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Extension property of semipositive invertible sheaves
over a non-archimedean field

HUAYI CHEN AND ATSUSHI MORIWAKI

Abstract. In this article, we prove an extension property of semipositively
metrized ample invertible sheaves on a projective scheme over a complete non-
archimedean valued field. As an application, we establish a Nakai-Moishezon
type criterion for adelically normed graded linear series.

Mathematics Subject Classification (2010): 14C20 (primary); 14G40 (sec-
ondary).

1. Introduction

Let k be a field and X be a reduced projective scheme over Spec k, equipped with
an ample invertible &'x-module L. If Y is a reduced closed subscheme of X, then
for any sufficiently positive integer n, any section £ of L|§§’" on Y extends to a
global section of L®”" on X. In other words, the restriction map H°(X, L®") —
HO(Y, L |§§”) is surjective. A simple proof of this result relies on Serre’s vanishing
theorem, which ensures that H'(X, Zy ® L®") = 0 for any sufficiently positive
integer n, where Zy is the ideal sheaf of Y.

The metrized version (with k = C) of this result has been widely studied
in the literature and has divers applications in complex analytic geometry and in
arithmetic geometry. We assume that the ample invertible sheaf L is equipped with
a continuous (with respect to the analytic topology) metric |-|;, which induces a
continuous metric |-|;» on each tensor power sheaf L®" wheren € N,n > 1. The
metric |-/ leads to a supremum norm ||-||;» on the global section space H*(X, L)
such that

Isllgn = sup |s|pn(x) foralls € HO(X, L).
x€X(C)
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Similarly, it induces a supremum norm ||-||y,;» on the space H Oy, L|§?") with

Islly.nm = sup |s[pn(y).
yeY (©)

Note that for any section s € HY(X, L®") one has Islylly,nn < |Is|lp». The metric
extension problem consists of studying the extension of global sections of L|y to
those of L with an estimation on the supremum norms. Note that a positivity con-
dition on the metric 4 is in general necessary to obtain interesting upper bounds.
This problem has been studied by using Hormander’s L? estimates (see [9] for ex-
ample), under smoothness conditions on the metric. More recently, it has been
proved (without any regularity condition) that, if the metric |-|; is semi-positive,
then for any € > 0 and any section / € H°(Y, L|y) there exist an integer n > 1 and
s € HO(X, L®") such that s|y = [®" and that ||s||;» < e"||s|y|ly.». We refer the
readers to [17,19] for more details.

The purpose of this article is to study the non-archimedean counterpart of the
above problem. We will establish the following result (see Theorem 4.5 and Corol-
lary 2.17).

Theorem 1.1. Let k be a field equipped with a complete and non-archimedean ab-
solute value |-| (Which could be trivial). Let X be a reduced projective scheme
over Speck and L be an ample invertible sheaf on X, equipped with a continu-
ous and semi-positive metric |-|;,. Let Y be a reduced closed subscheme of X and
I € HO(Y, L|y). For any € > 0 there exists an integer ny > 1 such that, for any
integer n > ng, the section [®" extends to a section s € H 0(X , L®M) verifying
sl < e LIy -

The semi-positivity condition of the metric means that the metric |-|; can be
written as a uniform limit of Fubini-Study metrics. We will show that, if the abso-
lute value |-| is non-trivial, then this condition is equivalent to the classical semi-
positivity condition (namely uniform limit of nef model metrics, see Proposition
3.14) of Zhang [21], see also [10, 16], and compare with the complex analytic
case [20]. The advantage of the new definition is that it also works in the trivial
valuation case, where the model metrics are too restrictive. We use an argument of
extension of scalars to the ring of formal Laurent series to obtain the result of the
above theorem in the trivial valuation case.

As an application, we establish an adelic version of the arithmetic Nakai-
Moishezon criterion as follows, see Theorem 5.6 and Corollary 5.9.

Theorem 1.2. Let X be a geometrically integral projective scheme over a number
field K and L be an invertible sheaf on X. For any place v of K, let hy be a con-
tinuous semipositive metric on the pull-back of L on the analytic space X", such
that (H(X, L®"), {|| I x,.1n}) forms an adelically normed vector space over K for
any n € N (see Definition 5.1). Suppose that for any integral closed subscheme
Y of X, the restriction of L on Y is big and there exist a positive integer n and a
non-zero section s € HO(Y, L|§") such that ||s|ly,.n» < 1 for any place v of K,
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and that the inequality is strict when v is an infinite place. Then for any sufficiently
positive integer n, the Q-vector space H 0(X, L®") has a basis (w1, . . ., wy,) With
lwillx,nn < 1for any place v, where the inequality is strict if v is an infinite place.

This result generalizes simultaneously [21, Theorem 4.2] and [15, Theorem
4.2] since here we have a weaker assumption on the adelic metric on L. Indeed,
in the paper [21], the following conditions are assumed: %, is semipositive for all

places v of K, d@?g(ﬂilm YH) > 0 for all integral subschemes Y of X, and there
exist a non-empty open set U of Spec(Og) and a positive integer d such that the
metric h¢ of L%? (Vv € U) is induced by a nef model (27, £) of (X, L&) over
U . Obviously these assumptions imply our assumptions in Theorem 1.2. The main
idea for the proof is to combine the estimation on normed Noetherian graded linear
series developed in [15] and the non-archimedean extension property established in
the current paper. In the archimedean case we also use the archimedean extension
property proved in [17].

The article is organized as follows. In the first section we introduce the notation
of the article and prove some preliminary results, most of which concern finite-
dimensional normed vector spaces over a non-archimedean field. In the second
section, we study various properties of continuous metrics on an invertible sheaf,
where an emphasis is made on the positivity of such metrics. In the third section,
we prove the extension theorem. Finally, in the fourth and last section, we apply the
extension property to prove a generalized arithmetic Nakai-Moishezon’s criterion.

ACKNOWLEDGEMENTS. Huayi Chen has benefited from the visiting support of
Beijing International Center for Mathematical Research and would like to thank the
center for the hospitalities.
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2. Notation and preliminaries

2.1. Notation

Throughout this paper, we fix the following notation.

2.1.1. Fix a field & with a non-archimedean absolute value |-] on k. Unless oth-
erwise stated, we assume that (k, |-|) is complete. The valuation ring of k and the
maximal ideal of the valuation ring are denoted by o; and my, respectively, that is,

op:={ack]||al <1} and my:={x ek]|x| <1}

In the case where || is discrete, we fix a uniformizing parameter @ of my, that is,
my = wog.
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2.1.2. A norm ||| of a finite-dimensional vector space V over the non-archime-
dean field k is always assumed to be ultrametric, that is, ||x + y|| < max{||x]||, |y|l}-
The pair (V, ||-||) is called a finite-dimensional normed vector space over k.

2.1.3. In Section 1-Section 4, we fix a reduced algebraic scheme X over Speck,
that is, X is a reduced scheme of finite type over Spec(k). Let X?" be the analyti-
fication of X in the sense of Berkovich [2]. For any x € X?", the residue field of
the associated scheme point of x is denoted by k (x). Note that the seminorm ||
at x yields an absolute value of x(x). By abuse of notation, it is denoted by |-|.
Let < (x) be the completion of «(x) with respect to |-|x. The extension of ||, to
k(x) is also denoted by the same symbol |-|,. The valuation ring of £ (x) and the
maximal ideal of the valuation ring are denoted by o, and m,, respectively. Let L
be an invertible sheaf on X. For any x € X", the sheaf L ®¢, k(x) is denoted by
L(x).

2.14. By continuous metric on L, we refer to a family & = {|-|,(x)}xexan, where
|ln(x) is a norm on L ®g¢, k(x) over k(x) for each x € X*", such that for any
local basis w of L over a Zariski open subset U, |w|;(-) is a continuous function on
U?. We assume that X is projective. Given a continuous metric 4 on L, we define
anorm |||, on H°(X, L) such that

Isllp ;= sup [s|p(x) foralls e HO(X, L).

xeXxan

Similarly, if ¥ is a reduced closed subscheme of X, we define a norm ||-||y,, on
HO(Y, L) such that

Illy.n == sup |l|n(y) foralll € HO(Y, L).
yeyzm

Clearly one has
sl = 1slylly.n (2.1)

for any s € HO(X, L).

o In the following 2.1.5,2.1.6 and 2.1.7, X is always assumed to be projective.

2.1.5. Given a continuous metric z on L, for each integer n > 1 the metric induces
a continuous metric on L®" which we denote by h": for any point x € X" and any
local basis w of L over a Zariski open neighborhood of x one has

%" | (x) = Jwlp(0)".

Note that for any section s € HO(X, L) one has [|s®"||» = s|l;- By convention,

h0 denotes the trivial metric on L®0 = Oy, namely [1|,0(x) = 1 for any x € X",
where 1 denotes the section of unity of O.
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Conversely, given a continuous metric g = {|:|¢(x)}xexa on L®" | there is a
unique continuous metric 4 on L such that 2" = g. We denote by g!/” this metric.
This observation allows to define continuous metrics on an element in Pic(X) ® Q
as follows. Given M € Pic(X) ® Q, we denote by I'(M) the subsemigroup of N>
of all positive integers n such that M®" € Pic(X). We call continuous metric on M
any family g = (gx)ner(m) with g, being a continuous metric on M ®n such that
g = gmn forany n € I'(M) and any m € Nxj. Note that the family

g = (8n)nerm)

is uniquely determined by any of its elements. In fact, given an element n € I'(M),
one has g, = g,l,,/n” = (gZ’)l/ " for any m € I'(M). In particular, for any positive
rational number p/q, the family gP/4 = (gll\,%q)ner( M®(p/q)y 1S @ continuous metric

on M®(P/® where N is a positive integer such that M®V e Pic(X), and the metric
gP/4 does not depend on the choice of the positive integer N. If L is an element
of Pic(X), equipped with a continuous metric g, by abuse of notation, we use the
expression g to denote the metric family (g"),en.,, viewed as a continuous metric
on the canonical image of L in Pic(X) ® Q. -

Let M be an element in Pic(X) ® Q equipped with a continuous metric g =
(gn)ner(m). By abuse of notation, for any n € I'(M) we also use the expression g"
to denote the continuous metric g, on M®".

2.1.6. Let &2 — Spec(oy) be a projective and flat o -scheme such that the generic
fiber of 2~ — Spec(or) is X. We call it a model of X. We denote by 2, =
X ®o, (0x/my) the central fiber of 2~ — Spec(ox). By the valuative criterion
of properness, for any point x € X", the canonical k-morphism Speck(x) — X
extends in a unique way to an ox-morphism of schemes &, : Speco, — 2. We
denote by r2°(x) the image of m, € Speco, by the map &?,. Thus we obtain a
map r ¢ from X" to 25, called the reduction map of 2.

Let .Z be an element of Pic(2") ® Q such that $|X = L in Pic(X) ® Q. The
Q-invertible sheaf Zyields a continuous metric |-| & as follows.

First we assume that .Z € Pic(Z") and .,2”|X = L in Pic(X). For any x € X?",
let w, be a local basis of .Z around r2-(x) and @, the class of w, in L(x) :=
L g, k(x). Forany | € L Qg, k(x), if we set | = ayw, (ax € k(x)), then
ll| #(x) := |ax|y. Here we set h := {|-|»(x)}rexan. Note that & is continuous
because, for a local basis @ of .Z over an open set Z of Z, ||« (x) = 1 for all

x € r} (%), where U, = U ®o, (0x/my) is the central fiber of 7. Moreover,

| [pn (x) = [0 (x) 22)

forall » > 0 and x € X?". Indeed, if we set [ = a,w, for [ € L(x), then
12" = a"®®". Thus

8" | (x) = (a0 = lax [y = |[®"] 2n (x).
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In general, there are an .7 € Pic(2") and a positive integer m such that Z®" = ./
in Pic(2") ® Q and ///|X = L®" in Pic(X). Then we set

= (-L"™.

Note that the above definition does not depend on the choice of .Z and m. Indeed,
let .#' and m’ be another choice. As .Z2" = #/®™ in Pic(2") ® Q, there is a
positive integer N such that .Z®N m' — _/®N™ in Pic(2), so that, by using (2.2),

(o)™ = 11 gonm (¥) = ||_yawm (x) = (|-Lr DN,

as desired.

2.1.7. Let 2 be a model of X. As Zis flat over 0k, the natural homomorphism
Oy — Oy is injective. Let Y be a closed subscheme of X and Iy C Oy the
defining ideal sheaf of Y. Let 7y be the kernel of &9~ — Ox /Iy, that is, Iy =
Iy N 0. Obviously Fy @, k = Iy, so that if we set & = Spec(C 2/ Iw),
then % X spec(o) Spec(k) = Y. Moreover, #is flat over o because O» — Oy is

injective. Therefore, %is a model of Y. We say that #/is the Zariski closure of Y in
Z.

2.2. Normed vector space over a non-archimedean field

In this subsection, we recall several facts on (ultrametric) norms over a non-archi-
medean field. Throughout this subsection, a norm on a vector space over a non-
archimedean field is always assumed to be ultrametric. We also assume that k is
complete except in Subsections 2.2.1-2.2.2.

2.2.1. Topology. In this subsubsection, k is not necessarily complete. Let V be a
finite-dimensional vector space over k and ||| be a norm of V' over (k, |-[). Let r
be the rank of V. We assume that ||-|| extends by continuity to a norm on V ® k,
where k denotes the completion of (k, |-|), on which the absolute value extends in a
unique way. In particular, any k-linear isomorphism k" — V is a homeomorphism,
where we consider the product topology on k" (see [3, Section 1.2, n. 3, Theorem
2 and the remark on the page 1.15]), and for any vector subspace W of V, W is
closedin V andisdensein W Qi k C V Qi k.
For a basise = (eq, ..., e;) of V, we set

laier + -+ -+ arerlle := max{|ai|, ..., |a-|} forall (a1, ...,a,) €k

which yields an ultrametric norm on V ®j %. Note that the norms II-lle and ||-]| on
V are equivalent. In particular, if the valuation |-| is discrete and non-trivial, then
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there exists an integer n such that the unit ball (V, ||-|)<; := {x € V| ||x]| < 1} is
contained in the free 0;-module

worel + -+ w"oge,,

where @ is a uniformizing parameter of oy as in 2.1.1. Since oy is a discrete valua-
tion ring, we obtain that (V, ||-||<1) is an og-module of finite type, and hence a free
ox-module of rank r.

Let (x, | be a family of vectors in V, where n > 2. Assume that (a,)” | € K"
is such that the numbers (||a;x;[[)7_, are distinct, then one has

laixy + - +anxp|l = max la;x].
ie(l,....n)

.....

In particular, ajx1 + - - - + a,x,, is non-zero. Therefore, the image of V \ {0} by the
composed map

VA {0} - RY ——= R/
is a finite set, whose cardinality does not exceed the rank of V over k. In particular,
if the valuation |-| is discrete, then the image of V \ {0} by ||-|| is a discrete subset
of ]Ri; if the valuation || is trivial, then the image of V \ {0} by ||| is a finite set,
whose cardinality does not exceed the rank of V over k.

Proposition 2.1. Assume that |- is discrete. Let W be a quotient vector space of V
andw : 'V — W be the projection map. We equip W Qj k with the quotient norm
I-llw. Then for any y € W there is an x € V such that w(x) = y and ||yllw = || x]l.

Proof. We may assume that y # 0 (the case where y = 0 is trivial). We set
M = Ker(n) Since M is dense in M ®, k= Ker(r;), we obtain that n_l({y}) is

dense in nz ({ y}). Hence there exists a sequence (x,),>0 in V such that w(x,) =y

for any n and that lir}rq lxzl = llyllw. Since the image of V \ {0} by ||-|| is
n— oo

discrete, we obtain that ||x, || = ||y||lw for sufficiently positive n. The proposition is

thus proved. O

2.2.2. Orthogonality of bases. For « € (0, 1], a basis (ey, ..., e-) of V is called
an a-orthogonal basis of V with respect to ||| if

amaxflaillledll, ..., lallle-lI} < larer +---+are-|l Vai,...,ar €k.

If « = 1 (respectively « = 1 and |lej|| = --- = |ler]| = 1), then the above
basis is called an orthogonal basis of V (respectively an orthonormal basis of V).
We refer the readers to [18, Section 2.3] for more details on the orthogonality in
the non-archimedean setting. Let (e’l, ..., €).) be another basis of V. We say that
(e, .. er) is compatible with (e}, ..., e)if key +- - - +ke; = ke| +- - -+ ke] for
i =1,
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Proposition 2.2. Fix a basis (¢, ..., e;) of V. For any a € (0, 1), there exists an
a-orthogonal basis (ey, ..., er) of V with respect to ||-|| such that (e1, ..., e) is
compatible with (e/l, el e;). Moreover, if the absolute value |-| is discrete, then
there exists an orthogonal basis (e1, . . ., e;) of V compatible with (e/l, ..., €)) (see
[7, Proposition 2.5)).

Proof. We prove it by induction on dimy V. If dimy V = 1, then the assertion is ob-
vious. By the hypothesis of induction, there is a ,/a-orthogonal basis (ej, ..., €,—1)
of V' :=ke| +--- + ke,_, with respect to ||-|| such that

key + -+ ke; = ke + - - + ke!
fori =1,...,r —1.Choose v € V \ V'. Since V' is a closed subset of V, one has

dist(v, V') :=inf{flv — x|| : x € V'} > 0.

There then exists y € V’ such that v — y|| < () !dist(v, V'). We set ¢, =

v — y. Clearly (eq,...,er—1,e) forms a basis of V, which is compatible with
(e}, ...,e). Itis sufficient to see that
larer + -+ +ar—1e,—1 + e || = amax{lai|llerll, ..., lar—1lller—1ll, le- I}

forall ay,...,a,—1 € k. Indeed, as |le,| < (ﬁ)_lllalel + -t a—_1e—1 + e,
we have
alle, | < Veallell < later + -+ -+ ar—1e,—1 +er||.

If laier +--- +ar—1e,—1]| < lle/|l, then

larer + - +ar—1e,_1 +er|| = Vale | = Vallaier + -+ ar—1e-1||
> Vo (Voamax{lai|lletll, ..., lar—1llle-—1ll})

= amax{|ailllerll, ..., la—1llle,—1l}.
Otherwise,
laier + - +ar—1er—1 + el = llarer + -+ - + ar—1e, 1|
> Jamax{lai|llerll, ..., la—1llle,—1 1}
> amax{la|llerll, ..., la-—1llle-—1l},

as required.
For the second assertion, it is sufficient to use the discreteness of the set

{lv=xl|xeV’)

to show that it has the minimal value (see Section 2.2.1). [
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Remark 2.3. We assume that k is not complete. Let y € 7<\\ k, we define a norm
Illy on &* by
Via,b) € k>, |l(a,b)lly :=la+byl.

Then there is no positive constant C such that ||(a, b)|l,, > C max{|a|, |b|} for all
a, b € k. In particular, for any o € (0, 1], there is no «-orthogonal basis of k% with
respect to ||-||,,. Indeed, let us assume the contrary. We can find a sequence {a,} in
k with lim,,_, » |a, — y| = 0. On the other hand,

lan — v | = ll(an, _1)”)/ > Cmax{|ay|, 1} = C

for all n. Th1s is a contradiction. Note that the norm ||-||,, extends by continuity
to a map RN Rso sending (a, b) € %2 to la + by|. But this map is a semi-
norm instead of a norm. Therefore, the hypothesis that the ||| extends to a norm on
V ®y k is essential.

2.2.3. Dual norm. From now on and until the end of the section, we assume that
(k, |-]) is complete. Let (V, ||-||) and (V’, ||-||") be finite-dimensional normed vector
spaces over k,and ¢ : V. — V' be a k-linear map. By the topological property of V
that we resumed in Subsection 2.2.1 we obtain that the linear map ¢ is continuous,
which implies that

I’

vevrjo; IVl

ol Homy (v, v7y =

is finite (in the case where |- is trivial, we also use the fact that ||-|| and |-||" only
takes finitely many values). Note that ||-||gom, (v,v) yields an ultrametric norm on
Homy (V, V'), called the operator norm. We denote ||-||Hom, (v.x) by II-IIV (i.e., the

case where V' = k and ||-||' = |-|), called the dual norm of ||-||. By definition, one
has
lp | < llollY x|l
forany x € V and ¢ € VV. In particular, one has
x|V < ||lx| forall x € V, (2.3)

where we identify V with (V)Y via the natural isomorphism.

Let (e;);_, be an a-orthogonal basis of V, a« € (0, 1], and (eiv)lT:1 be its
dual basis of VY. By definition one has ¢;(Aje; + --- + A.¢,) = A; for any
(A, ..., As) € k". Hence

|2l

ley IV = sup <o Mel™. @24
' Otyoh) £00,...,0) 1A1€1 + - -+ Arer | l
Therefore, for any ¢ = alelv +---+are’ € VY, where (ai, ..., ar) € k", one has
lplen)| _ lail |
ol = l l olaillle] .

el el =
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Namely the dual basis (el.v );_, is a-orthogonal with respect to the dual norm ||-|| v,

By the same reason, the basis (¢;);_, is also a-orthogonal with respect to the double

dual norm ||-||VV, and for any x = Aje; + --- + Are, € V one has
e’ (x A
el = L9 Pl el foralli € {1, .. )
lle;" | lle; |l

where the second inequality comes from (2.4). We then deduce that

\aY%
Xl = o ax }I)»illlez'll > allx|.
4 r

.....

By Proposition 2.2 and (2.3), we obtain that the natural isomorphism V — (V)Y
is actually an isometry, where we consider the double dual norm ||-||VY on (VY)V.

2.2.4. Scalar extension of norms. In this subsubsection, we fix a finite-dimensional
normed vector space (V, ||-||) over k.

Definition 2.4. Let k' be an extension field of k, and let |-|" be a complete absolute
value of ¥’ which is an extension of |-| (we call (', |-|") a complete valued extension
of (k, |-])). We set Vi := V ®y k. Identifying V} with

Homy (Homy (V, k), k'),
we define ||-||; as the operator norm on V-, that is,

1Vl o= sup {7'“’ @ Dl
' Il

The norm ||-||;r is called the scalar extension of ||-||.

¢ € VV} forall v’ € V.

By definition, if ||-]|; and ||-||> are two norms on V such that ||-||; < ||-||2, then
one has [|-l{ > ||-|I5 and hence ||-[|1 ¢ < [|-l|2,+’- Moreover,

¢ ()|
el

see Subsection 2.2.3 for the last equality. In other words, |||’ extends the norm ||-||
on V. It is actually the largest ultrametric norm on Vs extending ||-||. In fact, by
an argument similar to that in Subsection 2.2.3 we can show that, if (¢;);_, is an -
orthogonal basis of (V, [|-]|), where & € (0, 1], then (¢; ® 1);_, is an a-orthogonal
basis of (V, ||-|lx). Assume that ||-||" is another ultrametric norm on Vjs extending
II-|I. If (eq, ..., er) is an a-orthogonal basis of V, where o € (0, 1), then we have
forall (a,...,a)) €k’

lv® 1y = sup{ ¢ € Vv} = |lv|"Y = |jv|| forallv € V,

allajer + - +are | <a max }(Iail/lleill/)
i yeensT

,,,,,
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This maximality property implies that, if (k”, |-|”) is a complete valued extension
of (k’, |-|"), then one has

[l = ll-llxr k7 on Vir =V @i k" = Viy @i k. (2.5)

Lemma 2.5. Let f : V — W be a surjective homomorphism of finite-dimensional
vector spaces over k. We assume that dimy W = 1 and let ||-||w be the quotient
norm of ||-|| induced by the surjective map f : V — W. Then the norm ||-||w i
identifies with the quotient norm of |-\ induced by the surjective map fi =
fRidy : Vir — Wy

Proof. Let || '”/Wk/ be the quotient norm of ||-|| induced by the surjective map fy :

Vir — Wy . Let £ be an non-zero element of W. As |[£||w x = |[£]lw, it is sufficient
to show that ||€||’Wk/ = ||£||w . Note that

fveVifw=0c{ eVl fet) =1t}

so that we have ||£||lw > |I£||, ” In the following, we prove the inequality ||£|w <

||Z||/‘4/k" For o € (0, 1), let (ey, ..., er) be an a-orthogonal basis of V such that
(e2, ..., er) forms a basis of Ker(f) and that f(e;) = £. Then
lelly,, = inflller +abes + -~ +aje v | ab. ... a} € k)
> inf{o max{|le1 ||, lay|'lezll, . ... la|'le I} | a3, - .., a; €K'}

aller] = cll€flw.
Therefore, we have ||£||/Wk/ > ||€||lw by taking o — 1. O

Lemma 2.6. We assume that the absolute value |-| of k is trivial. Let (k',|-|") be
a complete valued extension of (k, |-|) such that |-|' is non-trivial. Let oy be the
valuation ring of (k', |-|") and wy the maximal ideal of oy . Suppose that

(1) The natural map k — oy induces an isomorphism k = Ok /My
(2) For all elements v and v' in V\{0} such that ||v|| # ||V ||, the quotient ||[V'||/||v]|
does not belong to |k'™|'.

Then ||-||x is the only ultrametric norm on Vi extending |-||.

Proof. We prove the assertion by induction on the rank r of V over k. The case
where r = 1 is trivial. In the following, we suppose that the assertion has been
proved for normed vector spaces of rank < r over k.

Let [|-||" be another ultrametric norm on Vs extending ||-||. Since |||z is the
largest ultrametric norm on Vs extending ||-||, we obtain that ||| = ||-||’. If the
equality ||-]|' = ||-|lx does not hold, then there exists a vector x € Vj such that
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lxll' < lx|lg. Let (e *_, be an orthogonal basis of (V, [|-]|), which is also an

orthogonal basis of (Vy, ||-||lx’). Suppose that x is written in the form x = aje; +
.-+ ayey, with (ay, ...,a,) € k. We will prove that |a;|'||e;|| are the same for
i € {l,...,r}arguing by contradiction. Without loss of generality, we assume on
the contrary that

larl'llerll < -+~ < lajl'llejll < lajtil'lej+1ll =+ = lar|"ler ||
with j € {1,...,r — 1}. Note that

.....

/ / /
Ixl” < lixllw = max |a;['lleill = lar|ller]l.
ie{l,...,r}
Moreover, by the induction hypothesis, the norms |-||" and |-z coincide on
k'ejy1 + -+ k'er. In particular, one has
lajriejr1+ - +arer ]l = lay|ller|l.
Therefore, if we let y = aje; +--- + ajej,then we have

Iyll'=llx—(ajt1ejt1 + - +are)ll" = lar|'ller | > max ,}Iail/lleill = lylle,
l

-y

which leads to a contradiction since ||-||" < ||-||x. Hence we should have

la'lerll = - = la|ller|I.
By the condition (2), we have |lej]| = --- = |le/|| (namely the function || is
constant on V \ {0}) and hence |a;|" = --- = |a;|" > 0. By the assumption (1), we
obtain that, for any i € {1,...,r} there exists a b; € k™ such that |¢; — b;a,|" <
|ar|". Thus
r r /
IxII" = |lar Y _biei + Y (ai — biar)ei| = lar|'ler] = Ix]le
i=1 i=1
since
r !/ r / r !/
a, Y biei| =la,'| Y _biei| =la|llesl and | > (a; — biay)ei| <lar|'llerl.
i=1 i=1 i=I
This leads to a contradiction. The lemma is thus proved. 0

Remark 2.7. We assume that |-|’ is discrete and
la'|" = exp(—a ord,,, (a')) a ek

fora € Rog. If
a¢ |J Qdoglvl—logllv]),

v, eV\{0}
/|/

then the assumption (2) holds. Indeed, we suppose that |a’|" = ||v||/||v’|| for some

a ek’ andv,v € V\ {0}. Then
—aord,,, (a") = log |[v]| — log [|v/]],

so that ord,,, (a’) = 0, and hence |Jv]| = [[v']|, as required.
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2.2.5. Lattices and norms. From now on and until the end of the subsection, we
assume that |-| is non-trivial. Let ¥ be an o-submodule of V. We say that ¥ is a
lattice of V if Y ®,, k = V and

sup{llvllo [ v e ¥} < o0

for some norm ||-||o of V. Note that the condition sup{||v]o | v € ¥} < oo does
not depend on the choice of the norm ||-||p since all norms on V are equivalent. For
any lattice ¥ of V, we define ||-|| yto be

lv]|»:= inf{|a|_1 |a € k™ and av € V'}.
Note that ||-||» forms a norm of V. Moreover, for a norm ||-|| of V,
VoD :=fveViivl=1}
is a lattice of V.

Proposition 2.8. Ler V be a lattice of V. We assume that, as an og-module, V'
admits a free basis (ey,...,er). Then (ey,...,e) is an orthonormal basis of V
with respect to ||-||v.

Proof. Forv =aje; +--- +aye, € Vanda € k™, it holds

av € ¥V aa; coyforalli =1,...,r

> |a;| < la|™ foralli=1,...,r
—1
(E)max{|al|w--’|ar|}§|a| El
so that ||v]|y = max{|ai], ..., |ar|}. O

Lemma 2.9. Let ||-|| be a norm of V and V.= (V, ||-|)<1. Then
Ilvlly = inf{|b| | b € k™ and ||v]| < |bl}.

Moreover, ||| < |-lly and |vlly < lalllv] for all @ € k* with |a| > 1 and
v e V\{0}.
Proof. The first assertion is obvious because, for a € k*, av € 7if and only if
o)l < lal™".

Forv € V,leta € k* with av € 7. Then |lav| < 1, thatis, |[v]| < |a|~', and
hence [[v]| < [lv[|»-

Finally we consider the second inequality, that is, |[v]ly < |«||v] for v €

V\ {0}. As |a|~! < 1, there is an € > 0 with |a|~'e€ < 1. By the first assertion,
we can choose b € k* such that |[v| < |b| < e€|[v]|y. If |[v]| < |ba™!], then

-1 -1
[vlly < bllal™ < efllullyfel ™.
Thus 1 < e€|a|~". This is a contradiction, so that ||v|| > |ba~!|. Therefore,
lvlly < 16 < lallvll,

as required. O
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Proposition 2.10. We assume that |-| is discrete. Then we have the following:

(1) Every lattice V of V is a finitely generated oy-module;
(2) If we set V = (V,|-)<1 for a norm of ||-|| of V, then ||v] < |lvlly <
||~ forve V\ {0}.

Proof. (1) By Subsection 2.2.1, (V, |-|l#)<1 is a finitely generated o;-module.
Moreover, note that ¥ C (V, ||-|»)<1. Thus we have (1) because 0y is Noethe-
rian.

Part (2) follows from Lemma 2.9. ]

Proposition 2.11. We assume that |-| is not discrete. If we set ¥V := (V, ||-|) <1 for
anorm of |-l of V, then ||-|| = ||-[l»-

Proof. Since |-| is not discrete, |k*| is a dense subgroup of Ri (see [5, Chapter V,
Section 1, no. 1 and Section 4, no. 1]). We can thus find a sequence {,B,,}g‘; | such
that |8,| > 1 and lim,,, » |B,| = 1. On the other hand, by Lemma 2.9, it holds

1= 111w < 1Balll-II-

Therefore the assertion follows. O

Proposition 2.12. We assume that the absolute value || is not discrete. Let ||-|| be
a norm of V.and ¥ := (V, ||-|)<1. For any € > 0, there is a sub-lattice V' of V'
such that V' is finitely generated over o and ||| < ||-|lv < €¢|-|l.

Proof. Let (eq, ..., e,) be an e~¢/?>-orthogonal basis of V with respect to ||-|| (cf.
Proposition 2.2). We can find a A; € k* such that ||e;|| < |A;| < e/?|¢;| for each
i. We set w; := ki_lei G=1,...,r)and ¥ := orw; + --- + orw,. Note that
w; € Vfor all i, that is, ¥ is a sub-lattice of ¥ and ¥ is finitely generated over

0x. By Proposition 2.11, one has ||-|| = |-y, and hence ||-|| < ||-||». Moreover, for
c1, ..., Cr € k, by Proposition 2.8,
lcrer + -+ crerlly = llcihor + - - - + crhr o |y = max{[ciAy], ..., |crAr]}
2
< ePmax{leillerll, - ., lerllle |1}

<ellcrer +- -+ e,

hence we have |||y < e€|-||. -

2.3. Seminorm and integral extension

Let o7 be a finitely generated og-algebra, which contains o as a subring. We set
A = 9/ Q,, k. Note that A coincides with the localization of .7’ with respect to
S := o; \ {0}. Let Spec(A)?" be the analytification of Spec(A), that is, the set of
all seminorms of A over the absolute value of k. For x € Spec(A)?", let 0, and m,
be the valuation ring of (£(x), |-|x) and the maximal ideal of oy, respectively (see
Subsection 2.1.3 for the definition of K (x)). We denote the natural homomorphism
A — k(x) by @,. Itis easy to see that the following are equivalent:
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(1) Spec(k(x)) — Spec(A) extends to Spec(0,) — Spec(«), that is, there is a
ring homomorphism @, : 2/ — 0, such that the following diagram is commu-
tative:

7
o —=> o,

l l

A k)
() laly < lforalla € o7

Moreover, under the above conditions, the image of m, of Spec(o,) is given by
@y (M) = (] |-[x) <1, and (, |-Ix) <1 € Spec(&/)o, where

(A, |1)<1 :={a € | al, <1},
Spec(&)o := {P € Spec() | P N oy = my}.

Let Spec(A)?) be the set of all x € Spec(A)™" such that the above condition (2) is
satisfied. The map r, : Spec(A)%) — Spec(#/), given by

x> ()<

is called the reduction map (cf. Subsection 2.1.6). Note that the reduction map is
surjective (cf. [2, Proposition 2.4.4] or [11,4.13 and Proposition 4.14]).

Theorem 2.13. If we set 2 .= {a € A | « is integral over <7}, then

=[] @AlHo=,

xeSpec(A)Y,

where (A, |-|x)<1 == {a € Al ol < 1}.

Proof. Let us first see that 8 C (A, ||x)<1 for all x € Spec(A)%). If a € A, then

there are ay, ..., a, € </such that a” + aja"~! + --- +a, = 0. We assume that
lalx > 1. Then

lal? = la" |y = la1a"" + - +anly <  max {lailxlaly™"}
i=1,...,n

IA

max {la|”™"} = |a|" !,
n

i=

.....

so that |a|, < 1, which is a contradiction.

Let a € A such that a is not integral over .27. We show that there exists a prime
ideal q of .o such that the canonical image of a in A/S™!q is not integral over
27/q. In fact, since A is a k-algebra of finite type, it is a noetherian ring. In partic-
ular, it admits only finitely many minimal prime ideals S~!py, ..., S~'p,, where
P1, ..., Py are prime ideals of o7 which do not intersect § = o \ {0}. Assume that,
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forany i € {1, ..., n}, there is a monic polynomial f; in (<7/p;)[T] on such that
fi(x;) = 0, where A; is the class of a in A/S_lp,-. Let F; be a monic polynomial in
/[ T] whose reduction modulo p;[T] coincides with f;. One has F;(a) € S ’1pi for
anyi € {1, ..., n}. Let F be the product of the polynomials F1, ..., F,. Then F(a)
belongs to the intersection (), S~'p;, hence is nilpotent, which implies that a is
integral over .27, To show that there exists an x € Spec(A)%) such that |a|, > 1 we
may replace .7 (respectively A) by .<7/q (respectively A/S~'q) and hence assume
that .2/is an integral domain without loss of generality.
We set b = a~!. Let us see that

bt [b]Nox #1{0} and 1 & bat[b].

We seta = a’/s for some a’ € «/and s € S. Then s = ba’ € b</[b] N o, so that
ba/[b] N oy # {0}. Next we assume that 1 € bo/[b]. Then

| =ajb+abb? +---+a,b"

forsomeay, ..., a, € o sothat a" = aﬁa"/*1 +- - -4aj,, which is a contradiction.
Let p be the maximal ideal of .«/[b] such that b.aZ[b] C p. As pN oy # {0} and

pNo; € my, we have pNog = my, and hence p € Spec(/[b]),. Note that &/[b] is

finitely generated over o; and .&7[b] ®,, k = A[b]. Thus, since the reduction map

roib) * Spec(A[b) g, — Spec([b])o

is surjective, there is an x € Spec(A[b])f‘;{‘[b] such that r(x) = p. Clearly

x € Spec(A)7). As b € p, we have |b|, < 1, so that [a|, > 1 because ab = 1.
Therefore,

ag () (A<,

xeSpec(A)%,
as required. O

We assume that X is projective. Let 2 — Spec(oy) be a flat and projective
scheme over Spec oy such that the generic fiber of 2 — Spec(ox) is X. Let £ be
an invertible sheaf on 2 such that $|X = L. Weseth :={|-|#(x)}rexan. For the
definition of the metric |-| ¢ (x) at x, see Subsection 2.1.6.

Corollary 2.14. Fixl € HO(X, L). If |l|.(x) < 1 for all x € X™, then there is an
s € og \ {0} such that sI®" € HO(Z, £L®") for alln > 0.

Proof. Let Z' = UlN: | Spec(.#7) be an affine open covering of 2 with the follow-
ing properties:

(1) < is a finitely generated algebra over o for every i;
(2) Spec()o # ¥ forall i;
(3) There is a basis w; of -Zover Spec(«7;) for every i.
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We set | = a;jw; for some a; € A; := <7 ®,, k. By our assumption, |a;|, < 1 for
all x € Spec(A,-)f;i . Therefore, by Theorem 2.13, g; is integral over <7, so that, by
the following Lemma 2.15, we can find s; € S such that s;a]' € g for alln > 0.
We sets = s1---sn. Then,assa;’ € of forallm >0andi = 1,..., N, we have
the assertion. O

Lemma 2.15. Let A be a commutative ring and S be a multiplicatively closed sub-
set of A, which consists of regular elements of A. Ift € S™' A and t is integral over
A, then there is an s € S such that st € A for alln > 0.

Proof. As t is integral over A, there are ay, ..., a,—1 € A such that
=ait 4 a it +a.

We choose s € S such that st/ € Afori =0,...,r — 1. By induction on n, we
prove that st € A for all n > 0. Note that

"= altn—l 4. _’_ariltn—r—i-l _}_artn—r.
Thus, if st' € Afori =0,...,n — 1,then st" € A because

st =an(st" ) e (50 - (s7). a

2.4. Extension obstruction index

In this subsection, we introduce an invariant to describe the obstruction to the exten-
sion property. Let X be a reduced projective scheme over Spec k, L be an invertible
sheaf on X equipped with a continuous metric /, and Y be a reduced closed sub-
scheme of X. For any non-zero element [ of H(Y, L|y), we denote by A, (/) the
following number (if there does not exist any section s € H?(X, L®") extending
[®", then the infimum in the formula is defined to be +o0o by convention)

1 n
(D) = limsup  inf (M
n

n—+oo seHO(X,L®")
sly=1®"

— log ||l||y,h) € [0, +o0]. (2.6)

This invariant allows to describe in a numerically way the obstruction to the metric
extendability of the section /. In fact, the following assertions are equivalent:

(@) Ap() =05
(b) for any € > 0, there exists an ng € N> such that, for any integer n > ng, the
element /®" extends to a section s € H*(X, L®") such that ||s||pn < e ||I||}, , .

The following proposition shows that, if /®" extends to a global section of L®" for
sufficiently positive n (notably this happens when the line bundle L is ample), then
the limsup defining Aj (/) is actually a limit.
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Proposition 2.16. For any integer n > 1, let

ap =  inf <1Og l[sllpn — nlog IIZIIY,h)-

Then the sequence (a,)n>1 is sub-additive, namely one has am+, < an + a, for
any (m,n) € Nx1. In particular, if for sufficiently positive integer n, the section
[®" lies in the image of the restriction map HOY(X, L®") — HOY, L|§?”), then the
limit superior in (2.6) is actually a limit.

Proof. By (2.1), one has a, > 0 for any integer n > 1. Moreover, a,, < o0 if and
only if /" lies in the image of the restriction map H*(X, L®") — HO(Y, L |§?”). To
verify the inequality a,,1, < a,, + a,, it suffices to consider the case where both
ay, and a, are finite. Let s, and s, be respectively sections in H 0(X, L®™) and
HO(X, L®") such that s,,|y = [®" and s,|y = [®", then the section s = s,, @ s, €
HO(X, L®+m) verifies the relation s|y = [®""+™)  Moreover, one has

l[$llpmtn = sup [s|pmen(x) = sup (|smlpm (xX) - |Snlan (X)) < l$mllam - |Snllnn-
xeXxan xeXxan

Since s;, and s, are arbitrary, one has a,,+, < a, + a,. Finally, by Fekete’s lemma,
if a, < 4o0 for sufficiently positive integer n, then the sequence (a, /n),>1 actually
converges in R . The proposition is thus proved. O

Corollary 2.17. Assume that the invertible sheaf L is ample, then the following
conditions are equivalent.

(@ An(l) =0;
(b) for any € > 0, there exists an n € N> and a section s € H 0(X, L") such
that s|y =" and that ||s||pn < e€"||l||’;’h.

Proof. We keep the notation of the previous proposition. By definition the second
condition is equivalent to

liminf 2 = 0. 2.7)

n——+o00 n

Since L is ample, Proposition 2.16 leads to the convergence of the sequence
(an/n)n>1 in R4. Hence the condition (2.7) is equivalent to A5 (I) = 0. ]

3. Continuous metrics of invertible sheaves
In this section, we consider several properties of continuous metrics of invertible

sheaves. Throughout this section, let X be a reduced scheme of finite type over
Spec k and L be an invertible &'x-module.
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3.1. Quotient metric

Let V be a finite-dimensional vector space over k. We assume that there is a surjec-
tive homomorphism
7:VQOx — L.

Foreache € V,m(e®1) yields a global section of L, thatis, m(e®1) € HY(X, L).
We denote it by e. Let ||-|| be a norm of V and V := (V,|-|). Let ||-[l¢() be a
norm of V &y k(x) obtained by the scalar extension of ||-|| (cf. Definition 2.4). Let
|~|%l°t(x) be the quotient norm of L(x) := L ® k(x) induced by |-||z() and the
surjective homomorphism V ®; k(x) — L(x).

Proposition 3.1. The family {I-I%mt(x)} » defines a continuous metric on L*".
XE an

Proof. The problem is local for the Zariski topology. Hence we may assume with-
out loss of generality that L is the trivial &x-module. Denote by so the global
section of L which trivializes L on X. It suffices to show that the function |so|%lot
is continuous on X",

For any point x € X" and any element s € V ®; k(x), there exists a unique
element fy(s) € ¥ (x) such that s(x) = fx(s)so(x), where s(x) denotes the image
of s by the natural (surjective) homomorphism 7 (x) : V ®; k(x) = L ®¢, k(x).

—1
The map f is a linear form on V ®; £ (x), and one has |so|$10t(x) = (llfx ||,¥(x)) ,

where || -||I¥(x) denotes the dual norm of [|-||z(y) (see Subsection 2.2.3).

It remains to prove that the function (x € X*) — || fx ||I¥(x) is continuous. We

first treat the case where (V, ||-||) admits an orthogonal basis (e;)’_, (see Subsec-
tion 2.2.2 for the notion of orthogonality). Let (e’ t_, be its dual basis. For any
x € X*, (¢)i_, is an orthogonal basis of (V ®; k(x))" (see Subsections 2.2.3-
2.2.4). Moreover, by construction there exist regular functions g, ..., g on X
such that f, = g1(x)e) + - -- + gr(x)e). Note that
\ \2
”fx”,\g/(x) = ie?il,?.).(,r} 18 (X)]x - ”el\/ ||/2(x) = iEl{Tll,E.l.).(,r} lgi (X)]x - Hel\/ || )

where ||-||V denotes the dual norm of ||-||. Therefore the function x — || fx ”/\A(/(x) is
continuous.

We now consider the general case. By Proposition 2.2, for any integer n > 2,
there exists a basis (e}"))lfz , of V- whichis (1— %)-orthogonal. Let ||-||,, be the norm
on V such that

[ 4o

_ max}|/\,-|-”e§”> forall (hy, ..., %) € k'
n

n iefl,...,
()
)i

G)ipis (1 — %)—orthogonal, we obtain that

1
(1 - —> l-lla < M-I < W-lln-
n

Since the basis (e
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Therefore, if we denote by |‘|?\L;O|t\-||,,)

I-lln,2(x)> Wwhere x € X", one has

(x) the quotient norm on L(x) induced by

1
log |s0|?“i°|t|_” ,(x) — log |so|$’°‘(x)‘ < —log (1 — —) for all x € X
Al 14 n

By the particular case we have proved above, each function log |so |?‘l;°‘t| A is contin-
’ n

uous. Therefore, the function log |so @]Ot, which is the uniform limit of a sequence

of continuous functions, is also continuous. Thus we obtain the continuity of the

function |so|((]5°|t‘ ) and the proposition is proved. O
’ n

From now on and until the end of the subsection, we assume that X is projective
and L is generated by global sections. Let 7 = {|-|,(x)}xexan be a continuous metric
of L* As HO(X, L) ®x Ox — L is surjective, by Proposition 3.1,

pauot _ { _quot X }
Moo 0,110 O o

yields a continuous metric of L*". For simplicity, we denote |~|((l]lf](i)t( X010 )(x) by
|.lquot ot e

»  (x). Moreover, the supremum norm of H O(X, L) arising from h9"" is denoted
uot . uot
by [I-[l"", that is, [|-[[}1"* == |-l auot.

Lemma 3.2. The following statements hold:

(1) We have |-|4(x) < |-[7*"(x) for all x € X*;

(2) We have ||-{l5 = [I-ll}"";
(3) Let (L', h') be a pair of an invertible sheaf L' on X and a continuous metric
h = {|-|p(x)}xexan of L'*" such that L' is generated by global sections. Then

|11 () < T Qo (5 (o)

forl e L(x)andl' € L'(x).

Proof. (1) Fix I € L(x) \ {0}. For e > 0, let (ey, ..., e,) be an e~ €-orthogonal
basis of H(X, L) with respectto ||-]|;. Thereisan s € HY(X, L) ® & (x) such that

s(x) =1 and [Isllpece) < €1 (x). We sets = aje) + -+« + anen (ai, ..., ay €
k(x)). Then, by Subsection 2.2 4,

Islinee) = e maxflailxlleilln, -- - lanlxllealln}

> e max{lai|lerln(x), ..., lanlxlenln(x)} = e™€|l]n(x),

so that |[|,(x) < e2€|l|2u0t(x), and hence the assertion follows because € is an

arbitrary positive number.
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(2) By (1), we have |||, < ||-||2u0t. On the other hand, as |s|2um(x) < |Is|| for
s € H(X, L), we have ||s|[}"" < [ls]|-

(3)Fore > 0, there arean s € H(X, L) ® k(x) andan s’ € H(X, L) ®
K (x) such that

t t
s@) =1, 8" ) =1, lIslpecy < €y ) and 1"y ey < €11 ().

Let us show |Is - 8'llhgn ey < €*lslneclls'lneq). Let (siy...,sm) and
(s{,....s ) be e~“-orthogonal bases of H°(X, L) and HO(X, L'), respectively. If
VAvesets =181+ - HtpSy and s’ = 115+ - -+tr/n,s;n, (withty, ... ty, 1], ""tr/n’ €
K (x)), then

5.8 = Ztit}s; s;
i
Thus,
s - 5" lheon ey < Max {181 |27 x llsi - 8 lnen < max {1e [ [¢; | llsi a8 1
j j J j
i,] [2¥)
< max {Jg; i ) max {11711 v |
i j
< p2€ . / N
< e sl i) -

Therefore, we have (s - s')(x) =1 -1’ and

uot 2 4 uot uot
- gy @) < s - s lnen ey < € lsllniecnlIs e €I, I (),

as required. O

Proposition 3.3. Ifthere are a normed finite-dimensional vector space (V, ||-||) and

a surjective homomorphismV ®y Ox — L such that h is given by { | -|((150|t‘ n (x)}

then |-y (x) = |- (x) for all n > 1.

xexan )

Proof. First we consider the case n = 1. Fix [ € L(x) \ {0}. For € > 0, there is an
s € V @ k(x) such that s(x) = [ and [|s ]|z < e“|l]n(x).

Note that |lu||, < ||u|| forallu € V. Let (eq, ..., e) be an e~ €-orthogonal
basis of V with respect to ||-||. If we set s = aje; + - -+ + are, (Withay,...,a, €
K (x)), then, by Subsection 2.2 4,

Isllp,ec) < max{latlclleilin, -, lar|xllerlln}
< max{lai[xllell, ..., lar[xlle- |1}
< e lIsllec)

so that

t 2
) < sllnce) < €llslleq) < e*nx),
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and hence IIIEUOt(x) < |l]n(x) by taking € — 0. Thus the assertion for n = 1

follows from (1) in Lemma 3.2.
In general, by using (3) in Lemma 3.2,

n
1 (0 = (UG = (1 0) = 1715 0o,
and hence we have the assertion by (1) in Lemma 3.2. O

Lemma 3.4. We assume that there are a normed finite-dimensional vector space
(V, I-I) and a surjective homomorphism V ®; Ox — L such that h is given by

|-|?50|t|_”)(x) o’ Let k' be a separable extension field of k, and let |-|' be a
) XE an

complete absolute value of k' as an extension of |-|. We set
X' := X Xspeck) Spec(k’), L' =L@k’ and V' :=V @k

Let |||’ be a norm of V' obtained by the scalar extension of ||-||. Moreover, let h'
be a continuous metric of L'*" given by the scalar extension of h. Then h' coincides

X quot /
with { |'|(V/,H'||/)(x )}x,EX/an .

Proof. Let f : X' — X be the projection. For x’ € X'*", we set x = f3(x').
Then & (x) € & (x") and (L ®x K (X)) ®gx) K (x") = L' @ k(x"), that is, L(x) ®¢(x)
k(x") = L'(x"). Moreover, V' ® k(x") = (V @ £(x)) ®z(x) kK (x'), and by (2.5),
I '”:2(;/) = [I“lle "y = II"ll2x).2 "y - Thus the assertion follows from Lemma 2.5. []

Proposition 3.5. We assume that there is a subspace H of H*(X, L) such that
H Qi Ox — L is surjective and the morphism ¢ : X — P(H) induced by H is
a closed embedding. We identify X with ¢ (X), so that L = ﬁ]p(H)(l)|X. Let ||-||

be a norm of H such that H has an orthonormal basis (e, ..., e;) with respect to
II-]l. We set
b= {00 (%) and H:=orer+---+ore, = (H, ||-[)<1.
HIDM

Let 2 be the Zariski closure of X in P(J ) (cf. Subsection 2.1.7) and £ =
Opry(1) g Then || (x) = || #(x) for all x € xan,

Proof. First let us see that |s|,(x) < |s|#(x) fors € H. Let wg be a local basis of
ZLaté =rg(x). If we sets = sgwg, then

Is].z(x) = [sg]x.

As sgls € Z and H®,, Og¢ — L& is surjective, there are /1, ..., [, € and

ai,...,ar € Og such that s&__ls =aily + - - - + a,l,. Therefore,
55| 0 = maxtlandala o), lards s ()
= max {|ai|x|l1[n(x), ..., lar x|l [n ()} < 1,

so that |s], (x) < |sglx = |s]|#(x), as required.
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Next let us see that |/| #(x) < |||z forall ] € H ® k(x). By Subsec-

tion 2.2.4, (ey, ..., e;) is an orthonormal basis of H ® £ (x) with respect to 112 ) -
Thus, if we setl = aje; +--- +arer (a1, ..., ar € k(x)), then
|z (x) < max{lai|x|e1]|#(x), ..., lar|xler| 2 (x)}
<max{laly, ..., lar|x} = ||l||/2(x)-

Finally let us see that |s| ¢ (x) < [s|p(x) for s € H. For ¢ > 0, we choose [ €
H ® k(x) such that [(x) = s(x) and ||l|lz(xy < e®|s|n(x). Then, by the previous
observation,

sl () =12 () < ey < e lsln(x).

Thus the assertion follows. O

Remark 3.6. We assume that || is non-trivial and ||-|| = ||-||s» for some finitely
generated lattice 7Z of H. Then a free basis (e, ..., e;) of Fyields an or-
thonormal basis of H with respect to ||-|| (¢f. Proposition 2.8). Moreover, ¢ =

(H, [[-lD<1-

3.2. Semipositive metric

We assume that L is semiample, namely certain tensor power of L is generated by
global sections. We say that a continuous metric 7 = {|-|5(x)}xexan is semipos-
itive if there are a sequence {e,} of positive integers and a sequence {(Vj, ||:||)}
of normed finite-dimensional vector spaces over k such that there is a surjective
homomorphism V,, ® Ox — L®* for every n, and that the sequence

quot oo
{ 1 log —|'|(VH?”'”n)(x)}
1

€n |lnen (x)

converges to 0 uniformly on X?".

Proposition 3.7. If X is projective, L is generated by global sections, and h is
semipositive, then the sequence

I rr e b
{_10 [ ()

g—
T NTICN

converges to 0 uniformly on X*.

Proof. We set

| )
a; = max log m .

xexan
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Then a4,y <am+a,y by (3) in Lemma 3.2, and hence lim,, , o @, / m =inf{a,, /m}
by Fekete’s lemma. For € > 0, there is an ¢, > 0 such that

e pen (x) = |1, (x) < €] [pen (x)

for all x € X", where h,, = {|'|?53T\|-|\,,)(x)}xexa"‘ Thus

e~ Nellnen < IIlln, < € Il-llpen,

so that e_e"€|-|23,?t(x) < |‘|22°t(x) < ee"€|-|22,?t(x). Thus, by Proposition 3.3,

e e () < [l () < €€ (x).
Therefore,
L ) iy @) @) e
T e () e lpen (X) [+, (X) T
thatis,0 < a,, /e, < 2¢,and hence 0 < lim,,_, c a;/m < 2e, as required. O

Corollary 3.8. A continuous metric h is semipositive if and only if, for any
€ > 0, there is a positive integer n such that, for all x € X*, we can find
s € HOX, L)) \ {0} with ||s|lpn 2y < € |s]pn (x).

Proof. First we assume that /4 is semipositive. By using Proposition 3.7, we can
find a positive integer n such that L®" is generated by global sections and

[l () < [0 ) < €2 (x)

for all x € X", On the other hand, there is an s € H°(X, L®”),2(x) \ {0} such that
Isllan ey < e"f/zlsl%m(x). Thus,

ne/2 g (dut

Isllpn ey < e pn (X) < €"[s|pn (x).

Next we consider the converse. For a positive integer m, there is a positive inte-
ger e,, such that, for any x € X*, we can find s € HO(X, L®m): ) \ {0} with

s llpem 2y < e/ M| s | pem (x). Clearly L®* is generated by global sections. More-

over, ot

< em/m
(HOX, L&), o) ) = € 18 em (),

|$[hem (x) < |s]

that is,
t
1800 f@emy 11 oy ()
0 < - log | —HOLEM Wen) Si'
em || pem (x) m

Thus 4 is semipositive. O
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Corollary 3.9. Let h be a continuous metric of L*™. If there are a sequence {e,}
of positive integers and a sequence {h,} of metrics such that h, is a semipositive
metric of (L&) for each n and

1 og 11 ()
0 ——

en  |lnen (x)
converges to 0 uniformly as n — 00, then h is semipositive.
Proof. For a positive number € > 0, choose a positive integer n such that

e—Een/3hen < hn < e€en/3hen‘

As h,, is semipositive, by Corollary 3.8, there is a positive integer m such that,
for all x € X*, we can find s € HY(X, L®me”),;(x) \ {0} with [Islpm 20y <

eme"e/3|s|h»nn (x), so that

emey, /3 2mey€/3

sl pmen 2y < € Is|pm (x) < €"|s|pmen (x).

Isllpm ) < e

Therefore, the assertion follows from Corollary 3.8. O

3.3. The functions ¢ and g on X"

Throughout this subsection, we assume that X is projective. Let ISEC()(X ) denote
the group of isomorphism classes of pairs (L, &) consisting of an invertible sheaf L
on X and a continuous metric & of L®. Fix L = (L, h) € Picco(X). We assume
that L is generated by global sections. We define o7(x) to be

_|quot
oz (x) :=log (| b OC)) .

-ln (x)

Lemma 3.10. For L and L' € ﬁi?:co (X) such that both L and L' are generated by
global sections, we have the following:

(1) o = 00n X*;

(2) opgr(¥) =op(x) + o/ (x) for x € X*;

3) IfL ~ Z/, then o = o on xan,
Proof. (1) and (3) are obvious. (2) follows from (3) in Lemma 3.2. O
We assume that L is semiample. We set

N(L) := {n € Z> | L®" is generated by global sections} .
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Note that N(L) # ¢ and N(L) forms a subsemigroup of Zs with respect to the
addition of Z>1. For x € X*", we define uz(x) to be

py(x) == inf{ GZ@; )

‘ neN(L)}.

Note that puz is upper-semicontinuous on X*" because oen is continuous for all
n € N(L). We set

Pico(X) := {(L. h) € Picco(X) | L is semiample}.
Note that 151\02:0 (X) forms a semigroup with respect to ®.

Lemma 3.11. Let L = (L, h) and ' = (L', W) be elements Ofl;i\cgo (X). Then we
have the following:

(1) It holds pg > 0 on X**;
oo (x)

(2) It holds py(x) = n]i>ngo
neN(L)

(3) It holds ML®L (%) = pup(x) + pp(x) for x € Xan.

@) IfL ~ L then pup = pyr on Xan.

(5) Forn =0, pyen = nug on xan,

for x € X*;

Proof. (1) follows from (1) in Lemma 3.10.

(2) Since Ozan+n') (x) = open(x) + O—n’ (x) for n,n" € N(L) by (2) in
Lemma 3.10, the assertion follows from Fekete’s lemma.

(3) and (4) follow from (2) and (3) in Lemma 3.10 together with (2), respec-
tively.

(5) If n = 0, then the assertion is obvious, so that we may assume that n > 1.
We fix ng € N(L). Then ng € N(L®"). Thus, by (2),

O 1 ®@mngyn (x) O 1 ®mnyn (x)

=n lim

Mpen (x) =
—>oo mnyg m—oo  mnoh

= npz(x). O

We let I;i\cco (X)q be the quotient space of ﬁi\cco (X) ®z Q by the Q-vector
subspace generated by (Ox, {e™*|-[2}) — A(Ox, {|19}), where {0} denotes the
trivial continuous metric on &x. Note that l;i\cco (X)q can be identified with the
Q-vector space of all pairs (L, k), where L is an element of Pic(X) ® Q and 4 is a
continuous metric on L (see Subsection 2.1.5). Moreover, we set

Picco(X)q := {(L, h) € Picco(X)q | L is semiample} .

Lete: PICCO (X)— PlcCo (X)@be the canonical homomorphlsm For L € PICCO X))@,

we choose a positive integer n and L, € PICCO (X) with «(L,) = Z%". Then
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KL, (x)/n does not depend on the choice of n and L,,. Indeed, let us choose another
n' € Zsy and Ly € Picto(X) with «(Ly) = L% . Asu(@") = «(L") = L=

—®mn’ —Qmn

there is a positive integer m such that L, =L, .By(5)inLemma3.11,
mn'ug (x) = g () = pgem (x) = mnpg (),

that is, KL, x)/n = KL, (x)/n’,as required. By abuse of notation, it is also denoted

by pp(x).

Lemma 3.12. For L, Z/ € ﬁl\cgo (X)q, we have the following:

(1) It holds Mz®z/(x) < up(x) + pp(x) for x € Xan.
(2) Fora € Qs, Krea = apg on X*;

(3) Let Ly, ..., L, be elements of lgi\cc0 (X)g. We assume that there are open
intervals Iy, . .., I, of R such that
LOL" ® - ®@LY" € Picgo(X)g
forall (ty,...,t;) € (I} X --- x I,y NQ". Then, for a fixed x € X?", there is

a continuous function f : Iy x - -+ x I, — R such that
f(tl,..., ML®L®[1® ®L®zr(x)

forall (ty,....t,) e (I} x---x [)YNQ".

Proof. (1) and (2) are consequences of (3) and (5) in Lemma 3.11, respectively.
(3) We set
fO(t177 ) ML®L®[1® ®L®ty(.x)

for (t1,....4) € (I} x --- x [,)NQ". By (1) and (2), for A € [0,1] N Q and
(t, .o ty), (1], t)) € (Iy x -+ x 1) NQ", we have

= _ _® —t! (X)
(L®L®tl® ®L®fr)®)“®(L®L ll®“.®L®t,)®(]_)L)

Tor () + (1 = )»)/L o7 , (x)

<
}\.,LLL®L®71® ®L

= rfotr, ... t:) + (1= 1) fo(ty, ..., r),

1® ®L®[r

that is, fp is concave on (11 x --- x I) N Q". Therefore, the assertion (3) follows
from [14, Corollary 1.3.2]. ]

Let (L, h) be an element of ISE:ZO (X)q@. We say that & is semipositive if there is
a positive integer n such that L®" € Pic(X) and h" is semipositive. The following
characterization of the semipositivity of 4 is a consequence of Proposition 3.7.
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Proposition 3.13. For L = (L, h) € 15;:2:0 (X)q, h is semipositive if and only if
pur =0on X",

We assume that |-| is non-trivial. Let 2 be a model of X over Spec(oy). Let
L € Pic(X) ® Q and .Z € Pic(Z") ® Q with ,§f|X = L. Let m be a positive integer

such that L®" e Pic(X). Then we define L = (L, h) to be

(L, h) = (L®m’ {|,|$®m (x)}xexan)@)l/m.

Proposition 3.14. If L is ample and L is nef, then h is semipositive.

Proof. First we assume that %’ is ample. We choose a positive integer n such that
Z®" ¢ Pic(Z)) and £®" is very ample. Then we have an embedding ¢ : 2 —
P(HY (2. £%®") and L®" = *(Opigo g gony(1). Let (e1, ... e) be a free
basis of HO(Z, £®"). We define a norm ||| of H°(X, L®") to be

laier + - -+ arer|l := max{lai], ..., la,|}.

Note that (HO(X, L®"), ||-I)<1 = H°(Z, £®"), so that, by Proposition 3.5, we
quot

(HO(X,L®n),||.H)(X) = |-| wen(x) for x € X*. Thus A is semipositive.

have |-|

In general, let &/ be an ample invertible sheaf on 2 and A = & | y- We
choose § € Q¢ such that L ® A®¢ is ample for all a € (=8, §) N Q. Note that

L (A 1) = (L ® A%, || ggee)

so that HLg(Al 1) = 0 for € € (0, §) N Q by the previous observation together
with Proposition 3.13. On the other hand, by (3) in Lemma 3.12,

Mf(x) = lelin(} HTR(A, || o) ®¢ (x).
120)

Therefore, uz = 0, and hence h is semipositive by Proposition 3.13. O

Remark 3.15. Assume that the absolute value |-| is non-trivial. Let L be an am-
ple invertible sheaf on X, equipped with a semipositive continuous metric 4. Then
there exists a sequence {(Z},, -Z)}n>1, Where 2, is a model of X and .%), is a nef
invertible sheaf on 2, such that .%, |y = L®" and that h, = (|-|.z, (x)"/") exm
converges uniformly to /. This follows from Proposition 3.7 and the comparison
between quotient metrics and model metrics (via the embedding into the projective
spaces of lattices). Combining with Proposition 3.14 and Corollary 3.8, we ob-
tain that, in the non-trivial valuation case, our semipositivity coincides with that of
Zhang [21] and Moriwaki [16]. We refer the readers to [12, Section 6] and to [8,
Section 6.8] for the descriptions of the semipositivity in terms of plurisubharmonic
currents. Note that their semipositivity is also equivalent to our semipositivity.
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4. Extension theorem

Throughout this section, we assume that X is projective and reduced. Let us begin
with a special case of the extension theorem. The general extension theorem is a
consequence of the special case.

4.1. Extension theorem for a metric arising from a model

Let Z"— Spec 0; be a model of X. We let .Z be an invertible sheaf on 2 such that
A | y = L. We have seen in Subsection 2.1.6 that -Z"induces a continuous metric
h = {|-|.#(x)}xexam of L™,

Theorem 4.1. We assume that || is non-trivial and £ is an ample invertible sheaf.
Fix a reduced closed subscheme Y of X, a section ] € H(Y, L|y) and a positive
number €. Then there are a positive integer n and an s € H°(X, L®") such that
sly = 1®" and

n
Islian < € (Illy,n)" -

Proof. Clearly, we may assume that [ # 0. Let % be the Zariski closure of Y in .2~
(cf. Section 2.1.7).

Claim 4.2. There are a positive integer ¢ and an @ € k> such that
e 4% < al® |y pa < 1.

Proof. Since the absolute value |-| is not trivial, there exists a non-zero element y
of k such that log || < 0. Hence there exists a rational number b/a (witha € Z~g
and b € Z) such that

_ log |IZ]ly,n
log |y|

logllllys e
log |y| 2loglyl’

=—-=-

b
a

that is, e=“/2 < |y |”||l[|§ , < 1. By the equality [[/®%||y,5a = [|{]|$, it suffices to

take @ = y? to conclude the claim. O

By Corollary 2.14, thereisa 8 € ok \ {0} such that
B (al®a)®m c HO (@’ g@am}g)
for all m > 0. We choose a positive integer m such that |/3|_l < ¢9M€/2 and

HO (% Dzﬂ@am) 5 HO (gy j@am|@>
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is surjective, so that we can find an [,,€ H(Z,.£®%") such that 1, | 5= B (a]®%)®"™.
Note that ||l ||pam < 1. Thus, if we set s = B~ 'a~"1,,, then 5|5 = [®%" and

-1 _ 2 =
Isllnam = 18I~ ot ™ | pam < €</ |er] ™"

m
< eame/2|a|—m <ea6/2||al®“||Y,h“> = e¥Me€ (||l||y,h)am ,
as required. -

4.2. Extension theorem for quotient metrics

Theorem 4.3. We assume that L is very ample. Let ||-| be a norm of HY(X, L)

. . an quot
and h a continuous metric of L* given by {|'|(H0(X,L),||-||)(x)}xeXa"' Let Y be

a reduced closed subscheme of X and | € HO(Y, Lly). Then, for any € > 0,
there are a positive integer n and an s € H°(X, L®") such that sly = 1®" and
[sllpn < e"lly.n)".

Proof. First we assume that |-| is non-trivial. Let us begin with the following:

Claim 4.4. There are a positive integer a and a finitely generated lattice .77 of
HO(X, L®%) such that

ae/2

[-llne < -l < el I ne.

Proof. First we assume that |-| is discrete. We choose a positive integer a such that
||~ < e®€/2. We set A= {s € HO(X, L®%) | |s|lne < 1}. Note that 7 is a
finitely generated lattice of HO(X, L®%) by Proposition 2.10. As ||-|lpe < |||z <
leor |~ ||| pe by Proposition 2.10, we have the assertion.

Next we assume that |-| is not discrete. By Proposition 2.11, there is a lattice

¥ of HY(X, L) such that |-l = |||l By Proposition 2.12, there is a finitely
generated lattice .77 of H’(X, L) such that 7C #and ||-[|5 < |-l < e/?|-I1, as
desired. O

Let 2 be the Zariski closure of X in P(J7) (¢f. Subsection 2.1.7) and .£ =
Opwy(1) 4~ Moreover, let h’ be a continuous metric of (L®%)" given by

quot }
. X .
{' L1150 @) | gen

Then, by Proposition 3.5 and Remark 3.6, |-|;y = |:|» Therefore, by virtue of

Theorem 4.1, there are a positive integer m and an s € HY(X, L®") such that
sly = 1®9" and
Isllam < ™ <2 (B 1y, )™, 4.1

As |[llpa < NIl < €%/?||-||pa, we have

uot 2 uot
[ () < Fwr(x) < /210 (x)
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for all x € X®". Therefore, by Proposition 3.3,

ae/2

I"lna (x) < [-[w (x) < €77 |pa(x) (4.2)

for all x € X In particular, |-|pam (x) < || (x). Therefore,
l[sllpam < {Is [l (4.3)
On the other hand, by using (4.2),
1%y < 2 sup{ 1%l () |y € Y} < “Plllly ). (44)

Thus the assertion follows from (4.1), (4.3) and (4 .4).

Next we assume that |-| is trivial. Clearly we may assume that [ # 0. Let k" be
the field k(7)) of formal Laurent power series over k, that is, the quotient field of
the ring k[[T'] of formal power series over k. Note that k" is separable over k. We

set
0o

»=J U Q (log lIsll —log lls"ll)

i=0 \s,s’e HO(X,L®)\{0}

As {”S”hi |s € HO(X, L®) \ {O}} is a finite set by virtue of Subsection 2.2.1, we
have #(X) < 8. Therefore, we can find « € R.g \ X. Here we consider an
absolute value |-|" of K’ given by

|¢(T)|" := exp(—aord(¢(T))) (#(T) € k).
We set
X' := X Xspeck) Spec(k’), Y :=Y Xsgpeck) Spec(k’) and L'=L @ k'.

Note that HO(X', L") = H%(X, L) ®; k’. Let I’ be a continuous metric of L'*"
given by the scalar extension of /. Then, by Lemma 3.4, i’ is given by

quot /
. X ’
{' |(H0(X’,L’),H-|Ik/)( )}x/ex/a“

where ||-||x is the scalar extension of ||-||. Moreover, for s € H°(X, L), it holds
Is|p (") = |s]p(p*™(x")) for x’ € X'*", where p : X' — X is the projection. Note
that p® : X'*" — X" is surjective. Therefore, ||s |,y = ||s||; forall s € H%(X, L).

By the previous observation, there are a positive integer n and an s’ H°(X’,
L"®") such that

/

'y =1%" and |15l < " (llly )" = " Lyn)"-

Y

Note that, for a positive integer d, we have

d d. d d
S/® e HO(X,, L/® ﬂ)’ S/® » — l®dl’l and ||S/® ||h/dn < edne(“l“Y,h)dn-
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Thus we may assume that HO(X,L®") — HYY, L|§?") is surjective. Let

(e1, ..., er) be an orthogonal basis of HO(X, L®") with respect to ||-||5» such that
(er+1, ..., er) forms a basis of Ker(H°(X, L®") — H(Y, L|®")) (cf. Proposi-
tion 2.2). We set

s'=ai(Mer+ -+ +a(Ter + arp1(Terr1 + -+ +ar(T)ey

for some a|(T), ....a,(T) € k' = k(T). As s'|,, = 1®" € HO(Y, L|}") and
(etly ..., et]y) forms a basis of HO(Y, LIQ}?”), we have a|(T), ...,a;(T) € k.
Note that

o ¢ U Q (log [Isllw — log lIs"[la") .

s,s’e HO(X,L®M)\{0}

so that, by Lemma 2.6 and Remark 2.7 together with Subsection 2.2.4, (ey, ..., e;)
forms an orthogonal basis of HO(X’, L'®") with respect to ||-||,,». Therefore, if we
sets =ay(T)e; +---+a,(T)e;, thens € HO(X, L®"), we have s|y = [®" and

Islan = max{las (Dlllerlln, -l (T) lexlln)
< max {la(Dlletl, . lar(Tlexllns a1 (T vl
4, (D) Ner e

= lIs"llpm < " llly,n)",

as required. O

4.3. General case

Theorem 4.5. We assume that L is ample and h is a semipositive continuous met-
ric of L™. Fix a reduced closed subscheme Y, 1 € H(Y, L|y) and € € R.y.
Then there is a positive integer ny such that, for all n > ng, we can find an
s € HO(X, L®") with

sly =1%" and sl < " (Illv.)".
Proof. Clearly we may assume that / # 0. Let us begin with the following claim:

Claim 4.6. Forany €' > 0, there are a positive integer N and an sy € H(X, L®V)
such that

N Ne' N
swly =1V and  fswllyy < e (v

Proof. By using Proposition 3.7, we can find a positive integer a such that L®“ is
very ample and

e () < |15 () < €972 fpa (x)
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forall x € X*™. Weseth/ = {|-|22°t (x)}. Then, the above inequalities mean that

| he (X) < [l (x) < 97| e (x) (4.5)

for all x € X*". Furthermore, by Theorem 4.3, there are a positive integer b and an
sap € HO(X, L®) such that s.p|y = [® and

"2
lIsaplle < e/ 2(1E ly,0)".
By (4.5), it holds
"2 )
118y pr < < 72|1%% |y pa = €2 (I ly.n)°.
Moreover, as |-|ab (x) < |-[,5(x) by (4.5), we have |sqp | pab < |ISapll;», S0 that
be' /2 b
ISapllpas < Isapll, o < P2 |y )
be' /2 "2 b be’ b
< ™22 (I ly, ) =" (I lly.n)*.
Therefore, if we set N = ab, then we have the assertion of the claim. |

Since L is ample, by Corollary 2.17, the above claim is actually equivalent to
the assertion of the theorem. Thus the theorem is proved. O

5. Arithmetic Nakai-Moishezon criterion over a number field
In this section as an application of the extension property (cf. [17] and Theorem 4.5),

we consider the arithmetic Nakai-Moishezon criterion over a number field under a
weaker assumption (adelically normed vector space) than Zhang’s paper [21].

5.1. Adelically normed vector space over a number field

Fix a number field K. Let Ok be the ring of integers in K. We set

Mg := Spec(Ox) \ {(0)}
Mz := K(C) (i.e. the set of all embeddings K — C).

Moreover, Mg := Mlﬁ(n UMP. Forp e Mlﬁ(n and o0 € M, the absolute values |-,
and ||, of K are defined by

IXlp = #(Og /p)~ o™ and  |x|, := lo(x)| (x € K),

respectively. Furthermore, for p € M,f}“, the completion of K with respect to ||,
is denoted by K. In addition, K, and K < K, (0 € M) are defined to be C
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and o, respectively. By abuse of notation, for v € Mg, the extension absolute of
|-l to Ky is also denoted by |-[,. In the case where v = o € Mg°, the absolute

value |-|, on K, = C is the usual absolute value. If p € Mlﬁg‘, the valuation rings of
(K, |-Ip) and (Ky, |-|p) are denoted by Oy and Oy, respectively. Note that Oy is the
localization of Ok with respect to O \ p, and O, is the completion of the local
ring Op.

Definition 5.1. Let H be a finite-dimensional vector space over K. For v € Mg,
H ®k K, is denoted by H,. For each v € Mk, let |||, be a norm of H, over
(Ky, |-]v). In the case where v € M,ﬁ(“, the norm |||, is always assumed to be
ultrametric. Moreover, we assume that the family (||-]l¢)qe M is invariant under

complex conjugation, namely for any finite family of vectors (s;)?_, in H and vec-
tor (A;)7_, of complex numbers, one has

||)\_l®sl+"'+E®sn”E: A ®s1+--+ X @sullo.

The family {||-||, }vem, of norms is often denoted by ||-||. We set

(H, |- :={x € H | |x|l, < 1 forall p € M3"}
(H, D2 :={xeH|lxlly<1}.

The pair (H, ||-||) is called an adelically normed vector space over K if, for any
x € H, |lx|l, < 1 except finitely many p € M, and (H, [N is a finitely
generated O -module (cf. [6, Definition 2.1] and [7, Definition 2.10]).

Lemma 5.2. We will assume that (H, ||-||) is an adelically normed vector space
over K. Then, the following hold:

(1) Forp € M, we have (H, |-ID%; = (H, |5 ®0, Oy
(2) We have (H, ||-)Y} ®o, K = H. Moreover, (H, |-} ®2 Q = H;
(3) Let f : H — H’ be a surjective homomorphism of finite-dimensional vector

spaces over K . Let || .||‘3“°t be the quotient norm of H, induced by the surjection
fv : Hy = H) and the norm |||, on Hy,. Then (H', ||-|9") is an adelically
normed vector space over K and

F(CHDE ) = G ey,

quot
where ||| = {[[-ly" Jvemy -

Proof. (1) Obviously (H, ||-N™ ®0, Op € (H, |I-)%,. Conversely, we assume
that x € H and ||x]|, < 1. We set -

{qe MP | lixllg > 1} = {q1, ..., ).
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By Lemma 5.3 as below, there is an & € K such that

ordg (@) >0 (Vi =1,...,r) and ordq(a) =0 (Vqe M,f}“ \{q1, ..., 9:}).

We choose a positive integer n such that [la"x|lq, < 1foralli =1,...,r. Note
that " € Oy and o"x € (H, ||'||)f;“1, so that x = o "a"x € (H, ||'||)fén1 R0y Op.

(2) For x € H, by using Lemma 5.3, we can find a 8 € Og \ {0} with x €

(H, ||-I)fi® , which means that the first assertion holds.

Let y € Ok \ {0}. Then there are ay, ..., a, € Z such that
y'+ay"” '+ +a, =0.

Clearly we may assume that a, 7# 0. Thus, if we set

/

YV == tay" + -t an),

then y’ € Ok and yy’ = a,. Note that (H, ||-||)f;ﬂ1 ®o, K and (H, ||-||)‘;n1 ®7 Q

are the localizations of (H, || -||)Iinl with respect to Ok \ {0} and Z\ {0}, respectively.
Therefore the last assertion follows.

(3) Let us see that
£ (CHL DR, ) = G 119, (5.1)

for all p € M. Clearly one has f ((H, )%, ) € (H', 197 . The converse

inclusion follows from Proposition 2.1. By using (1) together with the equation
(5.1), we obtain

£ (CHDE) @0 Op = (H, 1195 @0, Op.
Therefore f((H, l '||)lin]> =(H', ||-[9°YHf" by [1, Proposition 3.8], as required. [J

Lemma 5.3. Let X be a finite subset of M,fén. Then there is an a« € K> such that

0 g %
ordp(a) |70 UpeEx
=0 ifpe M"\ X.
Proof. We set ¥ = {py, ..., p.}. As the class group of K is finite, for each i, there
are a positive integer n; and an o; € Ok \ {0} with p?" = «;Ok. Thus, if we set
o = o] - - - o, then the assertion follows. ]
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5.2. Estimation of 1 for a graded algebra

A normed Z-module is a pair (., ||-||) of a finitely generated Z-module .# and a
norm |[|-|| of .#Z ®z R. We define Aqg(.#, ||-||) and Az (A, ||-||) as follows. If .Z is
a torsion module, then

AQ(A - = Az(A. |- = 0.

Otherwise, let A (4, ||-]|) (respectively Az (., ||-]|)) be the infimum of the set of
non-negative real numbers A such that we can find a Q-basis eq, ..., e, of A :=
A ®7 Q which is contained in . (respectively a free basis of ./ # ) with
lleill < Aforalli =1,...,r. Note that

AN = Az (A D) < tk(ADrg (A 1) (5.2)

(cf.[15, Lemma 1.2]).

Let R = @, Ry be a graded Q-algebra of finite type such that R is an
integral noetherian domain and dimg R, < oo foralln > 0. Let Z = oy %n
be a graded subalgebra of R such that %, is a finitely generated Z-module and
Fn @7 Q = R, foralln > 0. For each n > 0, let ||-||, be a norm of R, ®g R(=
%, ®7 R). We assume that

o0

(Z. 1) = B (Zn- IIl1n)

n=0

is a normed graded Z-algebra, that is, for a € %, and b € %,y it holds |a -
bllntn = llalln - 101l

Let X := Proj(R) and Y be a closed subvariety of X over Q, that is, Y is a
closed, reduced and irreducible subscheme of X over Q. Let P = @2020 P, be the
corresponding homogeneous prime ideal of R to Y. We set

Ry, := R,/ P, and Xy ,, := K/ Py N %

00 00
Ry = @ Ry , and Ry = @%Y,w

n=0 n=0

Let || -||(I],L’l§t be the quotient norm of Ry, ®g R induced by the surjective homo-
morphism R, ®p R — Ry, ®qg R and the norm ||-|, on R, ®g R. Note that
Ry n 7 Q = Ry, foralln > 0 and

(. 112 = B (e 145

n=0

is a normed graded Z-algebra. Then we have the following:
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Theorem 5.4. Let Sy be the set of all subvarieties of X and let v : Gx — R.q be

a map. We assume that, for every Y € Gy, there are a positive integer n(Y) and an
sy € Zyny) \ {0} with ||sY||§1,u,(1)EY) < v(Y)"Y) . Then there are a positive number

B and a finite subset S of Sx such that
AQ (P, 1) < Bn?“FD/2 (max{u(Y) | Y € S}h"
foralln > 1, where d = dim X.

Proof. 1t is a generalization of [15, Theorem 3.1]; however, it can be proved in a
similar way. For reader’s convenience, we give a sketch of the proof.

Step 1. For a positive integer i, we set

o o
R,(f’) ‘= Rpup, %,(f‘) = Rpn, RW = @ R,(lh) and #M = @%ﬁf’).
n=0 n=0
By using [15, Lemma 2.2 and Lemma 2.4], we can see that if the theorem holds for
#M and v", then it holds for Z and v. Therefore, by [4, Chapter III, Section 1,
Proposition 3], we may assume that R is generated by R; over Ry and s := sy €
% . Let Ox (1) be the tautological invertible sheaf of X arising from R;.

We prove this theorem by induction on d.

Step 2. In the case where d = 0, X = Spec(K) for some number field K, so that
R, € HY(X, Ox(n)) = K. Therefore, dimg R, < [K : Q] forall n > 1, and
hence the assertion can be checked by the same arguments as in [15, Claim 3.1.2].

Step 3. We assume d > 0. Let I be the homogeneous ideal generated by s := sy,
that is, I = Rs. By using the same ideas as in [13, Chapter I, Proposition 7.4], we
can find a sequence

I=lhGCh& - CL=R

of homogeneous ideals of R and non-zero homogeneous prime ideals Py, ..., P:
of Rsuchthat P; - [; C I;_jfori=1,...,r.

Step 4. We set %, = (%n. |I'lln) and .7, ,, = (Fjn. || llin). Where .7 := Fp ]
and ||-||;,» is the subnorm induced by ||-||, and I; , < R,. Here we consider the
following sequence:

@0'—% 30,1 > S ym:@]

.S — — — —

P _ _
— Sy > I oo I =X

.5 — — —
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Let ||'||?L;1Ot be the quotient norm of /; ,/I;_1 , induced by |-||;, and [;, —

Iin/Ii—1.,. Note that % ,/%,—1s is a torsion module for all n > 1, so that, apply-
ing [15, Proposition 1.4] to the above sequence, we have

n r .
) <Y ( sy~ 2Q(Fr i/ Fimrjo 1) dimgy (T j /T, ,-))
j=1 \i=1

+ s 1" 1o (%) dimg Ry.

(5.3)

Step 5. Here we claim the following:
Claim 5.5. The following facts hold:

(1) If P; € Proj(R), then there are positive constants B; and C;, and a finite subset
S; of &x such that

A I Tt I < Bin® =D (max{u(Y) | ¥ € Sih"

and dimg(1; »/1li—1.,) < Cin“~! foralln > 1.

(2) If P; & Proj(R), then there is a positive integer n; such that I; ,/1;_1, = 0 for
n > n;. In particular, Ag(Fi./Fi—1a, 135 = 0 and dimg(Ji./li—1.1) = 0
for alln > n;.

Proof. (1) follows from [15, Proposition 2.3] and the hypothesis of induction. In
the case (2), P, = EBZOZI R, because Ry is a number field. As I;/1;_1 is a finitely
generated (R/P;)-module, we can find a positive integer n; such that I; ,,/l;_1 , =
0 forn > n;. ]

Step 6. The assertion of the theorem follows from (5.3) by using (1) and (2) of
Claim 5.5. -

5.3. Nakai-Moishezon’s criterion

Let X be a geometrically integral projective variety over a number field K. For a
closed subvariety Y of X and v € Mg, we set Yy, := Y Xgpec(k) Spec(Ky). Let
L be an invertible sheaf on X. For v € My, let h, be a continuous metric of L%"
on Xi", where L, := L @k K,. Note that X(C) is canonically identified with
]_[UeMlo(o X, (C), so that he := {hg}geMlo(o yields a metric on Lo,. We assume
that &, is invariant by the complex conjugation map F, on X (C). Moreover, for
s € HO(Y, Lly), we set

. an
Islly,.n, := supflsln, (x) | x € ¥}

Theorem 5.6. We will assume the following:
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(a) For any n € Zso, the space (HO(X, L®m), {||'||Xv,h;}}v€MK) is an adelically
normed vector space over K ;

(b) The sheaf Z\ y U8 big for all subvarieties Y of X, that is, L|y is big onY and there
are a positive integer n and an s € HO(Y, LIQ)?") \ {0} such that ||S||Yp’hl; <1
forally € Mlﬁ(n and ||s |y, nn < 1 forallo € M;

(¢) It holds that h,, is semipositive for allv € Mg .

Then there are positive numbers B and v such that v < 1 and

fi
ro [((HOOCLE™, ) max {1, ) < Bad@ /2y
Q ) h s X, h

<l oeMyf o

foralln > 1.

Proof. First note that L is nef because L|c is big for all curves C on X. Moreover,

as L|y is bigon Y and L is nef, we have (Ll‘;,‘my) > 0. Therefore, L is ample on

X by virtue of the Nakai-Moishezon criterion for projective algebraic varieties.
We set

Ry = H(X,L®"), %y := Ry, Il and |||, := rél%o{ll'llxo,hg}-
g

K

Note that %, is a finitely generated Z-module. We use the same notation as in
Subsection 5.2. Note that X = Proj(R) because L is ample. Fix a closed subvariety
Y. Forv € Mg, the norm ||| x, 4» on HO(X,, L®") (respectively the norm (R

on HO(Y,, L|§U”)) is denoted by ||-||x,.» (respectively [|-|ly,.»). Note that ||, =

max, ey {ll-llx,.n}. Let ||.||(}l,l:?,t1 be the quotient norm of Ry, ®k K, induced by

lI-llx,.,» and the surjective homomorphism R, ®x K, — Ry, Qk K,. We also
fix a positive integer ng such that, for all n > ny, HO(X, L®) — HY(Y, Llf?”) is
surjective.

By (3) in Lemma 5.2 and Theorem 5 4, it is sufficient to show that there are a
positive integer n(Y) > ngandans € HO(Y, ngn(y))\{O} such that ||s||;],t?;(y) <1

forall p € MM and ||s]|", y, < 1 forallo € M.

As Z|Y is big, there are an n; > 0 and an s’ € HO(Y, ng’"‘) such that
Is' Iy, < 1forallp € M and ||s'|ly,., < 1 forallo € M. Since
HO(X, L®wny s HO(y, LI(}%)"O"') is surjective, we can find an I’ € H(X, L®"0™)

such that /'], = s"®" 5o that there are py, ..., po € MM such that 1711 ooy < 1
for all p € MM\ {py,...,p.}. In particular, ||s’®"°||§1;|f"7’;0n1 < lforalyp e

1'In the case where v € MIO(O, the semipositivity of 4, can be defined as the uniform limit of the
quotient metrics as described in Subsection 3.2. This semipositivity coincides with the positivity
of the first Chern current of (L, hy). For details, see [17].



280 HUAYI CHEN AND ATSUSHI MORIWAKI

leé“ \ {P1, ..., Pe}. By Lemma 5.3, we can choose 8 € Ok \ {0} such that

>0 ifvelpr,...,p}

ordy (8) {:O ifveMg\{p1,....Ppc}

Since ||s'|ly,,», < 1 forallo € Mg, we can find a positive integer n such that
nonz
(max {||s’||ya,,,l}> max {|o(B)| | o0 € M} < 1. (5.4)
oceMY

Claim 5.7. If we set s = Bs'®"""2 then s satisfies the following properties:

(i) It holds ||s| 3" < lforallp e M\ {py,....p.};

Yp,noning —
(ii) It holds [|s|ly, nynny < 1foralli =1,... e

(iii) It holds |[s|ly, nyniny < 1 forallo € M.
Proof. (i) is obvious. (iii) follows from (5.4). Let us consider (ii). As ordy, (8) > 0
and ||S/||Yp,-,n1 < 1, we have

||S ” Yp;,naning - #(OK/Pi)f Ordpi ® ”S/®non2 ” Yp;.noniny

B nony
=4O /5™ (Il ) < 1,

as required. O
Next let us prove the following claim:

Claim 5.8. If ||¢||y, n < 1 forv e Mg andt € HO(Y,, Ly|3"), then there is an
mo such that, for all m’ > my), it holds

' quot
e < 1

Proof. Choose an € > 0 such that e||t|ly, » < 1. By virtue of the extension
property (cf. [17] and Theorem 4.5), there is an mq such that, for all m’ > mg, we
can find ' € HO(X,, L®""") with il = 1" and ||l x, mm < €™l ]ly,m)™ .
In particular, ||#'|| x, mm < 1, so that the assertion follows. O

By the above claim, foreachi = 1,...,e and 0 € M}°, there is a positive
integer n3 such that

®n3 qU.Ot ®n3 ql]Ot
Ils ||Ypi,ﬂ3n2n1no <1 and s ||Ya,n3ﬂ2n|n0 <1
If we set n(Y) := n3noning and sy := ¥ then ||5y||(}l;°:l(),) <lforallp e leé“
and ||5y||;1,2°;(y) < lforallo € MP°. O
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Corollary 5.9. We will assume (a), (b) and (c) as in Theorem 5.6. Let (N, g) be
a pair of an invertible sheaf N on X and a family g = {gv}vemy of continuous
metrics g, of Ni" on Xi". We will assume that goc = {85 }sc M is compatible
with respect to F and

(HOX L @ N), (11X, g Joewy )

is an adelically normed vector space over K for all n > 0. Then there is a positive
integer no such that, for n > no, (H*(X, L®" ® N), ||-||hng)t1n1 has a free basis
(w1, ..., o) over Z with |willpg, < 1foralli =1,...,r,and o € Mg, where
rn is the rank of H(X, L®" ® N) over Q.

Proof. We use the same notation in the proof of Theorem 5.6. Moreover, we set
Ap = HY%X,L®" ® N)

fin
oy = (H(X,L®" ® N), ||'||hng)Sl and |-, == Urgf/ﬁo{”'”Xa,hggg}aeM}?
K

o0
A= A,
=0

n
e}
(A1) := D (s 1117
n=0
Note that (<7, ||-||") is a normed graded (Z, ||-||)-module (cf. [15, Section 2]), where
o
% =PH X, L®), |m)D.
n=0

Furthermore A is a finitely generated over @zio HO(X, L®") because L is ample.
Therefore, by Theorem 5.6 together with [15, Lemma 2.2], there is a positive num-
ber B’ such that Aq (4, ||-[I,) < B'n@*TD/2y" forall n > 1, so that, by (5.2),

2z (i, I-,) < dimg HO(X, L®" @ N) - B/nd@+D/ 2y

for all n > 1. Thus we can find a positive integer ng such that Az (7, |I-ll;,) < 1
for n > no, as required.
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