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T'1 criteria for generalised Calderon-Zygmund type operators
on Hardy and BMO spaces associated to Schrodinger operators
and applications

THE ANH Bu1, J1 L1 AND FU KEN LY

Abstract. Suppose L = —A+V is a Schrodinger operator on R” with a potential
V belonging to certain reverse Holder class RH, with ¢ > n/2. The main
aim of this paper is to provide necessary and sufficient conditions in terms of
T'1 criteria for a generalised Calder6n-Zygmund type operator with respect to L

to be bounded on Hardy spaces H f (R™) and on BMO type spaces BMO% R")
associated with L. We give applications to several singular integral operators

associated to L including the Riesz transforms VL_I/Z, VZL_I, v1/21,=1/2 apd
VLl

Mathematics Subject Classification (2010): 35J10 (primary); 42B20, 42B30,
42B35 (secondary).

1. Introduction

It is well-known that the 7'1 theorem plays a crucial role in the analysis of L>
boundedness (and furthermore the L? boundedness) of Calder6n-Zygmund singular
integral operators (see [6] and [13, page 590]). For the endpoint boundedness (i.e.
p = 1 and p = 00), there are also analogous 71 criterions for Calderén-Zygmund
operators. To be more precise, suppose T is a Calderén-Zygmund operator (in
what follows we denote this by T € CZ0), then T is bounded on the Hardy space
H'(R") if and only if 7*1 = 0, and bounded on the BMO space BMO(RR") if and
only if 71 = 0 (see for example [15]).

Recently, Betancor et al. [2] established a T'1 criterion for Hermite-Calderon-
Zygmund operators on the BMO space BMOg (R") associated with the Hermite
operator (also known as the harmonic oscillator) H = —A + |x|? in R”. Based
on this criterion they studied systematically the boundedness of certain singular
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integral operators related to H on BMOg (R"), such as Riesz transforms, max-
imal operators related to the heat and Poisson semigroups, Littlewood-Paley g-
functions, as well as variation operators. This 71 criterion was generalised by Ma
et al. [22], where they established a 7'1 criterion for boundedness in the Campanato
type spaces BMOf (R") of so-called y-Schrodinger-Calderén-Zygmund operators,
which are related to the Schrodinger operator L on R”, n > 3, given by

L=-A+V, VeRH,, o>n/2 (1.1)

The expression V € R H, means that V is a non-negative function that satisfies the
reverse Holder inequality

1 5 C
— Viyod — V(y)d 1.2
<|B|/B ) y) 5|B|/B (dy (12)

for some constant C = C (g, V) and every ball B.

As applications, they obtained regularity estimates for certain operators related
to L such as the maximal operators and square functions of the heat and Poisson
semigroups, for Laplace transform type multipliers, for negative powers L~"/2,
Moreover, on restricting o > n, they obtained regularity estimates for the Riesz
transforms VL~1/2,

Shen [23] proved that when o > n, the Riesz transforms VL ™"/~ are Calder6n-
Zygmund operators. However, this may not be true when n/2 < o < n because
pointwise estimates on the kernel of VL~!/2 are not available. Anyway certain
weaker estimates related to the standard Hormander condition

1/2

/ |K(x,y) — K(x,y)ldx <C (1.3)
[x—=y|>8ly—YI

have been derived in [4,14], for some C > 0 and § > 1 and every y,y € R".

The aim of this article is to provide necessary and sufficient conditions for
a larger class of generalised Calder6n-Zygmund type operator 7 to be bounded
on H} (R"), where L = —A + V is a Schrodinger operator with V € RH, for
some o > n/2. The conditions are phrased as conditions on the object T7*1. As
a consequence we also obtain the criterion for such operators 7' to be bounded on
BMOY (R"), with conditions phrased on 7'1. We would like to describe briefly our
contributions in this paper.

(i) Unlike [22], we do not assume pointwise and smoothness conditions on the
associated kernel of our generalised Calderén-Zygmund type operators. This
allows us to relax the condition o > n when considering the Riesz trans-
forms VL~!/2, and also allows us to consider such operators as V1/2L~1/2
and VL_I;

(i1) Our results recover those in [2] for the Hermite-Calder6n-Zygmund operators,
and those in [22] for their y-Schrodinger-Calderén-Zygmund operators when
y=0;
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(iii) The result for boundedness on Hardy spaces (Theorem 1.2) is new in the liter-
ature;

(iv) To prove the boundedness on Hardy spaces, we introduce the notion of L-
molecules satisfying certain size and weak cancellation conditions, which are
different from the L-molecules considered in the direction of work in [1,7,16].
Then we establish a molecular characterization of Hardy spaces using such
molecules.

1.1. Main results

In what follows we set L as in (1.1).
The critical radius function (introduced by Shen [23]) associated to the poten-
tial V € RH, with o0 > n/2 is defined by

p(x) = sup {r >0: ,,1,2 / V(y)dy < 1} . (1.4)
r B(x,r)

As an example for the harmonic oscillator with V(x) = |x|2, we have p(x) ~
1+ ]xp~L.

We also set op := 2 —n /o, a constant which will play a key role in this article.
Note that 0 < o9 < 1 precisely when 5 < o < n.

We now introduce generalized Calderén-Zygmund type operators with respect
to L as defined in (1.1) as follows.

Definition 1.1. Let y > 0,1 < 8 < oo and 6’ be the conjugate of 8. We say that
T € GCZK,(y,0) if T has an associated kernel K (x, y) satisfying the following
estimates:

(i) For each N > O there is a constant C > 0 such that

1/6 ) N
(/ K (x, y)ledx) < CyR™"? (M) (1.5)
R<|x—xp|<2R R

forall y € B(xg, p(xp)) and all R > 2p(xp);
(i) There is a constant C > O such that

1/6 /
(/ |K<x,y>—K(x,xB>|9dx) <c27Rf BT (1.6)
2krp<|x—xp|<2ktlrp

for all balls B = B(xp,rp),ally € Bandk > 1.

We say that T € GCZO,(y,0) if T € GCZK,(y,0) and T is bounded on
LO@R").
Note that the condition (1.6) implies the standard Homander condition (1.3),

and therefore, if T € GCZO,(y,0) for some y and 6, then T is of weak type
(1, 1) and hence is bounded on L? forall 1 < p <6.
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We point out that the Hermite-Calderén-Zygmund operators of [2] and
the y-Schrodinger-Calder6n-Zygmund operators when y = 0 of [22] belong to
GCZ0O,(38,0) for certain 6 and any 1 < 6 < o0.

It is well known that in the classical situation (see [15] for example) if T €
CZO then T is bounded on the Lipschitz A* for0 < o < y < 1 if and only if
T'1 is constant (we note that the Lipschitz spaces A% coincide with the Campanato
spaces BMO* [5]). However, for Calderén-Zygmund type operators T with respect
to Schrodinger operators L, there exist certain operators T for which T'1 or T*1 is
non-constant. Notable examples are the Riesz transforms T = VL~1/2.

Our main result is the following T'1 type theorem for T € GCZO,(y, 0) to
be bounded on Hardy spaces H f (R™) associated with L defined in (1.1). For the

precise definition and the properties of H f (R™) we refer to Subsection 3.1.

Theorem 1.2. LetT € GCZO,(y, 0) for some0 <y < og, where oy :=2—n/o.
Then:

(a) T is bounded on HL1 (R™) if and only if T*1 satisfies

) 1/6'
log< O‘”)( /lT 1) = (T’ dy) <C
rp |B|

for every ball B withrp < zp(xB);
(b) If niy < p < 1,then T is bounded on Hf (R™) if and only if T*1 satisfies

n(t/p=1 /| N
(“"“) ( /}T*l@) (T 1)) dy) <C
rB |B|

for every ball B withrg < 5,0(363);
© If j’_y < p < 1,thenT is bounded from H f (R™) to the classical Hardy space
HP(R™) if and only if T*1 = 0.

Note that for m +U oA T

3.2 imply that the classical Hardy spaces H? (R") are strictly contained in H 1{7 (R™),
and thus Theorem 1.2 also gives boundedness from H? (R") into H I{’ (R™) for (a),
(b), and into H? (R") for (¢).

The strategy of our proof of Theorem 1.2 proceeds in two steps. We firstly
characterize H f (R™) in terms of molecules associated with L that have certain size
and cancellation conditions (different to the L-molecules in the direction of work
in [1,7,16]). See Definitions 3.6 and 3.7. Secondly we show that the operators
satisfying the conditions in Theorem 1.2 map atoms into molecules, which yields
their boundedness on H f (R™).

As a consequence of Theorem 1.2 and the duality of the Hardy space H f (R™)
with BMO type spaces (also known as the Campanato space) BMO{ (R"), we ob-
tain directly a T'1 criterion for BMO{ (R") which extends the results of [2,22] to
a more general setting. For the precise definition and the properties of BMO7 (R")
we refer to Subsection 3.3.

< p < 1, the cancellation condition for atoms in Definition
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Definition 1.3. Let y > 0,1 < 6 < oo and 6’ be the conjugate of 6. We say that
T €e GCZK :; (y, 0") if T has an associated kernel K (x, y) satisfying the following
estimates:

(i) Foreach N > 0 there is a constant Cy > 0 such that

, 1/6’ N
( / K (x, ) dy) < CyR" (M) (17)
R<|y—xp|<2R R

forall x € B(xp, p(xp)) and all R > 2p(xp);
(i1) There are constants 0 < ¥ < 1 and C > 0 such that

1/6/

6’ _ _
(/ |K(x, »)—K(xp, )| dy) <C27Fr kB0 (1.8)
2krg<|y—xp|<2ktlrg

for all balls B = B(xg,rg),allx € Bandk > 1.
We say that T € GCZO;‘()/,G’) if T € GCZK;‘()/,G’) and T is bounded on
LY (R).

We wish to make two observations. Firstly, whereas Definition 1.1 specifies a
certain regularity in the second variable, the requirement here is in the first variable.
Secondly if T belongs to GCZO; (y, 0") for some y and 0, then T is automatically
bounded on L? for all ' < p < oo.

Theorem 14. Let T € GCZO}(y,0') for some 0 < y < oy, where op = 2 —
n/o. Then:

(@) T is bounded on BMOL (R") if and only if T 1 satisfies

1/6
log(p(”)) (i/ IT1(y) — (T1)pl° dy) <C
rB |B| JB

for every ball B withrp < %p(xB);
(b) If0 < o < y, then T is bounded on BMOY (R") if and only if T'1 satisfies

a 1/6
(p(”)) (i/ IT1(y) — (T1)5]° dy) <cC
rB |B| /g

for every ball B withrp < %,o(xB);
(©) If0 < a < y then T is bounded from BMO* (R") into BMO{ (R") if and
onlyif T1 =0.
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1.2. Applications

We now present some applications to singular integrals related to L. The precise
definitions of the listed operators will be provided in Subsection 5.1.

Theorem 1.5. For .—— < p < 1, the Laplace transform type multipliers m(L)

n+a A
are bounded on H; e (R™). As a consequence, for 0 < a < og A 1, these operators
are bounded on BMO% (R™).

We point out that the above result recovers the BMOY result in [22, Theorem
1.3], while the Hardy space result is new. We also mention that using the vector-
valued approach in [22], we can also apply Theorem 1.4 to recover boundedness
on BMOY of the other operators listed in [22, Theorem 1.3], namely the maximal
operators and Littlewood-Paley g-functions associated with the heat and Poisson
semigroups.

Next we have the following result for the Riesz transforms R(;) = VL
and R(z) = V2L

Theorem 1.6. The Riesz transforms R 1y and R 2y are bounded from H} (R") into
HP(R") for all +U =1 < P =< 1. As a consequence ’R’("l) and R?Z) are bounded

Sfrom BMO*(R") to BMOJ (R") for 0 < o < og A 1.

The results in Theorem 1.6 are not new. Indeed it is known that both R (1) and
R (2 are bounded from H} into L? forall 0 < p < 1 and from H} into H? for all
7 < p =<1(see[l6,17 20])

We also apply our results to Riesz transforms induced by the potential V such
as V121712 and VL=, which were earlier shown by Shen [23] to be L?-bounded
for1 < p <20 and 1 < p < o respectively. While such operators are not of
Calderén-Zygmund type, we will see that they nonetheless fall into the scope of
Theorems 1.2 and 1.4.

In fact we shall consider their generalizations VSL™5, for 0 < s < 1, which
are L? bounded for I < p < % (see [25]).

—1/2

n+

Theorem 1.7. For each 0 < s < 1 the operators V¥ L™ are bounded on H f (R™)
for each erran < p < 1. As a consequence the operators (VS L™5)* are bounded
on BMOY for each0 < o < sog A 1.

The results in Theorem 1 7 are new, although the cases s = % and s = 1 are
known to map H f into L? for 25 < p < 1 (see [20]).

One may ask which operators T and their adjoints T* are both bounded on H f
(and consequently BMOY)? Applying Theorems 1.2 and 1.4 would require that
they be members of both GCZ O and GC Z O*, and recall from earlier remarks that
this imposes the L? boundedness of T for p close to both 1 and co. This can be
guaranteed for example when T is a Calderén-Zygmund operator, which is true of
Ry when o > n, and of R(2) when V is a non-negative polynomial [33]. In our
final application, we show that with sufficient regularity on V, the operators VL ™°
and their adjoints L™*V* both fall into the scope of Theorem 1.2.
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Theorem 1.8. Suppose that V € RH and that for some C > 0
IVV(x)| < C,o()c)_3 almost every x (1.9)

Then for each 0 < s < 1, the operator L™°V* is bounded from HLP into HI{’ for
s < P < 1. As a consequence V*L™° is bounded from BMOY into BMOY
forall0 <o <2s A 1.

The condition V € R H, ensures that both V5L ™5 and L=5V* are L? bounded
forall 1 < p < oo, while (1.9) furnish sufficient smoothness for the conditions of
Theorems 1.2 and 1.4 to hold. Examples of V satisfying the conditions of Theorem
1.8 are non-negative polynomials and in particular include the harmonic oscillator
V(x) = |x|%.

This paper is organised as follows. In Section 3 we recall the Hardy and BMO
type spaces associated to Schrodinger operator L, and introduce a new molecular
decomposition for the Hardy spaces. In Section 4 we provide the proof of the
T1 criterions Theorems 1.2 and 1.4 for Hardy and BMO type spaces respectively.
Finally in Section 5 we give applications of the 7'1 criterion by proving Theorems
1.5-1.8.

Throughout the paper, we always use C and ¢ to denote positive constants that
are independent of the main parameters involved but whose values may differ from
line to line. We will write A < B if there is a universal constant C so that A < CB
and A ~ Bif A < Band B < A. Given a ball B we refer to the ball B(xg, rp)
with centre xp and radius rp. We also denote by pp := p(xp). The notation

1
fod = [ 1

refers to the average of f on B. The expression a A b denotes the minimum of a
and b. Given a ball B, the set U;(B) denotes 2/ B\2/~!B for j > 1 and denotes B
it j=0.

ACKNOWLEDGEMENTS. The authors would like to thank the referees for their
careful reading and helpful suggestions which improved the exposition of the pa-
per.

2. Preliminaries

In this section we recall the well-known heat kernel upper bounds for the Schrodin-
ger operator as well as properties for V and its critical radius function p as defined
in (1.4).

The following estimates on the heat kernel of L are well known.
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Proposition 2.1 ([11,12]). Let L = —A + V with V € RH, for some c > n/2.
Then for each N > O there exists Cny > 0 such that

e le=ylP /et (1 NN )N

pi(x,y) = Cn—0 0 T o0 2.1

and

o1  —|x—vI2/c —-N

|x_x/|) L e [x—y| /ct( ﬁ \/;

x, V) —p:(x', y)|<C ( 1 + 22

|pi(x, y)=p: (X', )| =Cn NG 2 2o T oo (2.2)
whenever |x — x'| < «/t and for any 0 < o1 < 0y.

For 0 > 1, the class of locally integrable functions satisfying (1.2) will be
denoted RH,,. For 0 = o0, the left hand side of (1.2) is replaced by the essential
supremum over B. It is well known that elements of R H,, are doubling measures,
and that RH, C RH, whenevero’ < o.

We list but do not prove the following properties of the critical function p

in [23].

Lemma 2.2. Let p be the critical radius function associated with L defined in (1.4).
Then we have:

(1) There exist positive constants kg > 1 and Co > 0 so that
Co TP [p ) +1x = yI17< p(y)
< Colp(0)]V/ I p () [x — [/ HH0),

forallx,y e R".
2
In particular for any ball B, and any x,y € B then p(x) < Cg (1 + ;_1;) p(¥);
(i) There exists C > 0 so that

! / vidy <c (Z)° / Vy)d
— yyay = <—> Y yay
"2 JBr) R/ R"72 Jpi.Rr)

forallx e Mand R > r > 0Oy
(iii) For any x € M, we have

( ) B(x,p(x))

(iv) There exists C > 0 so that for any r > p(x)

nop—n+2
r*f V(y)dy <C [ —
Bx,p(x) ¥ V) Ay = p(x)

where ng is the doubling order of V. That is, [, V < 2" [ V for any ball B.



T'1 CRITERIA FOR HARDY AND BMO SPACES 211

Remark 2.3. It follows from Lemma 2.2 (ii) and (iii) that for any ball B,

rp 0
(—) rB = pB
PB

B no+2—n
— rp > PRB.
PB

Lemma 2.4 ([9]). Let p be a critical function associated to Schrodinger operators
L = —A 4 V. Then there exists a sequence of points {xy}aer C R" and a family
of functions {Vq }qeT Satisfying the following properties, for some C > 0,

() Uy B(xa, p(xa)) =R";
(i) For every L > 1 there exist constants C and Ny such that )", XB(xy.p(xe)) <
CAN;
(iii) supp Yo C B(xg, p(x¢)/2) and 0 < Yy (x) < 1 for all x € R";
V) [Ya(x) = Ya(¥)| < Clx = yl/p(Xa);
V) D g Vax) =1forallx e R".

raf gV dy <

3. Hardy and Campanato spaces associated with Schrodinger operator

In this section we recall the definition of Hardy space H f (R™) associated to L
in terms of the maximal operator and of atoms. Then we introduce a new kind
of molecule for these H Lp (R™) in terms of size condition and weak cancellation
condition, and then we provide the molecule characterisation for H f (R™). We also
recall the BMO type space associated to L, and note that it is the dual of H f (R™).

3.1. Hardy spaces

We now recall some properties related to the atomic decomposition of Hardy spaces
associated to Schrodinger operators. For further details on the theory of Hardy
spaces associated to Schrodinger operators, we refer the reader to [10-12,18,28,32]
and the references therein.

We first define the maximal operator associated to the heat semigroup:

My f(x) ;== sup

t>0

et p ).

For 0 < p < oo we denote by LZ (R™) the set of all L?-functions with bounded
support. We then set

S,R") = {f : f e Ly(R") forevery s € [1, oo]}.

Following [11] we define
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Definition 3.1 (Hardy spaces). For p € (0, 1], the Hardy space H Lp (R™) is defined
as the completion of

HY ={fe&,: MpfeLl}

in the quasi norm ||f||H£ = IIMLfllp.

Definition 3.2. Let0 < p < 1and 1 < g < 0o. A function « is called an (p, g) -
atom for L associated with a ball B if

() 5 < 1p5;
(ii) suppa C B;
(iii) llall, < |B|'/a=1/;

(iv) [a(x)dx =0 wheneverrg < gpp.

Let J:’UO < p <land1 < g < oco. We then define the atomic Hardy spaces
H f ”gt (R™) as the completion of
HY?, (R")
o, ) (3.1)
= f:f:ijaj in L°, ajisan (p, q)r-atom and Z [Aj]1P < oo
j=1 J

with respect to the norm

1/p 00
1 £ 1l pzps ey = inf [Z B ﬂ f =) hjaj
’ J j=1

We also define the Hardy spaces in terms of finite atoms.

Definition 3.3. We define H f.’gt fn (R™) as the set of all functions f = Ziv: L Ajaj,

where a; is an (p, g)-atom if ¢ < 00 and continuous (p, g)z-atom if ¢ = co.

For f € Hf;gt’ﬁn(w), we define || f|| HP @) similarly to || f [l 7 ), but the

infimum is taken over finite linear decomposition of (p, g) -atoms.

We have the following result.
Proposition 3.4. Ler WQ’W <p<landl < q < oco. Then the spaces H} (R")

and H f ’Zt (R™) coincide with equivalent norms.

Proof. It was proved in [11] that H](R") = H[ , (R"). From definition of
H} ”Zl (R"), we have H} atoc®D) = H i :Zz (R™). On the other hand, by a standard
argument, see for example [11,12], we can prove that H, ”Zt (R") < H}(R"). This

implies that H I{) (R") and H f ”i (R™) coincide with equivalent norms. O
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We now prove the following result.

Proposition 3.5. Let < p <landl < q < oco. Then the norms | -

n+¢7 n+ooAl
1 : p.q n
”Hf,'gt,ﬁn(R”) and || - ”Hf,ZI(R") are equivalent in Hp 'y fin (R™).

Proof. Let f € H f ;It n (R™). Obviously, we have

I ppa ey < Wfllppa | ey

L.at

Hence, it suffices to prove the converse inequality. Indeed, we first note that f =
Zadf Vo f where Zr = {a : By Nsupp f # @}. Since supp f is bounded, from

Lemma 2.2, the set Z is finite. Hence,

I lapa any < D Wafllgps -

acly

From the theory of local Hardy spaces in [26, Theorem 3.12 and Theorem 6.2] (see
also [27]), we also get that

> e s lups, g S H sup (e~ A f|

P (R")
acls 0<t< p(xa>]2 LP@®™)

We now just follows the argument as in [11, page 53] to conclude that
<
L W ony S IMLfllzean.

This completes our proof. O

3.2. Molecular characterizations

In this section we introduce a new kind of molecule, and show that the Hardy spaces
H f can be characterized by such molecules.

Definition 3.6 (Molecules for p = 1). Let 1 < g < oco. A function m is called an
(1, g, B)L-molecule for H Ll associated to the ball B if for some 8 > 0

(a) g < 30B; o

®) llmllow,my <27#12/ B4 forall j =0,1,2,...;
1

© UR” m(x)dx| = log(pp/rB) "

A (1, g, B)L-molecule associated to the ball B supported in B is called an (1, g)jog-
atom.
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Definition 3.7 (Molecules for p < 1). Let p€(0, 1) and 1 <g <oco. A function m
is called a (p, g, B, §) L-molecule for L associated to the ball B if for some 8,6 >0

(@) rp < 5p8;
(b) ”m”Lq(U](B)) <2- Jﬂ|2JB|1/q 1/p forallj —0 1 2
8
1-1
(© | fpnmoydx| < 1BI'=Y7 (22)

A (p,q. B, 8)L-molecule associated to the ball B supported in B is called a
(p, q,8)L-atom.

It is easy to see that a (p, ¢)r-atom is a multiple of a (p, g, B, §)r-molecule
forany § > 0, 8 > 0. The next result is an almost-orthogonality type estimate for
atoms.

Lemma 3.8. Let p € (nﬂ7 —T-1), 1 <qg<ooand§ > 0. Leta be a (p,q,d)L-

atom for L associated to a ball B as in Definition 3.7. Then for any v < min{oy, 6},
there exists C > 0 such that

v

r
‘e_’La(x)‘ <C B

1-1/p
|x —XB|n+U|B| ’

forall x € R" \ 4B.

Proof. We write

e’La(x)sz[pz(x, ) = pi(x, xp)la(y)dy + p;(x, XB)/Ba(y)dy = I+II.

Now from the bounds on the heat kernel, and the cancellation for a we have

11 < |pi(x, xp)| '/a(y)dy‘
< e=xpl /et (1 + Vi «/_) B|I-l/p (r_B>U
tn/2 p(x ) PB

e ()
< 14 Y 4+ ¥ /p [ £
N<ﬁ+|x—x5|>"+V( o 1Bl P

rl)
< B |B|1—1/p
™ lx = xplmty

by choosing N = v.
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Next by using Proposition 2.1 we write

2
ly —xp|\" e xsl/e
15 /B( — o la(y)ldy

Vv ,—lx—xg|*/ct
rp e
S/B(lx_m) S la()ldy

v —lx—xp|*/ct
() ¢ B

x —xp| tn/2
vV
r
< 7B|B|1—1/IJ'
~ |X—XB|”+” |

Lemma 3.9 (Molecules are in H}). Let p € ey and 1 < g < oco. Also
suppose that B > 0 and § > n(l/p — 1. If misa (p,q,B, 8 molecule (for
p < )ora(l,q,B)r molecule (for p = 1) associated to a ball B, then m is in
H}.

Proof. We divide the proof into two cases:

Case 1: p < 1. We wish to show
[IMpm)llL» < C.
To do this we set, for j > 0, the quantities o; = ij(B)m(x)dx and x; =
mxy_f(g). Then we define
aj(x) =mx)xu;B)(x) —ajx;x).
If weset Nj = Z,fij ok, then we have

mx) =Y a0+ Y Nip1(xjr1 () — xj () + xo(x) / m(y)dy

=0 =0
/ / (3.2)

= Zaj(x) + ij(x) +a(x),
j=0

j=0
which implies
IML@], <> [ Me@p||], + > [Me®p]y, + IML@I?,

Jj=0 j=0
<h+DL+I.
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We now take care of the terms in /; first. We note that

. . . 1/q—1/
suppa; C 2/B, with /aij and |laj|lLq <27 /P ‘ZJB| ! p.
. 3.3)
Hence, for x € R"\2/%2B we have
le~"ta;(x)| = ‘/ [pi(x,y) — pt(x,xB)]aj(y)dy’
2
| _xB|) —Ix—xBI /ct
< a(y)ld
N/;JB< X — | -y la(y)ldy
—|x—xp|*/ct
d 34
/B(|X—XB|> T oY
v g~ lx—xpl*/ct
< 2-if 2/rp e W—xl/e |2]‘B|1—1/p
~ lx — xp| "2

_5 (Irp)Y P 1=1/p
SZ Jﬁ|x_x |n+v|2JB| ’
B

where n(1/p — 1) < v < min{oy, §}.
‘We now observe that

“ML(‘I./)“LP = ||ML(aj)||Lp(2j+23) + ||ML(aj)||LP(R”\2/+2B)’

Then by the L7-boundedness of M, Holder’s inequality and (3.3) we have

1/p—1/q

||ML(aj)||Lp(2j+2B) S ‘2JB‘ ||ML(aj)“L‘1(21'+2B)

-r/q
<28 " Jayl

< ‘2.13‘ Vp=1/q 2—jﬂ|2.iB|1/q—1/P < 2B

On the other hand, by (3.4), it holds

H My(aj) H LP(R"\2/+2B)

. 1/p
T A irs)" \? .
g 2B ‘213‘ /p f (2 rB) dx g 2—4//3’
rm\2/+28 \ [x — xp|"tY

aslongasv > n(l/p —1). _
As a consequence, I] < Zj>0 27 < C.
Next we also observe that ~

suppb; C 2/T'B  and /bj =0. (3.5)
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Moreover, gt
b0 < 1Nl 278

From the definition of N ;11 and Holder’s inequality, we can get that

1-1/q
INj11| < Z /;(B) m(y)|ldy < Z ‘ZkB) Im L wes))
k

K=+ k=it
1-1/q 1/q—1/p 1-1/p
<y ‘2"B| kb ‘2"3‘ = Y 2 (2"3‘
k=j+1 k>j+1
<27 37 gk (Ea-1/p) ‘21‘3‘1’“"
k>j+1
. . 1-1
gcz—fﬂ‘sz‘ v
This implies that
—jp ; 1/¢—1/p
Ibjlle < C27 ‘2/3‘ . (3.6)

At this stage, with a similar argument used to estimate I, we also arrive at I, < C.
For the last term I3, we proceed as follows:

IMp(@liLr < IMp@)llLr@s) + IMp(@)llLr®n\4p)-

For the first term, using the L?-boundedness of M and Holder’s inequality to

dominate it by
IMr(@llr@apy < CIBIYP~ V) a| e < C|B|YP~14)B|1/4~] /m(y)dy‘

S
< C|B|\/P=Y -1/ (;—‘Z) <c.

We now apply Lemma 3.8 to see that
rv pN\ 1/p
M map) < C|B|'"1/P / — B <C,
IMp(@)llLr@nap) = C|B| g LI — xp <

provided v > n(1/p — 1).
Case 2: p = 1. Similarly to (3.2) we write

m@x) =Y a;() + Y Nip1(xjr1(0) = xj(x)) + xo(x) / m(y)dy

j=0 j=0

= a;j(x)+ Y _bjx)+ax).

=0 =0
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The argument as in Case 1 has shown that Z(;?io aj(x) + Z‘/’-‘;O bj(x) is in H}.

It remains to show that a(x) := yo(x) fm(y)dy € HLI. By Proposition 3.12 we
claim that

< Cli¢llB™mO, »

a(x)¢(x)dx
B

for all ¢ € C*°(R").
Indeed, we have

a(x)¢(x)dx
B

< '/Bauxw) — p)dx

+ l¢sl

/ a(x)dx|.
B

Lo\
< llallzas) (/B ¢ (x) — ¢pl? dx)

< C|BIV7 BV || ¢llpmo, = CliglBmO, -

To dominate the second term we note that by [9, Lemma 2], we have

By Holder’s inequality we have

. a(x)(¢(x) — dpp)dx

PB
651 < I6lsmo, log (—) .
rp

Inserting this into the second term to obtain that

f a()dx| < 6 lsmo, log( )‘ / m(x)dx

This completes our proof. U

fo3:] S li¢liBmo, -

We are now ready to present the molecular characterization of the Hardy spaces
H!.
L

Proposition 3.10 (Molecular characterization). For any 1 < g <ooand § > 0
we have the following.

(a) H Ll (R™) is equivalent to the completion of

o
L mol(R") = {f f= ijmj in L?, mjisan (1, q, B)L-molecule and
j=1

Z|kj|P<oo}
j

with respect to the norm

1 lgis ey = inf{Z 251 ijmj}

J



T'1 CRITERIA FOR HARDY AND BMO SPACES 219

®) Ifp e (—2—, 1) and 8 > n(1/p—1), then H? is equivalent to the completion
n+ogAl L

of

o
Hifnol(R”) = {f Cf = ijaj in L?, m;jisa(p,q,pB,d)-atom and
i=1

Z|,\j|l’<oo}
j

with respect to the norm

I/p 00
15 g ey = [Zw"’} TEDRYT
J j=1

Proof. Combining the Lemmas 3.8 and 3.9 together with the atomic characteriza-
tion of H f (R™), we obtain this proposition. O

3.3. Campanato spaces

We now recall the definition of Campanato spaces associated to the Schrodinger
operators.

Definition 3.11. Let o € [0, 1). We set
BMOY = | f € Ll : I flawiog < o}

where || f ”BMO‘Z is the infimum of all C > 0 such that

1
W/BU[—JCNSC

for all balls B, and

1
WL|f|SC

for all balls B withrg > pp.

Note that in the particular case when o = 0, the Campanato space BMOY turns
out to be the BMO space BMO,, which introduced in [9]. For the general case when
o € (0, 1), these spaces were first introduced in [3] to consider the boundedness
of generalized fractional integrals L™"/2,y > 0 related to Schrodinger operators
whose potentials satisfy certain reverse Holder inequality. Recently, the theory of
generalized Morrey-Campanato spaces associated to admissible functions has been
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investigated in [30,31]. These spaces include the Campanato type spaces in var-
ious settings of Schrodinger operators such as Schrodinger operators, degenerate
Schrodinger operators on R” and Schrodinger operators on Heisenberg groups and
connected and simply connected nilpotent Lie groups.

It is clear from their definitions that BMO7 C BMO,; and that for « = 0
we have BMO] = BMO, . Furthermore for & > 1, the spaces BMOY contain
only constant functions. They also coincide with the space of Lipschitz continuous
functions. Indeed if we define A{ to be the space of continuous functions f for

which ) o)
1 £llag = sup L IO oy o)
L X#y lx — yl xeR”

is finite, then BMO% and A coincide for all 0 < o < 1 with equivalent norms.
See for example [4,30,31].

It is important to note that the Campanato spaces are the duals of the Hardy
spaces. In fact, in the case p = 1, it was proved in [9] that (HLI)* = BMO;. For

n
pE (m, 1), we have

1_
(H?)* =BMO, " (3.7)

See for example [30]. For the predual space of the Hardy spaces H Ll we have the
following result in [19, Theorem 4.1].

Proposition 3.12. Let CMOy be the closure of C*°(R") in BMOr. Then, H Ll is
the dual space of CMOyp. .

We will summarize some properties involving the BMOY spaces.
Proposition 3.13. Let o« > 0 and p € [1, 00). Then the following statement holds:

(i) A function f belongs to the BMOY space if and only if

1/p
Bb11<|B|1+Pa/n/|f(x) fBlpdx>

1/p
+ sup (|B|1+pa/n/|f(x)|pdx> < 0.

B:irg>pp

(3.8)

Moreover, the left hand side of (3.8) is comparable with | f ||BMO'1 K
(ii) For all balls B := B(xo,r) withr < p(xo) and f € BMOY, we have

pxo) \* 0
- ) I.flIBmoy o>

1 /

—— | |f()ldx <
14a/n ~

1] 5 [1 + log (—p(;m)>]||f||BMO‘z o =0;
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(iii) Forallx e R* and0 <r; < ry,

o
() 1B rOF ) f vy @ > 0

| fBer) — FBG)] S .
[1 + log (f)]IIfHBMoL a=0.

Proof. For the proof, we refer the reader to [30, Lemma 2.2 and Lemma 2.4]. [

4. Proof of the T'1 criterions for H If’ (R™) and BMO‘I’i (R™)

Before coming to the proof of the main result, we would like to give the definition
of T*f for f € BMO{,0 <@ < land T € GCZO(y,6). Let K*(x, y) be
an associated kernel of 7*. Following the ideas in [22], we can define T* f for
f € BMOY,0 < « < 1. For the sake of convenience, we just sketch it here.

Fix xy € R". For R > p(xg) we define

T*F() = T* (f xpeo.py) () + / K*(x. y)f ()dy.

B(xo,R)*

Since f xB(xy,R) € L‘Z/ and T* is bounded on L?', the first term is well-defined.
For the second term, using (1.5), Proposition 3.13 and Lemma 2.2 (i) we can
dominate the second term by

CR®|l fllBmo2 -

Similarly to [22], we can show that T* f is independent of R in the sense that if
B(xo, R) C B(x{, R') then the definition using B(x;, R') coincides with the one
using B(xo, R) for a.e. B(xg, R).

Although 1 ¢ BMOY, the definition above is still valid for 7*1.

Now for f € BMOY,0 < « < 1. For any ball B we have

= =rpxas+(f = fB)xape + [ = fi+ fa+ f3
Arguing similarly to [22], we also obtain that
T*f=T"fi+T o+ T"f3.
We are now ready to give the proof of Theorem 1.2.

Proof of Theorem 1.2.

Proof of “if part” for (a) and (b). For p € (0, 1] withy > n(1/p — 1), it suffices
to show that T maps (p, €)-atoms into molecules (p, 6, €);-molecules as p = 1
and into (p, 0, ¢€,8)-molecules as p < 1 with0 < € < y —n(l/p — 1) and
d=n(/p—1).
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Indeed, let a be an (p, 0)-atom associated to a ball B. We first prove the size
condition on Ta. If j =0, 1,2, 3 then L?-boundedness of T implies that
ITallewpy S llalle S 1BIYO71P.

For j > 4 we consider two cases:

Case 1: rp < %,o p. In this situation, by using the cancellation property, Minkow-
ski’s inequality and (1.6) we can write

0
ITallLow, By = (/U‘(B) (/IK(x,y)—K(x,xB)lla(y)l dy) dX)
] p 1/6
</ (/ K, y) = K xp) dx) la(y)ldy
B \JU;(B)

1/6'

1/6

S2772B]T
< 2_jy|2jB|_1/9/|B|l—l/p
= 2_j[V—"(1/P—1)]}2j3|1/9—1/p‘

Case 2: % pp <rp < %pB. In this situation, by Minkowski’s inequality we write

g\ 1/0
||Ta||L9(Uj(B)) = (/ dx)
U;j(B)
1/6
sf (/ |1<<x,y>|9dx> la(y)ldy.
B \Ju;)

This along with (1.5) yields that, for N > y,

/B K(x,y)a(y)dy

N
i ni—1/0" [ PB —i[y— _ i _

To obtain the cancellation for T'a, we make the following split

‘/ Ta(x)dx

= ‘/a(x)T*l(x)dx

5/|a(x)||T*1(x)—(T*1)B| dx—l—‘fa(x)dx |(T*1)|

=14+11I
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To estimate the first term, we may apply Holder’s inequality to obtain, for p < 1,

1 <lallg|T*1 - (T*I)B”L@’(B)

, 1/6'
< |B|'7V/p <][ IT*1(x) — (T*1)|" dx)
B

n(l/p=1)
— B
<|BTYr (p—B) :

If p =1 then

o 1/6' 1
15(][ | T*1(x) — (T*1) 3] dx) <
B

N
log (%)

To estimate the second term, we note that if rp < pp/8 then f a = 0 and hence
11 = 0. Otherwise we have % pogp < B < % pp and therefore

0B —
/a(x) dx

If p = 1 then we argue similarly but use

)
II 5 (r_B) S #
) " ()

11 < [(T*1)p]

n(1/p=D
— — B
S 1BITVP S BT (p—B> :

for any § > 0.

Proof of “only if” of (a). We borrow some ideas in [22]. Assume that 7 is
bounded on HL] then from (3.7) T* is bounded on BMO;. For x5 € R” and
0 < s < p(xp) we define

Fros @) = x10.57(1x — xo]) log (p (f")) + X5, 00001 (1% — o)) log ( £(x0) ) .

|x — xo]

Then we have fy, s > 0 and || fx,sllIBMo, < C. See [22, Lemma 2.5].
We now fix xo € R*” and 0 < s < p(xg)/2. Set B = B(xp, s) and fy(x) =
fxo,s(x)-

We split
fo=(fo— (fo)B)xas + (fo — (fo)B)x@sy + (fo)s :== fi + f2 + (fo)B

which implies that

(fO)BT*1(y) =T* foy) = T* fi(y) = T* fo(»).
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Therefore,

RNV
(fo)p log (" f‘”) (][B IT*1(y) — (T*Dgf dy)

) 1/6'
<> 10g('0(:0)> <][B|T*fi()’)_(T*fi)B|6 dy)

i=0,1,2
=1+ 11 + L.

From the BMO¢ -boundedness of 7* and Proposition 3.13 we obtain

0(x0) 0(x0)
Iy S log< g ) IT* follemo, S 10g< . ) | follemo,

< log (@) = (fo)B-

For the contribution of 71, we have

) 176’ ) 176/
(fB IT* f1(y) — (T* f1) B’ dy) <2 (][B IT* fi(»)° dy)

SIBITYONT* fill o

This in combination with the L? -boundedness of T* and Proposition 3.13 implies
that

NV
<][B IT* f1(y) — (T* f1) B’ dy) S N follBmo, -

Hence, I} < (fo)B-
For the last term /5, using Holder’s inequality and (1.6) we have for y € B

IT* f2(y) — (T* f2) B

1
5—// Kz y) — K@) fo(@) — (fo)sldzdu
|B| JB JaB)e

| 1/6
<y K(z,y) — K(z, 9d>
_;|B|/B(fw)| (2 y) — Kz u)|’dz

) 1/6'
X ( / | fo(2) — (fo)sl’ dz) du
Sk (B)

/ ) 1/6'
<y 2727V (/U gy 0@ = sl dz)
k

k>1

{ RN
< 22_"” |:<|sz| /sz | fo(z) — (fo)2*B/? dz) + [(fo)okp — (fo)Bl]

k>1
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which along with Proposition 3.13 yields that

IT* ) = (T 1) 5| = Y27 tog (2)  follswro, < C.

k>1

Hence, I < (fo)B.
Taking the estimates of Iy, /1 and I, into account implies that

, 1/6'
log (p(:‘))) (517100 = 08" dy) " = c.

This completes our proof.

Proof of “only if” of (b). Assume that 7" is bounded on H f (R™). We point out that
in [22, Section 3.1], they provided a definition of 7* f (x) for a.e. x € B(xg, R), for

f e BMOZ(I/ P~V R > p(xo) and xo € R". Hence, by Proposition 3.5, suppose
g = Z?’:] aj € Hf(]R"), where each a; is an (p, g)-atom if ¢ < o0 and contin-

uous (p, g)r-atom if ¢ = oo. Then we obtain that for every f € BMO'L'(l/pfl),

(T*"f. 8)=(f.Tg) S “f”BMO'i“/P_U”Tg“Hf(R”) S, ||f||BM02<l/p—l)||g||H£’(Rn)-
Taking the supremum over all g gives
”T*f”BMo'z“/p‘” S 1 lgpponar=n-

This implies that 7* is bounded on BMO{ witha =n(1/p —1).
For xo e R" and 0 < s < p(xg), we define

xo.s () = x10.51 (1¥ — x0D) (0 (x0)* = 5%) 4 X(s.p o)1 (1X —X01) (0 (x0)* — |x —x0[%) .

We then have g > 0 and || gy, ||3M0g < C. See [22, Lemma 2.5].

The remainder of the proof is similar to that of the “only if” part for (a). The
difference here is that we must apply for the function gy, s instead of fo. Hence,
we omit details here.

Proof of “if” in (c). We first recall the notion of the classical (p, ¢, €)-molecule
for H? with HLH <p=< 1.Forn”? <p=<1=<g < ooande > 0,a function m is
said to be a (p, g, €)-molecule if there holds

. i C11/g—1 .
@) il o,y < 277€ [27B]477 forall j = 0

(i1) /m(x)dx =0.
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It is well-known that if m is a (p, ¢, €)-molecule then ||m| gr < C. Hence, to prove
this part it suffices to prove that 7 maps each (p, 6) atom into (p, 8, €) molecule
for some € > 0.

Indeed, let a be a (p, ) atom associated to B. We consider two cases: rp <
pp/4 and pp/4 < rp < pp. The first case is very standard. Hence, we need to
consider the second case pp/4 <rp < pp.

We first observe that from the condition 7*1 = 0 we have [ Ta(x)dx = 0. To
complete the proof, we need only to show that
2/B

< gie ‘]/Q—I/p

||Ta||L9(Uj(B)) . J=0. 4.1)

From the L?-boundedness of T it can be verified that (4.1) holds true for j = 0, 1, 2.
Fix N > n(1/p — 1). For j > 3 by (1.5) and Minkowski’s inequality we have

0 1/6
ITallLew; ) = {/ U IK (x, y)a(y)dy dX}
U;jB) |/B

1/6
5/[/ |K(x,y>|9dx} la(y)ldy
B | Ju;)

o o—1/8
<Psl T 2Nl

S ‘2JB|71/<9 2_jN|B|1—1/17 — 2—j[N—n(1/p_1)] ‘2jB‘1/071/p ‘

This proves (4.1).

Proof of “only if” in (¢c). Assume that T is bounded from H f into H?. Then by
duality, 7* maps BMO* into BMO{ continuously with @ = n(1/p — 1). Then we
have

IT*1lpmos < CllI1lIzmox = 0.

Hence, ||T*1 ||BMO% = 0. From the definition of BMOY we have fB |T*1| = O for
all B = B(x, p(x)) with x € R”". This along with Lemma 2.4 implies fR" | T*1| =
0. It follows that T*1 = 0. O

Proof of Theorem 1.4. Since T € GCZO;‘ (y,0') implies that T*€ GCZ O, (y, 0),
the proof of the “if”” directions follow from Theorem 1.2 and duality.

We also observe that the proofs of the “only if” directions are essentially con-
tained in the proofs of the “only if” directions in Theorem 1.2. O
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5. Proofs of applications

In this section we give the proofs of Theorems 1.5-1.8.

5.1. Laplace transform type multipliers

Suppose L is the Schrodinger operator defined as in (1.1). Given a bounded function
a : [0, 00) — C, we define the Laplace transform type multipliers m(L) by

o
m(L) f(x) = / a(t)Le 'L f(x)dr (5.1)
0
which is bounded on L?. An example are the imaginary powers m(L) = L given
by a(t) = —ﬁt‘“’ for v € R.

Proof of Theorem 1.5. We now apply Theorem 1.2 to prove Theorem 1.5.
Denote by m(L)(x, y) the associated kernel of m(L). Then it was proved
in [22] that

Proposition 5.1. Let x,y,z € R" and N > 0. Then

! _ —N
@ Im(L)x, M| < 557 (1+ oyl y|) ,,

p(x) ()
_ 8
(b) Im(L)(x, ) = m(L)(x, D] +m(L)(y, %) = m(L)(z x)| < Cs 25505, for all
|x —y| > 2|y — z| and any 0 < § < op.
Fix H(’jm < p < land take § < og A 1 so that ;2 < p < 1. From Proposi-

tion5.1,m(L) € GCZO(6, 2). Hence, in the light of Theorem 1.2 and the fact that
m(L)* = m(L) it suffices to prove that

12
10g<f—§) (][B|m<L>1(y)—(m<L>1>B|2 dy) <c. 52

pp\"(1/P=D ) 1/2
(—) <][B Im(L)1(y) — (m(L)1)p| dY> <C (5.3)

;]

for every ball B withrp < % PB.
Indeed, we have by Minkowski’s inequality

1/2
(][ ) Im(L)1(y) — (m(L)1)p|* dy)

) 12
S <][ dy)
B

1/2
S,][ (][ |m(L>1(y>—m<L>1(z>|2dy) dz.
B B

][ m(L)1(y) —m(L)1(z)dz
B
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It was proved in the proof of [22, Proposition 4.11] that

1)
Im(L)1(y) —m(L)1(2)| S (;—B> log (P_B) .
B

;]

Hence,

1/2 8
(][ Im(L)1(y) — (m(L)1)p|? dy) < (’_B> log (P_B>_
B OB rp

This proves (5.2) and (5.3). ]

5.2. Riesz transforms VL~1/2 and V2L~1

Suppose L is the Schrodinger operator defined as in (1.1). For i, j =1, ..., n, the
i-th Riesz transform is defined by

1 [® dt
R, =29 4L1/2:—/ 9 e L
1 Xi 7 Jo Xi «/;

and the i, j-th Riesz transform is defined by
o0
Rij = Bxl.8ij_1 = / Bxiaxje_’L dt.
0

For simplicity we shall write V and V2 for dx; and 0y, 0x : respectively, and set
Ray = VL Y2 and Ry := V2L~

Proof of Theorem 1.6. We first consider R(1y. Now Ry € GCZO($,2) for any
0 < & < min{oo, 1}. Indeed, it is well-known that R 1 is bounded on L? and
the conditions (1.5) and (1.6) follow from [4, Lemma 7] and [14], respectively. On
the other hand, it is obvious Rfl)l = 0. The conclusion of the theorem follows
immediately by applying Theorem 1.2 (c).

We now consider R(2). We will show that Ro) € GCZ0O,(8,0) for any
0 < § < min{oy, 1}. Then observing that Rz‘z)l = 0, the conclusion of the theorem
follows from Theorem 1.2 (c) also. The boundedness of Ry on L (R") forn > 3
was established in [23]. It remains to prove (1.5) and (1.6). The following kernel
estimates are required.

Proposition 5.2. For each 1 < 0 < o, there exists k > 0 such that the following
holds for all N > 0.

(a) Foreveryy e R, t > 0,

L=y

H V2D, (-, y)e wr
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(b) Forall |y —y'| </t and any 0 < o1 < oo we have

2 Iy—y/|>"‘ _1_L< Vit )_N
<c (2220 e )
e ( N U

H [Vzpt (.’ y) _Vzpt(.’ y/)]e%

Proof of Proposition 5.2. Part (a) was proved in [21, Proposition 2.4. Part (b)] can
be obtained by the same argument but using the second estimate of Proposition 2.1
in place of the first. O

With these estimates in hand, we can now obtain (1.5) and (1.6) for the kernel
of R given by

o0
K(x.y) =/0 V2pi(x, y) dr.

In fact the proof of (1.5) and (1.6) is the same as that of K(x, y) for the operator
VSL™S for s = 1 (see (5.5)-(5.7) below), but applying Proposition 5.2 in place of
Proposition 5.3. O

5.3. Riesz transforms V*L7%,0 < s < 1, and their adjoints

Foreach0 < s <1 we set

VL = /oo yse-it AL
I'(s) Jo t=s

It is known from [25, Corollary 3] that the operators V5L~ are bounded on L? (R")

foreach1 < p < 2.

Proof of Theorem 1.7. To prove this theorem we shall apply Theorem 1.2 to T =
VSL™*. We first show that VSL™ € GCZO,(y,0) forany 1 < 6 < o/s and
0 < ¥ < 0p. To do so, we require the following kernel estimates for VSe =L,

Proposition 5.3. Foreach0 <s <land1 <6 < %, there exists k > 0 such that
the following holds for all N > 0.

(a) Foreveryy e R", ¢t > 0,

2

-N
HVS<->p,<~,y)e"K“¥" < Ci <1+ ‘ﬁ) :

p(y)

Lo
(b) Forall |y —y'| </t and any 0 < o < oo we have

I\ Ol R
EC(Iy yl) S
L Vi

2

H VAP ) — peCr y)le =
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Proof of Proposition 5.3. We need the following estimate: for N large enough we

have
(1 + i) <z][ V) <Cny. (54)
p(x) B(x,J/T)

We can see this by applying Remark 2.3.
For the proof of (a), by applying the bounds on the heat kernel p;(x, y) from
Proposition 2.1 and by taking « large enough we have

0 —N'6 2
n t y LX=Y
<% (1 i ) fvm%% = .

12

HWOMWM%

Now since V® € RH, /g and 6 < o/s then

(.¢]

lx—y[?
V() Pe 7 dx = / Loodx +
./ B(y,2/1) Z

J=1

0 00
< tn/2 (][ Vs) 1+ Ze—c4-7'2j(no,s+n—n9)
B(y.J/1) ;

j=1
6
g (/2—s0 (f V>S ,
B(y.v/1)

where in the second last step we applied the doubling property of V*, with ng ¢
the doubling power ov V¥. In the last step we applied Holder’s inequality with
exponent 1/s.

Therefore in view of (5.4) and by choosing N’ large enough we obtain

2 ; N’ s
< T (1 + i) (t][ V(x)dx)
L0 p(y) B(y,/1)

VSO P ye T
-N
< T (1 + i) .
()

/ .o.dx
B(y, 27+ /D\B(y,2/ /1)

To prove (b) we argue as in (a), but apply the second estimate in Proposition2.1. [

We can now show that T = V’L™ € GCZO,(y,0) forany 1 < 6 < a/s
and 0 < y < 0. Let K (x, y) be the kernel of VSL™. Then

1o di
K =55 [V @meo
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We first prove (1.5). Now let B be a ball withrp > 2pp and y € B(xp, pp). Then
by Proposition 5.3 (a), and that p(y) ~ pg,

dt
tl—S

0 r2 n _N
gf et 1T (1+ﬁ) dt =1 +11
0 OB

o
||KS(" y)||L9(ZB\B) S f || Vs(')pt('7 y)”LQ(ZB\B)
0 (5.5)

where
r2 r2 n _ _ 2N
I= f ’ e (1 n ﬁ) dt <rp” ("—B)
0 PB rB
and
0 r% . -N
11 :/ e T T (1 + ﬁ) dt
2 PB
I
o0 n —-N _n 2N
5/ ¢ 1 207 <1+£) dr < Bg/ (PB)
r% PB rB
forany N > 0.

Let us show (1.6). Let B be any ball and y € B. Then for each k > 1,
K5 y) — Ks (o xB) o or+1 \2k By

oo
S fo [VEOPCoy) = VIO CoxB) | o rt praes)

2 oo
:/ _|_/ o= 1 +11.
0 r2

B

dt
tl*S

Now let for any 0 < y < og we choose firstly o1 such that y < o1 < 09, and
secondly € = %(y + z7). Then by the triangle inequality, Proposition 5.3 (a), and
the fact that y € B we have

}"2 r2 . 7'2 ., n
1< / P oot P g < akep 2 / Tilmartear <ather 7 (56)
0 0
We also have by Proposition 5.3 (b)

00 72 ” _ (o]
1< [ emet gy (2B,

B

< o1—2¢ o -2 01+€ < ke _ﬁ
——n9l -
Srp /2t 2 dr S4 " rg”.
r
B
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Thus collecting our estimates for / and /1 we have

n
7

- _1
IKs (L y) — Ko(o xB) | o prokgy S 47 5rg 7 =27 25B79 (5.7)

where y = 2¢ — 7.
Next we show conditions (a) and (b) of Theorem 1.2 for T* = L=5V*. More

precisely we prove

OB _ B o’ 1/’
log (g) (fB L™V L(y) = (L™°V* )| dy) <C (5.8)
n(1/p=1) , 10
PB — — 6
(E) (fB L™V 1(y) — (L™°V*1)| dy) <C (5.9)
for every ball B withrp < %,03 and 7n+sme < p < 1.Infact,forany 1 < 6 < oo,

estimates (5.8) and (5.9) are consequences of the following stronger estimate
rp 8
IL=Vi1(x) = LV | S (—) (5.10)
PB

for any ball B with rp < %,03, and x,y € B,andany 0 < § < sopg A 1. We shall
show (5.10) by applying the following lemma.

Lemmasd. LetO <s < 1. Forany0 < 0] < 09,0 <dé <sogAland N > 0
the following holds:

8 —-N
e Vi) = cr <i> (1 + i) (5.11)
p(x) p(x)
forany x e R" andt > 0, and

B _ At ) Jt N lx —y[\”
tLyss tLyss s
e '""Vi(x) —e 'tV (y)) <Ct <—p(x)> <1 + ,o(x)) ( 7 ) (5.12)

forallt > 0and |x —y| < /1.
Proof. We first prove (5.11). We have

ety = /pt(x, w)VE(w) dw

-M
t n x—w|?
< (1+ J) /’_7‘3_6 “E VS (w) dw

p(x)

YR AN :
s (1455) (Faen ).
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Now from Remark 2.3 and by choosing M large enough, we obtain the required
estimate.
The proof of (5.12) begins with

e Vi) — vy 5/|p,(x,w)—p,(y,w)|Vs(w)dw

Ix —y\” N/ P
< v c— K
~ ( \/; > <1 " p(x)> /t ¢ v (w) dw,

and we proceed as in (5.11). ]

Let us continue with the proof of (5.10). We first write

o dt
IL7VEI() — LVEL(Gy)| < / ’e_tLVs(x) - e_’LVS(y)‘ =
0
4r12; p% 00
_ +/ +/ = T+ 111
0 4}% p%

Now by (5.11), and that p(x) ~ p(y) ~ pp we have forany 0 < § < sop A 1,
4r129 dt 4}% dt
—tLyss —tLyss
1 5/0 e "V (x)‘ s —|—/O ‘e 1% (y)’ T
4r2 8
_5 B dt rp
0 T2 PB

Now pick § < 8] < sog A 1. From |x — y| < 2rg < +/t and that p(x) ~ pp we
have by (5.12),

e "fz*t-s(ix—yi)‘” (ﬁ)‘” ‘() [
= Ja NG pg) 1175 " \pg) Ja t
rg\" PB rg\’
() ee(3) =)
oB ' PB
Finally from (5.12) and by taking N large enough,

00 _ 8 00 §
1115/ t_s(lx y') flt 5rg/ dts < (r_B) .
p Vi A P i3 PB

2
B

The terms 1, I1 and 111 together give (5.10).
Thus (5.8) and (5.9) hold for any 6 > 1, and so we may conclude the proof of
Theorem 1.7 by invoking Theorem 1.2. O
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5.3.1. The Riesz transforms L~°V*® Before giving the proof of Theorem 1.8 we
make some preliminary remarks.

Firstly, the hypothesis V € R Hy ensures that V¥*L ™5 and L™°V* are both L”
bounded for all 1 < p < oo. Secondly, the conditions V € RHy, and (1.9) imply

V(x) < C'px)~? for almost every  x (5.13)

for some C’ > 0. See [24, Remark 1.8].
Our conditions on V guarantee it admits a certain smoothness, encapsulated in
the following result.

Lemma 5.5. If V satisfies (1.9) then for each 0 < s < 1 there exists C > 0
depending only on s and V such that for every 0 < n < 1 we have

. . C |x _ yI ,7( \/; )H-ZS ( \/; )2+4s
VS(x) —V = 1+ Y
Vi -Vl =3 < NG ) () "o

whenever |x — y| < /1.

Proof. From the mean value theorem and part (i) of Lemma 2.2 we have, for some
x" € B(x, |x =y,

VS = Vi) | S VL) [VV D] fx =yl
Sp@) T —y)

L |x_y| 2+4s
Sp@)! 2S(l+m Ix — yl.

This yields the required result if |x — y| < /7. O

This smoothness grant us the following analogues of Proposition 5.3 and Lem-
ma 5.4 respectively.

Proposition 5.6. Assume that V satisfies (1.9). Then for each 0 < s < 1, there
exists C > 0 such that the following holds for all N > 0,

(a) Foreveryx,y e R",t >0,

—-N
VEG) pitx. )| = € Be (1 + i) ;
p(y)

(b) Forall |y —y'| < </t and any 0 < n < 1 we have

, o oy =Y\
VS pe(x,y) = VO pr(x, y)| < Ct 72 @ ( ) .
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Proof of Proposition 5.6. To prove (a) we observe that from the heat kernel bounds
in Proposition 2.1 and from (5.13) that

_N/ 2s
Vo] i (10 ) (Y

o) o)

The result now follows by taking N’ large enough.
For part (b) we write

V) pi(x, y) = V) pi(x, y)| < V) [pix. y) = pi(x, y)]
+ V) = VOO | pee, Y| =T +IT
From the second estimate in Proposition 2.1 and (5.13) we have

2 /INT
] < 25,1 _Va”<|y_)’|> (1 \/Z>
Se(y) Tt 2e N +—p(y)

2 AN
St“ﬁe'ay'(U\[y')
t

by taking N’ large enough. Next we have from the bounds on the heat kernel, that
ly — y'| < +/t,and Lemma 5.5, we have

—N’

—N’
n xX— y|2 t
S|V ) = Vo) e a <1 n ‘f/ )
r(y)
o (S ) o) )
~ e ct
Vi P (") p(y) )

which gives the required estimate after taking N’ large enough. 0

Lemma 5.7. Suppose that V satisfies (1.9) and 0 < s < 1. Then for any 0 < § <
2s Al and 0 < n < 1 the following holds:

b —N
‘Vs(x)e_tLl(x)) <cr (%) (1 + %) (5.14)

forany x € R" and t > 0, and

Ve e 100 = VEme 1)

o (G 1+5) (5

forallt > 0and |x —y| < /1.

(5.15)




236 THE ANH But, J1 L1 AND Fu KEN Ly

Proof of Lemma 5.7. Firstly by (5.13) and the bounds on the heat kernel,

—N’
‘Vs(x)e_’Ll(x)‘ < p)% (1 n %) .

Thus (5.14) follows by considering the cases v/t > p(x) and v/t < p(x) and taking
suitable N’. Turning to (5.15) we write

|V @e 1@ - v e 1)
= V@) = V)] [ 10| + Vo) [ E1e — e )|
Now from Lemma 5.5 we have

V@ = Vi) [e 10|

L ()05 ()

which gives the right hand side of (5.15). Next from (2.2), (5.13), and Lemma 2.2(i),

AN

VE)e 1@ e )| < vS(y)/ [P, w) = pi(y, w)| dw
< p(y)-2 'x—yl)"<1+i)
<P ( Vi P

4s
_2s \/; lx — yl " \/;
o (1035) (M) (165)

which also yields the right hand side of (5.15). O

—N’

—N’

Proof of Theorem 1.8. We shall show that T = L™°V* € GCZO,(y, 0) for any
1 <0 <ooand0 < y < 1. Note firstly that V € RHy, implies that L™°V* is
bounded on LY for any 1 < 6 < 0o. Next we set

dt
1—s

1 o .
K*x, y) = %/o PN V)

to be the kernel of L™ V¥,
Let us show (1.5). Fix a ball B with rp > 2pp and y € B. Then we have
p(¥) ~ pp. Thus from Proposition 5.6, for any 1 < 6 < oo,

* < *© N dt
”Ks ("y)”Le(ZB\B) ~ ”pf("Y)V (y)HLf?(zg\B) =s

0 r2 " _N
< / e T e (1 + ﬁ) dr.
~Jo PB

At this point we can continue as in (5.5).
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Let us turn to (1.6). Now foreach 1 < §# < coand 0 < y < 1 let us take
€= %(y + 77). Let B be any ball and y € B. Then foreach k > 1,

H K;k(v )’) - K;k(’ XB) HLG(Zk‘HB\ZkB)

dt

o
< /o [2:C. VG = ity xB)VS(xB)“LQ(ZkHB\Z"B) s

2

s 00
=/ +/ coe= T+ 11I.
0 r2

B

We can apply Proposition 5.6 (a) and proceed as in (5.6) to obtain
ke W
IS4 rg”.
For the second term, Proposition 5.6 (b) gives
00 r2 n — —
11 5/ e~ ¥ Py (_Iy xBl) dt 54_’“r3 .
" NG

Combining our estimates for I and /1 gives (1.6) since y = 2¢ — &.

Next we prove that T* = VL™ satisfies (a) and (b) of Theorem 1.2. As
before this follows from the following version of (5.10): for each ball B withrp <
1
3PB>

s
VL™ 1(x) = VL™ 1(y)| < <r—B> (5.16)
PB
forany x,y € Band 0 < § < 2s A 1. We can obtain (5.16) by arguing as in (5.10),
but using Lemma 5.7 in place of Lemma 5 4. O
References

[1] P. AUSCHER, X. T. DUONG and A. MCINTOSH, Boundedness of Banach space valued
singular integral operators and Hardy spaces, unpublished preprint, 2005.

[2] J.J. BETANCOR, R. CRESCIMBENI, J. C. FARINA, P. R. STINGA and J. L. TORREA,
A T1 criterion for Hermite-Calderén-Zygmund operators on the BMO g (R™) space and
applications, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 12 (2013), 157-187.

[3] B. BONGIOANNI, E. HARBOURE and O. SALINAS, Weighted inequalities for negative
powers of Schrodinger operators, J. Math. Anal. Appl. 348 (2008), 12-27.

[4] B. BONGIOANNI, E. HARBOURE and O. SALINAS, Weighted inequalities for commuta-
tors of Schrodinger-Riesz transforms, J. Math. Anal. Appl. 392 (2012), 6-22.

[5] S.CAMPANATO, Proprieta di holderianita di alcune classi di funzioni, Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (3) 17 (1963), 175-188.

[6] G.DAVID and J.-L.JOURNE, A boundedness criterion for generalized Calderén-Zygmund
operators, Ann. of Math. (2) 120 (1984),371-397.



238

(71
[8]

(9]

[10]

[11]

[12]
[13]
[14]
[15]

[16]

(17]
(18]
[19]
[20]
(21]

(22]

(23]
[24]
[25]
[26]
(27]
(28]

[29]

THE ANH Bul, J1 L1 AND Fu KEN LY

X.T. DUONG and L. X. YAN, Duality of Hardy and BMO spaces associated with opera-
tors with heat kernel bounds,J. Amer. Math. Soc. 18 (2005), 943-973.

X. T. DUONG and L. X. YAN, New function spaces of BMO type, the John-Nirenberg
inequality, interpolation, and applications, Comm. Pure Appl. Math. 58 (2005), 1375-
1420.

J. DZIUBAKSKI, G. GARRIGOS, T. MARTINEZ, J. L. TORREA and J. ZIENKIEWICZ,
BMO spaces related to Schrodinger operators with potentials satisfying a reverse Holder
inequality, Math. Z. 249 (2005), 329-356.

J. DZIUBAKNSKI and J. ZIENKIEWICZ, Hardy space H! associated to Schrodinger op-
erator with potential satisfying reverse Holder inequality, Rev. Mat. Iberoam. 15 (1999),
279-296.

J. Dz1UBANSKI and J. ZIENKIEWICZ, H? spaces for Schridinger operators, In: “Fourier
Analysis and Related Topics (Bedlewo, 2000)”, Banach Center Publ., Vol. 56, Polish Acad.
Sci., Warsaw, 2002, 45-53.

J. DZIUBANSKI and J. ZIENKIEWICZ, HP spaces associated with Schrédinger operators
with potentials from reverse Holder classes, Colloq. Math. 98 (2003), 5-38.

L. GRAFAKOS, “Classical and Modern Fourier Analysis”, Pearson Education, Inc., Upper
Saddle River, NJ, 2004.

Z.GUo, P. LI and L. PENG, L? boundedness of commutators of Riesz transforms associ-
ated to Schradinger operator,J. Math. Anal. Appl. 341 (2008), 421-432.

Y. S. HAN, Y. C. HAN and J. L1, Criterion of the boundedness of singular integrals on
spaces of homogeneous type,J. Funct. Anal. 271 (2016), 3423-3464.

S. HOFMANN, G. LU, D. MITREA, M. MITREA and L. YAN, “Hardy Spaces Associated
with Non-Negative Self Adjoint Operators Satisfying Davies—Gaffney Estimates”, Mem.
Amer. Math. Soc., Vol. 214, 2011.

R. JIANG and DA. YANG, Orlicz—Hardy spaces associated with operators satisfying
Davies—Gaffney estimates, Commun. Contemp. Math. 13 (2011), 331-373.

R. JIANG, DA. YANG and DO. YANG, Maximal function characterizations of Hardy
spaces associated with magnetic Schrodinger operators, Forum Math. 24 (2012), 471-
494.

L. D. KY, On weak*-convergence in H Ll (]Rd), Potential Anal. 39 (2013), 355-368.
F.K.LyY, Second order Riesz transforms associated to the Schridinger operator for p < 1,
J. Math. Anal. App. 410 (2014), 391-402.

F. K. LY, Classes of weights and second order Riesz transforms associated to Schrodinger
operators,J. Math. Soc. Japan 68 (2016), 489-533.

T.MA, P.R. STINGA, J. TORREA and C. ZHANG, Regularity estimates in Holder spaces
for Schrodinger operators via a T 1 theorem, Ann. Mat. Pura Appl. (4) 193 (2014), 561—
589.

Z. SHEN, LP estimates for Schriodinger operators with certain potentials, Ann. Inst.
Fourier (Grenoble) 45 (1995), 513-546.

Z. SHEN, Estimates in LP for magnetic Schrodinger operators, Indiana Univ. Math. J. 45
(1996), 817-841.

S. SUGANO, Estimates for the Operators V*(—A + V)P and VOV (=A + V)P with
Certain Non-negative Potentials V , Tokyo J. Math. 21 (1998), 441-452.

D. YANG and S. YANG, Weighted local Orlicz-Hardy spaces with applications to pseudo-
differential operators, Dissertationes Math. (Rozprawy Mat.) 478 (2011), 78 pp.

D. YANG and S. YANG, Local Hardy spaces of Musielak-Orlicz type and their applica-
tions, Sci. China Ser. A 55 (2012), 1677-1720.

DA. YANG and DO. YANG, Hardy spaces associated with magnetic Schrddinger operators
on strongly Lipschitz domains, Nonlinear Anal. 75 (2012), 6433-6447.

DA. YANG and DO. YANG, Maximal function characterizations of Musielak-Orlicz-Hardy
spaces associated with magnetic Schrodinger operators, Front. Math. China 10 (2015),
1203-1232.



(30]

(31]

(32]

(33]

T'1 CRITERIA FOR HARDY AND BMO SPACES 239

DA. YANG, DO. YANG and Y. ZHOU, Localized Morrey-Campanato spaces on metric
measure spaces and applications to Schrodinger operators, Nagoya Math. J. 198 (2010),
77-119.

DA. YANG, DO. YANG and Y. ZHOU, Localized BMO and BLO spaces on RD-spaces and
applications to Schrodinger operators, Commun. Pure Appl. Anal. 9 (2010), 779-812.
D. YANG and Y. ZHOU, Localized Hardy spaces H U related to admissible functions
on RD-spaces and applications to Schrodinger operators, Trans. Amer. Math. Soc. 363
(2011), 1197-1239.

J. ZHONG, “Harmonic Analysis for Some Schrodinger Type Operators”, PhD Thesis,
Princeton University, 1993.

Department of Mathematics
Macquarie University
NSW 2109, Australia
the.bui@mgq.edu.au
jili@mgq.edu.au

The School of Mathematics and Statistics
Faculty of Science and

The Mathematics Learning Centre
Education Portfolio

University of Sydney

NSW 2006, Australia
ken.ly@sydney.edu.au



