how the solution of equation (4.14) is obtained. If Y is
smooth, Yau’s classical theorem in [26] ensures the existence and uniqueness of
a Kihler metric @y in {a})y which solves (4.14). If Y is singular, we choose a
desingularisation Y of Y that is a finite sequence of blow-ups with smooth centres
in X:

u:Y — Y, whichis the restriction of u©:X — X.
Thus, w : X \u (2 — X\ Z _is a biholomorphism above the complement of
the analytic subset Z = Ying and Xisa compact Kahler manifold, hence so is the
submanifold Y. Moreover, u* (B A " P~1) is a C* semi- positive (n — p, n — p)-

form on X that is strictly positive on X \ @ -1(2). Clearly, u*{a} = {n*a} is a
semi-positive (hence also nef) big class on X and

Voly (u*{a}) =/§(M*a)"_p/\[17] =/Xa”PA[Y] — Voly (a) > 0.

We consider the following Monge-Ampere equation on the (smooth) compact
Kihler manifold Y:

ZP = Voly (o)) p* (,3 A a)”_p_l> on Y. (4.16)

If the class u*{«} were Kihler, Yau’s Theorem 3 in [26] on solutions of the Monge-
Ampere equation with a degenerate (i.e., semi-positive) smooth right-hand side
would yield a unique d-closed (1, 1)-current &)7 € ,u,*{oz}| 7 solving equation (4.16)
such that oy > 0 on Y, ay is C* on Y\ u(Z) and oy has locally bounded
coefficients on Y. In our more general case where the class pu*{«} is only semi-
positive and big, Theorems A, B, C in [7] yield a unique d-closed (1, 1)-current
oy € p*{a}y such that oy > 0onY and

~

<&; p) Voly (1*{a}) w*(BA @™ P71) on 7Y,

where ( ) stands for the non-pluripolar product introduced in [7]. Moreover, oy
is C* on the ample locus of the class u*{ Y (cf. [7, Theorem C]), which in our

case coincides with ¥ \ w(Z),and @ ay has minimal singularities (cf. [7, Theorem
B]) among the positive currents in the class ,u*{oz}ly. Since this class contains

C*° semi-positive forms (e.g., (u*@),7), its currents with minimal singularties have
locally bounded potentials. Thus, ay has locally bounded (and even continuous)

potentials, so (&;_p ) equals the exterior power &;i_p in the sense of Bedford and
Taylor [3]. In particular, [&%]Bc = [u*ak]pc for all k, so f; &;ﬁpfl AUB =
[y e P~1 A p*B. It remains to set

Ay = [ a5.

We thus get a d-closed positive (1, 1)-current &y € {o}jy whose restriction to
Yreg =Y \ Z is C* and which solves the Monge-Ampere equation (4.14). O
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We can now relate both the psef and the nef thresholds PP (a), NP () to the
volume of {& — B}. The next result confirms Conjecture 1.1 in the case when these
thresholds are sufficiently close to each other.

Proposition 4.12. Let X be a compact Kihler manifold, dimc X = n, and let
{a}, {B} € Htlzbl (X, R) be Kiihler classes such that

(@} —nf{a)"" ' {B) > 0. 4.17)

If either of the following two conditions is satisfied:

n

= — PP ()
i) NP@=1 or (i) NB(a)> B 1 . (4.18)
n—
then
Vol(fe — B)) > ()" — nf{a}"" ' (B). (4.19)
L — PP (@)
Note that PP (o) > % thanks to inequality (a) in (4.11). Since

PP® (a) > N® («) (cf. (4.10)), this shows that condition (ii) requires N B () to
be “close” to P¥) (). In particular, (ii) holds if N ) («) and PP () coincide.

Proof of Proposition 4.12. If N®® () > 1, then the class {« — B} is nef (cf. Propo-
sition 4.7), so (4.19) follows from Proposition 2.2 in this case.

Let us now suppose that N ) («) < 1 and that condition (ii) is satisfied. We
set 5o := N® () and 1y := PP («), s0 so < 1 < to (where the last inequality
follows from {« — B} being big — the main result in [20]). We have

la =B} =

fh—1 1 —s
07 " (o —s0B) + 9 (@ — 108). (4.20)
to — So o — S0

Since the class (1 —sp)/(to —so) - {o — 198} 1s psef, we get the first inequality below:

Io

Vol({a — B}) > ( —
fo —

1— n
z<1— SO) (tey” = nsola'~".18}).

fo — So

1 n
g ) Vol({or — so B})
0 421

where the second inequality follows from Proposition 2.2 since the class {& — so B}
is nef. Let

I—s " n n—1
£100, 11 = [0, 400), f(s):= (1— ) ({a} — ns{a) .{,3}). (4.22)
fo— S

Thus f(1) = {a}* — n{a}*~'.{B} and (4.21) translates to Vol({ox — B}) > f(s0).
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We will now show that f is non-increasing on the interval [%, 1], where we

set:
R::% or equivalently R =sup {r >0/{ot}"—r{a}”7l.{,3}>0}. (4.23)
Assumption (4.17) means that R > n. Deriving f, we get:
o =D" (to— "1 -1 N n—1
Fey=n e ) 4 S (1) = nsta)” 1))
(1o — 1" n e
=n o (@) (@ = Vst ). sel 1)

Since fo — 1 > 0 and 7y — s > 0, the definition of R implies that f/(s) < 0 for all s
such that (n — 1)s + 1) > R,i.e. forall s > %.

Recall that we are working under the assumption sg € [Ifl:’f’ , 1),s0 from f be-

ing non-increasing on [%, 1] we infer that f(so) > f(1) = {&}" —n{a}"~1.{B}.
Since Vol({ee — B}) = f(s0) by (4.21), we get (4.19). O

4.4. Nef/psef thresholds and volume revisited

We now prove Theorem 1.4. In so doing, we use a different method for obtaining a
lower bound for the volume of {o — 8} that takes into account the “angles” between
{a — 50 B} and {@ — t B} when ¢ varies in a subinterval of [1, #y).

We start with a useful observation in linear algebra generalising inequality
(2.1).

Lemma 4.13. Let o« > 0 and B > 0 be C*™ (1, 1)-forms on an arbitrary complex
manifold X with dimc X = n such thato—p > 0. Then, for everyk € {0, 1, ..., n},
the following inequality holds:

@—B)" FAdk>a"—mn—k)a" ' AB. (4.24)

Proof. Letxg € X be any pointand zy, .. ., z, local holomorphic coordinates about
xo such that

n n
a=Zidzj/\de and ﬂ:Z,Bjidzj/\de, hence
j=l1 j=1
n
a—p=>) (1-p)idz;Adz; at x.
j=1

Thus B; € [0, 1] forall j = 1, ..., n by our assumptions and inequality (4.24) at
Xo translates to

k!'(n —k)! —k &
BOZOL Sy o). (=) 21 -5 3,
=1

|
n 1<ji<ir<jui<n n
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which, in turn, translates to the following inequality after we set y; := 1 — B; €
[0, 1]:

kl'(n —k)! 1 n—k <&
1 |-z —— vitk+1—n. (4.25)
n! ( Z Yii --'ij> . n ;

I<ji<-<jk<n

Note that the left hand side of (4.25) is meaningful even if some y; vanishes because
it reappears in yj ...y,. We will prove inequality (4.25) by induction on n > 1
(where k € {1, ..., n} is fixed arbitrarily).

Ifn =1, (425) reads 1 > 1. Although it is not required by the induction
procedure, we now prove (4.25) for n = 3 and k = 1 since this case will be used
further down, i.e. we prove

1 2
§(V1Vz+yz)/3+y3m) > §(VH—V2+V3)—1 forall y1,y2,v3 €[0, 1]. (4.26)

It is clear that (4.26) is equivalentto (y1 — D) (o — D+ (2 — 1) (3 — D+ (3 —
1) (y1 — 1) = 0 which clearly holds since y; — 1 < 0 forall j.

Now we perform the induction step. Suppose that we have proved (4.25) for all
1 <m < n. Proving (4.25) for n + 1 amounts to proving the following inequality:

k'(n+1—k)! V9 Vitl

Akt 3= =02

1<ji<-<jk<n+1 YVive - Vi
4.27)

n+1_ n+1
Z a1 Zyz+k—n

The left-hand term Ay, ;41 of (4.27) can be re-written as

k!'(n+1—k)! 1
m+1D! n+1-—k

A DD Vet Ve Y Ve Ve |

#1 #n+1
1<ri<--<rp_g<n+l1l 1<ri<--<rp_g<n+l

where the meaning of the notation is that the sum whose coefficient is y; runs over
all the ordered indices r{ < --- < r,—¢ selected from the set {1,...,n + 1} \
{s}. Now, using inequality (4.25) for n (the induction hypothesis), for every s €
{1,...,n4 1} we get:

n! n—=k
2. eV ZnT k)'(n 2 ’”k“_")‘

#S
1<ri<--<rp—g<n+l
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Plugging these inequalities into the last (re-written) expression for Ay ,41, we get:

n—k
A > —
hﬁl_nm+1)cql§: viviteo+ Y W+W»

..... PESIVSE {1, ...nt 1\ {n+1}
k+1—n
+n7+1()/1+‘“+)’n+1),
hence
2(n —k) k+1—n”+1
Aknpiz———= Y yimt——— ZVZ
nin+1) .52,
> Wiwtwnv+ny)
_ 2(n — k) 1<j<k<l<n+1 ! / k 1—n ’f
Cnn+1) n—1 n+1 "
(a) 2(n — k) n+1
2ﬁ<2 Z ()/j+7/k+7/1)—3( 3 ))
(n—=Dnn+1) \ " \_; H
k+ 1 —n Yl+1
n—i—l Zyz
2(n — k) ntl n+1 k+1—n
- v -3 Lr- -
m—nmmu)(<)2>7 T L7
1 (4 —k) n(n—1) ntl
= k+1—
n+1 (n(n—l) 2 e n> ;71

_(ﬂ—l)n(n+1)3 2.3 = T ZVZ—(n—k)

where inequality (a) above follows from (4.26) applied to each sum y;yx + vy +
vivj- Thus we have got precisely the inequality (4.27) that we set out to prove. The
proof of Lemma 4.13 is complete. O

Now suppose we are in the setting of Conjecture 1.1. We keep the notation
of Subsection 4.3. Recall that sy := N® («) and 1y := PP («). We assume that
so < 1 (since Conjecture 1.1 has been proved in the case when sg > 1).

We express the class {o« — 8} as a convex combination of the nef class {o —s¢ B}
and the big class {« — t B} for every t € [1, t9) (¢f. Theorem 3.5) in the following
more flexible version of (4.20):

-1 1 —
fo— B} = {o — 0B} + — 2 (@ — 1}, 1€l o). (4.28)
r—950 r—90
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We know from Theorem 3.5 that for every ¢ < % (cf. notation (4.23)) there exists a
Kihler current 7; in the class {o« — #8} such that 7} > (1 — % t) a. Thus we get the
following Kihler current in the class {« — B}:

t—1 1—ys9
Si= @)+ =T
r—1 1 —s9 n R (4.29)
> (¢ —s0B) + (1——1‘)0:, te|l, —|,
t— 5o t— 50 R n

since the class {o¢ — so B} being nef allows us to assume without loss of generality
that @ — so8 > 0 (after possibly adding ew and letting € | O in the end). Since the
right-hand side of (4.29) is smooth, it also provides a lower bound for the absolutely
continu(;eus part of S;, so we get the following lower bound for the volume for all
tell, oI

Vol(fa — B)) > / S e
X

# - n _\n—ko1_ k _n_t k/ _ n—k k
Z(I_SO)nZ(k>(t D" *(1-s0) (1 R) [ @0y nt

k=0

(4.30)

Since the class {& — soB} is nef, using Lemma 4.13, we get the following:

Lemma 4.14. Let X be a compact Kihler manifold, dimc X = n, and let {a}, {B} €
H};’Cl(X, R) be Kihler classes such that {a}* — n{a}"~'.{B} > 0. Suppose that
so := N®)(«) < 1. Then the following estimate holds:

Vol({oe — B}) > <At _S()) ({a}" - Mﬂ {a}n_l.{ﬁ}> )

t— 5o At — 5o

R 4.31)
forall te |:1, —j|,

n
where we denote R := {a}"/{a}" ' {8} > nand A =1 — 7 (1 —50) € (s0, D).

Proof. From A —so = (1 —s0) (1 — %) € (0, 1) (because sp € (0, 1) and 1 — % €
(0, 1)), we infer that A > sg. That A < 1, is obvious.

Without loss of generality, we may assume that @ — so8 > 0, so (4.24) applies
to o and so8 and from (4.30) we get:

Vol({a — B})
1 " n - . ni\ K ) .
Zi(t—so)"kgo(k)(“l) (1—s0) (1_E> ({a} — (n — k)sola) .{/3})

1 nt\1"
:7@—30)" |:t—l+(1—s()) (1—E>:| {a}

r—1 _— L n-l -
—m |:l— +( —SO)< —E)] nso {a}" . {B},

which proves (4.31) since t — 1 + (1 — sg) (1 — %) = At — 59. ]
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Thus, it becomes necessary to study the variation of the following function:

g [1, S] SR, g(t)= (At - so) ({a}" _ st = D) et {ﬂ}) . (432)

t— 580 At — 59

since Vol({ax — B}) > g(r) forall € [1, 1. From A — 5o = (1 —50) (1 — %) €
O, 1), we get:

s =(1-%)" @,

R R — "
while g (;) = <R — nIZ()) <{a}” — nso {o(}”—1' {/3}) .

We see that g(1) is precisely the lower bound obtained for the volume of {& — 8} in
(3.6), so this lower bound will be improved if g(¢) > g(1) for some ¢ € (1, R/n].

Variation of g. Since [(r — 1)/(Af — s0)] = (A — s0)/(At — s0)? and [(Af —
50)/(t —s0) = (1 — A) so/(t — s0)?, for the derivative of g(¢) we get:

(4.33)

s (At — s0)"~!
g () —n(l—A)SOW

( . (nso—nsoA+A—so)t—nso(1 — A)—so (A — so)
X | {a}" =

n—1
(I — A) (A — 50) terl '{ﬁ}>'

Now, At —sg > Oforallt € [1, R/n]since At—sg > A—sp = (l—so)(l—%) > 0.
Since t > 1 > 59, from the definition (4.23) of R, we get the equivalences:

§'(1)=0 & [nso (1 —A)+ A—s0lt —nso (1 — A) — 50 (A — 50)
<(1—A)(At—s0)R <= —[RA* — (nso — 1 + R) A+ (n — 1) so| ¢ (4.34)
+s0[A—s0+(n—R)(1—-A)]=>0.

e Sign of RA%2 — (nso — 14+ R) A+ (n — 1) s9. The discriminant of this 2"¢ degree
polynomial in A is

AR=R>=2((n—2)so+ 1) R+ (nsg — 1)°. (4.35)
The discriminant of Ag (viewed as a polynomial in R) is

A" =16(n — 1)so(1 —sp) >0 since so € (0, 1). (4.36)

Thus, the Ag vanishes at Ry = (n — 2)so + 1 — 2/ (n — 1)so(1 — s9) and Ry =
n—2s0+1+2/(n—1Dso(1 —sp).

Lemma 4.15. With our usual notation R = {a}"/{a}"~'.{B}, we have: R; <
Ry <n < R.
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Proof. Only the inequality R, < n needs a proof. It is equivalent to
(n—=2)s0 +2+/(n — Dso(1 —s50) <n—1
& 2/(n— Dso(1 — 50) < (n — 1)(1 — s0) + 50

— /(n—1) (1 —s0) — +/50)* >0,

which clearly holds. O]

The upshot is that Ar > 0, so RA% — (nso — 1+ R) A+ (n — 1) sp vanishes
at Ay =(mso—1+R—/Ag)/2Rand Ay = (nso — 1 + R+ /ARr)/2R.

Lemma 4.16. With our notation A .= 1 — % (1 —sg) € [0, 1), we have: A <
A < Aj.

Proof. The inequality A; < A is equivalent to

—1+R-JA R — — v
nso —;R R - nR+ nso I’l(2_s0) —1—R < Arg. (437)

Ifn(2—s9) —1— R <0,(4.37)is obvious. If n(2 — s9) — 1 — R > 0, inequality
(4.37) is equivalent to
R>+[n(2 —s0) — 11>°=2[n(2 — s0) — 1]R < R*>=2[(n — 2)so+11R+(nsg — 1)?
< [n(2 — s9) — nsol[n(2 — s9) + nsg + 2]
<2[n2—59) — (n —2)s9g — 2] Rn(n — 1)(1 — s9)
<1 —-s9)(n —1)R < n <R,

where the last inequality holds thanks to our assumption {«}" — n{a}"~!. {8} > 0.
The inequality A < Aj is equivalent to

R_ —1+R+A
nR—I- nso _ 1o -;R + R R+1—(2—so)n </Ag. (438)

fR+1—-2—so)n <0,(4.38)is obvious. If R+ 1 — (2 — sg)n > 0, inequality

(4.38) is equivalent to

R*+[1—2—s0)nl*+2[1—-(2—s0)n]R < R* = 2[(n — 2)s0 + 11 R + (nso — 1)’
22— 2 —s0)n+ (n—2)s0] R < [nso — (2 — so)n] [nso — 2 + (2 — so)n]
<— m—1)Gy—1DR<nm—1(op—1) < R>n since s9o—1 <0,

where the last inequality holds thanks to our assumption {o)"—n{a}* 1 {B}>0. O

The obvious corollary of Lemma 4.16 is the following inequality:
RA? — (nso— 14+ R) A+ (n—1)s9 <O. (4.39)

e Monotonicity of g : [1, %] — R. Picking up where we left off in (4.34), we
get the equivalence:
A—so+(mn—R)(1—A)
CRAZ —(nso— 1+ R A+ (n—Dso’

§t)>0 & t>s (4.40)
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Lemma 4.17. The following inequalities hold:

(@ A—sp+(m—R)(1—-A) <0
A—sgp+(n—R)(1—-A)

RAZ —(nsg —1+R)A+(n—1)sy

Proof. (a) We have:

(4.41)

(b) 1>s

A—so+(n—R)(1—A):(1—so)(l—%)—l-%(l—so)(n—R)

(I =s50)(n — R)(n —1)
R
and the last expression is negative sincen — R < O while 1 —sg > O0Oandn—1 > 0.

(b) Thanks to (4.39), inequality (b) in (4.41) is equivalent to
RAZ—(nso—l—i—R)A—}—(n— sg<solA —so+ (1 — R)(1 — A)]

) 4.42)
< RA"—(Rsp+R+so—1)A+so(sop+R—1) <O.

The discriminant of the left hand side in (4.42), viewed as a 2" degree polynomial
in A,is A” = (R — 1)2(1 — s0)2, so the left hand side of (4.42) vanishes at
R+ D+s0—1—(R—-D1-s5)

A
3 2R

S0

1—
and A4 =1-— RSO, where clearly Az < As.

Thus, inequality (4.42) is equivalent to sp < A < 1 — 1= We have seen in

R
Lemma 4.14 that A > sp. On the other hand, proving A < 1 — 1}5“) amounts to
proving
n 1—1s9 .
I—E(I—S0)<1— < l<n (since 1—s59>0 and R > 0).
The last inequality being obvious, the proof of (b) in (4.41) is complete. O

Conclusion 4.18. Inequality (4.40) holds strictly for every ¢ > 1 thanks to part
(b) of (4.41). So, in particular, g’(z) > 0 for all t € [I, %], i.e. the function
g & [1, %] — R is increasing.

Since Vol({aw — B}) > g(t) forall t € [1, %] (¢f. Lemma 4.14), the best
lower bound for Vol({o — B}) that we get through this method in the case when
s0:=NB(a) < 1is

Vol({a — ) > g <R>

n

{a}® — nso {1 {B

R n-1 (4.43)
— ({a}n —n {Ol}n_l. {,3}) ( {a} n {Ol} . {,8}}> )
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This proves Theorem 1.4. Note that this lower bound for the volume improves on
the lower bound g(1) (cf. (4.33)) obtained in (3.6).

5. Intersection numbers

In this section we prove Theorem 1.3. We start by deriving analogues in bidegree
(p, p) with p > 2 of the inequalities established in Section 3. We will use the
standard notion of positivity for (g, g)-forms whose definition is recalled at the
beginning of the Appendix before Lemma 7.1.

Proposition 5.1. Let X be a compact Kihler manifold with dimc X = n and let
o, B be Kihler metrics on X. Then, for every t € [0, +00), every p € {1,...,n}
and every C positive (n — p, n — p)-form Q""P-""P > 0 on X such that
Q" PP =0, we have:

/(ap—tpap_l/\ﬂ)/\ﬂn_p’"_p > (1-1%) / af AQTPP (510
b'e R/ Jx

for}"

ERTIE We also have:

where, as usual, we let R .=

n
/ (a? —tPBPY A QPP > (1 —tP ;L)) / al AQITPITP L (52)
X X

p

{Dé}n

where we let R, 1= {a}=P (B

Proof. We may and will assume without loss of generality that 2" ~7>"~P is strictly
positive. Inequality (5.1) is equivalent to

n
t— / al ANQITPTP > ¢p / aP LA B A QPP
R Jx X

which, in turn, after the simplification of # > 0 and the unravelling of R, is equiva-
lent to

" (far narmrr) ([t ap) =t [[artnprorro
P \Jx X X

This inequality can be proved using the method in the proof of Lemma 3.1, the
pointwise inequality (7.5) proved in the Appendix and an approximate fixed point
technique that we now describe. Here are the details.
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Approximate fixed point technique

We consider the following Monge-Ampere equation whose unique C*° solution in
the Kihler class {«} is denoted by @ := o +idd¢ > O:

o ()"
(@ (B P

By {a}P~1.{B}.[Q" P ""P], we mean the positive real number fX aP" VA B A
Q"P-"~P which clearly depends only on the Bott-Chern classes {«}, {8} €
H''(X, R) and on the Aeppli class [Q"~7""P]y € H, """ "7(X, R).

We will vary the form « on the right-hand side of (5.4) in its Kahler class {«}.
Let & :={T € {a} / T > 0} be the set of d-closed positive (1, 1)-currents in the
Kihler class {a}. Thus &, is a compact convex subset of the locally convex space
D'l 1(X, R) endowed with the weak topology of currents. (The compactness is a
consequence of the existence of Gauduchon metrics and holds for any psef class
{a} even if X is not Kéhler.) Fix an arbitrary Kdhler metric @ in {«}. For every
¢ > 0, we associate with equation (5.4) the map:

R.: & —> &y, RA(T) = aT, ¢, (5.5)
defined in three steps as follows. Let T € &, be arbitrary.

aP"LABAQITP P, (54)

(i) By the Blocki-Kolodziej version [4] for Kdhler classes of Demailly’s
regularisation-of-currents theorem [11, Theorem 1.1], there exist C*° d-closed
(1, 1)-forms w, € {a} = {T} for ¢ > 0 such that w; > —ew and w, — T in
the weak topology of currents as ¢ — 0. (The Kéhler assumption on the class {«}
crucially ensures that the possible negative part of w, does not exceed ew, see [4].)

Note that for every sequence of currents T; € &, converging weakly to a
current 7 € &, and for every fixed ¢ > 0, the sequence of C* forms (w; ¢);
(obtained by applying to each 7'; the Blocki-Kolodziej regularisation procedure just
described producing a family w; o — T; as ¢ — 0) converges in the C* topology
to the C* form w, (obtained by applying to T the Blocki-Kolodziej regularisation
procedure producing a family w, — T as ¢ — 0). In other words, for every fixed
e >0,themap& > T > w, € C7° (X, C) is continuous if £y has been equipped
with the weak topology of currents and the space of smooth (1, 1)-forms has been
given the C* topology.

To see this, it suffices to work locally with currents 7; = i BE_JW ;i = 0 and
T = i3dy > 0 for which the psh potentials have the property that v ; j —> ¥ in
the L' topology as J — 00, and to show that for every fixed ¢ > 0 we have
zaaw] * pe —> 139y * p, in the CY topology as j — 4o00. (The convergence
in the C* topology follows from this by taking derivatives.) Indeed, currents are
regularised in [4] by convolution of their local potentials with regularising kernels
Pe. Since 188% *x pg =V *xi00ps and i99Y * p, = Y x99 ps, we have to ensure,
for every fixed ¢ > 0, that

/ (Wj—=¥)(y), us(x —y) —> 0 locally uniformly with respect to x € U eU
U’ J—>+00
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for every C*° function u, (which is an arbitrary coefficient of iddp, in this case)
defined on the open subset U C X on which we work. This is clear from the L!
convergence ¥; —> ¥ on U.

(i) Setur ¢ := (1 —¢&) we + ew. Thus ur, . is a Kéhler metric in the class {o} since
itisC®andur > —(1—¢g)ew+ew= 2w > 0. Moreover, ur, — T in the
weak topology of currents as ¢ — 0.

(iii) Solve equation (5.4) with right-hand term defined by u7, . instead of a:

n _— {a}l’l p—l n—p,n—p
“T.e = {apr=Tprr—pon—r, Te B : (5.6)

This means that we denote by a7, . the unique Kéhler metric in the Kihler class {or}
solving equation (5.6) whose existence is ensured by Yau’s theorem [26]. We put
R:(T) := ar, .. Thus, in particular, the image of R, consists of (smooth) Kihler
metrics in {«}.
Now, R; is a continuous self-map of the compact convex subset &, of the locally
convex space D'l '(X, R), so by the Schauder fixed point theorem, there exists
acurrent T, € &, such that T, = R.(T;) = ar, .. Since ar, » = &, is C*,
by construction, the fixed-point current 7, must be a C* form, so 7, = @, and
we > 0 — Sy for some 8, | 0 when ¢ — 0. (The last statement follows from the
fact that w, converges in the C* topology to T if T is C* — see the explanations
under (3) below.) Hence ur, , = (1 =) ws +ew > (1 —e) o, +[e — (1 —¢) é:] w.
We put n, :=¢ — (1 —€)8;,s0n: = 0 when e — 0.

To conclude, for every ¢ > 0, we have got a Kihler metric o, in the Kihler
class {«} such that

~n {a}”

_ B .
= {a}P=1 (B).[Qr—Pn=P] 4 [(1 —&)we +ew]P™ ABAQI"PITP

i (5.7
{O{} &-«17

—1 n—p,n—p __
{O{}pil.{ﬁ}.[ﬂnip’nip]A & /\ﬁ/\Q b P 0(|n€|)a

>(1 -

where w is an arbitrary, fixed Kéhler metric in the class {«} and O (|n,|) is a quan-
tity that converges to zero as ¢ — 0. The Kihler metric @, can be viewed as an
approximate fixed point in the class {«} of equation (5.4).

Explanations. Here are a few additional comments on the choice of a continuous
regularising operator R, for every ¢ > 0. We are indebted to J.-P. Demailly and to
A. Zeriahi for many of the ensuing remarks that were left out of the first version of
this paper.

(1) The existence of a continuous regularising operator is an easy consequence of
the regularisation theorem (whatever version of it may be used, be it Demailly’s
regularisation of currents [11, Theorem 1.1] or the Blocki-Kolodziej one [4] or
any other one) applied to finitely many currents. The argument for this statement,
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which has been very kindly and effectively explained to the author by J.-P. De-
mailly, makes use of the compactness and convexity of &, in D' 1(X, R). Indeed,
the cone of positive currents has a compact and metrisable, hence countable, base.
For this reason, there are several different topologies that induce the same topology
on this cone (= the weak topology of currents). If we fix a smooth representative
a of the class {a} (and « can be chosen to be a Kéhler metric in this case, but this
is irrelevant here), any current T € &, can be written as T = « + idd¢ > 0 for a
global quasi-psh (hence L? and indeed L7 for every p € [1, +00)) potential ¢ that
is unique up to a constant. We can equip the space of potentials {¢ / iddp > —a}
with the topology induced by the L? Hilbert space topology, which is separable,
hence has a countable orthonormal base. This topology induces on &, the weak
topology of currents.

Now, by compactness of &, for every ¢, there is a finite covering of &, by
open balls of radius €. Let T}, ..., Ty, € &, be the centres of these balls and let
Eq, ¢ be the convex polyhedron generated by 77, ..., Ty, . We can take ¢ = 1/m for
m € N* and by convexity of £, we get

+00
o = U ga,
m=1

Thus, it suffices to regularise the finitely many currents 77, ..., Ty, and to extend
the regularisation to all the currents 7 € &, . by mere convex combinations. This
clearly produces a continuous regularising operator.

I|—

(2) The main result of [4], namely that in a Kahler class positive currents can be
regularised with only an O(¢e) loss of positivity (so, ultimately, with no loss at all,
as explained above — hence the Kihler metrics in a given Kéhler class are dense
in the positive currents of that class) can also be obtained as an easy consequence
of Demailly’s regularisation theorem [11]. The argument for this statement, which
was very kindly explained to the author by A. Zeriahi, proceeds by first regularising
by a mere cut-off operation. Indeed, let T = o +idd¢ > 0 be an arbitrary positive
current in the Kiahler class {a}, where « > 0 is a Kihler metric in this class. For
every ¢ > 0, put T := o + 190 max(e, —é) > 0. The current T is still positive
since the maximum of any two a-psh functions is still ¢-psh when « is a Kéhler
metric ( [17, Proposition 2.3, (4)]). We have max(gp, —%) J ¢ pointwise and T, —
T weakly as ¢ — 0. Moreover, the currents T, have bounded potentials, so we
can apply Demailly’s regularisation theorem [11] to each of them to write T; as the
weak limit of a sequence of C*™ forms T s € {«} as § — 0. Since all the Lelong
numbers of T vanish (because the potential is bounded), Demailly’s theorem [11]
ensures that only a loss of positivity of O(§) is introduced by the regularisation
process. Taking the diagonal sequence with ¢ = §, we get an approximation of the
original current 7 by C forms in its class with only an O (e) loss of positivity.

The interest in the Blocki-Kolodziej regularisation procedure [4] lies in its giv-
ing a much simpler proof of the existence of a good regularisation of currents (which
is by no means unique) for the special case of a Kéhler class than Demailly’s proof
of the general case.
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(3) The Blocki-Kolodziej regularisation [4] proceeds by convolution of the local
potentials of the current 7" with regularising kernels p.. This method produces a
continuous regularising operator R, for every . Moreover, if T is a C* form in
the class {«}, the C* forms T obtained by regularising T converge to T in the
C topology as ¢ — 0. This is because locally, if i is a C*° function defined
on an open subset Q C C” containing the origin, then all the derivatives of the
convolutions p, * ¥ converge uniformly on all the compact subsets K C €2 to the
corresponding derivatives of ¢ and the (standard) patching procedure used in [4]
does not destroy this property. On the other hand, Yau’s theorem [26] gives uniform
estimates in all the C! norms of the solution of the Monge-Ampgre equation in
terms of the right-hand side term of this equation. Putting these facts together,
we get that the regularising operator R, obtained by regularisation followed by an
application of Yau’s theorem is indeed continuous in the weak topology of currents
and, moreover, R, (T) converges in the C* topology to T whenever T € &, is C*.

Use of the approximate fixed point

Let us fix any smooth volume form dV > 0 on X. The left hand side term in (5.3)
reads:

s (fornarre)(fone)

p X X

-5 /&fAL_p’n_pdV : /OL_NIAﬁa—ng
P \Ux dv x o dv

r 1
~ _ o o~ 2 ~ 1
(g) / zaf/\Q” P’”pagi/\ﬂ oy 2dV
“1Jx\p dv ar dv
: p—1 % 1 :
(g) / a,  ABAQTPRTP ﬂ 2 av
| Jx dv dv

{o}"
{a}p=1(BLIQ =P n=P]y

1 1 2
~p—1 n—p,n—p\ 2 [~p—1 n—p,n—p\ 2
o A B AQITPTP o ABAQITP TP
/( )( )dv — O(Ine)
X

Ca—ept

dv dv

{a}"
{a}P=L{B}.[Q =P "=P] s

=1 - a)" fxoﬂ"l ABAQTETTP — O(Ing)),

D1—e)r!

2
[/ ap‘lAﬂASZ”_p’”_”] — O(|ne))
X

for every ¢ > 0. Letting ¢ — 0, we get the desired inequality (5.3) since n, — 0.
Inequality (a) was an application of the Cauchy-Schwarz inequality, (b) was an
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application of the pointwise inequality (7.5) of Lemma 7.1 in the Appendix, (c)
followed from (5.7), while identity (d) followed from &, belonging to the class {a}.
The proof of (5.1), which is equivalent to (5.3), is complete.
The proof of (5.2) runs along the same lines. Indeed, (5.2) is equivalent to
(;)
P 2P / al AQITP TP > 4P / BP AQITPTP,

R, Jx - X
which, in turn, after the simplification of t” > 0 and the unravelling of R P is
equivalent to

<n> </ ap/\Q"p’”P>-(/ a””/\ﬂp> > {a}" / BPAQITP TP (58)
P X X X

The proof of (5.8) is almost identical to that of (5.3) spelt out above except for the
replacement of equation (5.4) with the following Monge-Ampere equation:

_ )"
(BIP.[7 =P

and for the replacement of the pointwise inequality (7.5) with (7.4). Note that, since
o does not feature on the right-hand side of equation (5.9), the approximate fixed
point technique is no longer necessary in this case. It suffices to work with the
unique Kihler-metric solution & of (5.9). O

BP AQITPTP (5.9)

Remark 5.2. If an exact (rather than an approximate) fixed point for equation (5.4)
had been sought, we would have needed to consider the following equation in which
the Kéhler-metric solution & € {«} features on both sides:

0 o}
{a}p=L{B).[Qr P "=P]y
Equations of this type, going back to Donaldson’s J-flow and to work by Chen,
admit a solution under a certain assumption on the class {«}. See [15] and the ref-

erences therein for details. Our approximate fixed point technique does not require
any particular assumption on {«}.

QP VAR AT,

We can now prove the main result of this section which subsumes Theorem 1.3.

Theorem 5.3. Let X be a compact Kihler manifold with dim¢c X = n and let

{a}, {B} be Kiihler classes such that {a}" — n{a})""' {8} > 0. Then, for every

k € {1,2,...,n} and every smooth positive (n — k, n — k)-form Qr—k.n—k >
such that 39" ~% "=k = 0, the following inequalities hold:

k_ aky [on—kon—k7 ) k [on—k. n—k

{of = BY[Q"5" ], = o — By Q"]

(1)
=

A

{of —ka* =t A g [Q" ] (5.10)

A

(I11L)
zk (1 _ %) {a}k'[ank,nfk]A > 0’
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{a}
{}nl

where, as usual, R :=
and (I111,) read:

(Thus R > n by assumption.) In particular, (I11,)

=B = o) —nfe)" (8} = (1 - %) {}" > 0. (5.11)

Proof. We may and will assume without loss of generality that Q"% "= is strictly
positive.

Inequality (/1) is nothing but (5.1) fort = 1 and p = k.

We will now prove (I I;) by inductionon k € {1, ..., n}. Let us fix Kéhler metrics
«, B in the classes {«}, respectively {8}. For k = 1, (I 1) is obviously an identity.
Now, proving (I I) for an arbitrary k amounts to proving that the quantity

Sy = / <(a —BF —ar +kak A ﬁ) A QR =k (5.12)
X
is non-negative. To this end, we first prove the identity:
k—1
Sk= 1 / (@ =BT adl P ABEAQ Rk k=1, 0 (5.13)
— X

This follows immediately by writing the next pointwise identities:

k
@—pf —a* +kd" T AB=—BAY (@=p) T na T +kad T A

=1

k—1 k—1 k—1—1
_ al_l/\,B/\<ak_l — (- ﬁ)k—l) :Zal—l/\ﬁz/\ Z oK1 A (= Y
=1 =1 r=0
k—1k—I—1
=) > o PNl = p)
=1 r=0
k=2
=Y K T2ZABAW@=B) +...
r=0

k—=Il—1
+ ak—r—z/\ﬂz/\(a_ﬁ)r_i_+ak—2Aﬂ2
r=0

=B A@—B T +2an A - T+
+1d A A@= T 4 k=D TP A B

_Zl(“ BT A o1 A B2,

This clearly proves (5.13).



1288 DAN PopPoVvICI

Now we can run the induction on k € {1, ..., n} to prove ({I). Suppose that
(IL), ..., (IIx—1) have been proved. Combining them with (/I I;;) that was proved
in (5.1) forall k € {1, ..., n}, we deduce that the classes {ox — B} are positive in
the following sense:

k— —k+r,n—k
{O[—ﬂ} r'[Qn +r,n +r]A20

forallr € {1, ..., k} and for all C*° strictly positive (n — k + r, n — k + r)-forms
QnkFrn=k4r 0 such that dgQ—k+rn—k+r = g,

Choosing forms of the shape Q" k+7n=ktr .= or=2 A g2 A Qn=kn=k yith
Qr—kn=k - 0 of bidegree (n — k, n — k) satisfying 39" % "=k =0, we get:

fo = B oy B[] =0, ref2,. k)
Setting r := [ 4 1, this translates to

/(a—ﬂ)k—"‘ AN TEABEAQYR TR >0 el k—1},
X

which means precisely that all the terms in the sum expressing S in (5.13) are
non-negative. Hence, Sy > 0, which proves (I I}) (see 5.12).

Let us now prove (I;) as a consequence of (/1) and (/11;). For every k €
{1, ..., n}, the following pointwise identities are obvious:

k—1
o~ —@ =B =pr) I n@-p - p

=0

=1
k—2 k—1
=BA ((a —B)A Zak—’—2 AR+ Zak—l—l A (@ — ﬂ)’) .
r=0 =1

Hence, for every smooth (n—k, n—k)-form Qr—k.n—k > () guch that 99 Q" %"k =
0, we have:

({ak _ ﬂk} — o — IB}k>‘[Qn—k,n—k]A

k—2
— Z/ (O( _ 13) /\ak—r—z /\ﬂr-‘rl A Qn—k,n—k
r=0vX

k—1

k—1
+Z/ ((X _ﬂ)l /\Olk_l_l /\ﬁ A Ql’l—k,l’l—k
1=17X

=~
[\

A

{o — ,B},[Qf—l,n—l]A n kil{a _ ﬁ}l.[l—wln—l,n—l]
I1=1

~
o

v

’
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where we have put Q717 = gkr=2 A grl A Qnkin—k ang Ff_l’”_l =
k=1 A B A QURon—k It is clear that 7" and I‘l”_l’"_l are positive
d0-closed forms of bidegree (n — 1, n — 1), respectively (n — [, n — [), so the
last inequality follows from the combination of (/1I;) and (/11;). Thus (I) is
proved. O

We immediately get the following consequence of Theorem 5.3 which is the
analogue of Theorem 3.5 in bidegree (k, k) for an arbitrary k.

Corollary 5.4. Let X be a compact Kihler manifold with dimc X = n and let
a, B > 0 be Kihler metrics such that {a}* — n{a}" ' {B} > 0. Then, for every
k € {1,2,...,n}, there exist closed positive (k, k)-currents Uy € {ok — ,Bk} and
Sk € {(@ — B)*} such that

U > (1 - %) o and S > (1 - %) ok (5.14)

{(f}n

PIERTIE (So R > n by assumption.)

on X, where, as usual, we let R :=
Proof. This follows immediately from Theorem 5.3 by using the analogue of La-
mari’s positivity criterion [18, Lemme 3.3] in bidegree (k, k) for every k. O

6. A conjecture in the non-Kéhler context

Let X be a compact complex manifold with dim¢ X = n. It is standard that if X is
of class C, then X is both balanced (i.e. it admits a balanced metric: a Hermitian
metric o such that dw"™! = 0) by [1, Corollary 4.5] and a 93-manifold (i.e. the
dd-lemma holds on X). On the other hand, there are a great deal of examples
of balanced manifolds that are not d9-manifolds (e.g., the Iwasawa manifold), but
it is still an open problem to find out whether or not every dd-manifold admits
a balanced metric. To the author’s knowledge, all the examples of dd-manifolds
known so far are also balanced. We now briefly indicate how a generalised version
of Demailly’s Transcendental Morse Inequalities Conjecture for a difference of two
nef classes might answer a stronger version of this question. The main idea is
borrowed from Toma’s work [22] in the projective setting and was also exploited
in [9] in the Kéhler setting.

It is standard that the canonical linear map induced in cohomology by the iden-
tity:

Loy Hpc" " N(X, ©) — H 7V N(X, ©),  [Q1sc = [Qla, (6.1)

is well defined on every X, but it is neither injective, nor surjective in general.
Moreover, the balanced cone of X consisting of Bott-Chern cohomology classes of
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bidegree (n — 1, n — 1) representable by balanced metrics o~ !:

Bx = {l0" "pc/w >0, C® (1, )-formsuch that do" ' =0 on X}
C Hyc""'(X, R),

maps under ,,_1 to a subset of the Gauduchon cone of X (introduced in [19]) con-
sisting of Aeppli cohomology classes of bidegree (n — 1, n — 1) representable by
Gauduchon metrics "~

Gx = {l0" Na/w>0, C® (1, I)-formsuchthat 930" ' =0 on X}
c H, V"X, R).

Clearly, the inclusion I,,_;(Bx) C Gy is strict in general. So is the inclusion
I,_1(Bx) c Gx involving the closures of these two open convex cones.

Now, if X is a dd-manifold, I,,_; is an isomorphism of the vector spaces
Hyp""7N(X, ©) and H}~""7'(X, ©), as is well known. It is tempting to make
the following:

Conjecture 6.1. If X is a compact 99-manifold of dimension 7, then I,_; (Bx) =
Ox.

If proved to hold, this conjecture would imply that every 99-manifold is ac-
tually balanced since the Gauduchon cone is never empty (due to the existence of
Gauduchon metrics by [16]), so the balanced cone would also have to be non-empty
in this case. Moreover, a positive answer to this conjecture would have far-reaching
implications for a possible future non-K&hler mirror symmetry theory since it would
remove the ambiguity of choice between the balanced and the Gauduchon cones on
d0-manifolds. These two cones would be canonically equivalent on dd-manifolds
in this event.

One piece of evidence supporting Conjecture 6.1 is that it holds on every class
C manifold X if the whole of Demailly’s Transcendental Morse Inequalities Con-
Jjecture for a difference of two nef classes is confirmed when X is Kéhler. This is
the gist of the observations made in [22] and in [9] alluded to above. Indeed, if
X is of class C, we may assume without loss of generality that X is actually com-
pact Kéhler. As proved in [6], a complete positive answer to Conjecture 1.1 would
imply that the pseudo-effective cone Ex € H' (X, R) of classes of d-closed pos-
itive (1, 1)-currents T is the dual of the cone My c H*~1:"~1(X R) of movable
classes (i.e. the closure of the cone generated by classes of currents of the shape
(@A -A@y—1), Where u : X — X is any ‘modification of compact Kihler man-
ifolds and the @ ;j are any Kihler metrics on X — see [6, Definition 1.3]). Since on
99-manifolds (hence, in particular, on compact Kihler ones) the Bott-Chern, Dol-
beault and Aeppli cohomologies are canonically equivalent, it is irrelevant in which
of these cohomologies the groups H L1(x,R)and H" 1"~ (X, R) are considered.

The closure Gx < H" -7"~1(X,R) of the Gauduchon cone is dual to the
pseudo-effective cone &y C H'''(X, R) by Lamari’s positivity criterion (Lemma
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1.5), while the same kind of argument (i.e. duality and Hahn-Banach) going back
to Sullivan shows that the closure By ¢ H"~"~1(X, R) of the balanced cone is
dual to the cone

Sx ={[T1a/T =0, T isa(l, D)-current such that 907 =0 on X}
c Hy (X, R).

Note that Sx is closed if X admits a balanced metric "1 (against which the
masses of positive dd-closed (1, 1)-currents T can be considered), hence so is it
when X is Kihler. Thus, by duality, the identity I,_; (Bx) = Gx is equivalent to
I1(Ex) = Sx, where I is the canonical linear map induced in cohomology by the
identity:

I :Hy'(X,C)— Hy'(X, C), [ylsc — [yla. (6.2)

In general, I is neither injective, nor surjective, but it is an isomorphism when X
is a 9-manifold.

With these facts understood, the identity I;(€x) = Sx can be proved when
X is Kihler (provided that Conjecture 1.1 can be solved in the affirmative) as ex-
plained in [9, Proposition 2.5] by an argument generalising to transcendental classes
an earlier argument from [22] that we now recall for the reader’s convenience.

The inclusion I1(€x) C Sy is obvious. To prove the reverse inclusion, let
[T]a € Sx,ie. T > 0isa (1, 1)-current such that 997 = 0. Since I; is an iso-
morphism, there exists a unique class [y]pc € Hll;’cl (X, R) such that I1([y]pc) =
[T]14. This means that [y]s = [T]a. We will show that [y]gc € Ex. If the [6]
conjecture (predicated on Conjecture 1.1) predicting that Ex is dual to My is con-
firmed, showing that [y ]pc € £x amounts to showing that

[Y1BC - [Ua(@1 A -+ - A@Dp—1)]a =0 (6.3)

for all modifications u : X — X and all Kahler metrics & j on X. On the other
hand, Alessandrini and Bassanelli proved in [2, Theorem 5.6] the existence and
uniqueness of the inverse image under proper modifications w : X — X of arbitrary
complex manifolds of any positive 33-closed (1, 1)-current 7 > 0 in such a way
that the Aeppli cohomology class [T] 4 is preserved:

31 (1, D)-current £*T >0 on X suchthat 93 (W*T) =0,
(W Tla =p*([T]a) and p(u*T)=T.

(Note that the inverse image u*([T]a) of any Aeppli class is trivially well defined
by taking smooth representatives of the class and pulling them back. Indeed, d0-
closedness is preserved, while pullbacks of Aeppli-cohomologous smooth forms
are trivially seen to be Aeppli-cohomologous.) Using this key ingredient from [2],
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we get:
[¥1BC - [Ua(@) A - A @Dp—1)]A

=/ V/\,U«*(EBIA"'Aan—l)Z/;(M*V)A(CBI/\"'Aan—l)
X X

=[uwyla.[@1 A+ A@p—1]lpc = /~(M*T) AN(@1 A - ANwy—1) =0,
X

which proves (6.3). Note that y and 14*y have no sign, so the key point has been the
replacement in the integral over X of u*y by u*7T > 0 which was made possible by
@1 A -+ Awy—1 being d-closed (so we could switch the roles of the Bott-Chern and
the Aeppli cohomologies) and by the identity [u*y]s = [uw*T]a following from
[v]a = [T]a (see above) and from [u*T]4 = u*([T]a).

The techniques employed in this paper do not seem to be using the full force of
the Kéhler assumption on X and many of the arguments are valid in a more general
context. This is part of the justification for proposing Conjecture 6.1.

7. Appendix: Hovanskii-Teissier-type inequalities

In this section we prove the pointwise inequalities for Hermitian metrics that were
used in earlier sections. They generalise the inequality in [20, Lemma 3.1].

For the sake of enhanced flexibility, we shall deal with positive (g, g)-forms
that are not necessarily the ¢’ power of a positive (1, 1)-form. Given any g €
{0, ..., n} and any C*° real (¢, g)-form 9'7 on X, we make use of the standard
notion of (weak) positivity (see, e.g., [13, III.1.1]): ©9°7 is said to be positive (re-
spectively strictly positive) if for any (1, 0)-forms a1, ...a,—4, the (n, n)-form
QP9 Nioy ANy A - ANlo—g A Ty—g is non-negative (respectively positive). We
write Q99 > 0 (respectively Q99 > 0) in this case. If, in local holomorphic
coordinates z1, ..., 2, We write

Q44 B
——= ) idz Adg, (7.1)
T |LI=RI=g

then it is clear by considering Q79 Aidzs ANdzsy A -+ Nidzs, , AdZs, , that
Q7% >0 implies ;7 >0 forall L with |L|=gq. (7.2)

(We have used the usual notation: L and R stand for ordered multi-indices L =
(I<h <---<ly<n),respectively R=(1 <ry <--- <ry <n)oflength g
and idzy Adzg :=1idz;, NdZy A--- A idzlq A erq )

In the special case when Q99 = 9 for some positive definite smooth (1, 1)-
form (= Hermitian metric) y on X, if we write

n
y = Z vjiidzj A dz, (7.3)
j k=1
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then Sylvester’s criterion ensures that M;;(y) > O for all multi-indices L C
{1,...,n}of any length [ € {1, ..., n}. (For any multi-indices L, K C {1, ..., n}
of equal lengths, M ; (y) denotes the minor of the matrix (y j ©)j, k corresponding
to the rows with index in K and the columns with index in L.) Clearly, M; ; (y) =
@, forall L with [L| =gq.

Lemma 7.1. Let «, B be arbitrary Hermitian metrics on a complex manifold X
with dimc X = n.

The following pointwise inequalities hold for every p € {1,...,n} and for
every smooth form Q"~P-"=P > 0 of bidegree (n — p, n — p) on X:

n\ a«"PABP o AQITPTP BP A QTP TP
( ) . > (7.4)
p o o o
and
na" VAR al AQUTPTP qPTUA B A QPP
— . > . (7.5)

p o’ o’ ol

Proof. Let us first prove (7.4). The special case when p = 1 and Qr-lin=l — yn=l
for some (1, 1)-form y > 0 was proved in [20, Lemma 3.1]. We fix any point

x € X and choose local coordinates z1, ..., z, about x such that
n n
a(x) =Y idzjAndz; and B(x) =) Bjidz; AdZ;. (7.6)
j=1 j=1

. P
Thus B; > O forall j. Atx we get: % = Zj1<---<j,, Bji ---Bij, /\le{j1
dz;), hence

P A BP 1 BB 1
———=m 2 BB = (K;_pﬂl() at x, (7.7)

p J1<—<jp p

~~~~~~

where Bk := By, ... Bk,_, Whenever K = (I < k; <...kn—p < n). On the other
hand, using (7.1) withg = n — p, we get at x:

ol AQUPIP
— > Qui
a )
ILi=n—p

BP ANQITPTP By By Q7
a” (Z) |L|=n—p L

Thus, inequality (7.4) at x is equivalent to:

,31/3" 1 ﬂl'-‘ﬁn QLI:
Qi | ol B o -
(ILI;—P LL) (Z) (IKlgrz:—p ﬁK) (p) ILI;—P P

which clearly holds since 2;; > 0 and Bx > 0 for all multi-indices K, L.

and
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Let us now prove (7.5). With the above notation, we have at x:

ot ]/\/3 1 p—l . B
Z'Bl and m Z leJ /\dZJ,
p [JI=p—1

and the second identity yields at x:

N ) _ . _
_— = Bjidz; ndzj Nidzy ANdzy,

— 1)
(P=DV 5 e T

which, in turn, implies the following identity at x:

aPV A B A QPP a”
(p—-D'n—pt 2 2 Pieu ity S

where we have set 2, Ll = Q;; with L := {1,...,n} \ ({j} U J) ordered

increasingly. Thus, {j}, J and L form a partition of {1 ., n}, so any two of them
uniquely determine the third.
Consequently, inequality (7.5) at x translates to

» (p <|L|2n: pQLL) (;;;;J-)

(p—l)'(n—p)' 3 3

n!

) 18/ Qijij/’
[J1=p—1 je{l,...n}\J

1L _ (p=D!@r=p)!

which is clear since % o = P ,Q;; > O0forevery L, 8; > 0O for every

J and the terms in the double sum on the right-hand side of the above inequality are
precisely all the products of the shape €2; ; 8; with j ¢ L, so they form a subset of
the terms on the left hand side O

Note that inequalities (7.4) and (7.5) of Lemma 7.1 allow a kind of “simpli-
fication” of «” between the numerators and the denominators. For possible future
use, we notice a simultaneous reinforcement of inequalities (7.4) and (7.5) that has
not been used in this paper. For this reason and since the proof of the general case
involves rather lengthy calculations, we will only prove a special case.

Lemma 7.2. Let «, B be arbitrary Hermitian metrics on a complex manifold X
withdimc X = n. Let p € {1, ..., n} be arbitrary.

If Q"=P-"=P is proportional to o A B"~P~ for some k € {0, ..., n — p}, then
the factor (Z) can be omitted from (7.4). In other words, for all p,k € {0, ..., n}
such that p + k < n we have:

P /\,BP ap—i—k/\ﬂn—p—k . Olk /\ﬂn—k

on X. (7.8)

a a at
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Proof. We will only prove here the case when p+k =n —1,i.e.

Otnip/\ﬁp /3/\0["71 . ot—p—1 /\IBP+1

on X, (7.9)
al’l al’l al’l
which is equivalent to (A, @) (AgB) > n A, B when y"~! = ta"P~1 A BP for
some constant ¢+ > 0. Notice that this last inequality improves by a factor n in
the special case when y"~! = ra”P~! A BP the general lower bound proved
in [20, Lemma 3.1].

We fix an arbitrary point x € X and choose local coordinates as in (7.6). Using
identities analogous to those in the proof of Lemma 7.1, we see that (7.9) translates
at x to

n;P > Bi---Bj, <Z,31>2(p+1) > Bu--Bipn- (1.10)
=1

Ji<-<jp ki <-<kpii

Now, the left hand side of inequality (7.10) equals

Lo+ X BuBuut X Bae BBt 4B |

ky<-<kpi1 J1<-<Jp

so (7.10) is equivalent to

n=p) Y Bj--Biy Bt ABDZP(PED D iy Bryy- (111

J1<<jp k|<--~<kp+|

We will now prove (7.11). Let us fix an arbitrary ordered sequence 1 <k} < --- <
kpi1 <n.Foreveryr,s € {ky, ..., kpy1} withr < s, we have:

284 By = BB [] B<8? Tl B+8 [1 B 712

1¢{r,s} 1¢{r,s} 1¢{r,s}
where all the products above bear on the indices I € {ky,...,kp41} \ {r, s}. Note
that ,3,2 ]—[,¢ (rs) Pl is obtained from B, ... Bk,,, by omitting B and counting S

twice. Summing up these inequalities over all the (p jl) pairs of indices r < s

selected from ky, ..., kpy1, we get

1
(p _2|_ ) 2:3/(1 e Ika_H = ﬂkz s Ika_H (:3/(2 + 4+ ’ka+l)

+ng1 ,3k3~",3kp+1(,3k1 +:3k3 +"'+ﬂkp+1) (713)
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Note that for every s € {1,..., p 4+ 1}, Bk, does not feature in the s line on
the right-hand side of (7.13). Adding up these inequalities over all the ordered
sequences 1 < kj < --- < kp41 < n, we get the desired inequality (7.11) because
any ordered sequence 1 < j; < --- < j, < n occurs inside exactly (n — p) ordered
sequences 1 < ky < --- < kpy1 < n. Indeed, the extra index for 1 < k; < --- <
kpy1 < n canbe chosen arbitrarily in {1, ..., n}\ {ji1, ..., jp}, so there are (n — p)
choices for it.

This completes the proof of (7.11), hence the proof of (7.8) when p + k =
n—1. O

Again for the record, we notice that an application of Lemma 7.2 is an in-
equality between intersection numbers of cohomology classes reminiscent of the
Hovanskii-Teissier inequalities (cf., e.g., [12, Proposition 5.2]). It has an interest of
its own.

Proposition 7.3. Let X be a compact Kihler manifold with dimc X = n and let
{a}, {B} e H écl (X, R) be nef Bott-Chern cohomology classes. Then

({e}" P {BY) ()P BY" P 7*) > ({}") (f}* (B} ) (7.14)
forall p,k € {0, ..., n} suchthat p +k < n.

By the density of the nef cone in the Kéhler cone, we may assume without loss
of generality that {o} and {8} are Kihler classes in which we fix respective Kéhler
metrics «, .

Proof 1 (deduced from a known result)." For every j € {0, ...n},let
cj = log (fa}’ {BY" ).

It is a standard result that the function j + c¢; is concave. Now,k <n—p <n
and

k-
n—p= P k + n P ,
n—k n—k
n—k— (7.15)
hence, by concavity, c¢,—p, > P ck + u Cn.
n—k n—k
Similarly, k < p+k < n and
—p—k
prk=""P % P,
n—k n—=k
(7.16)
. n—p—k p
hence, by concavity, cpyr > ck + Cp.
n—k n—k
Taking the sum of (7.15) and (7.16), we get: ¢,—p + cpyk > ¢y + ¢k, Which is
nothing but (7.14). O

! This argument was kindly pointed out to the author by S. Boucksom.
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Proof 2. It uses the pointwise inequality (7.8) via the technique introduced in [20]
and the approximate fixed point technique introduced in the proof of Proposition
5.1. The arguments are essentially a repetition of some of those used above, so we
will only indicate the main points.
First notice that the case when k = 0 is an immediate consequence of the
Hovanskii-Teissier inequalities (cf. [12, Proposition 5.2]) which Spell:
n=p i
)P (B = (fa)") * ((B)")" and ()P {B}""" > ({a}”) ({/3}”)
Multiplying these two inequalities, we get (7.14) for k = 0.
For the general case of an arbitrary k, we consider the Monge-Ampere equa-
tion:
~ {a}" k —k
"= ———— " AB"TF,
{o}k {pyn—*

{a}n Otk A ,Bn_k
e gyt pr
for which the approximate fixed point technique introduced in the proof of Propo-
sition 5.1 produces, for every & > 0, a Kéhler metric @, in the Kihler class {«} (in
which we have fixed beforehand a Kéhler metric w) such that

o G2 {}"

%= {7 el NS 2 (1—e) S GE AL O(Ine)).

{a}k {pyn—rF
for some constant n, — 0 as ¢ — 0. Hence
{Ol}” &‘5 A Ign—k
{a}k {p)nk p"

We can now rerun the argument used several times above. For every ¢ > 0, we
have:

(7.17)

or equivalently dgt a=

det @ > (1—g) — O(ne)- (7.18)

(Y (T L1

r ~p+k n k
=</Mﬂ>(/L(det&})ﬂ”>
X B" X ar B

— 1 2
W [ [ (&7 Apr G A g kP
¢ /( Prac np ot @)}
X

g @

r 2

1
®) akapriNz
2 /X (%) (det,)? "

Qa- )"L /&"/\ﬂ”_" 2—0(| )
= gk gyt S % e

=(1—of {&}" ({}*.{BY" ) — OUne)).




1298 DAN PoPOVICI

As usual, (a) follows from the Cauchy-Schwarz inequality, (b) follows from the
pointwise inequality (7.8), while (c) follows from the inequality (7.18). Letting
e — 0, we get (7.14). O
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