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Sign-changing blowing-up solutions for the Brezis—Nirenberg
problem in dimensions four and five

ALESSANDRO IACOPETTI AND GIUSI VAIRA

Abstract. We consider the Brezis-Nirenberg problem
—Au =+ ulPu in 2, u=0 on 99,

where € is a smooth bounded domain in RY ,N>3,p= x—f% and A > 0.

We prove that, if €2 is symmetric and N = 4, 5, there exists a sign-changing
solution whose positive part concentrates and blowsup at the center of symmetry
of the domain, while the negative part vanishes, as A — Ay, where A1 = A{(£2)
denotes the first eigenvalue of —A on €2, with zero Dirichlet boundary condition.

Mathematics Subject Classification (2010): 35J60 (primary); 35B33, 35J20
(secondary).

1. Introduction and statement of the main results
In this paper we deal with the following problem

—Au=ru+ulP"'u inQ (1.1)
u=~0 on 0€2,

where 2 is a bounded smooth domain of RV, N = 4,5, > 0, and p+1= 2_7

N-2

is the critical Sobolev exponent for the embedding of HO1 () into LPH(Q).
Problem (1.1) is known as the Brezis—Nirenberg problem, since the first ex-
istence results for positive solutions of (1.1) were given in their celebrated pa-
per [14]. In particular they showed that the dimension N plays a crucial role in
the study of problem (1.1). In fact they proved that if N > 4 there exist positive
solutions of (1.1) for every A € (0, A1), where A1 = A1(S2) is the first eigenvalue
of —A on Q with zero Dirichlet boundary condition, while if N = 3 there exists
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Ax = Ax(€2) > O such that positive solutions exist if A € (L4, A1). When Q@ = B

is a ball they also proved that 1.(B) = # and a positive solution of (1.1) ex-

ists if and only if A € (Mf‘B ) A (B)). Moreover, as a consequence of the classical

Pohozaev’s identity positive solutions do not exist if A < 0 and €2 is star-shaped.

Since then several results have been obtained for problem (1.1), in particular
on the asymptotic analysis of positive solutions, mainly for N > 5, because also the
case N = 4 presents more difficulties compared to the higher-dimensional ones.

Concerning the case of sign-changing solutions of (1.1), several existence re-
sults have been obtained if N > 4. In this case one can get sign-changing solutions
for every A € (0, A1(R2)), or even A > A1(2) (see [6,17-21,23,24,42]). In par-
ticular, Capozzi, Fortunato and Palmieri in [17] showed that for N = 4, A > 0
and A ¢ o(—A) (the spectrum of —A in HO1 (£2)) problem (1.1) has a nontrivial
solution. The same holds if N > 5 forall A > 0.

The case N = 3 presents the same difficulties enlightened before for positive
solutions and even more. In fact, it is not yet known, when Q = B is a ball in
IR3, if there are nonradial sign-changing solutions of (1.1) when A is smaller than
Ax(B) = A1(B)/4. A partial answer to this question posed by H. Brezis was given
in [10].

However, even in the case N = 4, 5, 6, some apparently strange phenomenon
appears for what concerns radial sign-changing solutions in the ball. Indeed it was
first proved by Atkinson, Brezis and Peletier in [5] that for N = 4, 5, 6 there exists
A* = A*(N) such that there are no sign-changing radial solutions of (1.1) for A €
(0, A™). Later this result was proved in [1] in a different way.

As it will be clear in the sequel, the nonexistence result of Atkinson, Brezis
and Peletier is connected to the asymptotic analysis of low-energy sign-changing
solutions of (1.1). Ben Ayed, El Mehdi and Pacella investigated the latter question
in [10,11]. More precisely, denoting by || - || the HO1 (2)-norm and by S the best
Sobolev constant for the embedding HO1 () into L¥*(2), they studied the asymp-
totic behavior of sign-changing solutions u; of (1.1) such that ||u A2 — 28N/2,
asA — Oif N > 4,0or &z — A, if N = 3, where A is the infimum of the values
of A for which nodal low-energy solutions exist (see [10]). They proved that these
solutions blow up at two different points aj, a;, which are the limit of the concen-
tration points a, 1, a, 2 of the positive and negative part of u,. We point out that
they need to assume the extra hypothesis that the concentration speeds of the two
concentration points are comparable for N > 4 (see [11]), while in dimension three
this was derived without any extra assumption (see [10]).

In view of the results of Ben Ayed, El Mehdi and Pacella we get that, for
N > 4, the question of proving the existence of sign-changing low-energy solutions
(i.e., such that ||u,\||g2 converges to 25V /2 as A — 0) whose positive and negative
part concentrate and blow up at the same point, was left open.

In [30], by studying the asymptotic behavior, as A — 0, of low-energy ra-
dial sign-changing solutions of (1.1) in the unit ball of R, for N > 7 (for these
dimensions they do exist, as proved by Cerami, Solimini and Struwe in [20]), it
was proved that the positive and the negative part of such solutions concentrate and




THE BREZIS-NIRENBERG PROBLEM IN LOW DIMENSIONS 3

blow up at the center of the ball, and their concentration speeds are not comparable.
Moreover, in the recent paper [33], it has been proved that for N > 7 these so called
“bubble-tower” solutions for (1.1), exist, as A — 0, in general bounded domains
with some symmetry.

We point out that, in the previous result, the assumption N > 7 on the dimen-
sion is not only technically crucial but it also is necessary. In fact, in the recent
paper [31], the authors proved that for the low dimensions N =4, 5, 6, and in gen-
eral bounded domains, there cannot exist sign-changing “bubble-tower” solutions
for (1.1), as A — 0. This result is hence the counterpart, in general bounded do-
mains, of the nonexistence theorem of Atkinson, Brezis and Peletier if we think
of sign-chaging “bubble-tower” solutions as the functions which play, in general
bounded domains, the same role as the radial solutions in the case of the ball.

In view of all these results it is natural to ask what kind of asymptotic profile we
can expect for sign-changing solutions in the low dimensions N = 4, 5, 6, as A goes
to some strictly positive “limit” value. The case of radial sign-changing solutions
in the ball, having two nodal regions, has been investigated in [32]. By studying
the associated differential equation, and taking into account the results of [6,7], the
authors prove that if (¢, ) is a family of radial sign-changing solutions of (1.1) in the
unit ball B; of RV, having two nodal regions, such that u) (0) > 0, and denoting
by A = A(N) the limit value of the parameter A, which arises from the study of the
related ordinary differential equation, then:

(i) if N = 4,5, then A = A(B)), where A;(B) is the first eigenvalue of —A in
HO1 (B1), and uj{ concentrates and blows-up at the center of the ball having the
limit profile of a “standard bubble” in RY (i.e.,a solution of the critical problem
in RN, see (2.1)), while u, converges to zero uniformly, as A — %

(ii) if N = 6, then A € (0, A1(B1)) and ”;f behaves as in (i) while u, converges to
the unique positive radial solution of (1.1) in By,as A — A.

The aim of this paper is to show that, in general (symmetric) bounded domains of
RN when N = 4, 5, there exist sign-changing solutions of problem (1.1) having an
asymptotic profile, as A — A1(£2), which is similar to that of radial ones in the ball.

The case N = 6 is more delicate and at the moment we can only make some
conjecture (see Remark 6.3).

In order to state our results, we denote by e; the first (positive, L2-n0rmalized)
eigenfunction of the Laplace operator with Dirichlet boundary condition, namely
ey solves the problem

—Ae; = Aje; In Q
(1.2)
e =0 on 0€2,

and ¢; > 0 in €, |el|% = fQ le1|? dx = 1. We construct solutions u; of problem
(1.1) which, up to a remainder term, are given by the superposition of a “standard
bubble” (suitably projected) and the first eigenfunction of the Laplace operator,
multiplied by a factor tending to zero, as A — Aj.
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More precisely, denoting by P the projection onto HO1 (£2) (see (2.4)), we get:

Theorem 1.1. Let N = 4. Assume that 0 € Q2 and that 2 is symmetric with respect
toxy,...,Xx4.

Then, for all A > A sufficiently close to L1, there exists a sign-changing solution
uy, of problem (1.1) of the form

i
(A —Ape **isp

up(x) =P | ag ——
(O —)2e 7Hst +|x)? (1.3)

1
—e M [(Szx —1)2 + 1] er + P,

where oq4 = 24/2, sip—>§5;>0,j=12as A — )L;r and ®, — 0in HOI(SZ) as
r— )»;r. Moreover u,_ is even with respect to the variables x1, . . ., x4.

Theorem 1.2. Let N = 5. Assume that 0 € Q2 and that 2 is symmetric with respect
toxy,...,Xs5.

Then, for all ). < L1 sufficiently close to 11, there exists a sign-changing solu-
tion u;, of problem (1.1) of the form

3 2
(A —A)2dyy, 3
=P — (M — W) idpe + 14
u; (x) s <(AI—A)2d%A+|X|2> (M Y4diyer A (1.4)

where as = 15v/15,dj — d; > 0, j = 1,2 as A — A and ®; — 0 in H) (Q)
as .. — A . Moreover u,_is even with respect to the variables xi, . .., xs.

Remark 1.3. We observe that the solutions obtained in Theorem 1.1 and Theorem
1.2 are sign-changing because, in the case N = 4 they solve problem 1.1 for A > A;
and it is well known that for these values of the parameter A there cannot exist
solutions of problem (1.1) of constant sign (see [14, Remark 1.1]). In the case N =
5, the sign-changingness of the solution is a consequence of the estimates of the
L®°-norm of the remainder term (see the proof of Theorem 1.2 and Proposition 6.1).

We point out that since A1(€2) is reached from above, if N = 4, while, it is
reached from below, if N = 5, our results agree with those of [4,26] for radial
sign-changing solutions in the ball.

Moreover, we observe that, thanks to the estimates of the L°°-norm of the re-
mainder term in compact subsets of £\ {0} (see the proof of Theorem 1.2, Proposi-
tion 6.1 and Remark 6.2), the main contribution to the negative part of the solutions
obtained in Theorems 1.1 and 1.2 is given by the first (normalized, positive) eigen-
function of —A in HO1 (£2), multiplied by a factor tending to zero, as . — X;. Hence,
this family of solutions verifies, in the more general setting of bounded (symmet-
ric) domains, a conjecture made by Atkinson, Brezis and Peletier in [6] for nodal
radial solutions in the ball, for N = 4, 5, which states that the negative part of these
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nodal radial solutions, converges to zero, in compact subsets of B_l\ {0}, as the first
eigenfunction of —A in the unit ball multiplied by a vanishing factor, as A — Aj.

We also observe that the energy (see (1.5)) of the solutions obtained in Theo-
rems 1.1 and 1.2 converges, as A — A1(£2), to the “critical” energy level %SN /2
for the Palais-Smale condition (as a consequence of (5.17), (5.18) and since the
HO1 -norm of the remainder term goes to zero).

The proof of our results is based on the Lyapunov-Schmidt reduction method
which allows us to reduce the problem of finding blowing-up solutions to (1.1) to
the problem of finding critical points of a functional (the reduced energy) which
depends only on the concentration parameters.

We point out that, since we deal with the critical exponent, there are serious
difficulties with the standard procedure when trying to look for critical points for
the energy functional associated to (1.1), namely

1 1 s
J(u) = 5/ |Vu|2dx—T/ Ju| P! dx—E/ u?dx, ue H}(RQ). (1.5)
Q p Q Q

In oder to overcome these difficulties, for the case N = 5 we use a new idea, in-
troduced in our paper [33], which is based on the splitting of the remainder term in
two parts. Usually the remainder term @, is found by solving an infinite dimen-
sional problem, called “the auxiliary equation”, here, we look for a remainder term
which is the sum of two remainder terms, of different orders. Differently from the
standard procedure these two functions are found by solving a system of two equa-
tions, which is obtained by splitting the auxiliary equation in an appropriate way.
We stress that by using the standard procedure it is not possible to prove the exis-
tence of a critical point of the reduced energy and consequently to find a solution
of problem (1.1) (see [33, Section 1]). We think that this improvement of a very
consolidate technique can be used in other contexts for proving existence of solu-
tions. We also note that in order to make the finite dimensional reduction method
work, we use some techniques which usually belong to the variational framework.
In fact, the standard procedure allows us to get only estimates of the HO1 -norm of the
remainder term, but in our case it is necessary to improve them up to the L°°-norm
(see Lemma 5.2).

For the case N = 4 we use the standard procedure, but it requires finer and dif-
ferent estimates, since they are more delicate in this dimension, and it also requires
suitable choices of the parameters § and t.

We also observe that the symmetry assumption on the domain €2 is only made
in order to simplify the computations which however, even in the symmetric con-
text, are long and tough. But there is no reason, a priori, for the previous result not
to hold in general domains.

The outline of the paper is the following: in Section 2 we set the notation and
recall some preliminary results. In Section 3 we explain the setting of the problem.
In Section 4 we look for the remainder term @, in a suitable space. In Section 5 we
study the reduced energy. Finally, in Section 6 we prove Theorems 1.1 and 1.2.



6 ALESSANDRO [ACOPETTI AND GIUSI VAIRA

2. Notation and some preliminary results

‘We introduce the functions

Us(x) =ay————, §>0, x e RY 2.1)

withay := [N(N —2)] = . Is is well known (see [8,16,44]) that (2.1) are the only
radial solutions of the equation

—Au=u? inRV. (22)

We define ¢; to be the unique solution to the problem

Aps =0 in Q 2.3)
@s =Us on <,
and let
PUs := Us — s 24)
be the projection of {5 onto HO1 (R),i.e.
—APUs =UI in Q
PuUs =U; in 2.5)
PiUs =0 on 9%.

Finally, we introduce the Robin function of a domain €2, which is defined as 7 (x) =
H(x, x).
Here H(x, y),forx, y € Q,is given as follows: forall y € Q, H(x, y) satisfies

1
—AH(x,y)=0 in €2, H(x,y):m for x € 022.
xX—y

The function H is nothing but the regular part of the Green function. Indeed, if
G (x, y) denotes the Green function of the Laplace operator at the boundary 92, we
have:

1
G(x,y) =yn <m — H(x, )’))

with yy = m , where wy denotes the surface area of the unit sphere in RV .
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It is well-known that the following expansion holds (see [40])

N=-2 N+2
os(x) =anyd 2 HO,x)+ O 2) as § — 0. (2.6)

Moreover, from elliptic estimates it follows that

0<@s(x) <87,  inQ 2.7

and
p+1

N-—2

see for instance [45] and references therein.
In what follows we let

1
2
(u, v) :=/ Vu-Vvdx, |ul| := (/ |Vu|2dx>
Q Q

as the inner product in HO1 (2) and its corresponding norm while we denote by
(5 )i ryy and by || -|| 1) the scalar product and the standard norm in H T(@RN).

Moreover we denote by
1
lul, == (/ IulrdX>
Q

the L”(€2)-standard norm for any r € [1, +00]. When A #  is any Lebesgue
measurable subset of R, or, when A =  and we need to specify the domain of
integration, we use the alternative notations ||u 4, |1, .

From now on we assume that 2 is a bounded open set with smooth boundary

of RV, symmetric with respect to x1, ..., xy and which contains the origin.
We define then
Hgym = {u € HO1 (2) : wu is symmetric with respect to xp, ..., xN} ,

and for g € [1, +o0]

Lim = {u € L9(Q) : u is symmetric with respect to xi, ..., xy}.

3. Setting of the problem
2N
Leti* : Ly — Hgym be the adjoint operator of the embedding i : Heym(2) —
2N_ 2N_
Lym , namely if v € Lgyfy then u = i*(v) in Hgyy is the unique solution of the
equation
—Au=v inQ
u=20 on 0€2.
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By the continuity of i it follows that

2N
li* () < Clvlig_g2 Yv € Ly (3.1

for some positive constant C which depends only on N,

w=1i*"[fu)+ \u]
i u € Hygm (3.2)
where f(s) = |s|P7 s, p = %—f%
Let Z; the following function:
N—2 n- 252
Z5(x) = 0lhy(x) =ay =56 A 33)
(82 +1x1?)2
We remark that the function Zs solves the problem (see [13])
—Az = plUs|P 1z, in RV, (3.4)
Let PZs the projection of Zs onto HO1 (€2). Elliptic estimates give
N—-2 v N
PZs(x) = Zs(x) —an § T H@O,x)+0(6?2) (3.5)

=ys(x)

uniformly in €.
We next describe the shape of the solution we are looking for. Let §, T be
positive parameters defined in the following way: for N = 4 we let

_1
§ =€e €5

_1
T=e <g(s2) (3.6)
with A —A| =¢,

g(s2) = (s2— D>+ 1, 5;>0.
Instead, for N = 5 we let
3
T =€4d;

5= iy, (3.7)
with A —A=¢€, d;>0.

Fix a small > 0 and assume that

1
n<dj,sj<; for j =1,2. (3.8)
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We look for an approximate solution to problem (3.2) which is of the form
up(x) = PUs — tey + Pp(x), (39

where e; > 0 is the first eigenfunction of —A corresponding to the first eigenvalue
A1, and the remainder term &, is a small function which is even with respect to the
variables xp, ..., xy.

Finally let us recall some useful inequalities that we will use in the sequel.

Since these are known results, we omit the proof. Recalling that f(s) = |s|? s,

where p = %,we have:

Lemma 3.1. Let N < 6. There exists a positive constant ¢, depending only on p,
such that for any a, b € R

f@a+b) = f@ = f@bl <c(lal” 2R+ bIP),  (3.10)

and
[f@+b) = f@] < c(lal”™ bl +1BI7 + lal”2p2) . @D

Lemma 3.2. Let N < 6. There exists a positive constant ¢ depending only on p
such that for any a, by, by € R we get

|fla+b1)— fla+b) — f'@br — b))

_ _ _ (3.12)
< ¢ (lal”21b2 = bl + 161177+ 15217") [by = bal.

3.1. Scheme of the reduction
Let us consider
K1 :=span{e;} C Hyym and K :=span{PZs, e} C Hym

and the orthogonal spaces

Ki = {(]5 € Hym (@, eyl q) = 0}

Kt = {¢ € Hyym @ (9, el)HOI(Q) =0, (¢, PZ(S)HOl(Q) = 0} .

Let maps Iy : Hyyym — Ky, IT : Hgypy — K and maps 1'[1L D Hym — ICll, and
mnt: Hyym — Kt be the projections onto K, K and le-, IC, respectively.
We set
Vi (x) := PUs(x) — te1 (x). (3.13)

We remark that Vj (x) = Vi (s, x) for N = 4 and V) (x) = Vi(d,x) for N =5
where 5§ := (51, 52) € Ri andd := (d;,d») € R%r.
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In order to solve problem (1.1) we will solve the pair of equations

M { Vi + @ —i* [f (Vi + @) + A(Vs + §)]} =0, (3.14)

Vi + @y — i* [f (Vi + 1) + AV + )]} =0. (3.15)

Given § and d satisfying condition (3.8), one has to solve first the equation (3.14)

in @, which is the lower order term in the description of the ansatz and then solve
equation (3.15).

We recall now the definition of stable critical point that we will use in the
sequel.

Definition 3.3. Let 7 : D — R be a C'— function where D C R™ is an open set.
We say that xq is a stable critical point if

Vh(xp) =0
and there exists a neighourhood U of xg such that
Vh(x) #0 VxedU

Vh(x) =0, x € U = h(x) = h(xop)

and
deg(Vh, U,0) # 0,

where deg denotes Brouwer degree.

We remark that any non-degenerate critical point of 4 is a stable critical point
in the sense of Definition 3.3.

Moreover it is easy to see that if xp is a minimum or a maximum point of A
(not necessarily non-degenerate) then xo is a stable critical point in according to
Definition 3.3.

4. The auxiliary equation (3.14)

In the sequel we solve (3.14) in both cases N = 4, 5.

4.1. The reduction for N =4

We write (3.14) as
Ry + L(P) + N(¢) =0, 4.1)

where
Ry = I {Vi —i* [f(V2) +AV3l} 4.2)
L(p) = T {o —i* [f Us)¢ + 1]} 4.3)
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and

N(@) =T {=i* [f(Vi + &) — fF(V2) — fUs)¢]} - (4.4)

In what follows we estimate the error term R, we analyze the invertibility of the
linear operator £ and, at the end, we look for a solution of (4.1) by using a fixed
point argument.

4.1.1. Estimate of the error term

Proposition 4.1. For any n > 0, there exist o > 0 and ¢ > 0 such that for all
€ € (0, €p), for all (s1, s2) € Ri satisfying (3.8), we have

IRAll < cee™c.
Proof. By continuity of IT+, by definition of i* and by using (3.1), we deduce that

IRl <clf(PUs —ter) — f(PU(s)INz_yz +c| f(PUs) — f(?/f(s)lNz_g2

() In
+ cA|PUs| av +ct|d — Aqller]| v .
N+2 N+2

1) v)

Let us fix n > 0. We begin with estimating (/). By using Lemma 3.1 and recalling
the choice of T and § (see (3.6)), we deduce that

(p—D(52%) 2N
() < ¢ (/ [7’?/15 V52 (rey) W2 +(ze) P!
Q
N A%NSG—NN)z 4N S
T FR PUN T )e{”zdx])
N o,
2N = N+2
~i5 N+2
< 02<TN+2|€1|oo /Qﬁdx
x N+2
<1+|3| )
4N 5
1 AN 2N N@G-N) 1 N
P e |5 QU+ TV ey | 578 TN | e dx
Q|x| N+2
3
<

c(ee_% +e3e_% —I—ee_Z) <c(n, Q,N)ee_é.
The estimate of (/1) is standard and hence, by making some computations we get

I < 038N_2 < C4Ee_% 4.5)

for all sufficiently small €.
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We now estimate (I11). Since Pls < Us we have:

N-2 1 o
(IIl) < and 2 </ ] dx)
2 (32 + |x|) w2
N+2

2N
N-2 1 1
CINS 2 /‘de < cee €.
Q |x| N2

(V) <cte < ceefé.

IA

Finally
Putting together all these estimates the result follows. O

4.1.2. The linear operator Let us consider the linear operator £ : K+ — Kt
defined in (4.3). Next results states the invertibility of £ and provides a uniform
estimate on the norm of £,

Proposition 4.2. Let N = 4 and § be as in (3.6). Then, for any small n > 0, there
exists C = C(n) > 0 such that for all A sufficiently close to A1, for any real number
s1 € (n, %) and for any ¢ € K= it holds that

L) = Clill.

Moreover L is invertible and ||[L~'| < %

Proof. The proof is quite standard and so we limit to sketch the proof of the first
part. The invertibility of £ follows by arguing as in Proposition 3.2 of [37].

We argue by contradiction. Assume that there exists a small > 0, a sequence
(An)n converging to A1, a sequence of real numbers (s,), C (1, %) and a sequence

of functions (¢,,), C HO1 (2) such that for all n € N

¢n € K+

li¢nll =1 @0

and
L(¢py) = hy, with  ||A,]| = 0, asn — +o0. 4.7

Since h, € K+ we get that there exist some real numbers c;?, Jj =0, 1 such that

¢n — i [f/(uén)¢n + )\nd)n] = hy + wy in (4.8)

where w, = ¢y PZs, + cjey.
First we will show that

lim [wy] = 0. 4.9)

n—+00
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To this end we multiply (4.8) by PZs, and by e; and we integrate by parts in Q2
deducing that

(Pn, PZSH)HOI(Q) - L f/(u&,)‘pnpzén dx — )\n/ ‘pnPZ(Sn dx
Q
= (hn, PZSn)HOl Q) + C(r)l (Pzén > PZSH)HOI Q) dx + C? (e1, PZ(S,,)HOI (Q)

and

(&n, el)HOl(Q) _/S;f/(uén)(lsnel dx—kn/;zfpnel dx

= (hns en) (o) + co(PZs,, eyl T c (er, el @)
We remark that since PZ;, solves (3.4) and ¢, € KL we have
0= (Pn, PZs) ) ) = /Qf/(usn)%zan dx
and
(PZ(;,,,PZ(;”)HO](Q) = /Q |V7325n|2dx =/Qf’(Z/lgn)Zan7DZ‘;n dx.

Moreover since e; solves (1.2)

(PZs,, €])H01(Q) = /QV61V73Z5n dx =M /;zelngn dx.
and (since e; € K1)

0= 6. e g1 = 1 /Qelqbn dx.

Hence the equations become

CS/ f'(Us,)Zs,PZs, dx +c§’)»1/ e\PZs, dx
Q Q

) an
= - /Q f/(uﬁn)(pn(,PZS,, - ZSn)dx - )\n/ ¢n7>Z8n dx — (hp, PZSn)H()l(Q)
Q

and (h,,, PZ(Sn)H()l @ = 0 since h, € K+, and

CS)»]/QE]'PZ(S,, dx—{—c’f)»]/sze%dx = _,/g.zf/(usn)anel dx—(hn,81)H01(Q)
\*/_’/

| —
(In :=Dy>0
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and (h,,, €1)H01 (@ = 0sinceh, € K. By definition of projection we have PZ;, =
Zs, — Vs, , where v, is an harmonic function and /s, = Zs, on 9€2. Therefore,
by elliptic estimates, it follows that there is a constant C > 0 depending only on N
and €2, such that |5, |00, < C (see also (3.5)).

Hence

/Qf'(usn)PzanZan dx ngf/(usn)zgn dx—/ﬂf’(usn)lﬁsnzsn dx.

Now

/ 2 _ ptlg—2 (|y|2_ 1)2 2
/;2f Us,)Z5, dx =y "8, AT DS dy + O (8n>

=A8n_2—|—o(1) as n —> +o00o

Pt P2
where A := oy [pa (e Y- Moreover

/ |.V|2 _
/Qf Us, Vs, Zs, dx = ay H(O, 0)/ TR |2)4d Y+ 0(n) = Ao+ O(6n).

Therefore
(I) = A8;2 — Ag + o(1)

as n — +00. Moreover
/ e1PZs, dx = f e1Zs,dx — / e1ys, dx
Q Q Q
and now

/elzgndx=B+0(1) as n — +oo
Q

where B = [ e # dx . Moreover

/elwgndx:om/e1H(O,x)dx:B0.
Q Q

We then get
(II) =B — By +o0(1).

Hence the equations become
n 2 2 n 2 2
ch (A= 4082 +0(6D) +clrr ((B = Bos? +o(6))

_ s / FUs, )(PZs, — Zs,) dx — 80 / 6aPZs, dx
Q Q

(ID) v
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and
Cgkl (B— By +o(1))+c{rDg = —/ f/(u(sn)anel dx.
Q

V)
Now by using (3.5) we get that

|(I1T)| = '_55];2f/(u8,,)¢n(7725n — Zs,) dx

< 82PZs, — Zs,ls0ldulaol f Us)a = 0 (82).

We remark that

1PZs 12 = f FUs P Zs, Zs, dx < <cs2
Q

/ f'Us)PZs,Zs, dx
Q

Hence we get
UV = Clgul2,2lPZs, || = Cp.

Finally

2 2
30 lPnl3e < C8; =o(1).

(V)] < |€1|w,QA|f/(Uan)¢nldx < C |Us,
Then
cp (A= Aod2 +0(82)) + A1 ((B — Bp)82 + 0(82)) = 0(8,)
cor (B — By +o(1)) + A1 Dy = o(1).
In both cases the system is definitely non singular and hence it has a solution

(ci» c]) such that c;? — 0asn — +o0.
Moreover cg = 0(8,). Now we observe that

”wn”z()l(g) = (¢n,wn)H01(Q)_Lf/(uﬁn)¢nwndx_)Ln/gz‘lsnwndx_(hn’wn)HOl(Q)
= —cg/ f’(ugn)qﬁnpztsndx—c’f/ f/(U5n)¢neldx+(¢n’wn)HOl(Q)
Q Q
_Ancg/¢>n7325ndx—)»nc’f/¢ne1dx—(hn,wn)H01(Q)
Q Q

Reasoning as before and using that c;; = 0(8,), ¢} = o(1) as n — +00 we get that

2
w =o(1
lwally g = o(1)

and the thesis easily follows.
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Now let us define

(:5n (y) = 8,0 (81y).

Then ¢7,1 solves the problem

~ ~ ~ Q
—Agy— pUG)P Ty — An82pn = 8 Ay (8,y) +wn(S8,y))  in 5 410

n

We point out that since ||$n || 2 is bounded, then, up to a subsequence, 5,1 converges
B

weakly in D'2(R*) to some ¢. This means that

/Q VéuVodx — / VooV dx as n — +0o
24 R4
B
for any ¢ € C(‘)’O(R4).
By multiplying equation (4.10) by ¢ € C§° (R*) and integrating we get that

/Q VanVgodx - p/Q Up_1¢3n<pdx — )»,18,% /Q qgn(pdx
2 2 2

on on

=5 fg Vh,Vodx + 68 /Q Vi, Vo dx,

al’l 8"!

where ﬁn(y) = h,(8,y) and W, (y) = wy(8,y). So,as n — 400, by using also the
results of Step 1, we get that ¢9 solves the problem

~Ago=plUMI" ¢  in R

and satisfies the condition

/ VgoVZdx =0
R4

and hence ¢9 = 0.
Moreover also ||¢; || Hl () is bounded and so, up to a subsequence, also ¢,

converges weakly to some ¢* in HO1 (2) and, as before, we get that, as n — 400,
¢* solves
—AQp* = 10" in Q

with the condition
/ Ve Ve*dx = 0.
Q

Hence we get that ¢* = 0.
At the end, in a very standard way, one can prove that ||¢,|| = o(1). This
immediately gives a contradiction since by assumption ||¢;, 1?2 =1. ]
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4.1.3. Solving equation (4.1) We are now in position to find a solution ®; € KKt
of the equation (4.1), namely we prove the following result.

Proposition 4.3. Let N = 4, t and § as in (3.6). Then, for any n > 0, there exist
€0 > 0 and ¢ > 0 such that for all € € (0, ), for all (s1,s2) € Ri satisfying
condition (3.8), there exists a unique solution o, e K+ of the equation (4.1), such
that

- 1
|®y] < cee <. “4.11)
Moreover ®;, is continuously differentiable with respect to (s, 52).

Proof. The proof is almost standard and hence we sketch it. Let us fix n > 0 and
define the operator 7 : K+ — Kt as

T($) = —L'[N(¢) + Ral.

We remark that 7 is well defined since L is invertible (see Proposition 4.2).
In order to find a solution of the equation (4.1) we solve the fixed point problem
T (¢) = ¢. Let us define the proper ball

Be = {¢>elcL I < ree i}

for r > O sufficiently large.
Let us show that 7 maps Be into B.. From Proposition 4.2, there exists €y =
€o(n) > 0 and ¢ = ¢(n) > 0 such that:

1T < cUN@ I+ IR:ID. (4.12)

for all ¢ € KCt, for all (s1, 52) € Ri satisfying (3.8) and for all € € (0, €p).
In view of Proposition 4.1 we have to estimate only || N5 (¢)||. Indeed:

IN@I < clf(PUs — ter + ¢) — f(PUs — ter) — f'(PUs — f€1)¢>|13_52
+ I[f'(PUs — ter) — J”(Pbla)](ﬁl]vzigg2
+ ILf'(PUs) — f/(ué)]¢|13_¢/2
< clPUL ) oy + c|rf’—2e”‘2¢2|Nz_52 @13
+clg| a +elth” P~ g) oy .

+c|(rer)P~ 277Ua¢|2_1v +clol T ol + clo? P Usp) o .
N+2 N+2 N+2

O\

-N
N-=-2>

()"

we have

Now since p —2 =

Jz

2N (6—N) 2N (6—N) N(6—N)
— PU(N 2)(N+2) <u(N 2)(N+2) < ¢S~ NTz .
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Hence we get that

N+2 N+2

2 N\ 2N 6-N 4N N
(/ (PU({’ ¢2> dx) c (5sz+2 / PN+ dx)
Q Q
Nt2

_6-N AN N _6=N 5
c16 2 ¢N+2 dx <cé 2 ol
Q

We observe that for N = 4, and thanks to the choice of § we have

IA

IA

6N 5 _1
§ 7T lgll7 < cee €

for all sufficiently small €.

The remaining terms of (4.13) are even simpler and the estimates can be ob-
tained in a similar way. Moreover, with analogous estimates we obtain that 7 :
Be — B is a contraction. Hence, by the fixed point theorem there exists a unique
solution ®; of 7 (¢) = ¢. Finally, in a standard way one can prove that the map
d, is differentiable with respect to (sq, s2) (see [2]). The proof is complete. O

4.2. The reduction for N = 5

As anticipated in the introduction, in the case N = 5 we look for a remainder term
of the form

D) = ¢ + ¢,
with
lp21l = o(llp11D-
To this end we write (3.14) as
Ri+Ra+ Li1(p1) + La(h2) + Ni(¢1) + Na(g1, ¢2) =0, (4.14)
where
Ry =y {—te; —i*[-Atel}, (4.15)
Ry := T {PUs — i* [APUs + f(PUs — ter)]} . (4.16)
Li(p) =TI {¢1 — i* (M1} 4.17)
Lo(¢o) =T {2 — i* [f'Us)p2 + A2} (4.18)
Ni(¢1) := T {—i*[f (—ter + ¢1) — (A1 — L)1), (4.19)
and

Na(@1, @) i= I = [ (Vi + 61 + )

(4.20)
— f' Uz — f(=Ter + ) — [ (PUs — zen)]}.
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Now, in order to solve equation (4.14) we solve the following system of equations

Ri+ Li(¢1) +Ni(g1) =0

421
Ra + La(d2) + Na(¢1, ¢2) = 0. @.21)

It is clear that a solution of (4.21) gives a solution of (4.14). Moreover we remark
that it is not restrictive to consider R, £1(¢1), N1(¢1) € ICf- since only §; appears.
In order to solve (4.21) we apply a fixed point argument twice (see Section
4.2.3). As usual we have to estimate first the error terms /R and R, then we have
to analyze the invertibility of the linear operators £ and L5.
In what follows we let

5
0y = I and 6 :=3. (4.22)

4.2.1. Estimates of the error terms
Proposition 4.4. Ir holds R = 0.

Proof. Let us fix T > 0. By linearity we have R = rl'[lL {—e; —i*[—Xer]};
hence R; = 0 if and only if —e; — i* [—Ae1] = ce; for some ¢ € R. This is true,
since, by definition of i* and ey, it holds —e; — i*[—Xe;] = (—1 + %)el. The
proof is complete. O

Proposition 4.5. For any n > 0, there exist €9 > 0 and ¢ > 0 such that for all
€ € (0, €y), forall (dy,d>) € Ri satisfying (3.8), we have

b
IR2ll < ce?™,
for some positive real number o, whose choice depends only on N .

The proof of this result can be obtained by reasoning as in Proposition 4.1.

4.2.2. The linear operators Let us first consider the linear operator £ : IClL —
ICIL defined as in (4.17).

Next result states the invertibility of the operator £; and provides a uniform
estimate on the norm of Ll_l .

Proposition 4.6. The linear operator L : /Cf‘ — le‘ is invertible and ||£1_1 I <c
for some constant depending only on N and Q.

Proof. Letus fix h € /Cf-. We consider the problem

—Ap=Mp+h inQ

=0 on 9. (4.23)
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Since h € le- it is well known that (4.23) has a solution ¢ € HO1 (2) (see [3],
Theorem 0.7). Moreover it is elementary to see that the solution is unique in ICIL.
Hence by definition of l'IlL and i* it follows immediately that £1(¢) = h has a
unique solution ¢ = ¢(h) € K+, and from elliptic estimates we have ol < clhll,
which implies the boundedness of [,1_1 . The proof is complete. O

Let now £, : K+ — K defined in (4.18). Reasoning as in Proposition 4.2
we have the following result.

Proposition 4.7. Let N = 5 and § as in (3.7). Then, for any small n > 0, there
exists C = C(n) > 0 such that for all A sufficiently close to L1, for any real number
dy € (n, %) and for any ¢ € K it holds

I1L2()]l = Cligll.

Moreover L, is invertible and || L5 < %

4.2.3. The auxiliary equation: solution of the system (4.21) In this section we
solve system (4.21).

The strategy is to solve the first equation of (4.21) by a fixed point argument,
finding a unique ¢; and then, substituting ¢; in the second equation of (4.21), we
obtain an equation depending only on the variable ¢». Hence, using again a fixed
point argument, we solve the second equation of (4.21) uniquely. More precisely,
by arguing as in the proofs of [33, Propositions 3.1, 3.6], we obtain the following
results:

Proposition 4.8. Let N = 5 and t as in (3.7). Then, for any n > 0, there exist
€0 > 0 and ¢ > 0 such that for all € € (0, €p), for all di € R satisfying condition
(3.8) for j = 1, there exists a unique solution ¢, = ¢1(d), ¢1 € le‘ of the first
equation in (4.21) which is continuously differentiable with respect to d| and such
that

_ 0
1]l < ce?t, (4.24)

where 01 is defined in (4.22) and o is some positive real number whose choice
depends only on N.

Proposition 4.9. Let N =5, T and § as in (3.7). Then, for any n > 0, denoting by
P € ICIL the solution of the first equation in (4.21) found in Proposition 4.8, there

exist g > 0 and ¢ > 0 such that for all € € (0, €q), for all (dy, dy) € Ri satisfying
condition (3.8), there exists a unique solution ¢» € Kt of the second equation in

(4.21) with ¢ = ¢1, such that

- o
gall < ce?t, (4.25)

where 0 is defined in (4.22) and o is some positive real number depending only on
N. Moreover ¢, is continuously differentiable with respect to (dy, d3).
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5. The reduced problem

We are now left to solve (3.15).

5.1. Estimates for the reduced functional for N = 4

Let @, € K1 be the solution found in Proposition 4.3. Hence V, + ®, is a solution
of our original problem (1.1) if we can find s = (51, 525) Which satisfies condition
(3.8) and solves equation (3.15).

To this end we consider the reduced functional Jj, : R%r — R defined by:

Bs1,52) = o (Vi + ®5),

where J), is the functional defined in (1.5).

The following result states that solving (3.15) is equivalent to finding critical
points (5.3, §2,,.) of the reduced functional JNA (s1, $2), moreover it provides a uni-
form expansion of the reduced functional which will be used in the sequel.

Lemma 5.1. The following facts hold true:

(i) For any small n > O there exists €y > 0 such that for all & € (A1, A1 + €0)
if (51,1, $2,2) is a critical point of J, and satisfies (3.8), then V) + O, isa
solution of (1.1);

(ii) For any n > O there exists €y > 0 such that for any € € (0, €y) it holds

L(Vi 4 &) = J.(V) + 0 (ee%) .

The proof of the above lemma is quite standard (see for instance [37]) and hence
we omit it.

5.2. Estimates for the reduced functional for N =5

Let (¢1, ¢2) € Ki x K+ be the solution found in Propositions 4.8,4.9. As in the

case N = 4, in order to solve (3.15) we consider the reduced functional fk : ]Rf_ —
R defined by:

Ji(dy, dy) := T (Vs + ¢1 + ),

where J, is the functional defined in (1.5).

As before critical points of the reduced functional give rise to solutions of
(3.15) (see (i) of Lemma 5.3). Nevertheless, the expansion of the reduced func-
tional is more delicate. In fact, in order to get the estimates of Lemma 5.3 we need
informations on the asymptotic behavior of the L>°-norm of ¢;. This is the content
of the next lemma.
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Lemma 5.2. Let n be a small positive number and ¢ € le‘ be the solution of the
first equation in (4.21), found in Proposition 4.8. Then, up to a subsequence, as
e — 0, we have

|(51 |OO - Oa

uniformly with respect to d| such that n < d; < %

Proof. Letus fix a small n > 0 and remember that 7 = dle% ,whered; €]n, %[ . We
observe that by definition, since o1 € ICf- solves the first equation of (4.21), then,
for all € sufficiently small, for all d €]n, %[, there exists a constant ¢ = c¢(d;)
such that ¢| weakly solves

—Ap1 = (M — €)1 + f(—Ter + 1) — hceer. (5.1

Testing (5.1) with e}, and taking into account that ¢ € K-, we deduce that cc — 0,
as € — 0, uniformly with respect to d; €]n, %[.

We observe that ¢ is a classical solution of (5.1). This comes from standard
elliptic regularity theory, the application of a well-known lemma by Brezis and

Kato, taking into account that ¢; € HO1 (€2) weakly solves (5.1) and the smoothness
of e, f.

We consider the quantity SUDy, ey, 11 |#1]00, Which is defined for all € € (0, &),
'n
where €p > 0 is given by Proposition 4.8. We want to prove that

lim  sup |@1]oo = 0. (5.2)

;
0 g bt

In order to prove (5.2) we argue by contradiction. Assume that (5.2) is false. Then,
there exists a positive number m € R™, a sequence () C RT, ¢ — 0 as
k — +00, such that

sup @1 kloo > m, (5.3)
dieln 3

for any k € N, where we have set (]31,/( = ¢ (61" d1) € Bj,,. We observe that (5.3)
contemplates the possibility that sup diein 1] |@1.klcc = 400. From (5.3), for any
’n

k € N, thanks to the definition of sup, we get that there exists d; x €17, %[ such that

m

61 kloo (d1 &) > >
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Hence, if we consider the sequence (|q_51’k loo (dh, k)) o then, up to a subsequence, as
k — 400, there are only two possibilities:

@) 191.kloo(drk) = +00;
(b) @1.kloo(d1 k) — I, forsome ! > % > 0.

We will show that (a) and (b) cannot happen.

Assume (a). We point out that, since n > 0 is fixed, then, d; x €]n, %[ for all
k, in particular this sequence stays definitely away from 0 and from +oco. Hence,
in order to simplify the notation of this proof, we omit the dependence from d; 4 in
¢>1 k(d1.k). ce (d1 k) and thus we simply write ¢>1 k- Ce, - In particular, we observe
that, for any fixed k, ¢; 4 is a function depending only on the space variable x € €2.

Then, for any k € N, let ax € 2 such that |¢1 x(ax)| = |$1klec and set
My := |¢1.klco. We consider the rescaled function

~ . 1 - y _ 2
D1k (y) = ﬁk(bl,k ax + vk B=——=

k

~ 2
defined for y € Q := M," 7 (Q — ap).
Moreover let us set

~ 1 3
el x(y) = ﬁkel ax + —— and 7 :=d) kel
MN72

k

It is clear that |[€] k|l o, S 0,7 — 0,as k — +400. By elementary computations
we see that ¢ ; solves

~ Al — € ~ AMCe ~ ™
—Apri = = $ri+ f(—Tlik + bra) — j er in
MkN MkN—2 64
¢1k =0, on 9.

Let us denote by IT the limit domain of ﬁk Since we are assuming (a) we have
My — +o00,as k — +00, and hence IT is the whole R¥ or an half-space. More-
over, since the family (¢1 &)k is uniformly bounded and solves (5.4), then, by the
same proof of [11, Lemma 2.2], we get that O € IT (in particular 0 ¢ 9I1), and, by
standard elliptic theory, it follows that, up to a subsequence, as k — +00, we have

that ¢1 x converges in Cloc(l'[) to a function w which satisfies

—Aw = f(w)inIl
w(0) =1 (orw(0) = —1)
lw| < 1inIl
w = 0on JIT.

(5.5)
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We observe that, thanks to the definition of the chosen rescaling, by elementary
computations (see [30, Lemma 2]), it holds ||<]51,k||§~2 = l¢1xll5. Now, since
€
91
- F+ . .\
1.kl < cek2 U, where ¢ depends only on n and o is some positive number (see
Proposition 4.8), we have ||¢1,k||?~2 = |lg1xll5 — 0,as k — +oo. Hence, since
k

2

Prk —~> w in Cloc

(IT), by Fatou’s lemma, it follows that
2 <liminf||$; |3 = 0. 5.6
lwlg < jm inf l#1kllg, (5.6)

Therefore, since ||w ||12-[ = 0 and w is smooth, it follows that w is constant, and from

w() =1 (or w(0) = —1) we get that w = 1 (or w = —1) in I1. But, since w
is constant and solves —Aw = f(w) in I, then necessarily f(w) = 0 in I, and
hence w must be the null function, but this contradicts w = 1 (or w = —1).

Assume (b). We use the same convention on the notation as in previous case.
Then (¢1 1)« is uniformly bounded, in particular there exist two positive constants
c1, ¢ such that for all k € N it holds

1 < |p1kloo < 2. (5.7)

By definition, &1 .k solves
—Ad1k = (M1 — €)1k + f(—Tker + k) — Acger. (5.8)

Hence, by standard elliptic theory, it follows that, up to a subsequence, (ﬁl,k con-
verges in Cﬁ)C(Q) to a function w which satisfies

—Aw =xw+ f(w) InQ

59
w=20 on d%2. (5:9)

- o1 _
Now, since [|¢ k|| < cek2 +0, where ¢ > 0 depends only on n and ¢y — w in
CIZOC(Q), then, by Fatou’s Lemma and Sobolev inequality we have that

lwlp+1 < liminf [y x[p+1 =0,
k——+00

thus, since w is smooth, it follows that w = 0. But, if a; € 2 is such that |q_51,k|OQ =
q_bl’k(ak), by slightly modifications to the proof of [11, Lemma 2.2] we have that
d(ag, dQ) - 0 as k — —+o00o. Hence, this fact, $; — w in CIZOC(Q) and w =0
contradict (5.7).

Alternatively, assuming that 92 is of class C 2. for some o € (0, 1), with-
out using the arguments of [11, Lemma 2.2], but using standard elliptic regularity
theory and [27, Lemma 6.36], since q31, ¥ 1s uniformly bounded, we get that, up to
a subsequence q_Sl,k converges to w in C 2(Q), where w solves (5.9). As before it
holds w = 0 and hence we contradicts (5.7). The proof is then concluded. O



THE BREZIS-NIRENBERG PROBLEM IN LOW DIMENSIONS 25

Lemma 5.3. The following facts hold true:

(i) For any small n > O there exists €y > 0 such that for all A € (A — €0, A1) if

(d1 1, d2.3) is a critical point of J;L and satisfies (3.8), then V) + ¢)1 + ¢2 isa
solution of (1.1).

(ii) For any n > O there exists €y > 0 such that for any € € (0, €o) it holds:

H(Vi+ 1) = Lu(Vi) + 0,
with
0"t = "M (d)) + 0 (%), (5.10)
for some function M| depending only on d| (and uniformly bounded with re-
spect to €), where 01, 6> are defined in (4.22), o is some positive real num-

ber (depending only on N). These expansion are C O-Lmiform with respect to
(dy, dp) satisfying condition (3.8).

(iii) For any n > 0 there exists €y > 0 such that for any € € (0, €9) it holds:
L(Vi+ 1+ 62) = L(Vi + ¢1) + 0™,

0—uniformly with respect to (d1, d») satisfying condition (3.8), for some pos-
itive real number o depending only on N .

Proof. The proof of the lemma can be made as in [33, Lemmas 4.3, 4.4]. We limit
to sketch the proof of (ii) just to underline where Lemma 5.2 is needed.
Let us fix n > 0. By direct computation we see that

_ 1 _ _
LH(Vi +é1) — (Vi) = 3 /Q |V |* dx + /Q VV, - Vo dx
oo _
- E/Q|¢l| dx —)»/QVMM dx (5.11)

——/(|VA+¢1|P+1 Vi) dx.

By definition we have

/ VV, -V dx =/ V(PUs — tey) - Vo dx = / UL — rTen)dr dx
Q Q Q

— /Q[ﬂus) —aterdr dx,
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moreover, since F(s) = ﬁ Is|Pt1is a primitive of f, we can write (5.11) as

: T R, _
LH(Vi+ 1) — (Vi) = §||¢1|| - §|¢>1|2 - )»/Q Vyg1 dx

+ /Q[f(ua) — MTeildr dx

—/Q[F(vméo—F(vA)] dx

L f _
= - —A d
SIl* = Sl QPU5¢1 X 5.1
+ (A —M)f Te1dy dx
Q
+ /Q LF Us) — f(V)Id1 dx
- fQ [F(V+ 1) — F(Vy) — £(V)d1] dx
=A4+B+C+D+E+F.
For the terms A-E, by arguing as in [33, Lemma 4.3] we get that
L (Vs + 1) — (Vi) = €My (dy) + o(e?), (5.13)

for all sufficiently small €, for some function M; depending only on d; (and uni-
formly bounded with respect to €). For the remaining term F, applying elementary
inequalities we get that

Pl < e [ (W76 4160 ds
Q
< / PU™'F + (ter)? ™' F + 16117 dx
Q
= F + F+ Fs.

For Fy, applying Lemma 5.2, as € — 0, we have |¢1]|s = o(1). Hence, taking into
account that fQ ﬁ dx is finite, we get that

- - 8% -
Fi :/PUSD 1¢%dx§/bl5p 1¢%dx§c/ —4¢2dx
Q Q Q

x|
=0 (62/9 lx% dx) = 0(602).
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For F,, thanks to the definition of t and since ¢_>1 € Bj ¢, we have

172 -1 1 [ 1 T2
/(rel)" Fdx < Ve | /¢1 dx <c P /|V¢1| dx
Q Q Q

34 5
< c1ei32G10) < ¢ efato,

Finally, for F3, we have
/ 16117t dx < @il < cre¥EH) < et
Q
Hence |F|= 0(e”) and combining this with (5.13) we get the desired assertion. [

5.3. Energy expansion of the approximate solution

By the above discussion, in order to prove our main results, we need to find critical
points of the reduced functional J . To this end we have to analyze the term J, (V;),
which is the energy of the approximate solution Vj = PlUs — te;. In the proof of
the following lemma we find an expansion for J, (Vy), and combining it with the
expansions obtained in Lemma 5.1, Lemma 5.3 we get:

Proposition 5.4. The following facts hold:

(i) Let N = 4. Forany n > 0, as A — A}, the following expansion holds:

. 1 1
Jr.(s1, 82) = ZSQ +€e ¢ [—blg(s2)2 + brg(s2)s1 — b3s12]

2
+o0 (ee‘E> s
where € = A — A1, by, by, b3 are positive known constants.
(ii) Let N = 5. Foranyn > 0,as > — A| it holds:

(5.14)

_ 1 L
Jidr d) = <8 4 €3 [aldf — ard)’ ] +0(377),  519)
with
3
0(€%+o) = G%JFUMl(dl) + e |:a3d1d22 — a4d221| +o0 (E3> ) (5.16)

for some function M| depending only on d; (and uniformly bounded with re-
spect to € = L| — \), where o is some positive real number (depending only
onN)andaj, j =1,2,3,4 are some positive and known constants.

The expansions (5.14), (5.15) and (5.16) are C-uniform with respect to (s, s2) or
(d1, dy) satisfying condition (3.8).
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Remark 5.5. We point out that the term M, appearing in (5.16) does not depend
on d and this will be used in the sequel.
Proof. By making some standard computations we find that

1

1 1 72
_ p+1 14 2
J)\(Pulg—rel)—<§—p+l>/;2u§ dx+§/9u6 <p5dx+—2 (Al—k)/geldx

A
+r(k—k1)/ PUgeldx——/ Pugdx
Q 2Ja

1
i e = o v s

()

s

- /ef“dx—i—r/ Pug’eldx—rp/ PUgefdx
p+1Jg Q Q

1
e [IPUg—tel |pt1 —PU§+1 —rp+1ef+l+(p+l)771/l§tel —(p+l)'PL{5tpef]dx .
r+1Jo

rn
For N = 4, 5 we have that

1 1 | 1 N2
—— U dx = —sy? +o@v
(2 P+1>/Q oo dx= Sy 000

%/ng’m dx =0 (5%2).

Now if N = 4, fixing a small R > 0 such that B CC 2, we get

2 2 “i 2 0‘%
Usdx =6 / —* _ _dx+$ / — = _dx
fg ) <R (52 + [x[2)2 Q\(lx| <k} (82 + [x]2)2

— w4028 log = S+0 (52)

and

where w4 denotes the surface area of the unit sphere in R*. Instead, for N = 5 we
have

2 2 o [Tt
/U5 X =086 / 1 3dx I} RSZ/{ dx+0 1) [ md?‘ .
(+|5|> ’
Hence

/Pugdx=/1/{52dx+/¢§dx—2/U3¢5dx
Q Q Q Q

ws038%1og + + 0(8%) + O(lgsloo [oUs dx) for N =4

82/Nu2dx+0(83)+0(|<p3|2|L{5|2) for N =5
R
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and so
ws038%logt + O (8%)  for N =4

/ PU; dx =
Q 52f u2d (§ _
RN x+ 0 (62 for N = 5.

Moreover

/ PU5e1 dx = / (4] [Ua — (pg] dx
Q Q

N-2

5852
:/el aN—2 . aN82H(xO)+O<T+2) dx
Q (32+|7€|2)T
N-=2 1 N+2
=/QaN5 ; el[W—H(x,O)] dx+0(8°3)
_ N _/elG(x 0)dx+0<8 2)

= N 8P 0) + 0( 557,
YNAL )

since —Ae; = Ateq and hence ¢1(0) = A fQ e1(x)G(x,0)dx.
Moreover

z/ erPUL dx = r/ elug’dx+r/ el(PUf —Uf)dx
Q Q Q

0 (w6 10g}) ifN =4

= f(s#el(m/ UP dx + a2
RN 0<r8 ) ifN =5
and
rp/ Plse? d dx = PN efG(x,O)dx—FO(rp(S%).
Now
P+ p—1 2 N 2 8?
|(I)| = C<|§03| +1, Q+/ ué‘ Ps d.X') =c1 § + |¢3|OO/;2 (52+ |X|2)2 dx

C03210g%+0(1) for N=4 84]0g% for N=4

C]3N+ C25N72

IA

<C3

1 =
82/ Hﬁdx for N=5 85 for N=5
QX



30 ALESSANDRO TACOPETTI AND GIUSI VAIRA

and

|(ID)| < | coodx| 4+ ...odx]
B /5(0) Q\B /5(0)

< [ [Pt -zt U+ (o P e
B /5(0)
+PH! / ef*‘ dx +tP(p+1) Plse! dx
Bﬁ(O) B\@(O)

+/ PUI T dx +T(p+ 1) PUf e dx
Q\B5(0) Q\B5(0)

—i—f . ‘IPUB — zeg|PT! — ‘cerlellvJrl —(p+ DtPelPUs| dx
Q\B 5(0)

c 1:2/ Pug_le%dx—i—rpﬂf ef+1 dx
B 5(0) B 5(0)

+tp/ PUgef dx +[ PZ/Ispde
B /5(0) Q\B /5(0)

P! / Puge{” dx + ‘L'/ PUf ey dx
Q\B 5(0) Q\B 5(0)

log% for N =4
+oPtlsy
\/S for N =5

IA

232

IA

c1|T

82 for N =4
N N 1 N
+tP82 +62 4+ 1P + 162
5% for N =5

Putting together all these estimates for N = 4 we get that

1 2
5.(PUs — tey) = ZSQ tee ¢ [—blg(sz)2 + brg(s2)s) — b3s12]
+o(ee‘§)

1 2
b=~ [ ejdx
2Ja

by = el(O)/ Ur dx
R4

b3 = —waay,
3 ) 400y

(5.17)

where
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while for N = 5 we get
1 3 5 2 10 5
J(PUs — tey) = 5552 + €2 [aldl —ayd,’ ] + 3V M ()

(5.18)
3
—|—63 |:a3d1d22 — a4d22:| + 0(€3+U)

ay =z | ejdx
2 Ja

1

where

a = —— ef+1 dx
p+1Ja
as = 61(0)/ Ur dx
RS
A
a4 = 21 U>.
2 RS

In the end, combining these expansions with those of Lemma 5.1, Lemma 5.3 the
result follows. O
5.4. C1— estimate of the reduced functional in the case N = 4

In the case N = 4 we need to be more accurate in order to find a critical point of
the reduced functional (see the proof of Theorem 1.1).
Let W : R%r — R the function defined by

W(s1, $2) 1= —b1g(s2)* + bag(s2)s1 — b3si,

where b, for j =1, 2, 3, are the positive constants appearing in (5.17) and g is the
function defined in (3.6). The following result holds.

Lemma 5.6. For any n > 0 there exists €9 > 0 such that for any € € (0, €g) it
holds that

- 2 2
0y (Vo §) = ee ™05, W51, 52) + 0 (ee™F)
CO-uniformly with respect to s j satisfying (3.8).

The proof can be made as in [34] with some changes and so we omit it.

6. Proof of the main theorems

Proof of Theorem 1.1. Let us fix a small n > 0. Recalling that e = A — A1, by (i) of
Proposition 5.4, for (s1, s7) satisfying (3.8) the reduced functional has the uniform
expansion

- 1
J.(s1, $2) = ZSZ + ee% [W(sy,s2)]+o0 (ef%) ,
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where
W(sy, 52) = —b1g(52) + bag(s2)s1 — b3s?.

It is easy to see that W has a non-trivial critical point in (2%, 1). Moreover it is
a non-degenerate maximum point if b% — 4b1b3 < 0. Hence, since the maximum
points are stable under small perturbation, we get that the functional J; (51, 52) has

a critical point in some (51, 525) such that

(512> 522) b2
S1a, S - | —,
1A, 920 2[93

as A — AT. If instead b% —4b1b3 = 0, the point is a degenerate critical point but it
is stable according to Definition 3.3 since it is a maximum for W. Indeed

by

'\ -y | —
(51, 52) <2b3

,1><0 Y (s1,8) €U,

where U is a neighborhood of the point (2%, 1), and we get the same conclusion

by using also Lemma 5.6.

Furthermore, if b% —4b1b3 > 0 then (2%, 1) is a non degenerate critical point
but we have a direction in which it is a maximum and a direction in which it is a
minimum. However by Lemma 5.6 we get the same conclusion.

In the end the result follows from (i) of Lemma 5.1. O

Proof of Theorem 1.2. Let us set G(d}) := a1d12 — a2d110/3, where ay, ap are the

positive constants appearing in Proposition 5.4 statement (ii). It is elementary to see
- 3

that the function G| : R* — R has a strictly local maximum point at d; = (2 %) Z,
Since d; is a strictly local maximum for G, then, for any sufficiently small

y > 0 there exists an open interval /| 5, such that /|, C R, with diameter o7,

such that d; € I 5, and for all dy € 01 ¢,
Gi(d)) < Gi(d) —y. (6.1)

Clearly as y — 0 we can choose o so that 61 — 0.
We set G5 : Ri — Rby Ga(dy, dy) := a3d1d2% — a4d§, where a3, a4 are the
positive constant appearing in Proposition 5.4, statement (ii). If we fix d; = d then

A _ _ _\2
Go(dr) := G(dy, dp) has a strictly local maximum point at dp := (%Z—ich) . As

in the previous case there exists an open interval /5 5, such that 72,02 C R, with
diameter 07, such that d, € I 4, and for all d, € 91> o,

Ga(dy) < Ga(dy) — y. (6.2)

As y — 0 we can choose o3 so that o, — 0.
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Let us set K := I, X I2,5, and let n > O be small enough so that K C
1n, %[x]n, %[. Thanks to Propositions 4.8 and 4.9, for all sufficiently small €, J} :

R%r — R is defined and it is of class C!, where we recall that € = A; — A. By

Weierstrass theorem we know there exists a global maximum point for Jy,in K.
Let (dj,5, d2,3) be that point, it remains to show that there exists €; such that, for
all € < €1, (dy,, d>,,) lies in the interior of K. This can be done as in the proof
of [33, Theorem 1.1] and so we skip this part. At the end by (i) of Lemma 5.3 we
obtain a solution u; of problem 1.1.

It remains to prove that the solution obtained is sign-changing. Let us set
b=, = (]51 + (]32. Since u; = V) + & is a solution of (1.1) then, by elementary
computations, taking into account that by definition —AV, = Z/{sp — Mite; (see
(3.13)), we see that ® solves

(6.3)

—AD =D+ APUs + ete; —UY + f(w;) inQ
®=0 on 0%2.

Since ® solves (6.3), then, arguing as in the proof in [33, Lemma 3.9] (see also the

proofs of Lemma 5.2, Proposition 6.1 in the present paper), we have that |®| o =
0(6_¥) = o(e~ /%), ! for all sufficiently small € > 0. Hence, evaluating u; at

the origin, we have
u(0) = C(N)fs_¥ —1e1(0) +o (5_¥) = C(N)dii/2€_9/4 +o0 (6_9/4> >0

for all sufficiently small € > 0. On the other hand, thanks to Proposition 6.1, if we
fix a small ball B, centered at the origin, then, in Q2 \ B, we have

= 06" T) — ter + o(t) = —dy e er + 0(e/*) <0,

for all sufficiently small ¢ > 0. Hence u; is sign-changing and the proof is com-
plete. O

Proposition 6.1. Let @, be the remainder term appearing in Theorem 1.2. Then,
for any compact subset K of Q \ {0} we have

[®aloc.k =0 (G =),

as A — )‘1_'

Proof. Letus sete := A1 — A,and let ® = &, := ¢_>1 + q32 be the remainder term
obtained in the proof of Theorem 1.2. We want to show that |® | x = o(e3/%), as
€ — 0. To this end, let us fix a positive number p such that B, = B,(0) CC Q.

! Thanks to the definition of § and T (see (3.7)) and since d| = d ; — dy >0andd, = dy ) —
d_2 > 0,as € — 0, we have § = 0(63/2), T = 0(63/4),38 € — 0.
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As observed in the proof of Theorem 1.2 since u; = V, + @ is a solution of
(1.1), then, @ solves (6.3). We also point out that @ is a smooth function since it is
the difference between the two smooth functions ) and V,. Let us set ¥ = W, :=
Ty where y is a small positive number and 7 is defined in (3.7) (see also the
T
footnote 1). We want to prove that V| o\, = O(1), for all sufficiently small
€ > 0. By elementary computations we get that W solves

PlUs e ur w
— — _ p—l—y “A .
AV =2V AT e - T f(T) nQ\By (¢4

v =0 on 9%2.

We observe that in 2\ B, it holds |PUs|. o\, < c(N, p)8¥ , and hence, taking

. . PU,

into account the choice of v and § we get that lilf% = o(1),as e — 0. By
. UL oo .

analogous computations we get that % = 0(1) and clearly it also holds

€
< — = —
iy letlos, = g llerlloe = o(), as € = 0.

Let us set M, := |\IJ|OO,Q\Bp and let a. € Q\ B, such that |W(a.)| = |\II|OO,Q\BP.

Assume by contradiction that there exists a subsequence €, — 0 (and consequently
a sequence of points a, € 2\ B)) such that

Mg, = Ve loo.\B, = [We (ag)| — +00, as  k — +oo.

In order to simplify the notation we shall omit the index & and use the notation € to
denote that subsequence. We consider the rescaled function

= y L2
Y(y): —\Il(ag—{-M—f) with ,B_m,

~ 2 ~ 2
defined for y € Ac := M7 [(Q\ B,) — ac]. Let us also set Q¢ := M (2 —ac)
By elementary computations we see that W solves

—AU =1 v +XPU5 <a6+";f) S a€+L)
M€2ﬁ t1+}’M€2’3+1 t1+y1‘/[€2;%1 Mf
U (ac + Lﬁ) R (ac+ #) 69
_rlJrV—MGZﬁH +1 f o in A.
U =0 on 856,
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As observed before, since we are assuming that M, — +o00, we have

P (o + )l

=o(l
-L-l—i-yMezﬁ-H o(1)
U (ac+25) e i
< =o(1)
T1+yM62ﬁ+‘

€ y
e (ac+ 5 | = o)
1ty M2 ( Mf)

as € — 0. In particular, since T is uniformly bounded we get that (A “;ﬂ =
M OO,./ZE
o(1), and
U (a + L)
Iz dr < oMl
TM,
00, A
1 PUs (a6 + #) Te] (ae + #) -
— v | </ _ 24 =o(),
‘EME TM€
00, Ae

ase — 0. Now,uptoa subequence by standard elliptic theory v converges in
1OC(I'I) to some function ¥ which satisfies —AW¥ = 0 in IT, where IT is the limit

domain of AE There are only three possibilities:

(i) T =R"Y;
(i1) IT is an half-space and O lies in the interior of IT;
(iii) IT is an half-space and 0 € 9I1.

We will show that (i), (ii) and (iii) bring to a contradiction.

Assume (i) or (ii). By construction we have that |V — 0 as € — 0, and
hence, since |w|2*,ﬂ€ = [V, < |¥2ro < cl|¥|g - 0,as € — 0, by
Fatou’s Lemma we deduce that

Ul g < liminf|¥|,, 7 =0.
(Dl < liminf | @], 7

Since U is smooth, we deduce that & = 0, but, since we are assuming (i) or (ii)
then O lies in the interior of I1, and by definition ‘-IJ(O) =1 (or ¥(0) = —1), and
hence \D(O) =1 (or \IJ(O) = —1), and we get a contradiction.

Assume (iii). Then 9TI is an hyperplane and 0 € 9IT. We consider a closed
ball B such that B C TI and 9B is tangent at IT in 0. Since the limit domain of A,
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is TT and thanks to the choice of B we get that A. N B = B for all sufficiently small
€ > 0. Since V¥ is smooth and uniformly bounded and thanks to the estimates made
before, we deduce that the right-hand side of the equation in (6.5) is smooth (it is
sufficient it is of class C%%) and uniformly bounded. Hence, by standard elliptic
theory (see [27, Theorem 6.6 and Lemma 6.36]), we get that, up to a subsequence,
the restriction of U to B converges in C 2(B) to a function U. As before we have that

= 0 in B, but, since we have the convergence in C?%(B), we also have \II(O) =1

(or \i/(O) = —1) which contradicts the smoothness of 0. Hence, we have that M, is
uniformly bounded and hence |®| o\8, = 0(7) = 0(e3/*),as € — 0. The proof
is complete. O

Remark 6.2. We point out that, even for N = 4, we can prove that for any compact
subset K of 2\ {0}, the remainder term ®, (appearing in Theorem 1.1) verifies
1

| loo.xk = 0(e **1), a8 & —> )L;“. The key ingredient of the proof is that the

. . _1 .
remainder term verifies ||®,| = O(ee™ ¢), as € — 0 (see Proposition 4.3), and
hence, considering, ¥ := Y -, where « is any fixed number in (0, 1), then, it

€Ye €

still holds ||W|| — 0. Hence, arguing as in the previous proof, we get the same
conclusion.

Remark 6.3. We believe that in the case N = 6 the limit profile of a sign-changing
solution of the problem (2.2) is given by

u(x) = PUs — vy (x) + Dy,

as A — A € (0,1), where vy is a positive solution of (2.2) whose existence is

garanteed by [14] and &, is a remainder term such that |®,| — 0 as A — A.
Moreover we have that

and
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