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Trace and extension theorems for functions of bounded variation

LUKAS MALY, NAGESWARI SHANMUGALINGAM AND MARIE SNIPES

Abstract. In this paper we show that every L! -integrable function on 92 can
be obtained as the trace of a function of bounded variation in €2 whenever
is a domain with regular boundary 92 in a doubling metric measure space. In
particular, when €2 supports a 1-Poincaré inequality, the trace class of BV (£2)

is L1 (0€2). We also construct a bounded linear extension from a Besov class of
functions on 92 to BV (2).

Mathematics Subject Classification (2010): 46E35 (primary); 26A45, 26B30,
30199, 31EQ05 (secondary).

1. Overview

In Dirichlet boundary value problems in analysis, one prescribes the trace value
of the solution at the boundary of the domain. Given a domain €2, it is therefore
natural to ask what class of functions on the boundary can be realized as the traces
of functions of specified regularity on the domain.

The model problem that motivates our study is the problem of finding least
gradient functions from the class of functions of bounded variation (BV), with pre-
scribed boundary data, see [4,19,32,38]. Therefore the regularity of the extended
function inside the domain is BV regularity.

The paper [4] first studied the trace and extension problem for functions of
bounded variation in Euclidean Lipschitz domains. It was shown there that the
trace functions of BV functions on the domain lie in the L'-class of the boundary.
In contrast, the work [15] demonstrated that every L'-function on the boundary
of a Euclidean half-space (and hence boundaries of Lipschitz domains) has a BV
extension to the half-space. Together, these two results indicate that the trace class
of BV functions on a Euclidean Lipschitz domain is the L!-class of its boundary.

In the metric setting, a version of the Dirichlet problem associated with BV
functions was considered in [16—18,21], but their notion of trace required the BV
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function to be defined on a larger domain. In [30] this requirement was dispensed
with for domains whose boundaries are more regular (Euclidean Lipschitz domains
satisfy this regularity condition). In [30] it was shown that if in addition the domain
supports a 1-Poincaré inequality, then the trace of a BV function on the domain lies
in a suitable L'-class of the boundary, thus providing an analog of the results of [4]
in the metric setting. The recent work [39] gave an analog of the extension result
of [15] for Lipschitz domains in Carnot—Carathéodory spaces, which indicated that
it is possible to identify the trace class of BV functions in more general metric
measure spaces. The goal of this paper is to provide such an identification, by
adapting the technique of [15] to the metric setting.

In this paper €2 denotes a bounded domain in a metric measure space (X, d, ).
To consider functions of bounded variation on 2, we need a measure on 2. The
natural measure on 2 is the restriction of u to 2. The measure we consider on
the boundary 9<2 is the co-dimension 1 Hausdorff measure H := H|yq (see (1.2)
below). The function spaces related to €2 will have norms computed using the
measure H, and this being understood, we will not explicitly mention the measure
in the notation representing these function spaces.

We now state the two main theorems of this paper. In what follows, the map
T : BV(Q) — F, where F is the collection of all Borel functions on 92, is the
trace operator as constructed in [30], see (2.7). In the event that 2 does not support a
1-Poincaré inequality, the trace need not be defined for each function in BV (£2), but
it would still be well-defined in the sense of (2.7) for certain functions in BV (2).
Thus in the next two theorems, by stating that T o E is the identity operator on the
corresponding function space, we are also implicitly claiming that for each « in that
function space the trace of Eu is well-defined.

Theorem 1.1. Let 2 be a bounded domain in X satisfying the co-dimension 1
Ahlfors regularity (1.5) and the local measure density property (1.6). Then there
is a bounded linear extension operator E B?, 1(092) > BV () such that T o E is

the identity operator on B?’l (0€2).

Theorem 1.2. With Q2 a bounded domain in X satisfying the co-dimension 1 Ahlfors
regularity (1.5) and the local measure density property (1.6), there is a nonlinear
bounded extension operator Ext : LY(0Q) — BV(RQ) such that T o Ext is the
identity operator on L'(39).

The extension from L!(32) to BV (§2) cannot in general be linear; this is not
an artifact of our proof, see [34,35], and the discussion in Section 5 below.

Remark 1.3. In proving Theorem 1.1 we actually prove a stronger but less elegant
statement. We show that if the boundary of €2, equipped with the co-dimension 1
Hausdorff measure H, is lower Ahlfors regular, that is, if

CH(B(x,r)Na) = u(B(x,r))/r

whenever x € 02 and 0 < r < 2diam(9€2), then there is a bounded linear extension
operator E : B? 1(02) — BV(2). We then show that in the event that d€2 also
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satisfies the requirement of pointwise upper co-dimension 1 Ahlfors regularity in
the sense that for H-almost every x € dS2 there are constants C(x) > 1, R(x) > 0
such that for0 < r < R(x),

H(B(x.r)NIQ) < C(x) w,

then T o E is the identity operator on B?,l (0€2).

Combining the above two theorems with those of [30] we obtain the following
identification of the trace class of BV (£2).

Corollary 14. Let X support a 1-Poincaré inequality. With Q a bounded domain
in X that satisfies the density condition, i.e.,

w(B(z,r)N Q) > Cilpv(B(z, r)) forallz € Qand0 < r < diam($2), (1.1)

the co-dimension 1 Ahlfors regularity (1.5), and 1-Poincaré inequality, we have that
the trace class of BV () is L' (32).

In the above we cannot drop any of the respective conditions we impose on
the domain 2. The requirement of the support of a 1-Poincaré inequality is needed
only in order to obtain the trace theorem from [30]. As the example of a slit disc
shows, eliminating the support of a Poincaré inequality might result in the failure
of the trace theorem, though as the example of the Euclidean (planar) domain

2=(222\[»eR: —1=x= L= =1

shows, the support of 1-Poincaré inequality is not essential in obtaining the trace
theorem of [30]. The measure density condition (1.1) is also needed to obtain the
trace theorem. Again, this property might not be a requirement for obtaining the
trace theorem of [30] and hence the above corollary, but if the requirement is re-
moved, some other property of the domain needs to be required as the following
example shows. This example is also a planar Euclidean domain, obtained by past-
ing a sequence of thin tubes, with relatively narrower and narrower trunks, to a
rectangular base. For each positive integer n let U, be the domain given by

1 1
U, = <_2 Y +4"> x [0,27"),
n n

and let
Q=(-1,2) x (—=1,0) U U U,.
neN

The trace theorem of [30] fails here because the trace T (u,) of the function u,, =
X(L_g-n 1 14-n)x[0.2-"] has L! (02)-norm of the order of 27", while the BV-norm

of u,, is of the order of 47". Note that €2 fails the measure density condition (1.1),
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but does satisfy the local version (1.6), and hence the extension theorems of this
paper apply to this domain as well.

For clarity, we note that the statements of Theorems 1.1 and 1.2 do not require
the domains or the ambient metric measure space to support any Poincaré inequal-
ity, which allows the domains to have interior cusps or slits. Note that the interior
cusps and slits do not violate the measure density condition (1.1). On the other
hand, exterior cusp points violate (1.1), but if there are only H{-measure zero worth
of them, then the local measure density condition (1.6) is not violated and our re-
sults apply here as well. Indeed, we can decompose d€2 into three parts, namely the
measure-theoretic interior d7 €2 consisting of points z € 92 for which

. Mm(B(z,r) N Q) _1
r—0t  w(B(z,r))

’

the measure-theoretic exterior dg 2 consisting of points z € 92 for which

o HBED\D)
iminf ———— =1
>0t p(B(.1))

’

and the measure-theoretic boundary 9,2 = 9Q2 \ (3;2 U dg2). Thus, we have the
validity of (1.6) at each point in d;€2 and if the ambient metric space X supports
a 1-Poincaré inequality, then (1.6) holds true also at H-a.e. point in 3,,$2 (this fol-
lows from the fact that €2 is of finite perimeter as H(3€2) < oo, see [1]). Hence, if
H(0e<2) = 0 and X admits a 1-Poincaré inequality, then 2 satisfies the local mea-
sure density condition. Thus, even in the Euclidean setting our methods give rise to
new results, as the results of [15] and [39] are in the setting of Lipschitz domains.
Smooth bounded Euclidean domains and bounded smooth domains in a Rieman-
nian manifold with positive Ricci curvature would satisfy the hypotheses listed in
the above three results. Indeed, such domains are uniform domains, and as uniform
domains in a metric measure space supporting a 1-Poincaré inequality do support
a 1-Poincaré inequality (see [10]), the trace class of the class of BV functions on
such domains is the L'-class of the boundary of the domain. In general, balls in
the space with center in the smooth domain need not be connected, but there is a
scaling factor A > 0 such that each ball with center in the domain can be connected
in the A-times enlarged ball (that is, all the points in the original ball belongs to
the same connected component of the enlarged ball). The property of connecting a
ball inside a fixed scaled concentric ball is called linear local connectivity in [27].
Thus the scaling factor A on the right-hand side of the Poincaré inequality given in
Definition 1.8 cannot in general be removed.

A related problem is to investigate the extensions of functions from a domain
Q2 to the whole space. See [5,9,24,29,31].
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1.1. Notation and definitions

In this section (X, d, ;) denotes a metric measure space with u a Radon measure.
We say that u is doubling if there is a constant Cp such that for each x € X and
r >0,

0 < u(B(x,2r)) <Cp u(B(x,r)) < oo.

Given a Lipschitz function f on a subset A C X, we set

LIP(f, A) :=  sup M.
X, yEA: x#y (x, y)

When x is a point in the interior of A C X, we set

Lip f(x) := limsup M
y—Xx d(y, x)

We follow [33] to define the function class BV (X). The space BV (X) of func-
tions of bounded variation consists of functions in L!(X) that also have finite total
variation on X. The total variation of a function on a metric measure space is mea-
sured using upper gradients; the notion of upper gradients, first formulated in [27]
(with the terminology “very weak gradients”), plays the role of |Vu| in the metric
setting where no natural distributional derivative structure exists. A Borel function
g : X — [0,00] is an upper gradient of # : X — R U {£o0} if the following
inequality holds for all (rectifiable) curves y : [a, b] — X, (denoting x = y(a) and
y =y(®),
() ~ut) < [ gds

Y
whenever u(x) and u(y) are both finite, and f v gds = oo otherwise. For each

function u as above, we set I (1 : X) to be the infimum of the quantity f x & dp over
all upper gradients (in X) g of u.

Remark 1.5. We note here that if u is a (locally) Lipschitz function on X, then
Lip u is an upper gradient of u; see for example [26]. We refer the interested reader
to [7,25] for more on upper gradients.

The total variation of the function u € L'(X) is given by
| Dul|(X) := inf{li_minf](u,- : X):u; € Lipoo(X), u; = uin Ll(X)} .
1—>00
Remark 1.6. From Remark 1.5 we know that if u is a locally Lipschitz continuous
function on X, then || Du||(X) < [y Lipudpu.

For each open set U C X we can set || Du||(U) similarly:

| Dul|(U) := inf{liminfl(u,- :U): u; € Lip(U), u; — u in L‘(U)}.
1—> 00
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It was shown in [33] that if || Du||(X) is finite, then U > || Du||(U) is the restriction
of a Radon measure to open sets of X. We use || Du|| to also denote this Radon
measure.
Definition 1.7. The space BV (X) of functions of bounded variation is equipped
with the norm
lullpvx) := llullp1x) + I Dull(X).

This definition of BV agrees with the standard notion of BV functions in the Eu-
clidean setting, see [2,14,40]. See also [3] for more on the BV class in the metric
setting.

We say that a measurable set E C X is of finite perimeter if xp € BV (X).
It follows from [33] that the superlevel set E; := {z € X : u(z) > t} has finite
perimeter for almost every ¢ € R and that the coarea formula

| Dull(A) = /R IDxe, I(A) dt

holds true whenever A C X is a Borel set.
Definition 1.8 (¢f. [1]). A metric space X supports a 1-Poincaré inequality if there
exist positive constants A and C such that for all balls B C X and all u € L} (X),

loc
| Dul|(2B)
n(AB)

Here and in the rest of the paper, f4 denotes the integral mean of a function f €
L°(X) over a measurable set A C X of finite positive measure, defined as

fa=f sdn=—os | fan

whenever the integral on the right-hand side exists, not necessarily finite though.
Furthermore, given a ball B = B(x,r) C X and A > 0, the symbol LB denotes the
inflated ball B(x, Ar).

Given A C X, we define its co-dimension 1 Hausdorff measure H(A) by

][ lu —upg|ldu < Crad(B)
B

L w(Bi) .

H(A) = lim, mf{ Xl: B B; balls in X, rad(B;) < 8, A C L,J B } (12)
It was shown in [1] that if u is doubling and supports a 1-Poincaré inequality, then
there is a constant C > 1 such that whenever £ C X is of finite perimeter,

C™'"H(@mE) < IDxell(X) < C H@nE),
where d,, E is the measure-theoretic boundary of E. It consists of those points
z € X for which
w(B(z,r)NE)

. : u(B(z,r) \ E)
lim sup ———7 > 0 and lim sup ——————
r—0t M(B(Zv r)) r—0+ /-L(B(Zv r))
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We next turn our attention to the definition of other function spaces to be considered
in this paper. The Besov classes, much studied in the Euclidean setting, made their
first appearance in the metric setting in [11] and were explored further in [20].

Definition 1.9. Let (Z, d) be a metric space equipped with a Radon measure v.
For a fixed R > 0, the Besov space Bf’l(Z) of smoothness 6 € [0, 1] consists of
functions of finite Besov norm that is given by

R dt
llull go = [lullp +/ /][ [u(y) —u(x)|dv(y)dv(x) . (1.3)
B (2) LN(Z) o JzJ B 140

In our application of Besov spaces, the metric space Z will be the boundary of a
bounded domain in X, and the measure v will be the restriction of the co-dimension
1 Hausdorff measure H to this boundary.

We will show that the function class Ble’1 (Z) is in fact independent of the
choice of R € (0, c0), see Lemma 3.2 below.

The following fractional John—Nirenberg space was first generalized to the
metric measure space setting in [24]. In the Euclidean setting it was first studied
in [12] and [13], but the case & = 0 in the Euclidean setting appeared in the earlier
work of John and Nirenberg [28]. The fractional John—Nirenberg space A?’T(Z ),
where 6 € [0, 1] is its smoothness and t > 1 the dilation factor, is defined via its
norm

1
lull g0 (z) = llullp1(z) + sup 7/ lu —urpldv, (14)
Al (D) LY(Z) B, B;r rad(B)? J,p T

where the supremum is taken over all collections B; of balls in Z of radius at most
R/t such that T B| N1 B, is empty whenever By, By € B; with B; # B;. The class
A?’ . (Z) is also independent of the exact choice of R € (0, 00).

1.2. Standing assumptions

Throughout this paper (X, d, ) is a metric measure space, with p a Borel regular
measure. We assume that X is complete and that p is doubling on X . Furthermore,
2 C X is a bounded domain and there is a constant C > 1 such that for all x € 0Q2
and 0 < r < diam(£2), we have

<H(Bx,r)yna) <C

C—lw (1.5)

p(B(x,r))
—

The property of satisfying (1.5) will be called Ahlfors codimension 1 regularity of
d%2. Finally, we also assume that €2 satisfies a local measure density condition, that
is, for H-almost every z € 92 there exist constants r, > 0 and C, > 1 such that
whenever 0 < r < ry,

n(B(z,1))

Z

u(B(z,r)N ) = (1.6)
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Throughout the paper C represents various constants that depend solely on the dou-
bling constant, constants related to the Poincaré inequality, and the constants related
to (1.5). The precise value of C is not of interest to us at this time, and its value may
differ in each occurrence. Given expressions a and b, we say that a =~ b if there is
a constant C > 1 such that C~la < b < Ca.

2. Bounded linear extension from Besov class to BV class:
proof of Theorem 1.1

2.1. Whitney cover and partition of unity

The following theorem from [25, Section 4.1] gives the existence of a Whitney
covering of an open subset 2 of a doubling metric space X by balls whose radii are
comparable to their distance from the boundary, see also [8].

Theorem 2.1. Let Q@ C X be bounded and open. Then there exists a countable
collection Wo = {B(pj,i,rji) = Bj,} of balls in Q so that:

o UjiBji =
i Zj,i XB(pji2rji) = 2CSD;
o 2771 < rii < 2fforalli;

and so thatrj; = % dist(p;;, X \ Q).

Here the constant Cp is the doubling constant of the measure L.

The radii of the balls are small enough so that 2B; C 2. Also, since we are
only concerned with bounded domains €2, there is a largest exponent j that occurs
in the cover; we denote this exponent by jo. Hence —j € NU {0, --- , —jo}. Note
that 2/0 is comparable to diam(£2). One wishing to keep track of the relationships
between various constants should therefore keep in mind that the constants that
depend on jj then depend on diam(£2). We also note that no ball in level j intersects
aballin level j+2. This follows by the reverse triangle inequality d(p; i, pj+2.k) >
2/+4 — 2/+3 = 2/%3 and the bounds on the radii: 2/~! < r;; <2/ and 2/*! <
Tjtok < 2/%2 Asin [25, Section 4.1], there is a Lipschitz partition of unity {¢; ;}
subordinate to the Whitney decomposition We, that is, ) i Pii = XQ and for
every ball B;; € Wg, we have that X1/2B; = Qji = X2Bj, and ¢;; is C/rj -
Lipschitz continuous.

2.2. An extension of Besov functions

Suppose that f : 92 — R is a function in B?’l (0€2). We want to define a function
F : Q@ — R whose trace is the original function f on 9€2.
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Consider the center of the Whitney ball p;; € € and choose a closest point
gji € 92. Define Uj; := B(qj,i,rji) NIQ. Wesetaj,; :=ij’i FO)AH®).

Then for x € Q set
F(x) = Zaj,,-goj,i.

Jsi

In subsequent results in this section we will show that ' € BV (2). From the
following proposition and Remark 1.6 we obtain the desired bound for || D F||(£2).

Proposition 2.2. Given Q2 C X, there exists C > 0 such that for all f € B?’l(a Q),
/;ZLide:Uv = C”f”B(I"l(ng

Proof. Fix aball By, € We, and fix a point x € By ,,. Forall y € By,

IF(y) = F@)l = > _ai(0ji(y) = 9.i(x))

Joi

=D (@ji—aem)(@ji(y) — soj,,-(x»‘

Jsi

C
< Y laji—arml—d(y, x).
st Tj.i
ZBj’iﬂBg.m;é@

The last inequality in the above sequence follows from the Lipschitz constant of
¢j,i- Rearranging and noting that if the balls intersect then | j — £| < 1, we see that
|F(y) - F)| _ C
FW=FOL_ € 5 —agl

d(y. x) rem A

ZBj’[ﬂBz.m;ﬁQ)

Hence, we want to bound terms of the form |a;; — ag nl:

laji —agml = ‘][ f(z)dH(z) —][ f(2)dH(z)
Uj.i Ue,m

][ ][ (f@) = f(w)) dH(w) dH(z)
Uj,i Ul,m
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Thus,

laji — aeml S][ ][ |f(@) — f(w)] dH(w) dH(z)
Uj,i Uem

B - dH(w) dH
H(Uj,i)H(Ug’m) ‘/U./li ‘/l;l,m |f () — f(w)] (w) (2)

- dH(w)dH 2.1

|f () — f(w)| dH(w) dH(z)

C
= HW; WU /U /U
— C][ ][ | f(z) — f(w)| dH(w) dH(z),
vl vz,

where U;/,,, denotes the expanded subset of the boundary:

U = B(qem, 2°re.m) N K. (2.2)

By the doubling property of X, the boundary regularity condition on 92, and the
definition of codimension-1 Hausdorff measure, we have

H(U;,) < CHWUem)

which gave inequality (2.1). The above estimates together with the bounded overlap
of the Whitney balls yield the following inequality:

Lip F(x) = limsup =22~ F (Ol
y—>x d(y, x)

< ][ ][ If(Z) fw)| dH(w) dH(z) (2.3)
r[ mJ Uy,
for x € By . From (2.3) we see that

/Llp F(x)du(x) < Z/ Lip F(x) du(x)

Be.m

<ZM(Bem)—][ ][ If(Z) Jw)| dH(w) dH(z).
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Using (1.5) now, we get

[ LipF@ane < S HUf {150 = fl dro) i)
£,m £,m Lm

{=—00 M

Jo
ey Y[ A o= rwldwane
,m Zm

/][ [f(z) — f(w)| dH(w) dH(z) .
aQJ B(z,27tY

{=—00

Here the last inequality follows from the uniformly bounded overlap of the balls
Uy, for each £. Without loss of generality, we may choose R = 2/0%7 in the
definition of the Besov norm (1.3), note that R ~ diam(£2) then. The following
estimate ( cf. the proof of [20, Theorem 5.2]) concludes the proof:

/ ][ (@) — fw)] dHw) dHE)
Q2 3(127*’[)

{=—00

2/()+7 d
~ / / ][ 1fG) = fw)| dHW) dH@Y  24)
=0 aeJ B@b t

C O
<
= ”f”B?.l([)Q) .

We will use the extension constructed in this section in formulating a nonlinear
bounded extension from L' (82, H) to BV () in the subsequent sections. There
we will need the following estimates for the integral of the gradient and the function
on layers of €.

Lemma 2.3. For0 < p; < py < diam(2)/2, set
Q(p1, p2) == 1{x € Q : p; <dist(x, X \ ) < p2}. (2.5)

Let J(p1, p2) be the collection of all £ € 7. such that there is some m € N with
By N Q2(p1, p2) non-empty. Then

/ Lip Fdy < C / ][ 1) — fw)| dHw) dH().
Q(p1,0) 9QJ B(z.2™)

teJ(p1,p2)
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Proof. For each £ € [J(p1, p2) let Z(£) denote the collection of all m € N for
which By, N Q2(p1, p2) is non-empty. Then by (2.3) and (1.5),

/ LipFdu< Y Zf Lip Fdu
Q(p1,02) Bem

LeJ (p1,p2) meZ(¢)
By m
=C Z Z #8m) )][U ][U | f(2) — f(w)| dH(w) dH(z)
S ;m ;,m

ted .oy mezey

<c Y > H(Ue,m>][U* ][U* | (2) = f(w)| dH(w) dH(z)
l,m l,m

LeJ (p1.p2) meZ(t)

=Cc > > /U ][U* £ = Fw)] dHw) dH()
t,m 4m

teJ (p1,p2) meL(t)

<c ¥ > [ f

e (p1,pa) meZ(t) Ui m? BE2TF

sc ¥ [ 4 i@- rwldtw . m
e (pr.pp) /027 B2

[) |f(z) = f(w)| dH(w) dH(2)

Corollary 2.4. Using the notation of Lemma 2.3, we have that
/ Lip Fdup < CppyH(9S2) LIP(f, 9€2)
Q(p1,02)

whenever f is Lipschitz on 2.

Proof. For a fixed £ € 7, we can estimate

f ][ |f (@) = f(w)dH(w) dH(z)
0@ B(z,27+)

< / ][ LIP(f, 0Q)d(z, w) dH(w) dH(z)
9QJ B(z,27t)
< CH(3) LIP(f, 9) 27+,

Therefore,

/ Lip Fdu < CHOQYLIP(f,0Q) > 2~
Q(p1,02) LeJ (p1,p2)

Every ball B = B(p,r) € Z(¢) satisfies 2~! < r < 2¢ and dist(p, X \ Q) = 8r.
There is C > 1 such that C~!p; < 2¢ < Cp, whenever £ € J(p1, p2). Thus,
Zéej(pl,pz) 2 = Cpa. H
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We next turn our attention to the L!-estimates for F.

Lemma 2.5. There exists C > 0 such that

/Q IFldu < C diam(@)I| £l 1 g

Proof. We first consider a fixed ball By ,, from the Whitney cover. Then
> ][ FOYAHY)@i ()] dpu(x)
i

/ |F(x)|du(x):/
Bem Bem Uji

/ '][ FO)dHG)
Blm jl

= /B > ‘][ FYAH()

J.i st

Qj, i(x)du(x)

@ji(x)dp(x).

ZBj,ImBi,m #0

Recall that if 2B ; N By, # @, then |j — €| < 1,50 H(U;;) ~ H(U;,,). Also, for
UF ¢ A8 defined in equation (2.2), U;; C Ug m Furthermore, by the construction

of the Whitney decomposition, each point is in a fixed number of dilated Whitney
balls 2B; ;. Hence,

> ‘][ FAHG)

Jei st
ZB“ﬁBgm#w

= C/;} f: . [fWIdH(y)dp(x) < C;L(Bg’m)][U* L F )| dH(y).
t.m m .

D, i(x)du(x)

In view of (1.5), we obtain that

[ iF@idne < cron [ 1rmiano, .6)
l,m

l,m

Summing up and noting that Q = Uz,m B¢ m, we have

Jo Jo
[ipidn=c 3 Y [ iftarsc 3 2@Zf* 11 aH
Lm

{=—00 m £,m {=—00
Jo
<c} 24/ |f1 dH < C diam()]| £l 155 0
Q2

{=—00
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We now aim to obtain an analogous of Lemma 2.3 for the L'-norm of F on
the layer Q2 (p1, 02).

Lemma 2.6. Let 7 € 0Q and r € (0, diam(2)/2). Then,

IFIdMSCmin{r,pz}/ |f1dH

/;?(z,r)ﬁﬂ(pl,pz) B(z,28r)N3Q

whenever 0 < p; < min{r, p2} and p» < diam(£2)/2.

Proof. Since B(z,r) N Q(p1, p2) = B(z,r) N Q(p1, min{r, p2}), we do not lose
any generality by assuming that pp < r. Similarly as in the proof of Lemma 2.3,
we set J'(p1, p2) to be the collection of all £ for which there is some m such that
Be.m N Q2(p1, p2) N B(z, r) is non-empty, and for each £ € J'(p1, p2) we set Z'(£)
to be the collection of all m € N for which By ,, N2 (o1, p2) N B(z, r) is non-empty.
Then by (2.6),

LITERD SEND 3 MR
L,m

/B(Z,r)ﬂQ(m,Pz) e (p1,p2) meZ'(0)

<c ¥y re,m/U* |F1dH.
tm

LeJ’ (p1,p2) meZ'(0)
The triangle inequality yields that
d(z, q@,m) <d(z, p@,m) + d(p(ﬁ,m, q@,m) <2d(z, pﬁ,m) <2(r + rﬁ,m),

where By = B(pe.msre.m) and Ug i = B(qe.m, Te.m) N0 with g¢ ,n € 92 being
a boundary point lying closest to p¢ . Moreover,

8rem = dist(pem, X \ Q) <d(pem,2) <7 +T1em.

hence, r¢,, < %r. Consequently, d(z, ge.m) < 17—6r and Uy, C B(z, (17—6 + %)r).
Thus, U C B(z, 2%) and

Zm

/ Flansc Y 2 Flan
B(zr)NR(p1,02) el mpy I BE2IINIR

< Cp) / f1dH,
B(2,28/)N0Q

where the last inequality can be verified as follows: every ball B = B(p,r) € Z'(¢)
satisfies 2671 < r < 2¢ and dist(p, X \ ) = 8r. There is C > 1 such that
C~'p1 <2' < Cpy whenever £ € J'(p1, p2). Thus, Y pc 71, o 20 < Cp2. O

By covering 92 by balls of radii r, whose overlap is bounded, we obtain the
following corollary.
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Corollary 2.7. With the notation of Lemma 2.3, we have

/ Fldu < sz/ \fIdH.
Q(p1.02) a0

2.3. Trace of extension is the identity mapping

From the above lemma we know that given a function f € B? 1(0€2) the cor-

responding function F is in the class N1(Q) ¢ BV(R), where NL1(Q) is a
Newtonian class introduced in [36]. The mapping f +— F is denoted by the op-
erator E : B? 1(082) — BV (£2). This operator is bounded by Proposition 2.2 and
Lemma 2.5, and it is linear by construction.

We now wish to show that the trace of F returns the original function f,i.e.,
T o E is the identity function on B?’l (0€2). It was shown in [30] that if €2 satisfies
our standing assumptions, then for each u € BV (2) and for H-a.e. z € 92 there is
anumber Tu(z) € R such that

lim sup][B( o lu(y) — Tu(z)|du(y) =0. 2.7

r—0t

Strictly speaking, [30, Theorem 3.4] asks for €2 to satisfy the measure density condi-
tion (1.1), but the proof of existence of trace given there remains valid even with the
weaker condition of local measure density of €2 as assumed by us. The map u +—
Tu is called the trace of BV (2). Moreover, if 2 supports a 1-Poincaré inequality
and satisfies the (global) measure density condition (1.1), then Tu € L'(3Q) for
ue BV(Q).

Note also that B? 1(082) C L'(3€) and the inclusion is strict in general, which
is shown in Example 3.9 below. Further properties of the Besov classes are explored
in Section 3.

For the sake of clarity, let us explicitly point out that the following lemma
shows that the BV extension of a function of the Besov class B?’I(BQ), as con-
structed above, has a well-defined trace even though no Poincaré inequality for €2
or for X is assumed.

Lemma 2.8. For f and F as above, and for H-a.e. 7 € 022,

lim |F(x) — f(@)|dup(x) =0.
r=0*J B(z.rnQ

That is, T Ef (z) exists for H-a.e.z € 09Q.
Proof. Since f € B? 1(092) C L'(392), we know by the doubling property of H|yq

that H-a.e. z € 0S2 is a Lebesgue point of f, and by the standard assumption on €2
we know that at H-a.e. z € 92 the measure density condition (1.6) holds. Let z be
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such a point. Since Zj ;9 = X, we have

f o r-r@ide=f 3 ( de) 03400 — F@)| o)
B(z,r)NQ B(z,r)NQ jii Ujﬁ,'
= ][ > (][ (f—f(Z))dH> @} (x)| dp(x)
B(z,r)NQ i Ujﬁ,'

- dH ) ¢j.i(x)d .
S][B(z,r)msz ; <][U_/,,- If = f@I )‘Pj, (xX)dp(x)

By the properties of the Whitney covering Wa,

/ > <][ If = @) dH) ©j,i (x) dpu(x)
B(z,r)ﬂQ ],l U”

= > (f /- f(z)ldH><ﬂJz(X)dﬂ(x)
C,m jl

l,m s.t.
/ <][ lf = f@I dH) dp(x).
Zm s.t. Bem lst Uji

By mNB(z,r)#0

Bl mNB(z, 7')75@ ZB],ﬂBgm#@
If 2B ; N By, is non-empty, then U ; C Uz*,m and H(U; ;) ~ H(Ue*,m)- Therefore
by (1.5) we have

[ (][ = @ dH) 0140 d(¥)
B(z,r)ﬂQ j,i iji
C
<< =,

£,m s.t. 4m
Bl,mMB(Zsr)#@

lf = f @) dH) w(Be,m)

SCY maf 1 f@Ia.
C,m s.t. UZm
By mNB(z,r)#9

Let J(B(z,r)) denote the collection of all £ € Z for which there is some m € N
such that By, N B(z, r) is non-empty. For each £ € J (B(z,r)), set Z(£) to be the
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collection of all m € N for which By ,, N B(z, r) is non-empty. Then,

a dH ) ¢j.i(x)d
-/;?(z,r)ﬂsz JZZ (][Uj,i If = f2)I ) @j, (x)du(x)

<c Y 2} /U f = f@I dH

LeJ(B(z,r)) meZ®)Yem

sc ¥ of F = f@laH
EEJ(B(ZJ‘)) B(z,27r)ﬂEJQ
cr | f = F@IdH.
B(z,27r)N3Q

In the above, we used the fact that ZZEJ(B(U)) 2t ~ r,since only the indices £ € Z

for which 2¢ ~ dist(B,m, X \ ) < r are allowed to be in J(B(z,r)). From the
fact that z is a Lebesgue point of f, we now have

r

F— du<C—onou— _ dH
][B(z,r)msz | J@ldp = w(B(z,r) N Q) Jpi27mnae If = f@I

§C][ |f — f(x)|dH — Oasr — 0T,
B(z,27r)N3%

In the last inequality we used both the local measure density property (1.6) and
the codimension 1 Ahlfors regularity (1.5). In particular, the constant C in the last
inequality depends on C; from (1.6), but the key here is that it does not depend on
r as long as r is small enough (which is what we need in order to get estimates as
r — 0). This completes the proof of the lemma. O

3. Comparison of Bi’ 1(0R) and other function spaces

‘We now wish to show that B(l) 1(3€2) has more interesting functions than mere con-

stant functions. What functions are in B?’l (0€2)? Since the results of this section
deal with function spaces based on more general doubling metric measure spaces,
we consider the underlying metric measure space (Z,d, v). The other function
spaces include L', BV, and the fractional John—Nirenberg spaces as well as the
class of Lipschitz functions.

Let Z = (Z,d, v) be a metric space endowed with a doubling measure. In
applications in this paper, Z will be Q2 C X and v will be the Hausdorff co-
dimension 1 measure H|q.

3.1. Preliminary results

Lemma 3.1. Foreveryt > 3, thereis C = C(Cp, t) > 1 such that for everyr > 0
there is an at most countable set of points {x;}; C Z (alternatively, {x;}; C £,
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where Q C Z is arbitrary) such that

o B(xj,r)N B(xy,r) =) whenever j # k;
o Z=\J; B(xj, tr) (alternatively, 2 C |J; B(xj, tr));

L4 Zj XB(xj,tr) <C.

The above lemma is widely known to experts in the field, but we were unable to
find it in current literature; hence we provide a sketch of its proof.

Proof. An application of Zorn’s lemma or [25, Lemma 4.1.12] gives a countable
set A C Z such that for distinct points x, y € A we have d(x, y) > r, and for
each z € Z there is some x € A such that d(z, x) < r. The countable collection
{B(x,r) : x € A} can be seen to satisfy the requirements set forth in the lemma
because of the doubling property of v. O

Lemma 3.2. Let f € L'(Z). Then,

4 dt
I ][Bu,,) FO) = F@Idv0) dv()- 15 < o0
if and only if

R dt
I ][mx,,) FO) = FOIdu) dvn) 5 < 00,

where 0 <r < R < 00. If6 > 0, then the equivalence holds true even for R = oo.

Proof. By the triangle inequality, we obtain for ¢ > 0 that

/ ][ )= F GOl dv(y) dv(x) < / ][ (O + 1)) dv(y) dv(x)
zJ B(x,1) ZJ B(x,t)

:/ (|f(x)| +][ | f I dv(y))dv(x)
z B(x.1)

=[fllziz) + /][ Lf I dv(y) dv(x).
zJ Bt

The Fubini theorem and the doubling condition then yield

d )
f][ ) dv(y) dv(x) wf DX @& ) 4y oy, )
zJ B ZxZ v(B(y, 1))

=/ If(y)l][ () dv(y) = I flliz) -
VA B(y.t)

Forr > 0 set

! dt
1 = — d d —_—.
m=[ [ ]me,,)'f(” FEIdv ) dvo) 1
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Then,
1(R>—1(r)+f /][B( 1= Feldv(y) dv- o
X,

K dt 11
<IO+C | I lnarg =10+ ClAlua (5~ )-
.

with obvious modification for 6 = 0. O

Lemma 3.3. Let R < 2diam(Z) and 6 € [0, 1]. Then,

|f () = f@)
I(R) ~ P J .
w /Z/B(x,m V(B(x, d(x, y))d(x, y)? v(y)dv(x)

Proof. The equivalence follows from the Fubini theorem, see also [20, Theo-
rem 5.2]. 0

Lemma 3.4. There is a constant C > 1 and there are collections of balls Bk,
k=0,1,..., suchthat

clim=y > rad(B)Q/ |f — fpldv < CI(4).
k=0 BeBk

Moreover, rad(B) ~ 27 whenever B € B¥, and the balls within each collection
B* have bounded overlap (also after inflation by a given factor T > 1).

Proof.NBy Lemma 3.1, there is a constant C = C(Cp, 1) > 1~and collections of
balls B,k = 0, 1, ..., such that rad(B) = 2~* for every B € B¥ and, in addition,
1 < peig x2r(x) < C forall x € Z. Then, by (2.4),

HOEDIFADY f ][ £ () = f0)ldv(y) dv(x)
B B(x,27F)

k=0 Be
<czzk9 2 / ][ |f () = f@)]dv(y) dv(x)
BeBk
Z 2. & k)e / ][ £ () = F@)ldv(y) dv(x)
k=0 pej3k

CZ Z rad(B)Q/ |f = fapldv.

Thus, we choose Bk = {2B : B € Ek}, k =0,1,...,to conclude the proof of the
first inequality.
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The proof of the second inequality follows analogous steps backwards. Recall
that rad(B) = 2!'~* whenever B € B¥. Thus,

s 1
3 Zrad(B)9/3|f_fB|dv

k=0 BeBk
23 Y2 4 10— v vy

k=0 BeBFk

c3 2 f][ _ dv(v) d
< kZO 2. |, sy FO) = £V dv()

BeBk

<cy 2 f FO) = @) dv(y) dv(x),
k=0 Z B(x,22*’<)

where we used the fact that the balls have uniformly bounded overlap within each
collection B*. O

Remark 3.5. Let 0 < 6 < n < 1. Then, Jlullp < C(1+ R’7_9)||u||Blnl and

lall 4o =€+ R”_9)||M||A7 forany z > 1.

3.2. Comparison of function spaces with Bf’l(Z )

Proposition 3.6. Let 6 € [0, 1] and © > 1 be arbitrary. Then there is a constant
C > 1, which depends on 6 and t, such that

u <Clu .
lullg < Cllullgg,

Proof. Let B; be a fixed collection of non-overlapping balls in Z of radius at most
R/t. Then,

1
S — —urpld
Z rad(B)G /L:B|u uTBl v

BeB;
1
> W/m][m lu(x) — u(y)| dv(y) dv(x)

BeB,

_ XtB(X)
- |, & w0~
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Therefore
S SR
BeB W r3|u MTBl v
u@) —u()|
T d 4
LBEB X7B(X) /;B V(B(x’d(%y)))d(x,y)G v(y)dv(x)
lu(x) — u(y)|
dv(y)dv(x) ~ [(2R),
f//;?(x,ZR) ”(B(xvd(%y)))d(x,y)e V()’) v(x) (2R)

where we used that v is doubling and B(x,d(x,y)) C 3tB for all x,y € tB.
Taking supremum over all collections of balls concludes the proof. O

Proposition 3.7. Assume that Z is bounded. Let0 <0 <n < land t > 1. Then,
Al (2) c B] |(2).

Proof. We use the characterization of Besov functions from Lemma 3 4.

IpIE I
|f — fldv =C —/|f—f3|dv
Ad( e
P el rad(B) P o=l rad(B)" Jp
o0
k(@—n)
= Ckzoz ”f”A?,r(Z)' |

Lemma 3.8. For every T > 1, we have LY(72) = A? (2).

Proof. Let B; be a fixed collection of balls in Z that remain pairwise disjoint after
being inflated t-times. Then, the triangle inequality yields that
) dv

1
R E— lu —u.g|ldv =~ (f |u|+‘][ udv
Z rad(B)9 /IB = Z B B

BEB-[ BEB‘L’
=> 2/ |u| dv
BeB; tB
2/ luldv .
z
Hence, ”u”A(])-[(Z) S 3||u||L1(Z)
) > finition (1.4). O
Conversely, ||u||A(l)J(Z) > ||u||L1(Z) by definition (1.4)

The following example shows that the inclusion Bl0 1(Z2) C A(l) . (Z) may, in gen-
eral, be strict.
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Example 3.9. Let

o0
f) = ZX[l/(j+1),1/j)(x)u(4jx)a x e (0, 1),
=

where u is the 1-periodic extension of x[o,1/2). Obviously, f € L*°(0, 1). Hence,
feL'0,1) =AY (0, 1). On the other hand, u ¢ B} | (0, 1), which we are about
to show. ’ 7

We will use the characterization of B?’ 1(0, 1) from Lemma 3.4. There, we may

choose B = {1275, 1 +2)27%) : 1 =0,1,....,2F =2} o get f , | f — fl ~ 1
whenever B C (0, 1/j) and B € B* for some k < j. Then,

& & o0 1
ZZ/|f—fB|zc—1Z D IBIx) =00
k=0 BeBk B k=0 BEBk k=0

BC(0,k71)
Next, we will provide a family of examples that show that BV (Z) is, in general, a
strictly smaller space than Bf 1(Z) forevery 6 € [0, 1).
Example 3.10. Let ¢ € (6, 1). Then, the Weierstrass function
o0

cos(2krx)
ue(r) =y ——, x<€l01],
k=1

is a-Holder continuous but nowhere differentiable in [0, 1] by Hardy [23]. Hence,
ug ¢ BV|0, 1] as it would have been differentiable a.e. otherwise. Since o > 6,
we have C%*[0, 1] C Ble’l[O, 1] by [20, Lemma 6.2].

In conclusion, we have now proved the following theorem.

Theorem 3.11. Let t > 1 and 6 € (0, 1] be arbitrary. Then,
LY(z)= A (2) > B} (2) D Al .(Z) D A{ ,(2) C BV(2),

where all but the last of the inclusions are strict in general. Furthermore, Lipschitz
functions on Z belong to B? 1(2).

We know from [24, Theorem 1.1] that A% .(Z) C BV(Z). Note however that
A} .(Z) = BV (Z) holds by [24, Corollary 1.3] whenever Z supports a 1-Poincaré

inequality.
4. Extension theorem for L! boundary data: proof of Theorem 1.2

Given an L'-function on d§2, we will construct its BV extension in  using the
linear extension operator for B? 1 (0€2) boundary data. Observe however that the
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mapping f € L'(3Q) — F € BV (L) will be nonlinear, which is not surprising in
view of [34].

Instead of constructing the extension using a Whitney decomposition of €2, we
will set up a sequence of layers inside €2 whose widths depend not only on their
distance from X \ €2, but also on the function itself (more accurately, on the choice
of the sequence of Lipschitz approximations of the function in L'-class). Using a
partition of unity subordinate to these layers, we will glue together BV extensions
(from Theorem 1.1) of Lipschitz functions on 9€2 that approximate the boundary
data in L'(3$2). Roughly speaking, the closer the layer lies to X \ €, the better we
need the approximating Lipschitz data to be. The core idea of such a construction
can be traced back to Gagliardo [15] who discussed extending L' (R"~!) functions
to WHI(R™).

First, we approximate f in L'(3Q) by a sequence of Lipschitz continuous
functions {f;}32 such that || fix1 — fill Liagy < 22 FIfllL15)- Note that this
requirement of rate of convergence of f; to f also ensures that f; — f pointwise
‘H-a.e. in 92. For technical reasons, we choose f; = 0.

Next, we choose a decreasing sequence of real numbers {po};2 such that:

e p < diam(£2)/2;
® 0 < pr+1 = pr/2;
® > Pk LIP(fiy1,9) < Cllfll 1150

These will now be used to define layers in €2. Let

Yr(x) = max{O, min{l, pr — distlx, X\ ©2) } }, x € Q.

Pk — Pk+1

Then, the sequence of functions {Yx_1 — ¥ : kK = 2,3, ...} serves as a partition
of unity in (0, p2) subordinate to the system of layers given by {2 (ox+1, Pr—1) :
k=2,3,...}.

Recall that Lipschitz continuous functions lie in the Besov class B? |- Thus, we
can apply the linear extension operator E : B?’l (0Q2) — BV (R2), whose properties

were established in Section 2, to define the extension of f € L!'(dR) by extending
its Lipschitz approximations in layers, i.e.,

F() = (o1 () — Y (0) Efic ()
- 4.1
=Y U @(Efis1 @) — Efi), % € Q.
k=1

The following result shows that the above extension is in the class BV (2) with
appropriate norm bounds (see Remark 1.6). Indeed, we will see that the extension
given below lies in N1 (Q) ¢ BV(Q).
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Proposition 4.1. Given f € L'(3RQ), the extension defined by (4.1) satisfies
IFllL1g) < Cdiam(Q)| fll1 50

and

I Lip FllL1q) < CA+HO)IfllL1 50

Proof. Corollary 2.7 allows us to obtain the desired L' estimate for F. Since the
extension on B?’](BQ) is linear, we have that Efy+1 — Efy = E(fr+1 — fx)-
Therefore,

o0

||F||L1(Q) ZH‘//kE(ka fk)”Ll(sz)

k_

8

< Z IE(fer1 = FOllLv @, 1))
k=1

o0

Z Pkl fir1 = frllp oo

< C,Ol ||f||L'(8S2)
< Cdiam(Q) .15 -

In order to obtain the L' estimate for Lip F, we first apply the product rule for
locally Lipschitz functions, which yields that

Lip F Z |E(fes1 — flLip ¥k + Y Lip(E (fir1 — f0)))

<

i(lE(ka — fOIXQors1.00)
k=1

+ x2(0,p0) LIP(E (frt1 — fk)))-
Pk — Pk+1

It follows from Corollary 2.7 that

>

E(fir1 — i)

Pk — Pk+1

| /\

||fk+1 el o)

LY(Q(pxt1,01))

I fe+1 — frlloog)

i

=Clflipe)-
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Next, we apply Corollary 2.4 to see that

o0

|Lip E(fit1 — fo) HLl(sz(O,pk))
k=1

< C ) pHEOQLIP(fir1 — fi. 99)
k=1

< CHOQ) Y o (LIP(fit1, 8Q) + LIP(fi, 9Q)
k=1

< CHODI L1 oa)

where we used the defining properties of {o¢};2, to obtain the ultimate inequality.

4.1. Trace of the extended functions

In this section we complete the proof of Theorem 1.2 by showing that the trace of
the extended function yields the original function back.

Proposition 4.2. Let F € BV (Q) be the extension of f € L'(3) as constructed
in (4.1). Then,

lim IF — f(2)|dp =0
r—0 B(z,r)NS

for H-a.e.z € 9%2.

Proof. Let Eq be the collection of all z € d€2 for which the local measure density
condition (1.6) is satisfied and limy f3(z) = f(z), and for k € N let E; be the
collection of all z € 92 for which T Ef;(z) = fi(z) exists. Lemma 2.8 yields that
HORQ\ m/(:io E) = 0. We define also an auxiliary sequence {Fn};’f;1 of functions
approximating F by

Fo=Y Wit —VOEfi+ Y W1 —v)Efy, nel
k=2 k=n+1

It can be shown that F;, — F in BV (2), but we will not need this fact here. Note
that F,, = Ef, in Q(0, p,) and hence the trace of F}, exists on 92 and coincides
with the trace of Ef,,,i.e., with f,.

Fix a point 7 € ﬂ,fio Ey and let ¢ > 0. Then, we can find j € N such that
| fx(z) — f(@)| < ¢ for every k > j. Recall that r, > 0 is the restriction on the
radius imposed by the local measure density condition (1.6) at z. Next, we choose



338 LUKAS MALY, NAGESWARI SHANMUGALINGAM AND MARIE SNIPES

ko > j such that R := py, < r; satisfies:

e RLIP(f;,0Q) < &;
o][ |Fj — fi(@)|du < e forevery r < R;
B(z,r)

. Z;?iko ok LIP(fr41, 0€2) < &.

For every r € (0, pgy+1) C (0, R/2), we can then estimate

][ F — f)ld
B(z,r)NQ2

s][ |F—F,-|du+][ Fj— f;@ldu +1fi @) — £
B(z,r)NQ2 B(z,r)NQ

5][ F — Fj|du + 2e. 42)
B(z,r)NQ

For such r, choose k, > ko such that px, 41 <7 < p,. Then,

00

/ |F — Fjldu < Z/ W1 — Y| E(fi = £))] dn
B(z,r)NQ =k, ¥ B(z,r)NQ

<

o0
/ |EGi — £] du
k=k, Y B@r)NQ(0r41,0k—1)

o0
< minfrp) [ o= FldH @)
k=k, B(z,28r)ﬁ852

by Lemma 2.6. In the last inequality above, we used the fact that when k = k.,
we must have B(z,r) N Q(pk,+1, Pk, —1) = B(z,r) N Q(pk,+1, r) by the choice of
r < Pk, -

Let us, for the sake of brevity, write U, = B(z, 28r) NoR. As fir — fjis
Lipschitz continuous, we have by the choice of j, and the fact that k > j,

/U e — fildH < /U i = £1 = (i@ = F@)| dH + 1o = £ IHU
< CrHU,) LIP(fi — f;. Uy) + 26 H(U,). (44)

Observe that rH(U,) ~ wu(B(z,r)) by (1.5), and the doubling condition for .
Note that Zl?ik, Pk—1 < Cpr,—1 < CR. Combining this with (4.3) and (4.4) gives
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us that

[ iF-Fja
B(z,r)NQ

< Y Cor11u(B(z. 1) (LIP(fi, 0Q) + LIP(f;, 9Q))
k=k,
2B,y Y T )

k=ky

< Cu(BG, r))(z (o LIP(fi 1.1, 99)) + RLIP(f;, ) + s)
k=ko

< Cu(B(z,r))e <CC,u(B(z,r)NQ)e.

In the above, C; > 1 is from (1.6). Plugging this estimate into (4.2) completes the
proof. O

5. Summary and further discussion

In conclusion, we have shown that every function in L'(3€) has an extension to
BV(L2) in such a way that the trace of the extension returns the original func-
tion. This extension is nonlinear, but it is bounded. In a preceding section we
demonstrated that there is a bounded linear extension from the subclass B(ﬂ1 (02)

to BV (£2). Note that B? 1(0€2), containing all the Lipschitz functions on 9€2,

must necessarily be dense in L'(3K2). It therefore follows that this extension from
L'(3) to BV () cannot be continuous on L!(3) since if it were, then the exten-
sion from L'(3Q) would be bounded and linear—and this is not possible (see [34]
for the fact that in general any extension from L'(32) to BV () cannot be both
bounded and linear).

On the other hand, in the setting of Corollary 1.4, using this corollary we see
that the trace operator 7' of [30] is a continuous surjective linear mapping of the
Banach space BV (£2) to the Banach space L'(8), and hence there exists a con-
tinuous (non-linear) right inverse of 7" by the Bartle-Graves theorem [6, Corol-
lary 7.1]. Should we know that €2 is a domain for which each function f € L'(3Q)
has an associated function u y € BV (£2) such that u s is of least gradient (that is,
1-harmonic) in 2 and with trace Tu = f H-a.e. in €2, then the natural continuous
inverse map would be the map f > u r; the stability results of [22] would indicate
that this map is continuous. However, even under the best of circumstances, for
example € the unit disk in R?, no u s exists for general f € L'(3Q) (see [37]). It
is not clear what the Bartle-Graves inverse map is.
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