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Global classical solutions in a two-dimensional
chemotaxis-Navier-Stokes system with subcritical sensitivity

YULAN WANG, MICHAEL WINKLER AND ZHAOYIN XIANG

Abstract. The chemotaxis-Navier-Stokes system with signal production, as
given by
nt+u~Vn=An—V-(nS(x,n,c)-Vc)
ct+u-Ve=Ac—c+n
ur+ W -V)§u = Au — VP +nV¢
V.-u=0,
is considered in bounded planar convex domains €2 with smooth boundary, where
d € W2R(Q) and S € C%(Q x [0, 00)%; R2*2),

The main results assert that parallel to the case of the corresponding Keller-
Segel system obtained on neglecting u, any arbitrarily small algebraic saturation
effect in the chemotactic sensitivity at large densities is sufficient to rule out any
blow-up phenomenon. Indeed, under the assumption that there exist Sg > 0 and
o > 0 such that

[S(x,n,0)| < So-(14+n)"% forallx € Q,n>0andc >0,

it is shown that for all suitably regular initial data an associated initial-boundary
value problem possesses a globally defined bounded classical solution.

The analysis is based on the consecutive identification of three energy-like
functionals, the first among which involves a certain sublinear L? seminorm of n.

Mathematics Subject Classification (2010): 92C17 (primary); 35Q30, 35K55,
35B65, 35Q92 (secondary).

1. Introduction

In this paper we will investigate an initial-boundary value problem for the chemo-
taxis-Navier-Stokes system

n,—l—u-Vn:An—V-(nS(x,n,c)~Vc) xe, t>0

ci+u-Ve=Ac—c+n xeQ, t>0 (1.1)
u; 4+ (u-Vyu=Au—VP +nVg xeQ, t>0 '
V-u=0 xeQ, t>0
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in a bounded domain in RY, where our main focus will be on the planar case
N = 2. Systems of this type arise in the modeling of bacterial populations in
which individuals, besides moving randomly, partially adjust their movement ac-
cording to concentration gradients of a chemical which they produce themselves,
where in generalization of the celebrated Keller-Segel chemotaxis system [27], the
model (1.1) furthermore accounts for the interaction of bacteria with the surround-
ing fluid, as indicated by experimental findings to be of substantial relevance to
the emergence of large-scale convection patterns, e.g., in populations of Bacillus
subtilis suspended to sessile water drops ([20,47], cf. also the related setting ad-
dressed in [28], and [3] for a concise derivation of chemotaxis-fluid systems of the
considered type). Correspondingly, in (1.1) it is assumed that both cells and the
chemical, at population density and concentration denoted by n and c, respectively,
are transported by the surrounding fluid with the velocity field u, while the bacteria
in turn exert a nontrivial influence on the fluid motion by means of buoyant forces
in an external gravitational field with potential ¢, as reflected in a corresponding
source term appearing in the Navier-Stokes subsystem of (1.1). In accordance with
refined modeling approaches accounting for additional rotational flux components
especially near boundaries [64], the chemotactic sensitivity S = S(x, n, ¢) in (1.1)
will be assumed to be a general matrix-valued function possibly containing nondi-
agonal elements and thus allowing for chemotactic motion not necessarily parallel
to the chemoattractive gradient [64].

Motivated by the particular experimental background from [20,47], most pre-
vious studies on chemotaxis-fluid systems related to (1.1) focus on situations when
a chemoattractant is consumed by the bacteria, rather than produced as in (1.1).
Accordingly, quite an elaborate theory has been established for the corresponding
system

ng+u-vn=An—V-(nS(c)Vce) for xe€Q, t>0

¢t +u-Ve=Ac—nf(c) for xe€Q, t>0 (12)
u;+@Ww-V)u=Au—VP +nVe for xe€eQ, t>0 '
V-u=0 for xeQ, t>0

under various assumptions on the scalar chemotactic sensitivity S and the signal
consumption rate coefficient f. For instance, for a class of systems of type (1.2)
including the prototypical choices

S = const. and f)=c, c¢=0, (1.3)

it is known that uniquely determined global-in-time smooth solutions exist for all
suitably regular initial data in smoothly bounded planar convex domains ([53];
cf. also [5,66] for recent results on the whole space R?), whereas in the corre-
sponding three-dimensional analogue at least certain global weak solutions can be
constructed [59]. For the simplified system obtained from (1.2) on replacing the
Navier-Stokes equations therein by the respective Stokes system not containing the
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nonlinear convection term (u - V)u, global existence results for the Cauchy prob-
lem in R? are available under certain more restrictive assumptions on S and f
and a smallness assumption, e.g., on ¢ [11], and also for a corresponding boundary-
value problem in bounded convex three-dimensional domains without imposing any
such additional requirements [53]. Although with few exceptions [30,49] in three-
dimensional versions and further variants of (1.2), the solutions constructed so far
are all weak only [5,32,48] and may possibly develop singularities within finite
time (see [6] for a detailed discussion on refined extensibility criteria), after all the
dissipative effect of the signal absorption mechanism addressed in (1.2) has been
identified to be sufficient for solutions to become eventually smooth and to approach
spatially homogeneous equilibria in several cases [32,60]. This partially generalizes
the quite comprehensive knowledge on global boundedness and smooth stabiliza-
tion, even at exponential rates, in the two-dimensional version of (1.2) [54,65], and
also extends known facts on regularity and large time behavior in the associated
fluid-free analogue of (1.2) [41,42]. Quite a number of results on global existence
and boundedness properties have also been obtained for the variant of (1.2) ob-
tained on replacing An by nonlinear diffusion operators generalizing the porous
medium-type choice An™ for several ranges of m > 1[10,12,26,33,43,44,48,56].

In contrast to such systems with consumption of chemoattractant, in problems
of type (1.1) the signal production mechanism may significantly enhance the desta-
bilizing effects of chemotactic cross-diffusion. Indeed, even in the classical Keller-
Segel system without fluid interaction, as obtained on letting S = 1 in

{ntzAn—V-(nS(n)Vc) for xeQ, t>0 (14)

ct=Ac—c+n for xeQ, t>0,

it is known that for large classes of initial data, solutions blow up with respect to the
spatial L norm of n when either N > 3 [55], or N = 2 and the total mass of cells
is large [23,37], while global bounded solutions can be constructed under appro-
priate smallness conditions on the initial data [38,52]. Only when the chemotactic
flux is appropriately limited, e.g., according to suitable saturation effects at large
cell densities, such explosion phenomena can entirely be ruled out. In fact, for the
Neumann problem associated with (1.4) in smoothly bounded domains & c R¥ it
is known that if N > 2 and S € C2([0, 00)) is nonnegative and such that

N-2
Sn)y<Cn= W ¢ foralln >0 (1.5)

with some C > 0 and ¢ > 0, then global bounded classical solutions can be found
for all suitably smooth initial data [24,29], whereas if there exist C > 0 and ¢ > 0
fulfilling

N-=2
S(n) >Cn~ N T¢ foralln > 0, (1.6)

then some solutions may become unbounded [24,51], where in some particular
cases and related systems involving nonlinear diffusion, such unboundedness phe-
nomena are even known to occur within finite time ([8,9]; cf. also the surveys [22]
and [3]).
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Main results

To the best of our knowledge, the literature on chemotaxis-fluid systems of the
form (1.1) with signal production mechanisms so far concentrates on either Stokes-
type simplifications [50], or on the construction of small-data solutions [4,30], or
also on systems involving logisitic growth restrictions as an additional dissipative
mechanism [13,46]. The purpose of the present work consists in examining the
question how far relations of the form in (1.5) and (1.6) continue to determine a
critical asymptotic behavior of S with regard to the emergence of singularities also
in the full chemotaxis-Navier-Stokes system (1.1) with any such further regularizing
prerequisites. Our main results in this direction will reveal that in two-dimensional
convex domains 2 with smooth boundary, within the accuracy of algebraic rates,
asymptotically constant S indeed will mark a borderline case in this respect, even in
the context of matrix-valued sensitivities, thereby extending a recent finding which
asserts a similar conclusion in the case when the fluid flow is governed by the linear
Stokes system [50]. In view of the mentioned blow-up results for the fluid-free
special case (1.4) of (1.1), this amounts to deriving a corresponding statement on
global existence and boundedness under an assumption paralleling that in (1.5). To
formulate this more precisely, let us suppose that S € C?(Q x [0, 00)?; R?*?) has
the property that there exist Sop > 0 and « > O fulfilling

IS(x,n,¢)| < So-(14+n)"% forallx € Q,n>0andc >0, (1.7)

where we evidently may assume without loss of generality that herein o < % Then

assuming moreover for simplicity that ¢ € W2°°(2), we will consider (1.1) along
with the initial conditions

n(x,0) =no(x), c(x,0)=co(x) and u(x,0) = ug(x), xeQ (1.8

and the boundary conditions

0
(nS(x,n,c)-Vc)-v:Vn-v, a—czo and u=0, xe€dQ, >0, (1.9
v

with initial data which are such that

ng € C%(Q) with some ¢ € (0, 1), with ng > 0 and ng # 0
co € Wh™(Q)  is nonnegative (1.10)
ug € D(A).

Here and throughout the sequel, we let A := —PA denote the realization of the

Stokes operator in LZ(Q; Rz), defined on its domain

D(A) :== W22(Q; R) N W, 2 (2 RH N LA (RQ)
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with

L@ =T @ e e Cr@ E v g =o] e,

and with P representing the Helmholtz projection of L2(£2; R?) onto L2 ().
In this framework, our main results read as follows.

Theorem 1.1. Let Q C R? be a bounded convex domain with smooth boundary,
and let p € WH®(Q) and S € C*(Q x [0, 00)%; R>*?) be such that (1.7) holds
with some Sy > 0 and a € (0, %). Then for all (ng, co, uo) satisfying (1.10), there
exist functions

neC? (Q x [0, oo)) nc! (Q x (0, oo))
ceC?(Q x [0,00))N C*1 (K x (0,00)) N[ ,o1 L= (0,00); W!P(Q))
ueC? (2 x [0, 00); R?) N C%! (2 x (0, 00); R?) (1.11)

 NNge.y L2 (0, 00); D (AF))
PeCl0(Q x (0,00)),

such that n and c are nonnegative in 2 x (0, 00), and such that (n, c, u, P) solves
(1.1), (1.9), (1.8) in the classical sense in 2 x (0, 00). Moreover, this solution is
bounded in the sense that for each p > 1 and any § € (0, 1) there exists C(p, B) >
0 with the property that

ln G, Dl + leC, Do + IAPUC, Dll 2y < C(p, B forallt > 0.
(1.12)

In comparison to the corresponding fluid-free case in (1.4), a major technical chal-
lenge originating from the additional fluid interaction in (1.1) seems to consist in
the circumstance that the evident mass conservation property |, ol = /s o 1o, as the
only apparent a priori information available, seems insufficient to warrant any use-
ful knowledge on regularity in the Navier-Stokes subsystem of (1.1). This substan-
tially differs also from the correspondingly simplified chemotaxis-Stokes analogue
studied in [50], where this temporally uniform spatial L! bound on the respective
forcing term could be used as a starting point for an appropriate bootstrap proce-
dure.

Our approach will accordingly be based on an entirely alternative strategy, the
core of which can be found in Section 5, where a functional of the form

—/nzo‘—l—C/cz, t>0,
Q Q

will be seen to enjoy a certain energy-like property for solutions to a suitably reg-
ularized version of (1.1), provided that C > 0 is chosen appropriately (Lemma
5.1). We note that the use of functionals of such a structure, yet convex accord-
ing to our choice of signs but growing in a sublinear manner with respect to the
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crucial quantity n due to our assumption & < %, seems quite unusual in the con-
text of chemotaxis systems; in the present setting, however, from our analysis of
an associated energy-dissipation inequality we shall obtain a favorable further reg-
ularity property of n (Lemma 5.2) which will turn out to be sufficient for deriving
a space-time L? estimate for Vu through the standard energy inequality associated
with the Navier-Stokes subsystem of (1.1) (Lemma 5.3). This will enable us to ad-
equately control the terms stemming from the fluid interaction in the analysis of the

evolution of
/nlnn—l—a/ |VC|2, t >0,
Q Q

with suitable a > 0, so as to derive, inter alia, bounds for [ Ve|? and for f;ﬂ Jo nZ,

and in consequence also for fQ |Vu|? (Lemma 6.2 and Lemma 6.3). Section 7 will
thereafter be devoted to an analysis of

1 2
—/nl’+—/|Vc|2", t>0,
P Jg qJa

which by means of our previously gained estimates will be seen to also play the
role of a quasi-energy for suitably chosen but arbitrarily large p > 1 and ¢ >
1. The bounds on [, n” and fQ |Ve|? thereby obtained will finally be used in a
straightforward manner to assert higher order regularity properties in Section 8 and
Section 9, and to establish the claimed result on global existence and boundedness
through a limit procedure in the approximate problems in Section 10.

2. A family of regularized problems

In order to adequately approximate solutions of the original problem (1.1), (1.8),
(1.9) involving a nonlinear boundary condition for the quantity n, we follow an idea
from [34] (cf. also [4,50,58,61,62]) and introduce an appropriate regularization in
which § vanishes near the lateral boundary. More precisely, let us fix (p¢)ee0,1) C
C5°(R2) and (xe)ec(0,1) € C*([0, 00)) such that

0<p.<1inQ with p, 7 1inQase \ 0,
and that
0<x.<11in [0, c0) with x,=0in [%, oo)and yx., /" 1in[0,00)ase (0. (2.1)
For ¢ € (0, 1), we then define
Se(x,n,¢) = ps(x) - xe(n) - S(x,n,¢), (x,n,¢)eQx[0,00), 22)

and observe that S, € C 2(S_Z x [0, oo)z; R2*2) and that evidently (1.7) continues to
hold for S, with the values of Sy and & unchanged. Moreover, upon replacing S by
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S. we formally obtain that the nonlinear boundary condition for n in (1.9) reduces
to a homogeneous Neumann-type condition. Accordingly, in order to construct
a global solution to (1.1), (1.8), (1.9) through an appropriate limit procedure, for
¢ € (0, 1) we consider the regularized problems

Ngr +Ug - Vg = Ang — V- (ngSg(x, Ng, Cg) + Vc£> forxe, t>0,
Cet +ug - Veg = Acg — ¢ +ng forxeQ, t>0,
Ugr + (Ygug . V)u(9 = Aug — VP, +n,Vo¢ forxe 2, >0,
2.3

V-ou,=0 forx € Q, t>0, (2.3)
0 0

Te %% _0, w,=0 for x €82, >0,

av av
ne(x,0) =no(x), c:(x,0) = cox), ue(x,0) =uo(x) forxe,

where Y, denotes the standard Yosida approximation of the Stokes operator defined
by
Yeop . =1+ 8A)71<p fore € (0,1) and ¢ € L?,(Q). 24)

A well-known construction on the basis of the contraction mapping principle (see,
e.g.,[53, Lemma 2.1] and also [1]) asserts local existence of classical solutions to
these problems as well as a convenient extensibility criterion.

Lemma 2.1. Assume that Q@ C R? is a bounded domain with smooth boundary,
that € WH(Q), that S € C*(2x [0, 00)?; R?*?) satisfies (1.7) for some Sy > 0
and o > 0, and that ng, co and ug comply with (1.10). Then for each ¢ € (0, 1)
there exist Tmax, ¢ € (0, 0o] and functions

ng € CO(E_Z x [0, Tmax,s)) N Cz’l(g__z x (0, Tmax,s))

Ce € CO(Q x [0, Tmax,a)) N CZ’I(Q x (0, Tmax,e))
ﬂﬂp>1 CO([O, Thax.e); Wl’p(Q))

Ug € CO(Q X [0, Tmax,e); Rz) N CZ’I(Q X (0, Tmax,¢); Rz)
Npe.1) COUO, Tmax.e); D(AP))

P € CI’O(Q x (0, Thnax,s)),

(2.5)

such that ne and c. are nonnegative in Q2 x (0, Tax.¢), that (ng,ce,ue, Pe) solves
(2.3) classically in Q x (0, Tmax.¢), and that

if Tmax s <00, then

timsup (l1ne @) + e Do + 148 C, Dl 2gq)) =00
I/Tmax,s ‘ “@ : W I(Q) ¢ L (Q) (26)

1
forall p >2and B € (2’ 1).

Two basic but important properties of these solutions are immediate.
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Lemma 2.2. For each e € (0, 1), we have

/ ne(-,t) = / no forallt € (0, Tax.¢) 2.7
Q Q

and

/ ce(+, 1) < max {/ co, / no} Jorallt € (0, Tax.¢)- (2.8)
Q Q Q

Proof. The identity (2.7) directly results on integrating the first equation in (2.3).
Thereupon, from the second equation in (2.3) we obtain that

d
— [ ce +/ Ce = / ng = / ng forall r € (0, Tmax.e)»
dt Jo Q Q Q
which implies (2.8) through an ODE comparison argument. U

As a preparation for both Lemma 3.2 and Lemma 6.1 below, let us also include in
this preliminary section the following elementary ODE lemma, a proof of which
can be found in [63, Lemma 3 4].

Lemma 23. Let T > 0and y € C°([0, T)) N C'(0, T) be such that
Y(t) +ay(t) <gt)  forallte(0,T),

where g € Llloc (R) has the property that

1 t+t
—/ g(s)ds <b  forallt € (0,T)
T Jt

with some t > 0 and b > 0. Then

y(@®) <y0) + % forallt €0, T).

at

3. Estimates for solutions to a regularized Navier-Stokes system

In this section we plan to derive some estimates for the approximate Navier-Stokes
subsystem of (2.3) which will be used in several places below firstly in order to
assert global existence of the solutions to (2.3), and secondly to allow afterwards for
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the derivation of e-independent estimates for the latter. Specifically, for ¢ € (0, 1)
we consider the problem

U+ (Yl -V)i= A —VP+ f(x,1) x€Q, 1>0

V-u=0 xeQ, t>0

~ 3.1
u=20 xe€ed, t>0

u(x,0) = up(x) x €,

where f is a given suitably regular function on Q2 x (0, 7)) with some T € (0, oo],
and where 7ip € L2 ().

For frequent later reference, let us first collect some basic properties of the
Yosida approximation.

Lemma 3.1. Let e € (0, 1). Then
IYeglliz@) < 9l forallg € L3(R) (3.2)
and
IVYepll 2 < IVOl2g  forallp € Wy RHNLE(Q).  (33)
Moreover, for all p > 1 there exists C(p) > 0 such that for all ¢ € (0, 1) we have
1Yepllre) < CPIVElL2  forallp € We(uRHNLI(Q).  (3.4)

Proof. Given ¢ € Lg(Q), writing ¥ := Y. we have (1 + eA)Y = ¢ in Q and
hence, by self-adjointness of A? and the Cauchy-Schwarz inequality,

wis/Q|w|2+e/Q|A%w|2=fQ|xm2+s/Qw-Aw

- fQ o ¥ < lollzo Ve

for all ¢ € (0, 1). This clearly implies (3.2), whereupon observing that A? com-
mutes with Y, on D(A%) we obtain

1 1 1
IVYe@llr2@) = 1A2Ye0ll 12 = 1Y A2l 12(0) < 1A20]I12(0) = V@l 120

for any such ¢ and ¢, because ||A%¢||Lz(9) = V@l 2q) forall ¢ € D(A%) =
Wy (2 R2) N L2(RQ).

To verify (3.4), we only need to note that since wWh2(Q) — LP(Q) and
YS(L(Z,(Q)) C W01’2(Q; R?), there exists C; > 0 such that

IYepllr@ < CillVYepllag — forallp € Wy (2R N LE(Q).

Therefore, namely, (3.4) results from (3.3). O



430 YULAN WANG, MICHAEL WINKLER AND ZHAOYIN XIANG

Now addressing (3.1), we first identify a mild boundedness property of the
source term therein which is sufficient to allow for the natural conclusions obtained
from the standard Navier-Stokes energy inequality in the presently considered two-
dimensional setting. Here and below, the parameter T > 0 is included so as to
ensure applicability also in cases when no a priori knowledge on the existence time
of solutions is available, such as in Lemma 3.4 and Lemma 4.2 below.

Lemma 3.2. Ler T (0, ool and t € (0, T), and let iig € CO($2; RHNW, *(2; RH)N
L2 (2). Then for all p > 1 and each b > 0 there exists C(p, b, t) > 0 with the
property that if f € CO%Q x [0,T); R?), & € CY9Q x [0, T); R nCOo, T):

QR NCEHQ x (0,T);R?) and P € CLO(Q x (0, T)) are such that
(3 l)holds for some ¢ € (0, 1), and such that

1 t+1
;/ If G <b  forallt € 0,T — 1), (3.5)
t

then
/ i, 0> <C(p,b,t)  forallt € (0, T) (3.6)
Q

and

1+t
f / |Vu(x, s)|2 <C(p,b, 1) forallt € (0, T — 7). 3.7
t Q

Proof. Since W!2(Q) — LT (£2), thanks to a corresponding Poincaré-Sobolev
inequality we can find C; > 0 such that

gl 2, ) = CllIVElL@)  forallg e Wy (@2 R?).

()

Testing (3.1) by u and using the Holder inequality and Young’s inequality, we ac-
cordingly obtain that

2dt_/lul+/lvl /f

I flle Nl e

A

< CillfllLr Vil ;2
) (€2) L2(Q)

IA

1, C?
E Q|VM| +_||f||L7’(Q) foralltE(O, T)

As the standard Poincaré inequality in WOI’Z(Q) provides moreover C» > 0 such
that

o2 < Ca2llVell 2 forallg € Wy (2 RY),

from this we infer that

/| | +2C2/ %)%+ = /|Vu| <C2||f||L,,(Q) forallr € (0, 7). (3.8)
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In view of (3.5), employing Lemma 2.3 we firstly conclude that

~ 2 ~ 2 bClzf
lu(-, )" <Cs:= | |ugl” + ——= forallz € (0,T), (3.9)
¢ ¢ l—e 3

and thus, secondly, obtain on integrating (3.8) that
t+t
f / Vi |?
t Q

which together with (3.9) yields both claimed estimates. U

IA

_ 5 5 t+1 5
2/9 lu(-, 1) +2C1/ ”f("s)”LP(Q)
t
2C3+2C%ht  forallz € (0,T — 1),

IA

Next, using the latter result we can show that under a somewhat stronger as-
sumption involving a spatio-temporal L? bound for the force in (3.1), solutions even
remain bounded in H'!.

Lemma 33. Let T € (0, ool and t € (0,T), and let iig € CO(€2; RHNW, % (2; R)N
Lg(Q). Then for all b > 0 there exists C(b, t) > 0 such that if f € CO(Q x

[0.7); R?), e CO(2x[0,T); RHNCO([0,T); Wy (2 RH)NC>! (% (0,T); R?)
and P e C'0(Q x (0, T)) solve (3.1) for some ¢ € (0, 1) and satisfy

t+71
%/ / Ifx,)><b  forallt € (0,T — 1), (3.10)
t Q

then

/ IVi(, 0> < Cb, 1) forallt € (0,T). (3.11)
Q
Proof. We first invoke Lemma 3.2 with p := 2 to fix C; > 0 and C, > 0 such that
/ [@(,0> <, forallt € (0,T) (3.12)
Q

and

t
/ f |Vi(x,s)|> <C,  forallt e (z,T). (3.13)
t—17 JQ

Then by applying the Helmholtz projection to both sides of the first equation in
(3.1), multiplying the resulting identity by A, integrating by parts and using
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Young’s inequality we find that

1d ~ ~ ~ ~ ~

——/ |Vu|2+/ |Au|2:—/ Au'P[(Ygu-V)u]—i—/ Au-Pf

2dt Jq Q Q Q
1 ~2 ~ ~ 2 1 ~2 2

<o [1aa?+ [ [P via| + 4 [1aa?+ [ 1Py (3.14)
4 Ja Q 4 Ja Q
1 - - |2

5—/ |Au|2+/ ‘(Ygu-V)u‘ +/ |f>  forallt € (0,7),
2 Q Q Q

because of the orthogonal projection property of P. Here we employ the Cauchy-

Schwarz inequality and Young’s inequality together with (3.12) to see that with
some C3 > 0 and C4 > 0 we have

2
/Q |Vt V| = GVl IV

< Cy - {IVYeitl 2o I Vel 2y | - { 14T 200 I VT 2 |
CiC?
2

IViEll} g, forall 1€(0, T),

1 - - 1 -
<CE A AT 20y VT gy = 5 [ 14T + o

where we make use of Lemma 3.1 and the well-known facts that ||V (-)| L2(Q) and
IA(IlL2 () constitute norms equivalent to || - [[y1.2(q) and || - [ 2.2 (q), respectively,
on D(A).

Therefore, (3.14) shows that y(¢) := fQ |Vu(-, t)|2, t € [0,T), as well as
a(t) := Ci1C3 [o |VU(, H)|* and h(t) :=2 [ | f (. )|*,t € (0, T), satisfy

y(t) <a(t)y(t) + h(t) forallt € (0, T), (3.15)
where (3.13) and (3.10) ensure that

t
/ a(s)ds < Cs :=C1C2C;  forallt € (z,T) (3.16)
—T

and that .
/ h(s)ds < Cg := 2bt forallt € (7, T). (3.17)
-7
Now given t € (0, T), again thanks to (3.13) we can pick () > 0 such that
t,(t) €[t — t,t) and

~ - C
f|w<-,z*<z)>|25c7 :=max{/ |Vito|?, —2},
Q Q T

so that by integration of (3.15) we infer that

' t "
V(1) < Y(ta(1)elww 4O 4 / ely 4@ p (0 ds

1. (1)
t
< C7¢% + / ¢SSh(s)ds < C7e%5 + ¢S5 Cs,
1, (1)
and that hence (3.11) holds. O
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Finally, if f even belongs to L>((0, T); L>(£2; R?)), then solutions to (3.1)
enjoy certain boundedness and temporal Holder continuity properties even in the
spaces D(AP) for arbitrary g < 1:

Lemma 34. Let T € (0, 00), and let g € D(A). Then for all B € (%, 1) and

each b > 0 there exists C(B,b) > 0 such that if f € COQQ x [0,T);R?), % €
C0([0, T); D(AP) N C>1(Q2 x (0, T); R?) and P € CO(Q x (0, T)) solve (3.1)
Jfor some ¢ € (0, 1) and satisfy

IfC.Oll2g <b  forallt €0, T), (3.18)
then
| APTC, DLz < C(B, b) forallt € (0,T) (3.19)
and N _ X
IAPGC, 1) — APEC 10)ll 20y < C(B.B) - (1 — 10)' P (3.20)
forallty € [0,T)and any t € (tg, T). ‘
Proof. Since B < 1, it is possible to choose p € (1, 2) such that
2 (3.21)
> . .
P=3 78

Therefore, in the projected version of (3.1), that is, in the identity

~

U+ A= o= —P[(Ygﬁ-V)ﬁ] FPIf],  xeQ, te0.T), (322

using the Holder inequality and the continuity of P in L? (2; R?) ( [15]) as well as
(3.18), we see that there exist C; > 0 and C, > 0 that

1Fenlne < |- V|, o+ Crllf e
< CllYeull 2 Vil + C2 forallt € (0, 7).
L2-P(Q)

2
As Wh2(Q) — Lﬁ (€2), thanks to Lemma 3.3, in view of (3.18) applicable to,
e.g.,T ;= min{l, %}, we obtain therefore C3 > 0 and C4 > 0 such that

I1f G DlLr@) < CalIVYeldll 20 I VEll 2(q) + C2
< C3|Villl72 ) + C2 (3.23)
< Cy forallt € (0, T),

again because ||VY$'L7||L2(Q) < ||Vﬁ||L2(Q) due to Lemma 3.1. Now well-known

smoothing properties of the Dirichlet-Stokes semigroup (e~'4),>o in Q [17, page
201], [21] assert the existence of A > 0 and Cs > 0 such that, for all # > 0, we have

AP e~ 4|l 2q) < Cst™ e M ll@lliry — forallg € LZ(S) (3.24)
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withk := g+ % — % Therefore, on the basis of a variation-of-constants representa-

tion of u associated with (3.22), using that for each r > 0, AP commutes with e~'4
on D(AP), and that e 4 acts as a contraction on L?, (€2), we can estimate

AT Dy < 1A% Tl + [ 1A% AT 9l
< lle”"* APl |l 12+ Cs /0 - ) eI F L) Lr@ds
< 1A%5io]l 12 () + C4Cs /0 t(r — ) Fe M s
< | ATl 2y + C4C5Cs  forallt € (0, T),
with C¢ := fooo 0 ®e *?do being finite due to the fact that as a consequence of
(3.21) we have k < 1.

Similarly, following a standard argument [14, page 109], for arbitrary 7y €
[0,T)and t € (1, T) we may use (3.24) to see that

IAPTC, ) — APHC, 1)l 2y < I1AP e Atig — APe™™ATig]| 120
1

+/‘O ” Aﬂ[e_(t—s)A _ e—(to—S)A]f(_’ S)’
0

t
+ / 1P A FC )]s
fo

ds
L2(Q)

t 0] 14 ~
= H - / APe A Allydt + / — / AP =94 £ $)dr ds
to LZ(Q) 0 o LZ(Q)
t
+ / 1 AP~ =94 F (. 5)l20ds
fo
t ~
< cs-{ / r—ﬁdr} - [1Ao ]l 2o
fo
fo t t
+C4Cs / / (t — )" U Pdrds + C4Cs / (t —s) Pds
0 to fo
Cs _ 1—
- B
CsC C4C
TR {(z—t)1ﬂ+15 tl‘ﬁ} 5 (1) P
B(1—p) -5
< —A <t — 1 t — 1 t — I
= l—ﬂ” uollz2¢q) - ( 0) +,3(1—,3) ( 0) +1 ,3 - ( 0)

and conclude. O
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4. Global existence in the approximate problems

With the above regularization properties of the fluid evolution in (2.3) at hand, we
are now in the position to make sure that all these approximate problems are in fact
globally solvable. To see this, we first combine two standard L? testing procedures,
when applied to the first two equations in (2.3), to obtain that under the assumption
that Thmax,e is finite, both n, and ¢, belong to L>((0, Tmax.e); LP(2)) for any
finite p.

Lemma 4.1. Assume that for some ¢ € (0, 1) we have Tmax s < 00. Then for all
p = 2 there exists C(p, €) > 0 such that

/ nf(-,1) <C(p,e) SJorallt € (0, Trax,e) 4.1)
Q

and
/ Cf(', t) <C(p,e) forallt € (0, Tmax.s)- 4.2)
Q

Proof. Since S(x, i, ¢) = 0 for all (x,7,¢) € @ x [0, 00)? with i > 1 by (2.1),

on testing the first equation in (2.3) by n? ~! and using Young’s inequality and
V -u, =0, we see that

1 d
S Jort - 1)fnp 2Vn? = (p— 1>/n1’ 'One - (e me, €0 - Vee)
< (p—l)/nf—%wa
Q
1 2
+p—/nf )| - |Veel
4 Ja
< (p—l)/ng’—ﬂwsﬂ
Q
(p— 1S}
+u/ Ve,
48p Q
that is,
d —1)s?
i | M/ Ve 2 forallt € (0, Toaxe).  (43)

Moreover, muluplymg the second equation in (2.3) by (¢, + 1)?~! and integrating
by parts, again using Young’s inequality, and noting that u, is solenoidal, we obtain

1d
——/(cg+1)1’+<p— 1>/<cg+1>P—2|Vce|2+/ ce(cs + 1)P7!
pdt Jo Q Q

— / ne(ce + 1)P1

Q
1 —1
o 2 ey
P JQ p Q

IA
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and hence
S2 d p(p—1S;
0 = 1 P 70 V 2
derdi Jol T T /9' !
s2 (p—1)S3
< 4-80[) /;Znéﬂ + 48—170 ‘/;z(cg + l)p for all r € (0, Tmax,a)'

2
Adding this to (4.3) shows that writing k; := max{fgp , p — 1} we have

%{/ﬂ p+—/(cg 1)”}</< {fgn"—l——/(ce 1)"}

forall # € (0, Tmax.c)

and thus, on integration,

SZ
/ p+—/(cg+1)p < {/ng+—0/(co+1)1’}-e"frmaxvs
Q 4e? Jo

forall t € (0, Tmax.e)»
which yields both (4.1) and (4.2). O

In light of Lemma 3.4, this particularly implies two convenient boundedness
properties of u;.

Lemma 4.2. Suppose that Tk, < 00 for some ¢ € (0,1), and let § € (%, 1).
Then there exists C(B, €) > 0 such that

1AP U Dl 2y < CB,e)  forallt € O, Trax.e)- 44)
In particular, there exists C(¢) > 0 with the property that
flue (-, t)”LOQ(Q) <C(e) Sforallt € (0, Thax,e). 4.5)

Proof. Since Lemma 4.1 in particular warrants that n, belongs to L ((0, Tnax.¢);
L%(R)), then (4.4) directly results from Lemma 3.4. Noting that for any such 8 we
have D(AP) — L%(Q) [16,21], from this we immediately obtain (4.5). ]

Now in conjunction with the L? bound for n, asserted by Lemma 4.1, the latter
L estimate for u, rules out finite-time blow-up of V¢, in any Lebesgue space with
finite summability power.

Lemma 4.3. Assume that Tyax,e < 00 for some ¢ € (0,1). Then for any p > 2
one can find C(p, €) > 0 such that

IVee(. OlliLr@ = C(p,e)  forallt € (0, Thax.e)- (4.6)
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Proof. We fix any § € (%, 1) and By € (%, B) and then obtain from known results
for the associated fractional powers (—A + 1)# and (—A + 1)%0 of the sectorial
realization of —A + 1 under homogeneous Neumann boundary conditions in L? (£2)
[14,21] that there exist positive constants C1, C» and C3 such that with a := % €
(0, 1) we have

IVollLr@ < Cill(=A + Dol Lrq)

_ ) 4.7
for all ¢ € C*(S2) such that $£ = 0 on 92
and
I(=A + DPollr@) < C2ll(=A + DPolf o) Il [2ia “s)
for all ¢ € C%($2) such that 3¢ = 0 on 92,
as well as

I(=A+ 1P @ Dol pa) < C3t Pllollr  forallg € LP(Q), (4.9)

where (¢'2),>0 denotes the correspondingly generated analytic semigroup.
Tmax,e

Therefore, if for arbitrary 7' € (t, Tmax.e) With T := —5%¢ we introduce the
finite number

M(T) := sup [(=A+ DPcs(-,0)llre),
te(r,T)

then by means of a variation-of-constants representation of ¢, (-, t) for t € (7, Tmax.s)
and using that e'A=D commutes with (—A + 1) on D((—A + 1)#) and acts as a
contraction on L” (£2), we can estimate

M(T) = sup |[(—A+1)Pel=D@E D, (. 1)

te(r,T)

t
—I—/ (—A 4+ DPl=9A"Dy (. s)ds
T

t
—/ (—A + l)ﬂe(’_s)(A_l)<ue(~,s) : ch(-,s))ds

r LP(Q)
< 1A+ DPee, Dllr) (4.10)
t
+C3 sup /(t—s)‘ﬂllne(ns)llmmds
te(r,T)Jrt
t
+C3 su / t—s_ﬁ‘u - 8)-Vee (o, s H ds
IE(TPT) T( ) e, 8) - Vee (o, 8) .

t
< C4+Cs5 sup f(t—S)_ﬂIIVcs(-,s)lle(sz)ds forall T € (7, Tiax,e)»
te(r,T)Jt
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with

(Tmax,s - T)l_ﬁ

Ca = (= + DPec(, Dllr@+ CallnellLo((e T Lr@) 5

and

Cs = |lue |l Loo(@x (v, Tmax.0)) »
both being finite due to Lemma 4.1, Lemma 4.2 and the fact that ¢, (-, 7) belongs to
C3(Q) according to Lemma 2.1. Now since also Cg :=  sup  |lcs(-, ) llLr(@) <

1€(7, Tmax.e)

oo thanks to Lemma 4.1, by (4.7) and (4.8) we have

Ve 9)llLr@ < Cill(=A + DPc, ()l
< CLONI=A + DPee ()NS5l 9l o0,
< C1C,Cy“MN(T)  foralls € (¢, T),

so that (4.10) yields the inequality

My (T) < C4+ C7MI(T) forall T € (7, Tmax.e)
: 1 1-p l—a . .
with C7 := m(Tmax,‘S —1) "C1C2C5C¢ . As a < 1, this entails that

Ca\a
M.(T) < Cg := max {(C—“) , (2c7)ﬁ} forall T € (7, Tmax.e),
7

and that hence, again by (4.7) and (4.8),
IVee (-, O)llr@) < C1C2C4C™  forallt € (T, Traxe)

which in view of the inclusion Ve, € L*®((0, 7); L?(Q2; R?)), as asserted by
Lemma 2.1, completes the proof. O

This, inter alia, allows us to pass to the limit p — oo in the former statement
from Lemma 4.1 by means of a standard recursive argument of Moser type.

Lemma 44. If Tax s < 00 for some ¢ € (0, 1), then there exists C(¢) > 0 such
that

7 (-, t)”LOO(Q) <C(e) forallt € (0, Tiax,e)- (4.11)

Proof. Writing the first equation in (2.3) in the form

ng = Ang +V - fo(x, 1), x €, t €, Tnaxe),
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with

fé‘(x7 t) = _né‘(x’t)Sf;‘(xﬁnS(x7t)7c&‘(x7t)) : VCS(X7 t)
—ng(x, Dug(x,t), x €, t e, Tmaxe),

we observe that according to the local smoothness properties provided by Lemma
2.1 and the estimates provided by Lemma 4.1, Lemma 4.2 and Lemma 4.3, under
the hypothesis that Tinax ¢ is finite we know that n, € L°°((0, Tax.); L?(£2)) and
fe € L®((0, Tmax,e); LP (2 R?)) forall p € (1, 00).

Therefore, (4.11) readily results upon a straightforward application of a Moser-
type iteration procedure (cf., e.g., [45, Lemma A.1] for a general result in this di-
rection which precisely covers the present situation). O

We have now gathered all ingredients necessary for our proof of global exis-
tence in (2.3).

Lemma 4.5. For each ¢ € (0, 1), the solution of (2.3) is global in time; that is, in
Lemma 2.1 we have Tpyax ¢ = 00.

Proof. Due to the extensibility criterion (2.6), this is an evident consequence of
Lemma 4.4, Lemma 4.3 and Lemma 4.2. O

5. A space-time L? bound for Vu,

In order to prepare an appropriate passage to the limit ¢ — 0 to be performed
in Lemma 10.1, a natural next goal consists in establishing suitable e-independent
bounds for the solutions of (2.3). Here unlike in the fluid-free situation obtained
on letting u, = 0, where previous studies have shown that estimates for both n,
and V¢, in high-power spatial L? spaces can be obtained in a rather straightfor-
ward manner [24,45], in the present context involving fluid interaction such a direct
approach seems inadequate due to the lack of sufficient a priori knowledge on reg-
ularity properties of u.. We will thus firstly be concerned with the derivation of
some basic g-independent information on u,, for which in accordance with the re-
sults from Section 3, and in particular from Lemma 3.2, it is sufficient to provide
integral estimate for the factor n, in the forcing term of the fluid equation which
involve the integrability power 2 with respect to time, but which fortunately may
refer to spatial L? spaces with an arbitrarily small exponent p > 1.

To see that a property of this type indeed is enforced by our subcriticality as-
sumption that @ > 0 in (1.7), in the following lemma we will track the time evo-
lution of a certain sublinear functional of n., for which (1.7) entails a favorable
quasi-energy property when appropriately combined with fQ cg. The use of such
functionals with sublinear growth with respect to the unknown seems rather unusual
in the context of cross-diffusive systems of the considered class, especially when
intended to be a starting point of a series of arguments finally resulting in bounded-
ness and smoothness of solutions; after all, in constructing certain weak solutions
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to chemotaxis and also to some chemotaxis-fluid systems some precedent studies
rely on the analysis of functionals with even only logarithmic growth, but in most
cases the correspondingly obtained estimates could not be used for the derivation
of substantial further properties beyond [57,58,61].

Lemma 5.1. There exists C > 0 such that for all € € (0, 1) we have

t+1
/ / \Vn><C  forallt =0 (5.1)
t Q
and

t+1
/ f IVee|> <C forallt > 0. (52)
t Q

Proof. Noting that n, is positive in € x (0, o) by the strong maximum principle,
we may multiply the first equation in (2.3) by ngo"l and integrate by parts to see,
by means of Young’s inequality and (1.7), that

1 d _
50 dr Qﬂ?"—l—(l—%{)/ﬂﬂ?‘” 2\ Vn,|?

=(1- 2a)/ ngo‘*ang . (Sg(x, ng, Cg) - V(:g)
Q

1—2 1 -2
< o [ e 2 [ e
2 Ja 2 Ja

1 -2« 1 -2«
< fgnga_2|Vng|2+ > S§/S2n§“(n€+1)—2“|vcg|2

2 2
Vel (53)

Se(x, ng, cg)

-2

1 — 2«
<
-2

/nﬁ"‘zlvnglerCl/ |Vee|?  foralls > 0,
Q Q

with C| = 1_22"‘ S(%, where we also have used that V - u, = 0. In order to com-
pensate the rightmost summand herein appropriately, we test the second equation
in (2.3) by ¢, to obtain, again, due to the solenoidality of u,, that

1d
——fc§+/ |ch|2+/ c§:/ ngce  forallz > 0. (5.4)
2dt Jq Q Q Q

Here we fix any 6 > 1 satisfying

1
11—«

0 <

(5.5)

and apply the Holder inequality to find that

0—1

/Qnscgg{fgng}%.{/gc;’ilr

1

= 21, el forallt > 0. (5.6)
L& () L

0-1(Q)
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Now, since in the present two-dimensional setting we have wh3(Q) — LH%1 (2),
there exists C» > O fulfilling

lee1I? < ColIVeellfa g + Calleelly g, forallz >0,

0
Lo

1)

so that in view of (2.8) we infer that

leel? s@fwm%f3 forall 7 > 0
Lo-1(Q) Q

with some C3 > 0. By means of Young’s inequality, in (5.6) we can therefore
proceed to estimate

1 Cy 2
nece < —|lc + =gl
[ e = sl o+ FE

5.7
Cr o 42
5 |V 8| —I——+ lmg11* g for all t > 0.
2 L ()
We finally make sure that here the last summand can essentially be absorbed by the

dissipated quantity in (5.3). Indeed, invoking the Gagliardo-Nirenberg inequality
and recalling (2.7), we find C4 > 0 and Cs5 > 0 such that

Gy 260-1 % ool
’ < GyllVng n + Cyaling ||
2 - ling ||LQ(Q) 4ll ||L2(Q)|| || Lo all g||Lé(Q)
200-1)
< Cs||Vng ||L2(Q) +Cs forall t > 0,

so that due to (5.7), from (5.4) we obtain the inequality

200-1)

d
7 ). +/ |Vc8|2+2/c < 2Cs|Vnf| iy +Ce  forallz >0

with Cg = g—i + 2Cs. By taking an appropriate linear combination of this with
(5.3), we thus infer that

d 1 _
3 JyrEere [l v a -2 [eon
+2c1/ |V08|2+4C1/ 2

Q Q

1 -2
< “/Uﬁkﬂv%ﬂ+cn/|v@ﬁ
2 Q Q

2(971)

LZ(Q)

+4CCs||Vn||, 3% +2CCe  forallt > 0,
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that is,
o |2

d 1 2a 2
- 2C
dt{ 205/52”8 + 1/ch +

+c1/ |ch|2+4C1/ c? (5.8)
Q Q

2(9 )

LZ(Q)

< 4CCs||Vnill, 5 +2C1Ce forall t > 0.

Here since our restriction (5.5) warrants that
20 — 1 2 1 2
(7):—-<1——)<—~<1—(1—a)>:2
af o 0 o
we may once again employ Young’s inequality to find C7 > O such that
200-1)

4C1C5 ” Vg ||L2(Q)

—2
y 2“/ IVn®2 +C;  forallt > 0. (5.9)
(%4 Q

Thus, if we write

. _i 20 2
Y(t) — ng (,t)+2C1 cg('a t)9 4 207
200 Q Q

and

1 -2«
g(t) = —— /|Vn‘;(-,r>|2+clf Ve (D% 10,
da Q Q

then, since 4C} fQ cf > 2y(¢) for all t > 0, from (5.8) and (5.9) we obtain that

y' () +2y(@) + g(t) <2C1Ce + C7 forall r > 0. (5.10)
As g is nonnegative, by an ODE comparison this firstly implies that
1 2C1Ce +C
y(t) < Cg := max ——/n§“+201/c3,L+7 forall £ > 0,
20 Q Q 2

(5.11)
and thereafter we secondly conclude from (5.10) on integration that

1+1 1+1
/ g(s)ds < y(t)—y(t+1)—2/ y(s)ds +2C1Ce+ C7 forallt > 0.
t t

Since our overall assumption o < % ensures that by the Holder inequality and (2.7)
we have

_ (t)<L/ 20{( t) |Q|172(¥ {/ ( t)}Za
Y — 2« Qns N - 20 . Ql’lg N

Q 1-2a 20
=C9:=I | -{/no} forall t > 0,
Q

A

200
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together with (5 11) this implies that

t+1 t+1
40,2 / /IVn 2 +CI/ /ch

= f g(s)ds <Cg+3Cy9g+2CCo+ C7 forallr >0
t

and thereby establishes both (5.1) and (5.2). L]

Upon interpolation with the mass conservation property (2.7), the estimate
(5.1) entails the following.

Lemma 5.2. For all p > 1, there exists C(p) > 0 with the property that for all
e € (0,1),

t+1 2pa
/ e $) 1 fotgyds < C(p)  forallt = 0.
t

In particular, one can find C > 0 such that

1+1
/ ||n,9(-,s)||2L ds <C forallt >0 (5.12)
t LT-a ()

whenever ¢ € (0, 1).

Proof. Since the Gagliardo-Nirenberg inequality, in conjunction with (2.7), shows
that there exist C; > 0 and C > 0 such that

t+1 2poi t+1
/ ||n€('7s)||£17(9)ds =/ ||}’l ( S)”
t t

t+1 2
§C1/ Vnl (., s)|? n%C, )7 ds
t VA G )72l € )||Lé(9)

ds
Q)

Qm l_‘-:«.

t+1 717
+C) / e ds
t

141
< C2/ IVRg (., $)72qyds +Co forallt >0,
t
the claim directly results from Lemma 5.1. O

Now thanks to Lemma 5.2, we thereby obtain a basic regularity property of u,
in the following form.

Lemma 5.3. There exists C > 0 such that

t+1
/ / Vug|> <C  forallt >0
‘ Q

whenever ¢ € (0, 1).

Proof. In view of (5.12), we only need to apply Lemma 32 to t := 1 and p :=
1

—. O

1—a
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6. A time-independent spatial L2 bound for Vu,

Based on the above information, we proceed to derive further regularity properties
of the solution to (2.3), and in particular of u,. In this direction, the main outcome
of this section will improve Lemma 5.3 in Lemma 6.3 by providing a bound for
Vug in L?(€2; R?) which is independent of # > 0. In view of Lemma 3.3, for this

it will be sufficient to achieve a bound for ftﬂrl Jo n2, which will be accomplished
in Lemma 6.2 on the basis of the following a priori information on ¢, that is widely

independent of any regularity property of u. but strongly relies on Lemma 5.2.

Lemma 6.1. For each p > 2 one can find C(p) > 0 such that for any choice of

e€(0,D),

/ c?(,t) <C(p) forallt > 0. 6.1)
Q

Proof. Once more we use ct ~! a5 a test function in the second equation of (2.3);

this time we estimate the term on the right by using the Holder inequality with the

exponent ; L wh1ch is positive since ¢ < 5 and p > 2. Accordingly, we obtain
—— cp+(p—1)/cp 2IVcl +/Cp—/n€cp !
p dt
o (6.2)
(=D (p=20) | p—2a
< lInell p-2e : {/ e } for all r > 0.
L= () Q

Here, by means of the Gagliardo-Nirenberg inequality and (2.8), we can find C; >
0 and C, > 0 such that

2
(p—l)z(p—Za) /77% P 2(P D
fcg ) = llegll - Dip=20
Q L (2)

P 2(p72§tfl) ; ; 2) p 2(/7 D
< CillVeg Il a0, e II‘”’ “+Cilegll
& L2(Q) & (Q) & LP(Q)
p 2(/’*251*1)
S C2||VC ||L21()Q)a +C2
P p—20—1
< 26| IVei 3o, + 1} 7 forallr >0,
so that Young’s inequality provides C3 > O fulfilling
2
(p—l)z(p—Zw) P—2a
el s [ TE
LP=% (Q) Q
4(p — 1 _
<D {uv . +1} ol 1”2,
p LP=% (Q)

4(p—1
—(p—l)/cf’ 296, + Callng |77, + 22D
Lp 4a(Q) P
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for all + > 0. Therefore, (6.2) shows that

_ 4(p—1
/ cf +/ c? < C3|ng]| Ipp%(;a + LZ) forallt > 0,
Pdt L= (Q) p

where observing that

9. p—2x

o
p—4o
o TP
p—da

we may invoke Lemma 5.2 to find C4 > O such that

t+1 _ 4 -1
/ !c3||ng(-,s)||”,,2‘;; + LZ)}ds <C4  forallt>0.
t L p—4a (Q)

This enables us to apply Lemma 2.3 to conclude that

C
/cgp</c0 P forallt > 0
Q —e P

whenever ¢ € (0, 1). O

We are now prepared to trace the evolution of the superlinear functional
fQ ng Inng, which has turned out to be fruitful in numerous previous works on
chemotaxis systems, especially, but not exclusively, in two-dimensional situations
[3,7,38]. In the present context, we shall see that when suitably combined with
f qlVee |2, this functional indeed plays the role of a quasi-energy, where in estimat-
ing the respective destabilizing contributions of the taxis and the fluid interaction
terms arising during the corresponding testing procedure, substantial use will be
made of both Lemma 6.1 and Lemma 5.3.

Lemma 6.2. There exists C > 0 such that for any ¢ € (0, 1) we have

t+1
/ / n2<C  forallt >0 (6.3)
t Q

and
/ Ve (L0 <C forallt > 0. (6.4)
Q
Proof. Again using that n, is positive in Q x (0, 00), we may multiply the first

equation in (2.3) by Inn, to see on integrating by parts and employing Young’s
inequality, as well as (1.7), that

|Vn»s|2
— ng Inn, + E— Vng - (Sa(x» ng, Cg) - vca)
ng Q
|Vna|2 /
Ng

|V”s|2 —2a 2
+ ne(14ng) "% |Veg| forallt > 0
2 Q Ng 2 Q

2
Vel

| /\

Se(x, ng, Cs)

| A
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and hence

d 1 [ |Vng|> 82
E/ nglnng+§/ [Vnel” _ 70/ n"2Ve, 2 forallr > 0. (6.5)
Q Q N Q

In order to control the term on the right-hand side herein from above and to esti-
mate the second summand on the left from below, we use the Gagliardo-Nirenberg
inequality together with (2.7) to find C; > 0 and C > 0 such that

/ ny = Ivneljag,
Q
CIHV\/ né‘” (Q)”\/nSHLZ(Q) + Cl”\/”é‘”iZ(Q)

\V/ 2
< C2/ V| +Cy forall + > 0.
Q e

IA

Therefore, we firstly have

V. |2 1 1
_/ |Vn| /ng—— forall t > 0,
2Jo ne 2C2 2

and by means of Young’s inequality we secondly obtain C3 > O such that

S? 1 4
—0/ nl=2ve,. | < —/ n§+03/ |Vce| ™2 forallz > 0,
2 Ja 4C2 Jo Q

whence (6.5) implies that

d 1
E/;anlnng+4—C2/Qn§§§+C3/ Ve |1+2or forallt > 0. (6.6)

Now the summand on the right can essentially be absorbed by making use of

Lemma 6.1 and the dissipative properties of the second equation in (2.3). Indeed
testing the latter by —Ac, shows that

Vd oo ineps [ ver o -
IVee|"+ [ [Acel™+ | [Veel” = ngAce + | (ue - Veg)Acy
2dt Q Q Q Q Q
= —/ ngAce —/ Vee - V(ug - Veg) 6.7)
Q Q
= —/ ngAce —/ Vee - (Vug - Vep) forallt>0,
Q Q
because

1
/VCs'(DZCa-us)=—/ug-V|Vc8|2=0 forallt >0
Q 2 Ja
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due to the fact that V - u, = 0. Here since combining the Gagliardo-Nirenberg
inequality with well-known elliptic regularity theory [19], we can pick C3 > 0 such
that

IVeellFag < CallAcell 2l Veell 2 forallr >0,
using the Cauchy-Schwarz inequality and Young’s inequality we can estimate
2
_ /Q Ver - (Vits - Ve) = Vil 2oy Ve 24 0

C3llVuell 2@yl Acell L2 I Veell L2

1
—/ |Acs|2+C§!/ |Vu8|2}-{/ |Vc€|2} for all 7 > 0.
4 Ja Q Q

As the Cauchy-Schwarz inequality furthermore warrants that

1
—/ngAcgf—/ |Ac8|2+/ng forall 7 > 0,
Q 4 Ja Q

from (6.7) we thus infer that

d

& [vers [1seraz [ vep

dr Jg Q Q

52/n'§+2c32{/ |w8|2}-{/ |Vc8|2} forallt > 0
Q Q Q

and that hence, by (6.6), writing a := ﬁ we have

d
dt{/nglnng—f—a/ [Vee| }+2a/n —|—a/ IAcgl —I—Za/ Ich
Q
(6.8)
< l—|—C A 2 2 2
< 3 |Vee|TH2e + 2aC3 |Vue|~t - [Vee| forall t > 0.
2 Q Q Q

We now once more apply the Gagliardo-Nirenberg inequality together with ellip-
tic regularity estlmates and Young’s inequality to see that, in view of Lemma 6.1
applied to p := -, we can find positive constants Cy4, C5 and Cg fulfilling

IA

IA

1 - 1 o
=+C3 [Vee| 722 = — + C3||[Vee || 77
Q

2 2 L1+2a Q)
< l+ CyallAce| 1;2& llcell H?za + C4||Cs||@
2 L) L% (Q) L7 (Q)
< Cs||Acg|| 5 +Cs

L2(Q)

IA

a/ |Ace|> +Cg  forallt > 0.
Q



448 YULAN WANG, MICHAEL WINKLER AND ZHAOYIN XIANG

In light of this, from (6.8) we thus infer that

y() :2/ ns(',t)lnng(-,t)+a/ |Vee (-, 1)1, t>0,
Q Q
as well as

g(t) == 2a/ n2(-, 1) and h(r) := 2C32/ IVue(-, 1), t>0,
Q Q

satisfy
Q
y' (1) + g(t) < h(t) {y(t) + |—|} + Cs forall t > 0, (6.9)
e
because for all # > 0 we have
IQI
—f nglnn, < — (6.10)
Q e

due to the factthat £ In& > —% forall £ > 0. In order to integrate this appropriately,
we recall that according to Lemma 5.3, Lemma 5.2 and Lemma 5.1 we can find
C7 > 0 and Cg > 0 such that

t t
/ h(s)ds = 2c32/ {/ |Vu5|2} <C; forallr > 1 6.11)
t—1 t—1 Q

t
/ {2 L+ Vel 9 fds = s forallr =1,
—1 LT (Q)

and

so that, for each fixed ¢+ > 0, we can find #,(t) = t,.(t; ) > 0 such that ¢,(¢) €
(t—1,¢t) and

IneCoteI® 1+ Ve )72

“()

<Gy —max{cs, Imol” | T 1Veol} g -

T=a ()

By validity of the elementary inequality £ In§ < la_—:‘s ™ for all & > 0, this in
particular implies that

— o

/ ne (- t(1) Inng (-, t*(t))<— / BT (L 1y(0)) < Cro = -Gy

and that hence

y(t.(t)) < Cqy := Cio + aCo.
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As g is nonnegative, integrating (6.9) and using (6.11), we therefore see that

Q t 4 t
y([) S {y([*([)) + u} . eft*(t)h(s)ds +/ efs h(o)do . C6ds
€ 1(1)

Q t
< {Cn + u} Y7 +/ eC1. Cods (6.12)
e 1.(1)

Q
<Cpp:= {c6+c1] +|7|} e forallz > 0,

and that thus, again by (6.9) and (6.11),

t+1 t+1 |Q|
/ g(s)ds Sy(t)—y(t+1)+/ h(s){y(s)+7}ds+C6
t ' 6.13)
12| 2]
<Cp+—+C71Ci1n+— 1t +Cs forallt > 0,
e e
because for all # > 0 we have —y(¢) < —fQ ne(C,t)Inng(-, 1) < |Q2e~! due to

(6.10). Whereas (6.12) in conjunction with (6.10) entails (6.4), from (6.13) we
directly obtain (6.3). ]

In consequence of the space-time L? estimate for n, contained in the latter,
recalling Lemma 3.3 we directly obtain the following:

Lemma 6.3. There exists C > 0 such that
/ \Vus(-,0)> <C  forallt >0 (6.14)
Q

whenever ¢ € (0, 1).

Proof. According to the boundedness of V¢ in €2, the spatio-temporal estimate
(6.3) for n, from Lemma 6.2 ensures that

1+1
sup sup/ / |nEV¢|2 < 00.
£€(0,1) >0 Jt Q

Therefore, an application of Lemma 3.3 to 7 := 1 directly yields (6.14). O

We also note an evident by-product thereof, becoming useful in the derivation
of an L* bound for n, in Lemma 8.1.

Lemma 6.4. For all p > 1 one can find C(p) > O fulfilling
lue(-,OllLr@) < C(p)  forallt >0 (6.15)
and each ¢ € (0, 1).
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Proof. Since W1-2(Q) < LP(Q), this is an immediate consequence of Poincaré’s
inequality and Lemma 6.3. O

7. Bounds for n. and V¢, in LP()

Now our knowledge on regularity of u. is sufficient to allow for the derivation of
L? bounds for both n, and V¢, by means of an analysis of a functional combin-
ing [, n? with [, |Vc,|*? with arbitrarily large p and suitably chosen ¢ = ¢(p),
thus following an approach well-established in the context of semilinear and also
quasilinear chemotaxis systems [25,45].

Lemma 7.1. For all p > 1 there exists C(p) > 0 such that for all ¢ € (0, 1) we
have

/ nf(,1) <C(p) forallt >0 (7.1)
Q

and

/ Ve (-, )P < C(p) forallt > 0. (7.2)
Q
Moreover, there exists C > 0 such that
t+1
/ / \Vng|> <C  forallt >0 (7.3)
t Q

whenever ¢ € (0, 1).

Proof. Without loss of generality assuming that p > 2, since @ > 0 it is possible to
choose g > % such that ¢ > £ and

. 7.4
T 4dg ~4<P (7.4)

Now, using the first two equations in (2.3), we compute

ld -2 2
;E an+(p— 1)/an |Vng|
(7.5)

:(p—l)/ ng—lwg-(sg(x,ng,cs)-wg) forall f > 0
Q



2D CHEMOTAXIS-NAVIER-STOKES SYSTEM 451

5 dtf \ZAE —f|Vc£|2‘1 2V, - VAc — /|VC ke
q

+ f Veo |22V, - Vn,
Q

—/ |Vc£|2q_2ch - V(ug - Vcg)
Q

1 _ _
= E/ |Vee | 2A|ch|2—/ |Vee|*172| D¢, |*
Q Q

- f |Vee |
Q

—/ ne|Vee 272 Ace —/ neVeg - V|Vee 2472
Q Q

_f |VCE|2q_2VC€ - (Vug - Vee)
Q

2(q -1 2
i O o
q Q Q

- / |V, |
Q

_ / ne|Veo P2 Acs — 2(q — 1)
Q

(7.6)

: / ne|Vee |27*Ve, - (D%ce - Vey)
Q
—/ IVee|?72Ve, - (Vug - Veg) forallz > 0,
Q

where we have used that V¢, - VAc, = lA|ch|2 — |D?%cs)? and V|V, |? =
2D%c, - Ve, in Q x (0, 00), that 3‘% < 0on 92 x (0, 00) by convexity of

and the identity 3 ac@ =0onadf2 x (0 oo) [36], and that V - u, = 0, which namely
implies that
—/ IVee?172Ve, - V(ug - Veg) + / IVee|2972Ve, - (Vug - V)
Q Q
= — / Ve 2972V e, - (DPcq - ug)
Q

1
= ——/ e - V|Vee |
2q9 Jo

=0 forall t > O.
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Now on the right-hand side of (7.5), we recall (1.7) and employ Young’s inequality
to see that for all t > O,

(p— 1)/ n?~'Vn, - (Se(x,ns,cs) . ch)
Q

— -2
< p_l P2\ Vng|* + u nP=2|vc, |
— 2 & & 2 & el >
Q Q

where invoking the Cauchy-Schwarz inequality and the Gagliardo-Nirenberg in-
equality, thanks to (2.7) and the outcome of Lemma 6.2, we obtain that with some
positive constants C| and Cy we have

—1)8?
(p 2) O/an_za|VC£|2

2 1 1
< (r=D5% /ng(pm) ’ / |Vee|* ’
2 Q Q

(7.7)

(p— 1S3 g 2052 a7
?” el 4(p 2a) Vel 4
7 (Q) L1(Q)
(7.8)
p 2(p—2a) N -x 120[)) P 1; P 2(p—2a)
<C {HVnénL%Q> T I }
” () L7 ()
2
Mwwm SN 20 KPR [ 2}
L2(Q) L‘I Q) L1(2)
p 2(p—20) (1_2( 12 )) é
. p— . q
<G {HVnenL%Q) 4—1} iHVﬂvcd La9>+1}
for all ¢+ > 0. Here, since
2(p —2) (1 1 )_2p—40{—1
p 2(p — 20) p

29
we see, again by Young’s inequality, that with some C3 > 0 and C4 := 22%-! 'c 3
we have

p 2(p=20) -(1 — = 12 )) %
2 pP—2a q
{||Vns l2(n, + } {vam et 1}
29
1 1 2q p 2p—da—l bt
S—q 21 2. {HV|VC£|4 ! 2@ )+1} +C3'{||Vn£2||L2(£2) +1}
¢ (7.9)
qg—1 q 2
< Z-thm oy !
p 2p—4a— 1‘%
pra
+Cq- {||Vn ||L2(Q) + 1} forallt > 0,
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and since the left inequality in (7.4) warrants that

2q 1 1 2p

2q—1:1—i<1—%:2p—4a—1

and that thus

2p —4a — 1 2q
. <
p 29 —1

27

Young’s inequality again becomes applicable so as to provide Cs > 0 fulfilling

) 2[7*40(71.% p_l P 5
Cy - {IIVﬂs2 . 1} < 7||V”s2 Iz2¢) +Cs

-1
S —— / n§_2|Vng|2+C5 forall > 0,
4 Ja
which, combined with (7.5), (7.7), (7.8) and (7.9), shows that

li np+p—_1/np2|Vng|2
pdt Jo ° 4 Jo f

- : (7.10)
< q_2/ ‘V|Vc£|q‘ 4+ Cg¢ forallt >0
q Q

with Cg 1= qq—;l +Cs.
Next, in quite a similar manner we estimate the summands on the right of (7.6)

which contain n,. Indeed, using that |Ace| < ~/2|D?cs| in € x (0, 00), we first
employ Young’s inequality to separate the highest-order contributions, according to

— / nelVee |22 Ace —2(q — 1) / ne|Vee 274V, - (D?ce - Vee)
Q Q

1
<7 / |Vee |72 Ace ) + f n2|Vee %2
Q Q
1 (7.11)
+1 / Vo 272 D2, |2 + 2(q — 1) / n2|Veo 292
2 Ja Q

5/ [Vee 2972 D%, |? + (1 +2(g — 1)2>/ n2|Vee|*=2 forallt > 0,
Q Q

and thereafter we use the Cauchy-Schwarz inequality and the Gagliardo- Nirenberg
inequality along with (2.7) and Lemma 6.2 to infer the existence of C7 > 0 and
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Cg > 0 such that

(1+2(q—1)2>f n2|Veo 2172
Q

sl o { ]

= (142 - 1?)lIné ||” N L

L (Q)
(7.12)

2 1 2 4
§C7-{IIVn IILz(Q)IIn II” +lng 11”7, }
LP(Q)

L@
x {vacm

23
scg-{uws 172 + }-{vaq LZ(Q)+1}

1V

1 292
Jivee]?s  +]ivet] 3 }
L2(Q) L4 ( Lq(sz)

for all + > O, where we rely on our assumption that g > g which guarantees that

indeed =% >

Co >0 sausfymg

= Now since also p > 2, we may invoke Young’s inequality to find

23
T 1}
L2(Q)

{nwg 172 + } - {wasw

p=1 i ¥ 23 e
=52 {Wna ||L2<Q)+1} +Co - {waew o +1} (7.13)
p_l 2(]'%22p3
<. {||vn€ ||L2(Q)+1}+clo {vacgrl . +1} forall >0

2p . . . D
with Cyp := 223 1Cg, and since moreover the right inequality in (7.4) asserts that

2g -3 2p
q 2p-3

< 2,

another application of Young’s inequality shows that there exists C1; > O fulfilling

293, _2p
Cio - {vacm “ 2”‘3+1}_q +Cyy forallt>0.

2
Ve |? ’
L2(Q)

LX(Q)
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Therefore, (7.11), (7.12) and (7.13) imply that for all # > 0,
- / ne|Ves 2172 Ace —2(q — 1) / ne|Vee Ve - (DPce - Vee)
Q Q
< [ IvePripe
Q

p—1 22 q—1 all?
+ 2 '{”vns ||L2(SZ)+1 +WHV|VCS| L2

—1
= / |Vc€|2q—2|D2cg|2+”T / n? 2| Vn,|*
Q Q

q-—
2q2

+Ci (7.14)

2
‘ +Cop

with Ciz == 525 + C11.
Finally, in the rightmost summand in (7.6) we apply the Cauchy-Schwarz in-
equality and make use of Lemma 6.3 to find C13 > 0 such that

1 1
2 2
— / |Vee 272V ee - (Ve - Vee) < { / |Vus|2} { / |Vcs|4‘1}
Q Q Q

1
2
< C13{/ |vC8|44} forallt > 0,
Q

where again, by the Gagliardo-Nirenberg inequality, Lemma 6.2 and Young’s in-
equality, we see that with some C14 > 0, C15 > 0 and C16 > 0 we have

1
C13{/ [Vee |4q} —C13H|v a|q

2q—1
< C1a|VIve. | o I

2

LY(9)

~ 9=
I

()

+C14H|ch|‘7 (7.15)

2
L7 (2)
2g—1

< Cis|VIved?| 1 +Cis

g—1

2
|‘J‘ +Ci  forallt > 0.

‘We now collect (7.14) and (7.15) to see that (7.6) combined with (7.10) entails that

d
s s )25 oo

+/ |Vee|? < Co + Cra + Cie
Q
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for all + > 0, so that since a Poincaré-type inequality together with (2.7) provides
C17 > 0 and Cig > O such that

P p
/né’scn/ |Vn§|2+cn-{/ns}
Q Q Q

2
C
= %/ n? 2|\ Vn,|* + Cig forall t > 0.
Q

It follows that the fuction y(¢) defined by

1 1 ’
y(t) = n§(7t)+_ |VC8('at)| qa IZO’
pJa 2q9 Jo
and the fuction g(¢) defined by

p—1 _
g i=—— | nl 2, 0|Vre (02 1> 0,
Q

satisfy
y'(t) + C19y(t) + g(t) < Cao forall r > 0, (7.16)

with Cj9 := min {4pC 261} and Cy := C¢ + C12 + C16 + (p I)C“‘ Since
Lemma 2.1 warrants that y is continuous at t = 0, an ODE comparlson argument
becomes applicable so as to assert that (7.16) entails the inequality

y() < Cp _max{ /n0+—/ Vo } forallt >0

and thereby proves both (7.1) and (7.2), because 2q > p according to our choice of
q . Furthermore, restricting ourselves to the particular case p = 2 and integrating
(7.16), we see that

41
/ g(s)ds < y(t) + Cy < Cr1 + Cxo forallt > 0,
t

and that hence also (7.3) holds. O

8. Holder estimates for n. and u,

We next aim at the derivation of bounds for the components 7. and u, in spaces
of Holder continuous functions. Firstly, (n¢)¢c(0,1) is bounded in L*°(€2 x (0, 00))
thanks to Lemma 7.1 and Lemma 6.4:

Lemma 8.1. There exists C > 0 such that for all € € (0, 1) we have

lneC, Ollre@) <C  forallt > 0. (8.1)



2D CHEMOTAXIS-NAVIER-STOKES SYSTEM 457

Proof. Since Lemma 7.1, together with Lemma 64 warrants that the family
(n¢)ee(o,1) 18 bounded in L*>°((0, oo); LP(£2)) and that ( —ngSe(+,ng, ce) - Veg —
ngug)ge(o’l) is bounded in L% ((0, o0); L?($2; R?)) for any finite p > 1, similar
by to the claim from Lemma 4.4 this can be seen by means of an L? iteration of
Moser-type ( [45, Lemma A.1]). O

Again due to the regularity properties asserted by Lemma 7.1 and Lemma 6.4,
and due to the assumed Holder continuity of ng, it follows from standard parabolic
theory that n; even satisfies estimates in appropriate Holder spaces:

Lemma 8.2. There exist 0 € (0, 1) and C > 0 such that, for any € € (0, 1),

< >
”nSHCG’%(Qx[t,tJ,-l]) <C forallt > 0. (8.2)

Proof. We interpret the first equation in (2.3) as saying that

nge =V -ag(x,t,Vng), xe, t>0,
with
ae(x,1,8) =&+ fo(x, 1), x€Q, t>0, §eR?
where as in Lemma 44, f; := —n:S:(x, ng, ¢;) - Vcg — ngu,. Since by Young’s
inequality,

ae(x,1,8) - E=|E*+fo - £> %mz—%mﬁ for all (x, 7, £) € Q2 x (0,00) x R
and
lag(x, t,6)] < |E| + | fe|  forall (x,7,&) € Q x (0, 00) x R?,

again using that Lemma 7.1 and Lemma 6.4 guarantee boundedness of ( f;)¢e(0,1) in
any space L>°((0, o0); L?(S2; R?)) for arbitrary p > 1, we obtain from a standard
result on Holder regularity in scalar parabolic equations [39, Theorem 1.3, Remark
1.4], relying on the boundedness property asserted by Lemma 8.1, that (8.2) holds
with some 6 € (0, ] and C > 0, with ¢ € (0, 1) taken from (1.10). O

Independently of the latter two lemmata, the following estimates for the fluid
velocity field directly result on applying Lemma 3.4 on the basis of Lemma 7.1.

Lemma 8.3. Givenany B € (%, 1), one can find 0(B) € (0, 1) and C(B) > 0 such
that whenever ¢ € (0, 1),

||Aﬁu£(-, t)IILz(Q) <C(B) forallt >0 (8.3)
and

1APue( ) = APue (-, t0)ll 2y < Crt—10)?  forallty > 0andt > ty. (8.4)
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Proof. As a particular consequence of Lemma 7.1 and the boundedness of V¢ in
2, we know that (n,V¢).c(0,1) is bounded in L*°((0, 00); L?(2; R?)). Therefore
Lemma 3.4 applies so as to yield both (8.3) and (8.4). ]

This inter alia implies an e-independent space-time Holder continuity property
also of u,. For later reference in Lemma 9.1, we also note a consequence of Lemma
8.3 on integrability of Vu, in higher-power L? spaces.

Lemma 8.4. There exist 6 € (0,1) and C > 0 with the property that for each
e € (0, 1) we have

forallt > 0. (8.5)

u 0 - <
l ellcg.j(m[hm]) <

Moreover, for all p > 1 there exists C(p) > 0 satisfying
IVue (-, OllLr) < C(p)  forallt >0 (8.0)

and arbitrary € € (0, 1).

Proof. The estimate (8.5) directly results upon an application of 8.3 and 8.4 to an
arbitrary g € (%, 1), because a known embedding property of the domain of the
corresponding fractional power of the Stokes operator says that for any such g we
have D(AP) — C%(Q; R?) whenever 6, € (0, 28 — 1) [16,21]. To verify (8.6),
given p > 1 we fix B € (%, 1) suitably large fulfilling 8 > 1 — % Then since

D(AP) — WP (Q: R?) (see [16,21]), (8.6) becomes a consequence of (8.3). [

9. Estimates in C2+0’1+% for u. and c.. Holder continuity of c,

In order to complete our preparations for passing to the limit ¢ — 0 in Lemma 10.1,
we finally derive Holder estimates for the quantities u, and ¢, and their derivatives
up to the respective order relevant to (1.1), possibly local in time due to a lack of
corresponding regularity at the initial time. As for the component u,, we firstly
make use of Lemma 8.4 in applying a well-known result on maximal Sobolev reg-
ularity in the Stokes system to obtain the following.

Lemma 9.1. For all p > 1 and Tt > 0 there exist C(p, t) > 0 fulfilling
el Lo rsry:wer @y T luetllLr@x@+1)) < C(p, 1) forallt =t (9.1

whenever ¢ € (0, 1).

Proof. Given p > 1, by using Lemma 7.1 along with the boundedness of V¢, we
can find C{ > 0 such that for all ¢ € (0, 1) we have

lne(, O)VPllLr( < Ci forall ¢ > 0.
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Moreover, according to the Cauchy-Schwarz inequality and Lemma 3.1, the out-
come of Lemma 8.4 ensures that with some positive constants Cp, C3 and C4 we
have

< CollYeue -, Ol 20 Ve, Dl 120 ()

= C3l[Vue G, Dl g2 IVue ¢, Ol 20
< Cy forallt >0

| (Veute - Vyue

LP(S2)

whenever ¢ € (0, 1). Therefore, (9.1) is a straightforward consequence of maximal
Sobolev regularity estimates for the Stokes evolution equation [18]. O

As the latter warrants a favorable Holder continuity property of the convective
term in the third equation in (2.3), in view of Lemma 8.2 classical Schauder theory

. . . 0
for the Stokes system becomes now applicable to establish the desired C>+9-1%2
estimate for u,.

Lemma 9.2. Let t > 0. Then exist 6 = 6(t) € (0, 1) and C(t) such that for any
choice of € € (0, 1)

< >
el s gy S €@ foralle = (9.2)

Proof. From Lemma 8.2 and our regularity assumptions on ¢ we know that there
exist 81 € (0, 1) and C; > 0 such that

[[ne V| o bl <Cy forallt > 0, (9.3)
C’l 2 (Qx[t,t+2])

whereas applying Lemma 9.1 to some suitably large p > 1, in view of a known
embedding result [2], we can find 6, € (0, 1) with the property that for all T > 0
there exists C > O fulfilling

T
Nuell 146,00 s 42p =< C2 for all t > 5 94

Moreover, fixing an arbitrary 8 € (%, 1), from Lemma 8.3 we obtain 63 € (0, 1)
and C3 > 0 satisfying

IAPue (-, ) — APu, (- 10) |2y < Cat — 1) forallfy > Oandt > 1o,

which in view of the embedding D(A?) — C%(Q; R?) for arbitrary fixed 64 €
(0,28 — 1) implies that

1 Yeue(-, t) — Yeue(:, t0)||C94(§2) =< C4||AﬂY£u€(-, t) — A'BYEMS('» tO)||L2(Q)

= C4‘ Y. AP [ug(-, 1) —ug(-, 10)]

L2 (9.5)

SO Y e

< C3Ca(t —19) foralltg >0andt > 1o
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with some C4 > 0, once more due to Lemma 3.1 and the fact that Y, commutes
with A? on D(AP).

Now, combining (9.4) with (9.5) shows that there exists 5 € (0, 1) such that,
for each T > 0, one can find C5 > 0 satisfying

H (Yeug - V)ug

05 _ < Cs for all r >
73 (Qx[t,t+2])

’

N A

which together with (9.3) yields (9.2) according to classical Schauder estimates for
the Stokes evolution problem [40]. ]

Similarly, the regularity properties of n., ¢, and u, collected so far imply the
following.

Lemma 9.3. There exists 0 € (0, 1) with the property that one can find C > 0 such
that for any ¢ € (0, 1),

< >
”CSHCG’%(QXUJH]) <C forallt > 0, (9.6)

and that for arbitrary t > 0 one can pick C(t) > 0 fulfilling

leel . <C(t) forallt>t 9.7)

2048 S 1.141))
whenever ¢ € (0, 1).

Proof. Interpreting the second equation in (2.3) as the inhomogeneous linear heat
equation
Cet = Acg + fe(x, 1), xe, t>0, (9.9)

with f; := —ce +n. —u, - Vcg, collecting the estimates from Lemma 7.1, Lemma
6.1 and Lemma 8.3 we first obtain that for all p > 1 there exists C; > 0 such that

I feCOllLr@ =C  forallz > 0. 9.9)

Accordingly, (9.6) follows from well-known results from parabolic Holder regular-
ity theory [39, Theorem 1.3, Remark 1.4]. Moreover, (9.9) together with maximal
Sobolev regularity estimates for the Neumann problem associated with the heat
equation implies that, for any p > 1 and t > 0, there exists Cy > 0 such that

T
||C8||LP((1";+2);W2»P(Q) + llcecllLr@x,r42)) < C2 forall r > 5

Again by means of a corresponding embedding property [2], an application thereof

to appropriately large p > 1 shows that there exists 6; € (0, 1) such that for each

T > 0 we can pick C3 > 0 fulfilling

lcellcitor01 @upriray < €3 forallr >

NSNEC]
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Together with the results of Lemma 8.2 and Lemma 8 .4, this warrants the existence
of 6, € (0, 1) with the property that for any t > 0 one can pick C4 > 0 such that

Il fell <C4 for all t >
% @xiri+2))

’

NSNEC]

whereby (9.7) becomes a consequence of well-known Schauder theory for scalar
parabolic equations [31]. O

10. Global existence in the original problem. Proof of Theorem 1.1

By means of a straightforward extraction procedure on the basis of the Arzela-
Ascoli theorem, the above estimates now enable us to construct a limit which, ac-
cording to a well-known additional regularity argument for the limit component 7,
in fact can be seen to enjoy the desired smoothness properties and to solve (1.1),
(1.8), (1.9) in the classical sense in 2 x (0, 00).

Lemma 10.1. There exist 0 € (0, 1), (ex)ren C (0, 1) and functions

246,14+ ¢ 5
loc (

ne CIOC (@ % [0,00)) N C x (0, 00))

2+9,1+7
loc

cecy (szx[OOo))mc (€2 x (0, 00))

246,1+9 5
loc (

loc
u ecloc (2 x [0,00); R NC
P e CL%Q x (0, 00))

(10.1)
x (0, 00); R?)

such thatn > 0 and ¢ > 0in Q x (0, 00), that g \( 0 as k — oo, that

ne—n  inCP (Qx[0,00))
(€ x [0, 00)) (10.2)

(€ x [0, 00); R?)

Ce —> C in Cl%c

Ug —> U in Cﬁ)c

as e = g \( 0, and that (n, c, u, P) solves (1.1), (1.8), (1.9) in the classical sense
in 2 x (0, 00).

Proof. Collecting Lemma 8.2, Lemma 7.1, Lemma 9.3, Lemma 8.4 and Lem-
ma 9.2, in view of the Arzela-Ascoli theorem we obtain 61 € (0, 1), (ex)reny C
(0, 1) and

0.% 2
loc (2 x[0,00)) NL

loc

necC (0, 00); W'2(%))

0
cech? (© x [0, 00)) N7 (Q x (0, 00)) (10.3)

loc loc

(s'z x [0,00); R3H) N C

0
2401, 1+ 4 =
ueC 1 2(

oo Q x (0, 00); R?)

loc
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such that g \( 0 as k — 00, and such that (10.2) as well as

Vng — Vn in L (2 x [0, 00); R?),
(2 x [0, 00); R?),
e = ¢ in Cit (€2 % (0, 00))

ue —u i Cit (2 x (0, 00))

loc

. 2
Ve = Ve in L,

(10.4)

hold as ¢ = g N\ 0. Therefore, from the nonnegativity of n, and ¢, and from
(2.3) it can readily be deduced by means of well-known arguments that » > 0 and
¢ > 01in Q x (0, 00) and that with some P € C1%(Q x (0, 00)), the respective
second and third equations in (1.1), (1.8), (1.9) are satisfied in the claimed classical
pointwise sense (cf., e.g., [59] for a detailed reasoning concerning a limit procedure
in approximate Navier-Stokes systems involving the presently used regularization
of the nonlinear convective term therein).

As for the first sub-problem in (1.1), (1.8), (1.9), in view of the comparatively
poor approximation properties of the component n,, as expressed in (10.3) and
appearing rather natural in view of our cut-off procedure applied to S near 92, fol-
lowing, e.g., [4,34] we first verify a respective weak solution property by showing

that
[o,0) o0
_/ /n‘pt_/ now(-,O)—/ /nu-ch
0 Ja Q 0 JQ
o0 o0
=—/ /Vn-Vga—i—/ /n(S(x,n,c)-Vc)-Vgp
0 Q 0 Q

forall ¢ € C§° (€ x [0, 00)). To this end, we fix any such ¢ and then obtain from
(10.3) that in the identity

o0 [e.e]
—/ /ne(pt_/n0¢("0)_/ /nsue-pr
0 Ja Q 0 Je
o0 o
= —/ / Vng - Vo +/ / ng<Sg(x, Ng, Ce) + ch> - Vo,
0 Q 0 Q

valid for all ¢ € (0, 1) according to (2.3), we may let ¢ = & \( O in each of the
term on the left-hand side to find that

o0 o0
_/ fnsfﬂt—/nofﬂ(wo)—/ /nsus’vw
0o Jo Q 0o Jo
o0 o0
—>—f /nwt—/now(',o)—/ /nu'Vso
0o Ja Q 0o Jo

as € = ¢ \( 0. Moreover, the first property in (10.4) warrants that

o o
—/ /Vng-V<p—>—/ /Vn-Vgo ase =& 0,
0o Ja 0 Jo

(10.5)

(10.6)
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whereas the uniform convergence features of n. and c, asserted in (10.3), in con-
junction with the continuity of S, ensure that by the dominated convergence theorem

Se(-,ng, c) = S(,n,¢) in L (2 x [0, 00)) ase = &, \ 0,

and that hence

o0 x
/ fng(Sg(x, Ng, Cg) * ch) -V —>/ / n(S(x, n,c) -Vc) Vo ase=¢e\\0,
0 JQ 0 JQ

due to the second convergence property in (10.4). Therefore, (10.5) follows from
(10.6), meaning that n is a generalized solution, in the natural weak sense con-
sistent with those, e.g., in [31] and [35], of the respective initial-boundary value
sub-problem of (1.1),(1.8),(1.9). Since n, V¢ and u are already known to be Holder
continuous in £ x (0, 00) by (10.3), a well-known result on gradient Holder regu-

larity in scalar parabolic equations ( [35]) thus warrants that for some 6, € (0, 1)
146,,6,
loc

(Q2x (0, 00)). Thereupon, standard parabolic Schauder theory

o
applies so as to yield 6 & (0, 1) with the property thatn € Cpr > 2 (2% (0, 50)),

and that hence also the first equations in (1.1) and (1.9) are satisfied in the classical
sense. Ll

we haven € C

This in fact already contains the major part of our announced main result:

Proof of Theorem 1.1. The statement on global solvability actually is a by-product
of Lemma 10.1. In view of the approximation properties in (10.2) and a stan-
dard argument based, e.g., on lower semicontinuity of norms in reflexive spaces
with respect to weak convergence therein, the estimate in (1.12) is an evident con-
sequence of the corresponding bounds provided by Lemma 8.1, Lemma 7.1 and
Lemma 8.3. O
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